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Loi noi dau

Do yéu cau giai quyét cac bai toan thyc té, nhiéu nim qua di c6 nhidu phwong phap sé phat trién.
Phuong phap pho bién nhit duoc sir dung trong ky thuat tinh nhiét 1a cac phuong phap sai phan hitu han,
thé tich hitu han va phan tir hitu han...ngoai ra con c6 phuong phap phan tir bién gidi. ¢ day néu ndi dung
co ban ciia ba phuong phap dau.

- Phuong phdp Sai phdan hitu han (SPHH) la phuong phap s6 tuong d6i don gian va 6n dinh. Noi dung
cia phuong phap nay la bién d6i mot cach gan dang cac dao ham riéng ctia phuong trinh vi phan chu dao
thanh thuong cia cac sé gia tuong Ung. Bang cach dung cac ho dudng song song voi cdc truc toa do aé
tao thanh mot mang lu6i chia mién nghiém trong vat thé thanh mét s6 hiru han cac diém nat, roi xac dinh
nhiét do cua phin tr tai cac nat d6 thay cho viéc tinh nhiét do trén toan mién. Nhu “v@y phuong phap
SPHH di x4p xi cac phuong trinh vi phén dao ham riéng thanh cac phuong trinh dai 5. Ket qua thiét lap
dugc hé phuong trinh dai s6 gdm n phuong trinh twong tmg véi gid tri nhiét dg cua n nat can tim.

Murc d6 chinh xac ciia nghiém trong phuong phap SPHH c6 thé duoc cai thién nho viée tang s6 diém nut.
Phuorng phap SPHH rét hitu hiéu trong viéc giai nhiéu bai toan truyén nhiét phirc tap ma phwong phap
giai tich gip kho khin. Béi vay trong cac gido trinh truyén nhiét hién dai, phuong phap SPHH duoc trinh
bay kha k¥ cho chuong trinh dai hoc (Holman ..). Tuy nhién khi gip phai vt thé c6 hinh dang bat quy tac
hoidc diéu kién bién gidi bat thuong, phwong phap SPHH ciing c¢6 thé khé str dung.

- Phirong phap thé tich hitu han (TTHH) c6 tinh té hon phuong phap SPHH va trod nén pho bién trong ki
thudt tinh nhiét va dong hoc dong chay (Patankar 1980). Trong tinh nhiét, phuong phap TTHH dya trén
co s can bang ning lugng ctia phan t6 thé tich. K thuat thé tich hiru han tap trung vao diém giira phan t6
thé tich rat twong tu v6i phuong phap SPHH (Malan et al 2002).



PHAN 1. PHUONG PHAP SAI PHAN HU'U HAN

2.1 . Bai toan 6n dinh hai chiéu
1. Phwong trinh sai phan hiru han
Phuong trinh vi phan din nhiét on dinh hai chiéu c¢6 dang :

o°’T 0T
+
o’ oy’

Xay dung phuong trinh sai phan hitu han (SPHH) nhu sau :

Chia vat thé boi mot mang cac dudng vudng goc cd bude mang Ax, Ay,
g vé6i hai chiéu x,y. Khi d6 tai diém nut i,j cac dao ham bac nhat va
béc hai cta nhiét do viét dang sai phan nhu sau (hinh 2.1) :

a_TN AT _ L, -1y,
ox Ax Ax

or AT _T,,-T, ;.
oy Ay Ay

o’ _AAT) (T, ~T,) - (T, =T

ox> (Ax)® (Ax)’
o°’r _AAT) _ (T, -T)-(T,-T,,)
»’ (Ay)’ (Ay)?

Thay (2.2) va (2.3) vao phuong trinh vi phan (2.1) s€ dugc :

(T, _T;,')_(T;,'_T;—l,j)_'_ (];,j+1_7;,j)_(];,j_];,j—1) _

J J

(Ax)’ (Ay)’

+1j

0

(2.4) 12 phuong trinh SPHH dén nhiét viét cho diém nit (i,j)
2. X4y dung hé phwong trinh bac nhit

Dé giai (2.4) , ¢6 thé chon Ax = Ay. Khi d6 s& duoc :

1
Ti,j:Z(TH,j‘i'T + T +Ti,j+1)

i+1,j i,j-1

2.1)
Ay__""’1 i,j+1
Ay__j _’ i-‘l,j i i+|,j
ay_| il ii-1
A
i-1 i i+l

F&+A’L’A£4

Hinh 2.1. Mang céc diém nut

2.2)

(2.3)

(2.4)

(2.5)

Vay nhiét d6 tai diém nat bang trung binh cong ctia bén diém niit xung quanh .



Tu (2.5) viét lan lugt cho cac diém, roi chuyén cac nhiét do da biét sang vé phai, cac nhiét do chua biét
sang vé trai, sip xép lai s& dugc n phuong trinh cho n diém nit chwa biét nhiét d6 bén trong vat, tao thanh
h¢ phurong trinh bac nhét :

a, I, +a,I, +..+ +a,T = C,
a, I, +a,T, +..+ +a,T, = C, 26)
a,l, +a,I, +..+ +a, T = C,

Tu d6 c6 thé giai ra cac nhiét do can tim béng cac phuong phap: Gauss, Gauss Seidel, Gauss Jordan, Ma
trén nghich déo ...

2.2 . Bai toan din nhiét khong on dinh mot chiéu

1. Phwong phap Ma tran nghich dao

Phuong trinh vi phan din nhiét khong 6n dinh 1 chiéu :

oT 0T
—=a (2.7)
or ox’
a. Cic diém bén trong vit
Goi p 1a thoi diém trudc, (p+1) 1 thoi diém sau. Phuong trinh (2.7) dugc sai phan hoa nhur sau :
oT AT T/ -T7
ROl . (2.8)
ot Ar At )
Ve phai cua (2.8) viét cho thoi diém sau (p+1)
OT AMD) _(TH T~ (T ~T1) 29)
ox' (A’ (Ax)? '
thay (2.8) va (2.9) vao (2.7):
Tp+l _ TAp Tp+l _ TAerl _ TAerl Tp+l
i i a ( i—1 i ) (2 i i+l ) (210)
At (Ax)
(2.10) 12 phuong trinh SPHH dan nhiét khong on dinh 1 chiéu, dé giai (2.10) can bién doi:
a.AZ Tp+l 2Tp+l T;f;rl) — 7—;p+1 _7’;;7 (211)
(Ax)
A
bat Fo = 4 Tz s€ duoc
(Ax)
T —~T? = Fo(T!"' 2T + T (2.12)
vay :
-FoT!”" +(1+2Fo)T"" —Fo.T"' =T" (2.13)

Phuong trinh (2.13) biéu thi cac nhiét d6 tai thoi diém sau theo nhiét d6 tai thoi diém trudc.
b. Cac di€m trén bién



Céc diém trén bién c6 i = 1. Phan t6 bé mit vat c6 bé day Ax/2, dién tich Ay.Az = Imx1m, nhan nhiét tir
moi truong va nhiét tir phan to lién ké phia trong (i = 2)
- Dong toa nhiét tr mdi trudong bén ngoai tdi sau thoi gian At :

g, =Ty -1 Az (2.14)
- Dong nhiét dan tir phan té bén trong t6i sau thoi gian At
k
q, :E(Tz"+1 ~T""YAr (2.15)

Do tang ndi ning dU phan td sau thoi gian At :
dU = cpAV(T"" =T )= cp— (Tl"“ ~T7) (2.16)

Do tang ndi ning dU bang tong hai dong nhiét trén :

T =10t S 1A ep S I - 1) 217)
ihAx ATZ(T;H—TIPH)-FQ,L Arz(szJrl—T;pH):T;pH_T;p (218)
cp k (Ax) cp (Ax)
A . . . . ,
bat Fo= a z; , Bi= hﬂ , a= i ; Fo 1a tiéu chuan Phurié, Bi la ti€u chuan Bio, a 1a h¢ so khuyéch
(A¥) k cp

tan nhiét do sé duoc :
2Bi.Fo(Tf™ — T/ )+ 2Fo(Ty™ =T ) =T —T7
Chuyén nhiét d6 va cac dai lugng da biét sang vé phai
(2Bi.Fo+2Fo +1)T"" —2Fo.T}" = 2Bi.Fo.T™" + T} (2.19)

(2.13) va (2.19) 1a cac phuong trinh dang ham 4 an ddi voi nhiét d9 can tim cac diém & thoi dlem sau theo
nhiét do thoi diém trudc va nhiét do6 moi truong. Tir d6 c6 thé thanh I4p hé phuong trinh tuyén tinh cac
nhiét d can tim sau

a, I, +a,I, +..+ +a,T = C
a, I, +a,T, +..+ +a,T = C
2171 272 21%n 2 (220)
a,l, +a,I, +..+ +a,T = C,
trong do:
a;j 1a cac h¢ so cua nhiét d§ phai tim,
T; lanhiét d can tim & thoi diém (p+1), viét gon caa 7,7
C; la cac hé s chinh 13 nhiét do da biét & thoi diém trude
H¢ trén viét dang ma tran nhu sau :
la, J}={c,) 2.21)

trong do:

a; la ma trdn vuéng gom cac hé€ so cta nhiét d¢ phai tim,

{T } 14 ma tran cot gom nhiét do can tim ¢ thoi diém (p+1)

1

{C.} 12 ma tran cot gdm céc hé s6 chinh Ia nhiét do da biét & thoi diém trude

Tir d6 giai ra cac nhiét do can tim tai thoi diém (p+1):



-1
{Tz } = [ay‘ ] {Ci } (2.22)
[a i ]71 la ma trdn nghich dao cuia [a;],
Sau khi giai ra cac nhiét do tai thoi diém nao do, thi cac nhiét do da biét ny tro thanh hé sé [Ci] trong

phuong trinh (2.22) dé tinh cac nhiét dd & thoi diém tiép theo

2. Phuong phap tinh l1ap
a. Cic diém bén trong vit
Goi p 1a thoi diém trude, (p+1) 1a thoi diém sau. Phuong trinh (2.7) dugc sai phan hoa nhu sau :

of AT T/ -T

= (2.23)
or Ar At
Vé phai ctia (2.7) viét cho thoi diém trude p:
2 T2 -T')—(T* -T7*
8 72—' ~ A(AY;) — ( i—1 i ) (21 1+1) (224)
ox (Ax) (Ax)
thay (2.23)va (2.24)vao (2.7) :
Y LAl Tr —T"—(T* -T7*
i i :a( i—1 i ) (21 1+1) (225)
At (Ax)
D¢ giai (2.25) can bién d6i nhu sau :
" alAt
T = A2 T (2.26)
bat Fo=—— s&dugc:
T/ ~T7 = Fo(T/, - 21/ +T}))
Vay :
Ti"+1 =FoTl” +(1-2Fo)T" + FoT? (2.27)

Phu?orng trinh (2.27) cho biét mdi nhiét d6 tai vi tri i & thoi diém sau §p+1) duoc tinh theo cac nhiét d(f)‘ér
thot diém trude. Phuong trinh c6 dang ham tuong, boi vay khong thé 1ap ma trén dwgc ma phai tinh dan.
Co theé ap dung phuong phap tinh lap.



bé cac nghiém hdi tu can dicu kién :

(1-2Fo) 20 (2.28)
tuc la:
Fo< l
2
hay phai chon budc thoi gian ¢t nho :
Ax 2
At < (GO (2.29)
2a

b. Cac diém trén bién

Phan t6 bé mit vat c6 bé day Ax/2, dién tich Ay.Az = 1x1 nhan nhiét tir méi truong va nhiét tir phan td
phia trong
- Dong toa nhiét tr mdi trudong bén ngoai téi sau thoi gian At :

g, = hT7 ~T7 A (2.30)

- Dong nhiét dan tir phan té bén trong t6i sau thoi gian Ar:
k P P
g =T ~T")Az (231)
- Do ting ndi ning dU phan t6 day Ax/2 sau thoi gian At :
_ p+l Py — Ax p+l r
dU = cpAV (T =1) = ep (T = T7) (232)

- Do ting ndi ning dU bang tong hai dong nhiét trén :

Wy =T e+ (17 ~10)Ar = ep ST -T7) (233)
Hay
K RAX AT (g i)y K AT oy gy (2.34)
cp k (Ax) cp (Ax)
A .
Véi Fo= 4 Tz ,Bi= hAx,a= i s€ duoc :
(Ax) k cp

2Bi.Fo(T} =T} )+ 2Fo(Ty =T ) =T =T

Chuyén nhiét do tai thoi diém sau can tinh sang vé trai, chuyén cac dai luong da biét va nhiét do thoi
diém trudc sang ve phai

T""' =2Bi.FoT! +(1-2Fo—2Bi.Fo)T,” +2FoT, (2.35)

8



(2.35) 1a phuong trinh dang ham tudng cho biét nhiét d¢ tai bién thoi diém sau #*' theo nhiét do cac
diém thoi diém trudc.

Diéu kién dé xac dinh Tr e nghiém hdi tu can phai thod man :
(1- 2Fo -2Bi.Fo) > 0 (2.36)
2.3. Bai toan din nhiét khong 6n dinh hai chiéu

Bai toan din nhiét khong 6n dinh hai chiéu, v6i diéu kién bién hdn hop loai 2 va loai 3 dwoc mé ta bai

- Phuong trinh vi phan din nhiét 6n dinh hai chiéu:

T T 0T
I _aver=d| 2 . 49 . (2.37)
or ox~ 0Oy
- Piéu kién bién loai 2 : voi mot bién gia st 1a chit nhat cox=0+a;y=0+b
Qlx=0=qi(7) 5 qlx-a = q2(T) (2.38)
qly=0=a3(1) ; qly=b = q4(7) }
- Diéu kién bién loai 3 :
or :_ﬁAT;G_T :—EAT
OX |x=0 k OX |x=a k }
o = —EAT ;G_T = —ﬂAT (2.39)

OX |y=0 k OX |y=b

Déi véi cac hinh phirc tap khong thé giai bang phuong phap giai tich, nén phai dung phuong phap s6 . Mot
trong cac phuong phap s6 la PP SPHH duogc xay dung nhu sau :

Chia vat the béi mot mang cac duong Vuépg gbc Ay | M i

c6 budc mang Ax , Ay, Uing vdi hai chicu x,y. ; :
Khi d6 tai diém nut i,j cac dao ham bac nhat va Ay_| 1 g i1 lid  lid)
b.";lC hai cua nhiét d¢ vict dang sai phan nhu sau ( By [ Ui
hinh 2.2) : T

)

i-1 i i+l

a. Cac diém bén trong vit | Ax ] ax | ax |

Hinh 2.2. Mang cac diém nut

Tai nit i, j , & moi thoi diém cac so6 hang co thé viét



azT - A(AT) _ (Ti+1j _Ti,j)_(Ti,j _Ti—l,j) T'—lj _2'Tij +Ti+1,j

2 T 2 2 =— 3 (2.40)
ox (Ax) (Ax) (Ax)
o’T AAT) _ (T, -T)-T, =T T, =27+ T (2.41)
o’ (Ay)? (Ay)° (Ay)°
Riéng dao ham theo thoi gian ludn co
T AT T/ -T7
or AT L, % (2.42)

or " AT AT

Viét (2.40), (2.41) & thoi diém p rdi ciing voi (2.42) thay vao phuong trinh vi phin (2.37) s& duoc :

+1
Ly -Th _ k {T,-"l,j—2-T,-,‘}+T" (2.43)

P _ p p
v Tr 2.z,j+z,j+lJ

AT c.p (Ax)* (Ay)°

Viét (2.40), (2.41) & thoi diém (p+1) r6i cung voi (2.42) thay vao phwong trinh vi phan (2.37) s& dugc :

i+l,j + i,j-1 i,j+1

(Ax)* (Av)?

(2.44)

T;,ijrl _Tlv,;; k Tlvf;t; _ 2'7';,;7j+1 + Tp+l Tp_Jrl _2'7';,;7j+1 + Tp+l
At c.p

(2.43) va (2.44) s& dan t6i cac hé phuong trinh nhiét do tai cac diém nut bén trong vat, giai theo phuong
phap khac nhau.

- Tu (2.43) séco:

——AT+T, (2.45)

TP =217 +T°F
7—;;;+1 — i-1,j i,j i+l,j +
' c.p

Tifpl - 2777; + Ti,l_)/+1 k
(Ax)’ (Ayy’

(2.45) 1a dang ham tudng vi vé tréi chua mot nhiét do tai diém ij ¢ thoi diém (p+1), phai giai bang phuong
phap tinh the dan.

- Tu (2.44) séco:

i-1,j i+l,j ij-1 i,j+1 .—.AT _ tp+1 — tp (246)
(Avy (&) cp

[t.”“ 24wl 4 2.tl.f’j“+t_”“J k

(2.46) 1a dang ham an vi chua nhiét 46 cac diém ¢ thoi diém (p+1). (2.46) tao thanh hé n phuong trinh bac
nhét, giai bing phuong phip ma tran nghich dao, c6 thé chon budc thoi gian At tuy .

Tir (2.45) va (2.46) co thé tim duoc nhiét d6 tai cic diém bén trong vat.
b. Cac diém trén bién

10



Céc diém trén bién phai ap dung phuong phap cén bang ning lugng trén phén t6 thé tich .
Tai bé mit diéu kién loai 2 duoc quy vé diéu kién loai 3 tai thoi diém p nhu sau :

- biéu kién loai 2 :

Dongbuc xala q, (r)=¢.1 P, v6i € 1a hé s6 hip thu cua vat, I” 13 ning suit birc xa chiéu t6i
- Diéu kién loai 3 :

Dong d6i luu tir khong khila q,(7) = AT, —-T))

- Dong nhiét tong :
1"
A7) = WITL T ) +ed” = h(T,f T Tnfj = (T ~TF) (2.47)
trong do6 :
T.!,T! 1anhiét &6 khong khi va nhiét do bé mit cia két céu
h,e 13 hé sb toa nhiét va hé sb hép thu cta bé mit
el”

la nhiét d6 quy ddi cua buc xa

P
TL =T, + % la nhiét d6 twong duong ctia khong khi c6 ké dén buc xa

Theo nguyén 1y bao toan ning lugng thi tai phan tir thudc nut (i,j) tong cac dong nhiét nhan dan dén phan
tir tir xung quanh sau thoi gian At bang d¢ tdng ndi nang cuia phan tir . Boi vdy phuong trinh cén bang
nang lugng viét cho cac phan tir (dugc gidi han boi dudng nét @it trong hinh) nhu sau :

i-13 u‘ i+1.jl
i1, |ny PA S | 2
i, j— ] |

Lox

Hinh 2.3 a Hinh2.3b Hinh2.3 ¢ Hinh 2.3 d.

+ Céc phan tir bén trong mit cit , hinh 2.3 a : Phan tir (i,j) rong Ax , cao Ax, dai 1m :

i,j Ay i,j+1 i,
—cpAy(THT -T2)  (248)

(7 Yo - a7 Ve ) o e

+ Tai bién gidi tiét dién, phﬁn ti rong Ax, cao Ay/2, hinh 2.3b, c6 btc xa va ddi luu tai mat trén:

i,j i+l,j i,j i,j-1 i,j A i,j
34

{(J;P;; —7r )£%+(T."“. )= Akx Azy (7t~ 1) A alrz - T"H)AX}AT _
A
=cp-Ax7y (=1 (249)

11



+ Cac phan tir tai goc 10i, hinh 2.3¢ : phan tir rong Ax/2, cao Ay/2, c6 buc xa, ddi luu tai 2 mat 16i ngoai :
A A
(Tp+l Tp+l) k y +h(T{;l Tp+l) y (Tp+l Tp+l) k Ax +h(Tp+l 7—;p/+l )& AT —
Ax 2 2 Ay 2 w02

i-1,j ij i,j i,j-1 i,j
)

S\ =T (2.50)

5
+ Cac phan tir tai goc khuyét trong, hinh 2.3d : rong Ax, cao Ay, c¢6 ddi luu, buc xa tai hai mat khuyét :

+( oy TpH)Akx'AyWLh(sz;l Tp”)Azy}ATJr

L]

i,j+1 i,j

Ay
2
+ {(Tfﬁ“ - Tf“)Aiy.% Ay ot e (VA ) L Aky Ax}Ar = ¢p i Axay(r7 - T7))

v 2
(2.51)
k At _n N . A x
Sau khi ldy Ax = Ay, va dat Fo = — x—— > Bi=—— thay vao cc phuong trinh trén s& dugc :
cp (Ax) k
Phuong trinh tai cac phan tir thudc niit bén trong :
—Fo(T/ + T2 + TP + T2 ) +(1+ 4)FoT =T, (2.52)

Phuong trinh tai cac phan tir thudc niit trén bién :

- (T,.f’l” T 4277 JFo +(1+4Fo+ 2Bi.Fo)[["" =T} +2Bi.Fo.T} (2.53)

i+l,j i,j—1
Phuong trinh tai cdc phan tir thudc nat & goc 10i :
—2Fo(T" + T/ +[4Fo(Bi+ )| =T7 +4Bi.FoT}' (2.54)

Phuong trinh tai cac phan tir thugc niit & goc 1om :

i+l,j J

2 4 4
— = Fo(Tr + 2T + T2 + 2T ) + (41«“0 +—Bi.Fo + 1)7‘%’4” =T” +—Bi.Fo.T'
3 3 L] L] 3
(2.55)
(2.52), (2.53), (2.54) va (2.55) la céc phu’orng trinh déc trung dé tinh nhiét do tai cac nit trong bai toan dan

nhiét khong 6n dinh hai chiéu, tuy thudc vi tri nut cu thé trong hinh mét cit ma céac chi s i,j dugc liy gia tri
tuong tmg. Tir d6 viét 1an lugt cho céc nit, 1ap thanh hé phuong trinh bac nhét ciia nhiét do.

2.4. Giai h¢ phwong trinh tuyén tinh ciia nhiét do

Khi nhiét d6 viét dang ham 4n dugc biéu thi boi hé phuong trinh
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allTl

a,T,

+a,T,

+
Y

+a,T, = C,

n

+a, T, = C,

n

+a,T,

+
Y

a,l, +a,I, +..+ +a, T = C,
Viét dang ma trén :
a;; dp  dp a, || T, G
ay Adyp A4y ay ||T, _ G,
anl anZ an3 a/m Tn Cn
Cac phuong phap gidi thong dung
1. Phwong phap dinh thire
ay 4 4z - a,, C a, a
a, a, Gy .. a C, a, a
p=| % 2 9 2 D, = 2 Uy Ay
anl anZ an3 o a/m a Cn anZ an3
a, G a a, 4 G dp
ay G, ay a, Ay Gy Ay
D, = 8 joeesD, =
anl Cn an3 ann anl anZ an3
) D D D
Nghiém s€ la T, =—1;T2 =_2;"';Tn =—;
D D D
2. Phuong phap Gauss

Bién ma tran vudng a; thanh ma tran “tam giac”.

