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MO DAU
1. Ly do chon d@ tai.

Ly thuyét phuong trinh trong khong gian Banach ¢6 thtr ty dugc x4y dung tir nhitng nim
1950, dugc phat trién va hoan thién cho téi hdm nay. Ly thuyét ndy mot mit cho phép nghién ctru
sau hon céc tinh chit ciia nghiém nhu tinh duong, tinh 16i... Mat khac n6 cho phép sir dung céc tinh
chat ctia thir tu dé thay thé tinh lién tuc, compact ctia 4nh xa. Do d6 1y thuyét phuong trinh trong
khong gian c6 thtr ty im duoc cac ing dung rong rii trong cac bai toan xuat phat tir vat 1i, hoa hoc,
sinh hoc va kinh té hoc.
Trong li thuyét phuong trinh trong khong gian co thtr tyr thi 16p phuong trinh véi 4nh xa ting dong
vai trd quan trong. Cac anh xa nay c6 thé khong lién tuc va rat thich hop dé mé ta cac hién tugng
trong tu nhién. Lép phuong trinh v&i anh xa tang da dugce nghién ctru khé hoan chinh va sy phat
trién noi tai cua 1i thuyét cling nhu nhu ciu cua thue té dat ra yéu cau moé rong anh xa ting. Nam
1972, Volkmann dua ra 16p anh xa tya don diéu ting va ing dung chiing dé nghién ctru sy duy nhét
nghiém cta phuuong trinh vi phan trong khong gian Banach ciing nhur dé so sanh nghiém cua hai
phuong trinh, nghién ctru sy phu thudc don di¢u ctia nghi¢m vao diéu kién ban dau. .. day la nhiing
tinh chit chua duoc nghién ciru khi phuong trinh dugc xét trong khong gian khong co thi tu.

Cho dén nay tai liéu vé anh xa tya don diéu tang chi la cac bai b4o khoa hoc dang trén cac
tap chi chuyén nganh bang tiéng anh, tiéng dtrc. Va dugc trinh bay rat co dong, van tit. Luan vin
nay ¢6 muc ti€u trinh bay khai ni¢m anh xa g?ln don di¢u tang va cac ung dung ciia nd6 mdt cach hé

thdng véi cac chimg minh chi tiét, rd rang hon.

2. N¢i dung cta luan van.
Noi dung luan van gom c6 4 chuong.
Chuong 1: Khong gian Banach véi thir tw sinh béi nén.
Trong chuong nay nhic lai cac khai niém, két qua duoc str dung trong luan van. Cac két qua nay
duoc trich dan tir tai liéu tham khao.
Chwong 2: Anh xa twa don diéu ting.
Chuong nay gém khai niém vé Anh xa tua don diéu tang va cac dinh ly.
2.1 Anh xa tya don diéu ting
2.2 Anh xa tira don diéu ting va bat phuong trinh vi phan
Chwong 3: Phuong trinh vi phin chira dnh xa tya don di€u ting
Chuwong 4: Piém bat dong ciia anh xa twa don diéu ting

3. Phwong phap nghién ctru



e St dung cac dinh li co ban vé tip hop co thir tw nhu bd dé Zorn, nguyén 1i Entropy, cac két
qua vé tht tu trong khong gian Banach sinh boi nén.
e St dung cic phuong phap diém bat dong va phuong phap xap xi lién tiép dé nghién ctru sy

t6n tai va duy nhat nghiém caa phuong trinh vi phan.



Chuwong I
KHONG GIAN BANACH VOI THU TU SINH BOI NON

1.1 Khong gian Banach véi thir tw sinh béi nén
Dinh nghia 1.1.1:
Cho X 1a khong gian Banach va K 1a tdp con cua X. K dugc goi 1a non néu:
i)  Kdong khacrdng va K = {6}.
i1) a,beR; a, b>0; x,yeK=>ax+byek.
1) xeKva-xeK=x=0.
Vidu: Cho X=R" va K = {(x],%5,...,x,) € X :x; 20,i =1,2,...,n}. Thi K 1a n6n trong X.
Dinh nghia 1.1.2:
Trong khong gian Banach v6i non K, ta xét quan hé thir tu nhu sau:
Vx,yeX, x<ys y-—xek.

Khi d6, quan hé < 1a mgt quan hé thur ty.

That vay, ta co:
e Phinxa: x—x=0eK=x<x, VxeX.
e Phan dbi xtng: Vx, ye X, néu x<y, y<x thi y-xek, x—yek.
Do iii) trong dinh nghia 1.1.1,tacé x—y=0=>x=y
e Bic cau:
Vx,y,zeX,néu x<y, y<z thiy-xek,z—yek.
Do ii) trong dinh nghia 1.1.1, ta c6

z—x=(Z-y)+(y—-x)eK=>x<z.

Ménh dé 1.1.1:
Cho X la khong gian Banach voi thu tw < sinh boi non K. Khi do
i) VYA>0,Vx,y,zeX néu x<y thi Ax<Ay va x+z<y+z.

ii) Néu X, <y,, VneN va Xli_r)rgoxn=x, )(li_r)r;oy,q:y thi x<y.

iii) Néu day (x,,) tang (hodac giam) va hoi ty vé x thi x, <x (hodc x, = x) vdi moi n.



Chirng minh:
i) Néux<ythix—yeK=>Ay-Ax=A(x—y)e K = Ax< dy.
Néu x<ythix—yeK=y—-x=(+2)-(x+2)e K=>x+z<y+z.

ii) Néu xX,<y,, VneN thiy, —x,eK. Vi lim(y,-x,)=y—x vaK dong nén
X—>0

y—xeK=x<y.

iii) Gia st (x,,) ting. Véi mdin, tacéd: x, < x,,,. . Cho m — o, ta dugc x, <x, véi moi

n. [
Dinh nghia 1.1.3:
Cho (X,<) lamoét tap co tha tu. Tap M < X dugce goi la tap sép théng ciia X néu: Vx, ye M thi
x<y hodc y<x.
Bo dé Zorn:
Gia sw X la mot tdp co thu tu. Néu moi tdp con sd'p thcfng cia X déu cé can trén ( can dudi ) thi
X ¢6 it nhat m,o”tphcfn tw cuc dai (phcin tir cuec tiéu ).
Ménh dé 1.1.2:
Cho X la khéng gian Banach véi thir tie < sinh boi nén K, tdp M < X la tdp con sap thang ciia

Xva day (x,) < M. Khi d6 tir day (x,) ta c6 thé rit ra day con (xnk ) don diéu.
Chirng minh:

Ta dat N, ={neN: X, =Xy, Van}.

Ta c6 céc truong hop:

e N, hitu han:

Khi d6 ton tai ng € N sao cho Vn >ng thi ng N,.

Liic d6 ton tai k> n sao cho x, <x, (Do M la tép sip thang ).

Do do, tir day (x,,) ta co thé chon duoc diy con (xnk ) Vol Xy S X SXp Sy day chinh la day
con can tim.

e N, v0 han:

Gid st Ny ={nj,ny,...} v6i nj <n, <....

Khi do6 day (xnk ) VOl X, 2 X, 2. la day con can tim.

Pinh nghia 1.1.4: (N6n chuan)



N6n K trong khong gian Banch X dugc goi 13 nén chuén néu ton tai N > 0 sao cho:
Vx, yeKk, xSy:>||x||SN||y||.

Khi dé, sb N duoc goi la hﬁng s6 chuan ctia nén K.

Vi du:

e Trong khong gian X = CI[O,l], non K = {f eC'0,1]: f= 0} khong phai 1a nén chuan.

e Trong khong gian X =C 10,11, nén sau day 1a noén chuan:
K= {f eC[0,1]: F()20, ()20, Vi e [0,1]} .

Ménh dé 1.1.3:
Cho K la nén chudn trong khéng gian Banach X.

i) Yu,ve X, usv thi <u,v> ={xeX: quSv} la mot tap dong va bi chan.

ii) Neu x,<y,<z, (n=12,.)va xli_r)r:oxn=xli_r)r:ozn=x thi Xli_r)r:oyn=x.

iii) Néu day don diéu (x,) co day con (xnk ) héi tu vé x thi day (x,) hoi tu vé x.
iv) Néu day (x,) don diéu hoi tu yéu vé x thi day (x,)hoi tu vé x.

Chirng minh:

)

e Giasuday (x,)c <u,v> va lim x, =x.
X—>0

Taco: u<x, <v, Vn.Suyra u<x<v=(uyv) dong.
e Vxe(uyv)thix-uek,v-uek va x—u<v-u.DoKlanén chuin nén ton tai hing sb
chuén N> 0 sao cho: |[x —ul| < N|v—y]
Suy ra o]~ Ju] < N = = o] < N =+ .
Vay (u,v) 1a bi chan.
ii) Néux,<y,<z,thi0<y,—x,<z,-x,
Do K 1a nén chuan nén |y, —x,|| < N|z, —x,] -

Vi lim x,, = lim z, =x nén z, —x, =0
X—>00 X—>00

Suyra y, —x, =0
Vay y, =(y, —x,)+x, > x.

1i1) Ta co: X, <x, Vk va x, < Xy, =X, <x, Vn.



X—X

Vi x, —xnén Ve, 3k : iy

Khi doé:

o :>||x—xn||§N

X=X ‘ <&
Vaytacod x, —>x.

iv) Gidsu (xn) 1a ddy don diéu va hoi tu yéu vé x. Goi N 13 hing s chuan cua non chuan K.
Véimbi feK* | taco:

fx,)<f(x,) voin<m.

Cho m — oo, ta dugc f(x,)< f(x)= x, <x,Vn.

m
Theo dinh ly Mazur, Ve >0, 3z = Ztl-xn : ||z - x|| <
a9 N+1
bat ny = max{nl,nz,...,nm} thi ta co:
Vnzny, z<x,=>0<x,-z<x-z

Ne

=~ <N <L

= e = <l = + [z = < ¢

Vay day (xn) hoi tu vé x. [

Pinh nghia 1.1.5 (Non chinh quy)
Non K trong khong gian Banach X dugc goi 1a non chinh quy néu moi day don diéu tang, bi chan
trén trong X déu hoi tu.
Vi du:
e Trong khong gian X = L[0,1], nén K 13 noén cac ham khong 4m hau khap noi 1a non chinh
quy.
e Trong khong gian X = C[0,1], n6n K 1a nén cadc ham khong am khong phai la noén chinh

quy.

Ménh dé 1.1.4:



Cho K la non trong khong gian Banach X.
i) K la non chinh quy trong X khi va chi khi moi day don diéu giam, bi chan duwdi trong X
déu héi tu.

ii) K la nén chinh quy thi K la nén chudn.

Chirng minh:

1)  Gid str K la nén chinh quy trong X.

