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LOI CAM ON

Dau tién t6i xin bay to long biét on sdu sic nhat dén PGS.TS Nguyén Anh Tuén, ngudi di
tan tim hudng dan va tao diéu kién tdi da dé t6i c6 thé hoan thanh luan van.

T6i xin gui 10i cam on dén Quy Thay, C6 trong Hoi dong chidm ludn van da gianh thoi gian
doc, chinh stra va dong gop ¥ kién gitp cho t6i hoan thanh luan vin nay mot cach hoan chinh.

T61 xin cdm on Ban Gidm Hi¢u, Phong KHCN-Sau Pai hoc cung toan thé thﬁy c6 khoa Toan-
Tin hoc truong Pai hoc Su Pham TP. HO Chi Minh da giang day va tao moi diéu kién tot nhat cho
t6i trong subt thoi gian nghién ciru dé tai.

Cudi cung, trong qué trinh viét ludn van ndy kho tranh khoi nhitng thiéu sot, rat mong nhan
duogc sy gop ¥ ciia Quy Thiy C6 va ban doc nhim bd sung va hoan thién dé tai hon.

Xin chan thanh cam on.

TP Ho Chi Minh théng 12 ndm 2010
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BANG CAC Ki HIEU

Tap hop sd ty nhién.

Tap hop s6 thuyc.

Tap hop s6 thuc khong am.
Tap hop s thuc khong duong.
Bao dong cua tap A.

Khong gian Banach cac ham lién tuc v:[a,b] - R
v6i chuén ||v], = max {|{v(®)|:a <t <b}

Khéng gian cac ham lién tyc v:[a,b] > D,Dc R
Khéng gian cac ham lién tuc v:[a,b] —> D

thoa mén diéu kién Av(a)+ uv(b) =0

Tép cac ham lién tuc tuyét déi v:[a,b] > D.

Tap cac ham v e C([a,b];R) thod man diéu kién
[Av(a)+ uv(b)]sen((2—i) Av(a)+(i-1) (b)) < c
trong d6 A, ,c € R va i e {1,2}.

Khong gian Banach cac ham kha tich Lebesgue
b
p:[a,b] > R véichuén |p|, ='ﬂp(s)‘ds.

Khéng gian cac ham p :[a,b] — D kha tich Lebesgue, D Ia tip con cia R.
Tép cac ham do dugc 7:[a,b]—>[a,b];
Tap cac toan tir £:C([a,b];R) - L([a,b];R)
tuyén tinh bi chan sao cho véi mdi ¢ ton tai
n € L([a,b]; R, ) thod man bét ding thirc
£0) O£ n(0)bl. e e[ab]ve c([ab]):R)
Khi d6 ¢ dugc goi 1 toan tir tuyén tinh bi chan manh.
Tap céc toan tir £:C([a,b];R,) - L([a.b];R,)

sao cho (tuyéntinhva (e L.



K, Tap céc toan tir F: C([a,b];R) - L([a,b];R) lién
tuc thoa man diéu kién Carathéodory, nghia 1a v6i
mdi >0 ton tai ¢, € L([a,b];R, ) sao cho
[F(v)(t)|<4q,().Vt €[a.b],

K ([a,b]x 4;B) Tap cac ham f:[a,b]x A— B, (A€ R".B< R,neN)

v

|CSr.

thoa diéu kién Carathéodory, nghia 1a :
+ Ham f(~x):[a,b] > B do duogc véi mdi x € 4
+ Ham f(z,-): A— B lién tuc v6i mdi ¢ €[a,b]
+ Véimdi »>0 tontai g, € L([a,b];R+)sao cho

‘f(t,x)‘ <gq, (t) YVt e [a,b],

x| <r.
Toan tir £,-Volterra (1, €[a,b])
Tap cac toan tir (lel,sao cho véi hai s6 tuy
a, €[a,t,], b, €[t,,b]sa0 cho a, # b va véi moi ham
ve C([a,b];R) thod man diéu ki¢n :v(¢) =0, 1 €[a,,b]
ta c6 £(v)()=0hau khip noi trén [a,,4 ].

[x], = %(|x| +x) = %x(sgnx+1) [x] = %(|x| —x) = %x(sgnx—l)

Toan tir ¢ € L, dugc goi la khong tim thuong, néu /(1) £0.



MO PAU
Phuong trinh vi phan ham (PTVPH) xuét hién vao thé ki 18 véi vai trd nhu nhitng cong
thirc toan hoc trong cac bai toan vat li va hinh hoc. Ta c6 thé tim thay chung trong nhiing cong trinh
ctia Ole va Condorcet. Tuy nhién, cho dén cubi thé ki 19, PTVPH chi duoc nghién ctru vé nhing
ung dung cé biét va chua dugc nghién ctru mot cach h¢ théng.

Chi trong cac cong trinh ciia E.Schmidt , F.Shurer va E.Hilb & nhitng nam dau thé ki 20,
nhiing cb gang dau tién vé mot nghién ctru ¢o tinh hé théng vé nhing phuong trinh dic biét véi ddi
s6 cham xuét hién. Tam quan trong trong dang PTVPH nay da ndy sinh trong thap nién 30 dic biét
1a nhitng mg dung mé rong trong co hoc, sinh hoc va kinh té. Tai thoi diém nay, nhing co so cia Iy
thuyét dinh tinh vé phuong trinh d6i sé cham va phuong trinh vi tich phan dugc dit ra trong cong
trinh cia Myshkis va R.Bellman. Ho va mot sb nha toan hoc khac theo hudng nay da duoc cong
nhan trong viéc xdy dung li thuyét dinh tinh mo rong cia PTVPH ton tai cho dén bay giod. Ly
thuyét d6 khong chi quan trong trong ing dung ma con anh hudng rong rii dén nhiéu lanh vuc cia
toan hoc thuan tuy.

Trong thap ki 70, nguoi ta chil y nhiéu dén viéc xdy dung li thuyét vé bai toan bién cua
PTVPH. Nhiéu phuong phap khic nhau di dugc dua ra st dung trong van dé nay. Thi du: 1y thuyét
toan tir Fredholm, phwong phap tham s6 nho, phuong phép topo,..v..v..

Tir quan diém duong thoi, co thé néi rang phuong phap giai tich ham va phwong phap topo 1a
nhitng phuong phap hiru dung nhit. Qua nhitng tng dung c6 tinh hé théng cia cac phuong phap
nay, co so Iy thuyét vé bai toan bién cho mét 16p rong PTVPH di duoc xay dung.

Tuy nhién cho dén tan by gid, thuc t& bai toan bién cho PTVPH duoc nghién ctru chi véi
nhitng thanh cong bd phan. Kho khin nay sinh trong viéc nghién ctru vé PTVPH nam trong dic
trung khong cuc bd ciia phuong trinh va chung xuat hién ngay ca trong phuong trinh tuyén tinh.Vi
du, cau hoi vé tinh giai duoc cta bai toan bién don gian nhat (bai toan gia tri dau):

w(t)=p(u(z(t))+a(t),  u(a)=0,
(voi p,q:[a;b] — R1a ham kha tich Lebesgue va t:[a;b] —[a;b] 1a ham do dugc), khong bao gio
tré nén tam thuong nhu voi phwong trinh vi phan thong thuong, co nghia 1a trong truong
hopt(t)=t,te[a;b].

Boi véy ta cling khéng ngac nhién khi biét rang trong nhimng tai liéu chuyén khao khong co
nhiéu cac thong tin chi tiét vé tinh giai duoc ctia bai toan gid tri dau.

Mit khéc, néu do léch t(t)—t 1a “nhd” (c6 nghia 1a néu phuong trinh 1a “déng” véi PTVP
thuong), thi mot cach tryc gidc ta trong doi bai toan da cho c6 nghiém duy nhit. Trong nhiing

truong hop don gian, hiéu lyc cua cac gia thiét 6 thé thir lai truc tiép. Vi nhing bai toan phtic tap



hon thi phuong phap toan cuc khong cung cap du do chinh xac, do d6 tu nhién ta can tim mot ki
thuat chinh x4c hon dé nghién ctru vé PTVPH phét sinh.

Vé phan PTVP thudng, mot 1y thuyét hoan toan hiéu qua da duoc xay dung cho bai toan gia
tri bién, str dung nhiing phuong phap ma co s ciia né nam trong giai tich toan hoc. Viéc nay tuong
g v6i nhitg nd luc dé didu chinh cac phuong phéap cua giai tich toan hoc trong viéc nghién ciru
PTVPH. Trong mét vai nim sau ctng nhitng nd lyc nay di thanh cong trong trudng hop mot vai bai
toan bién cuia PTVPH. Pic biét trong cic cong trinh cua I.Kiguradze va P.Buza, nhimng diéu kién
phuc tap vé tinh giai dugc va gidi dugce duy nhét ctia mot 16p rong that sy bai toan bién cho PTVPH
ca tuyén tinh 1an phi tuyén da duoc tim ra.

Puoc truyén cam hing tir nhitng két qua nay t6i quyét dinh st dung phuong phap giai tich
toan hoc va cac nghién ciru ki thuat vé bai toan bién ciia PTVP thong thuong véi nhimng diéu chinh
phit hop cho PTVPH. Phan 16n phuong phap 1a danh gia tién nghiém va ki thuat vé bat dang thirc vi
phan.

Trong ludn vin nay t6i nghién ctru bai toan bién dang tuan hoan cho phuong trinh vi phan
ham bac nhat phi tuyén. Bai toan c6 dang nhu sau:

Xét sy ton tai va duy nhat nghiém ctia phuwong trinh vi phan ham phi tuyén:
()= F(u)(1
v6i diéu kién bién
/Iu(a)+,uu(b) = h(u)

Trong dé FeKab,/l,yeR,/1|+|,u|¢0,h:C([a,b];R)—)Rlél ham lién tuc thoa man

Vr>0,3M, eR, sao cho ‘h(v)‘ <M, khi|v|.<r

Nghiém cua bai toan trén 1a ham u ea([a,b];R) sao cho u'(t)=F(u)(¢) hau khip noi trén
[a,b] va théa man diéu kién bién Au(a)+ ()= h(u).

Luan vin gém 3 chuong;

Chuong 1. Chung ta xay dung diéu kién can va du dé mot toan tur tuyén tinh va bi chian manh
¢ thude vao 16p V,, (4, u).

Chuong 2. Pay 13 ndi dung chinh cua luan vian. Trong chuong 2 chung ta xay dung cac diéu
kién du dé bai toan bién dang tudn hoan cho phwong trinh vi phan ham bac nhit phi tuyén c6
nghiém va c6 duy nhit nghiém.

Chuong 3. Trong chuong 3 chung ta xdy dung cac tinh chat hiéu qua dé bai toan bién dang
tuan hoan cho phuong trinh vi phan ham béc nhét phi tuyén c6 nghiém va c6 duy nhat nghiém.

Trong phan cudi cua chuong, ching ta 4p dung cic két qua cua bai toan bién dang tuan hoan cho



phuong trinh vi phan ham phi tuyén dé nghién ctru cac diéu kién du cho viéc ton tai va duy nhat

nghiém ctia bai toan bién dang tuan hoan cho phuong trinh vi phan ddi s6 1éch.



CHUONG 1:
MOT SO BAT PANG THUC VI PHAN

Trong luan van nay, chung ta nghién ctru tinh gidi dugc cua bai toan bién dang tuan hoan cho

phuong trinh vi phan ham bac nhét phi tuyén. Trudc hét ta gioi thidu cac bat dang thirc vi phan.

1.1 BAI TOAN BIEN DANG TUAN HOAN CHO PHUONG TRINH VI PHAN HAM BAC
NHAT TUYEN TiNH

Xét phuong trinh vi phan ham tuyén tinh bac nhat:
u'(t) = L(u)(t) +q(1) (1.1)
v6i diéu kién bién
Au(a)+ uu(b)=c (1.2)
trong d6 (€ L,,,q € L([a,b];R); ce Rva A,ue R sao cho |A|+|y#0 vaiu<0.

ab>
Nghiém cta bai toan (1.1), (1.2) 1a ham u € C([a,b];R)thod man phuong trinh (1.1) hiu khip noi
trén [a,b] va thoa mén diéu kién bién (1.2).
Lwu y. Cdc dang thirc va bt dang thirc ciia cdc ham khd tich déu hiéu la hau khdp noi trén [a,b].
Cung v6i bai toan (1.1) , (1.2) ta xét bai toan thuan nhat twong tng
w'(t) = £(u)(t) (1.1o)

Au(a)+ uu(b) =0 (1.2p)
Tur cac két qua cua 1. Kiguradze, B. Puza trong [1] ta c6 dinh 1i sau:
Pinh Iy 1.1. Bai todn (1.1, (1.2) ¢6 nghiém duy nhat khi va chi khi bai todn thuan nhdt twong irng
(1.1y), (1.2¢) chi c6 nghiém tam thuong.
Chii y 1.2. Theo dinh Iy Riesz-Schauder thi néu bai todn thuan nhat (1.1y), (1.20) khong cé nghiém
tam thieong thi ton tai q € L([a,b];R),c € Rsao cho bdi todn (1.1), (1.2) khéng cé nghiém.