(2.56)
(2.57)

aln
aZn .
a/m

G

G |

Cn

(2.58)

Phép bién doi ma tran dya trén nguyén tic bién doi h¢ phuong trinh co ban quen thudc sau:
1. Nhan (hay chia) m¢t phuong trinh véi mot hang so thi phuong trinh d6 khong doi
2. Cong (hay trir) mét phuong trinh voi mdt phuong trinh khac trong hé s€ dugc phuong trinh méi

tuong duong voi tuong voi phuong trinh ban dau

Thi du 2.1 : Cho hé phuong trinh (al), (b1)

He¢ ban dau: hé 1 ap dung tinh chit 1 véi (al)

ap dung tinh chit 2 véi (bl)

2x+2y=4 (al) [(al)2>x+y =2 (a2) hé2=hél |

x+y =2 (@2)| he3=he2
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| x T4y=3 (b1) | x +4y=3 (bl) [ (b))<(a2)—> 0+3y=1 (b2)

(b2) >y=1/3;(@2) >x=2-y=2—1/3=5/3.

Thit lai : (al) : 2.(5/3) +2.(1/3) = 12/3 = 4
(bl): 53 +4.(1/3)=93 =3

Cdc budc cua phwong phdap Gauss

Hé ban dau
M1 1 1] 1
a;; 4ap a, T, C
1 1 1 1
a, dy a,, || T, _ C,
1 1 1 1 - @
ay, 4y, Ay 4,
1 1 1 1 1
_anl an2 an3"' ann_ Tn Cn

a. Lam cac s6 hang dau cia mdi hang thanh 1, bang cach chia timg hang cho s6 hang dau tién cia mdi hang
do:

M1 1 1 1 1 1] 1 1
a,/a, a,/a a,, /ay || T, C /a
1 1 1 1 1 1 1, 1
a, lay, aylay a,, ! ay (|1, _ C,/ay
L g ' g ' g ' gl - /a -
Ay /Ay Ay /Ay Az /dzp... dj, /4y -l A3y
1 1 1 1 1 1 1 1 1, 1
_anl /anl an2 /anl an3 /anl"' ann /anl_ Tn Cn /anl
B 2 2 2
1 aj a, T, C,
2 2 2
1 a ay, ||T,| _|C; o
2 2 2
1l a;, ay.. aj,
2 2 2 2
1 a,, aj.. a, ||T, C:

b. Tir hang thr 2, 1am cic s6 hang dau ctia cac hang bang 0, bang cach ldy cac hang 2, 3...n trir di hang 1 :

& & Jm (¢ [t a a2 |(n) [
1-1 (agz_alzz) (agn _a12n) T _ (C22 _Clz) 0 agz a;n T, _ CS
-l @) (@) @-a)| [ o @ e & [T [@
1-1 (@, —ay) (ay-ay)... (@, ~a, )T, G -C) 0 ayy Ay ar::n_ T, C,

c. TUr hang 2 tré di , 1am céc s6 hang thir 2 ciia mdi hang thanh 1, bang cach chia mdi hang cho sé hang thir
2 cua hang do (tc lap lai bude 1 voi hang 2 tro di)
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2 2 ] 2 2 2 2
1 a12 aln Ti Cl 1 a,, . a,, Tl Cl
3, 3 3,03 3, 3 4 4 4
0 a,/a, a, lay, |1, G ay, 0 1 ay.. a ||T, C,
0 3/ 3 3/ 3 3 / 3 - 0 1 4 4 = 4)
Q3 /A3y A3zl dzy... dy, /Ay as; as,
3, 3 3, 3 3, 3 3, 3 4 4 4
0 a,la, a;la,.. a,la,||T, Cla, 0 1 a a ||T, C’

d. Lam cac s6 hang thir hang thir 3 tré di bang 0, bang cach 1y hang 3, 4.. n trir di hang 2 (ttrc 1ap lai bude
2 v6i hang tht 3 tré di)

1 a a, T C; 1 a, .. a,l|[T C?
0 1 as,... a;, T, C; 0 1 da.. a5 ||T c;
= - = )
0 1-1 a,—-a... ai, —a5, 0 0 a. a,
0 1-1 a)-ay.. a, —a, ||T, ct-c, 0 0 a,. a,llT, C’
e. Lap lai budc 1 dbi voi hang 3 tré di ...dé cac s6 hang thir 3 ciia mdi hang trd thanh 1
1 ap alzn T Clz 1 ap alzn T, Clz
0 1 as, a;, T, _ C, 0 an ay, || T, C, (6)
0 0 all/d,. ailaj Cllas, 0 0 1 al, C?.
0 0 a,la,. a, la,l||T, C’la, 0 0 1 a® |\T, C

1 a, .. a||T oh
0 1 a.. o ||T, _ (o @
0 1al || T, Cy..
o 0 o0 1|, ct

h. Giai ra tinh ngugc tir dudi 1én: hang dudi cung : T, = CF ;
hang chira T3 ¢6: Ty +al T, =C{ > T,=a; T, —Cj,.

3n"n

3. Phuwong phap Gauss - Jordan

La phuong phap bién ma tran [aij] thanh ma trn don vi.
Gié st da c6 hé phuong trinh ban dau la ma trén tam giac 1a

1 a, aj.. a, |[T C1
0 1 ay. a,llD B C,
0 1, |G |G
0 0 0 1 |7, C

15



a. Liy hang 2 1am gdc, nhan hang 2 véi all2 sé€ dugc:

{Tz}:{czz}

Lay hang 1 trir di hang vira ¢6 & trén

1 2 2
0 a, ay .. a,

1 1 1 2 1 2
1-0 ay,-a, a;—-ay.. a,—a,,

0 1 ay,...
0 0 .1
0 0 0

0))

b. Lay hang 3 lam gdc, nhan hang 3 véi a), sé duoc: [0 0 al,

hang vira co

1 0  a.. a;, T,
0 1 ay-ay. a,-a, ||Th
0 0 .1 a, T
0 0 0 1 T,

1 0 a.. a, |[T oh
01 0. a,/|T C;
00 .1 0|7 |Ci.
00 0 1]|T, C!

co. ..
1 0 0.a), a |[T C;
01 0 a, ||T| |G
00 .1 o] |c
00 0 1 ||T C!

I3 N
S o = O

S O O =
S O = O

| |
nL|_|G
T, |cl.
) |G,

2

e. Dé triét tiu af 4 cuahang I, liy hang 4 1am gbc, nhan hang 4 véi af 4 r0i lay hang 1 trir di két qua méi

co.

S O O =
S O = O

0.0 a |[T o
0.as, as ||T, C;
1o || |cl.
0 1 ||T C



Cur nhu vay dén khi hang 1 chi con s6 hang dau , cac s6 hang khac déu bang 0.
Ti€p tuc lam véi hang 2, 3, .n

g. Cudi cung c6 ma tran don vi nhu sau, va cé ngay cac nghiém can tim

1 0 0.0 0T, (ol T, CY
0 1 0.0 0||T, Cs T, C;
- N = (2.59)
0 0 0.1 OfT,| |Ck T,.| |Ci..
00 0 1], ct T, C!

4. Phuong phap Gauss - Seidel

No1 dung co ban cua phuong phap nay 1a cach tinh lap. Phuong phap Gauss- Seidel bao gdm cac budc sau.
Ban dau chuyén hé phuong trinh nhiét d0 dang ham tudng cho cac nut dang nhu sau

I =a,T,+a,T,+..+a,T, ;)
T,=a,T, +a,T;+..+a,T, :(2)
Tn = alnTvl + aZnTZ +..t anflAnTnfl > (n)
Lan 1:
- Bude 1. Trir mot nhi€t d¢ tai nit 1 (hodc ndt m nao do6 dinh tinh trude tién), tat ca nhi¢t do con lai cho
bang khong, thay vao (1) tinh ra T,
- Budc 2. Thay cac gia tri T; méiva T; =0, ..,T, = 0 vao (2) tinhra T,
- Buéc 3. Thay cac gia tri Ty, T,méiva T, =0, ..,T, =0 vao (3) tinhra T; ......
- Buéc n. Thay cac gia tri Ty, T, ..., T,y mdi vao (n) tinhra T,,,

Nhu vay khi tinh dugc mét gia tri nhiét d6 mdi phai st dung ngay trong cac phuong trinh con lai . Nghia la
moi phuong trinh ludn phai nhén dugc gia tri mdi nhat néu co, cho dén phuong trinh cudi cung.

Lan 2: Lap lai tir ddu .

- Budc 1. Thay cac gia tri Ty, T;, .., T, vira €6 0 lan 1 vao (1) dé tinh T, méi. ) .

- Bude 2. Thay cac gid tri Ts, .., Tn coalan 1 da c6 va T, méi vao (2) dé tinh T, m6i... Ti€p tuc nhu lan 1
den T,

Qué trinh tinh dugc tinh 1ap lai 1an 3 , 14n 4 ...véi cac gia tri nhiét d6 mai nhat, cho dén khi ndo chénh léch
nhiét d6 tai moi di€m ¢ hai lan tinh sat nhau nho t6i mirc du chap nhén thi dung,

Thidu22 o
Giai bg‘li toan On dinh hai chiéu diéu kién bién loai 1:
Mot dam bétong , ti€t dién ngang c6 hinh dang nhu hinh bén

. . 100
c6 Ax=Ay. Biét nhiét d¢ tai cac canh va goc cua tiét dién nhu
trén hinh 2.4 . X4c dinh nhiét do tai cac diém bén 4244 o
trong.1,2,3,4,5,6 . 50 6
50 70

Gidi : Do Ax=Ay , theo (4) cac nhiét tr¢ thanh phin ciia moi 2

phén t6 déu bang nhau 1a Ry =1/A , nén s& c6 :
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Hinh 2 4. Chi:cl mang tiét dién
T, = ngang dam bétong

2y

(T, +T,+T,+T,) .

NG

Tai cac diém 1,2,3,4,5,6 viét dugc 6 phuong trinh nhi¢t 6 dang ham tuong sau :

Ti=(T,+60+100+50)/4 (1) T,=(T; +100 +80+70)/ 4  (4)
T,= (T, +Ts + Ts+ 100)/4 ) Ts=(Ta+Te+50+40)/4 (5
Ty = (T, + Ta+ Te + 100)/4 3) Te=(T;+Ts+70+40)/4  (6)

Budc 1: Thay T,=0; T3 =0; T4 =0; Ts=0; T¢ = 0 vao (1) tinh dugc T,= 52,50
Budc 2: Thay T;=52,5 (gia tri méi) va T;=0; Ts=0 vao (2) tinh dugc T,= 38,125
Budc 3: Thay T, = 38,125 vao (3) tinh dugc T;=34.5313

Bué6c 4: ... tiép tuc nhu vay s€ tinh dugc T4, Ts, T thtt ty nhu sau :

52.5000 38.1250 34.5313 71.1328 32.0313 44.1406
Céc 1an sau : Két qua tinh 13p sau 8 lan viét theo ma trdn hang T = [T, T, T3 T4 T5Ts] nhu sau

(1) 52.5000 38.1250 34.5313 71.1328 32.0313 44.1406
(2) 62.0313 57.1484 68.1055 79.5264 47.8223 56.4819
(3) 66.7871 70.6787 76.6718 81.6679 54.2902 60.2405
(4) 70.1697 75.2829 79.2978 82.3245 56.3808 61.4197
(5) 71.3207 76.7498 80.1235 82.5309 57.0424 61.7915
(6) 71.6875 77.2133 80.3839 82.5960 57.2512 61.9088
(7) 71.8033 77.3596 80.4661 §82.6165 57.3171 61.9458
(8) 71.8399 77.4058 80.4920 82.6230 57.3379 61.9575

Budc 6 : Sai s6 tuyét ddi 2 lan cudi twong tng 1a :
0.0366 0.0462 0.0259 0.0065 0.0208 0.0117

1a qua nho6 nén ¢6 thé dirng phép tinh lip . i
Néu tinh theo phuong phap ma tran nghich dao , nhiét d6 cac diem tuong ting s¢€ la :

71.8630 77.4380 80.5120 82.6310 57.3340 61.9500

Céc bai toan thyc té c6 s6 nhiét do phai tim 1én t6i hang tram thi phuong phap Gauss -Seidel t6 rd rat uu
thé.

5. Phwong phap Ma tran nghich ddo

H¢ phuong trinh tuyén tinh nhi¢t 36 dang ma trén :

a;; dp A4 a, || T, G
ay dyp a4y a ||T, _ G, (2.60)
anl anZ an3 a/m Tn Cn
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Hay ¢ dang gon sau :
[ag]. [Ti] =[Ci] (2.61)
T do sé rut ra duoc :
[Ti] =[Ci] [ay] ' (2.62)

trong do [a;] - "1a ma tran nghich dao cia [aij] co dang :

bll blZ b13 bln
by ay ay .. b
[a]yl _ | Px 2 23 21 (2.63)
bnl an bn3 oo b/m
Cac phﬁn tu b;; cila ma tran nghich ddo la ph?ln bu clia ma tran chuyén vicuia [a] .
Khi @6 nhiét do phai timséla :
T, = b,C + b,Ct b;C; +... +D,C,
TI,=b, C+ b,C,+ b,,C, + ...+ D, C,
T, = b,C+ b,C,+ b,C, + ... +b,, C, (2.64)

r =5.C +b,C,+b,C;+...+b C

nn n

Ngay nay nhd cong cu tinh toan hién dai va cac phan mém tién tién nén phuong phap ma tran nghich dao
duogc giai rat thuan tién .

19



Phin 2. PHUONG PHAP PHAN TU HUU HAN
Gi6i thi¢u khai quat

Phuong phap phan tir hitu han (PTHH) 1a mot cong cu s6 dé xac dinh nghiém x4p xi d6i voi mot 16p rat
rong cdc bai toan ky thuat. Phuong phap PTHH rat dugc chi y trong dao tao ky thut va cong nghé boi vi
n6 la mdt cong cu phan tich c6 tinh da dang va mém déo cao.

Phuong phap PTHH biét dau dugc hinh thanh tir nhu cdu giai cic bai toan phan tich két cau trong 1y thuyét
dan hdi trong k¥ thut cong trinh va k¥ thuat hang khong. Nhitng nguoi dau tién dua ra phuong phap nay
1a Alexander Hrennikoff (1941) va Richard Courant (1942). Sau Courant da c6 nhiéu tac gia st dung ph-
wong phap roi rac hoa nhu Polya, Hersch,Weinberger... tdp trung vao nghién ctru cac bai toan gia tri
riéng. Tir nira cudi nam 1950, céac tac gia da phat trién dan hoan chinh phuong phap PTHH. Nam 1959
Greestadt sir dung nguyén 1y bién phan dé xac dinh ham xap Xi trong timg phan tir, va xdy dung cac noi
dung co ban ciia phuong phap va sau nay trd thanh 1y thuyét toan hoc ciia phwong phap PTHH.

Céc nha vat 1y ciing da phat trién phuong phap PTHH d¢é ap dung trong cac bai toan vat ly, k¥ thuat nhu
Prager, Synge. Besselinh, Melosh, Fraeijs de Veubeke va Jones da coi phuong phap PTHH la mét dang
ctia phuong phéap Ritz, va 1a mot phuong phap tong quat nhat dé nghién ciru cac bai toan dan hoi. Ho da
ap dung cho cac bai toan bién phan trong co hoc chét rin va di dat duoc két qua kha chinh xac. Nam
1965, Zienkiewicz va Cheung da chimg minh ring Phuong phap PTHH c6 thé ap dung cho tt ca cac bai
toan cuia 1y thuyét truong, va dugc cong nhan 1a mot phuong phap noi suy rong.

Nam 1973, Fix va Strang da xay dung nhiing 1y luén toan hoc chat ché cho phuong phap PTHH, va tir do
no tr¢ thanh mét linh vyc toan hoc ing dung va dwugc pho bién va img dung rong rai trong ky thuét, dé
xay dung mo hinh dang s6 cho cac hién tugng vat ly nhu truong dién tir va dong hoc chat long. ..

2.5. Noi dung co ban, trinh tw giai bai toan nhiét bang phwong phap PTHH

Viéc giai cac bai toan lién tuc bang phuong phap PTHH ludn dugc thyc hién theo mét trinh ty gom cac
budc noi tiép nhau nhu sau:

Buwéc 1: Roi rac hoa bai toan , chon phﬁn tr hitu han

Mién nghiém ctia bai toan, tirc vat thé, dugc chia thanh cac phan tir ¢6 kich thudc nho goi 1a cac phan tir
hitu han sao cho khong c6 k& ho ciing nhu sy chong 1én nhau giita cic phan tir dé bao dam tinh lién tuc
ctia bai toan. Két qua tao nén mot mang cac ph?ln tr hiru han.

Tuy thudc tinh chat cua bai todn ma chon ph?ln tir ¢6 hinh dang khac nhau:

- Vé6i bai toan mot chiéu, cac ph?ln tir dugc chon 1a cac doan théng.

- V6i bai toan hai chiéu, cac phan tir duge chon 1a cac hinh phang nhu tam giac, tir gidc, chit nhat. ..

- Vi bai toan ba chiéu, phan tir dugc chon 14 cac hinh khdi, nhu khéi tir dién, 1ap phuong, hinh hop, ling
tru ...

MGdi loai phén tir ¢ thé chon 1a bac nhét, bac hai hodc bac ba...tly theo nhiét d6 phu thudc vio toa do 1a

ham bac mdy. Dic biét 1a trong mot loai bai toan c6 thé dung cac phin tir c6 dang khac nhau. Gitra cac
phan tir ngan cach nhau bdi bién gidi la cac nut, doan thang, hay bé mat.
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Hinh 2.5. Cac dang phén tr hiru han

Tuy thudc loai phin tir ma mdi phan tir ¢6 hai hay nhiéu nit.
Sau khi roi rac, nhiét do can phai tim trong mién lién tuc cta vat thé dugc xap xi tai cac nit cua cac phan
ta.

Buée 2: Chon ham ndi suy .
Moi quan h¢ gitra nhiét d§ T bén trong phan tir véi gia tri nhiét do tai cac nut T; dugc goi 1a ham ndi suy
N; (hay ham hinh dang).

k
T=NT,+N,T,+..+NT,=> NT, (2.65)
Hodc ¢ dang ma tran
T
T,
T=[N, N, .. N, =[N]r} (2.66)
T,

k
o day:

1,2,1i..., k1a cac chi sb thi tu cac nit trong mdt phan tir

N, N, ...Ni 1a ham ngi suy tai cac nut 1, 2...k, va [N] la ma tran ham noi suy

T 1a nhiét d6 tai diém bat ky trong phan tir

Ty, T,, Tk tuong ng la nhi¢t do can tim tai cac nat 1, 2...k ,va [T] la véc to nhiét do can tim.

Cac ham ndi suy N thuong dugc chon 1a cac da thirc dai sO vi ¢o thé dé ~dang tinh dao ham va tich phan
chung trong moi phan tir. Bac cua da thirc dugce chon phu thuge vao s6 cac diém nut ciia phan to, dac
diém va sb luong cac an cia mot nit cling nhu yéu ciu lién tuc cn c6 trén bién cta phan tir.

Budre 3: Thiét 1ap phuong trinh ddc trung ciia phan tir

Phuong trinh dic trung ctia phan tir biéu thi déc tinh c4 thé clia cac phan tir riéng 18, d6 12 mi quan hé
gitra nhi¢t do chua biét tai cac nat véi cac phu tai nhiét.

D¢ thiét lap phuong trinh ddc trung cua phan tir, can thyc hién xap xi ham can tim 14 nhiét d6 véi mét sd
luong hiru han cac bién s6 tai cac nat, hinh thanh mot phwong trinh ma tran cta phan tir & dang
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[KLAT. =1, (2.67)
& day: e la chi sb biéu thi cho phan tir
{T }e la nhiét d6 phai tim tai cac nut.
[K ]e 13 ma trin cac hé sb cua nhiét do, duoc goi 1a ma tran d¢ cung cia phﬁn tr.
{ f }e la véc to phu tai nhiét hoac nhiét dd cho trudce tai nut bién nao do.
Mot s6 phuong phap c6 thé sir dung dé xac dinh nghiém xap xi d6i v6i bai toan di cho 1a
1. Phuong phép Ritz (tich phan can bang nhiét)
2. Phuong phap Rayleigh Ritz (Bién phan)
3. Phuong phap so du trong so
Nho ap dung mot sb 1y thuyét trong toan hoc nhu ly thuyét bién phan, tich phén tung phan, tich phén s6
va cac phép tinh ma trén, co thé dua cac phuong trinh vi phan ciia bai toan vé dang xép xi (2.67) dbi véi
mdi phan tir.
Budrc 4: Lip ghép cic phuong trinh phan tir dé nhan dugc phuong trinh twong thich ctia hé
Pé tim déc tinh cua toan cuc cta h¢ thdng, chung ta bt budc phai két hop tat ca cac phuong trinh ma tran
cua cac phan tur riéng 1€, thu tuc do goi 1a lap ghép cac phén tir. D6 1a viée t6 hop cac phuong trinh ma
trén cua cac phan ti riéng 1€ mot cach thich hgp dé tao duwoc ma tran déc trung trang thai cua toan bg khu
vuc nghiém cua bai toan.
No6i cach khac 1a tap hop cac phwong trinh vi phan lién tuc theo an T, can tim & tat ca cic nut cua tat ca
cac phan tir {Te} dang ma trén (2.67) & trén thanh hé (n phan tir) ciing dudi dang:

[KJTi=1{r} (2.70)

[ K] la ma tran cac h¢ so cua ca hé
{T } la vécto an cua ca hé
{ f } la tai nhiét tai cac niit cha ca hé

Phuong trinh cho ca hé (2.70) cling gidng phuong trinh cho mét phan tir chi khac 1a né c6 kich thuée 16n
hon nhiéu.

Buée 5: Giai hé phuong trinh (2.70)

Hé phuong trinh (2.70) dugc giai bang cic phwong phap chuin nhu: Lip, khir, Gauss, ma tran nghich
déo... tuong tu nhu giai h¢ phuong trinh trong phuong phap SPHH.

Buérc 6: Tinh cac dai luong thir cip.

Trong bai toan nhiét, tir nhiét do cac nit da tim dugc, co thé tinh gradient nhiét d§, dong nhiét theo cac
hudng, bién dang nhiét ...
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2.6. Cac phan tir va ham ndi suy
2.6.1. Phan tir mdt chiéu bic nhat
Trong phﬁn tr bac nhat, nhiét 3o 1a ham bac nhit cua toa do:
T'=oa,+a,x (2.71)

Trong d6 o, o, 1a hai tham s6 can xac dinh nén mdi phan tr can c¢6 hai nit. Goi hai nit cia phan tu la i

va J, c6 toa d9 1a X; va x; thi nhiét dg tuong Gmg tai d6 la :
Ti=a+a,x; T,=a +a,x; (2.72)

1. Ham ndi suy
Mic du nhiét d6 tai hai nat van con 1a an sb phai tim, nhung nhiét d¢ tai cac diém bén trong phﬁn t
dugc ndi suy theo nhiét d§ hai nit nhu sau:

T,
T=NT,+NT, =[N, N].]{T’} - [V} (2.73)

¢ day N,va N, goila cac hamndi suy tai hai nut.