Ta xét day (xn) giam, bi chan duéi: x| >2x, >..2x,>...2x

Khi do, day (x; —x,,) la ddy don diéu tang va bi chan trén boi x| —
Vi K 1a non chinh quy nén day hoi tu.

Vay (x,) hoi tu.

Gia st moi day gidm, bi chan dudi trong X déu hoi tu.

Ta xét day (x,) tang, bi chdn trén: x; <x, <..<x, <..<Xx.

Khi do, day (x; —x,,) 1a day gidam va bi chan du6i boi (x; — x) nén day (x; —x,,) hoi tu.
Suy ra (xn) hoi tu.

Vay K 1a nén chinh quy.

ii)  Gia sir nguoc lai K khong phai 1a nén chuan.

Khido6 VN, Jxy €K, Jyy € K, 0<xy < yy nhung ||xN||2N||yN||.
Cho N = n2, ta dugc cac day (x,) < K,(y,) € K thoa man:

5l 2 0% vl

0<x,<y,,

In_

IIx || [

1 ~. & ! A
1 <n—2. Suy ra chuoi Zyn hoi tu.
n=1

Véi x, #0, ta xét cac day: x = va yn—

e <y
Ta co: O_xn <y,

n

bat y=iy;1 thi iyn <y, Vn.

Ta théy day z, = xi + x'2 +..+ x;q tang va bi chan trén boi y nén (z,,) hoitu
( vi K 1a n6n chinh quy).

Suyra x, =(z,-z,.1)—>0

Mau thuan véi diéu kién Hx H =1
n



Vay K 1a nén chuan. ]

1.2 Non lién hop:
Dinh nghia 1.2.1:
Néu K 1a non thi ta dinh nghia nén lién hop cia K nhu

K*={fex*:f(x)zo, VxeK}

K" ¢6 tinh chat 1), 11) trong dinh nghia non.

Ta c6 thé chirng minh : K*ﬂ(—K*)={9X*}<:>K—K=X.

Ménh d81.2.1: xoeK < f(xg)20,VfeK .

Chirng minh :
<) Giasit f(xp)20 Vf €K nhung x, ¢ K
Theo dinh li tach tap 16i 3¢ € X" g(xp)<g(y), Vyek
Co dinh xe K, taco 8(xp) < g(tx), Vi >0. Cho t - oo tacd g(xy)=0

Vay geK*, nhung g(xy) <0 .

Pinh nghia 1.2.2: Cho E la khéng gian Banach thire véi nén dwoc sdp K.
K goi la nén solid néu int(K) # Q.

1.3 Chuén P
Dinh nghia 1.3.1:

o

Cho khong gian banach (E, .||)V(')’i nén solid K va p e K. Khi d6 véi moi x € E t6n tai s6

A>0 dé -Ap<x<Ap.

Chirng minh:

That vy, gid st r 1a s6 thuc duong théa man B(p,r)c K.
Khi d6 voi x #0 ta cod

r r
pt——xeB(p,r)=>pt—FxeK=-
2| 2| r r




+ Ta xay dung mot chuén nhu sau:

], =inf{2>01-Ap<x<ap}
D thay: —||x| .p<x <[] .p. vxeE
Ngodi ra, néu 0< x <y thi vi
{A>01-Ap<y<ip}c{A>01-Ap<x<ip} nén ||x||p S”y”p
Dinh Ii 1.3.1:
Gid sii K I non chudn, solid va p € K . Khi d6 chudn ], <6 tinh chat sau:
1) (E. |}, ) ta khong gian Banach
2) ||, wong dwong véi chuuan ban dau trong E.

Chirng minh:
1) ViK 12 nén chuin nén [-p; p] bi chin hay

dm>0: Vxe[—-p; p]:>||x||£m

Ta co: —||x||p.p£x£||x||p.p nén ﬁe[—l?; rl
P

<m hay ||x|| Sm”x”p (1)

R H_

I+,
Xét { x, } 1a day Cauchy trong (E, ||||p) . Do (1) ta thay { x, } cting la day Cauchy trong (E, ||||), ta
s€ chimg minh x =limx, trong (E, ||||p)

Xét ¢ >0tuy y; do

—||xn—xm|| .pﬁxn—xmﬁnxn—xm” .p va lim ||xn—xm|| =0
p p o p

Nén ton tai ny sao cho —gp < x, —x,, <&p, VYn, m>n,
Cho m »>w,tacd —ep<x,—x<¢ep, Vn2ng

Do dé theo dinh nghia chuén ||||p ,tacod ||xn - x|| <ég, Vnzng
Vdy ta da chung minh x =limx,, trong (E, ||||p)

Do (E, ||.||)Vél (E, ||||p) la cac khong gian Banach va cac chuén”.” , ||||p thoa (1) nén theo

hé qua cua dinh 1y 4nh xa nguoc Banach chiung twong duong nhau.



CHUONG 2:
ANH XA TUA PON PIEU TANG

2.1 Anh xa tya don di¢u ting:
Dinh nghia 2.1.1: Cho E 1a khong gian Banach, K 1a nén solid trong Eva D c E,
1. M¢t anh xa f: D — E goi la don diéu ting néu
Vx,yeD, x<y= f(x)Z f(y).
2. Mot anh xa f: D — E goi la tya don diu tang néu
Vx, yeD, VoeK : x<y, o) =p()=o(f(0))<o(f()-
3.Motanhxa f: [a; b]xD — E goi 12 tva don diéu ting dbi v&i x néu anh xa x — f(r,x) 1a

anh xa tya don diéu tdng , Vr €[a;b].

Nhin xét

1) Trén Rvéi cac thi ty thong thuong thi moi ham s6 déu 14 tya don diéu ting.
That vay, vi ¢ € R" do d6 @ c6 dang ax, a # 0 nén

P(x) = p(y) = x =y = @(f (X)) = o(f(y)), Vf
2) Néu f 1a anh xa don diéu tang thi f1a anh xa tya don diéu tang nhung khong cé chiéu

nguoc lai.
That viy: Vx,yeD, VoeK , x<y, p(x)=@(y) tacd
fOSfM S fM-F)eK=o(f()-f())20= o(f(0))<o(f()
3) Néu f anh xa don diéu tang thi f + Aid 1a anh xa tua don diéu ting.
Thét vy, v6i x,ye D,pe K va x<y, p(x)=¢(y) tacod f(x)< f(y)
= o(f(0)+2x)=(f(0))+2p(x) <p(f)+2p(y) = o(f () + L)
4.V6imdi A eRR, d4nh xa x — Ax 12 anh xa tya don diéu ting nhung khong 13 4nh xa ting khi

A<0.

Pinh i 2.1.1 :
Trong R", ta cé thir tw sinh béi nén tw nhién
Xét anhxg g:R" > R",g(x) =(g(x);...:8,(x)). Cdc ménh d@é sau la twong dwong.
1) g la anh xa twa don diéu tang.

2) (Vx,ye R", x < yvax, =y, = g (x)<g.(y),Vk =1,_n)



Chirng minh:

Thatvay: K =K ={xeR":x; >0, Vi=1n
=) Gid str g 1a 4nh xa tya don diéu tang.

Cho x <y, x; =y;. Xét 52(0;"';=\1~;0;"'0) ek’
k

Taco Sx=Cy=.g(x) <E.8(y) = g (x) < g (y)
<) Giasa x,yeR" x<yva x, =y, = ()< g (), Vk =1n
ta ching minh g 1a 4nh xa tya don diéu tdng

That vay: Gid su & eK*,§.x =&y, x<y

Vi &x; <Eyii=1n) va Ex=Ey néntasuyra &x; =&y, (i=1,n)
Néu & #0thitaco x; =y, = g(x)<g,(y) = &g, (x) < &g (y)

Vay taluon co &g, (x) < &.8.(y)

Vay g 1a 4nh xa tya don di¢u tang.

Y nghia : Néu nén dugc xét 1a non ty nhién khong gian hiru han chiéu thi 4nh xa f la tya don diéu

tang khi va chi khi néu cb dinh bién thir k thi ham f, tang theo cac bién con lai.

Vidu : Him ) f: R?> - R? v6i flx,y) = (ey sin’ x,xcos2 y) la mdt anh xa tya don di¢u tang.

2.2 Anh xa twa don di¢u ting va bt ding thirc vi phin.

Pinh li 2.2.1:
Cho E la khong gian Banach voi non solid K, f:la;b]x D — E goi la twa don diéu tang doi véi x

va u, ve C'([a, bl, E), théa :

u'(t)— f(tu(t) < V') = f(t,v(t))
u(a) < v(a)

Khido: u(t)<v(t), Vtela,b].

Chirng minh

Gia st nguoc lai nghia 13 ton tai s6 ¢ €[a,b] sao cho (v(c)—u(c)) ¢ K



o

Do u, v lién tuc, (v—u)(a)e K nén ton tai tp €[a,b] sao cho

v(x)—u(x)) e IO(, Vx ela,ty] va (v(1y)—u(ty)) € 0K
Ta co: (W(ty)—u(ty)) € 5K nén Ipe K \ {0} sao cho:
p(v(ty) —u(ty)) =0

= p(v(ty)) = p(u(ty))
= o(f (1y,u(ty))) < o(f (t),v(ty)))

Hon nira
v(tg) —u(ty) =0 Vit ela,ty)
= o(v(ty) —u(ty)) =0 vVt ela,ty)
M @(v(ty) ~1u(t)) =0 nén ¢'(v(ty) — u(ly)) <O (*)
Mat khac ta cé :

V(tg) —u'(tg) > f(ty,v(t)) — f (g, uty))
= o(V'(ty) — ' (ty)) > p(f (ty,v(ty)) — f (tg,u(ty))) =0

= @'(v(ty) —u(ty)) >0 (**)
T (*),(**) ta suy ra vo li.
Vay u(t) < v(t) Vtela,b]
Dinh nghia 2.2.1:
Ham f :[a,b]x D — E dugc goi la Lipschitz dia phuong lién tuc ddivoi x néu Vr>0: 3 L.e R*
sao cho:

Ilf .0y = fa.n|<L.|x-y| (Vrela.bl,

d<r. bl<r)

Pinh 1i 2.2.2:

Cho E khong gian Banach, D c E. Cho f :[a;b]x D — E goi la twa don diéu tang, Lipschitz dia
phuwong, lién tuc d6i véi x theo chudn p va

u, v:la,b] > E kha vi néu:

u'(t)— f(t,u(r)) <V'(t) - f(t,v(1)), Vt €la,bl; u(a) <v(a)

thi u(t)<v(t), Vtela,b].