1.2 MOT SO BAT PANG THUC VI PHAN
Gia st rang |i|+|,u| #0va Au<0.
Hon nfta, trong truong hop A =—u thitoan tor £ €L phai la toan tor khong tam thuong, nghia 1a

((1)=0.

Pinh nghia 1.3 Ta néi toan tir { € L, thuoc vao tap hop V,, (4, 1), néul thod man 2 diéu kién sau:



(i) Bai todn (1.1y), (1.2) chi c6 nghiém tam thuong
(ii) Véi moi q € L([a,b];R,),c € R théa man
(sgn A —sgnu)c=0 (1.3)
thi bai toan (1.1), (1.2) co nghiém khong am.
Chu y 1.4. Theo dinh nghia, todan tir ( €V, (A, u) néu va chi néu véi moi u,v e 6’([a,b];]R) thoa

man cdac bat dang thirc sau:

(@) u'(t) < L(u)(t)+ q(1), te [a,b]
@) V(@)= L))+ 4q(), tela,b]
(iii) |l|u(a)—|,u|u(b) < |i|v(a)—|,u|v(b)

thi u(t)<v(t) voi t €[a,b].

Chirng minh.
bat h(t) = v(t)—u(t). Theo (i), (i), (iii) ta cb
W(t)=t(h)(t), te[a,b] va |/1|h(a) —|y|h(b) >0
D@ thdy h(f) 1a nghiém ctia phuong trinh sau:
W' (t)=L(h)(t)+q(t) va  Ah(a)+ uh(b)=c

voi

q(t)=n'(t)-t(R)(t)=0 , c=Ah(a)+ uh(b)
Do c(sgnA—sgn u)=2c.sgn A =2[Ah(a)+ ph(b)]sgn A =2[ || h(a) - || h(b) |2 0
nén theo dinh nghia cta ¢ eV, (4, 4) ta c6 bai toan c6 nghiém duy nhat 4(¢) khong am. Tir d6
suy ra u(t) <v(t) véi t €[a,b].
Chu y 1.5. Theo Dinh Iy 1.1, r6 rang néu £ € V,,(A,u) thi bai todn (1.1), (1.2) ¢6 nghiém duy nhdt
v6i moi ¢ € R va q € L([a,b];R).
Hon nita, néu (€ P, va { €V (A, p)thi |y <|4|.

Chirng minh.

Do [(eV,(A,u) mnén voi moi qelL([a,b];R),ceR théa man didu  kién
(sgn A —sgn )c 20, bai toan (1.1), (1.2) c6 nghiém duy nhét u(z)e C([a,b];R, ). Mit khac, do

teP, nén ((u)(t)eL([a.b]:R,).



Do d6 ta suy ra u'(t) = L(u)()+¢q(t) >0 .
Do ham q(t) ta chon 1a ham duong bat ki nén ta phai ¢ u'(¢) = L(u)(t)+ g(¢) >0 hay u(t) 13 ham
tang ngat theo t hay u(b) > u(a).
Lai do
/lu(a) + yu(b) =c

(sgnl—sgn,u)cZO:{
Au<0

[lu(a) + Ju (b)] (sgn A —sgn 1) = c(sgn A —sgn 11) >0
sgn A =—sgnu

o fu(a) ()20 1|2} 5 >

nén ta co |,u| < |/1|

Ménh d@ 1.6. Gid sit|y| <|A|va
teP,

Khi do 0 €V, (A, i) néu va chi néu bai todn

u'(t) < L(u)(1), Au(a) + uu(b) =0 (1.4)
khéng c6 nghiém khong am khdc tam thuong.
Chirng minh
Pidu kién can: Gia sir / € V. (4, 1), ta ching minh bai toan (1.4) khong c6 nghiém khong am khac
tam thuong.
Goi u la mot nghi¢m cuia bai toan (1.4).
Vi Au<0 va Au(a)+ pu(b) =0 nén ta co | /1|u(a) —|,u|u(b) =0
Ap dung Cht y 1.4 véi v(£)=0, g(¢)=0 taduge u(t)<0véi t efa,b].
Do d6, bai toan (1.4) khong c6 nghiém khong am khac tam thuong.
Piéu kién dii : Gia sir bai toan (1.4) khong c6 nghiém khong tam thuong khong am . Ta chimg
minh ¢ eV, (4, ) theo dinh nghia (1.1)
Goi u,1a nghiém ctia bai toan thuan nhét (1.1,), (1.2,). Ta chimg minh u, () =0

Ta co:

!

‘uo (¢) = [uo (r)sgn (u, (t))], =y (¢)sgnu, (¢) =0 (u,)()sgnu, (1)




Mat khac, do

tep,= {WOD(O > () (1)
£(|”0|)(t) > —f(uo)(t)

Do Au <0 nén tir diéu kién bién (2.29) ta co Au, (a)|+ ulu, (b)|=0.

= 0(Juy|) (¢) = ‘E(uo )(t)‘ > 0 (u, )(t)sgnu, (1)

Do d6 ta co:

(1) fu (o) <

(if) /I‘uo (a)‘+,u‘u0(

(|u0|)(t), te [a,b]

=0

Vi vay,

|12 nghiém cta bai toan (1.4). Nhu vy, [u,| =0 nghia Ia bai toan thudn nhat (1.1p), (1.29)
chi c¢6 nghiém tdm thudng.
Got u 1a nghiém cua bai toan (1.1), (1.2) vé1 gelL([a,b;R,)va ceR sao cho

(sgnAd—sgnu)c>0. Ta chimg minh u(7)>0

D@ thiy
csgn A
FEPR
Pit W(t) = u(t) - |ch1“|’1, t €[a,b]
Ta co
V(1) =a(0) = ) o)+ e) > £(u)(0)
(000 = = - {2552 )2 )0
— V(1) £(v)(1)

Do /e P, nén |v|’( < £(|v|) (chting minh giéng & budc 1).

Do db taco

(t) £(|v|) =W (£)=v' ()< (W) ()= (v)(£) = 2[v] (£) < ¢(2]v] )(z
V()2 )1 =M (1) =v() < (M) ()= () (1) = 2[v] (1) <¢(2[] )(2)

Tir d6 suy ra V] <i(Iv])@), tela,b] *)
Mit khéc, tir diéu kién bién Av(a)+uv(b)=0 ,do <0 tacod

ﬂv(a)+,uv(b) =0 sgnv [/1\/ +,uv )] =0 ﬂ‘v(a)‘ +,u‘v(b)‘ =0



Do d6

Av(a)+uv(b)=0
Alv(@)]. + plv(b)]. =0 (**)

/1‘\) ‘+,u‘v ‘ 0
Tu (*), (**) tasuy ra [v]_ > 0 1a nghiém cua bai toan (1.4).
Tu do tacod [V], =0= ‘v(t)‘ = v(t) 1 € [a,b]

csgn i
Z

Theo dinh nghia 1.3 taco toan tir £ €V, (4, 1) .

Ma u(t)=v(t)+ ———.,t € [a,b]nén u(t) =20, tela,b].

Pinh Ii 1.7. Gia si |u|<|A|va (€ P,. Khi d6 todn tir €V, (A, 1) néu va chi néu ton tai ham so
y € C([a,b];(0,+00)) thod man cdc bat dang thirc

Y@z L(y)1), t€la,b] (1.5)

2]y (a) > |u|y(b) (1.6)
Chirng minh
Piéu kién can: Gia sir ton tai ham sb y € é([a,b];(0,+oo)) thoa mén hai bat dang thuc (1.5), (1.6).
Ta chimg minh ¢ €V, (4, ) theo dinh nghia.
Budc 1. Goi u 1a mot nghiém cua bai toan (1.1), (1.2) v61 g € L([a,b];R,)va c € R thod man bat
dang thirc
(sgnAd—sgnu)c>0.
Ta ching minh u(7) >0, ¢ €[a,b].
Do Au <0 nén tir bat dang thirc (sgn A —sgn u)c >0 tacd2csgn i 20.
Do d6 [iu(a)ﬂuu(b)]sgn/l =csgnd < |Au(a)—|uju(b)=csgn A >0
Tir d6 suy ra |/1|u(a) > |y|u(b)
Ta sé& chimg minh rang
u(t)=0, tela,b]

Gia sir trdi lai. Khi do ton tai #, € [a,b]sao cho

u(t,) <0
bat » = max {—M,t € [a,b]}vé
(1)

w(t)=ry(t)+u(t),tla,b]

Theo d6 ta co



RO rang
w(t)=0,t€e(a,b]
va do _u®) lién tuc trén doan [a, b], nén ton tai ¢, €[a,b] sao cho r = _u@) .
y(1) ()
T doé ta co
w(t,)=0
Do

w(@)=ry' (@) +u' () 2 rl(y)(t)+ L(u)(t)+q(t) = L(w)(t)+q(t) =0, te[a,b]
nén w(t)dong bién trén [a,b]. Mit khdc w(t.) =0va w(¢) >0, ¢ €[a,b]nén ta phai c6 w(a)=0. Tu
do ta co
[AJuta) = =r|A] (@) < =[] y(B) = | (u(B) ~ w(B)) < s u()
Diéu nay mau thuin véi bat dang thuc |/'t|u(a) > |,u|u(b) .Vay u(t) 20, te [a,b].
Budrc 2. Ta chimg minh bai toan thudn nhat (1.1,), (1.2¢) chi c6 nghiém tim thudng.
Goi1 u,la mot nghiém cua bai toan (1.1¢), (1.2). Hién nhién —u,cling 1a mot nghiém cua bai toan
(1.1p), (1.2¢), nhu vay, theo chirng minh trén, ta c6
u,(t) =0, -u,(t)20, tela,b]
Do do, u, =0
Didu ki¢n dii: Gia s ( €V, (4,4). Ta ching minh ton tai y € C([a,b];(0,+%)) thoa man (2.7),
(2.8).
Chu ¥ rang do gia thiét |,u| < |i| néntacd 41 #0.
Do ¢ eV, (A,u) nén theo dinh nghia 1.2 bai toan
{7'(1) =L(y)(®)
Ay(a)+ py(b) =sgn i
c6 nghiém duy nhit y va
y()=20, tela,b]
Taco: Ay(a)+ puy(b) =sgn A & |ﬁ,|7/(a) — |,u|7/(b) =sgn°A=1
Ta suy ra (1.6) dung va
y(a)>0
Két hop véi diéu kién £ e P, taco y'(t) = £(y)(t) > 0, do d6 ta dugc y(£) >0, te[a,b]



Nhu vay tdn tai tdn tai ham sd y € C ([a,b]; (0, +oo)) thoa min cac bat déng thirc
YOz (y)t), t €la,b]

|| (a) > || ¥ ()

H¢ qua 1.8. Gid sir

i <l
ii. teP,
iil. Ton tai mkeN, a e (0,1), @« =const, m >k va

P, ()< ap, (1), tea,b]

voi p, =1lva

IO )(s)ds + j Up)(s)ds, tela,blieN

Iil

Khido L eV, (A,u).

Chirng minh
k m

D& dang ching minh duge ham sb y(7) 2 (l—a)ij 1)+ Z p;(8), tela,b] thoa mén cac didu
Jj=l1 Jj=k+1

kién cua dinh 1y 1.7.

Cha y 1.9. Theo Hé qua trén (trong truong hop k=1, m=2 ), ta co:

b
Néu |u|<|4],0 e P, va |4 [ £(1)(s)ds <|A|~|u| thi ¢ eV (4,p).

b
Chii y thém rdng, néu bai toan (1.1y), (1.20) chi c6 nghiém tam thwong va |ﬂ|j€(l)(s)ds = |/1|—|,u|

thi ta ciing ¢ L €V (A, u).