Ttr hai phuong trinh trong (2.73) giai ra o, o, ri thay vao (2.74), sap xép lai s& dugc :

X.—X —X.
T:[ [l 48 Pinb Ay (2.74)
XX YT X )

Theo (2.74) cac ham ndisuy N, N, la

[V]=]w, Nj]z{x-’_)C x—xll (2.75)

Y TX X T

Néu liy x, =0, x, =1, thi

o) (]

Lay tong ham noi suy

N, +N, =1 (2.77)
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Tir (2.76) , (2.77) c6 thé thiy ham noi suy N ;va N la ham bac nhét theo x, bién d6i nguoc chiéu nhau cé

gia tri tai cac vi tri khac nhau nhu sau, bang 2.1

Béng 2.1
Ham Nut i Nt j X
Ni 1 0 Gitra O va 1
N; 0 1 Gita 0 va 1
N; tN; 1 1 1

Tir cac két qua khao sét trén cho thdy ham noi suy c6 hai ddc diém quan trong sau:

- Ham ndi suy nhan gia tri 1 tai mot nit xac dinh va nhan gia tri 0 tai nat khac.

- Tong cua hai ndi suy trong phén t0 bang 1 ¢ moi vi tri bén trong phan tir, ké ca ¢ trén bién.
2. Quan h¢ giira bién x véi cac toa d§ nut

Tir (2.76) riit ra toa d6 x tmg véi ham N, 16i thay N; =1- N, s€ dugc nhu sau:

X

X;
x=Nx +Nx, =[N, N_/.]{ } (2.78)
Quan hé giita bién x voi cac toa do nut ciing dugce biéu thi qua ham ndi suy, gidng nhu nhiét do.

3. Pao ham ctia ham ndi suy

= W=t 11-[8] 79

Dao ham ctia ham ndi suy trong phan tir bac nhét 1a hing s6 khong phu thudc x.
4. Gradient nhiét do

Tuy rang T,,T, la an s chua biét phai tim, nhung trong mot phén t6 T;,T, c6 gia tri khong d6i, nén nhiét

d6 T trong phan td chi phu thudc vao x , vay gradient nhiét d¢ ky hi¢u g sé la

A dN . ~ dN . ||T
g = dL AN p (N [N Y WL gy (2.80)
dx dx dx 7/ dc dx ||T,

Su thay ddi cua cac ham ndi suy, nhi¢t dd va cac dao ham bén trong phﬁn tr tuyén tinh trén duoc thé hién
trén hinh 2.6. Co thé thay thay doi dién hinh ctia nhiét d6 la tuyén tinh, dao ham ctia cac ham noi suy la
hang s0 bén trong moi phan tur.
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! Giatri ham hinh dang
bén trong phén tir

J
Thay déi nhiét dé dc trung
bén trong phan té

Pao ham ctiaham hinh dang
[ ® bén trong phan té
i dN;Adx J

Hinh 2.6. Sy thay ddi ctia cac ham ndi suy, nhiét do va
cac dao ham bén trong phan tr tuyén tinh.

Ma tran ham ndi suy [N] va ma tran dao ham [B] la hai ma tran rat quan trong dugc st dung dé xac dinh
cac ddc tinh ciia phan tir sau nay.

Thi dy 2.3. Mot thanh dai 12 cm c6 nhiét do tai dau 1a 100°C va tai cudi thanh 1a 160°C. Biét réng nhiét
d6 trong thanh thay doi tuyén tinh. Xac dinh nhiét d¢ tai vi tri cach 8 cm tir dau thanh.

Tur phuong trinh (2.74)
T'=NT +NT,

Véi: T, =100"C;T, =160°C;x, = 0;x, =12cm;x = 8cm.
x_,-—x}_lz—s_ 4

1

Va: N. = = -
l: 12-0 12

X, X,
N = X=X | _ 8-0 :i
' X, —x, 12-0 12

thay cac gia tri trén vao (2.45) co :

T=NT, +NT, = %100+%160 =156,666"C =156,666°C

2.6.2. Phan tir mot chiéu bac hai
Phén tir mot chiéu bac hai nhiét do thay ddi theo mot chiéu, nhung ty 1¢ v&i toa @6 theo ham bac hai.

T(x)=ay + oox + osx> (2.81)
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C6 3 tham s6 o, o, va o can xac dinh nén moi phan tor can 3 di€m la cac nut i, j va k phan bo déu trén
X oy ) . /
phan tir. Trong moi phan tir 6 do dai / =x, —x,, neulay x, =0 thi x; = E;xk =1/.

Nhiét d¢ tai ba nlit tng voi cac toa do la
! Y
I=a;T, :a1+a25+a3(EJ T, = +al+al’ (2.82)

Tir (2.82) gidi ra cac hang s6 o, o, va o 10i thay vao (2.81), sap xép lai s& dugc :
3x  2x7 X X X X
T(X):|:1—7+l—2:|7—; +|:47+4l—2:|T/.+|:—7+2l—2 T;{ (283)

1. Ham ndi suy
Nhiét do tai cac diém bén trong phﬁn ti duoc ndi suy theo nhiét do tai ba nat nhu sau:

T,

T(x)=N,T,+N,T,+N,T, =[N, N, N1 t=[N}T) (2.84)
Tk

Trong d6 N;,N; va N, la ba ham ndi suy cua phan tir mot chiéu bac hai. Tir trén ta thiy cac ham ndi
suy ctia phan tir mot chiéu bac hai 1a
3x  2x° : 2

X X X X
N=[N, N, N]= R RIS s (2.85)

Tir (2.85) thiy rang cdc ham noi suy 1a ham sb bac hai ciia x, gia tri cia mdi ham thay d6i phu thudc vao
toa do.

Ta c6 thé lap bang gié tri cic ham ndi suy theo phuong trinh (2.85) nhu sau :

Bang 2.2
Gia tri cua ham ngi suy
Nut 1 ] k
Ham N; 1 0 0
noi suy N; 0 1 0
Ny 0 0 1
Tong: Ni+ Nj + N 1 1 1

Thay d6i ctia nhiét ¢ va thay d6i ham ngi suy cuia phan tir bac hai dién hinh dugc thé hién trén hinh 2.7
nhu sau:
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Hinh 2.7. Thay ddi nhiét d6 va ham hinh dang ctia phan tir mot chiéu bac hai.

2. Pao ham cia ham ndi suy

[B]:[d_N}:{dNi dN; de}:K_Ejf‘_jcj (f+8_fj (_1+4_jcﬂ (2.86)
dx dx dx dx [ [ 1 [

Nhu vdy dao ham ctia ham ndi suy trong phan tir bac hai 1a cdc ham bac nhit cua x.

3. Gradient nhiét do

Ky hiéu gradient nhiét do: ar =g,
dx
i Tav av. av. 117 raw
—=|= : LT b= = |t = BT 2.87
o o Bl [ Y-k 28

Gradient nhiét do la

A dN .
ar _dNip &g WNeg (2.88)
dx dx dx - dx

dao ham cac biéu thirc trong (2.70) thay vao (2.73) s& co

dT 3 4x 4 X 1 X
£33 s Ll

Nhu vay gradient nhiét d¢ cling nhu ‘d(‘)ng nhiét phu thudc vao toa do x. ) i
Dao ham cua ham ndi suy trong phan tir bac hai la cac ham s6 phu thudc vao bién doc lap x. Ta co the
thay dung phan tir mdt chicu bac hai s€ c6 nhi¢t do xap xi chinh x4c hon béc nhat.
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x; ! x * I LL e} | 2 |“k
' i I | |
(a) (b)
} © o)
1 12 3 2o N I~ .
‘/EXé'p xi bac nhat Xap xi bac hai
\\ : 1

1] 1
U 1

1]
H H Chinh xac
[ [ - -
) [}
1 1

X
o - Phan t&
e —-Dlém

© @

Hinh 2.8

Thi du 2.4 : Xac dinh gia tri cac ham ngi suy cua phﬁn tr mot chiéu bac hai tai vi tri ¢6 toa do
x=14,x=1/3.
Tai vi tri c6 x = 1/4 cac ham ndi suy la

2 2
N, = {1_3%+2i} = {1— 3074) | 2074) } 1-3/4+ 1/8 = 0,3750

I? l I?
2 2
7R LSRN I PG R Gl SRR YR P
SRR / !
2 2
N, ={_§+2%}:{—HT4+2%} =-1/4+1/8 =-0,1250

Théyring  N;+N;+ N =0,3750 + 0,75 - 0,125 = 1

Tai vi tri co x =1/3 , gia tri cua cac ham hinh dang la :

2 2
N ={1_37x+2i} :{1—3(1/3)+2(1/3) }:1—1+2/9: 0,2222

I? [ I?
- ) ,
N, =442 | = 4(1/3)—4(”5’) =4/3-4/9 = 0,8889
AN ! !
B 2 2
N, = _§+2’IC_2}{_”T3+2(1§—23)}=—1/3+2/9 =-0,1111

Ciing thiy ngay rang N; + N;+ N, =0,2222 +0,8889—0,1111 =1
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2.6.3. Phin tir hai chiéu tam giac bac nhat

Phan tir hai chiéu tam gidc bac nhét 1 phan tir tam gidc c6 nhiét d6 bén trong phan tir phu thudc bac nhét
vao hai chiéu toa d¢ x va y, dugc biéu thi boi

T(x,y) = ou + X + ozy (2.90)

Phan tir tam giac bac nhét 1a phan tir hai chiéu don gian nhat, nhiét 6 c6 chira 3 hé s6.

YA T k (X, yi)

i(x,y)
Ti i ()

[
>

\ , X .
Hinh 2.9. Phan tir tam giac bac nhat trong toa d¢ goc
Do tam giac béc nhit ¢6 3 nat (hinh 2.9), cac gia tri cia o, o, va oz dugce xac dinh tir quan hé

Ti=a,+ayx;+ayy,; T, =a,+a,x;+a,y;; T, =a +a,x, +a,, (2.91)

Co thé gidi ra cac an 1a cac h¢ sO ou, ap va o theo x,,x;,x, va T;,T,;,T, bang phuong phap dinh thirc

nhu sau. Viét (2.91) ¢ dang hé phuong trinh:

a +ayx; tasy; =T,

a ta,x, +ay, =T, (2.92)

o, +a,x, +a,y, =1,

Ta co
Lox
D=1 x, vy, =(x,.yj—xjy,.)+(xkyi—x,.yk)+(xjyk—xkyj) (2.93)
L x,
thdy rang D = 2A, v6i A 1a dién tich ctia tam giac
I, x;
D, =\T, x;, y, :(xjyk_xkyj)T;'-i_(xkyi_xiyk)]—vj-‘r(xiyj_xjyi)Tk (2.94)
T x »
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T
D,=\x;, T, y,|= (xkyj _ij’k)Ti +(xiyk _xkyi)Tj ++(xjyi _xiyj)Tk (2.95)
e T,
yi i ]:
Dy=|y, x, T,|=vy, —x2 )0+ @y, —x2) +x,y, —xp, )0 (2.96)
Ve X Ty
D, D, D,
Gidira o, =—,a, =——,0, =— séla
D D D

a, = 1[(xyk X,y )T+(xky, xyk)T +(xy/ xy)T]

24
az:i[(yf_yk)z*(yk‘yi)fﬁ( v (2.97)
a; [(xk X)T X—ka+(x —x)T]

V6i ky hiéu

a; =X;¥y 'Xij;bi =YY G =X - X
a; =Xy, -X;¥, ;b =y, -y;;¢; =%, -X, (2.98)
a, =X,¥;-X;¥;;b, =y, -y;i¢ =X, -X;

(2.97) tro thanh
1

a, =ﬂ[aiTi +a,T, +aka]

o, = i b7 45,7, +5,7,] (2.99)

a, :i[c"T" +c¢,T; +cka]
Thay thé cac gid tri ctia oy, 0, va a3 vao phuong trinh (2.95) s& ¢6

T= ;A 0,7, +a,T, +a,T, ]+ [bT +b,T, +b,T, ]x+ [ci]“i ve,T, +¢,T, Jy (2.100)

sap xép lai nhu sau

T=i[(%+bl.x+c[y)7:-+(aj +bjx+cjy)Tj +(ak +bkx+cky)Tk] (2.101)

1. Ham ndi suy
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Nhiét d6 tai cac vi tri c6 toa d0 (x,y) bét ky trong tam giac dugc ndi suy theo nhiét do tai 3 nut cua tam
giac thong qua ham ndi suy N nhu sau

T
T(x,y)=NT,+N,T, +N,T, ~[~, N, N RT +=[N}T} (2.102)
Tk
Tir (2.101) thiy cac ham ndi suy la
N, =L(a. +b.x+c.y)
1 2A 1 1 1
1
Ny =5 la, +bxve,y) (2.103)

1
N, = 2A(ak +b x+cky)

Viét cac ham ndi suy day du theo toa do nut:

L[(ijk 'Xkyj)+ (yj -yk)x+(xk 'Xj)y]

N, ZL(al. +bl.x+cl.y)=

" 24 24
N, :i(aj +bjx+cjy):i[(kai 'XiYk)+(Yk 'Yi)x+(xi 'Xk))’] (2.104)
N, :i(ak +bkx+cky)=i[(xiyj —ijl-)+(yl- —yj)”‘(xj _xf))/]

D¢ thay r6 dac dieém cua cac ham ni suy cua phan tr tam giac bac nhat, chung ta tinh gia tri cua chung
tai cac nit nhu sau.

- Tinh N; tainatico toa dd la x; vay;

(), =5 Ml = ) by = e - )= 25 =1 (2.105 2)
- Tinh N; tai nit j 6 toa d x5,

), = ;A [0y, - xy,)+ (y,x, - yix, )+ (x 0, -x 0, )] = 0 (2.105b)
- Tinh N; tai nit k co toa dd 13 x,; ¥,

(), =5l -xev )+ xi-yix )+ e -x, =0 (2.105¢)
—Tinth tainaticotoadola x;vay;

(v,) = ;A[( X, i - X,y + (e - xy )+ (6, - x| =0 (2.105d)
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—Tinth tainht jcotoa dd x5y,
(N ) (XkYi 'XiYk)+(ijk 'iji)"‘(Xiyj 'Xkyj)
77

K FETEES Y ey vy g 10

- Tinh N, tai nit k ¢6 toa d6 x,;,

N, = ﬁ[(xkyi Xy )+ (e - xy)+ (0 - x,0,)]= 0 (2.105g)
- Tinh N tai nit i c6 toa do x; va y;

V), = i[(xiy,- =3, )+ (e, =2y, )+ e,y —x )= 0 (2.105h)
- Tinh N tai nit j c6 toa do.x 3.y,

V), = i[(xiyj —xy ey —x )+, - x)]=0 (2.105h)
_Tinh N, tai natk c6 toa do x,;,

o) oy n el s ol ) -

(xiyj _xjyi)+(xkyi _xiyk)+(xjyk _xkyj)

Co thé lap bang gia tri cac ham ndi suy tai cac nit doi voi tam giac bac nhat nhu sau

Bang 2.3
Nut i Nut j Nut k
N, 1 0 0
Nj 0 1 0
N, 0 0 1

Nhu vay ta co thé théy cac ham noi suy co gia tri béng 1 & mot nit nhét dinh va béng 0 tai tt ca cac nut
con lai.

Ciing 6 thé ching minh dugc rang

N, +N,+N, =1 (2.106)
& tit ca moi vi tri bén trong phan tir ké ca trén bién gidi.
2. Quan hé giira bién x,y véi cac toa d§ nut

Tir (2.103) c6
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1
Nx =—I\ax +bx.x+cx,
2A( 1 1 1 1 1 ly)
1
X, :ﬂ(afxf +bjxjx+cjxjy) (2.107)

1
N,x, =— (akxk +b,x,x+ ckxky)
24

Tinh tong
Nx;+Nx;, +N,x, =

:i[(a,-xi ta;x, +akxk)+ x(b,-xi +bx; +bkxk)+ y(c,.x,. +CX; +CX, )] (2.108)

Ky hiéu va tinh timg s6 hang trong ddu moc don ctia biéu thirc trén nhu sau

az(al.xl.+ajxj+akxk):(xjyk-xkyj%l.+(xkyi-xiyk)xj+(xiyj-xjyi)xk:O

b= (bl.xl.+bjxj+bkxk)—(y yk)x +(yk yl)x.+(yi-yj%k:2A (2.109)
c=(cl.xi+cjxj+ckxk) ( -X, % x +( xi)xkzo

Thi s& thay

1 1
Nx, +N,x; + N, x, =ﬂ(a+bx+cy)=ﬂ(0+2Ax+0)

Boi vay rat ra
x=Nx;+Nx,+N.x, (2.110)

Tuong tu nhu vay, tir (2.107) cling c6

N,y = 21A(ay, +byx+cyy)

1
(a y;+by,x+c, yjy) (2.111)

Ny, = 24

1
Ny, zﬂ(akyk +bkykx+ckyky)
Tinh tong
Ny, +N,y, +N,y, =
1
=24 [(a yita;y, +akyk)+x(b yi+by,; +bkyk)+y(c yitey, +ckyk)]

Ky hi¢u va tinh céac s6 hang trong méc don cua bi€u thirc trén nhu sau
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a= (aiyi +ajyj +akyk): (Xij 'Xij)yi +(Xkyi -Xiyk)yj +(XiyJ' 'iji)yk =0
b=y, +b,y,+b3,)=(y; -y . + (e =9 v, +(y -y, v =0 2.112)
C:(ciyi +c,y,; +ckyk):(xk _Xj)yi +(Xi 'Xk)yj +(Xj _Xi)yk =24

Thi s& thay

Ny, +N,y, + N,y =i(a+bx+cy)=ﬁ(0+0x+2Ay)

Rut ra
y:Niyi+Njyj+Nkyk (2.113)

Nhu vay toa do x, y cia mot diém bat ky Iuén thod man mbi quan h¢ voi cac toa d§ nat theo ham ndi suy
tuong ty nhu quan hé nhiét do tai d6 diém do véi cac nhiét d6 nut

x=Nx;+Nx,+N.x,
y=Ny,+N;y,+ N,y (2.114)
3. Pao ham cia ham ndi suy

Lay dao ham cac ham noi suy trong (2.103) theo x va y dugc

a_N aN[ aN./' aNk
ox ox  Ox ox l{bi b, bk}:[B]

B: = = —
a_N aN[ aNj aNk 24 C; C]. C,

oy oy oy oy

4. Gradient nhiét do

Gradient nhiét d0 xac dinh bﬁng

or aNfz aN'/T/ 8Nka ON, ON, ON, T
{}: ox |_| oOx ox ' Ox _| ox  ox ox |Jp -
PO ITI AN, o N, N, | ON, AN, N, |
vl o v Ly v ol (2.115)
T.
b. b, b '
B AR
24|¢; ¢; ¢

5. Toa d§ khu vure ddi véi tam giac

H¢ toa do khu vyuc hay ty nhién cling dugc st dung ddi voi phﬁn to tam giac dé don gian qua trinh tinh
toan. Piém P & mdt vi tri nao d6 bén trong tam giac hoan toan dugc xac dinh bdi ba khoang cach tir diém
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d6 dén cac canh, hinh 2.10. Ty s6 giita cac khoang cach v6i cac dudng cao tir dinh twong tmg chinh 14 cac
toa d khu vuc L; , L, Ly

Hinh 2.10

Toa do L; dugc dinh nghia la ty s6 giita khoang cach tir diém P dén canh ‘i j’ (tirc doan PO) va khoang
cach tir diém i dén canh ‘jk’(ttc doan QR), nghia la

PO

L =—- 2.116
'~ OR (2.116)
Cac toa do khu vyc L va Ly cling dugc dinh nghia mdt cach tuong tu.
Gia tri cua L; cling bang ty sb gitra hai dién tich A; d6i dién voi diém “i” va dién tich tam giac toan phan
A, nghia la

; _4 _05(PO).(jk) _ PO 217

"4 05.(0R).(jk) OR

Céc toa do L; va Ly cling duoc tinh twong ty co L; = Aj/A , Li = AJ/A. Boi thé toa do khu vuc con duoc
goi la toa d6 dién tich.

Do
Ai+Aj+Ak:A
nén
Ai Aj Ak
e S O S| (2.118)
A A A
Nghia la
Li+Lj+Lk:1 (2119)

Mdi quan hé giira toa do (x,y) cia mot diém bt ky trong tam giac véi cc toa do niit dugc xac dinh boi:

X = LiXi + Lij + Lka
y = Liyi + Ljy; + Ly« (2.120)

Tir cc phuong trinh (2.118), (2.119) va (2.120) c6 thé dan ra cac toa do khu vuc sau:
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L, —i(ai +bl.x+cl.y)
1
L, =ﬂ(aj+bjx+cjy)
L, =i(ak +hx+c,y) (2.121)

Céc hing sb a, b va ¢ trong cc phuong trinh trén ciing duoc xac dinh theo phuong trinh (2.98). Tirc 1a

ai:Xij'Xkyj;bi =YY G =X - X,
aj:XkYi_XiYk;ijYk_Yi;cj:Xi-Xk

ak:XiyJ'-XjYi;kaYi-Yj;ck:Xj-xi

Nghia 1a toa d khu vyuc ciling chinh 1a ham néi suy ddi voi tam giac bac nhét.

Li :Ni
Lj =N
Li = Nk (2.122)

Noi chung cac toa d0 khu vyc va cac ham noi suy 1a nhu nhau doi voi cac phan tir tuyén tinh, bat ké cac
phan tir d6 la mét chiéu, hai chicu hay ba chiéu.

Tich phan ham ndi suy
D41 véi cac phan tir hai chiéu tam giac bac nhat c6 cac toa do L; , Lj va Ly chiing ta ludn c6 cong thirc don
gian dé tich phan trén toan tam giac la

a'b!c!

Bt S 2.123
(a+b+c+2) (2123)

[Lirraa= [ NN N{dA =
A A

0 day ‘A’ la dién tich cua tam giac.
2.6.4. Phan tir chir nhat bic nhit

Phan tir tir gidc bac nhit s& c6 4 nat nhu hinh 2.11. Phan tir tir giac don gidn nhat c6 dang hinh chir nhat,
truong hop tong quat cac canh hinh chir nhat c¢6 thé khong song song voi cac truc toa d, hinh 2.12.