Chirng minh

Chon r >0 sao cho ||u(t)|| <r-l1, ||v(t)|| <r-1, Vtela,b]

f lién tuc, Lipschitz dia phuong, ta c6 :



lf .0 - fa, y)”p <L|x- y”p, Viela,bl, Vx, y théa |x|<r; [|y]|<r

Xét ham s6 &, :[a,b] - R xac dinh boi
(1) =] Lex (L(r—a))—i
¢ LoP 2L

Dat u (t) = u(t) = h.(t)p,v.(t) =v(t) = h,(t)p. Ta co:
u.(a)>v.(a) thi
Chon & sao cho h, <1 trén [a,b]
Ta co:
| £t = f @), < Lju) u, )],
= f(tu®) - f(tu () < L|h,()p|.p
Do do:

u, ()= f(tug (D) = u' (1) = h, (O)p = f(Eu@O) + f(tu(0) = f(1,u,(1))

<V(6) - f(ev®) —h, ©)p+ L]k, ()p| p
<v ()= fFv(0) =2h, Op+ f(t,v () = f(1,9(0) + Lh(1)p
<v, ()= f(t,v (1) =2h, () p+2Lh.(1)p
<v, (- f(t,v. (1) —2¢ep
<, ()= f(t,v, (1))
Ap dung dinh 1 2.2.1 ta suy ra u,(f) < v,(¢). Cho & — 0" ta co u(t) < v(r).
Pinh i 2.2.3 :
Cho D mé D C E, f € C(D,E)théa

Vv,veC(a,bl,E) u'(t)— f(t,u(®))<<v'(t)— f(t,v(t)), Vt €[a,b]
u(a) << v(a)
= u(t) < v(t), Vt €la,b]

Khido f la twa don diéu tang.

Chirng minh
Codinh peK, xét x,yeD, x<y va (oeK*mé p(x)=(y)
bat

{Ztu) = x+(t—a)(f(x)-p)
W)= y+({t—a)p+(t—a)f(y)+p)



Ta co: lim[zjt(t)—erpJ =peK (mo)
lim[\;(t)—y—Zp] =2peE\K

—3c:Vi<e  fu@®)—fx)+p cK
f((6) - f(y)-2p e E\K

. ;l(t) véia<t<c
bat u(t)=-.

u(c) véic<t<hb

0 — {;(r) véia<t<c
v(c) véic<t<bh
Ta co:
Vu,v e C(la,b)) (1)
v(a)—u(a)=v(a)—u(a)=y—-x=0 2)
=v(a) 2 u(a)
u' ()= fu(®) = fF(x)—p—fu®) <0
V()= fFO0) = p+ f(x)=p— fu(®)>0

= u' (1) f(u(t)) < V' (1) - fF (1)) 3)
Tur (1);(2);(3) ta co:

u(b) < v(b)

= x+(c-—a)(f(N)-p)<y+(c—a)p+(c-a)lf(y)+pl

= f() < f()+2—=+3p
c—a

= o(f(xX) <e(f(y)+3p)
p—=>0=0o(f(X)<o(f(y)

Vay f la énh xa tya don diéu ting.

Pinh i 2.2.4 :

Cho K la non chinh quy va S K\ {O} thoa:
{xeK,3peS: p(x)=0} la tri mdt rén 5K,

Gia sw D c E, Dla tdp mo va anh xa f € C(E,D) co tinh chdt

x,yeD, x<y, p(x)=p(y) = @(f(x) <p(f(¥))
Khi do f'la anh xa twa don diéu tang.

Chirng minh



Lay u, v e C((a, b, E)thoa

u(a) < v(a)

u' (1) = fu(@®) <V (1) = f(v(1)
Ta ching minh: u(t) < v(¢t) Vtela,b]

bat w(t) =v(t)—u(r), gia str tdn tai ¢ sao cho W(E‘) ¢ K
Vi w(a) € K nén ton tai ¢ sao cho

w(t) e IO(, Vt<c, w(c)e oK
Ta co:
u'(c) = f(u(e)) <v'(c) = f(v(c)
= f(v(e)—u(c)) < w'(c)

w(c)—w(k)
c—k

= f(v(c)—u(c)) < Vke(c—0,¢) va § >0 dunho

w(c)— W(k)j

[Vi w'(c) = lim ;
Do f lién tuc nén ton tai V(Op,) sao cho:
p(1)=0
Chon d < O, sao cho ton tai peS: pw(c)+d)=0
Ta co:
P(c) +d —u(c)) =0
= p(v(c)+d) = p(u(c))
Va v(¢)+d > u(c) nén do tinh chét cua f,tasuyra
= o(f () +d) = p(f (u(c)))
Tu (1) va (2) ta co:

p(w(c)+d)—p(w(k)) =0
= p(w(k)) <0

Piéu nay vo li vi u'(r) = [t u) — up,u(ty) = uy.
Vay
w(t)>0 Vte(ab)
=v(t)>u(t) Vte(a,b)

Do d6 f la anh xa tya don diu tang theo dinh 11 2.2.4

(1)

2)



Pinh li 2.2.5:

Cho D mé, l6i, D E,f:D— Ekhavitrén D. Khido f la tua don diéu tang khiva chi khi anh
xa x — f'(v)x la twa don diéu tang Vv e D.

Chirng minh

» Cho f latya don diéu tang, ching minh x — f'(v)x 1a twa don diéu ting Vv e D

Cddinh ve D,x,ye D,pc K ma x <y,p(x)=o(y),

Do f latyadon di¢u tang nén f(@(x)) < f(p(y))

Tacod: Vie[O;1]:v<v+t(y—x)

p(v)=p(v+t(y—x)) (Vi p(y)=@(x))
= o(f(V) < olf v +1(y—x))]
Do d6:

fO+ty-x)-f)

f'W)(y—x)= lim

x>0~ t
O] lim LOHO= D=0 g
x—0" t
= ol MO < olf' (v)(y)]

Vay f'(v) la twa don diéu tang Vv e D
» Cho x — f'(v)x latga don di€u tang Vv € D, chung minh f la tya don di€u tang:
Codinh x,ye D, x<y,pc K :p(x)=0().
Xét ham

g:[0;1] >R

8 =p(f(y) —o(f(x))

Thi ta c6 g(1)—g(0) = o(f (y)) —p(f(x))
Ap dung dinh 1i gi4 tri trung binh cho ham s6 g ta c6:

3y € (O:1): g(1)—g(0) = g(1)

= o(f (M) = o(f(x) = olf (x +15(y = x))(y = x))

=l (V)(y —x))

Voi v<x+1,(y—x). Do x = f'(v)x la tya don diéu ting nén:

o(f' () () < p(f' (V)(y))
= o(f(x)Z o(f(y))

Vay f la tya don di¢u tang.



CHUONG 3
PHUONG TRINH VI PHAN CHUA ANH XA TUA PON PIEU TANG

Trong chuong nay, ta khao sat nghiém ctia phurong trinh vi phén cap 1

x'(0) = f(t,1(x)), x(0) = x,

Bo dé 3.1:

Cho anh xa f - [O,T]X]Rn — R" lién tuc, twa don diéu tang; €> 0, R> 0, u, e R". Khi do ton tai
danh xq lién tuc f, :[O,T]X]Rn — R" théa

1. Hf(t,x) —fs (t,x)” <& V(tx)e [O,T]XE(MO,R)

2. 3¢>0: Hfg(t,x)H <e,V(t,x)e [O,T]XR"

3.3L>0:|f, (t.x) - £, (t.y)| < L|x=y]. ¥ (£.x).(r.y) € [0.T]x R

4. f, la twa don diéu tang.

Chirng minh:

Do flién tuc nén chon s6 S e (O,l) sao cho
Hf(t,x) —f(t,y)” <& V(t,x),(1,y)e [O,T]xE(uO,RJr 1)

Gia st heC” (R”,R) 12 ham théa mén cac diéu kién h(x) >0, supphc B(O,5), J. h(x)dx=1.
Rﬂ

Ta dinh nghia 4nh xa f,_nhu sau:

fo(t.x) = j h(z - x)f(t,z)dz = j h(z)f(t,z + x)dz

Rﬂ Rﬂ
Nhu trong chimg minh & cac tai liéu vé phuong trinh vi phan, 4nh xa f, duoc dinh nghia trén thoa
man c4c tinh chét 1, 2, 3. ta di chimg minh £, 14 twa don diéu ting.
Xét x,yeR",p e K sao chox < y,p(x) = ¢(y). Khidé Vz e R”

tacoO z+x=z+y va p(z+x)=¢@(z+y) nén

o(f,(1,0)) = j h(z)f(t,z +x)dz < j W f(tz+y)dz=(fo(ty) =

Rn Rn
Pinh 1i 3.1:
Cho f: [O;T] — R" lién tuc va twa don diéu ting va bi chdn. Néu u,v : [O;T] — R" la nghiém cia

phuong trinh



X'(t) = f(1,x(1)), x(0) = x,
sao cho u(ty) < v(ty) thi ton tai w: [O;T] — R" la nghiém cua phwong trinh théa

u(ty) < aty) < v(fy)

Chirng minh.

Vi f bichannén 3e>0:f(r.x)] <c, V(r.x) €[0.T]xR"

Co dinh & € (0;1),R=T(c+3). Chonham f, :[0,T]xR" — R" thoa mén cac diéu kién cua bo dé
3.1. Pit:

a(&) = max (| () = £, )], + | £ o)~ £, )

V&imbi A e [O;l] ta xét ham:

F; :[0;1]xR" —> R"

(t,.X) = fg(t’x)+(1_ﬂ’)(f(t’u(t))_fg(t’u(t)))+
+A(f(6,v(@) = [ (t,v(0)) + Aq(e)p

Do f, 1a tya don diéu ting nén dé thdy cac ham F, ciing twa don diéu tang.
Xét phuong trinh: @y (1) = F;(t,@,(1)) ; @(0) = x, (*).
V (t,x), (t,y) e [0,T]xR", Tacod F,(t,x)—F;(t,y) = f,(t,x) - f,(t,y).
Do do, theo cach chon f,. tacd F, la Lipschitz nén phuong trinh (*) ludn c6 nghiém duy nhét
), [0; T] - R”
Hon nira, ta co:

* V() -FK@v®)=v(®)-ft,v(1)—-q(&)p

= —q(e)p <0 = &{(1) - (1.0, (1))

o v(0)=xy=a(0)
= (1)< (1), YVt €[0,T]
= u(ty) <v(ty) < w(ty)

Lai co:



()= Fy(t,0, (1) = &) (t) — F, (t,0, (1)) + F; (1, @, (1)) — Fy (1,0, (1))
=A [c](a)p +(f (@, v(@®) = f.t,v(0) = (f(t,u@®)) - f.(t, u(t)))] =0

(Do cach chon ¢g(¢)va dinh nghia ||||p)
Nén:
o () Fy(t,w;(1)>0=ay(t)— Fy(t, o))
e ;(0)=xy=awy(0)
= wy > wy(t) = u(r), Vi €[0,T].
Ap dung dinh 1i s6 gia gidi ndi cho cac ham u,v ta duoc:
||u(t) - x0||p <tc<T.c<R

