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MG DAU

1. Ly do chon dé tai

Phuong trinh vi phan dong vai tro cuc ki quan trong trong ki thuat,
vat 1y, kinh té vA mot s6 nganh khac. Cé nhiéu phuong phap dé giai
phuong trinh vi phan théa man cac dicu kién (ban dau hofic bien) va
mot trong s6 cac phuong phap dé 1a sit dung 1y thuyét toan ti kha
nghich phai ma dugc bat dau tit nam 1972 trong cong trinh ctia nha
toan hoc nit ngusi Ba lan Danuta Przeworska-Rolewicz va sau nay dugc
phat trién bdéi nhicu nha toan hoc khac nita.

2. Muc dich nghién citu

Muc tiéu ctia luan van la tim hiéu 1y thuyét va ban chat cach giai
bai toan bién hén hop thi nhat ctia 1y thuyét toan tit kha nghich phai
thong qua bai toan ndi suy Newton.

3. Déi tuogng nghién citu va pham vi nghién citu

Doi tugng nghién citu: Toan tit kha nghich phai, todn tit ban dau va
phuong trinh vi phan vé6i cac diéu kién bien hdn hgp thi nhat.

Pham vi nghién ctu: Nghién citu bai toan ndi suy Newton va bai
toan bién hén hgp thit nhat déi v6i phuong trinh vi phan tritu tugng.
4. Phuong phap nghién ctu:

Nghién cttu tai lieu, phan tich, giai thich, danh gia, tong hop.

5. Y nghia khoa hoc va thuc tién cta dé tai

Dé tai 1a mot chuyen dé tot vé cac van dé noi suy va bai toan bién
cua phuong trinh vi phan truu tugng.

Dé tai mang tinh chat thuan tdy toan hoc. N6 quan tam dén viéc
tim diéu kién ton tai duy nhat nghiém ctia bai toan bién hén hgp thi
nhat bang cich ap dung toan ti, vd dua ra cong thitc nghiém ctia né
trong truong hop nghiém dé ton tai duy nhat.

6. CAu tric cta luan vin

Ngoai phan md dau, két luan, tai lieu tham khdo, ban luan vin cia
ching toi gom 3 chuong:

Chuong 1 1a nhitng kién thic co ban ctia Dai s6 dai cuong va Dai
s6 tuyén tinh. Trong chuong nay ching toi trinh bay cac két qua chinh
clia cac toan tif tuyén tinh trong khong gian tuyén tinh. Noi dung ctia
phan nay dugc viét chi yéu theo Nguyén Hitu Viet Hung [1], Nguyén
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Duy Thuén [4], v& c6 tham khao thém D. Przeworska-Rolewicz [8], [7].

Chuong 2 13 mot trong hai chuong chinh ctia luan vian. Phan dau
ctia chuong nay ching toi trinh bay céc tinh chat ctia toan tit kha nghich
phai, toan tit ban dau. Sau d6 1a phan danh riéng cho cong thitc Taylor-
Gontcharov va truong hgp riéng ctia noé la cong thic Taylor. Noi dung
clia chuong nay duge viét theo D. Przeworska-Rolewicz [6].

Chuong 3 la ap dung cong thiic Taylor-Gontcharov vao viéc giai bai
toan: Twm diéu kién ton tai va duy nhat nghiém cia bai todn bién hon
hop thi nhat. Noi dung phan nay duge viét theo Nguyén Van Mau [5].



Chuong 1

TINH CHAT CUA TOAN TU TUYEN TINH

1.1 Nhom va vanh

Gid st G 1a mot tap hgp. Méi anh xa o : G x G — G duge goi 1a
mot ludt hop thanh (hay mot phép toin hai ngoi) trén G. Anh cia cap
phan t1t (z,y) € G x G bdi anh xa o sé duge ki hieu la x oy va duge goi
la tich hay hogp thanh cua x va y.