(x3.y9) (X4,Y4)
YA
3 (x3:Y3)
1
2
(X1IY1)
x)) (x252) (X, b)

2 x r
. ) Hinh 2.12. Phan tir chir nhat bon nt
Hinh 2.11. Phan tu t& gidc bon nut
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Nhiét d6 bén trong tir giac bac nhat dugc dic trung boi phuong trinh
T=oay + oux + o3y + ouxy (2.124)

Nhiét d6 tai mdi diém bén trong tu giac dugc ndi suy theo nhiét do 4 nit

T=N,T; +N,T, + N;T5 + N4 (2125)
trong d& Nj, N, N; va N4 1a cac ham ndi suy.
1. Ham ndi suy
Pé xac dinh cac ham ndi suy, can viét cac gia tri cuia nhiét do tai 4 mit Ty, Ty, T; va Ty ddi véi cac toa do
nat (X3, y1), (xz,yz) (X3,¥3), (X4, Ya), theo phuong trinh (2. 116) glal ra s€ nhan dugc cac gia tri o, o, 03
va a. Thay thé cac quan hé nay vao phuong trinh (2.116), sap xép lai theo nhiét d¢ va so sanh voi (2.117)
s€ rat ra cac ham ndi suy Ny, N,, N3 va Ny,
Xét truong hop chir nhat co gdc toa do nim & gitta hinh va cdc canh song song v6i hai tryc toa dg, hinh

2.13, tirc 1a sau khi da thuc hién mot phép bién ddi chit nhat trong truong hop tong quéat & trén vé toa do
khu vue.

y
b b |
4 (-b.a) "3 (ba)
a
0.0) *
a
. ]
1(=b,—a) 2(b,—a)

Hinh 2.13. Phan tr chir nhat trong toa d6 khu virc

Khi @6 cac ham ndi suy N, N,, N3 va Ny duoc xac dinh theo

1
N1—4—ab(b—x)(a—)’) \
1
N, —4—ab(b+x)(a—y)
N, 2%(b+x)(a+y) (2.126)

N4:4_b(b x)(a+y) )

2. Pao ham cia ham néi suy

Ma tran dao ham ctia ham ndi suy [B] la
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N

[B]=| & _ L i=(a=y) (a-y) (a+y) —(a+y)
ON | " 4ab| —(b-x) —(b+x) (b+x) (h—2x)
Ay

(2.127)

3. Gradient nhiét do

Tir (2.118), gradient nhiét d6 duoc viét 1

T
a =a,+ta,y
oT
—=a;ta,x (2.128)
0y
Nhu vdy gradient nhiét do trong phan tir thay ddi theo duong thing,

Do cac ham ndi suy la bac nhat doi véi x va y, nén chiing dugc goi 1a c6 cau hinh song tuyén tinh. Cac
dao ham co thé biéu thi nhu sau

oT N, oN ON

=—_ I+ 2T2+6N3T3+ LT,
ox  Ox ox ox Ox
1
= @7+ @)+ @+ )T =@+ )T (2.129)
tuong tu co
M L L b=)T b+ 0T, + b+ 0T, +(b-T,]
oy 4ab

Ma tran gradient nhiét d6 la

oT T
] o =L{—a—y) (a-y) (a+y) —(a+y)} T
T (" 4ab|-(b-x) —(b+x) (b+x) (b—x)

oy T,

= [B][T] (2.130)

2.6.5. Cac phan tir dang tham s
1. Cac loai phﬁn tir va hé toa do
Phan tir co ban, phén tir cong

Céc phan tir da khao sat & trén c¢6 canh thing goi 14 cac phan tir thong thuong hay co ban. Trong thuc té
thuong gip cac bai toan c6 hinh dang phirc tap hodc co bién gidi cong. Khi d6 can sir dung méot sé lugng
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rat 16n cac phan tir co ban ¢ canh thing doc theo dudng bién gidi cong dé dat dugc dic tinh hinh hoc phu
hop. Trong trudng hop bai ton ba chiéu tong sé bién 1a hét strc 16n va viéc giam tong s6 bién 14 rat quan
trong, ddc biét khi khdi lugng tinh toan co lién quan véi bo nhé may tinh /gia thanh. S phan tir can thiét
trén co6 thé giam dugc dang ké néu st dung phan tir cong. C6 nhiéu phuong phép tao ra phan tir cong,
trong d6 phuong phap phé bién nhit duoc sir dung 1a anh xa tlr cac phan tir co ban, hinh 3.17. Do cac ham
ndi suy ctia cac phan tir co ban di dugc biét, co thé viét va xac dinh trong hé toa do khu vuc nao do, nén
cac dai luong dic trung ctia phan tir cong twong tmg ciing s& dugc xac dinh.

Nhu vay s€ c6 hai hé théng khai niém can dugc xac dinh. Mot hé théng la hinh dang cac phﬁn tr, hé
thng thir hai 13 bac cta cac ham noi suy ddi véi truong bién. Noi chung khong nhét thiét phai sir dung
cac ham ndi suy nhu nhau ddi véi phép bién ddi toa d6 va phuong trinh ndi suy, va nhu vdy c6 hai hé
thdng cac diém nut tong thé khac nhau c6 thé ton tai. Hai hé thong nay chi dong nhat trong trudng hop
cac phan tir 1a dang tham so.

Phan tir thuwe va phan tiv quy chiéu

Mdi quan h¢ ham sé ciia cac dai luong déc trung cua phan tr (ham noi suy, dao ham,.. toa do) tré nén don
gian, khi sir dung cac phan tir quy chiéu hay phan ttr chun hoa. Phan tir ban dau duoc rdi rac trong mién
khao sat goi la phan tir thyc. Trong bai toan phang, phan tir thuc dugc dinh vi trong hé toa do goc (X,y)

Phan tur quy chiéu 13 phan tir don gian, dinh vi trong hé toa d6 quy chiéu (,6) va dugc dung dé bién d6i
thanh phan tir thyc thong qua phép bién d6i hinh hoc. Dé tao ra phan tir thue tir phan tir quy chiéu, phép
bién d6i hinh hoc phai ¢ tinh thuan nghich (song 4nh), tirc 1a mdi diém trong khong glan quy chiéu chi
g voi mot diém trong khong gian thyc va nguoc lai. Mot phan tur quy chiéu co thé bién thanh cac phan
tur thye cung loai thong qua cac phep bién d6i khac nhau va moi phan tir c6 mot phép bién ddi riéng. Boi
viy phan tir quy chiéu con dugc goi 1a phan tir “cha-me”

n

(-1,1) nl .

4 9

AN
| J

Hinh 2.14. 4nh xa dang tham sb cta tam gidc va tir giac

(-1.-1 (1,-1)

Phan tir ding tham sé

Phan tir dang tham s6 1a nhirng phan tir c6 ham noi suy truong bién dong nhéat voi ham ndi suy toa do.
Trong bai toan nhiét, truong bién trong phan tur la nhiét d6 dugc bicu thi bdi ham so cua cac nhiét do nut

T=NT +N,T,+..+N,T, =[N[T}

m-m
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N dugc goi 1a ham ndi suy truong bién.
Toa do trong phﬁn tr duoc biéu thi bé1 ham sb clia cac toa d0 nut. Ham ) nay goi la ham ndi suy toa do

x=Nx +N,x,+...+ N, x, = [N]{x}

m~"m

y:N1y1+N2y2+"'+Nmym :[N]{y}

Su biéu thi nhiét do va toa d6 nhu trén dugc goi 1a biéu thi déng tham sd, va phﬁn ti nhu vay goi 1a phﬁn
tor dang tham so.

Noi chung cac phﬁn tr déng tham s ¢6 ham ndi suy nhiét d§ va ham ndi suy toa do la da thirc cung bac.

Céc phan tir da khao sat & phan trude déu 1a ding tham sb, cac phan tir quy chiéu trong hé toa do quy
chiéu cling phai la dang tham so.

2. Phan tir dang tham s6 mdt chiéu bac nhit.
Toa d6 quy chiéu dbi v6i phan tir mot chiéu 1a ty sé chidu dai duoc dinh nghia la:
-1<¢ <1, ¢ day € la toa do quy chicu. B¢ chuyén doi tur toa d6 quy chicu sang toa d6 goc, ta thay thé x

={, c6 gdc la diém giira ciia doan thang, thay x,=-1va x,=1 vao phuong trinh (2.75), ta s& nhan duoc

c-1 1

N ==——=—(l-
= =509
f-(=h _1
N, ==———=—(1+ 2.131
2T 1)) 7 1+¢) 213D
& day i va j 1a hai ntit cua phan tir mot chiéu bac nhét.
Vay ham ndi suy N 1a
1
[N]=5[1—§ 1+¢] (2.132)
Nhiét do :

T:%[a—g)m(ug)n],

tire la:

T=NT +N,T, (2.133)

Toa do: tur(2.131) rut ra:
¢=1-2N,=1-N,-(1-N,)=-N,+N,, hay

¢ =N +N,g, (2.134)
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Pao ham ham ndi suy [B] theo bién x:
T (2.132) ¢6

dN 1[1 1]

2.135
w2 (2.135)

Mat khac theo dao ham hop thi

dN dN dx dN d
S S —Jvoi J = il goi 1a Jacobian ctia phép bién ddi toa do. Tir d6 suy ra

dc  dx d¢  dx dc

B]=D _ N _ Ly ]
dx dg 2

3. Phan tir ding tham s6 mot chiéu bac hai

Phan tr mot chiéu bac hai c¢6 ba nit, cac ham ndi suy theo phuong trinh (2.85). Toa d6 quy chiéu ddi véi
phéan tir mot chidu bac hai 1a ¢, voi -1 < ¢ <1. Khi chuyén tir toa d6 quy chiéu sang toa d6 gdc, chiing ta
thay thé x = ¢, gdc la diém giita ciia doan thing, thay x, = -1, x,=0 va x; = | vio phuong trinh (2.85) s&
duoc:

__(g=0)g-1) _
Ay i U
_(¢-CD)g-1) _
Nf’_((o ()1())( )) ~1-¢)
DI ¢
Mmoo 20 150

& day i, j va k 1a ba nat cta phan tir bac hai.

bé xac dinh ma tran dd cung can tinh dao ham ctia ham ndi suy doi voi toa do goc x, trong do toa dd goc
x 1a ham cuda toa do cac nit va ham ndi suy

x=xN,+x,N, +x.N, (2.137)

Dao ham N theo { & trén viét dudi dang ham hop qua x 1a

dN dN dx
dg dx dg
v, _aN, dx (2.138)
dg dx dg
dN, _ dN, dv
dec  dx dc
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dx o
voi — =J goi la Jacobian cua phép bién doi toa do. Tiur d6 suy ra

dg

ﬂ = J*Iﬂ

dx dg

dN-/' =J’1%
dx dg

Ny _ J! AN, (2.139)
dx dg

Theo (2.137) thi Jacobian ctia phép bién ddi phan tir mot chiéu bac hai 1a

dx _dN, dN dN,
[J] = X, + x;+ X,
dg dg d¢ ~ dg

U= -5 0-0) b b=k e S0+ )]s

[J]=(—%+§Jxl—+(—2§)xj+G+§Jxk (2.140)

Pao ham ctia ham ndi suy theo toa do géc duogc xac dinh theo phuong trinh sau:

dN, an;

ddx ; 4

L e R
dx dx d¢

dN, dN,

dx dc

{[—%wjxl— +(20)x, +G+¢H (-2¢) (2141

Thi du 2.5. Xac dinh dao ham ham noi suy ddi voi phan tir mot chiéu bac hai voi cac nit 6 toa do goc 1a
Xi=2,Xj=4vax,=6.

Ma tran Jacobian la
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‘ dN .
R
ds dg d¢ = dg

1 1
=(—5+4J2+(—2§)4+(5+4J6
=2+8c—-85=2

Nghich ddo Jacobian la

T =

1
2

Pao ham ham ni suy la

dNi dNi
il [&] ) [
dN . | dN 1
[B]= - ==Lt ==4 (-2¢) =1 (-¢) (2.142)
x d¢ 21 1 ¢
dN, dN, [— + ;j [— + —j
dx 7 2 4 2
g

4. Cac phan tir hai chieu
D6i voi cac phan tir 14 hai chidu, ching ta co thé biéu dién cac toa do x va y 1a ham cia ¢ va

x=x(Cmn) vay=y(Cn) (2.143)
Dé xac dinh ma tran do cimg cua phﬁn tu, can biéu thi cac dao ham ham noi suy trong toa do géc X,Y.
Pao ham ctia ham ndi suy viet theo quy tac ham hgp nhu sau
ON., ON, ox ON, oy
D) D o OV, oy
og ox 0¢ 0Oy O¢

N ()= N ox  ON, Oy o1
on ox on 0Oy on
(2.144) co thé viét dang ma tran
ON.| | &x Oy |[oN, ON,
Os | _| 05 Og || ox [ _[,) ox
N, (| ax Oy ||ON; _[J]% (2.145)
on on on]l oy oy

tr d6 suy ra dao ham ham néi suy theo toa do géc
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oN, oN,

ox | _r1) oc
av =V ay,
y on
Ma tran Jacobian [J]
x
_| 9 g
[J]—@ ES (2.146)
on on
Nghich dao ciia ma tran Jacobian [J]" dugc tinh theo
> ¥
_ 1 on og
J' = 2.147
V=% & o 2147
on Og

Céc dao ham nay phai tinh dugc bang s tai mdi diém tich phan, do nghiém dang chinh xac chua biét.
5. Phép bién d6i dang tham s6 ddi véi phan tir tam gidc bac nhat

Khi chuyén d6i hé toa do dién tich ddi voi phin tir tam giac bac nhat (L;, i = 1, 2, 3) sang toa do quy
chiu, biéu thi cac ham noi suy trd nén don gian, néu chon hé toa d6 (£; n) nhur trén hinh 2.15b, d6 1a

N, =L, =1-¢

N,=L,=4;0<4<1

N, =L,=n0<p<1 (2.148)
¥

n n
n
3
3 5

A_ ¢ N
1 2 ¢

x 1 2 z 1 2 3 4

a) (b) (©)

(

Hinh 2.15. Phép bién doi d;flng tham s cta cac phan tir tam giac don. (a) Tong thé;
(b) Tuyén tinh - cuc bg; (c) Bac hai — cuc bg.

6. Bién d6i ding tham s6 ddi voi phan tir tam giac bac hai

44



Poi voi tam giac bac hai c6 sau nit, toa do quy chiéu dugc chon nhu trén hinh 2.15¢. Cac ham ngi suy tai
cac goc la

N =Li2L -D=[2(1-C-n)-1]1-C-n)
N; =Ly(2L, - 1)={(2C- 1)
Ns = Ly2Ls — ) =n(2n - 1) (2.149)

Tai cac nut giira canh
Ny=4L,L, =4(1-C-n)

N4 = 4L2L3 = 4€ n
Ne=4L;L; =4n(1-C-n) (2.150)

7. Phép bién d6i dang tham sb ddi véi phin ti giac bic hai

Dbi voi phﬁn t d?lng tham s6 tdm nut, toa do quy chiéu dugc chon nhu trén hinh 2.16. Nhiét d6 T tai mdi
di€ém trong phan tir dugc xac dinh béi

T =

1

NT, (2.151)

8
=1

(=1,-1)

(0.-1) (-1

Hinh 2.16. Phéan tir dang tham sb tam nut

Cac gia tri toa do x va y tai mdi diém bén trong ph?ln tir dugc cho boi
8
x(&m) =D N.(Cm)x,
i=1
8
W& =D NSy, (2.152)
i=1
0 day x; va y; 1a toa do cua nut ‘i’.

Céc ham ndi suy ciia phan tir dang tham s6 quy chiéu la

N, == =M=+ ¢ +)
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N, =fi-¢ -
N, =+ =g =n-1)
N, =20+ 0)i-n)
Ny =+ N +n-1)
Nézé(l 2 Ni+n)
Ny ==+ nf-¢ +n-1)
N, =%(1—C)(1—772) (2.153)

Céc bién ¢ va n 1a cac toa dd cong va nhu vay huéng ciia chiing s& thay d6i theo vi tri. Cac nat ctia phan
tor dugc nhdp vao theo trinh tu nguoc chieu kim dong hd bat dau tir mét goéc nao d6. Huong cta £ va n
duoc xac dinh hinh 2.16 1a £ duong theo chiéu tir nat 1 dén 3 va n duong theo chiéu tur nit 3 dén 5.

2.7. Thiét 1ap phwong trinh diic trung phén tir ddi véi phwong trinh vi phan
dan nhiét

Phuong trinh ddc trung cua phan tir 1a moi quan h¢ gitra ham so6 can tim tai cac nut, tirc nhiét 39, va céc
phu tai hodc cac lyc tuong ting ¢ dang ma tran.

[KRT}=1r} (2.154)

Dé nhan dugc phuong trinh ma tran trén, can xap xi tich phan phuong trinh vi phan biéu thi bai toan. Tty
thudc bai todn ma nhiét do biéu thi bdi cac ham so6 dang phuong trinh vi phan khac nhau.

- Dang tong quat nhét cia ham nhiét d¢ trong bai toan dan nhiét 1a phuong trinh vi phan din nhiét

or 0 oT 8 oT 8 oT
e [ s P PR i
or Ox ox 8y Y oy 82 oz

- Bai toan dan nhiét 6n dinh dbi véi vat ddng chit dang hudng dugc biéu thi boi

o’T 0T o°T
2 + 2 + 2
ox~ Oy oz

=0

- Bai toan dan nhiét 6n dinh mot chiéu qua thanh duoc biéu thi boi
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2
T
dx

—hP(T-T,)=0 (2.155)

... Vv, cuing véi cac diéu kién bién tiry theo tirng truong hop cu thé.

Cac phuong trinh trén dugc goi la phuong trinh chu dao ctua bai toan. Nghiém chinh xac cua bai toan
trong nhicu truong hgp khong thé gidi ra dugc nén phai tim nghiém xap xi.

C6 nhiéu cach tim nghlem xap xi cla bai toan. Sai phan hiru han la phuong phap tim nghiém xap xi dang
vi phan, vi n6 xap xi vi phén thanh s6 gia, dao ham riéng dugc xap xi thanh thuong cua cac sO gia va
phuong trinh vi phan dugc x4p xi thanh phuong trinh sai phan. Cudi cing dan t&i hé phuong trinh béac
nhit cua nhiét do.

Phuong phép phan tir hitu han 1a phuong phap tim nghiém xap xi dang tich phan, vi nghiém d6 1a két qua
cta viéc léy tich phan phwong trinh vi phan trong tirng phan tir hiru han. Nhung do khong thé 14y tich
phan tryc tiép phuong trinh vi phén duoc, nén phai 4p dung mot 5O ly thuyét trong toan hoc nhu 1y thuyet
bién phan, tich phan ham trong s6, tich phén tung phan, tich phan s0 va cac phép tinh vé ma tran... dé dua
cac phuong trinh vi phan chii dao vé dang xap xi (2.154) d6i voi mdi phan tir.

Mot s6 phuong phap dugc ap dung dé xac dinh nghiém xap xi tich phan d6i v4i bai toan da cho 1a

1. Phuong phap Ritz (tich phan can bang nhiét)
2. Phuong phép Rayleigh Ritz (Bién phén)
3. Phuong phap so du trong so

Phuong phap Tich phén can bang nhiét va Bién phan dugc goi 1a phuong phap xap xi tich phan yéu, vi
chi c6 thé 4p dung voi mot s6 bai toan nhat dinh. Phuong phap s6 du trong sb dugc goi 1a phuong phap
Xap xi tich phan manh, vi ¢6 thé ap dung dugc v6i hau hét cac loai bai toan.

Phuong phép s6 du trong s6 gdm co:
Phuong phap Collocation (dat trudc gia tri)
Phuong phap Sub - domain (mién phy)
Phuong phap Galerkin
Phuong phéap binh phwong nho nhét

Trong cac phuong phép trén thi Phuong phap Bién phan va Phuong phap Galerkin 1a hai phuong phap

quan trong nhat, vi chung cé d6 chinh xac cao nhét va cho két qua nhu nhau, nén dugc ua chudng sir dung
trong tinh nhiét.

2.7.1. Phwong phap bién phan
Phuong phéap bién phan 4p dung 1y thuyét quan trong trong phép tinh bién phan phat biéu nhu sau:

“Ham T(x) sé la nghzem ciia phirong trinh vi phan chii dao va cdc diéu kién bién gici, khi né lam Tich
phdn biéu thirc tuwong vmg véi phwong trinh vi phin chii dao va diéu kién bién ciia bai todn (goi la

phuong trinh Euler — Lagrange) dat cuc tri”.

Phuong trinh vi phan chii dao trong dan nhiét 6n dinh 1a
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ﬁ[kxa—Tj+i kT +3[kza—Tj+qV 0 (2.156)
ox ox) oy oy 0z

Cung véi diéu kién bién

T=T, trén matsS,

kxa—T;'+kya—T;+k28—T%+q=0 trén mat S,
ox Oy 0z
Lk, Lk L h(r-7)) =0 wenmacs, 2157
Ox Oy 0z

& dy i,/ va k 1 cac phap tuyén bé mat, h 1a hé sb toa nhiét déi hwu, k 1a hé sé din nhiét, va q la mat do
dong nhiét birc xa.

Phwong trinh Euler- Lagrange

Phuong trinh Euler- Lagrange dugc phat trién boi Leonhard Euler va Joseph-Louis Lagrange nam 1750.
Do 1a cong thirc co ban cua phép tinh bién phéan, dugc sur dung dé giai cdc bai toan t61 uu, va két hop voi
nguyén ly hanh vi dé tinh todn duong di cua vat thé trong khong gian.

Phuong trinh Euler- Lagrange phat biéu nhu sau:

“Néu ham I duege cho béi tich phin dang

I=[f(t,y,y)dt (2.158)

Thi I ¢6 gid tri khong doi, néu phwong trinh vi phdn Euler- Lagrange sau dwoc théa mén

o _d(IS_ (2.160)
oy dt\ oy
N s a1 N o _dy
O day y’ 1a dao ham cua y theo thoi giant: y'= ? .
t
Néu dao ham theo thoi gian y> dugc thay bang dao ham toa dd y, thi phuong trinh trén tro thanh
LA e 2.161)
oy dx\ oy,

Phuong trinh Euler- Lagrange tong quat ddi v6i ba bién doc lap

g_ofao ) o9 | o[ |_, (2.162)
ou Ox\ou,) Oy\ou,| 0z\ou, '
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I dugc goi 1a phiém ham, d6 1a biéu thirc ¢ dang tich phan, chira cic ham s6 chua biét va cac dao ham cta
nos.

Phiém ham I trong bai toan din nhiét

Bing cach ap dung phuong trinh Euler- Lagrange, ching ta xdc dinh dugc phiém ham I twong tng véi
phuong trinh vi phan dan nhiét cung véi cac dicu kién bién o trén la

orY  (orY . (orY 1 )
IT)y=3|k|— | +k,|— | +k.|— | —2q,TdQ+ |qTds+|=hT-T,)"ds (2.163
D 2£|: X[@xj y[@xj Z[@xj K¢ SLq 5[22 ( ”) ( )
Nguyén tic va trinh ty thiét 1ap phwong trinh dic trung

Chia mién x4c dinh cta bai toan Q thanh ‘n’ ph?ln tr hitu han, moi phﬁn tr ¢6 ‘m’ nut. Nhiét d6 trong moi
phan tir dugc bicu thi bang

T = iN[TI. = [N]r] (2.164)

0 day [N] =[Ny, N,, ..., N;, ] |a ma tran cac ham hinh dang, va
[T]= (2.165)

la véc to cac nhiét do nut.
Theo nguyén 1y bién phan tim nghiém xap xi 1a xac dinh cac gia tri ctia T dé lam I(T) khong thay d6i,
nghia 14 cac gi4 tri ciia T thda man bién phan ciia phiém ham SI triét tiéu
0l
SI(T)=Y —=0 (2.166)
o,

& day n 1a s gia tri roi rac cia T dugc gan ddi véi mién ciia nghiém. Do T; 14 tiy chon, phuong trinh
(2.166) thda man chi khi

A vsii=1,2,...n (2.167)
oT.

i
Phiem ham I(T) c6 the viét la tong ctia cac phiém ham riéng 1€ ctia cac phan tir hinh thanh do viéc roirac
hoa mién nghiém

(1) = ZI(T) (2.168)
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Nhur vay thay vi phai x4c dinh phiém ham trén toan mién ciia nghiém, ta chi cin x4c dinh phiém ham ciia
tung phan tur riéng biét. Tu do

Sl =Y 61°=0 (2.169)
i=1
& day I° duoc lay chi d6i v6i m gia tri nat lién quan t&i phan tir e, nghia la
ol¢ ol¢
= =0 vé6ii=1,2,...m (2.170)
oT oT;

Vi mdi phan tir c6 m niit, nén viéc giai phuong trinh (2.170) dan t6i hé m phuong trinh biéu thi dic tinh
clia mdi phan ti.