[v()—xq||, <t.c<T.c<R vie[0T]
Do d6, theo cach chon £, ta co:
£ ) - £ (@), < & f .0 - fe0m)], <e
= |Fut)], <c+3e

Lan nita 4p dung dinh 1i s6 gia gi6i noi cho ham , ta dugc:
|ext)=xo], <T-(c+3e) <R, Ve e[0.T]
= | £ (0, (1) - fg(t,(w/l(t))”p <eVte[0,T]
=|F; (1@, () - f(t,(co/l(t))”p <4e,Vte[0,T]
Ta di chimg minh nghiém @, phy thudc lién tuc vao A hay anh xa
p:[0:1] > C([0.T].R")
A= o

14 lién tuc.
Thit vy, gia s nguoc lai, tirc 13 tdn tai >0 va {4,} sao cho 2, — Ay va Ha)2 -, H > p
Ché y rang, bang cach 4p dung dinh 1i s6 gia gi6i ndi, VA €[0;1] ta ludn c6

o Jo 0, <[l + . ve<[o.1]

. ||w,1(tl)—wﬂ(t2)||p <cly =1, V1.1, €[0,T]



Nén theo dinh li Azela — Ascolitap A = {60/1 e [O,T]} 1a compact tuong ddi trong C([O,T],]Rn )
Vi {0),1 } — A nén ton tai day con {a)ﬂ } tw; —> @y trong C([O,T],]Rn).

n n ﬂk k ﬂk
Mat khac:

t

v, =x+[F, (s,a)ﬂnk (s))ds (*%)
0

Matalaico F, [s,w; (s)|—>F; (s,0(s)) khi A, — A, (docacham f,f. lién tuc) va Vk:
ﬂnk /1,% ZO Ny 2

p

B, (Sl,f%k (51)) —F, (Sz,wznk (52)) fe (Sl’wﬂnk (51)) —fe (Sz,wznk (52))

p
< LHa)ﬂnk (Sl) - a)ﬂnk (Sz )H
p

SLC|S1 —52|

Suyradayham {F;, (s,w; (s)]; laho lién tuc déng bac.
ﬂ'ﬂk ﬂ'ﬂk k

= Fy, (s.05, )5 B (s.00)

Do d9, ta ¢6 thé cho k — +oo trong (**) va duoc:
t
(1) = xo + [ Fy (5. (s))ds
0

= @, 1a m§t nghiém cua phuong trinh @'(¢) =F PN (t,a(t)), (0)=x,. Do phuong trinh nay c6

> A,

nghiém duy nhat nén @y =y, - Diéu ndy mau thuén vi O N
ﬂk

Vay ¢ lién tuc
Vi u(ty) < v(ty)nén ton tai & >0 dit nh6 sao cho x < v(fy) véi mdi x ma |x— u(tOO”p < (khido
v(t) = ut)| > &)
Xét ham:

¢:[0;1] >R

A ¢(A) = ||a)ﬂ(t0)—u(to)||p -5
Ta co ¢ 1a ham lién tuc (do la hop ctia cac ham lién tuc) va
e #0)=-0<0

o )=y (1p)- M(fo)”p —5=|v(ty) - u(to)”p —5>0



Nén ton tai A = A, €(0;1) sao cho ¢(4,)=0
Nhu vay v6i moi & = %, ta xy dung duoc ham @ : [O,T] — R"thoa:

a) u(t) < wy (1), vt €[0,T]

4
b) @4 (1) = f(t.0 (1) + 8, (1), g 0], < oo Ve [0,7]

©) |l (tg) — utto)], = &.

Vi tap {0)/1 IAe [0,1]} 12 compact turong d6i nén tim dugc diy con cua diy {a)k}k hoi tu vé w.
Bang cach chuyén phuong trinh vi phan ¢ diéu kién b) thanh phuong trinh tich phan véi cha y rang
cac ham duéi dau tich phan 1ap thanh mot day ham héi tu déu vé& ham f(¢,@(r)) nén ta cho k — +oo
trong phuong trinh nay va dugc o'(¢) = f (¢, o(1)).

R rang @(0) = xq,w(ty) = u(ty) va do cach chon & nén w(f) < v(ty).

Vay ta da tim dugc ham @ thoa man dé bai. |

Chuy:
Ta c6 thé thay thé diéu kién u(ty) < (ty) < v(ty) boi u(ty) < w(ty) <v(fy) nhung tong quat khong
thé tim dugc nghiém w(r) thoa man

u(ty) < aty) < (1) .

Bo dé3.2:
Cho E la khong gian Banach va xy € E. Anh xa f: [a,b] xE — E la lién tuc va bi chan. Khi do,

véi méi >0 ton tai ham x, :[a,b] — E sao cho

X, ()= fltx, ()| <&, Vie[ab], x,(a)=x.

Churng minh:

Do f lién tyc nén ton tai ham fe [a,b] x E — E Lipschitz dia phuong xdp xi f. Vi f bi chin nén

[, cling bi chan, dit ¢ = max |£.(t.%)|. Goi L, a, B 1a cac s6 thoa
a,b|xE

, V(6,x),(t,y) ma |t —d|< e,

||fg(t,x)—fg(t,y)|| < L||x—y X—Xo” <p, y—y0|| <p.

Chon ¢; = min {a,ﬁ}.

c



bat X = {x € C([a,a + al],E) I [ max ]”x(t) - x0|| < IB}, ta thdy X 1a mot khong gian metric day du
a,a+a

véi metric d(x,y) = max
[a,a+al]

oL (x(r)— y(t))H

X¢ét anh xa

T:X—>X
t
X B Xxg+ Ifg (s,x(s))ds
a

Taco Vx,ye X

t

J (£ (5.5)) = £ (5.5 s

a

|7 (x0) -1 ()] =

< [1, (5.290) = £, (5.0 s
< j L|x(s) = y(s)|lds = jL.e‘L“‘“) () = y(s) s

t
< d(x,y)_[L.eL(S_“)ds < d(x,y)(ew1 - 1), Vte [a,a + al]

= d(T(x),T(y)) <(1- e Lo )d(x,y)Do d6, theo nguyén li &nh xa co T' c6 diém bat dong

X, day cling 1a nghiém cuia phuong trinh vi phan

x'(1) = f(t,x(1)), x(a) = X )
trén doan [a,a+a; ]
Xét phuong trinh

X'(0) = f.(t,x(t), x(a+a) = x (a+ay) )

Bang céach 1ap luan hoan toan tuong tu, ta tim dugc a, >0 sao cho (2) c6 nghiém trén
[a +ap,a+a, ] . Khi d6 ta c6 thé mé rong lién tuc nghiém cua (1) 1én [a,a +oqta, ]

Tiép tuc qua trinh ta c6 thé md rong nghiém ciia phuong trinh (1) dén b. That vay, dit

c=sup(a+aq +..+a,). Giasi ¢ <b, chuy rang:
neN



I
Vi <ty <c, X (b)) =X (1)) = Ifg(t,x*(t))dt

h

= [x(ty) = x(t)|| < ety — 1]

nén limx" (r) ton tai (do E 1a khong gian Banach). Goi gi6i han nay la xg , ta xét phuong trinh
t—c

X'(6) = £,(t,x(t)), x(c) = x, )

Va khi d6, ta c6 thé mo rong nghiém cia (1) 1én [a,c + a’] . Diéu nay méu thuin véi dinh nghia cua
¢ . Nhu vay, ¢ =b va do lim X (¢) tOn tai nén ta co thé mo rong nghiém dénb. =

t—c

Pinh li 3.2:
Cho K la non chinh quy, f : [O,T] x E — Elién tuc, twa don diéu tang doi véi x va bi chan. Khi do,

phuwong trinh vi phan
x'(t) = f(t,x(1)), x(0) = xo c6 nghiém x : [O,T] —E.

Chirng minh:

Cé dinh pe K. Giasit M 1a hang s6 thoa ||x||p SM”x , VxeE
Theo bd dé 3.2, ton tai cac ham un:[O,T]—>E théa
2n+1 1
u ()—| f(t,u,())— <— Vtel|0,T|, (*
) (f( 2 (0) n(n+1)pj Mn(n+1) 0.7},
1
u,(0)=xo——p
n
Tur (*) ta co: Vr €[0,T]
2n+1 1
— <u (t)— f(t,u, (t))+ <
iy = f (60,0 nn+. e’

2 2
=—-——p<u ()—f(t,u (1)) <—

np 2 () f( n()) an
Do do:

(= f(tu, () Sy (D)= f (81,41 (0)), Vi €[0,T].
X . 1 1
Két hop voi u,(0)=xy ——p<xy———p=u,,,(0) suyra
n n+1

(1) Su, (1), Vi €[0,T], Vn



Mit khac, theo dinh li sb gia gidi noi ta c6

2n+1 || ||+ 1
n(n+1) b Mn(n+1)

||un(t)||S||un(0)||+T(M’+

trong 46 M'= sup ||f(t,x)||.
[0.T]xE

Nhu vay, véi mdi ¢ e [O,T] ta co day {un(t)}n tang va bi chan trén. Do K 13 nén chinh quy nén ton
tai

u(t)= lim u,(f)
X—>+00

va rd rang ham u : [O,T] — E chinh 1a nghiém cua phuong trinh
xX'(t) = f(t,x()), x(0) = x, n
Pinh li 3.3:
Cho K solid va f : [O,T] xR" — R" lién tuc, twa don diéu tang d6i véi x va bi chan. Néu
u,w:[0,T] > R" théa, Vit [0,T]
u'(t) 2 f(tu(n), w'@) < f(&,w(D), u(t) < w(t)
thi ton tai v [O,T] — R" la nghiém cua phwong trinh
x'(t) = f(t,x()), x(0) = xy (u(0) < x5 <w(0))
théa u(t) <v(1) <w(t), Vi €[0,T].
Chirng minh:
Pat f(t,x)= f(t,x)—(x—x) v6i
wi(t) néu x' > wi(t)
;i =Jx'  néu ui(t) <y < wi(t)
ui(t) néu x' < ui(t)
Ta co ]N‘ lién tyc, twa don diéu tang ddi v6i x . Do d6 phuong trinh vi phan
X'(0) = f(t,x(0)), x(0) = xg
c6 nghiém dia phuong. Goi v: [O,a) — R” 1a nghiém t4i dai ciia phwong trinh nay.
Ta di chiing minh « =T . That vay, gid st ¢ <T. Vi f bichédn va cac ham u,v 1ién tuc nén

dM = sup ||f(t,x)|| + max { sup u(t), sup v(¢)}
[0.T]xR" [0.7] [0.7]