) o ) CHUONG I: ‘ .
CAC BO DE VE TINH GIAI PUQC CUA BAI TOAN BIEN DANG TUAN HOAN CHO
PHUONG TRINH VI PHAN HAM PHI TUYEN BAC NHAT

2.1 PHAT BIEU BAI TOAN
Xét su ton tai va duy nhat nghiém ctia phuong trinh vi phan ham phi tuyén:
u' (1) = F (u)(t) @.1)
v6i diéu kién bién
/Iu(a)+,uu(b):h(u) (2.2)

+|,u|¢0,h:C([a,b];R)—>Rlé ham lién tuc thoa man

Trong do ab> s
Vr>0,3M, R, sao cho ‘h(v)‘ <M, khi|v].<r

Nghiém cita bai toan (2.1), (2.2) 1a ham u €C ([a,b]; R) thod man phuong trinh (2.1) héu khap noi
trén [a,b] va théa man diéu kién bién (2.2).

Chu y: Céc dang thire, bat dang thirc véi cac ham kha tich duoc hiéu la hau khép noi trén [a,b].

Tir cac két qua trong tai lidu [2] ta c6 két qua sau:

Ménh dé 2.1. Gid sir

= Tontgi e L, sao cho bai todn thuan nhdt (1.1p), (1.20) chi ¢6 nghiém tam thuong
» Voimoi uc C([a,b];R) ta co:

[F (1) (1) = ) ()| < g (1

()= @)

o) khi t€[a,b] (2.3)

trong do ceR_va qe K([a,b]x&;&)ld ham khéng giam theo bién thir hai va thod mdn diéu

kién:
b

lim 1 q(s,x)ds =0

X—>+00 X
Khi d6 bai toan (1.1), (1.2) ¢é it nhdt mét nghiém.

2.2 NHUNG BO PE
Phan nay ta xét mot vai bd dé vé sy ton tai va duy nhét nghiém cua bai todn (2.1), (2.2) dua

trén cac két qua cua bai toan tuyén tinh (1.1), (1.2).



B6 dé 2.2. Gia st {, € L, va bai todn thuan nht

V() =1, (v)(2)
/lv(a) + ,uv(b) =0
chi ¢6 nghiém tam thuong.

Khi do, ton tai mét sé ¥y >0 sao cho vdi moi 56 L([a,b];R) va voi moi ceR

,ta co nghiém v(t) cua bai toan:

{v’(rwo(v)(r){(r) s
ﬂ,v(a) + ,uv(b) =c
Thoa man danh gia

Me < 7(d+Jal, ) (2.6)

Chirng minh.
Pat RxL([a,b]:R)={(c.q):ceR, geL([a,b]:R)|

RxL ([a,b];R) 1a khong gian Banach véi chuan sau

()

q

=[cl+ll,
RxL L

D@ thay bai toan thudn nhat chi c6 nghiém tdm thudng nén theo dinh li 1.1 bai toan (2.5) c6 nghiém

duy nhét v(¢) e C([a,b];R).
Xét anh xa Q xac dinh nhu sau:
Q: RxL([a,b];R) — C([a,b];R)

(E,;) — (1)

Theo dinh 1i 1.4 vé tinh x4p xi nghiém cua bai toan tuyén tinh trong [1] ta c6 € 1a mdt toan tir

tuyén tinh bi chan.

bit r, =|Q. Khi d6 véi bat ki cap (2,5) e Rx L([a,b];R) ta déu co:

jo(c.a)l, =n(i+Jd, )
Hay [Vle <7 (‘E‘ * ML)

Do d6 dinh li dugc chirng minh.




Bo dé 2.3. Gid si ton tai p>O0va todn tir { € L, sao cho bai todn thudn nhat (1.1,),(1.2,)c6
nghiém tam thwong va voi moi o € (O,l), moi u € 6([a,b];R) la nghiém cua bai todan
u'(¢)=0(u)(1)+ §[F(u)(t) —ﬁ(u)(t)}, tela,b], (2.7)

ﬂu(a)Jr,uu(b):é‘h(u) (2.8)

déu théa man danh gid

”u”c <p (2.9
Khi d6 bai todn (2.1), (2.2) ¢6 it nhat mét nghiém.
Chirng minh.
Do (€L, va FeK,nénvéisd p>0 ton tai 7,0 L([a,b];R, ) sao cho

‘E(v)(t)‘ﬁn(t) C,‘v’te[a,b], VveC([a,b];R).
IF()(t)<w(t), Vielab], VveC([ab]:R)va|v.<2p.

Hon nfra, ton tai o € R, sao cho

‘h(v)‘ﬁa, VveC([ab )Va”v” <2p.

y(t)=w(t)+2pn(t).t €[a,b]
I ,0<s<p
o(s)= 2—% p<S<2p
0 .s=2p
a0 (")) = (W) LF () ()= £()(0) .t € [.0]
o (v)=e(le)a()
Khi d6 v6i moi ve C([a,b];R) ta co:
7, (V) ()| <7(2). ey (v)| <@ hdukhip noi trén [a,b].
Vi mbi ham u € C([a,b];R) cb dinh, ta xét bai toan sau:

{V'(f) L)1) +40 (v)(2)

() + v (B) =, (u) 19



Theo gia thiét bai toan thudn nhét twong tng chi c6 nghiém tam thuong nén bai toan (2.10) co

nghiém duy nhét v(¢), hon nira theo B6 d¢ 2.2 ton tai s6 4 > 0sao cho

e < B(Je (1) + a0 ()],)
Do d6, véi ham u e C ([a,b];R) c6 dinh, nghiém duy nhét v(¢) cua bai ton (2.10) thda man danh

gia sau:

M. <pe P(e)<y (1), 1 €[a.b] (2.11)

Trong d6 p, = B(|y], +«) va ¥ (t) = pya(t)+ 7 (¢).t € [a.b]

Pat Q:C([a,b];R) — C([a.b];R)1a toan tir bién mdi ham u € C([a,b];R) thanh nghiém v(¢) cia
bai toan dang xét.Tir dinh 1i 1.4 trong [1] ta c6 Q 1a toan tir lién tuc. Mt khac, do bat dang thirc

(2.11), véi moi u € C([a,b];R)ta co
[2()]. < ey

[Q(u)(1) - (u)(s)| <

t

Iy*(g)ds

N

, s,t€[a,b]

Khi d6 toan tor Q anh xa lién tuc khong gian Banach C ([a,b];R)Véo mot tap con compéc tuong
d6i ctia no.
Theo nguyén li Schauder, ton tai u € C ([a,b];R) sao cho:
Q(u)(t)=u(t), t €[a,b]
Do céch dit g, (v)(¢) va ¢,(v), & thdy u 1a mot nghiém cua bai todn (2.7), (2.8) véi

0= ()
Bay gid ta s& chimg minh ring ham u thoa man danh gia (2.9). Gia st nguoc lai. Khi do ta c6
p<lul <20 hote o, > 20
+ Néu p<|uf. <2p thi §=0(|u].)e(0.1). Theo gia thiét ciia bd d& ta c6 danh gid [u]. < p.
Tir d6 ta ¢6 mu thudn.
+ Néu [u].>2p thi 5=0(|u.)=0.Do dé, u 1a nghiém cia bai toan (1.1,), (1.2). Nhung
diéu nay 1a khong thé do bai toan (1.1), (1.2¢) chi c6 nghiém tim thuong.
Do d6, u théa méan danh gia (2.9) tirc 1a |u. < p.

Tir d6 ta suy ra & = o ([uf.) =1 va do d6 u a nghi¢m ctia bai toan (2.1), (2.2).



2.2.1 TAPHOQP 4 (4,u), ie{l,2}
Dinh nghia 2.4.
Toan tur () € L, dwoc goi la thugc tdp hop A (/1,,u), i€ {1,2}, néu ton tai s6 r > 0sao cho véi moi

q e L([a,b];R+), ceR,, moi ham u e C ([a,b];R)thod mén cdc bat dcfng thirc

[ﬂu(a) + pu (b)]sgn((Z —i)/"tu(a) + (i—l)yu(b)) <c, (2.12)
(=1)"[w' ()= £(u)(¢)]sgnu(t) < q (t), t €[a,b] (2.13)
thi

||u||c Sr(c+”q*HL) (2.14)

Bo dé 2.5. Gia sir i €{1,2},ceR,,
h(v)sgn[(Z—i)ﬂv(a)+(i—1),uv(b)] <c, ve C([a,b];R) (2.15)

vatontai (e A’ ()t,,u) sao cho véi moi v € B! ([a,b];R) bat dcfng thirc

Auc

(=) [F()(0) = £(v)(¢) Jsgnv(e) < a1,

dwoc thod man, trong dé q e K([a,b]xR+;R+)ld ham khéng gidm theo bién thir hai va thod mdn

\%

|C), t €[a,b] (2.16)

diéu kién

b
lim qu(s,x)ds =0

xoin 9
Khi d6 bai todn (2.1), (2.2) ¢6 it nhat 1 nghiém.
Chirng minh.

Do (e A'(A,u) nén bai toan thuan nhat (1.1p), (1.2¢) chi c6 nghiém tdm thudng.
That vay, goi u 1a nghiém ctia (1.1o), (1.2), khi d6 u thoa man (2.12) va (2.13) véi ¢ =0, ¢ =0.
Do d6, tir (2.14) ta suy ra |uf. <Ohay u=0. Tic la bai toan (1.1o), (1.2) chi c6 nghiém tam
thuong.

Goi r 1a s6 duong trong dinh nghia 2.4.

1 L
Do lim —Iq(s,x)ds =0 nén ton tai p > 2rc sao cho

X—>+0 X
a



1 1
;_!:q(s,x)ds <;, Vx> p

Bay gio gid st ham u e C ([a,b];R)lé nghiém cta bai toan:

{u (t)="1(u) z)+§[F(u)(z)—£(u)(r)], t€a,b] @17
Ju(a)+ uu(b) = 5h(x)
véi 5 €(0,1)
Thé thi do (2.15) ta ¢6 ham u thoa man bat dang thuc

[ Au(a)+ (D) |sgn((2—i)Au(a)+(i 1) (b)) <c,
hay ueB,, ([a.b];R)
Do (2.16) chung ta c6 duoc bat déng thirc (2.13)

(—l)i+1 [u'(t)— ]sgnu <gq ( ), te[a,b]vc’ri q*(t):q(t,

Do diéu kién ¢ e A'(4,4) nén theo dinh nghia 2.1 ta ¢6 |u]. < r(c + Hq*HL) <p

).

va u thda dénh gia (2.9) .
Nén theo B6 dé 2.3, bai toan (2.1), (2.2) c6 it nhat mot nghiém.

Bé dé 2.6. Gid sir ie{1,2},
[#(v) =(w)]sen((2-1) A(v(@) -w(a)) +(i=1) (v(B) - (b)) <0, W, we C([a,]:R) (2.18)
va gid sir ton tai (€ A' (A, u)sao cho bdt déng thirc

) LF OO =F (w)(0) = £(v=w)() sen(v(1) =w()) <0, r€[a,p] 2.19)
ding véi v,we B, ([a,b]:R), va c=|h(0)|.

Khi dé, bai todn (2.1), (2.2) c6 nghiém duy nhat.
Chirng minh.
Theo (2.18) ta c6 A (v sgn[ D) Av(a)+(i —l)uu(b)] <cvéic= ‘h(O)‘

Do (2.19) ta thiy ring trén tap hop B, ([a,b];R) bat dang thirc

—I)H1 [F(v)(t ]sgnv q(

Nhu vay céac gia thiét cia B6 dé 2.5 duoc théoa méan. Do d6, bai toan (2.1), (2.2) co it nhat mot

), t €[a,b] dung v6i g = ‘F(O)‘

nghiém. Phan con lai ta s& chirng minh bai toan (2.1), (2.2) ¢6 nghiém duy nhat.
Dat u,,u, 1a 2 nghiém tuy y cta bai toan (2.1), (2.2).



bat u(t)=u,(t)—u,(t), t €[a,b]
Khi do, tir (2.18) va (2.19) ta co:
(i) [Au(a)+ pu(b)]sgn[(2—i)Au(a)+(i—-1)mu(b)] <0,
(it) (1) [w' (= (u)(t ))]Sgnu() 0, refab]
Diéu nay, két hop véi dicu kién ¢ e 4’ (A, u) taco két qua u=0.Do dd u, = u,.