Tiép theo 1a lip ghép cac phan tir bang cach cong toan b cac phuong trinh dic trung ciia tt ca cac phan
tir theo mot nguyén tic nhat dinh. Cudi cung 1 giai hé phuong trinh.

Thiét 13p phwong trinh dic trung phin tir
Tinh cac s6 hang trong phiém ham

e \2 )2 %
R
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o ox ox X 5

I° =

N |—

Ma tran gradient nhiét d¢ :

orc| [oN, 6N, N, | .
Ox & ox aax Tl
oT* ON, ON. N
{e}= =| = 2. =B} (2.172)
oy oy 0oy o || .-
oT* ON, ON, ON,, ||T
oz L Oz oz oz |
Ba s hang dao ham dau:
oreY  (oreY . (or°Y
k, +k +k, =
ox "oy Oz
oT*
or° or° or° S 88;6
0 k 0 ={g}'[Dle} (2.173)
ox oy oz 0 0 & oy
=Jd|ore
oz

Theo quy tic ciia ma tran chuyén vi ciia tich {g }T = {T }T [B ]T



Nén
{ef' [pKg}={ry [BI'[D]BJr} (2.174)
Nhiét d6 trong phén ti :
I
T2
r° =[NJ{T}=[N,,N,,...,N,, =N, +N,T,+..+N,T, (2.175)

T

m

thay thé (2.174) va (2.175) vao phuong trinh (2.171), ta c6

:_j{T}T[[B [B)T}- 24, [N i+ [q[N {T}de [NYT}-7, Y ds 2.176)

e

bay gid thuc hién cuc tiéu héa tich phain —— =0
y gio thyc hién cy p p {T}

6

1= 3 sy (VBT PIslrke o [ VI e+
(2.177)

+

J VN s+ <t [ (SHOVIT) -7, Jas =0

a{T}SZE S3e

Vé phai c6 4 s6 hang dudi dau tich phan, 1an luot duoc danh s6 (1),(2),(3),(4).

Pao ham cua nhiét do trong phﬁn tr theo nhiét do cac nat or = 8([N]{T}) duogc tinh theo (2.175) nhu
o{r}  ofr}

sau

oT*
or,
oT*
or,

oT*
oT,

r

hay
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s ] Ol s [ S

or} e 2
- [t

v s - Ih(N] 7, Jis

Thay céc két qua trén vao (2.177) duoc

(2.178)

(2.179)

(2.180)

(2.181)

LV —2INTrT, + 7 s -

(2.182)

LT e [T
- il [N)d—J (7Yoo

Chuyén ve cac so hang chira nhiét d¢ {T } sang vé trai, cac so hang con lai sang ve phai

a7 oTsYr b+ [GIVY VI il = g, Iy

Va viét dang gon hon la

KT} =1{r}

trong do
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Fda+ j( I Jis +Sj;g(h[N]T T, s

(2.183)

(2.184)

(2.185)



t=Ja [N dQ+Iq ds+th I"ds (2.186)

Q

[K] dugc goi 1a ma tran d¢ cling cta phan tir, néu phan tr & bén trong [K] biéu thi nhiét dan.
{f} goi 1a véc to phu tai nhiét, chira cdc s6 hang ngudn trong, birc xa va ddi luu tai bién.

(2.184) 1a phuong trinh déc trung cua phan tu, viét cho mét phan tir téng quét c6 di ngudn trong, birc xa
va d6i luu tai bién giéi. D6 1a phuong trinh cbt 16i cia phuwong phap bién phan trong phuong phap phan tr
hitu han d6i voi bai toan dan nhiét. Néu phan tir khong c6 ngudn sinh nhiét bén trong (qv = 0), sb hang
tuong tmg s& khong c6 mat. Twong tu, khi bién gidi cach nhiét (trc q = 0 hodc h = 0), cac s hang twong
ung cling khong c6 mat.

2.7.2. Phwong phap Galerkin

Phuong phap Galerkin 1a mot trong cac phuong phap sd du trong s6. Phuong phap niy yéu ciu biéu thirc
sau phai thda man:

| o LT ho =0 (2.187)

& day oy 1a ham trong s6 dugc chon 1a ham noi suy Ni(x) tai cac nit, L(?) la phuong trinh vi phén chu

dao, Th nghiém xap xi. Piéu d6 nghia la

jN ka—T 9 k, ar +2 k. or +q, [dQ=0 (2.188)
ox ox 8y " oy 82 oz

Tich phan tirng phan duoc dung dé bién d6i cac dao ham cép hai. Khi sir dung bd dé Green c6 thé viét
moi sO hang dao ham cap hai trong mdc vudng thanh hai thanh phan la

J'N [ JdQ jN [kaa—ﬂd— N k. ()dQ (2.189)

& day m dic trung cho cac nit. Vi cac didu kién bién gidi (2.157), c6 thé viét (2.189) thanh

Tox oOx T ox oOx
n £ NN, (T )dS + £ WT,N,dS =0

—J( ok ONy Ny y N 8Nmj(?n1ﬁ9+£qude—£qudS+

(2.190)
Gop cac hé sb cta nhiét do nat 5 m} lai v&i nhau s€ duoc

K,m:—j kxazvk aNm+kyaN" aNm+kzaN Now Ly + thNds (2.191)
ox Ox oy Oy 0z 0Oz

Con lai cac s hang chira cac dai lugng di cho gdm ngudn trong, dong nhiét va nhiét d6 méi trudng la
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fi = qudeQ—qukds +.[hTades
Q N N

s& dan tGi

[Kkm ]{7'"}:
[KKT}=1{r}

Ttc la

(2.192)

(2.193)

(2.194)

C6 thé thiy hai phuong trinh (2.184) va (2.194) 1a nhu nhau, nghia la ca hai phuong phap Bién phan va
Galerkin cho cung két qua nhu nhau boi vi ¢6 mit tich phan bién phan kinh dién d6i voi bai toan dan

nhiét.

2.8. Giai bai toan din nhiét mot chiéu bang phwong phap PTHH

1. Vich phing mét 16p

Khao sat vach phiang mot 16p day 1, hé s6 dan nhiét k , hinh 2.17. Phia mit trai c6 dong nhiét q, mat phai
tiep xuc voi moi truong nhiét d T, , hé so toa nhiét tai bé mat phai 1a h. Coi nhiét dd trong vach thay doi

béc nhét, xac dinh nhiét d6 hai mit vach.

—>
q o
—>

Hinh 2.17. Véach phang va phan tir mot chidu tuong tng

Phén tir hitu han dugc chon 1a mét chiéu bac nhat. Do 1a mot doan théng ky hiéu @ co hainut1a ‘1’ va ‘2.

a. Ma trian dg cirng va véc to phu tii nhiét

Nhiét d¢ hai ntit va ham ndi suy twong tng da biét 1

T'=N]T, +N[T,

X, — X X, —X
N, = 2 va N, = :

Xy, =X Xy =X

+ Ma tran do cung

Ma tran d6 cimg ctia phan tir theo (2.185) da biét 1a
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[x]. = [ [8] [D]8ko+ [ #[N] [N (2.197)
Trong do6 vi phan thé tich dQ = Adx, dién tich toa nhiét As = A dién tich din nhiét

’ N A
- Tinh 56 hang dau cua [K], : [K]e1 = .[Q [B] [D][B]dQ ,
trong d6 cac ma tran [B], [D], [N] xac dinh nhu sau

Chon toa d6 x, = 0;x, =/, thi ham ndi suy 1a :

N =1-2 va N2:§ (2.198)

Pao ham ctia ham ndi suy [B] : [B]z—[—l 1]; nén [B] :%{—11}
T _l -1 1_ _i 1 -1
CIOGRE N S B 2199
Vay sb hang dau [K]e1
[.[B] [DIske = [ 8] plBlax = [ X '~ age -] 17 (2200
o 0 2 [-1 1 Ll-1 1

- Tinh s6 hang sau cia [K], : [K]e2 = .[A h[N]T[N]dAS.

Ag la dién tich toa nhiét tai mat phai cling la A. Mt khac tod nhiét xay ra ¢ nut 2 nén [N] léy onut 2,
tc la

[N]:[(Nl)z (Nz)z]:[o 1] (2.201)
Nén

T 0 0 0
[ HINT [Naag = J; hM[o 14 = hAL) J (2.202)
Vay ma tran d9 ciing cua phﬁn tr

e g o [4) £

- (2.203)
[ -1 1 0 1 [_ATkj (ATkHlAj

- Tinh véc to phu tai nhiét {f}.
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Theo (2.186):

qu dQ+jq ds+th | ds

Trong do:
- Nguon nhiét trong khong c6 nén qv = 0. .
- SO hang thir 2, dong nhiét q tai mat tréi, tirc niit i ciia phan tu nén
[NI=[(N), (N =1 0]
- S6 hang thir 3, toa nhiét tai mat phai, tirc nit j ciia phan tir nén
[NI=[(N),; (N));1=[0 1]
Vay véc to phu tai nhiét {f} la

j g[NT ds + j W7, [NT ds = { q{(ﬂa’A " { n, mczs - qu +hT, Am quTAA}

(2.204)
b. Phwong trinh dic trirng ciia phan tir
Phuong trinh déc trung [K ]{T } = { f } s€la
) )
) (it o 1))
= (2.205)
[_ATkj [Alk hAj T,| |hT,4

Vi du 2.6. Cho bai todn trén v6i s6 cy thé sau: 1 =4 cm, k= 0,5 W/m’C, ¢ =100 W/m’, T,=40°C, h =20
W/m’°C; lay A= Im?, thay so vao dugc:

12,50  -12,50(7;| (100
12,50 32,50 ||T,|  |800
T, (53
T,| |45

2. Vach phang nhiéu 16p

Giaira

Khao sat vach phang c6 3 1p, bé day va hé s6 dan nhiét cac 16p twong tung 1 1, 1, 15 va k;, ks, k. Mat
trai c6 dong nhiét q, mat phai c6 moéi truong nhiét do T, hé so toa nhiét h,hinh 2.13.
Xac dinh cac nhiét dd hai mat ngoai , cac cho tiép xtic va dong nhiét qua vach.

Roi rac vach thanh 3 phan tir va ky hiéu cac phan tir va cac niit nhu hinh 2.18.
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|
3

Hinh 2.18. Vach nhiéu 16p va cach roi rac thanh cac phan tir
a. Phuwong trinh dic trung ciia cic phan tir
Tir két qua ctia mot 16p & trén co thé viét ngay cho timg 16p nhu sau
-Phantu 1 - (16p 1)

Ma tran nhiét dan va véc to phu tai nhiét 1a

_| A ho|, ;)44
K= fa a0
ll ll
Phuong trinh ddc trung cua phan tir 1

kA kA

I, Lo _ ]9
_kA kA n] L0

Lo

- Phéan tir 2 - (16p 2)
Ma tran nhiét dan va véc to phu tai nhiét 1a
k,A B k,A

0
Kh=| fa il |5 U=l
Lo
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- Phén tir 3 - (16p 3)

ky A kA
R IR ' ] 0
KL= 4 (kA j ; {f}3_{hAT} (2.208)
— + hA a
Lo UL

Phuong trinh ddc trung ciia phan tir 3

k, A kA
(1t ) o
= (2.209)
kA (k4 (7 k4,
l; l;

b. Lip ghép cac phin tir

Viéc lap ghép cac phan tir dugc thuc hién theo nguyén tic: cong cac phuong trinh ¢ cung mét nat lai voi
nhau. Dé thiy rd, ta viét cac phuwong trinh ma trn ciia timg phan tir thinh cac phuong trinh dai s6 tai cac
nat nhu sau:

Tir (2.205)
k—AT —k—AT =qA (nut 1) (2.210)
I, I,
—k—AT L A - 0 (nat 2) (2.211)
l, h
Tir (2.206)
k4 T, —k2—AT3 =0 (nat 2) (2.212)
L L
—ﬁéT EﬁT =0 (nt 3) (2.213)
L L
Twr (2.207)
kA . 551ﬂ1=0 (niit 3) (2.214)
L, L,
—k—AT (k 4 hAjT hAT,  (nit4) (2.215)
3 3
Theo nguyén tic trén thi :
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kA kA

- Nut 1: gitt nguyén (2.210): I_T 7 —7T1,=q4

1 1
NGt 2: (2.211) + (2.212): —k—AT kA, kA T, _k AT3 =0

I, I, lz 2

k

Nt 3: (2.213) + (2.214) - Ay, kz—AT3 k4 T, kA T,=0

[, [, 13 L
- Nut 4: giir nguyén (2.215): —kl—AT (kl—A+hAjT hAT,

3 3

Dé chuyén tré lai sang dang ma tran, trong mdi phuong trinh trén dién hé s6 bang 0 ddi véi cac nhiét do
khong c6 mat, két qua c6 dang ma tran tong theé nhu sau

k,A k4 0 0
ll ll
k, A (kA+k2Aj k4 0 T, g4
/ L1 / T 0
: b zk ) 2= (2.216)
0 k4 (sz+ ; j 0 T, 0
l L T,| |hAT,
0 0 k4 (sz j
— 13 13 -

2.9. Dén nhiét qua vach phang c6 ngudn nhiét bén trong
1. Giai bang phén tir bic nhat

Khao sat vach phiang day 2L, hé s6 dan nhiét k, nguon trong qy, nhiét o hai mat nhu nhau Ty,
Trong chuong 1 ta da biét phuong trinh vi phén doi voi bai toan mot chiéu 6n dinh c6 ngudn bén trong la

(2.217)
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Nghiém giai tich cta bai toan 1a ham bac 2 cia toa d9, hinh

2.19
i
T(x) = Z—]Vc(l} —x? )+ T, (2.218) N
D¢ khao sat bang phuong phap PTHH, do doi xtmg, ching :'
ta chi can khao sat mét nira cua tam nhu trén hinh 2.20. !
I
x=-L x=0 x=+L

Hinh 2.19. Véch phang c6 ngudn trong

a. Roi rac mién nghiém

H 30 mm
Chia nira tam thanh 4 phan ti, 5 nit, moi phan tir dai | = 0.0 00
L/8. Coi dién tich mat cat ngang truyén nhiét A = 1 m’. "o —o—¢

b. Ma trin d§ cirng va Véc to phu tai

Tinh [K],va {f}

- Ma trén d6 ctng cua phan tir theo (2.185), do khéng co x=0
tod nhiét, nén chi con £ .
Hinh 2.20. Roi rac cac phan tur trén nira tam
phing c¢6 ngudn trong,

(k] = [ [8] [D]Blc> (.219)

Ham ndi suy ctia mdi phan tir [N] va dao ham cta ham noi suy [B] ciling nhu hai bai todn trudce, nén c6
ngay

k] = [ [8] [D][B]szkTALll ﬂ 220

- Véc to phu tai nhiét theo (2.186), do khong c6 dong nhiét bé mit va toa nhiét nén chi con

= qu [N ae (2.221)

Khi tinh véc to phu tai cia mdi phan tir ta luu ¥ rang, do qy phan bd déu trong ca phan tir, nén mdi ham
ndi suy tai moi nat lay gia tri trung binh tai hai vi tri, tic 1a

2.222
2 2 2 2 ( )

[N]:[N_l N_/]: (Ni)i+(Ni)_/ (N/)i+(N/)/:l_[1+0 0+1}

Do do6
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1t
=30 15 =3 B
vay
{r}=[aTaa="q, émwx:%’{i} (2224)

c. Phrong trinh dic trung cia phén tir

Phuong trinh ddc trung cta cac phan tir co [K ]g va { f } nhu nhau

kA k. A q, Al
4|1 -1||T, Al|1 NI
k4 _a AL | ! _] 2 (2.225)
O N U | S O v B % = S VS A 7
[ [ 2
d. Phwrong trinh ma trin tong thé
Lap ghép cac phan tir duge ma tran téng thé ctia hé nhu sau
Ll _H 0 0 0 9, Al
[ [ 2
k(KAL) k) (Al g
[ [ [ [ T, 2 2
0 k4 kA N kA k4 0 lr!- q, Al N q, Al (2.226)
[ [ [ [ T 2 2
kA kA kA kA || 4 q, Al q,Al
0 0 —-— —+— | —— |1 s
[ [ [ [ 5 2 2
0 0 0 MM a4l
L [ [ ] 2

Thi du 2.7. Véch phing nhu dau bai trén voi cac s liéu cu thé sau : 2L = 0,06(m); 1= L/4 = 0,03/4 (m);
k=12 (W/m°’C) ; qy = 200000 W/m’ ; nhiét d¢ hai mit ngoai T,, =30°C

Cho A = Im’ ; Tinh k/ = 1600 m’/W ; ¢*/2 = 750 W/m

Néu cac phan tir nhu nhau s& c¢6 phuong trinh ma tran dic trung tong thé la

[ 1600 -1600 0 0 o (1) (750
-1600 3200  -1600 0 0 (|| 1500
0 -1600 3200 -1600 0 [T, +=41500
0 0 -1600 3200  -1600||T,| [1500
0 0 0 -1600 1600 ||7y] [750

61



Tuy nhién bai toan cho diéu kién bién tai bé mit c6 nhiét do T, =30 = Ts, nén phai ap dit diéu kién bién

tai phan tir 4 nhu sau :

Phuong trinh ma tran phan tir 3

[ 1600 —1600]
| -1600 1600 |

T,] [750)  1600.T, —1600.T, =750
= -
T,| 1750/ " -1600.T, +1600.T, = 750

Phuong trinh ma tran phan tir 4 cii

[ 1600 —1600](T,
| -1600 1600 |

{750} 1600.7, —1600.7, = 750
_)

T. 750 —-1600.7, +1600.7; =750

5

dé Ts=30thi (4b)phaila: 0.7, +.T, =30 (4b)"

Khi d6 ( 4a) s la

Vay phén tir 4 s& ¢6 :
1600.7, + 0.7,

:1600.7, —1600.30=750  (4a)'

=750+1600.30=48750 (4a)'

0.7, +.T, =30 (4b)

(3a)
(3b)

(4a)
(4b)

(2.227)

(2.228)

(2.229)

(4a)’ duoc cong v6i (3b) thude nut 4, con (4b)’ dimg riéng thude nat 5. Két qua duoc ma tran tong thé va

giai ra nghiém sau

[ 1600  -1600 0 0 01(T, 750
-1600 3200 -1600 0 0|7, 1500
0 -1600 3200 1600 O [{T,r=< 1500 — Gidira
0 0 -1600 3200 0|7, 48750
|0 0 0 0 1|7, 30
So sanh voi nghiém giai tich
Bang 2.4
Phuong PTHH Giai tich
phap
T, 37,0313 37,5000
T, 36,5625 37,0313
T; 35,1563 35,6250
T, 32,8125 33,2813
Ts 30,0000 30,0000

2. Giai bang phén tir bic hai

e B B i B
I

37,0313
36,5625
35,1563
32,8125
30,0000

(2.230)

Phan b6 nhiét d9 ciia trong vach phang c6 nguon trong theo giai tich 1a ham bac hai. Vay c6 thé khao sat
bai toan lai bai toan trén bang phan tir bac hai. Mdi phan tir bac hai can 3 diém dé biéu thi nhiét do thay
d61 theo ham bac hai cua toa do nhu da biét.
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T= NiTi + NjTj + Nka (223 1)

Cac ham noi suy da coé trong phan trudc :

2 4x  4x° x | 2x°
N,{l_%JILZ}Nj{T—Z—Z}Nk ={—7+ E } (2.232)

Pao ham ctia ham ndi suy [B] da xac dinh dugc

[B]= K% - %j G - %j (% - ;ﬂ (2.233)

a. Ma trian dg cirng
Pé tinh ma tran do cimg 1a [K ] = J.Q [B]T [D][B]dQ , can phai xac dinh tich s6

[8]'[D] 3]

Trong d6 [D] = k; va chl1 y cac phép nhan ma trén sau:

1 2]{3}:[1.%2.4]:11; va M[s 4]:@:’; ;ﬂ{é ﬂ (2.234)

(2-3) (4-2) (2]

4x_3 4_8xj [4’5_3j[4’5_1j
e\ ) P TINET

5L

+ Tinh ma trdn do cung

[K]=] 8 [P]Ble=
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16x>  24x 16x 32x° 24x) (16x> 4x 12x )]
-2 49 — —12+ S
l* l l I’ l I’ 11
2 2 2
g k|(lx 32 2w} e ) (lox |, 320 8|,
AR A I? ! ! I? ! /A
16x* 12x 4x 16x 32x° 8x 16x> 8x
43 — —44+= ~22 41
A A 1o ! o |
Sau khi l4y tich phan co:
— =/
16x°  24x* 40x*  32x° 16x°  16x*
31 21 21 3l 3/ 21
2 3 2 3 2 2 3
[K]zAkiz 40x _32)2 P 16x—64x +64)§ 24x —4x—3)§
l 21 3l 21 3/ 21 31
16x°  16x* 24x* 32x° 16x°  8x?
— = 3x —4x—— > +x
L3 21 21 31 31 21 |
Thay can s€ dugc:
(§—12+9j [20—2—12j [&—8+3)
3 3 3 14 -16 2
[K]zAk% (20-%-12} (16—32+6—34j (12—4—%) =% -16 32 -16
16 Y (16 2 -le 14
(——8+3J (12-4--) (——4+1j
| 13 3 3 |
Cubi ciing c6 ma tran d6 cing ctia phan tir bac hai mot chidu
14 -16 2
[K]:‘é—j‘ -16 32 -16 (2.236)
2 —16 14
b. Véc to phu tai
Theo (2.186) : [f]= jQqV [N] dQ2, thay [N]" vao s& duge
I 3x  2x? ]
l-—+—
I 1
4x 4x?
[f]ZIQQV[N]TdQ ZJQV (7_ JB J Adx 2.237)
Q
x 2x°
——+
— l 12 -

lay tich phan s& dugc :
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I 3x* 2x° T r .
[2131] 1-21+2s
4 4 2 43 l 6-9+4 " 1
X X - _ _4 (2.238)
=q, Al | ——-—— =q,A 21-—1 |=q,4A—| 12-8 |="—|4
[f] qy [21 312J 9y 3 qv 6 6
2 53 [ 21 —3+4 1
_x L 2 -+
[ 20 312] | 2 3
c. Phwong trinh ma trin dic trung cia phan tir
. 14 -16 2 ||T, All
A
-1 32 -16)T — Dy (2.239)

6
2 -16 14 ||T, 1
Thi du 2.8. Giai lai v6i bai toan trén véi phan tir bac hai. Theo dé bai c6 L =10,03 m; k=12 W/m'C ; q=
200000 W/m® ;
+ Khdo sdt bang 1 phéan tiv mét chiéu bic hai

Phan ti ¢6 1= L =0,03 m; A=1 m’. Tinh cac s0 hang : k/6.1=12/(6.0.015) =133,3333 ;
qvl/6 =200000.0.015/6 = 500. Thay vao phuong trinh dac trung cta phan tir sé dugc

14 -16 2 (T L 14 -16 2 (T 1
Ak 16 32 16 T, =qVT 4|=13333-16 32 —16 [T, =500/ 4
2 -16 14 ||, 1 2 -16 14 ||T, 1

1866,7 -2133,3 266,7 T, 500
=| -2133,3 4266,7 -2133,3 KT,  =12000
266,7 -2133,3 1866,7 ||T, 500

Ap dat diéu kién bién: Do T5=30, thay vio, hé try thanh

933,33 —1066,7 0|(T,] [-333.33 44,1701
-1066,7 21334 ONT, =1 36001 {.—> gigiradugc {T}=1< 38,9600
0 0 1|7, 30 30

+ Khdo sdt bang 2 phén tiv mét chiéu bic hai

Mbi phan tir ¢6 1=L/2 =0,03/2 = 0,015 m; A =1 m’.
Tinh k/6.1=66,6667; qyl/6 = 1000.