= H]N‘(t,x)H < M +]||x

, V(t,x)e [O,T] xR"



t
= ||v(t)|| < ||x0|| +J.(M +||v(s)||)ds, YVt e (O,a)
0

t
bat z(r)= ||x0||+I(M+||v(S)||)ds ta co:
0

4
Z(0)—z2(1) = M +|v(0)]| - (”x()” +[(M+ ||v(s)||>dsJ <M, Vie[0,a)
0

nén theo bat dang thirc Gronwall
z(t) < (||x0|| + aM)e’, Vte [O,a)
= ||v(t)|| <z(r) < (||x0|| + aM)ea, Vie[0,a)
diéu nay mau thuin voi gia thiét v 1a nghiém tdi dai
Ta lai co
15 _
Vi <ty <T,v(ty) = v(t) = [ Ft.v(0)dr
gt

= |y~ 0 < (M + (o + TM )" e —1

do d6 lim v(¢) ton tai va c6 thé mé rong nghiém cua phwong trinh dén T .
t—>T

Vay phuong trinh ¢6 nghiém v:[0,T] - R".
Ta di chimg minh u(t) <v(t) <w(1), Vi €[0,T]
Léy g >0, ta chung minh
Vi sw (+e, Vnell, 2, 3, .., n}, Vte[0,T]
That vay, gia st 31y € [0,T], iy € {1,2,....n} sao cho v (1y) > w' (1) + & . Khi do, ton tai
c=inf{ re[0.T]:v0 () >wh )+, v e[nry]}
Do u® ,wio lién tuc va U 0)< W0 0)< W0 O)+& nén ¢ >0 va e (c)= W + g
Taco: Vte [c,to]
VO (1) > wio + & = v (1) = w0 (1)
va v (1) =w' (1), Vi #iy (do cah chon v (1))

vi thé, két hop voi gia thiét £ 1a tya don diéu ting ddi voi x, ta duge



7O (v = Fo (1.9 - (o -wo)
< fo i) —¢
< o (e,v(1)) < (w"o )'(z), Vi e[e] (*)
Mit khéc, 1ay & >0 du nho ta co

Vo (c+ h)—vi0 (c)= W0 (c +h)+5—(wi0 (c)+ 5) =W (c+h)—wi0 (¢)

= ?(c,wio (c)) = (vio )' (0)= (wio )' (0) (**)
Tir (*) va (**) dan toi diéu mau thuin
Vay V(1) <w'(t) + e, Vie{L,2,...n}, Yt €[0,T] cho £ 0" tanhan dugc v(r) < w(r), Vi €[0,T]
Tuong tu, ta cling chimg minh duogc u(t) <v(t), Vt € [O,T] . Vakhi do
Ftv() = @), Vi [0,T]

Hay no6i cach khac v chinh la nghiém ctia phuong trinh vi phan

x'() = f(t,x(1)), x(0) = xg m

Pinh li 3.4:

Cho f: [O; +OO)>< R" — R" lién tuc, twa don diéu ting doi véi x,

Ve K*,p e Io( va L: [O;+oo) — R lién tuc thoa

v (f@e.0))=ft.0<SLOy(y-x), Vi20,y2x
Khi do, cac phuong trinh dang

xX'(0) = f (D), x(ty) = Xy

c6 duy nhdt nghiém trén [t0;+00). Néu ta ki hiéu nghiém nay la X10.x0 thi

j L(s)ds
[ O30, O] <Vlo=30l,¢" . Viz1g *)

Chirng minh:
Goi x:[fy;w) —> R" 1a nghiém t0i dai cua phuong trinh
xX'(t)= f(t,v(t)), x(ty) = X
Dit g:[0;+0)xR" > R", (¢,x) > g(t,x) = f(t,x)— f(2,0). Vi f lién tuc, tya don diéu tang doi voi

x nén g cling la lién tuc, tua don di¢u tang do1 voi x .



Dat A:[0;+0) > [L;+00), > [ f(1,0)] , + 1. Thi V7 [0;+00) tacd

—f(t,0)0+A(t)p>0
—f(t,0)-A(t)p <0

Chon g sao cho —up < xo < up (néu xo =0 chon u=1, néu xo #0 chon = ZonpH).
Goi u: [to;w) > R"v: [to;w) — R” 1an luot 1a nghiém t6i dai cua cac phuong trinh
x'(t) = g(t,x(1)) = AU0)p, x(ty) = —pp
x'(t) = g(t,x(1)) + A0)p, x(ty) = up
Gid sir wy,w, < +oo. it u; :[1g;w;) > R",t+ 0. Ta co
o W()—g(tu())=—-Anp<0=u(t)—g(t,u (1)), Vi €t W)
o u(t)=-up<<0=ul(ty)
= u(t) < uy(1)=0, Vi €[ty w)
Tuong tu, ta cling c6 v(¢) >0, Vte [to,wz) .
Xét
(wow) 0=y (/o)
=y (f(t,0)) = f(t,u(n)+ A0 (p)

< L@)(y o () () + A (p)

Ap dung bét dang thirc Gronwall, ta co

t _]2 L(r)dr j.L(s)ds
w (-u®) <| w (-ult)) + [ Asw(ple 0 ds |

Iy
Pat vé phai cua bat déng thirc 12 A(¢). RO rang h lién tyc trén [to,wl] nén ton tai M = max (7).
Io,Wl

o

Viye K" nén theo ménh dé 1.9 tdn tai a, 3 >0 sao cho

a”x”p <y(x)< ,B||x| o VteK

Do d6, ta co

y(u®) h@) M
a a «a

||u(t)||p < Vit e [to,wl)

Diéu ndy mau thuin véi gia thiét u 1a t6i dai. Suy ra w; = +oo

Tuong ty, ta cling chimg minh dugc w, = 4o



Ta lai c6
o X(O)—f(,x())=0>—f(1,0)—A)p=u'(t)— f(r,u(t))
X' = f(6,x(0) =0 < —f(,0)+ A()p =v' (1)~ f(,v(1)), Vi e[tg,w)
o u(ty) < x(fy) =0 < v(ty)

= u(t) < x(t) < v(t), Vi e[1y,w)

= [x@-u@)], <[ -u@)] . vt &[to.w).

Gié sir w <400, khi d6 vi u,v 1a c4c ham lién tuc trén [7y,w] nén ton tai

M, = nax )], M5 = nax [voy-ue],
=[x, <M, +Mj, Vi [ty,w). Dicu nay mau thuan véi gia thict x 1a nghiém toi dai.
Vay w=+o0
Ta di chirng minh nghiém x 1a duy nhat. Cé dinh & > 0, xét cac phuong trinh
x'(t) = fi (6, x(1)), x(tg) = xy—€p (1)
x'(t) = fo (6,x(1)), x(tg) = xy + &P (2)
Trong do f(t,x)= f(t,x)—¢p, f,(t,x)=f(t,x)+¢€p
Ta co f,f, lién tuc, tya don diéu dbi véi x va véi y=>Xx
v (A6~ [160)) =y (L) = H60)) =y (f(5y) = ft,x)) < Ly (y - x) Do d6 theo chimg
minh trén (1) va (2) ¢6 nghiém lan luot 13
U, : [t0;+00) —>R"v,: [t0;+oo) — R"
Pé y rang khi d6:
o u,()-f(tu,())=—ep<x'(®)—f(1,x(2)), Vt 21,
Vo) = f (v, (D) =ep> x'(t)— f(1,x(1)), V=1,
o u (fy)=xy—ep<<x(ty) <xy+ep=v.(ty)
= u (1) << x(t) K< v (1), Vi 21,
Bay gio, gid st y: [t0;+oo) — R" cling la nghiém cua phuong trinh
xX'(t)= f(t,v(t)), x(ty) = X
ta cling co duoc u (1) < y(t) K v.(1), Vt =1,

=u () —v (1) << x(t) —y(t) < v (1) —u,(r), Vi 2 ;. Nén



Jx(6) - y(t)”p <|v (- ug(t)”p < éy/ (vo()—u, (), Vi =1,
Ta lai co
(weo(v, - ug))' (t)= y/((vg ~u,) (r))

=y (f (69, () = £ (t.uy (1)) )+ 269(p)
<Ly o (v, —u, ) () +2ep(p) Vi1,

Ap dung bét dang thirc Gronwall ta dugc:

jL(s)ds
o (v () —u (D))< (v o (v, —u, ) (tg) + 26w (p)(t— 1) ) "

C dinh 1 > 1y, cho & — 0" ta duge [x(r) — y()] , <0
= x(t) = y(t), Vt > 1, hay x =y
Ta di chirmg minh (*). C6 dinh ¢ >0, dat:
1=+ 30 o 3ollp) -
o= (50430 ~v0 ~ o p) + 20
Ta co:1y < Xo < Vi thy < Yo < Vg va [vg —ug|| , =[xo = ¥o , +2¢

Xét cac phuong trinh

X'(@)=f(t,x(1)—ep, x(fy)=u,
xX'(t) = ft.v(t)+ep, x(ty)=v,
Céc phuong trinh nay c6 nghiém lan luot 1a
u, :[ty,+0) > R" v, :[ty,+0) > R"
Ta co

o w0~ f(tu0)=-ep<0=x; . (O-F(tx, , ®)
= x”o’yo (1) _f(t’xfo,yo (t)), Vi,
V)= (v, (0)=—ep<0=x; . (0= F(t.x, . )
= x;MO (t)—f(t,xtoyo(t)), V>t

o u(f) < Xy xo (ty) < v, (1y); u (ty) < X4 %0 (ty) < v, (1))

=u ()< X10.%0 )<y (1), u (< X100 O <y (1), Vi=1,



Lai co
(wo 0 =) O =w (0~ 1)
=y (f (v, (0) - f(tuy (D)) +2ew(p)
SL(Oyo(v, —u )t)+2ew(p), Vi1,
Ap dung bét dang thirc Gronwall ta dugc:

jL(s)ds
o (v () —u (D)D) < (o (v, —u, )(tg) + 26y (p)(t — 1) ) "

j L(s)ds

=(w vy —up) + 2ew (p)(t — 1)) €"
: Do d6 Vi1,
jL(s)ds

( Blvo o], + 22w (p)(1 - to))e’o

IA

jfL(s)ds
<(B(I - xoll, +2¢ )+ 280 e -t} vz,

< g( ,B(on -, + 25) T 2ep(p)(i— IO))e"I) o

x’o’xo () - x’o’xo »

Cho & » 0" ta duoc (*) m



Chuong 4:
PIEM BAT PONG CUA ANH XA TUA PON PIEU TANG

4.1. PIEM BAT PONG CUA ANH XA TUA PON PIEU TANG

Dbi v6i anh xa tang ta co dinh 1y diém bat dong sau:
Gid sit f la anh xa tdng va ton tai cdc phan tir Uy, Vg, Uy <V sao cho
1. uy < f(uy), f(vy) <,
2. Véi moi day tang { x, } < [uy, vyl thiday { f (x,)} hoi tu

Khi dé f c6 diém bat dong trong [1g,Vp]

Trong chuong nay ta s€ mé rong dinh ly trén cho anh xa tua don di¢u tang.