B6 dé 2.7 Gia sir 0+ |,u| < |/1| va gid str ton tai todan tir {,,(, € P, sao cho

] /= EO _61
o ()], <1 020)
IHEHOE (1()1”;” _|ﬂ||—||ﬂ| <[le, (), <2y1=[¢, ()], 2.21)
Ta] |

Khido e A'(2,u).
Chirng minh.
Ta ching minh £ € 4'(4, 4) theo dinh nghia 2.4 v6i i =1.
Ly q" e L([a,b];R, ).c € R.va u e C([a,b];R)thoa mén
(1) [Au(a)+ pu(b)]sen[ 2u(a)]<c
(i) [w ()= £(u)(r) senlu()]<q" (1), 1e[at]
Ta s& chimg minh ton tai s6 r >0 sao cho [uf, <r(c+]q’, ) -
V6i r >0 xéc dinh nhu sau:
R ] O ) I (10 )

T el O, A=Wl O, e, 0

Buwoc 1

bat ;](t) = u'(t)—f(u)(t), te [a,b] , ta co:

. w (6= £ () (1)~ ¢, (u)(0) + 4(1), £ €[a,b] (2.22)
. q(t)sgnu(t)<q'(¢) khi t €[a,b] (2.23)
. [Au + ,uu ]sgn(/iu(a)) <c (2.24)

Budre 2 Gia sir rang u 13 ham khong d6i déu.



Do Au< 0,|§ € (0,1] tir (2.24) ta ¢6

(o)) <y |- o)<
Tt d6 suy ra ‘u(a)‘—‘u (b)‘ Sﬁ (2.25)

Mot céach tuong tu, do
|/1Hu(a)‘—|y”u(b)‘ <c hay %‘u(a)‘—‘u(b)‘ Sﬁ

‘Iﬂl Iﬂl <

(2.26)
Iﬂl

ta co ‘u(a)‘—‘ ‘ ‘

Pit M = max{‘u(t)‘ te [a,b]}, m =min {‘u (t)‘ ‘te [a,b]}

Goi #,,t, €[a,b] la cac sd sao cho ¢, =, va ‘u(tl)‘ =M, ‘u(tz)‘ —m

Do < g(t)sgnu(t)<q (t), 1 €[a,b] ta suy ra

u(e)| <ML, (1)(e)-me, (1)(1) +4 (), te[ab] (2.27)
< Néut <t,

Lay tich phan biéu thtic (2.27) voi can tira dén t, va tirt, &én b, ta co

t

(i) ﬂu(s)"dsS}[Hﬁo(l)(s)—E&(1)(s)+q*(s)]ds

hay M —‘u(a)‘ < M].EO (1)(s)ds—%j1[€1 (1)(s)ds +].q* (s)ds

suyra A_l—‘u(a)‘SM]LEO(I)(S)dS+}q*(S)dS



(i) ﬂu(s)\’dsgj[mo(l)(s)-mzl(1)(s)+q*(s)]ds

hay ‘u(b)‘ —m SM?KO (1)(s)ds —%iﬁl (1)(s)ds +iq*(s)ds

suyra ‘u(b)‘—%ﬁﬂifo (l)(s)ds+f[q*(s)ds

Do d0, ta co:

M—‘u(a)‘ < M}ﬁo (1)(s)ds +]Lq*(s)ds,

a

‘u(b)‘ —m SM}KO (1)(s)ds +jq* (s)ds.

153 153

Cong hai bat dang thuc trén theo vé, do diéu kién ¢,,¢, € P, va (2.25) ta dat duogc
M—m _< <M-m+ ‘u (b)‘ - ‘u(a)‘ < MHEO (I)HL + Hq*HL

 Néut, >t

LAy tich phan biéu thirc (2.27) tir ¢, dén ¢,, ta dwoc:

(iii) ]-‘u(s)‘,dsS]'[MEO(1)(s)—%£1(1)(s)+q*(s)JdS

153 153

hay M—%SM]LKO(1)(s)ds—E].£1(1)(s)ds+}q*(s)ds

153 153 b

suyra M—ESM]LEO(I)(S)derJ‘q*(s)dS

153 2}

Do d6, ta c6 bat ding thirc sau:

Vay trong c4 2 truong hop #, > ¢, hodc ¢, <t, ta déu c6 :

i -n- & <10+l e

Mit khac 1ay tich phan biéu thire (2.27) tira dén b ta cé:



(iv) i\u(s)\’dsgi[mou)(s)—azl(1)(s)+q*(s)]ds

hay ‘u(b)‘ ‘u <Mj1£ (1)(s)ds - n_ijlﬁ ds+jq
suyra (b)) ~Ju(a) < M W (), —m\V H +H‘1 ,
hay mle (), <My O, + (@) =[u (8)] ],

Tir day, do (2.26), gia thiét |u|<|4| ta cé:

— — A
O, <57 0, i e el <3, ), o]+
sl (0], <F )+ o
_ Al = .
my o, P <m0 o o

Tur bét déing thirc (2.28), diéu kién ||¢, (1)], <1 va gia thiét

% € (0,1] ta dugc:

0 (1=fe, ()], )<+l

|

Do d6 ta co:

oga{ugl(l)uﬁ%]gw ), +
7,

<M{1=J O, ) el

|ﬂ|+Hq H

bat B= |,u|H£1 (1 H |/1| |,u| va A, = max{ }; Uy = max{l,|,u|} hai bat dang thtc trén thanh

iz
0<mB <M |u, ()], + 4 (c+a],)-
0<M (1=, (1)],) < m+ A c+]q],)-
Tir d6 ta co:
M(1=fe, ], ) B < Mall ey (0], + 2 (e +a7], )+ 20B(c +o], )
hay M| (1= s ()], ) Bl D], | < (st + 2B) (e + ], )

Do (2.21) nén



Al =1g [ (),
(1) + >
IO =™ T

ayra (1= )l 0], 1211l e 0,
(- (0,85 1o O, e

Do d6 tir bat dang thirc trén ta duoc
M < (/Jo + ﬂ“oB)[(l o HKO (1)HL )B - |'U|HKO (I)HL :|_1 (c + Hq*HL)

=+ 4B)[ (1= ()], ) B leleo (0], ]

Ta c6 bét dang thirc ”“”c =M < h (C + HQ*HL)

Bwéc 3 Gia st rang u 12 ham ddi dau.
Dit:
M =max{u(t):t€[a,b]}, m=—min{u(t):te[a,b]}
Goi t,,t,, € [a,b] 1a cac s sao cho u(t, ) =M, u(t,)=-m
Dé dang thdy rang M >0, m >0

< Néut, >t
D@ thay ton tai a, €(t,,t,, ) sao cho

u(a,)=0, va u(t)>0,1e(a,t,] (2.29)

bit alzinf{te[a,tm]:u(s)<0, t<s<t }

m

Ta co
u(1)<0, Vi e(a,t,] (2.30)
va néu ¢, >a thi u(a,)=0.
b , u(b)=0
Dat oy =1,
1nf{te(tM,b]:u(s)<0,tSsSb} , u(b)<0
D@ thay:
néu o, <b thi u(t)< 0,0, <bvau(e,)=0 (2.31)

Lay tich phan biéu thic (2.22) tir @, dén ¢, , ta c6



;”ru'(s)ds = tjﬁﬂo (u)(s)ds —tjlﬁl (u)(s)ds +tjl&(s)ds
hay m+u( jﬁ )ds—i”rﬁo(u)(s)ds—iiﬁ&(s)ds
suyra m+u(a) < jél (M)(s)ds +t_’r£0(m)(s)ds+tf&(s)sgnu(s)ds

<Mj€ )ds+m'f€ )ds+'[q s )ds

LAy tich phan biéu thic (2.22) tir «, dén ¢,
frteis= [ oo f 1 o f ooy
hay M —u(a)= £, () (s M= | £, ) )ds + | (i
suyra MSTEO(M)(S)ds+TEI(m)(s)ds+tff~](s)sgnu(s)ds
<MJ'£ )ds+mj£ )ds+jq s )ds

LAy tich phan biéu thirc (2.22) tr «a, dén ¢,,
b b b b ~
Iu'(s)ds=.[€0 (u) s)ds—jfl (u)(s)d. S+J.q(s)ds
3 b b _
hay  u(b)-u(e,)= J.ﬁo (s)ds— Ié +Iq(s)ds
b3 b3~
suyra u(a;)—u(b)= J.KI (s)ds— J‘E )ds+J.q(s)sgnu(s)ds
3 b 3 b
<MI€ )ds+m.[£ )ds+jq*(s)ds
Tir d6 ta c6 cac bat dang thuc sau :

u(ey)+m SMTKI(1)(s)ds+mT€O(1)(s)ds+Tq*(S)dS, (2.32)

M < MT l, (1)(S)ds + mT l, (1)(s)ds +T q (S)ds, (2.33)



u(a3)—u(b)£Mj'ﬁl(l)(s)dSwLmj-Eo (1)(s)ds + jq*(s)ds (2.34)

5] a3 a3

> Néu u(bh)=0 tachimg minh u(a)> ~°  That vay

A4
+ Néuu(a)=0 thi u(a)z—ﬁ.
+ Néu u(a)<0, tir (2.24) taco :

(12u(a) ~Jadu(b))sen(u(a)) <

hay —[2u(a)+|ufu(b)<c
suyra ~|4|u(a)<c
hay u(a)> —ﬁ
Ta ciing ¢6 : u(al)z—ﬁ.
Do d6 tir (2.32) ta suy ra
_ﬁm SMIKI(1)(s)ds+m;r£0(1)(s)ds+;fq*(s)ds, (2.35)

» Néu u(b)<0 .Theo Au<0 tacod
[u(a) + pu(b) Jsen(2u(a)) =[|Au(a)~[sfu(b)]senu(a)
) { [l4u(a)-lu(®)]  .u(a)>0
~[1Alu(a)=[uu(b)] su(a)<0
Tir d6 ta co bt dang thirc:
[2u(a)+ pu(b) Jsgn(2u(a)) = ~[|2]u(a) - xfu(b)]

Két hop voi (2.24) ta c6 bat dang thirc sau :

|4
{u(a)—ﬁu(b}_ |/1|[/1u +,uu(b)]sgn(/1u )_ ||

Do d6 ta duoc: u(al)_mu(b)z_ﬁ
Ta s& ching minh rang —‘% u(b)<u(a;)—u(b)

That vay,



+ néuu(b)20 thi—|§u(b)go:u(a3)—u(b)

+ néu u(b)<0 thi u(%)-u(b):_u(b)z-%u(b)
Do do, tir (2.34) ta co:
—‘% u(b) SM(;[KI(1)(s)ds+m(£€0(1)(s)ds+£q*(s)ds,

u(ay)+m SMt:fﬁl(1)(s)ds+mT€O(1)(s)ds+Tq*(s)ds,

o o o

Cong bét ddng trén véi (2.32), tir bat ding thie u(e,) —%u (b)= —ﬁ ta thay bat dang thic

(2.35) dung véi I =[a,,t, |U[as,b].
Do d6 ta ludn c6 bat ding thic

e
4

ding v6i moi truong hop cua u(b).

+m<M[0,(1)(s)ds+m[t,(1)(s)ds +[q(s)ds, I =[e,1,]U[a,b] (2.36)

Theo (2.33) va (2.36) , ta dat

4= [00)(s)as B, = [£,(1)(s)ds

C = j (1) (s)ds>0, D= [t,(1)(s)ds >0

Tu d6 ta cod

M(1-C)<md +|q], +|%,

(2.37)
m(1-D,)<MB,+|q |, +ﬁ.
Do ||£,(1)], <1 taco C, <1, D, <1.

Ta xét hai truong hop :

> Néu MB, +Hq*HL +|% <m

Tu (2.37)taco:



M(-C)(1-D) <4 [MBI fel, +%J+%{HJHL +|%|j£MBI e Wj
vzl oo g

> Néu MB, +Hq*HL +|% <m

IA

Tu (2.37)taco:
M(1-C)(1-D) <M(1-C)<m4+|q7], +|/1|

Cc

<tom ] ol

Do do tur (2.37) suy ra (trong ca 2 trudong hop) :

M(1-C)(1- D)<A(MB+H‘7H " ] o'l + |,1|

< MAB, +A(Hq |, +|/1|] {Hq |, +| J MAB, + (|, (1), +1)[Hq |, +|/1| J
< w48+ 2o [, + <) (1 ()], +1)

va tuong tu

m(1-C)(1- D)<B£mA +a, +|/1|] a9l +|,1|

R [ L e R O R e
<mA,B, + A, (Hq”L + c)(”ﬁl HL +l)
Vay ta c6 cac bat dang thic sau :
0<M(1-C,)(1-D,)< MA4B, ”o(”‘fHL +<:)(H£l )], +1) .
0<m(1-C,)(1-D,) <mAB, + 4 ([¢], +<) (| (1), +1).
Tir cac bat dang thire (dé dang chimg minh)
(1-C)(1-D,)21-(C,+ D)) =1t (1)], >0
448, <(4+B) <[, (V) -

két hop diéu kién (2.21) va bat ding thirc (2.38) ta thu dugc cac bat ding thirc sau:



(O
hay o<M[1—Hfo<l>HL—M]%(Hq*u+c)<ua<1>h+1)
o )
(1o, 0 ), ) o, )
IO, -
ny o< 1=, (0], = < (], el ), )
=410, =10 O ) (1, +1)>0
Tur do, ta c6 dénh gi el <7 (e+]a ], )

% Néuzy, <t,

D@ thay ton tai o €(t,,,t,) sao cho u(t)<0 khi a5 <t<t, va u(a;)=0.