Néu cac phan tir nhu nhau, phuong trinh ma tran dic trung ctia hai phan tir 1
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Phan tir 1

1866,7 -2133,3 266,7 (T, 500
-2133,3 4266,7 -21333 KT, t =42000
266,7 -2133,3 1866,7 ||T, 500
Phan tir 2
1866,7 -2133,3 266,7 |[T, 500
-2133,3 4266,7 -2133,3 KT, t =<2000
266,7 -2133,3 1866,7 ||T, 500
Lap ghép dugc
[ 1866,7 -2133,3 266,7 0 0o |1, 500
-2133,3  4266,7 -2133,.3 0 0 T, 2000
266,7 -2133,3 1866,7+1866,7 -2133,3  266,7 [{T,=1500+500
0 0 -2133,.3 4266,7 -2133,3||T, 2000
| 0 0 266,7 -2133,3  1866,7 ||T, 500
Ap dat diéu kién bién T5=30, hé tré thanh
[ 1866,7 -2133,3  266,7 0 0 (T, 500
-2133,3  4266,7 -2133,3 0 0 ||T, 2000
266,7 -2133,3 37334 -2133,3 266,7KT, = 1000 - T=
0 0 -2133,3  4266,7 0 ||T,| [2000+2133,3.30=65999
|0 0 0 0 1Ty 30

So sanh véi nghiém giai tich, phan tir bac nhét, bac hai mot phan tir va hai phan tir nhu sau

Bang 2.5
Nghiém giai tich | PTHH béc nhit PTHH béc hai
(5 phén ttr) 1 phan tir 2 phan tur
T, 37,5000 37,0313 44,1701 37,4732
T, 37,0313 36,5625 37,0070
T; 35,6250 35,1563 38,9600 35,6051
Ty 33,2813 32,8125 33,2705
Ts 30,0000 30,0000 30,00 30,0000

Thay rang nghiém PTHH khi ding hai phan tir bic hai chinh xac hon 5 phén tir bac nhét
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2.10. Dan nhiét qua vach tru
Xét vach try duong kinh trong d;, ngoai d, , hé sb dan nhiét k, mat trong c6 nhiét do T., mat ngoai toa
nhiét ra moi truong hé so toa nhiét h, nhi¢t Ao moéi truong T,. Khi st dung phuong phap phan ti hitu han,

c6 thé coi thay ddi nhiét d6 14 tuyén tinh.

Chon 1 phan tir mot chiéu bac nhét, chiéu dai phan tir 1a bé day vach 1=r, —r;, hinh 2.21.

Y

1 1 © 12
il’1_>' '
«—3 h—» I i i
Ta—b 1 ' I=r-ry
i, e
i 2 ' \:
| 3

I
Hinh 2.21. Vach try va chon phan tir mét chiéu tuong tng
Theé tich phén tir khdo sét 1a Q = ni(r,- r,*)x1, vi phan thé tich la dQ = 27rdr. Nhu vdy bién s6 doc lap
trong vach tru 1a r thay cho x trong vach phang. Nhiét d6 trong vach tru van tuan theo cac cong thirc cua
phén ti mot chieu bac nhat, dugc ndi suy qua nhiét d§ hai nut
I'=N]TI +N,T, (2.240)
1. Ham ngi suy

Khi dit r, =0; r, =1, cdc ham noi suy [N] ddi v6i vach tru ciing gidng nhur ddi v6i vach phang sé 1a

[N]=[N, NZ]{[I—%} Gﬂ (2.241)

2. Pao ham ctia ham ndi suy
Dao ham cta ham ndi suy [B] ciing nhu trong vach phing

[B]= %[—1 1] (2.242)

Toa d6 r dugc biéu thi qua ham ndi suy
r =N+ N,r,

3. Ma trian dg cirng

Ma tran d6 cimg ctia phan tir vach try van theo cong thirc
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k1= [B] [D]Bki+[ A[NT [Nlad, (2.243)
+ Tinh s6 hang thir nhat - .[Q [B]T [D][B]dQ :

tich s6 [B] [D]B] dbi véi phin tir mot chiéu bac nhét, ta da biét 1a

i 3] 7

[ -1 1

va voi vach try 0 ddy I = (r, —r1,)* ; nén

J [T [PI8ke= rzﬂk{ll —ll}dr: 27k {1 _IF

ri lz

Sau khi thay can co

[ o) ol - 2l |0 2244

- Tinh s6 hang thir hai : L h[N]T [N]dAs :

Dién tich toa nhiét mat ngoai vach tru Ag = 2nr,x 1. Tod nhiét chi ¢ nit 2 da tinh trong (2.202), nén c6

T 0 0 0
[ VT Vkas, = {M[a A - zﬂrzz{o J (2.245)
Vay ma tran 0 cung [K] la

[K]:ﬁ(r‘LFZ){1 _1}27:.5}{0 0} (2.246)
I 2 11 0 1

4. Véc to phu tai nhiét

Do chi toa nhiét tai mat ngoai dién tich Ag = 2nr,x1, nén

(=] nrINTda = n1, 270, {?}

5. Phwong trinh dic trung ciia phin tir

Cubi ciing c6 phuong trinh dic trung phan tir 1
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{% & ”2){1 ‘1}2;”2;{0 OH{T‘}:hTazﬂfz{o} (2247)
l 2 -1 1 0 11(||7 1

Thi du 2.9. Tinh nhiét 0 mat ngoai va phan bd nhiét do trong vach tru véi s6 lidu sau:
r; =40 cm, 1o =1, = 60 cm, k = 10W/m°C, T,,; =100°C, h= 10W/m*°C, T, = 30°C.

+ Khdo sdt bing so dé mét phén ti

Chiéu dai phan tir [ = r, —r, = 60 — 40 = 20 cm. Ma tran d9 cting va véc to tai nhu sau

(K], _ 2k (tr) +r2){ : _1:|+27Z'.l”2h{g ﬂ -

/ 2 -1 1
11 0 0 0 =30
_ 27.10 ' (0,6+0,4) +27.0,6.10 =7

0 0 0
{f}=nr, 27z.r0{1} = 10.30.27:.0,6{1} = 7[{360}

Phuong trinh ma tran dic trung cta phan tir 1

T =7 (2.248)
-50 62 ||T, 360

Ap dat diéu kién bién : T, =100°C s& c6

1 0|7 100 0
T = — T,=86,45"C
0 62||7, 360 +50.100

14 kha 16n so voi nghiém chinh xéc 14 86,30°C.
+ Khdo sdt bing so dé hai phén tir bic nhit
Khi coi bé day vach try gdm hai phan tir, so d6 s& c6 ba nut:1, 2 va3. Chiéu dai mdi phan tir la:
1= (r, —11)/2 = (60 — 40)/2 = 10 cm, ba nit twong Gng vdi cac toa dd 1a: ;=40 cm, r, =50 cm va
r; = 60 cm.

+ Phan tir 1: Phan tir 1 ¢6 hai nat 1 va 2, khong c6 dbi luu

- Ma tran 49 cing

[K]_27z.k(r1+rz) I ~1]_271004+05| 1 ~1_ 190 90
o 2 =1 1| 01 2 (-1 1 ~90 90
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0

9 -90|| T, 0
- Phuong trinh ma tran dac trung: 7 =
-90 90 ||7, 0

- Véc to tai {f}, = {0}

+ Phan tir 2: Phan tir 2 ¢6 hai nat 1a 2 va 3, ¢6 dbi luu tai nat 3

- Ma tran d¢ cung :

(K], =%—(rz +r3){ : _1} +27z.r0h{g ﬂ =

/ 2 -1 1
[ —1 0 0 110 -110
_27.10 (0.5+0.6) +27.0,6.10 =7
o~ 2 [-1 1 ol e
- Véc to tai

{f}, =h1,2 103027060t 7] °
fi,= a7z.r31—..7z.,1—7z360

110 -110||7, 0
- Phuong trinh ma tran déc trung: 7 =7
-110 122 ||T; 360

+ Lép rap phuong trinh dic trung tong thé :

90 -90 0 1
=90 90+110 —-110K7,r,=7n7 O (2.249)
0 -110 122 || T, 360
Hay gon lai la
9 -90 0 1 0

-90 200 -110QK7, 0 (2.250)
0 -110 122 ||T, 360

Ap dat diéu kién bién : do T, =100°C, nén

1 0 0 T, 100 1 100
0 200 —-110K7,;=70+90.100; — gidira 7,  =492,4878 (2.251)
0 -110 122 ||\T, 360 T, 86,3415
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2.11. Dén nhiét qua thanh tru c6 ngudn trong

Xét thanh try duong kll’lh trong d;, ngoai d, , hé sb dan nhiét k, mat trong c6 nhiét do T, mét ngoai toa
nhiét ra moi trudng hé sd toa nhiét h, nhiét do moi truong T, bén trong vach c6 ngudn gy

1. Ma trin d§ cirng

Khi phan tir ¢6 nguon bén trong, phuong trinh ma tran d¢ ctmg (2.220) van khong thay doi

[K]:ﬁ(r";r-’){1 _1}27:.%}{0 0} (2.252)
12 |-1 1 0 1

2. Véc to phu tai nhiét

Véc to phu tai, ngoai s6 hang ddi luu s& c6 thém sé hang nguén trong .[ q, [N ]T 27.rdr , nén

I

= [ n7,[NT dds + [ q, [N] 27.rdr (2.253)
r ‘. .z T O
- S6 hang ddi lwu da biét 1a .[AshTa[N] dAg = hT, 27z.r2{1}

- Tinh s6 hang ngudn trong ky hiéu [f ]qV
11, = [0, VT 20 @254

Bién s6 ddc lap r trong toa do tru duogc biéu thi béng
r=N;+N,r, (2.255)
Trong d6 N; va N; la cac ham noi suy:

N =1-2:N, =§ (2.256)

thay (2.229) vao (2.228) s¢€ dugc

N, N/r, + N,N r,
= | 2m "(N.r,+ N r)dr = | 2m AR/ 2 2.257
14 '[ qV |:N/:| ( it J _/) '[ qV {N./Niri +N/2r/} ( )
Pé tinh biéu thirc trén, can ap dung cong thirc tich phan :
[NyNtal= _ @t (2.258)
(a+b+ l)'
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Vé6i N, Nj la ham ndi suy ciling la cac toa d¢ khu vuc; a, b 1a cac s6 mil. Cac so hang

jN?Nl.cﬂ:L:l va jN%ll:A:l (2.259)
et 1+1+1)! 6 L 2+0+1)! 3

Thyec hién tich phan sé hang ngudn trong (2.257)

1y

r r
—r+—r,
i . 2 2r, +r,; 2 2r, +r,
[y =2m,{3 " ¢ =ﬂ{ ) "}r-f’,- =ﬂl{ ) } (2.260)
L 6 |nit2r 6 |r+ir
6 3 ’ ri
Vay véc to lyc ctia phan t6 1a
U= nr,INT dag + [ q, [NT 270rdr = hT, 271 O, 2y |27, (2.261)
- s a S ) qy . - a 2 1 6 v + 2,,,/ :
3. Phwong trinh ma trin dic trung
Phuong trinh ma tran dic trung ctia phan té d6i vach try c6 ngudn trong 1a
ro+r)l 1 =1 0 0f||T; 0] 2 2r +r,
2k (1 +7)) + 270 h = hT 277 b+ 220 " (2262)
[ 2 -1 1 0 1|7, 1 6 o+ 2r,

Thi du 2.10. Xac c:linh nhi¢t do trong thanh try reflt dai ban kiph 25 mm, co6 nguén nhi@t thé tich
35,3MW/m’, hé s6 dan nhiét 21W/m°C. Mit ngoai tiép xtic voi chat 1ong nhiét dd 20°C, h¢ sb téa nhiét
4000W/m*°C.

Chiing ta chia nira mién khao sat 1a ban kinh thanh 4 phan tir, mdi phan tir dai 6,25 mm nhu trén hinh
2.22.

|
11 ®2 @ 1 @ ‘ h = 4000W/m*

}V\Ta =20°C

Tam thanh tru Mat ngoai

Hinh 2.22. Roi rac phﬁn ti hitu han trong thanh try dai vo han
Toa d0 cac nit r; = 0; r, = 0,00625; r3 = 0,0125 ; r4, = 0,01875; r5 = 0,025
+ Ma trdn d¢ cieng ciia cdc phan ti:

- Cac phan tir 1, 2, 3 khong c6 dbi luu nén cé cong thirc chung nhu nhau
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(2.263)

r+r. ) 1 -1
[K]:%(’ _/)
/ 2 -1 1
V(')'ilzrj—lf‘l.
1 -1 1 -1 10,5 -10,5
[K]1= 2721 1+, _ 2721 0,00625 o
0,00625 2 1 1 -1 1 -10,5 10,5

©0,00625 2

(1 -1] 1 -1 31,5 —315]
K], = 2721 4 27.21 0,00625+0,0125{ }: 27{

T0,00625 2 |-1 1] 000625 2 -1 1 ~315 315 |

] 2221 r+r[ 1 =11 2721 0,0125+0,01875{1 —1}_2{52,5 ~52,5]
\ _

— 5370 = Ve
0,00625 2 [-1 1] 0,00625 2 -1 1 -52,5 525 |

- Phan tir 4 ¢6 d6i luu,nén ma tran do cing la :

+r )1 -1 0 0
K]= 2k (1 +1)) + 27,k (2.264)
I 2 |-1 1 0 1
1 -1 0 0
k], = 2e2nnf 1T
0,00625 2 |-1 1 0 1
-1 0 0
_ 2721 0,01875 +0,025 +27.0,025.4000
0,00625 2 -1 1 01

73,5 —=73,5 0O O
=2 +2r
-73,5 73,5 0 100

- Véc to lyc cta cac phan tir 1, 2, 3 khong c6 dbi luu, phan tir 4 ¢6 d6i luu

2r, +r,
l{ / } (2.265)

i 2

_2rnq,
()=

+ Véc to phu tdi nhigt ciia cdc phin tie

- Véc to phu tai ciia cac phan tir 1, 2 va 3 khong c6 thanh phan déi luu 1a

27. 2n +r 27.35300000
<3 o] _sesssomn

2.0+0,00625 229,82
0,00625 =2
6 r +2r,

0+2.0,00625 459,64

2. 2r, +r 27.35300000
<20 o) s

2.0,00625 +0,0125 919,27
0,00625 =2r
6 r, + 21,

0,00625+2.0,0125 1149,09
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_2nq,

Uh=—¢

l{2r3 + r4} _ 27.35300000

2.0,0125+0,01875 1608,27
0,00625 =2r
ry +2r,

0,0125+2.0,01875 1838,54

- Véc to lyc cta phan tir 4 ¢6 thanh phan d6i luu 1a

2. 2r, + 0
() = [a NV a+ [T, [NT ds = 220 ™% 7 5Ly bt 2, (2.266)
5 < 6 r, +2r; 1
2. 2.0,01875+ 0,025 0
= M 0,00625 +27.4000.20.0,025
0,01875+2.0,025 1
229818 0 2298,18
=2 +27 =2
2528,00 2000,0 4528,00
+ Ldp ghép cdc phin tiv
[ 10,5 -10,5 0 0 0 (T, 229,82
-10,5 10,5+31L5 =315 0 0 T, 459,64 + 919,27
0 =315 31,5+52,5 -525 0 T, r =41149,09 +1608,27
0 0 -525 52,5+73,5 -735 T, 1838,54 +2298,18
| 0 0 0 -735 73,5+100 || T 4528,00
Tuc la
10,5 -105 0 0 0 T, 229,82 1 402,1146
-10,5 42,0 -315 0 0 T, 1378,9 T, 380,2270
0 -315 84 -525 0 T, r=14275781— T, =4 329,1562; (2.267)
0 0 -52,5 126,0 -73,5||7, 4136,72 T, 245,9926
| 0 0 0 —=73,5 1735 ||T; 4528,00 T 130,3081
So sanh v&i nghiém giai tich trong bang 2.7 nhu sau
Bang 2.6.  So sanh két qua tinh nhiét do
PTHH (°C) Chinh xé4c (°C)
T, 402,1146 392,26
T, 380,2270 376,54
T; 329,1562 327,29
T, 245,9926 245,22
Ts 130,3081 130,31
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2.12. Dén nhiét qua canh tiét dién thay doi

Khao sat mot phan tir canh dién hinh, tai vi tri i va j c6 bé day d, va d, diéntich 4,va 4, chuvi P, va
P, nhu trén hinh 2.23.

Hinh 2.23. Canh méng dan va cac vi trii ]
Tu hinh v€ chung ta c6 dién tich tiét dién canh va chu vi tai ijla:
Al.zbdl.;Ajzbdj; va P1.=2(b+dl.);Pj=2(b+dj) (2.268)

Vi A thay di theo bac nhit theo x

nén co thé biéu thi theo ham ndi suy
A=NA + NjAj (2.269)

L 1a chiéu dai ciia phan tir. Bang cach tuong tu chu vi ciing bién d6i dugc thanh

P=NP+N>P, (2.270)
1. Ma trin d§ cing
Tur dinh nghia
k)= [BY [D]Bli2+ | A[NT [N]ds (2.271)

x=l x=[
& day Qva S 1a thé tich va dién tich bao quanh mién khao sat, nén: | dQ = | Adx va |dS = | Pdx
y Q
x= N

x=0 x=0

- Tinh s6 hang dau: IQ [B]T [D][B ]dQ

-1 1

O R A P



A

Vay

0

.| (NJR4NIN,P) (N'N,P+N,N;P)
| WINRANNGP) - (NB+NNJP)

'b! .
ap dung cong thirc tich phan (2.113): JN;’ N;’dl = &> , VOi hai s6 hang
! ' (a+b+1)!
13!
(Wi B8,
, (0+3+1) 24
2]

[NINdx _ 2

l (1+2+1) 24
s€ duoc

1o PP,
LN PRARTEE 12 wl3P+P. P+P
I{Mﬁm N, Jpdx = hi ={f s f}
N

P +P, 1 1 12| BP+P, P +3P,
—_— —P +—P !
12 47 12

J t J

- Vay ma tran d9 cing:

[ﬂ:ﬁw -l +ﬂ 3P, +P, P +P
[ 2 -1 1| 12| B+P, P+3P,

2. Véc to phu tai

Tur dinh nghia
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=], INT 4dx~[g[N] da+[nT,[NT da (2.276)

1

qv 1a mat do nguén thé tich, q mat d6 dong nhiét bé mat, h hé s6 toéa nhiét bé mit, T, nhiét d6 moi truong
bao quanh; Adx =dQ, dA = Pdx. Xac dinh ting s6 hang nhu sau.

- S6 hang ngudn trong :

N, N*A +N.N A,
N Adx = "IN.A +N A )dx = 0 At NN A,
,!.qV[ | '!.qV{N/]( o ) -!.qV|:NiNin+Nj2A_/:|
Ai A./'
BN J|24 + A.
=g 3 0=t 2277
T 46 Lﬁmj (2:277)
6 3

-S6 hang dong nhiét birc xa :

.[q[N]TdA = '!.QLZ\\?]PC{)C = lq|:§i:|(NjPi + N, P;)dx :.I[Q|:

A J J

NP +N,N,P,
N,N,P,+N P,

L4
ERa /2P +P.
gl 3 6|2 T 2.278
“.p i e
6 3

- S6 hang dbi luu tai bé mdt xung quanh A:

hT 1| 2P +P,
[AT,INT da = [nT,[N] Pdx == / (2.279)
y 1 6 | Pi+2P
- Néu mit cudi canh c6 dién tich A, phﬁn tir cudi s& co toa nhiét biéu thi boi
T 0
[AT,[NT a4, =hT,4, (2.280)
A0 1
Vay véc to phu tai nhiét cia mdi phan td séla:
1124, + A4, 2P +P, | hT1|2P+P, 0
(=9~ AN /| Bt |+ hT A (2.281)
6 |4, +24,| 6|F+2P 6 | P,+2P, 1

S6 hang cudi chi c6 véi phan tir cudi cung.
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3. Phuong trinh dic trung ciia phan tir

Phuong trinh ddc trung cta phan tir i d6i voi canh ¢ thiét dién thay doi la

k(4 +4,)[ 1 -1 m[3p+P, P+P (T,
72 |1 12| p+r, R3p|[|1]T

24. + A, 2P + P, 2P +P, 0
TN R B A e VA R IV
6 |4,+24,| 6|P +2P, 6 | P+2P, 1

(2.282)

Thi du 2.11. Khio sat canh phing bé day nho dan tir gbc day 2 mm dén dinh day 1 mm, nhu hinh 2.19.
Dinh ciing mat nhiét ra méi trudng, hé s6 toa nhiét, h = 120W/m’°C , nhiét d6 méi truong T, = 25°C. Xac
dinh phéan bd nhiét do néu géc gitr nhi¢t do 100°C. Chiéu dai téng clia canh 1a L = 20 mm, chiéu rong
canh b =3 mm. Hé s6 dan nhiét cta vat liéu bang 200W/m’C.

Chia mién khao sat thanh hai phan tir chiéu dai 10 mm nhur trén hinh 2.24.