Dinh nghia 1.1. ([1]) Mot nhom la mot cap (G, o), trong dé G la mot
tap hop khong rong va o la mot ludt hop thanh trén G, théa man ba diéu
kien sau day: (G1) Ludt hop thanh la két hop;

(G2) C6 mot phan ti e € G, dugc goi la phan tik trung lap, cé tinh
chait roe=eox =z, vdi moi x € G;

(G3) Vi moi x € G, ¢6 mot phan ti 2’ € G, dude goi la nghich ddo
cia x, sao cho xox' =’ ox =e.
Dinh nghia 1.2. ([1]) Ta goi mot vanh la moi tap hop R # & cung vdi
hai phép todn hai ngoi, gom phép cong + : R x R — R zdc dinh bdi
(x,y) — x +y, va phép nhan - : R X R — R zdc dinh bdi (x,y) — x -y,
théa man ba diéeu kién sau day: (R1) R la mot nhém abel doi vdi phép
cong, tic lax+y=y+x,Vr,y € R;

(R2) Phép nhan cé tinh két hop;

(R3) Phép nhan phan phoi vé hai phia doi vdi phép cong.
Dinh nghia 1.3. ([1]) Vanh R dugc goi la giao hoan néu phép nhan cia
né giao hodan. Vanh R dugc goi la cé don vi néu phép nhan cia né coé
don vi, tic la ¢6 phan té 1 € R sao cho 1lx = 21 = x,Vx € R.

Dinh nghia 1.4. ([6], [1]) Vanh giao hoin R c¢6 don vi 1 # 0 dugc goi
la truong, néu moi phan tu khdc khong cia R déu khd nghich.

1.2 Khéng gian tuyén tinh

Dinh nghia 1.5. ([7], [4]) Khong gian tuyén tinh trén truong F cdc vo
hudng la mot nhéom cong giao hodn X sao cho phép nhan cdc phan ti
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ctia X bdi cac vo hudng cia F duoe zdc dinh va théa man cdic diéu kién
sau: t(x +y) = tx + ty; (t + s)x = tx + sz; (ts)xr = t(sx); 1 - v = x, vdi
moi v,y € X vat,s € F. Phan ti x € X duogc goi la mot vecto cia X.

Dinh nghia 1.6. ([7]) Néu khong gian tuyén tinh X la mot vanh (véi
cung cach dinh nghia phép cong) thy X dugc goi la vanh tuyén tinh.

1.3 Toan ti¥ tuyén tinh. Khéng gian riéng. Toan ti¥ Volterra

Dinh nghia 1.7. ([6], [4]) Gid st X va Y la hai khong gian tuyén tinh
trén cung mot truong vo hudng F. Mot danh za A tu tap tuyén tinh
domA cia X vao Y dugc goi la toan ti tuyén tinh néu A(x + y) =
Az + Ay, A(tz) = tAz, vdi moi x,y € domA,t € F.

Cho X va Y la hai khong gian tuyén tinh trén ciing mot truong vo
huéng F. Tap tat ca cac toan tit tuyén tinh c6 mién xac dinh chia trong
X va mién gia tri chita trong Y duge ky hicu 1a L(X — Y).

Dinh nghia 1.8. ([4], [6]) Tong ctia hai todn tt A, B € L(X —Y) va
tich cia todn ti A € L(X — YY) vdi vo hudng cia F dugc xdc dinh nhu
sau: dom(A + B) = domA NdomB wva

(A+ B)xr = Az + Bx  vdi x € domA NdomB, (1.1)
(tA)x = t(Ax) vdi v € domA,t € F. '

Dinh nghia 1.9. ([6], tr.23) Gid st X, Y, Z la cdc khong gian tuyén tinh
trén truong vo hudng, A € L(X — Y),B € L(Y — Z) va BdomB C
domA C Y. Su chong chat (tich) AB cia hai toan ti A va B wdc dinh
boi (AB)x = A(Bzx) vdi moi x € domB.