Pit a, =inf{te[a,t, |:u(s)>0,r<s<t,}

Ta co: u(t)>0khia, <t<t, vanéu e, >a thiu(a,)=0.
b ,u(b)SO
Dat o =A.
1nf{te(tm,b]:u(s)>0, tSsSb} u(b)>0

D@ thiy néu o, <b thi u(¢)>0khi oy <t <b vau(a,;)=0.

Lay tich phan biéu thic (2.22) tir o, dén ¢,,; tir o, dén ¢t vatr o, dén b,

qua trén ta suy ra

M—u(a)<M | 1,(1)(s)ds +m ] £,(1)(s)ds+ [ 4" (5)ds

m SMt_rﬁl(1)(s)ds+m:jﬁo(l)(s)ds+:rq*(s)ds
u(b)—u(%)ﬁMj.ﬂo(l)(s)ds+miﬁl(l)(s)ds+iq*(s)ds

> Néu u(h)<0 thido (2.24) va Au<0 taco:

C

(2.39)

két hop véi cac két

(2.40)

(2.41)

(2.42)



Do dé tur (2.40) ta suy ra

_e
A

> Néu u(b)>0 . Theo (2.24) va Au <0 d& thay:

+M < MT 0o (1)(s)ds + mtjf ¢, (1)(s)ds +T q (s)ds, (2.43)

a, oy

4 ¢
—u(b)—u(a )2—— (2.44)
4] RO
Tur (2.42) voi gia thiét |7”|| € (0,1], ta chimg minh duoc:
b b b
‘gu(b)sMjeo(l)(s)dﬁmjzl(l)(s)dﬁ [ 4" (s)ds.

Cong bat dang thirc cudi véi (2.40), tir (2.44) ta thay bat dang thuc (2.43) ding véi
J =[a,.t,, |U[a.b]
Do d¢ trong ca hai truong hop u(b) <0 hodc u(b)>0 bét dang thirc

_e
A

ding véi J =[a,.t,, |U[e.b].

e M <M [ 1, (1)(s)ds+m | ¢, (1)(s)ds+ | 4 (s)ds, (2.45)

a, a,

Theo (2.41) va (2.45), dit

A4, = Tﬁl(l)(s)ds, B, :_[Kl(l)(s)ds

C, =;f£0(1)(s)ds D, ='[€0(1)(s)ds

ta duoc

m(1-C,)< M4, +[q], +|%,

(2.46)

M(1-D,)<mB, +[q, +ﬁ.

Do ||£,(1)], <1 nén C, <1, D, <1. Tirdé, do (2.46) suy ra



0<m(1_c2)<1_D2)3A{mBZ+\q*u +—j+Hq"HL+ﬁ

<mAB,+ 4 ([a’], +)(J, (], +1); (2.47)

o<su(-c1-0) <l + ol

<Ma,B, + 4 (|a"], +e)(|e ()], +1):
T hai bat dang thuc:
(1-G,)(1-D,) 2 1=(C, + D,) 21|t (1)], >0

44,8, <(4,+B,) <[, (1) -
Nén tur (2.47) ta co:

m(1-C.)(1- wA(l ]+ e)la ) +)
(1) ) ”ﬁ Al el ol +1)
hay (1= 1o 0, =30 qu(q* (e, +1)

suyra mslo[l—HEO(I)HL—ZHKI j ('], +<)(1e ), +1)

Tuong ty ta cling c6

<A 110, =41 OF ) (e, + i o, +1)

Do d6 ta c6 bat dang thuc

||u|| —max{M m (Hq H +c)

wi o a=A[ 0L 508 ) o), )50

Tir d6 suy ra trong ca 2 truong hop ham u 13 ham ddi d4u hay khong ddi diu ta déu c6 danh gia

. < r(c + HqHL) voi r xac dinh nhu sau

a0, #1211 Al ), +1)

(oW belles O, #1211t =ledleo O, 1=, )], -1, O

r=r+r=

Viy voi

q e L([a,b];&),c eRVAUE E‘([a,b];R)théa man



(i) [lu(a)+,uu(b)]sgn[ﬂu(a)]Sc
) [0 OJeu0]2d 0. rela]

ton tai s6 >0 sao cho ||u||c < r(c+”q*HL) .

Theo dinh nghia 2.4 tasuyra (e 4' (4, u).

Bo dé 2.8. Gid sir 0 # |,u| < |/1| va gid st ton tai toan tir 0,,(, € P, sao cho

. (=10,—1,.
: ), <4 @49)
1< o), <2l ) 249)
=l o], Al

Khidé 0 e A (A, u).

Chirng minh.

Tuong ty B6 dé 2.7, ta ching minh B dé 2.8 bang dinh nghia.
Lay q" e L([a,b];R,).c € R, va u & C([a,b]; R)thoa mén

() [au(a)+ mu(b)]sen[ (b)) < c

(i) ~[w ()= e()())sen[u()]<q' (). re[a]

Ta chiing minh tdn tai r >0 sao cho ||u||c < I’(C + HQ*HL)

trong d6 r= A |/7“|(H£0 (I)HL 1) N 2 (Hﬁo (I)HL +1)
oL et =1l O, A O, el ), a0

2
L

Budrc 2. Gia sir rang u 1a ham khong doi diu.



Do [Zu(a) + uu(b)] sgn(,uu (b)) < ¢ va cac didu kign p1<0, |2

ad
A

bit A_/[=max{‘u(t)‘:te[a,b]} > (), n_1=min{‘u(t)‘:te[a,b]} >

€ (0,1] ta chiirng minh dugc:

c \
‘S— va ‘

VLl e
B

4

‘u(b)‘—‘u(a) u(b)‘—‘u(a)‘s‘u(b

Khi do ton tai #,,¢, €[a,b] sao cho ¢, #¢, va ‘u(tl)‘ =M, ‘u(tz)‘ =m.

Tir u'(¢) =€, (u)(£) - £, (u)(¢) +q(t), t €[a,b] va diéukién ¢,,¢, € P, ta ching minh dugc:

(o) <320, (1)(¢)~me, (1)(£)+ 4" (¢), t €[a,b] (2.50)
> Néu t, >, thi ldy tich phan (2.50) tir t; d&én b, ta duoc:

—H“ Y ds < j[w D)(s)=mty (1)(s)+4" (s) s

hay Z\?—‘u(b)‘gj\?jiﬁl( ds+jq )ds (do m>0)

%‘[ﬂjﬁl (1)(s)ds + jq* (s)ds}

v

U
suyra |—
e

_ b b
Tirdé ta co: ‘%‘M_‘g‘”(b)‘SMyl(l)(S)dH;]fq*(S)ds [do%gj
Vay
b b
‘%_ Elu(b)| <M [e,(1)(s)ds+ [ (s)ds 2.51)

Lay tich phan (2.50) tir a dén t, ta dugc:
~[lu(s)| ds < [[ 2, (1)(s) = mt, (1)(s) + 4 () Jis
suyra ‘u(a)‘—%ﬁﬁjﬁl( ds+'[q )ds (do m>0)

Cong bat diang thuc trén véi (2.51), va két hop voi bit dang thirc

P (d)~fu(a)| s taco:

A

|M_a+\u(a)\_|§

fu(e) < M ()], + o],

Pt



> Néu ¢, <t, lay tich phan biéu thirc (2.50) tir #, dén ¢, ta dugc:

. ﬂ ) ds < j[m (1)(s) = mt, (1)(s)+ 4" (s) s

suyra M—%Sﬁﬂl)(s)d“j‘f(s)dsSMHWHL+Hq*\L
Do do taco | |
e < msm o), e,
{4, 0, <l
a0 0], J<mele, +

Vay trong ca 2 trudng hop 13 7, > ¢, hodc ¢, > ¢, ta déu co bat dang thirc

O<MU

O

Mit khac 1ay tich phan (2.50) tir a dén b ta dugc

fu(a)| =fu(8) < M, O], =6 ()], + [,

Tir day, do bét dang thic ‘u ‘ ‘u ‘<‘u(b)‘ A= +-5 & trén ta co:

ZIY

fula)| ~fu (8) < M, O, = s ()], + [,

e (0, <30, o) -l
<M 0], o \" Heell,
<M|e, (1), + |/1| |/1|+H /],
» Iﬂl) <
<o, +EA
Hai bat dang thuc sau
oales o, <30, ol 6

o<i{ -], <+l + 5

(2.52)



Kkét

hop voi (2.49) va dat 4, = max{l,i} ta co:

Jul =32 <52 Al |, V)], +1)(c+]a],)-

-1
trong do = (Je =1l O], o O], =14l (0], =1+ |
Dit n=ni |,1|(Hz0 (1), + 1) >0
Tacod bat dang thirc ||u||c <r (c + Hq*HL )

Budce 3. Gia sir rang u 1a ham doi dau.

Dit
M =max{u(t):t €[a,b]}, m=—min{u(t): €[a,b]}
Khi do, ton tai ¢, =, €[a,b]:  u(t,)=M u(t,)=-m
Dé dang thdy rang M >0, m > 0.

> Néu ¢, >t .

Khi d6, ton tai s0 a, €(t,,t,,) sao cho u(t)<0 khi t, <t<a, va u(a,)=0.

bit a, =sup{te[tM,b]:u(s)>O, ty, SsSt}

Dé thay u(t)>0, t,, <t<a, vanéu @, <b, thi u(a,)=0

a ,u(a)SO
biat o, =

sup{te[a,tm):u(s)>0v0iaSsét} ,u(a)>0
Ta cé: néu o, >a thi u(t)>0,a<t<a,va u(a,)=0.
Tich phén biéu thirc

u'(t) =10, (u)(t) =0, (u)(t)+q(t), t €[a,b]

tr ¢ dén a; tr ¢, dén o, vatr adén «a,. Ta chung minh dugc:

<M [ £,(1)(s)ds +m [ £,(1)(s)ds + [ ()b

m

M—u(a) <M [ ,(1)(s)ds+m | £,(1)(s)ds + [ (5)ds,

Iy Iy Iy

u(a)—u(%)SMTzl(1)(s)ds+mfzo(1)(s)ds+13q*(s)ds

(2.53)

(2.54)

(2.55)



+ Néuu(a)<0,néu a,=b=u(b)>0,taco:

[ﬂu a)+ pu(b ]sgn(,uu )) c
hay ~|Afu(a) +[ufu

2) ¢

suyra |ulu(a,) <c
c
hay u(az)ﬁm

Hién nhién, néu «, <b ta cling c6 0=u(e,)< ﬁ
u
<

Za

% €(0,1] tasuy ra

Vay v6i u(a)<0,tacod u(a,)<

Do d6 tir (2.54) va diéu kién

‘ ‘M——_MTEI(1)(s)ds+mT£0(l)(s)ds+Tq*(s)ds

L%

+ Néuu a)>0 Ta co:

(
[lu(a)+ it ]sgn(yu(b)) <c

suyra {Du(a)Jrﬂu ) Jsen (s (b)) < e
(a8 s ) () - a)sen
suyra |ufu(b)~|Alu(a) < c
W,
hay u(a)—|_f{|u(b)_ m

a,=b

/1 —€(0,1], nén tu (2.54) ta co:

H
A

Cong bat dang thire cudi véi (2.55), ta duoc

o |u
_ M —
u(ay)+ /1

(8)> |ufu(b) -

“u(a,) < MJ['E1 (1)(s)ds+mjl‘€0(l)(s)ds +.[[q*(s)ds

(2.56)

(2.57)

_|# u(az)gij'zﬁl(1)(s)ds+mjzﬁo(l)(s)ds+Tq*(s)ds

[Alu(a)



voi I =[a,a,|U[1,,, ]

tir tinh chat cua a, va (2.57) ta co bat dang thirc:
| |M— 7 _MJ'E ds+mI£0(l)(s)ds+J'q*(s)ds, I=[a,a,]U[t). ;]
1 7