Pinh li 4.1.1:
Cho T >0, g la mét ham kha viva y:[0,T]— R" la nghiém ciia phwong trinh y'(t) = g(y(1)).
Khi dé:
e y ting néu g(y(O)) >0
oy giam néu g(y(0))<0
Chirng minh:
Gia str g((0)) >0, ta di chimg minh y ting.
Pit
[:[0T]xR" >R, f(t,x)=g'(y®))x
Dé théy réng f la tya don diéu tang va Lipschitz dia phuong ddi voi x.
Pat u,v:[0,T]—>R" u(t)=0 va v(t)=y'(t). Taco
o u(t)—f(tu®)=0-f(,0)=0
V()= ftv(@) =y"()—g'(y1®)y () =0
= u'(t)— f(L,u(@®) <V'(#) = f(t,9(1))
o u(0)=0<g(y(0)=y'(0)=v(0)
Nén suyra 0=u(t) <v(t) =y'(t), V¢ €[0,T]. Vay ham s0 y ting
Chirng minh tuong ty cho truong hop g( y(O)) <0 u

Pinh li 4.1.2:



Cho uy,v, € R", g kha vi lién tuc, twa don diéu tang sao cho uy <vy, g(uy) 20, g(vy) <0. Khi

do, ton tai x, € R" sao cho g(x,)=0.

Chirng minh :
Do g la tya don diéu tang nén phuong trinh y'(z) = g( y(t)) cO nghiém.
Goi u, v 1an luot 1a nghiém cua cac phuong trinh
YO =g(y(®), y(0)=u,
Y@ =g(y@), y0)=v,
trén [0,+00)
Xét ham f(¢,x)=g(x),tacd ftua don di€u tang, Lipschitz dia phuong va:
u' ()= f(tu®)=0=v'(t) - f(,9())
u(0) = ug < vy =v(0)
= u(t) < w(1), Vt €[0;+0)
Theo dinh 1i 4.1 ta ¢6 u 1a ham tang, v 1a ham giam.

Vi u ting va u(r) <v(t) <v,y, £20 nén ton tai lim u(r). Dat giéi han nay 1a x, thi ta c6
—0

g(xy) =0. That vay, véi moiie {1,2,...,n} vi g;lién tuc nén g;(xy) = lim g; (u(t)). Chu ¥ rang u;
t—+00
la ham kha vi va g; (u(t)) =u;(t), ta tim dugc déy{tn}nsao cho t, e(n—1,n) va

u,(n)—u;(n—1)=g; (u(tn)), Vn. Ta viét

ui(n) =Y (u;(k)—u;(k=1)) =" g (u;(1)), n=1,2,...

Do lim u;(n)=x{ nén chudi Y. g (u(r,)) hoi tu. Dicu nay dan téi lim g (u(t,))=0 hay
n—>+0w k=1 n—»0

gl(.xO) = 0 ]
Pinh i 4.1.3 Cho g:R" — R" kha vi lién tuc va twa don diéu ting. Cho Uy, vy € R" sao cho
uy <vy, 8lug) Zuy, 8vy)<vy. Khidd g co diém bat dong trong doan thir tw (1, V]

Chirng minh: Ap dung dinh 1i 4.2 cho x — g(x)—x n

Pinh li 4.1.4:



Cho khong gian Banach E c6 thir ty sinh boi non chinh quy K, f: E — E lién tuc va tuwa don diéu
tang. Gia sir ton tai 1,& € E théa
o Néu x>nthif(x)<¢&
o n<fm

Khi @6 [ c6 diém bdt dong z, théa N < zy <K &

Chirng minh:

Dt p = f(ﬂ;—ﬂ

ta co pe[o( vaf(n)—-n—p>0
X¢ét anh xa
g2:[0,40)xE > E (t,x) g(t,x)=f(x)—x—e'.p
Thay rang ¢ 1a lién tuc, tya don diéu ting nén phuong trinh vi phan
xX'(t)=f(t,x(@®); x(0)=n (1)
c¢6 nghiém dia phuong. Goi x :[0,a) = E 1a nghiém tdi dai, ta co:
x'(0)=g(0,x(0)=f—n—-p>0
Do d6, ton tai 6 € (0,a) dé x(t)>n = x(0)
e X tingtrén [0,q). Thay vay, ly 7 € (0,5], dat
x ()=x(t+7), t€[0,a—7)
Ta co:
X1 — g(t,x(£) =0 < (e" —e " ) p=x'(t)—g(t.x, (1) Vte[0,a—r)
x(0)< x,.(0)
= x(t) < x,(t) hay x(t) < x(t+7) Vte[0,a—-7);V7re(a,o]
Véi 0<t, < t, <a, ta chia doan 1,,t, béi cac diém chia
=t <ty<..<t)=t, saocho 0<t/ -t <9, i=12,..,n.Khido,taco:
x(t) =x(t) < x(th) <K ... < x(1,) = x(tp)
e Tadi chimg minh xbi chan trén [0,a). That vdy, cha ¥ rang voi mdi £ >0, x(r) > x(0) =7 nén

f(x(t)) <& vataco

(= fx@)-xt)—e".p; x(0)=n

=x()=e'n+ Ies_’f(x(s))ds —te’'.p
0



Se".f;+<1—e_’)§—t.e_’.p
:e_’.(n—ﬁ—t.p)+§£§

Do d6, vi K 1anén chinh quy, nén lim x(7)ton tai. Dat giéi han nay 1a Zg,tacd nKzy <.
X—>00

Choe>0,vi lim x(¢) =z, nén ton tai f; sao cho Hf(s(t)) —f(zO)H < f, Vi>t.Va lim I(t)=0
t—>+00 2 t—>+00

h
1) = [ [ f(x(s) = f(z)]ds — e f(z)
0

nén ton tai t, sao cho ||I(t)|| < g, Vt>t,

Ta viét

O ey~

& (x(9))ds - f(z9) = [ €[ £ (x(9)) = f(zg) ]ds— e F(z9) =
0

= [ [ £ (x(9)) = f(zg) Jds + [ [ £ (x()) = f(z9) |ds — e (z9)
0

h

Ies_’f(x(s))ds — f(zy)

0

= <§(1—e’1_’)+§<5, Vit >max{t,t,} .

t
Hay Ilim J.es_’f(x(s)) = f(zp). Cho t — +ootrong (*) ta dugc z; = f(z,).m
0

t—>+00

4.2 Anh xa tya don di¢u ting va bai toan cue tri.

Trong phén nay ta s€ nghién cuu sy tdn tai ctia diém bét dong boi cua toan tir lién tuc tua don di¢u
tang trong khong gian Hilbert.

Phuong phép str dung trong phan nay duwa trén khai niém tap bat bién theo quy dao giam.

* Cac khai niém.
Cho H 1a khong gian Hilbert, /:H >R, f € C*", f' =x— Axva A: H — H 1a toan tir tya don
diéu tang.

Xét bai toan I'VP sau :



d.
2 Ax—x
dt (4.2.1)
x(0)=x,
Theo 1y thuyét phuong trinh vi phan trong khong gia Banach, bai toan (4.2.1) c6 nghiém duy nhét,

ki hiéu béi x(7,x,), véi khoang tOn tai nghiém 16n nhét bén phai 1a [0,7(x,)).

Dinh nghia 4.2.1:

Cho M, la mét tp con ctia H. Néu {x(z,x,)|t €[0,7(x,))} = M, thi M dugc goi Ia tap bét bién theo

quy dao gidm cua f .

Ta c6 cac bo deé sau:

B6 dé4.2.1: f(x(t,x,)) la gidm véi moi t €[0,7(x,)).

That vay, ta cé

ccl]l’_j;(x(l‘,xo)) = 1 (x(a, Xp), X', X))

= (x(t,xo) - Ax(t,xo),x/(t,xo))
= (—x/ (t,x,),x' (l‘,xo))

= —Hx/ (t,xo)H2 <0.

B6 dé4.2.2 : Cdc két lugn sau la ding:
(i) H la tap bat bién theo quy dao giam cia f .
(ii) Néu {Mﬂ \ue A} la mét ho cdc tdp bat bién theo quy dao giam cia f, ¢ day A la mot

tdp chi 6, thi cac tip U M,, N M, ciing la tap bdt bién theo quy dao giam cia [

HEN HEA

(iii) VéimoiaeR, cactip f-,va f° déu la cdc tdp bat bién theo quy dao giam cia f .

Pinh nghia 4.2.2 : Cho M va D 1 céc tap bat bién theo quy dao giam cua f,Dc M . Dit
C,, (D) ={x,|x, € M ,ton tai t'€[0,7(x,)) théa x(t',x,) € D}.

Khi d6 C,, (D) goi la mot tap bat bién theo qui dao giam sinh bgi D.

Néu D=C,,(D), thi D goi la mot tap bat bién theo quy dao giam day du cua f dbi véi M.

Nhan xé&t:



1) H 1a mot tap bat bién theo quy dao giam day du coa H.
2) Néu D,, D, la hai tap bét bién theo quy dao giam roinhau ciia f, thi
C,(D)NC,,(D,)=D.

Bo6 dé 4.2.3: Gid st tdp lién théng M la mét tép bat bién theo quy dao gidm ciia f, D la mét tdp
con mé cia M va la mét tdp bdt bién theo quy dao giam day dii cia f . Néu D+ M thi bién ciia D

doi véi M, ky hiéu 0, D, khac rong va la tdp bat bién theo quy dao giam day di cia f .

Chirng minh
Do cic gia thiét M lién thong va D # M nén ta co 0, D#J

That viy, néu 8, D=2 thi DU(M\BM)=M,Dm(M \BM)=®
(Ky hidu D" d& chi bao déng cua D dbi véi M). Didu nay mau thuin véi gia thist M 12 tap lién

thong.
Trudc hét ta chimg minh 0 D 1atap bét bién theo quy dao giam ciia [, tic 1a

{x(t,xo)‘t € [O,U(xo))} c0,D ,vé6imo1 x,€0,D.

Gid sir tréi lai, v6i moi x, €0,,D , ta xét bai toan IVP (4.2.1). Néu ton tai ¢’ €[0,7(x,)) sao cho
x(t'x,) €0, D, khi dé x(t',x,) e DU (M \D" ) ( theo dinh nghia ciia bién)

Néu x(¢', x,)eD thix,eC,,(D)=D (viDlatap bét bién theo quy dao giam day da cua f). Pidu
nay mau thun véi x, €9,,D va D 1 tip con mé& clia M.