7,01, @7,

10mm ' 10 mm

Hinh 2.24. Roi rac phﬁn tr hitu han

Tur s6 liéu ¢6
A, = bd; = 0,003.0,002 = 6,0.10° ; P, = 2(b+d;) = 2(0,003+0,002) = 0,01
As = bd, = 0,003.0,0015 = 4,5.10°; P, = 2(b+d,) = 2(0,003+0,0015) = 0,009
As=bd;=0,003.0,001 =3,0.10°; P5=2(b+d;) = 2(0,003+0,001) = 0,008
As=bd; =3,0.10°

+ Ma trdn dé cieng cdc phan tir

- Phan tir 1:

[K]_E(AleAz)l -1] _M[3R+P R+P
"1 2 |-2 1| 12| P+P, P+3P

200 (6+4,5)0° 1 1 , 120.0,01/3.0,01+0,009 0,01+0,009
- 0,01 2 -2 1 12| 0,01+0,009 0,01+3.0,009

[ o105 -o0,05 N 0,0039 0,019 | [ 0,1089 -0,1031
“1-0105 0,105 0,019 0,0037| |-0,1031 0,1086

- Phén tir 2:
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[K]z =

k (A2+A3){ 1 —1} hi FJDQHD3 P, +P, }_{ 0,0785 -0,0733}
! 12 -

+_
2 -2 1 P,+P, P,+3P,| |-0,0733 0,0783

+ Véc to phu tdi

- Phant 1:

() _hTal{ZPﬁPz} 120,25,0,01{2.0,01+0,009} {0,1450}
1 —_ — e . =

6 | P,+2P, 6 0,01+2.0,009 0,1400
- Phan tu 2:
hT [| 2P, +P 0
{f}zz_a 2 +hTaAo
6 | P,+2P, 1
2.0,009 + 0,008 10 0,1300
_12025.001 £12025.0,01.3.10° " | =
6 0,009 + 2.0,008 1 0,1340
- Lép ghép cdac phén twr
0,1089 -0,1031 0 1 0,1450
-0,1031 (0,1086+0,0785) -0,0733 57, ; =+4(0,1400+ 0,1340)
0 -0,0733 0,0783 || T; 0,1340
Phuong trinh dic trung tong thé (chwa ké diéu kién bién)
0,1089 —-0,1031 0 1 0,1450
-0,1031 0,1871 -0,0733 7, ;=14 0,270
0 -0,0733  0,0783 ||T; 0,134
- Ap dit diéu kién bién T, =100°C , phai thay d6i nhu sau
Dong 1: T, =100;
Dong 2 : 0T, +0,1871T,-0,0733.T; =0,270 + 0,1031x100
- Phuwong trinh dic trung tong thé. i .
Sau khi thay th&, phuong trinh dac trung tong thé trd thanh
1 0 0 T, 100,0 1 100.0000
0 0,1871 -0,0733x7, ;=+410,45; > giaira: 7, r =7 89.2588
0 -0,0733 0,0783 ||T; 0,134 T, 85.2703
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2.13. Dan nhiét 6n dinh hai chiéu dung phan tir tam giic

Khao sat bai toan dan nhiét hai chiéu ctia mot phan tir tam giac 1 2 3, c6 dién tich tam giac 1a A, bé day la
8 dugc thé hién trén hinh 2.25. D¢ bai toan mang tinh tiéu biéu, nghia 1a c6 du cac thanh phan phy tai
nhiét, ta cho mat bén dudi ing voi canh 12 ¢6 dong nhiét q, mat bén phai rng vdi canh 23 ¢6 toa nhiét voi
mbi truong va trong tam gidc c6 ngudn nhiét phan bd déu qyv. Mit bén trai ung voi canh 31 duge cach
nhiét.

hT,

Qv

EREERRRRRENE

Hinh 2.25. Phan t&r tam giac tiéu biéu.

Phuong trinh déc trung can xac dinh

[KKT}=1r} (2.283)
Trong d6 ma tran d9 ctng phan tir
[k]= [[B] [D]Bli2+ [ H[NT [N1as, (2.284)

va véc to phu tai

j q,[N] da - J' g[NT as, + J' T, [NT 4s, (2.285)
Trong cac cong thuc trén :
dQ = 8dA voi A 1a dién tich tam giac, 5 1a bé day ;
dS; = &dl;, voi Sy, va 1y, 1a dién tich va chiéu dai canh 12 tai mat bén c6 dong nhiét q ;
dS, = 8dly; Vi Sy3 va ls 1a dién tich va chiéu dai canh 23 tai mdt bén c6 dong nhiét déi luu ;
1. Ma trin d§ cung
Phén b6 nhiét do trong ph?ln ti tam giac dugc viét theo nhiét do 3 nat la
I'=N]T +N,T, +N.T, (2.286)
Cdc ham ndi suy
N, = L(al +bx+ cly)
24
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1

N, = ﬂ(a2 +b,x+ czy) (2.287)
1
N, =ﬂ(a3 +b3x+03y)
Véi
a, = X, 5= XY, b= Y-y ¢ = X35- X,
a= XY -XY; b=y -y6=x-x (2.288)

ay= XY, - %) b=y-y,, ¢ =x,-x
deu 1a cac hang so
Dao ham ham ndi suy

6N, N, oN,

ox ox  Ox Lo by by
. 1 (2.289
[ ] 6N1 5N2 5N3 24 {Cl C, €3 |
d Iy

-Tinh [[B] [D]Bli2 = [[B] [D] Bl 4
Truong (lzlorp tong quat vat li/é:u khong déng hudng thi hé sb din nhiét [D]:

[D] b 0 2290
=10 &, (2290)
b ¢
k. 0] 1| [k 011[b b b
Bl'|D]B]=| ! =— : —
I I .
by ¢
. b ¢ kb kb, kb, . bkb +ckec bkb,+ckc, bkb,+ckc,
ik c, { fe ke ke } e bk.b, +c,kc, bkb,+ckc, bkb;+c,k.c
by o[- T bkb +cke, bkb, +cke, bkb +ckc

| kbl +ke’  kbb,+kcc, kbb, +kecc,
=——|k.bb, +kcc, kb, +ke,)  kbbs+kcye (2.291)

44°
kbbb +kcc; kbbyt+koce, kb’ +ke
blz bb, bb, Clz CiCy Gy
T 0 2 2
j[B] [D|Blodd =<k |bb, b b,b, +k|ce, ¢ (2.292)
/) 4A 2 2
bby, b,b, b; CiC; CC3 Gy
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3
2

-Tinh [A[N] [N, = [ W[NT [N]oa

Nl le NINZ N1N3
[N]'[N]=|N, [N, N, N,]J=|N,N, N N,N, (2.293)
N, NN, N,N; N

Tai canh 23 ¢6 N, = 0, con N, va N thay doi giita 0 va 1 nhu da biét trong phan trudc, bang

Bang 2.7
Nut 1 Nut 2 Nut 3
N, 1 0 0
N, 0 1
N, 0 0 1
0 0 0
3
Boivay [H[N] [N]ods, = [ h 0 NI N,N,|odl (2.294)
52 0 N,N, N;
, A , . A anth a!b! o A A
ap dung cong thuc tich phan (2.113): J.N[ N; dl = ————— Vi céc s0 hang trén
! ' (a+b+1)!
12!
jNW:jNW:%I:%l;
! ! ety (2.295)
Ul 1
[N Ny = ———=1=—1
, (1+1+1) 6
Nén
151 0 00
| h[N]T[N]dSzzT'B 02 1 (2.296)
52 01 2
Vay ma tran d0 cing sé€ la
S blz bb, bb; Clz GiC, GG Sl 000
(K], =—=1k.|bb, b bby|+k|cc, ¢ cyey|b+ 6'23 0 2 1 (2.297)
bb, b,b, b: ccy cyey Ch 0 1 2
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Chi s e trong phuong trinh trén biéu thi phan tir don

2. Véc to phu tai nhiét
Cong thtre tinh chung :
qu TdQ - jq "ds, + th "ds, (2.298)

N,

- 86 hang nguon trong 1a '[q,, [N]T dQ :IQV
Q A ]\]3

Do ngudn trong phan bd déu trong tam giac nén

=z =
Il Il
Z =
Il Il

=
[

=
[

(2.299)

<
N
=
[
[

N,

- S6 hang dong nhiét tai canh 12 1a — [ q[N]"dS, = [ q| N, |6.dI
S1 1
Ny

Trén canh 12 ¢6 N3 = 0; con N, va N, thay di giita 0 va 1, nén ap dung cong thirc tich phan

arh a'b' Lo . N v aA ’
J;LiL/ = m d61 voi N1 va Nz thi déu co
’ a .
11

[Nl = ! N,dl = ! N!Ndl = TrosD2

Vay:
1
(2.300)

- oNT as, = -9%%2] |
0
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Nl
, 3
- §6 hang toa nhi¢t wréncanh 23 1a [AT,[NT dS, = [ hT,| N, |5.di
S2
N,

Ciing twong ty nhu trén, N; = 0 tai 23, con N, va N; tinh theo tich phan s6, nén ¢

0
hoT,
[hT,[NT ds =—=| 1 (2.301)
% 2
1
Véc to phuy tai nhiét
GAo 1 ol hT o1
qoty, a3
=——-: ;- 1+ 1
i 3 5 5 (2.302)
1 0 1
3. Phuong trinh dic trung cia phin tir tam giac
bl bb, bb, ¢l cc, cc 0 0 0|7
o 5 5 hol,,
— k.| bbb, by Dby |+k,cc, ¢ ¢ +? 0 2 1|RT, ;=
bb, b,b, b: cc, c,ey Ci 0 1 2|||T
173 273 3 1-3 2¥3 3 3 (2303)
1
_ q,A0 1 _qol, 1 +hTa5.ll3 1
3 2 2
1 0 1

Néu pguél} nhiét khong phan bd déu trong mién Q, ma tap trung tai mot diém cé toa do (xo, yo) goi la
“ngudn diem” qg* thi s6 hang ngudn thur nhat trong vé phai la

1
A5 . g*As| ]
420 1+ dugc thay bang g™ 49 N, , voi [N] tinh tai (X, Yo) (2.304)
! N (x0.70)

Ngudn diém q* c6 don vi (W/m) vi phan b theo bé day & cua tam giac.

Thi du 2.12. Hinh vudng phing cé bé day bang Im, kich thudc 10 cm nhu trén hinh 2.22. Tai canh trén
cung & dinl} ¢ nhiét dd 500°C, ba canh con 1§1i déu co6 nhiét do la IQOOQ. Biét hé s6 dan nhiét cua vat liéu
1a khong d6i k = 10W/m °C. Str dung cac phan tir tam giac bac nhat dé xac dinh phan b nhiét do trong
hinh.

1. Roi rac cdc phan tir
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Mién vudng duoc chia thanh 8 phan tir tam giac bac nhit ¢ kich thudc bang nhau nhu trén hinh 2.26.

7 8 9
®
® @
4 5
@) @
O] ®
1 2 3

Hinh 2.26. Roi rac cac phan tir trong hinh vudng

Tu (2.288) c6 nhan xét ré'lng, cac dai lugng b;, ¢; trong ma trén 1a hi€u toa do ctia cac niit cua tam giac, cac
hiéu nay khéng phy thudc vao vi tri tam gidc trong mién. N6i cach khac khi hai tam gidc bang nhau va ¢
cung hudng thi [K] la nhu nhau. Nhu vay s€ c6 hai dang ma tran d cliing cia ph?ln t theo sy dinh hudng
clia cac tam giac. Cac phan tir 1,3,5 va 7 cling ¢6 ma tran d6 cing 1a [K], , cac phan tir 2,4,6 va 8 cing c6
ma tran d6 cimg 1a [K],. Nghia Ia trong bai toan trén ching ta chi cin xac dinh hai ma tran [K]; va [K], 1a
du. Tuy nhién & ddy ching ta van xac dinh tit cd cic ma trin clia timg phan tir nhim trinh bay va giai
thich cach tinh tong quat, sau nay c6 thé ding cho cac bai toan khac.

D¢ dé dang thyc hién tinh toan, chiing ta 1ap bang thé hién quan h¢ giita s6 ctia phan tir , s6 cac nat, thir ty
ctia nit ciing nhu toa d6 cua ching. Liy gdc toa d6 1a nit 1, thi cac nat khac sé& c6 toa do nhu sau, bang

2.8

Bang 2.8. Toa d6 cac nut

Nut 1 2 4 5 7 8 9
Toadd |x 0 0,5 1 0 0,5 1 0 0,5 1
(m) y 0 0 0 0,5 0,5 0,5 1 1 1
Bang 2.9 . S6 nat cia mdi ph?lntfr, thlr ty nat (con goi la bac tuy do) va toa dd cac nit
Phantt |1 2 3 4 5 6 7 8
Thd te|1|2 (3 (1 |2 |3 (1 |2(3 (1|2 |3 |1 (2 |3(1 |2 (3|1 |2 |3 (1 |23
nut
Nuatso |12 |4 (2 |5 |4 |2 |35 |3|6 (5 (4 |5 (7|5 (8 |7|5 |6 |8 |6 |9 |8
Toa | x |0(0,5(0 [0,5{0,5/0 |0,5|1(0,5{1|1 |0,5|0 |0,5/0{0,5|0,5/0(0,5|1 |0,5/1 1105
do y (00O 10,50 |0,5(0,5/0 |0]0,5(00,5/0,5{0,5|0,5/1({0,5{1 |1|0,5{0,5{1 0,511
Cong thirc chung (chi s6 theo thir tyr nat trong mdi phan tir)
b1=yz—y3 bz=y3—y1 bs =Vi— )2
C; = X3—X2 Cry = X]— X3 C3 = X)—X;
Tinh cac hé $b bi,by, va ¢y, ¢, trong mdi ph?ln to
Phan tr 1 blzyZ—Y4:0—0,5: -0,5 szY4—y1:0,5—0:O,5 b3:y1—y'2:0—0 =0
ci=X4—¥=0-05= -05| co=x—-x=0-0 =0 G=X-x1=05-0=0,5
Phan tt 3 bi=y;—-ys= 0-0,5= -0,5 | b,=y;—y,=0,5-0=0,5 b;=y,-y;=0-0 =0
ci=Xs—y3=05-1= -05|¢c,=%x-%=05-05=0 G=X3—-X=1-0,5 =0,5

&5




Phanta 5| by =ys—y;= 0,5-1= -0,5 | by=y;—y4s=1-0,5=0,5 b;=ys—ys=0,5-0,5=0
i =%x7—-y;=0-0,5= -05| ;= x4—%x;,=0-0 =0 c3=%X5—%x4=0,5-0=0,5
Phanta 7| by =ys—ys= 0,5-1= -0,5 | by=yz-ys=1-0,5=0,5 b;=ys—y6=0,5-0,5= 0
c1=Xs—¥=05-1= -05| o= x5-%=0,5-0,5=0 G3=X¢—X5=1-0,5 =0,5
Phan tt 2 b =ys—y4=05-0,5= 0 |b,=y4—y,=0,5-0=0,5 |b;=y,—ys=0-0,5 =-0,5
ci=X4—Yys5= 0-05= -05| c=%-x=05-0=0,5 [c3=%x5—%x,=0,5-0,5=0
Phantor 4| b =ys—ys= 0,5-0,5= 0 |by=ys—y;=0,5-0=0,5 b;=y;—-y¢=0-0,5 =-0,5
ci=Xs—X¢= 0-0,5= -05| co=%x3—-%=1-0,5=0,5 G=X3—Xs=1-1 =0
Phantat 6| bj=ys—y; = 1-1 = 0 b,=y;—ys=1-0,5=0,5 |b;=y5—ys=0,5-1=-0,5
ci=X7—ys= 0-0,5= -05| c=%xs—%;,=05-0=0,5 [c3=%—-%xs=0,5-0,5=0
Phanta 8 | bj=yo—yz=1-1 = 0 b,=ys—ys=1-0,5=0,5 b;=ys—y9=0,5-1=-0,5
CI=Xg—Y¥o=05-1= -05|co=%—-x=1-0,5=0,5 G3=Xo—X¢= 1—-1 =0

Thiy rd rang rang cac phan tir 1, 3, 5, 7 ¢6 by,by, va ¢y, ¢ nhu nhau va cac phan tir 2, 4, 6, 8 cling vy, c6
by,b,, va ¢y, ¢, nhu nhau

2. Ma trin d9 cirng cdc phan tir

Tinh c4c ma trdn d9 cimg [K], va [K],, v61 6 =1, ke =k, co

i b} bb, bb, el ce, ¢c
[K], =——1|bb, b bby|+|cc, ¢ cye, (2.305)
bbb, b,b, b: cc, c,ey Ch
Tinh dién tich tam giac A = D/2
I x » 1 0 0
D=1 x, y,=[l 05 0[=0,25.Vay A=0,25/2 2.306)
I x; yf I 0 05
Tinh [K]
Cac s6 hang trong moc vudng
b> bb, bb, (-05)"  (-05.0.5) (-05.0) I -10
bb, b; b,b,|=[(-0,505) (0,5 (0,5.0) |=0,25{-1 1 0
bb, b,b, b; (-0,5.0)  (0,5.0) (0) 0 0 0
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¢k e, (-0,5)  (-0,5.0) (~0,5.0,5) 0 -1
ce, ¢ e |=| (-05.0)  (0) (0.0,5) |=0,250 0 0
ce, e | (0,505 (0.05)  (0,5) -1 0 1
Vay
b12 bb, b,b, clz CiCy, GGy 2 -1 -1 2 -1 -1
[K]l:i bbb, b bbb, |+|cc, ¢ c,e :10'(;)’2255 -1 0=5-1 1 0
bb, b,b, bl| |cc; cyey i A ’2 -1 0 1 -1 0 1
Tinh [K],
Phintir 2| by =ys—ys= 0,5-05= 0 | by=ys—y,=0,5-0=0,5 [bs=y,—ys=0-0,5 =-0.,5
ci=X4—Yy5= 0-05= -05| c=%-x=05-0=0,5 [c3=%X5—%x,=0,5-0,5=0
(b2 bb, bb, (o) (0.0,5)  (0.-0,5) 0 0 0
bb, b; bb,|=| (00,5 (050 (05.-05)[=0250 1 -1
bb, bb, b;| |(0.-05) (0,5.-05) (~05) 0 -1 1
[ ce, ce,| | (050 (-0505) (~05.0) 1 -1 0
cce, o o |=1(-0505) (0,57  (05.0) [=025-1 1 0
lce; oo ] | (-05.0)  (0,5.0) (o) 0 0 0
Vay
0 0 0 1 -1 0 1 -1 0
10
[K], =——=025{|0 1 —1[+|-1 1 O0[p=5-1 2 -1
0,25
4.~ -1 1 0 0 0 0 -1 1

Do dan nhiét 6n dinh, nén cac phan tir déu c6 [K]e {T}e =0 v6ie= 1+ 8, nghia 1a c6 thé bo hé sb 5 trong
9
2 -1 -1 I -1 0
[K]e=1,3,5,7 =-1 1 04} [K]e=2,4,6,8 =-1 2 -1];
-1 0 1 0 -1 1

(2.307)

3. Lap ghép cac phin tir . i . )
Qua trinh lap ghép cac ma trén ddc trung cta tung phan tir thanh ma tran tong the cua ca h¢ la thu tuc hét
strc quan trong, dic biét cac hé thong 1on gdom hang tram, dén hang ngan phan tir. Dé hiéu rd qua trinh lap
ghép nay, dudi day chung ta sé trinh bay va giai thich mot cach ti mi cac budce tién hanh:

3.1. Cdac bwéc co ban , muc dich ciia moi buwdc
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a. Tach ma trgn cua ting phd‘n tr thanh cac phwong trinh dai s6 theo nhiét do tai cdc nit, danh so

phuong trinh :

Phan tir 1: gdm cac niit 1,2 va 4

Natl: (QT,-T,-Ty) =0
Nat2: (-T,+T,+0T,) =0
Nat4: (-T,+0T,+T,) =0
Phan tir 3: gdm cac niit 2,3 va 5
Nat2: (2T,-T;-Ts) =0
Nat3:  (-T,+T;+0Ts) =0
Nat5:  (-T,+0T;+Ts) =0

Phan tir 5: gdm cac nat 4,5 va 7

Nat4: (T4-Ts—-T;) =0
Nt5:  (-Ts+Ts+0Ty) =0
NGt7:  (-Ta+0Ts+Ty) =0

Phan tir 7: gdm cac nat 5,6 va 8

NGt5: (2Ts—Ts—Tg) =0
Nut 6: (—T5 + T() + OTg) =0
Nut &: (—T5 + 0T + Tg) =0

(1)
2)
A3)

(7)
(®)
)

(13)
(14)
(15)

(19)
(20)

21

Phan tir 2: gdm cac niit 2,5 va 4

Nut2: (T,-Ts+0T,) =0
Nat5: (T, +2Ts-Ty) =0
Nut4:  (0T,—Ts+Ty) =0
Phan tir 4: gdm cac niit 3,6 va 5
Nut 3: (T3 — T() + OT5) =0
Nut6: (-T3+2T4—Ts) =0
Nut 5: (0T3 — T6 + T5) =0
Phan tir 6: gdm cac nat 5,8 va 7
Nat5: (Ts—Ts+0T;) =0
Nut8: (-Ts+2Tg—T;) =0
Nut 7: (0T5 — Tg + T7) =0

Phan tir 8: gdm cac nat 6,9 va 8

Nut 6: (T(, — Ty + OTg) =0
Nuat9: (-Te+2To—Tg) =0
Nut 8: (OT6 — Ty + Tg) =0

“4)
)
(6)

(10)
(1n
(12)

(16)
(17
(18)

(22)
(23)
24

b. Lap bang T) hong ké cdc nut va s6 clia phu"O’ng trinh trong méi phan tir thanh bang dé dé dang nhdn biét
, ¥0i chuyén sang bang so phirong trinh theo cdc niit.