Theo (2.53) va (2.56), dat

4= [0,(1)(s)ds, B = [5,(0)(s)as

C =

1
[2,()(s)as D, = Jra)es

Do HE H —|<1taco 4 <1, B < ‘; tir d6 ta c6 hai bat dang thirc sau:

0<m(1-4)<MC +|q| +5

4 (2.58)
« C
0<M[‘§‘_Bljgmq Aol
Dé théy, (|§|—BIJ Ai{[mD +Hq H +| |]
Tur (2.58) suy ra
0<m(1—A1)(%‘_B1j C{MD +Hq H +|ﬂ“|j H(] H |,1|
R RS (I )
0<M(1—A1)(Zl‘ Bj<D{MC +|a'[, +|/1|J |1, +|/1|

<0 4], )l 0, +1):

% e (0,1]ta co6 hai bt déng thirc sau

ool e

4C,D, <(C +D,) <[, (1) -

Dé thay vé1 diéu kién

Boi cac bat dang thirc cudi va (2.49), tir (2.59) ta cé:



(2.60)

{M<“°(Hq*uL+c)(H€o<l>HL+1>;
m< ], + )|, 0), )

Vi

(A e oot =g oop )
=[5l 00 26

Do d6 ta cé e = max {2, m} <y (1, (V)] +1) ([, +¢)

Dit ry =10 (106 (D], +1)

Vay ta ¢6 bit ding thitc [u]. <r,(c+]q],)-

> Néut >t,
Khi d6, ton tai s6 a, €(t,,,t,) sao cho

u(t)>0,¢, <t<a, vau(a,)=0.
Pat a, =sup{r [t,.b]:u(s)<0, 1, <s <t}
D@ thdy u(¢)<0,t, <t<a; vanéu a; <b thi u(a;)=0.
a u(b)=0
Dat ={sup{te[a,tM):u(s)<0, as<s<t)  u(b)<0
D@ thiy néu a, >a thi u(¢)<0,a<t<a, va u(a,)=0.
Lay tich phan biéu thirc
u'(t) =20, (u)(t) =0, (u)(t)+q(t), t €[a,b]

tir ¢, dén a, vat ¢, dén a vatir adén o, . Ta chimg minh dugc:

M < MT 0, (1)(s)ds + mT 0o (1)(s)ds + T q (s)ds, (2.62)

Y Y Y

mru(as) <M [ £,()(s)ds+m [, ()(s)ds+ [ (s)ds,  (269)

u(ag)—u(a)< MT%O(I)(S)dS +mT€1(l)(s)ds +Tq*(s)ds (2.64)

Néu u(a)20, gid st a;=b



[lu a)+ pu( )]sgn(,uu b))
hay [Alu(a)=|uu(as) <e
suyra —|y|u(a5)ﬁcc>u(a5)2—ﬁ

Hién nhién néu o <b tacling c6 0=u(a;)>——

7
Tir d6, ta c6 u(as)z—ﬁ.
Y7,
Do d6 tir (2.63) va % e (0,1]ta suy ra
"u‘m—m_Mjﬁ ds+mj€1(1)(s)ds+Iq*(s)ds, I=[t,,05] (2.65)
J J

Néu u(a)<0 . Taco:

[ﬂu + g ( )]sgn(,uu(b)) <c

hay |ft|u(a)—|,u|u(b)£c
1 c
hay ——(|A|u(a)—|p|u(b))sgnu(b) < ——
el ) q
Tir do ta co:

4 1 ._€
|;‘| u(b)-u(a)> m[/lu(a)+,uu(b)]sgnﬂu(b)_ n

Do tinh chét cua a5, ta chirng minh dugc

—u(as)—u(a)z—— (2.66)

Nhén 2 vé cta (2.63) cho % va két hop gia thiét |—2‘|| € (0,1], ta co:

|%|u(a5)+ %|m < MIzo(l)(s)ds +mjf€l (1)(s)ds+ij*(s)ds

Cong bat dang thiic cudi véi (2.64), tir (2.66) va cac tinh chat trén ta thy bat dang thic (2.65) ding
voi J =[a,0 U1, 0]

Do d6 trong cd hai truong hop u(a)>0 hodc u(a)<0 bat ding thic (2.65) déu ding véi
J =[a,a,]U[1,,05].

Theo (2.62) va (2.65) va dit



ty J
€= [1,(0)()ds D, =[1,(1)(s)ds
Po 10, <[] o <[] . <[4
taCO
0<M(1-4,)<mC, +|q, +| 7k
(2.67)
T
Twr (2.67) suy ra
0<M(1—A2)(§‘—32J C(MD +Hq H + j Hq H |,1|
gMC2D2+ﬂo(Hq H +c)<H€° HL+1)’ (2.68)

0<m(1—A2)£

ofnJen el ool o

<mC,D, + A, (Hq*HL +c)(”z0 ()], + 1),
U

(1—142)(z —szz % -

4C,D, <(C,+D,) <|¢, (1) -

Do hai bit dang thirc sau

%AZ—B

2|l o), >0

va (2.58), tir (2.68) ta suy ra bt ding thirc

el < (e, )

v6i 7, xic dinh boi (2.61) va r, =iy (|0, (1)], +1).

Két hop cac bt dang thirc dat duoc trong 2 trudng hop ham u d6i ddu va khong d6i dau ta co bat
dang thirc

el <7+,



A O, +1) ALl
0 O, (el =Fales (O, ) V2l (0, =124+ ‘f{‘—”&(l)”L—i”ﬂo(l)“i

VOl r=rn+r=

Vay véi ¢ € L([a,b] ) ceRVvaue E’([a,b];R)th()a min

() [/w +/,m(b]sgn[yu )]Sc

@) (o)) e [u()]<a (1), re[es]
Ta thay ton tai r > 0 sao cho . < r(c + Hq*HL)

Tur ddy, theo dinh nghia 2.4 (truonghop i=2)tasuyra (e A*(A,u).

2.2.2 TAPHQP B(A,u)

Dinh nghia 2.9. Ta ndi cap toan tu (Zo,ﬁl) eP, x L, thuoc vao tip hop B(/i,,u)né'u ton tai mot s6

r>0 sao cho véi moi q° eL([a,b];R+) , ceR_va moi ham u ea([a,b];R) thod man cdc bat

dding thire:
[iu(a)+uu (b) |sgn(Au(a))<c (2.69)
[/ (1) + 2, (u) (1) |sgnu(r) < 0, (|ju])(1)+ ¢ (), t €[a.b] (2.70)
thi ta co danh gia ||u||c < r(c +Hq*HL )

Bo d& 2.10. Gid sit ton tai ¢ € R, sao cho
h(v)sgn(Av(a))<c, veC([a,b];R) (2.71)

va gia si ton tai (£,,¢,) €B(A,u)sao cho bat ding thirc
[F(v)(£)+¢,(v)(2) Jsgnv(e) < o (M) (2) +q (e

1
duwoc thoa man véi moi ve B,

). tela.b]  (2.72)

([a,b];R), trong do q € K([a,b]xR+;R+)ld ham khong giam theo

bién thit hai théa méan lim — jq (s,x)ds=0

X—>+0 ¥
Khi dé bai todn (2.1), (2.2) ¢é it nhdt mot nghiém.
Chirng minh

Xét bai toan thuan nhét



{u’<r>=—f1<u><t)
lu(a)Jr,uu(b) =0

chi c6 nghiém tam thuong do (£o,0,)€B(A,1t). That vay, chon ¢=0, 4 =0. Do u la nghiém cua
bai toan thuan nhat nén u théa mén (2.69),(2.70).
Do d6 ta o6 bt ding thirc u]l. <r(c+[q’[, )=0. Suy ra bai toén thuin nhdt & trén chi c6 nghiém

tAm thuong.

Goir 1a sé duong trong dinh nghia 2.9

Do lim —jq S x)ds =0 nén ton tai p > 2rc sao cho

X—+0 X
1 1
;'!q(s,x)ds<§ khi x> p

Gia sir u € C([a,b];R) théa man (2.7),(2.8) v6i 5 € (0,1), £ =—(, cé nghia Ia :

u’(t)+€1(u)(t)=§[F(u)(t)+£1(u)(t):|, t €[a,b], (2.73)

iu(a)+,uu(b) = 5h(u)

Theo (2.71) ta co:

h(u)sgn(/iu(a)) <c
Suy ra [ﬂu ;,uu (b)] sgn(/”tu(a)) <c
Do d6 (ﬁu(a)+yu(b))sgn(lu(a))Sc

Vay u théa man bat dang thirc (2.69) hay u € B}, ([a,b];R).
Do cac diéu kién (2.72), (2.73) ta c6
[u'(t)+ ]sgnu 5[ (|u|) +q(

Tir d6 ham u théa man bat dang thirc (2.70) véi ¢" (¢) = ¢(t,

=t (l)(1)+a (e
|c)’ re [a’b]

)

u

Két hop diéu kién (¢,,¢,)eB(A,u) ta co:
e <r(c+|a],)

b
Néu ||u|. > o thi do tinh chat lJ.q(s,x)ds < 2i khi x > p & trén ta co:
X r

( s <[],

hay 2qu




Turdo taco Zqu*HL < ||u||C

Két hop bit dang thic ||u||c < r(c+”q*HL)ta suy ra ||u||c <2rc < p. Didu ndy mau thuan véi gia
thiét ||u||C > p O trén.
Vay ta phai co ||u||C <p.

Do p khong phu thudc vao u hoac 6 nén theo bd dé 2.3 bai toan c6 it nhat mot nghi¢m.

B6 dé 2.11.

Gia sur trén C([a,b];R) bat dcfng thire sau dwoc thoa man
[A(v)—=h(w)]sen(A(v(a)-w(a))) <0, (2.74)
va gia su ton tai (ﬁo,fl) € B(/l,y)sao cho trén tap B/IW ([a,b];R) Voi ¢ = ‘h(O)‘ bat dcfng thirc sau

[F )+€ ( (t)]sgn(v(t)—w(t)) </, (|v—w|)(t), te[a,b] (2.75)

duoc thoa man.
Khi d6 bai todn (2.1), (2.2) ¢é nghiém duy nhat.
Chirng minh

Do (2.74) nén diéu kién (2.71) ding. Véi ¢ =|h(0)
Do (2.75) ta théy trén u B}, ([a,b]; R) bt dang thirc (2.72) ding véi q =[F(0)

Do céc diéu kién ctia bo dé 2.10 ding nén bai toan (2.1), (2.2) ¢6 it nhat mot nghiém. Sau day ta

ching minh d6 13 nghiém duy nhat ctia bai toan.

Goi u,,u, 12 hai nghiém tly ¥ ctia bai toan (2.1), (2.2).
bat u(t)=u,(t)—-u,(t) véi te[a,b].

Do céc diéu kién (2.74), (2.75) ta co

[ Au(a)+zu(b) |sgn(Au(a))<0

[u'(t) +/, (u)(t)]sgnu )<t (|u|)

Két hop diéukién (¢,,¢,)e B(A,u) tacé u=0.Tird6 suy ra u, =u,

Bo dé 2.12. Gia sir |,u| < |/1| va ton tai (!, € P, sao cho



loy €V (Aopt), =0, €V (A, ).
Khi dé ((,,0,)eB(A,u)
Chirng minh.
Ta chiing minh B6 dé 2.12 bang dinh ngha.
Ly q" e L([a,b];R,),c €R,, va ue C([a,b];R) thoa mén
[;tu(a) + () |sgn(Au(a)) <c, (2.76)

[/ (1) + 0, (u) (1) |sgnu(r) < 0, (ju])(1)+q (1), t €[a,b] (2.77)
Ta chimg minh ton tai 7 >0 sao cho (2.14) ding.
Do ¢, €V, (A, 1) nén cac gia thiét cia B6 dé 2.2 duoc thoa man. Chung ta s& chimg minh ring bat
dang thiic (2.14) 14 chinh xac v6i 7 =7, 1a sb duong trong B6 dé 2.2

bit c}(t) =u'(t)+¢,(u)(t),khit €[a,b], ta co:

. u'(t) :—ﬁl(u)(t)+&(t), te [a,b]

= g(t)sgnu(r)<¢, (|u|) )+q (¢) khi te€[a,b]

Do d0, ta co:

()], <, ([u] )()+ £ (ju) () +4" ()=
=—€1([u]+)( )+ (|u|) 1)+ ¢ (|u|) +q () te[a,b]
[u()] <, ([u])(e)+ ¢ () (1) +4" (1) =
==, ([u] ) () + 44 () (1) + £ () () + 47 (1), 2 €[a.b]
Do —(, €V, (A, 1) nén theo Dinh 1i 1.1 bai toan
o' (1) ==L, (@) (e)+ £, (fu) (1) + ¢4 () (1) + 4 (¢)
Aa(a)+ pa(b)=csgni
C6 nghiém duy nhat . Do Az <0 va (2.76) ta cé:
Au(@)] ~lal[u)]. <e.  A[u(@)] -lul[u(p)] <c
Tir Au <0, cac bt dang thirc & trén, két hop diéu kién —¢, eV} (A, 1) va chu y 1.4 din dén
[u(t)] <a(r),  [u(t)] <a(r), telab]
Suy ra ‘u(t)‘ﬁa(t), tela,b].