Mit khéc, néu M \BM =, x(t',x,)eM \BM , chuy réng M \BM 1a mé dbi v6i M, do su phu
thudc lién tuc ciia phuong trinh vi phan véi diéu kién dau, ta biét rﬁng ton tai mot 1an can U cua

x, trong M sao cho véimoi x, eU, ton tai ¢’ € [O,U(x/o))sao cho x(¢',x,)e M \D"" ta co thé
ldyx. € DAU sao cho x(¢',x',)e M\D" .Diéu nay mau thudn véi gia thiét D 1a tap bat bién theo

quy dao giam cua f .

Vay {x(t,x,)|t [0,7(x,))} < 8,,D.
Vi 8,,D1a mot tap dong d6i voi M nén 0,,D1a tap bat bién theo qui dao giam cua f .
Tiép theo, ta chimg minh 8,,D1a tap bat bién theo quy dao giam day du caa f , tirc 1a

C, @,D)=0,D



Hién nhién, ta c6 8,,D < C,, (8,,D)

Ta chimg minh C,,(06,,D)c0,,D.

Véi x, € C,, (8,,D) = M, thi ton tai ¢, €[0,7(x,))sao cho x(t,x,)ed,D.Khidé x, ¢ D(viDla
tap bat bién theo quy dao giam day du cua f).

Gid sir x, e M\ D' . Xét bai toan IVP sau:
dt (4.2.2)

Goi ;(t) 1a nghiém duy nhét cua (4.2.2). dat 7 = t,—t,khido

dx(t, —t,x,)
dt
_dx(7,x,)
d(t, —7) (4.2.3)
__dx(z,x,)
dr
=x(t, —t,x,) — A(x(t, —1,x,))
Piéu nay c6 nghia x(t, —t,x,) langhiém cua hé (4.2.2).
Do tinh duy nhat nghiém ciia hé (4.2.2), ta c6

x(t)= x(t, —1,x,) 0<r<1, (4.2.4)
va }(t) =x(0,x,) = x,. Do sy phu thudc lién tuc ciia phuong trinh vi phan voi diéu kién dau, ton tai
mot 14n cén U ciia x(0) trong M sao cho véi moi x, eU , ton tai ¢ e [O,U(x;)) Thoa
X ({)eM\D". Gday, x () ki hiéu cho nghiém duy nhét cia hé
—=x-Ax
dt 4.2.5)
x(0) = x,
Va [O,n(x; )) ki hiéu cho khoang ton tai nghiém 16n nhat cua X (1). Pic biét ta co thé 1ay

x, € U N D va xét bai toan IVP sau:

& =Ax—x
di (4.2.6)
x(0)=x (¢)

Bang cach ching minh tuong ty nhu (4.2.3) va (4.2.4), ta ¢6



x(t,x ) =x (' —0),0<t <. 4.2.7)
Ly ¢ =¢ trong (4.2.7), taduoc x(t,x () =x (0)=x, € D.
Do dé, x (t)e C,,(D). Vi C,,(D)=D, nén x (t') € D. Diéu nay mau thudn véi x (/') e M\D" .

Dodé x, e M\D' hay x,e DUd,D.Vix, &D, nén x,ed,D.

B6 dé 4.2.3 duoc chtrng minh. n

B6 dé4.2.4 :  Cho M la tdp lién thong va la tdp bdt bién theo quy dao giam ciia f, D la mét tdp
con mé ciia M va ciing la mét tdp bat bién theo quy dao giam cia f . Khi d6

i) C,,(D) la mot tap con mo cua M.

ii) Néu C,, (D) # M,xing f(x)>—o0, thi inf Sz xiegwa f(x) trong @6 8,,Dva 8,,C,,(D) lan

xe€0y;Cy (D
luot la bién cua D va ciua C,, (D) doivdi M.

Chirng minh. ‘ ‘ ) )
Do ’[iI}h phu thudce lién tuc ctia phuong trinh vi phan vao diéu kién dau, nén ta c6 két luan thur nhat
cua bo de. ‘

Gia str ket luan cua ii) khong ding, khi do ton tai x, € 0,,C,, (D) sao cho f(x,) < iIalfD f(x). Vi
f(x) lién tuc nén tdn tai mot 1an can mo U cua x, trong M sao cho U N C,,(D) # <, va véi moi
xeU, f(x)< iIalfo(x) . Ta ¢6 thé chon x, €eUNC, (D) vaxétbaitoan IVP (4.2.1) voi gid tri
dau 1a x,. Khi do, ton tai ¢’ e [0,77(x,)) sao cho x(t/,xl) e D. Do d6, ton tai ¢ € (O,t/) voi

x(£,x,) € 8,,D. Theo B dé 4.2.1 (f 1 ham giam), va do x(z,x,)> x, = x(0). ( f gidm theo bién ¢,
te (0,) ), taco

S (3x)) < f@) < inf f(x).

Diéu nay mau thuan. Vay két luén ii) ctia b dé dugc chirmg minh. [

Dinh ly 4.2.1:

Gid sir M la tdp déng bt bién theo qui dao giam cia f, f théa diéu kién P.S. trén M, va
inAtl’f(x) >—o0 . Khidé, [ cé it nhat mét diém t6i han trong M, va ¢ = inﬁt; f(x) la gia tri toi han

cua f .
Chirng minh
: — A 1
Dat c=1nA£f(x). V6imoi n e N, ton tai x) saocho c< f(x))<c+—.
Xe n
bat x(t,xg ) 1a nghiém duy nhét cua (4.2.1) va [O,n(xg )) 1a khoang ton tai nghiém 16n nhat.

<0, (428)

4 d n n n n
Tacs — f(xx)) = £ (x(t.x).x' (txg) = =[x (1, %)
Do bat dang thire Holder, ta co



1
T||x/ (t,x)[ dt < U”x/ t,x)[ dt}z (t,—1, )5 . 4.2.9)

Mait khac tir (4.2.8), ta suy ra

f ' (2. "t = —f% f(x@x))dt = f(x(t.x)) - f(x(t,x0))  (4.2.10)
Do f 1a ham giam theo bién ¢ trén [O,U(xg)) ,0<¢ <t,<n(x,)),tasuyra
S (x(,x)) < f(x(0,)) = f(x7) 4.2.11)
Vi c=£161]£f(x), x(tz,xg)eM,

Nén f(x(tz,x(’)’)) > ¢ hay —f(x(tz,x(’)’)) <—c (4.2.12)
Twr (4.2.9), (4.2.10), (4.2.11), (4.2.12), ta suy ra

ety xg) = x(t, x| < (S () =€) (8,1, )5 (4.2.13)

Béy git ta chimg minh 7(x; ) =+o0. Gia st trdi lai 77(x; ) <+,

Do (4.2.13), ta thiy [x(1,,x]) = x(4,,x;)| — 0 khi ¢, > 5(x})" va £, = n(x})". Do d6 ton tai x" € M

ho lim x(z,x")=x".

sao cho Lm x( X, ) X

Suy ra, khodng tdn tai nghi¢m 16n nhét ctia x(z,x; )1a [ 0,77(x;))+8(x") véi 5(x")> 0. Pidu nay
mau thuan véi tinh cuc dai ciia [O,U(x(’f))

Viy [ 0.7(x)) =+

Twr (4.2.8) véimoi t> 0 ta co

f || f/(x(t,xg))nz dt = f (x(0,x)))— £ (x(t,x7)) < f (%) — ¢ < +o0

Vi thé ton tai t € {(x(t,xg)>|t € [O,U(x(’}))} ,t, = 400 sao cho

1
ch(x(tn,xg))Sf(xg)Sch;, | f/x(@,,x)
Phiém ham f thoa: voi moi ddy {y,},», =x(t,,x;),{ f(»,)} bi chan lim”f’(yn)” =0, nén theo diéu

1
<=
n

kign P.S. day {y,} c6 ddycon {y, } hoi tu. Gia sit lim{y, |=y,, khi d6 y, e M (Vi M déng).

ng n

Do f(y,)< () <ct—

n
Cho k — o trong (4.2.14),kta dugc f(y,)<c.

Mat khac, do ¢ =£161A£f(x), Y, €M nén c< f(y,).

Do d6 f(y,)=c=inf /(x).

bicu nay chimg to y, la diém téi han cua f va f(y,)=c= }Cg\g f(x).m

Tir cac B6 dé 4.2.3 va 4.2.4 ta ¢6 dinh 1y sau:

DPinh ly 4.2.2:
Gia su M la tdp lién thong va la mét tdp bat biéen theo quy dao giam cua f, D la mot tdp con mo
ciia M va ciing la mot tdp bat bién theo quy dao giam cua f . Khi d6



i) C,,(D) la mét tap bat bién theo quy dao giam cia [ va C,, (D) la mot tap con mo cua M.
ii) néu C,(D)=M, thi 0,,C, (D)la mot tap bdt bién theo quy dao giam day di.
iii) Néu C,,(D)# M va iIalfD f(x)>—othi inf(D)f(x) > iralfD f(x).

x€0,,Cyy

DPinh ly 4.2.3: o
Gia su M la tap lién thong va la tdp bat bién theo quy dao giam cua f, D la mot tdp con dong cua
M, intD #Q.(intD ky hiéu cho phan trong ciia D déi véi M), va D la tap bat bién theo quy dao
giam cua f . Gia sw f thoa diéu kién P.S. trén 0,,D, f khong co diém tdi han trén 0,,D va

inf f(x)>—o0. Khi dé, cdc két ludn ciia dinh Iy 4.2.2 van diing

xedy D

Chirng minh

Ta chi can chimg minh C,, (D) 1a mgt tap con m¢ cua M.

Véimoi x, € C, (D)ton tai ¢ €[0,7(x,)) sao cho x(¢,x,) € int D

Khi d6 do tinh phu thudc lién tuc cia phuong trinh vi phan vao diéu kién dau, ta co C,, (D) la mot
tap con mo cua M.

Dinh 1y 4.2.3 dugc ching minh. ]

4.3 Su ton tai nhiéu diém bat dong ciia cac toan tir twa don diéu ting.
Trong phén nay, ching ta dé cap tdi cac diém bat dong boi cta toan tir tya don diu tang.

B6 dé 4.3.1:
Cho P la nén trén E. Gia sit rang.

(i) u,veCl(ty,t,+a),E |, f €C[(ty.t, +a)xE,E | va f(t,x) la twa don diéu ting theo x véi mdi
tety.t,+a).

(i) u' ()= f(t,u(®)) <V (¢) = f(,9(1)), t€[tyt, +a).

@ii) |f(@t,x)—- [y <e(t

Khi do, néu u(t,) <v(t,), thi u(t) Sv(t),t €[t,.t, +a).

xX—y ),er\P,ye@P,vo”ig la ham duy nhat.

Bay gio, ta dat thém mot sé diéu kién:

(H,) Cho H la mt khong gian Hilbert, P < H lanénsolid, f: P — R 1a ham thuoc C*°. Gia st
f'(x)=x—Ax,A: P— P latyadon diéu ting, va f thoa diéu kién P.S. trén P.