Dinh nghia 1.10. ([6], tr.23) Hai todn ti A va B dugc goi la giao hodn
néu cd hai su chong chat AB, BA déu ton tai va AB = BA trén domAN
domB.

bat Ly X =Y)={A€ L(X —=Y): domA = X},

L(X) = L(X = X), Ly(X) := Ly(X — X).

Khi d6 Lo(X — Y) la khong gian tuyén tinh trén truong F, con
Lo(X) 1a vanh tuyén tinh c6 don vi va khong giao hoén.

Dinh nghia 1.11. ([6]) Néu todn ti A € L(X — Y) la tuong ing 1-1 thi
todn ti nghich ddo A~' duogc dinh nghia theo cdach: Vi moiy € AdomA
A7y =z, trong dé x € domA va y = Ax. Néu todin ti A € L(X —=Y)
co toan ti nghich ddo thi ta noi A kha nghich.

Gia stt X 1a khong gian tuyén tinh trén truong dong dai s6 F, tic 1
mdi da thitc bac n véi cac he s6 trong F ¢6 diung n nghiem va A € Ly(X).
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Vo huéng A € F dudce goi 1a gid tri chinh quy ciia A néu toan tit A — \I
kha nghich. Tap tat ca cac vo huéng A ma khong phai 1a gia tri chinh
quy ctia A duge goi 1a pho ctia A va k¥ hieu la spectrA.

Dinh nghia 1.12. ([8]) Néu A\ € spectrA va ton tai x € X sao cho
r# 0 wva (A—XN)x =0 thi A dugc goi la tri rieng cia A va x la vecto
riéng ung vdi tri rieng X. Tap tat cd cde to hop tuyén tinh cla tdt cd cdc
vectd riéng cua A ung voi tri rieng A dugc got la khong gian riéng cua
toan tu A ing vdi tri riéng .
Dinh nghia 1.13. ([8]) Todn tit A € Lo(X) dugc goi la todn ti Volterra
néu todn t I — NA khd nghich vdi moi vo hudng X € F. Tap tat cd cdc
toan ti Volterra thuoc Lo(X) ky hiéu la V(X).

Néu A € V(X) thi phuong trinh thuan nhat (I — AA)x = 0 chi ¢6
nghiém khong véi moi vo huéng .



Chuong 2

PHEP TiINH TOAN TU KHA NGHICH PHAI

2.1 Toan ti¥ kha nghich phai

Cho X 1a mot khong gian tuyén tinh trén truong vo huéng F. Ky
hieu R(X) 1a tap tat cd cac toan tit kha nghich phai thuoe L(X) va Rp
la tap tat ca cac nghich ddo phai ctia toan tit D € R(X), ttc la:

Rp ={R € Ly(X): DR =1I}.

Cho z € X. Tap hop Rpr = {va}vep dude goi 1a tich phan bat
dinh cta x. M6i phan ti R,z véi v € I' duge goi 1a mot nguyén phan
ctia x. Theo dinh nghia, néu vy 1a mot nguyén phan ctia x thi Dy = =.

Hat nhan cta toan tt D € R(X) dugc goi 1a khong gian cdc hang
so trén D va dudc ki hieu 1a ker D. M6i phan t z € ker D dudc goi 1a
mot hdang so6. Theo dinh nghia, z € X 1a hang s6 ctia D néu va chi néu
Dz =0.

Cdc tinh chét cia todn tit khd nghich phdi ([6], tr. 50-52)
1.Néu D € R(X),Rc€ Rp thi DRF =1 +v6i k=1,2,....

2. Néu D € R(X), R € Rp thi tich phan bat dinh clia mot phan t
r € X c¢6dang Rpr ={Rx+2:2 € ker D} = Rx + ker D.

3. Néu D € R(X) thi v6i méi R € Rp ta ¢6 domD = RX @ ker D.

4. Gia st D € R(X) va Ry € Rp. Khi d6 mdi nghich ddo phéi
cia D ¢6 dang R = A+ Ri(I — DA) = Ry + (I — R1D)A, trong dé
A€ Ly(X),AX C domD.