Do d6, ta ching minh dugc



o (1)<t (a)(t)+q (1), teab]
Do ¢, eV, (A, u), Aa(a)+ pa(b)=csgn A tir bat dang thic trén ta suy ra
a(t)<v(t), tela,b]
Trong d6 v 1a nghiém ciia bai toan
V(E)=L,(v)(t)+q(t),  Av(a)+uv(b)=c

voi g =q vac=csgnd. Vado do theo B dé 2.2 danh gi4 (2.14) 1a chinh xéc véi r = r,



CHUONG 3:
CAC TIEU CHUAN HIEU QUA VE TiNH GIAI BUQC CUA BAI TOAN BIEN DANG
TUAN HOAN CHO PHUONG TRINH
VI PHAN HAM PHI TUYEN BAC NHAT
O chuong 3, ta thiét 1ap nhitng diéu kién cu thé cho tinh giai dugc va giai duoc duy nhat cua bai
toan (2.1), (2.2) khi diéu kién bién (2.2) 1a mot dang tudn hoan, nghia 13 khi bat dang thic Au <0
duoc thoa man. Muc 3.1 néi vé cac dinh Iy ton tai nghiém cua bai toan; muc 3.2 noi vé cac dinh ly
duy nhat nghiém cta bai toan. Muc 3.3 dé cap dén phuong trinh vi phan déi sb 1éch. Muc 3.4 dua ra

vi du nhdm ching minh tinh t6i uu ctia bat ding thirc & Pinh 1i 3.1. Cac dinh 1y trong chuong 3 chi

giai quyét vin dé khi | ,u| < |/1 , con truong hop| ,u| > |/1|, ta co thé giai quyét theo hudng tuong tu.
Trong phan nay ta gia sir ring ham g € K ([a;b] X R+;R+)le‘1 ham khong giam theo ddi sb tha hai va

thoa man:

b

lim 1 q(s,x)ds =0

T
3.1. CAC PINH LY VE TON TAI NGHIEM
Dinh li 3.1. Gid sir 0#|y|<|A| vd
= Gid st ton tai ¢ € R sao cho trén tap C([a,b];R) ta cé
h(v)sgn(Av(a))<c,
= Gid sirton tai (,,(, € P, sao cho

0 leo ()], <1 (3.1)

leHog (1()1\%” _|/1||—||ﬂ| <[le ), <21-Je. )], 52)
Tl s

o Tréntap B;ﬂc ([a;b];R ta cé bat dang thikc:

[F()(e)= £ (v)(e) + £,(v) (1) Jsenv (1) < (s,

v||C), te[a,b].

Khi d6, bai todn (2.1), (2.2) ¢6 it nhdt mét nghiém.
Chirng minh.



Tl (3.1),(3.2) ta thiy céc diéu kién cua B6 dé 2.7 dugc thoa man. T d6 suy ra £, ¢, € 4' (4, u).
bat (=¢,—¢,ed' (A, u).
Do céc bat dang thirc
h(v)sgn(/lv(a)) <c,
[F(v)(t) -/, (v)(t)+£1 (v)(t)]sgnv(t) < q(t, |C), te [a,b]

ta thiy cac diéu kién cua Bo dé 2.5 dugc thoa man véii=1va =4, ¢, € 4' (A, u)

v

Vay bai toan (2.1), (2.2) cé it nhét mot nghiém.
Chuy 3.2. Giasu 0# |,u| < |/1| Pat D la tdp hop cdc cdp sé thuc dirong (x,y) eR, xR, théa man

dieu kién

x <1, L—M<y<2\/1—x
I=x |4
Dinh 1i 3.1 dugc viét lai nhu sau :
Gia s 0 # |,u| < |/1| va
»  Gid sir ton tai c € R, sao cho trén tap C([a,b];R) ta co
h(v)sgn(/iv(a))gc, (a)

* Giasutontail !, €P,sao cho

0 (Jeo )], e )], ) e

o Tréntip B, ([a;b];R) ta ¢é bat dcfng thirc:

Auc

[F)(0) =6 (v)() + £, (v)(¢) Jsemv(e) < a1,

Khi d6, bai todn (2.1), (2.2) ¢6 it nhdt mét nghiém.

L’

v

o). telab]. @)

O muc 34 ta s& chung té réng véi moi  x,,y, €R ,x,,y, 2D, tdn tai ham
FekK,,l,! €P,vac, R saocho cac diéu kién (a) va (b) ding véi & Eco,c:|c0|
%o :Hgo(l) PR :HZI(I)

nhung bai todn (2.1), (2.2) v61 h = ¢, khong c6 nghiém.

L’

DPinh li 3.3. Gia su 0+ |,u| < |i| va

" Gidsirton tai ce R sao cho trén tip C([a,b];R) ta ¢é bat dcfng thirc



h (v)sgn(uv(b)) <c

* Giasuwtontgil !, €P,sao cho

0 e, ()], < %‘ (33)
0 1<l ), <2 - o 34
PREIG) AT
0 Trén Bjm, ([a;b];R) ta c6 bat dang thirc:

[F(v)(£)=£,(v)(£)+£,(v)() ]sgnv(t) 2 —q(t,

Khi dé, bai todn (2.1), (2.2) ¢6 it nhdt mot nghiém.

v|c). khi t €[a,b].

Chirng minh.
Tl (3.3),(3.4) ta thiy cdc diéu kién ctia B6 d& 2.8 dwoc thoa man. Tir d6 suy ra £,— /¢, € 4> (A, u).
Dit (=0, -0, e 4 (4, 1).
Do céc bat ding thirc
h(v)sgn(uv(b))<c,
[F()(1)=£,(v) (1) + £,()(1) Jsenv (1) 2 ~q (e M), ¢ e[ab]

ta thiy cac diéu kién cua Bo dé 2.5 dugc thoa man véi i=2 va £ =¢, — 1, € 4> (A, u)

v

Vay bai toan (2.1), (2.2) c6 it nhit mot nghiém.
Pinh Iy 3.4 Gia sir || <|A| va

= Gidsirtontai ceR, saocho trén tip C([a,b];R) ta c6 bt ding thirc
h(v)sgn(Av(a))<c,
= Gidsirtontai {0, € P, sao cho
o lyeVy(bu),  ~l V(A np)
0 Trén tdp hop B, ([a.b];R) bit ding thirc
[F()()+ 4, (0)(0)Jsenv(e) < £, (W) () + a1

Khi d6 bai toan (2.1), (2.2) c6 it nhat mét nghiém.

v

). el

Chirng minh.
Do ¢, eV, (A, u),~t, €V, (A, u)nén theo B6 d€ 2.12 taco (£,,/,) e B(A,u)



Két hop voi cac bit dang thirc ¢ trén ta thiy cac diéu kién ctua B6 dé 2.10 dugc thoa man. Do d6 bai

toan (2.1), (2.2) c6 it nhat mot nghiém.

3.2 CAC PINH LY DUY NHAT NGHIEM

Pinh i 3.5. Gid sir 0#|u|<|A

, va
= Trén tdp C([a,b];R) ta cé bat ding thirc

[h(v) - h(w)]sgn(/l(v(a) —W(a))) <0,,
= Gid sirton tai (,,(, € P, sao cho

0 Hﬁo (1)HL <1

£, 1Al-14 TR
— 7.(1 2. 12, (1
=, (), 4 <[les ()], < e (],
o Tréntdp B;#C([a;b];R) VOi ¢ =‘h(0)‘ ta ¢é bat dcfng thirc:

[F(v)(t) —F(w)(1)—L,(v—w)(1)+¢, (v—w)(t)]sgn(v(t) —w(t)) <0, te[a,b]
Khi dé, bai todn (2.1), (2.2) ¢ nghiém duy nhat.
Chirng minh.

Tir cac bat ding thic cia cac toan tir / 0ol ta thdy cac diéu kién cua B6 dé 2.7 duoc théa man. Suy
ra l,—{ €A (A u)

Diéu nay két hop véi cac bat dang thirc con lai ta suy ra cac diéu kién trong B dé 2.6 dugc thoa
man voii=lva /=0,

Tir d6 bai toan (2.1), (2.2) c6 nghiém duy nhat.

Pinh 1i 3.6. Gid sir 0#|u|<|2

,va gia s
= Trén tdp C([a,b];R) ta cé bat ddng thirc

[1(v)=h(w)Jsen(u(v(b)-w(p))) <0,

= Tontai l,,(, € P,sao cho
el
ﬂ( s
4

0 —1<|, (1 <2ﬁ|_g1 }
<ol <2l

o e, <




o Tréntdp B? ([a;b];R) VoI ¢ :‘h(O)‘ ta ¢é bat dcfng thue:

Auc

[F(v)(t)=F(w)(t) =, (v=w)(t)+£,(v=w)(¢) sgn(v(t) - w(t)) 20, t€[a,b]

Khi dé, bai todn (2.1), (2.2) ¢ nghiém duy nhat.

Chirng minh.

Tir cac bat déng thire cua cac toan tir /7,7, ta théy cac diéu kién cua Bb dé 2.8 duogc thoa man. Suy
ra l,—1, €A (A,u)

Diéu nay két hop véi cac bat dang thirc con lai ta suy ra cac diéu kién trong B dé 2.6 dugc thoa
man voii=2va (=10 1,

Tir d6 bai toan (2.1), (2.2) c6 nghiém duy nhat.

Pinh 1i 3.7. Gia sir |u| <|A|va gia st
= Tréntap C([a,b];R) ta cé bat dang thirc

[h(v)—h(w)]sgn(/i(v(a)—w(a)))SO,
= Tontai l,,(, € P,sao cho
0 KOEVaJL(ﬁ“’:u)v —KIEVLIZ(E,IL[),

o Tréntap Biﬂc ([a;b];R) VOi ¢ = ‘h(O)‘ ta ¢é bat dcfng thire:

[F(0)(0)=F(w)(0)+ £, (v=w) (1) Jsen(v(6) - w(2)) < £y (= w])(0). 1€ [ab]
Khi d6, bai todn (2.1), (2.2) c6 nghiém duy nhat.
Chirng minh.
Tur diéu kién ¢, €V, (A1), —¢, €V, (A, 1) 6 trén theo B6 d& 2.12 ta c6 (¢,,¢,) € B(A, u). Diéu
nay két hop véi cac bat dang thirc con lai ta suy ra cac diéu kién ctia B6 dé 2.11 duoc théa man. Do

d6 bai toan (2.1), (2.2) c6 nghiém duy nhat.

3.3 BAI TOAN BIEN DANG TUAN HOAN CHO PHUONG TRINH VI PHAN POI SO
LECH
Trong muc nay ta xét mot trudng hop riéng cua bai toan (2.1), (2.2) . P6 1a bai toan bién dang tuan

hoan cho phuong trinh vi phan dbi sé 1éch

n

()= X a0l 1) = ()l () + () G 0) ot £, 0)) - B.5)

k=1

Vi diéu kién bién:



Au(a)+ pu(b) = h(u) (3.6)
Trong d6 f € K ([a.b]xR"™":R), p,.g; € L([a.b]:R,), A <0
va 7,,v, €M, (k=1,m),¢, e M,,(j=1n),mneN; h:C([a,b];R) > Rla ham lién tuc thod mén
Vr>0,3M, R, sao cho :|1(v)| < M, khi ] <7

Ta gid st ge K ([a,b]xR+;R+) 1a ham khong giam theo bién thir 2 va thoa min dang thirc

lim — quxd =0.

X—>+0 X

Ta dua bai toan (3.5), (3.6) vé dang (2.1), (2.2) bang cach dit nhu sau:
Pit

=i(pk V(7 ()= g ()v(v () + £ (v(1) (61 (1) -v(5, (1))

Khi d6 bai toan (3.5) , (3.6) thanh
u'(t)=F(u) ()
Au(a)+ au(b) = h(u)

Ta chirng minh dugc céc toan tor /,¢, va F théa man céc diéu kién cua bai toan (2.1), (2.2) va

¢ @l =leol.s 6O, =leol.