Bang 2.10. Bang thé hién sb niit, s ctia phuong trinh theo mdi phan tir

Phan tur 1 2 3 4 5 6 7 8

Nut so 112 {4 12 (5|4 (2 |3|51(316 5141|5175 |8 (715 |6 |8 (6 |9 |8
Phuong 112 |3 |4 |5 |6 |7 |8]9 |10|11 |12 (13|14 |15]|16(17|18]19 |20|21 |22 (23|24
trinh s

Bang 2.11. Bang thé hién s6 ctia phuong trinh tai mdi nit

Nutso |1 2 3 4 5 6 7 8 9
Phuong |1 2,4,7 8,10 3,6,13, (59,12, |11,20,22 |15,18 17,21,24 |23

trinh s 14,16,19

S6 nut cua toan mién 13 9, nghia 1a can ¢6 9 phuong trinh biéu thi nhiét d6 ctia hé tai 9 nut. Muén vay
phéi lip ghép cac phan tir roi rac biéu thi bi 24 phuong trinh trén lai véi nhau dé tao thanh 9 phuong
trinh. Do ¢6 nhiing nit 14 chung cua cac phan tlr xung quanh nén phai thoa man mbi quan h¢ nhiét 4o voi
cac phan th Xung quanh. Boi vy nguyén’ tic lap ghép 14 edng toan bé cdc phwong trinh c¢é cing sé it lai
dé méi nit chi ¢é 1 phirong trinh duy nhdt. Mudn vay phai 1ap cac bang sau

c. Cong cac phuong trinh co trong mot nut

Nut 1: chi c6 phuong trinh 1:

Nut 2: ¢6 cac phuong trinh 2, 4 va 7:

(-T)+T,+0T4) =0
(To—Ts+0Ty) =0
(2T2—T3—T5) =0

2
4)
(7

2T - Ty —T,

} —T1+4T2-T3—2T5:0

=0

38

(25)

(26)




Nut 3: ¢6 cac phuong trinh 8 va 10
(—T2 + T3 + 0T5 ) =0 (8) }
(T3-T¢+0Ts) =0 (10) -T,+2T;-Te =0 (27)

Nut 4: c6 cac phuong trinh 3,6 va 13
(-Ty+0T,+T4) =0 3)

(OTQ—TS +T4) :O (6) } -Tl +4T4—2T5—T7 = 0 (28)
(2T4~Ts—T;) =0 (13)
Nut 5: ¢6 cac phuong trinh 5,9,12,14,16 va 19
(-T2 + 2T5 - T4 ) =0 (5)
(—T2+0T3+T5) =0 (9)
(OT3—T6+T5) =0 (12)
(-Ts+Ts+0T;) =0 (14) > -2T, 2T, +8Ts—2Ts—2Ts =0 (29)
(T5—T8+0T7) =0 (16)
(2Ts-Ts—-Tg) =0 (19)
Nut 6: c6 cac phuong trinh 11, 20 va 22:
(-T3+2T6—T5) =0 (11)
(-Ts+Te+0Ts) =0 (20) —>} T3 2Ts+4T¢—To =0 (30)
(TG—T9+0T8) =0 (22)

Nut 7: ¢6 cac phuong trinh 15 va 18:
(-T4+0T5+T7) =0 (15)
(OTS—T8+T7) =0 (18) -T4+2T7—Tg =0 (31)

Nut 8: c6 cac phuong trinh 17,21 va 24:
(-Ts+2Tg—T7) =0 17)

(-Ts+0Tg+Tg) =0 (21) } -2Ts-T7+4Tg—Ty =0 (32)
(OTé_TgJ’_TS) :O (24)
Nut 9: chi c6 phuong trinh 23 : Tg+2T9g—-Tg =0 (33)

. Chuyén 9 phwong trinh (25)+(33) trén sang dang ma trin

2 -1 0 -1 0 O0 O
-1 4 -1 0 -2 0 O
o -1 2 0 0 -1 0
-1 0 0 4 -2 0 -1
-2 0 -2 8 -2 0 -2
-1 0 -2 4 0 0 -1
o -1 0 0 2 -1 0
o 0 -2 0 -1 4 -1
o o0 o0 -1 0 -1 2

S O o O
S O O o O

NNNNSNNSSNN
Il
S O O O O O O O O

S O o o O
S O o O
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3.2. Phwong phdp lip ghép thuc té

Thuc te khi bai toan c6 so6 nat 16n, viéc chuyén cidc ma tran cia tung phan tir sang dang dai sO rat mat
cong va thoi gian, bdi vy cac budce trén dugce tom luge cho gon va don gian hon nhu sau

a. Danh s6 cdc phiong trinh tai cdc mit c6 nhi¢t do tuong vng
- Viet phuong trinh ma tran dac trung ctia 9 phan tir va danh s6 ¢ bén phai tir 1 dén 24 nhu sau

Phén tir 1: Phén tir 2:

(2 -1 -1](T, (1) 1 -1 o](r (4)

-1 1 0§n=10r (2) -1 2 —-1[T,t=<0F (5)

-1 0 1|7, (3) 0o -1 1]|T, (6)

Phintr3: Phin tir 4:

2 -1 -1](1,) (o] (7) 1 -1 o0](r,) (o] (10)
-1 1 0RTt=40¢ (8) -1 2 —1[{T,t=40p (11)
-1 0 T,] o] (9) 0 -1 1||1] |0o] (12)
Phintirs: Phan tir 6:

2 -1 —1](r,] (0] (13) 1 -1 o) (o] (16)
-1 1 0 \Tt= (14) -1 2 -1[4n,¢=40F (17)
-1 0 1] |0 (15) 0 -1 1|\, (0] (18)
Phintr7: Phin tir 8:

(2 -1 -1](T (19) 1 -1 01(r,) (0] (22)
-1 1 0 {7, t=10¢ (20) -1 2 -1[{T, =400 (23)
-1 0 1|5 (21) 0 -1 1|1 (0] (24)

24 56 trén ciing biéu thi 24 phuong trinh dai s6 trién khai tir 9 phwong trinh ma tran ciia 9 phan tir tuong
tmg. Mbi chir s6 biéu thi mot phuong trinh & mét nut ¢6 nhiét d6 twong tng. Thi du:

Phuong trinh (5) biéu thi phuong trinh nhiét d6 tainat 5, d61a : -T, + 2Ts— T4 =0

Phuong trinh (21) biéu thi phwong trinh nhiét d6 tai ntit 8, d6 1a : -Ts+ 0T + Ty =0...

b. Ldp bdng nguyén tdc lap ghép

Béc tu do, s6 niit va s6 ctia phuong trinh dugc 1ap bang dé chi din cho viée cong cac phuong trinh trong
cung nut nhu sau

Bang 2.12
Phan tir 1 2 3 4 5 6 7 8
Thut ty nat 2 3(1{2/3}1|2;3|1 (2|3 (123 (1123|112 |3 (1|2
trong phan tir
Sonattoancuc | 11242 |5|4[2]3|5 4 518 618|619
Phuongtrinhso | 112 |34 |5(6|7|89| 10| 11| 12| 13| 14| 15| 16| 17| 18| 19| 20| 21| 22| 23

¢. Bang ldp ghép:
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D¢ thé hién mdi nut ¢ phwong trinh nao, hé s6 ctia nhiét do trong mdi phuong trinh, can sip xép lai S6
cua phuong trinh theo So nut va Hé so cua nhi¢t do co mat trong cac phuong trinh do dé tao thanh Bang
lap ghép nhu sau

Béng 2.13
Nut S6 cua H¢ s0 cua nhiét do c6 mat trong phuong trinh
s6 phuong T, T, T; T4 Ts Te T, Ts To
trlghtal
moi nat
1 1 2 -1 -1
2 2 -1 +1
4 +1 -1
7 +2 -1 -1
3 8 -1 +1
10 +1 -1
4 3 -1 +1
6 +1 -1
13 +2 -1 -1
5 5 -1 -1 +2
9 -1 +1
12 +1 -1
14 -1 +1
16 +1 -1
19 +2 -1 -1
6 11 -1 -1 +2
20 -1 +1
22 +1 -1
7 15 -1 +1
18 +1 -1
8 17 -1 -1 +2
21 -1 +1
24 +1 -1
9 23 -1 -1 +2

d. Ldp ma trgn ¢ cimg tong thé

Trong mdi cot nhiét o, cong cac hé so clia nhiét do tai moi nut lai sé duoc ma tran d6 cung tong thé.
Trong d6 cac cit clia ma tran Ung voi cac nhiét 3o cod cac hé so vira duge cong 6 trén, con cac hang ing
Vo1 thir tu cac nut cua cac phan tur. Nghia la bang lap ghép trén cho ngay hinh anh ctia ma tran h¢ so nhiét
do.
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(2.308)
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4. Giai phuong trinh

Trong bai toan trén, cac nhiét do tai bién da biét chi c6 nhiét d6 Ts 1a chua biét, nén chi can tir phuong
trinh ctia nut 5 giai ra:

- 2T, —2T4+ 8T5—2T¢—2Tg =0 (2.309)
Thay cac gia tri T, = T4 = Te = 100 °C, Ts = 500 °C vio s& duoc Ts = 1600/8 = 200 °C

C6 thé so sanh két qua voi nghiém chinh xac bang phuong phéap giai tich ciia Holman:

n+l Smh[ yj
T(x,y)=(T, -T)= Z( D sm[ﬂxj—bwl (2.310)
" b sinh[mZ H j
b
trong d6 T, nhiét d§ canh trén , T, nhiét d§ 3 canh con lai cua chir nhat ; b, H bé rong va cao chit nht.
Véix=10,5;y=0,5gidira
T5(0,5;0,5) = 200,11 °C

Néu dung phwong phap sai phan hiru han dé dang suy ra
T, = %(T2 AT 4T, +T8):%(100+100+100+500): 200°C 2311)

Théy rang phuong phap phan tir hitu han cho két qua dong nhat v6i phuong phéap giai tich va sai phan hitu
han.

C6 thé xac dinh dugc nhiét d6 tai cac diém khac trong hinh phang, tuy theo yéu cau muc chinh xac ma
phai dung mang lu6i tam gidc min hon. Nghiém cia mang ludi tam gidc c6 cau tric déu luon chinh xéac
hon mang ludi chia khéng déu.

Thi du 2.13. Xac dinh nhiét d6 tai diém 4(40;40) trong tam giac nhu trén hinh 2.27. Biét cic nat 1,2 va 3

c¢6 nhiét do twong tng 1a 100°C, 200°C va 100°C. Toa d6 cac diém do twong tng 1a (50;0), (50;50), va
(0;50)
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3(0;50) 2(50;50)

*4(40,40)

1(50;0)
Hinh 2.27.
Nhiét d0 tai cac vi tri bén trong ph?ln ti tam giac dugc xac dinh theo nhiét o ba nut:
T =NT; + N,T, + N3T;
Trong do cAn xéac dinh cac ham hinh dang N;, N, va Nj xac dinh theo

N zi[al_ ibxtey]i=123 (2.312)

Toa do cac nut:

Nut 1 2 3
Toadd |x 50 50 0
(m) y 0 50 50

Xac dinh cac hés6 a;, b;, ¢; :

a, =x,y; —x;¥, =50.50-0.50 = 2500;5, = y, =y, =50-50 =0;c, =x;, —x, =0-50=-50
a, =x,y, —x,y, =0-50.50=-2500;0, = y, —y, =50-0=50;c, =x, —x, =50-0=50
a,=x,y,—x,y, =50.50-0=2500;b, =y, -y, =0-50=-50;c, =x, —x, =50-50=0
Tinh D = 2A:
1 50 0

24=|1 50 50|=2500
1 0 50

Tinh cac ham ndi suy N;, N, va Nj

1 1 1
N, _ﬂ[a1 +b1x+c1y]—ﬁ(2500+0.x—50y)—5(50_J’)

1 1 1
N, =ﬁ[a2 +b2x+czy]=ﬁ(—2500+50x+50y)=%(—50+x+y)

1 1 1
N,=—1I|a, +b,x+ =——(2500-50x+50y)=—(50—x
3 2A[a3 3 X c3y] 2500( y) 50( )
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Tai diém 4 c6 x = 40; y = 40

1 3 1
N1=E;N2=g;N3=g (2313)

Tinh nhiét d¢ tai diém 4:

T;:NJ;+N;;+N;;=%um+%2my+§um=20+340+20=um%j
Mat d¢ dong nhiét:
oT 0 0 k
q. = _ka: _ka_x([N]{T}): _ka(NlTi +N,T, +N3T3): _A(blTl +b,T, +b3T3)
- 10 (0.100 +50.200 — 50.100) = 20/ / cm”
2500
oT 0 0 k
q, = —ka—y=—k5([N]{T})=—ka(NlTl +N, T, +N3T3)=_ﬁ(017—; +e,T,+¢T,)
___10 ———(~50.100 +50.200 + 0.100) = —20 / cm®
2500

Nhu vy mat do dong nhiét 1a khong doi trén toan mién tam giac.

Thi du 2.14.

Cho hinh vudng phang day 1 m, canh 5 cm nhu trén hinh 2.28. Hé s6 dan nhiét 1a 2W/crn C. Tam giac
nira phia trén c6 ngudn sinh nhiét trong 1 2W/em?, nira dudi tai diém (1;1) cm c6 ngudn dlem q* =
5W/cm theo hudng bé day. Canh day dugc cach nhiét, canh doc dting bén phai c¢6 nhiét ¢6 100°C, canh
dinh c6 d6i luu trong méi trudng 6 nhiét d6 T, = 30°C, véi hé sb téa nhiét 1,2 W/m® K. Canh dung bén

trai c6 dong nhiét q = 2W/cm’,
Xac dinh nhiét do tai cac diém goc con lai trong hinh.

Tach hinh vudng thanh 2 phan tir tam giac nhu trén hinh 2.24. Cac phuong trinh dic trung ctia mdi phan

tir ¢ thé thanh 1ap riéng theo cac cong thirc da biét .

h=1,2 W/cm’
_ a0
qv =1,2W/cm? l Ta=30%C

3 \\l 4 N
=2W/cm> —>»
a @ T=100°C 5 em
q* (sw/em~] D -
= o(1,1)
Vv
1 2
. . n / \
Cach nhiét Hinh 2.28
5cm
Bang 2.14
Nut 1 2 3 4
Toa do X 0 5 0 5
(m) y 0 0 5 5
Phan tir 1 1 2 3
Phan tir 2 1 3 2
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Cong thirc chung
[&]= [[8] [D]BlQ+ [ H[N] [Nds
[1]= fqy [N do-| q[jV]T ds+[nT [NT ds
o s s
Phan tir 1: Tam giac 1 23
-Tinh A, cac hé s6 a;,b;, ¢; :
1 x

1
24=|1 x, y,|=|1
I x; 1

S W O

0
0]=25
5

(2.314)

(2.315)

a, =x,y; — X3, =55-0.0=25b, =y, -y, =0-5=-5;¢, =x, —x,=0-5=-5

a,=x,,—x,y,=00-05=0;b,=y,—y, =5-0=5;¢, =x, —x;, =0-0=0
a,=x,y,—x,5,=00-5.0=0;b,=y,-y,=0-0=0;¢c, =x,—x, =5-0=5

a;=250|b=50 |c¢=-50
A= 0,0 bz = 5,0 Cr = 0,0
a;= 0,0 b3 = 0,0 C3 = 5,0

+ Tinh [K]; , do khongco ddi luu nén

1 blz bb, bb;, Clz CiCy Gy
[K]l =—~1k, | Db, bz2 b,b, +ky €6, C% C,C5
bb; b,b, bzz CiC3 (G 032
5 25 =25 0 25 0 =25 2 -1 -1
=——d=-25 25 0|+ O O O =(-1 1 0
2.25
0 0 0 -25 0 =25 -1 0 1

+ Tinh [f]; ,do c6 ngudn diém va birc xa canh bén: [f]1 = Iq* [N]T dQ — .[ q[N]T ds
S

Q
Ni
- 86 hang ngudn diém trong ¢" 54 N , tai diém (1;1) ¢6
N

k)

1 1 15 3
N, —ﬂ(a1 +b1x+c1y)—ﬂ(25—5x—5y)—2—5—g
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1 1 5 1
N,=—Ia,+b,x+c,y)=—(0+5x+0y)=—=—
2 2A(2 2 2)/) ZA( ») 25 3
N —L(a +b,x+c )—L(0+0x+5 )—i—l
P B TSy SEETI
Vay ngudn diém trong & =1
N, . 3 3
q* SN, =5g Ip=41
N, ) 1 1
- S6 hang birc xa canh bén:
N,
T __1
_lq[N] ds = qu]\\? sl VG >
3

Hinh 2.29. Phan ttr 1

Trén canh 31 ¢6 N, = 0; con N; va N, thay di giita 0 va 1, nén ap dung cong thirc tich phan

1h! . i
LNf’N rdi =(a'Tb'l)' dbi v6i N, va Nj thi déu co
' a+b+1)!
110! 1
JN1d1=IN3dl=INi1N?dl:—0=—
1 ] 1 ' 1+0+1)! 2
Vay:

—jq;[N]TarS:—M 0p=—=24ol=—lo

s 2 2
1 TE
Véc to tai
3 (5] (-2
(1] = [q* [NT da—[q[NT ds =11} ot =1 1
? S 1] 5] |-4

- Phuong trinh dic trung cta phan tir 1

2 -1 -1]|(T, -2
-1 1 0K, =41 (2.316)
-1 0 1|1 —4

Phan tir 2:
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+ Tinh [K], :

k1, = [[8]' [DIBlQ + [ W[N] [Nas

Q
Phan tir 2 1 2 3
Nut 2 4 3
Toado |x 5 5 0
(m) y 0 5 5
Dién tich
1 x y] [1 50
24=|1 x, y,|=|1 5 5[=25+25-25=25
1 x, y,| |1 05
Cac hé sb

a, =x,y, = X35, =55-05=25b =y,-y,=5-5=0;¢, =x;, —x, =0-5=-5
a, =X, =%y, =00-55=-25b,=y,-y,=5-0=5;¢c, =x, —x, =5-0=5
a,=x,y,—x,y, =55-5.0=25b, =y, -y, =0-5=-5;¢c, =x, —x,=5-5=0

Tinh [K],
{ b’ bb, bb, ¢ cc, cc s 0 00
[K]zz_ k.| bb, b, byb, +k,| ¢ ¢ e |+ 623 0 2 1
bb, bb, b; cc, ce, 0 1 2
- S6 hang dau
. bl bb, bb| | cc cc 5 0 0 0 25 =250 1 -1 0
— A bb, B bb |+ ce, & e =505 0 25 -25[+|-25 25 Of;=-1 2 -1
bb, bb, b| |cc, ey o ‘ 0 -25 25 0 0 0 0 -1 1
- S6 hang sau
151 0 00 1 0 00 0 0 0
6'23021="6'5021=021
01 2 01 2 01 2

Vay ma trén do cling
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1 -1 0 0 00 1 -1 0
[K],=|-1 2 -1]+[0 2 1|=|-1 4
0 -1 1 01 2 0 3
- Tinh véc to phu tai :
Theo cong thirc tong quat, trong tam gidc ti€u biéu c6 3
nguon trong, btrc xa va doi luu, hinh 2.30, thi da co .
Ao : ol 1 hT ol 0
{f}e:qV l_q'IZ 1 + a”*"23 1
3 2 2
1 0 1 1 2
q

Hinh 2.30. Tamgiéc tiéu biéu

Phan tir 2 ¢6 ngudn trong, c6 dbi luu va khong cé birc xa nén rut ra ngay duge véc to luc s& la

: T.=30
q,A0 hT 61,
= 1o+ 1 3 4
Uh="5 5
1 1
Thay s6 voi qu =1,2; A=25/2; 8=1; h=1,2; T,=30; L;4=5 T=100
1 0 5 0 5 2
{r}, = 12.25.1 14+ 1,2.30.5.1 1V=2541Jg0l = Jo5 Honh 2.31. Pha n t&r 2
3.2 2
1 1 5 90 95
- Phuong trinh dic trung cta phan tir 2
I -1 0|7, 5
-1 4 OKT,;=195 (2.317)
0 0 3|7 95
Lip ghép cac phan tir
Lap ghép cac phuong trinh tai 4 nut trén nhu sau
- Banh so phuong trinh ma trén cac phan tir
2 -1 -1(1) [-2) O I -1 0}|[7, 5 (4)
-1 1 0 K7, =11 (2); ghépvoi | -1 4 0T, =495 (5
-1 0 1 ||T -4 3) 0 0 3|7 95 (6)
- Bang lip ghép
Bang 2.15
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Nut Phuon Hé so nhiét do Phu tai
sO | gtrinh T, T, T, T,
1 1 2 -1 -1 -2
2 2 -1 1 1
4 1 -1 5
3 3 -1 1 -4
6 3 95
4 5 -1 4 95

- Lap phuong trinh ma tran dic trung tong

2 -1 -1 o]r) (-2
-1 2 0 -1, 6
-1 0 4 o[ o1
0 -1 0 4||T,] |95

- Ap dit didu kién bién : bién 24 c6 nhiét d6 100°C, tirc T, = 100; T4 =100 thay vao phuong trinh niit 2 va
nut 4, phuong trinh 1 tré thanh : 2T; — T; =-2 + 100

Nén dang ma tran la

2 0 -1 0|74 98 1 69
0 I 0 O||7, 100 . T, 100
= — gidira = (2.318)
-1 0 4 0|7 91 T, 40
0 0 0 1|7, 100 T, 100

2.14. Dén nhiét hai chiéu qua phin tir chir nhat

Phan tir chit nhat c6 diéu kién bién hdn hop thé hién trén hinh 2.32.

q
\\ 2a

L 2b ]
i B

Hinh 2.32. Phan tir chit nhat

Phan b nhiét do trong phan tir chit nhat duoc viét dang
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T=NT +N,T, +N,T, +N,T, (2.319)

Lay gdc tai diém 3 (k), cic ham ndi suy s& 1a

N,==|1-2
26" 2a (2.320)

N2 [1x
2a 2b

Ma tran dao ham cia ham ndi suy la

ON, ON, ON, ON,
[B]= o o ox  ax |_ L |—@a-y) Qa-y) ¥y -y
ON, ON, ON, ON,| 4ab|-(2b-y) -x x (2b-Y)
dy oy oy
Ma tran do cling s€ 1a

(k1= [[BY [D]BlY + [IN] [Nas

Q

(2.321)

k. 0
trong d6 [D]= { ok },va [B]"[D][B] la

—Q2a-y) -(2b-y)

o 1| @a-y) —x [k 0] 1 [-Qa-y) Qa-y) ¥y -y
[B] [D][B]_4ab y X {0 kj4ab{—(2b—y) —X X (2b—y)}

—y (2b-y)
Thay vao phuong trinh trén s€ dugc [K] la ma trén 4x4.

S6 hang dién hinh trong ma tran la

NS l6a 2b2 (2a-y)dudy+[ [ - zbz (2b - x)*dxdy + [ jz“ 4 o dvdy (2322)

Sau khi tich phén s€ dugc
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2 -2 -1 1 2 -2 -1 1 00 00
-2 2 1 —1| kbl-2 2 1 -1 00 00
[K]=k)‘—a +—2— LS (2.323)
6b| -1 1 2 =2 6al|—-1 1 2 =21 120 0 4 2
1 -1 -2 2 1 -1 -2 2 0 0 2 4
Véc to tai la
N, 1
2 02¢ | N G4o |1
= |G|N| da = G P ldxdy = —= 2.324
i i [N aa=["] N [ =T, (2.324)
N, 1

Tich phan cac dong nhiét dbi Iuu va bue xa tai bién gidi duoc xac dinh nhu cac ph?ln tr tam giac.

Thi du 2.15. Xac dinh phan bd nhiét 6 trong tim phang vuéng trong vi du 2.13. St dung phan tir chit
nhat, hinh 2.33.

h=12w/cm C‘i.—'30 C
/ —
—9

o
!

100°C

=2 2 ‘
e w/c\m~ / Scm

| S5cm |
o2 |
Hinh 2.33.
Ma trin dg cirng
Ma tréin d9 cling theo (2.323)
2 -2 -1 1 2 -2 -1 1 0 0 0 O
kal—-2 2 1 -1 kyb—22 I -1} A0 0 0 O
[K]:L +— +—
6b|-1 1 2 =2 6a|-1 1 2 =2 12|10 0 4 2
1 -1 -2 2 1 -1 -2 2 0 0 2 4

Thay s6 vao dugc
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2 -2 -1 1 2 -2 -1 1 0 0 0O
5/(-2 2 1 -1 5(-2 2 1 -1 (0 0 0 O
[K]:— +— +
15/-1 1 2 =21 15|-1 1 2 =2 0 0 4 2
I -1 -2 2 I -1 -2 2 0 0 2 4
sau khi bién doi duoc
8§ -2 -4 -2
11-2 8 -2 -4
[K]== (2.325)
6|-4 -2 20 4
-2 -4 4 20
Véc to' phu tai
1 N, 1 0
1 . N 0 7,61, |0
{f}:@ —q's] _qdl, +h 015
4 11 N, 2 |0 2 1
1 N, 1 1
thay céc gia tri vao dugc
5,7
_] 83 (2.326)
Vi=1977
93,3
Phuong trinh ma tran dic trung cua phan tir
8 -2 -4 =-2||T, 5,7
1|-2 8 -2 —-4||T, 8,3
- = (2.327)
6(-4 -2 20 4 ||T 97,7

%)

2 -4 4 20||1,] [933

Ap diéu kién bién, v6i T, = T5 = 100°C, s& dugc phuong trinh déc trung va giai ra nghiém

0 2 (T, 6342 88,4846
100,0000

0O 1 0 0]7T, _ 100,0 s gidira {T} _ (2.328)
0 0 1 o0l 100,0 100,0000
2 0 0 20|17, 5598 36,8385
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Trén day 1a toan bd Phan Phuwong phdp sé trong truyén nhigt ciia chuong trinh cao hoc co khi.
Céc bai toan din nhiét khong 6n dinh khong dugc day trong chuong trinh cao hoc.
Ban doc can phan nay dé ap dung tinh toan trong nghién cru, c6 thé xem trong cudn
“ Co s¢ Phwong phdp Phan tie hitu han trong truyén nhi¢t “— Nxb Thé giéi
c6 tai mang Vinabook.
Hodc lién hé véi thay Trinh Van Quang tai dia chi sau:
quangnhiet@yahoo.com.vn
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