(H,) Ton tai x, eintD,y, eintD sao cho Ax, <x,, A4y, > y,.

Véi diéu kién (H,), thi P 12 mot tap bét bién theo quy dao giam.

Pinh Iy 4.3.1



Gid sir rang cdac diéu kién (H)), (H,) dung .
i)y, Xx,

ii) in[flf(x) > —oo, f khéng c6 diém toi han trén 0,D,, trong d6 D, = [Q,xo].

Khi d6 A c6 it nhdt hai diém bdt dong trén P.

Chirng minh

bit D,={xe P:x>y,}. Vi H 1a khong gian Hilbert va P 1a tap 16i dong nén theo bd dé 4.3.1 thi
D,, D, 1a cac tap bat bién theo qu¥ dao giam ctia /. Vi y, £ x, nén D, "D, =D . Theo dinh nghia
cua C,(D,),taco C,(D)ND,=0,C,(D,)#P.

Tlr d6, theo Dinh 1y 4.2.3 thi 8,C,(D,) 1a mot tap bat bién theo quy dao gidm ciia f va

¢, = Inf )f(x)zxieg’[;)lf(x)>—w.

x<0,Cp (D)
Dit ¢, = gll;[l f(x) . Theo Pinh ly 4.2.1 thi c,,c, la cic gia trj t6i han va ton tai x,,x,sao cho
x,€0,C,(D), x,eD,, f(x)=c,i=12.
Do d6 f/(x)=0,suyra x, — Ax, =0 hay x, = Ax, . Vay x, 1a diém bat dong ctia 4 trén P.
Tuong tu ta cling co x, 1a diém bat dong ctia A4 trén P.

Dinh 1y dugc chimg minh. [

Pinh 1y 4.3.2:
Gid st cac diéu kién (H,), (H,) théa va
D) Yy <X,

ii) Ton tai z, € D,voi z, £ x, sao cho max {f(@),f(zo)} < inf . f(x), oday

x€0p (DyND,
D, =[6,x,],.D,={xeP|x>y,}.

iii) f khong c6 diém téi han trén 0,(D, N D,), inf f(x)>—oo.

xe0p (D, UD,)

Khi d6, A c6 it nhdt 5 diém bat dong.

Chirng minh

bat D, =D, N D,. Theo B6 dé 4.3.1 tasuyra D,,D, 1a hai tap bét bién theo quy dao giam ctia f .
Vay D, cling la tap bét bién theo quy dao giam ctia f . Theo (4.3.1), ta suyra

0¢ CDI (D3)’ZO & C02 (D3) :



Tu Pinh Iy 4.2.3, ta c6 8,C,, (D,),0,, C,, (D,) 1a hai tap bat bién theo quy dao giam cua f .
bit F,=D\C,(D,), F,=D,\C, (D,) ta chimg minh dugc rang F(i =1,2) la céc tap bat bién
theo quy dao gidm cua f .
Dt
o= inf, [, ¢,= inf [0
¢, =inf f(x) ¢, =inf f(x). ¢, =inf /(x)
Theo Pinh Iy 4.2.1, ta c6 ¢, (i =1,2,3,4,5) 1a cac gia tri t6i han, va ton tai nam diém
x.(i=1,2,3,4,5) sao cho f(x,)=c,(i=12,3,4,5).
RO rang x,(i=1,2,3,4,5) lanam diém cb dinh cia A4.

Dinh ly dugc ching minh. [ ]

Bo dé 4.3.2:
Cho X =R?, f: X > X, f((x,2)=(fi(x,); £,(x, ). néu f,(x,y) la ham ting theo bién y va

S, (x,») la ham tang theo bién x thi f la twa don diéu tang.

Chirng minh.
Pat K ={(x;y)eR*|x>0,y>0} va K" ={(a;;a,) e R*|a, 2 0,a, > 0}.
Véi (x:y).(x'5)) e Ks(xp) <(x53). Vo =(a;a,) e K" théa ¢((x,y))=¢((x',»")), tacin
chimg minh ¢(f(x,7))<o(f(x.)))
That vay, ta co o( f(x,1)) = a.f,(x,y) +a,f,(x, ),
o(f( ) =afitx ¥+ a i)

T o((x,3))=((x',))), suyra ax+a,y=ax'+a,y hay a(x-x")=a,(y' - )
(4.3.2)
Viag >0 va x<x'nén a,(x-x)<0
Tuong ty, vi a, >0 va y<y' nén a,(y' —y)>0
[a,=0vaa, =0

a, =0 vay=y'

Do dé6 (4.3.2) xay ra khi va chi khi . )
a,=0vax=x

| x=x"vay=)'



e Néug =a,=0, thi p(f(x,»)=0(f(,)))=0
¢ Néug =0vay=y', thio(f(x.»)=a (L) vae(/.¥))=a(L(E.))
Do f, la ham ting theo x va x <x', nén ¢( f(x,y))< (p(f(x/,y/))
o Néua,=0vax=x',thi o(f(x,3)=a/(/fi(xy) vao(f(.3))=a(f(x.)))
Do f; la ham tang theo y va y < y'nén o( f(x,y))< (p(f(x/,y/))
e Néux=x'vay=y' thi (p(f(x,y))égo(f(x/,y/))
Vay B6 dé duoc ching minh. [ |
Vi du 4.3.1.
Cho H=R’, P=R"xR*. Xétanhxa 4:R*> > R’,
A((x,x,)) = [%(1+sinxl)+%x2,ixl +57Z'(1+cosx2));(xl,x2) eR?. Khi d6 4 c6 it nhat hai diém

béat dong trén P.
That vay

. ., 1 ) 1 . . ) .
Tacod A: P —> P la tya don diéu tang vi 4nh xa x, |—>§(1+smxl)+2x2 tdng v&i moi x, va
1 ~ r. .
i +57z(1+cosx,) ting véi moi x,.
Pit
1 2 2
f(xl,xz)=5(x1 +x2)—g(xl,x2),

1 1 1 .
g(xl,xz)=§x1 ~ g M oOs X+ X, +57x, +5sinx,.

og(x,x,) 0g(x,x,)

= (1(1Jrsinxl)Jrlxz,lx1 +57r(1+cosx2))
Khi do, ta co ox, ox, 8 474 _

=A((x.x,))
[af(xl,xz)’af(xl,xz)j =(xl’x2)_[8g(x1,xz)’ag(xpxz)J

OX, ox, ox, Oox,

=X-A((X1,x2))

voi x=(x,x,)

dit x, = (%,7:), y, = (7,87). Khi 6, ta co



1 . 1 1
Ax, =| - 1+sin +—7z,—£+57z(1+cos7z)
8 2) 4 42

1 = x Vs
= —+Z, 2 |<| 27 | =x,
4 4°8 2
1 ) 1
Ay, = §(1+s1n7r)+27r,z7r+57r(1+cos,87r)

:[%+27Z’,%7Z’J>(71',87T) = o

By gio ta chimg minh f(x,,x,)>-57 —%,(xl,xz) € [0,%:‘)([0,72’].
e A Ta 1 1 NS T . T T,
Thét vay, ham g(xl)=§cosx1 —gxl giam trén O,E , nén g(xl)Zg 3 =——, ham

g(x,)=-57zx,—5xsinx, gidm trén |0,7 | nén g(x, )= g(7r)=-57,va V(x,x,)e 0,E x|0,7],
2 2 2 1 1 2 2

1 1 1
ta co h(xl,x2)=5(xf erf)—lex2 > XX, e =N >0.

T y, >x,,y,%x, (dox,-y,¢P) va
f(xl,x2)>—57r2—%,V(xl,xz)e[o,%}x[o,ﬁ],

: ,
Ta suy ra xi[%go]f(xl’XZ) >-57 BT

Ta ciing chimg minh dugc rang A[%,y) ;t[%,y),A(x,;r) ;t(x,;r),OSxS%,OSyS;r.

Vay f khong co diém t6i han trén bién cia [o,ﬂ x[0,7]. Theo Dinh ly 4.3.1, thi 4 c¢ it nhat hai

diém bét dong trén P.



KET LUAN

Ttr qué trinh nghién ciru tai lidu, cing v6i su hudng dan, tan tinh 1i giai thém cua thay hudéng
dan t6i da ndm duoc ndi dung ly thuyét vé anh xa twa don diéu tang trén khong gian co6 thu tu. bén
nay theo cach hiéu ctia minh, toi di trinh bay lai cac két qua nghién ctru dugc trong ludn van voi
bdn chuong. Trong ludn vin nay t6i da cb gang 1y giai chi tiét hon, cu thé hon nhitng chd kho véi
mong mudn ban doc chi cin c6 nhiing kién thic co s¢ vé giai tich sb va giai tich ham ciing c6 thé
tiép nhan dugc ndi dung cia tai liéu nay. Pong thoi i cling thém vao mot sé ménh dé ma theo toi
nghi voi két qua cta nd ching ta s& d& dang hon khi tiép can vai cac chimg minh, cac két qua trong
tai liéu. Toi hy vong voi ludn van nay s& gop phan lam cho 1y thuyét vé khong gian c6 thir tw, anh xa
tua don diéu ting trd nén phd bién hon, gin giii hon véi cac sinh vién hoc toan. Va t6i nghi néu dé
tai duoc tiép tuc nghién ctru va phat trién chic chan s& con nhiéu diéu thi vi duoc tim thay.
Pay 1a 1an dau tién toi soan thao mat tai lidu 16n; véi qui thoi gian cling trong d6i ngan va kién thirc
c4 nhan ciing con han hep va tdi cling chua c6 kinh nghiém  trong viéc trinh bay mot vin ban vi thé
chéc chin s& c6 nhitng han ché, thiéu sot. Toi rit mong nhan duogc sy gop y chan tinh cta quy thay

cO va cac ban.



TAI LIEU THAM KHAO

[1] K. Deimling (1984)
Nonlinear Functional Analysis, Springer-Verlag.
[2]G.Herzog (1988).
A fixed point theorem for quasimonotone increasing mappings.
Acta Sci. Math (Szeged), 64, 293, - 297 v57,35-43
[3] G.Herzog (2000).
On quasimonotone increasing systems of ordinary differential equations.
Portugalie Math, v57, 35-43
[4]G.Herzog (2000).
A funnel section property for systems with quasimonotone increasing right- hand side.
Glasgow Math. J, 239 — 242,
[5] G.Herzog (2000).
Quasimonotonicity..
Nonlin Anal, 47,2213 —2224.
[6] S.Hu (1988)

Fixed points for quasimonotone maps in R" .
Proc.Amer. Math. Soc, 115, 1111 —1114.
[7] P. Volkmann (1972)
Gewohnliche differentialungleichungen mit quasimonotone wachseden

functionen in topologische vektorraumen.

Math. Z, 127, 157 — 164.



		2011-03-24T08:41:12+0700
	THƯ VIỆN