3.3.1 CAC PINH LY TON TAI NGHIEM
Pinh 1i 3.8. Gid sir 0|y <|A| va

" Gid sir ton tai ¢ € R, sao cho trén tap C([a,b];R) ta ¢é bat dcfng thire:
k(v)sgn(/iv(a)) <c

= Trén tap hop [a,b] x R"™" ta ¢6 bat dang thirc:

f(tx,x,00x )sgnx<q( ) (3.7)

»  Gid sir ton tai p,,g, € L([a,b];&)(k = 1,...,m) sao cho

0 ol <1, (3.8)



/1_
0 bl VI g, <2 o] 69)

=l 1
Khi dé, bai todn (3.5), (3.6) c6 it nhdt mét nghiém.
Chirng minh.
Tur (3.7) ta co:

£ (0960 (1)), or(5, 1)) senv(r) < a o
o) <alehl).  refad]
Nentacs: £ (60(6)v(,(£))sv(s, (1)) )-sEnv(t) <q(s,
Hiy [P0 0)(0)+ 4 (0)(0)Jsenv() <gfr

Két hop véi (3.8), (3.9) ta thdy cac diéu kién cua dinh 1y 3.1 duoc thoéa méan. Do do, theo dinh 1i 3.1

v(1)

), Vtela,b]

Ma a(t, v

V|C), Vte[a,b]

v|C), Vte[a,b]

bai toan (2.1), (2.2) c¢6 nghiém. Tir 6 suy ra bai toan (3.5), (3.6) co it nhat mot nghiém.
Chii y. Bit dang thirc nghiém ngit (3.8), (3.9) khong thé thay thé bai bt dang thirc khong ngit.
Chi tiét c¢6 thé xem muc Chu ¥ phan 3.4.

Pinh 1i 3.9. Gid sir 0#|u|<|A| va
= Gid si ton tai c € R, sao cho trén tdp C([a,b];R) ta c6 bdt dding thiic:
h(v)sgn(uv(b))<c,
= Trén tdp hop [a,b]x R"" ta c6 bdt dang thirc:

X

) (3.10)

»  Gid sir ton tai Di-8; € L([a,b];RJ(k = 1,...,m) sao cho

f(t,x,x,,....x, )sgnx > —q(t,

0 ., < % (3.11)
4] |ﬂ|
0 Sl R—Y [ U (3.12)
e <l <24l

Khi d6, bai todn (3.5), (3.6) 6 it nhat mot nghiém.

Chirng minh.

Mot cach twong tu nhu & dinh 1i 3.8. Tir (3.10),(3.11),(3.12) ta thdy cac diéu kién cua dinh li 3.3
dung. Do d6, theo dinh 1i 3.3 bai toan (2.1), (2.2) c6 it nhat mot nghiém.hay bai toan (3.5), (3.6) c6

it nhat mot nghiém.



3.3.2. PINHLY TON TAI DUY NHAT NGHIEM
Pinh 1i 3.10. Gid sir 0 # || <|A|

" Gid si ton tai c € R, sao cho trén tdp C([a,b];R) ta c6 bdt dding thirc
[#(v)=h(w)]sen(2(v(a) - w(a))) 0.
= Trén tdp hop [a,b]x R"™" ta c6 bt ddng thirc:
[f(t,x,xl,...,xn)—f(t,y,yl,...,yn)]sgn(x—y) <0
= Giasitontgi p,.g, €L([a,b];R, )(k=1,...,m) sao cho

0 I, <1,

p A=
. o], 1A |'u|<||g0||L<2 1=z,

I=lpof, 14
Khi d6, bai todn (3.5), (3.6) nghiém duy nhdt.

Chirng minh.
D@ thay cac diéu kién cua dinh 1i 3.5 duoc théa man. Vay, theo dinh 1i 3.5 bai toan (2.1), (2.2) ¢6
nghiém duy nhat. Tir d6 bai toan (3.5), (3.6) c6 nghiém duy nhat.

Pinh i 3.11. Gid sir 0 #|u|<|A

= Gid sit ton tai c € R, sao cho trén tdp C([a,b];R) ta c6
[1(v)~h(w)]sen[ u(v(5)~w(8))] <.
= Trén tdp hop [a,b]x R"" ta c6 bdt dang thirc:
[ f(6xx0x,) = £ (63,3100, ) [sgn(x = ) 2 0
= Gid sitton tai p,,g, € L([a.b];R,)(k =1,..,m) sao cho

H
A

b

o Jal, <

4]
= |Alllgo
Khi d6, bai todn (3.5), (3.6) c6 nghiém duy nhat.

0 1<l <24l

Chirng minh.
D@ thay cac diéu kién cua dinh 1i 3.6 duoc théa man. Vay, theo dinh 1i 3.6 bai toan (2.1), (2.2) c6
nghiém duy nhat. Ttr d6 bai toan (3.5), (3.6) c6 nghiém duy nhat.



34CHUY
Cho 0 #|u|<|4].

R3 rang néu x,,y, € R, va (x,,,) & Dthi (x,,,)sé thudc it nhat mot trong cac tap sau:

DI:{(x,y)eR+xR+:léx},

_ A=y _x_P-lA
Dz—{(x,y)eR+xR+. |/1| Sx<1,y£l_x |/t| ,

D, :{(x,y)eR+xR+:x<l, 2\/1—x3y}

; |4
Ch D, .Pita=0,b=3,6=———(0 1
0 (xp,5,)€D,.Pat a=0,b=3,¢ |/1|(1+y0)( <e<l1)
—Yy > t€[0]) 0 ,1€[0,2)
p)=3x, te[1,2) , z(t) = B x,+e-1 te[Z 3]
0, ref23] 1=(x,+&-1)(1-3)
1
) :{ 1e[0,1)
3 ,tell,3]
Dé dang chimg minh duoc
b b
%, = [[p(9)], ds, ¥o = [[p(s)] ds (3.13)
Va bai todn
u'(t) = p(u(z(t)) + z(u(t), Au(a)+ pu(b) =0 (3.14)
C6 nghiém khong tim thuong
(led =12l )2 = e[0)
u(t) =< -x|A| -1 —-|2]e te[1,2)

A (x, +&-1)(1=3)=|4| .re[2,3]

Khi d6 theo Chi § 1.2 , ton tai g, € L([a,b];R)va ¢, € R sao cho bai toan (2.1), (2.2) véi

E@)(1) = p(O)(v(z (1) + 2(0)v(1) + 9, (1), h(v) =c, (3.15)
khong c6 nghiém, khi d6 véi
L) =[pO] V(@) £, =[p(®O)] v(z1), q=|q,

Taco h(v)sgn(Av(a))<c ,veC([a,b]:R) va £,,0, P,

, c=le|  (3.16)



Cho (x,,y,)e D,. Pat a=0,b=3

X, ,te[O,l)
1 Lrefo)
p)=3-y, .te[l,2), 7(t) = {O

0 .re[2.3] re[t3]
0 1€[0,2)
z(1) = |,u|_|/1|(1_x0)_|1u|y0(1_x0)

_ rel2,3
A1 =2x) = (|| = [ A1 =) = [ vy (1 = ) ) (2 = 3) =>3

D@ dang ching minh duoc (3.13) thoa man, va bai toan (3.14) khong ¢6 nghiém tim thuong.

2R _

l—xot |,u| ,t€[0,1)
u(t) = |y|y0(t—1)—% ,te[l,Z)

=120 - %)

( — —|u|yy |t =3)=|4] .re[2,3]

Khi d6, theo Chu 1.2, ton tai g, € L([a,b]:R), ¢, € Rsao cho bai toan (2.1), (2.2) véi F va h cho
boi (3.15) khong c6 nghiém, khi d6 diéu kién

h(v)sgn(Av(a))<c,veC([a,b];R) (0, eP,  (3.17)
thod man, véi ¢,/ ,,q,c dugc dinh nghia bdi (3.16).

Cho (x,,1,) € D,.Pit a=0,b=6

0 ,te[O,l)u[2,3)

B —J1=x, ,te[1,2)u[3,4)
pt)= X, ,16[4,5)
21=x, =y, ,te[5,6]

6 .1[0.3)U[4.5)
(1) =42 ,te [3,4)
,t€[5,6]
Hién nhién, (3.13) thoda man. Hon nita, dinh nghia G € K , boi
—v(O)(@)| ,te[0,1)U[2,3)
GW)(@)=+0 ,t e [1,2) [3,5)
q,(1) 1 € [5,6]

Véi g, € L([a,b];R)sao cho



6
[95(s)ds 21+ y, —\f1-x, (*)
5

Ta s& chirng minh rang bai toan (2.1), (2.2) véi F va h cho boi

F(v)(t)=p(t)v(z(¢))+G(v)(¢), h(v)=0 (3.18)

vO nghiém, khi do6 diéu kién (3.17) thoa man, vo1 ¢, /,,q,c dugc dinh nghia boi

L)) =[p(5)] v(=(2)); L)) =[r(0)] v(z(1)),

(3.19)
q=4), c=0

That vay, gia st nguoc lai u 1a nghiém cua bai toan (2.1), (2.2) voi F va h cho bdi (3.18), c6 nghia la

diéu kién (1.1,) ding va

u'(t)=p(t)u(r(t))+G(u)(t),te[a,b] (3.20)
Tir (3.20) ta ¢6
__u(0)
u(l)= 1+[u(0)]
u(2) =u(1)—u(6)1-x,,
u(2)
u()= L+ fu(2)

u(4) =u3) —u(2)1-x,,
u(5)=u(4)+u(6)x,,

u(6):u(5)—(y0 -21-x, )u(1)+fq0(s)ds

5

Tir 3 dang thirc cudi ta suy ra

u(3) =(y0 —H)u(l)—zqo (s)ds
(

!q‘)(s)ds :(y‘)_H)Ju(PO) 1+u£tz()2)
S(”)‘H)lfffz)o) +1:’£2()2) <14y, 1=,

Diéu nay mau thuin vai bat dang thirc (*).



KET LUAN VA KIEN NGHI

Muc dich cua ludn van la nghién ctru cac diéu kién du cho viéc va ton tai nghi¢m cua bai toan
bién dang tuan hoan cho phuong trinh vi phan ham bac nhat phi tuyén (2.1), (2.2). Noi dung chinh
ctia luan vian gom 3 chuong:

Chuong 1. Chung ta xay dung diéu kién can va du dé mot toan tur tuyén tinh va bi chan manh
¢ eV (A, ). Két qua chinh 1a ménh dé 1.6 va dinh 1y 1.7.

Chuong 2. Pay 13 ndi dung chinh cta luin van. Trong chuong 2 chung ta xay dung cac diéu
kién du dé bai toan (2.1), (2.2) c6 nghiém va c6 duy nhat nghiém. Cac két qua chinh 1a cac bo dé
2.5, b0 dé 2.6, b0 d& 2.10 va bo dé 2.11.

Chuong 3. Trong chuong 3, dua trén cac két qua ciia chuong 1 va chuong 2 ching ta xay
dung cac tinh chit hiéu qua dé bai toan (2.1), (2.2) c6 nghiém va c6 duy nhit nghiém. Két qua chinh
la cac dinh 1y 3.1, dinh ly 3.3, dinh 1y 3.5 va dinh 1y 3.6.

Trong phan cudi ciia chuong, chiing ta ap dung cac két qua ctia bai toan bién dang tuan hoan
cho phuong trinh vi phan ham phi tuyén (2.1), (2.2) dé nghién ctru cac diéu kién du cho viéc ton tai
va duy nhit nghiém cua bai toan bién dang tuin hoan cho phuong trinh vi phan dbi sé léch. Két qua

chinh 1 cac dinh ly 3.8 va dinh 1y 3.10.

Tur nhitng vn d¢ dua ra trong luan van, mot cdu hoi dat ra 13 cac két qua trén con dung hay
khong cho phuong trinh vi phan ham bac cao hay bai toan bién nhiéu diém cho phwong trinh vi
phan ham. Hon nira di vi cac bai toan trén chiing toi con chua nghién ctru tinh x4p xi nghiém cia
n6 do thoi gian c6 han.

Chinh vi vay théng qua cac két qua di dat duoc trong luan vin nay, tic gia mong mudn dugc
mé rong va tiép tuc nghién ctru cac van dé néu trén. Tuy nhién, v6i sy hiéu biét han ché cia ban

than, tac gia rit mong hoc hoi tir sy gop ¥ va chi bao ciia Quy Thay, C6 trong va ngoai Hoi dong.
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