Nhan thay rang néu D € R(X),R € Rp vaxr € X thi tit Rx =0 ta
suy ra x = 0.

Vi du 2.1. ([6]) Trong khong gian X = Cfa,b] ta dat D = d/dt va
t

(Rx)(t) = [x(s)ds véi x € Cla,b]. Khi d6 D la toan tit kha nghich phai
to

v6i nghich dado phai R va D khong kha nghich. Trong trudsng hgp nay

ker D = {x € C'a,b] : 2/(t) = 0 v6i a < t < b} 1a khong gian tat ca céc

ham hang trong [a, b] nén ta c6 dimker D = 1.
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Tich phan bat dinh ctia ham s6 x € C[a, b] dugc ki higu bdi [ z(¢)dt.
Nhu vay, theo dinh nghia véi ty € [a, b] ¢6 dinh tuy ¥ thi
¢

/x(t):{/:v(s)derc:cER}.

¢
Nghich déo phéi (Rx)(t) = [ x(s)ds cia D véi x € C[a,b] 1a toan ti
to
Volterra, titc 1a toan tit I — AR kha nghich v6i moi v6 huéng A € C va
t
(1 = AR)](t) = 2(t) + A / AN (5)ds voi x € Cla b (2.1)
to
Vi du 2.2. ([6]) Trong khong gian X = (s) tat ca cac day {x,},z, €
R,n € N ta dit Dx = {x,01 — .}, trong d6 ¢ = {x,} € (s), vdi

Rz =y = {y,}, trong d6 y; = 0,y,41 = Zazk v6in > 1. Khi d6 D la
=1

toan tu kha nghich phai v6i nghich dao phal R va D khong kha nghich.
Khong gian cac hang sb tren D ¢6 dang ker D = {z ={z,}:zm=Cnc¢e

N,C ¢ R}. Do d6 tich phan bat dinh ctia phan tit 2 € X ¢6 dang

RDa::{yz{yn}:y1=C,yn+1:ZkarC’véineN,CER}.

Nghich dao phéi Rx =y ={y,} € (s) cia D, trong d6 x = {x,} €

(s), 11 = 0,Yps1 = Z x, V61 n > 1, 1a toan ti Volterra va
k=1

(I—AR)™Yy = u, trong d6 y = {yu},u = {u,} € (s), A € C

< _ 2.2
uy = Y, Up+1 = Yn+1 + A Z ()\ + 1)k 1yn+1_k(n = 1, 2, .. ) ( )
k=1

2.2 Mot sb luu y ve toan ti kha nghich trai

Dinh nghia 2.1. ([6]) Todn ti A € Lo(X) dugc goi la khd nghich trdi
néu ton tai mot todn ti L € L(X) sao cho LA = I. Todn ti L dugc goi
la nghich dao trai cua A.

2.3 Toan ti¥ ban dau

Ky hieu Fp 1a tap tat ci cac toan ti ban dau ctia D, tic la:
Fp={FeLX):F*=FFX =kerDvaIRcRp: FR=0}.
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Cdc tinh chat cia todn ti& ban dau ([6], tr. 69-72)

1. Néu F' la toan t1it ban dau ctia D ting véi R € Rp thi Fz = z véi
moi z € ker D va DF =0 trén X.

2. Diéu kién can va di dé toan tit F' € L(X) la toan tit ban dau clia
D € R(X) tng v6i mot R € Rp la F'=1— RD trén domD.

3. Néu toan tit A € L(X) khé nghich thi toan tit ban dau khac 0 ctia
A khong ton tai.

4. Ho Rp = {R,}yer tat ci cac nghich ddo phai cla toan ti D €
R(X) cam sinh duy nhat ho Fp = {F,},er cac toan ti ban dau cia D
duge xac dinh béi dang thiic F,=1—R,D trén domD véi moi y € I'.

5.Va,p €1, tacod F,Fg = Fz va FyR, = R, — Rp.

6. Vo, 8,7 € I' toan ti F3R, — F, R, khong phu thudc vao cach chon
toan tu 12, € Rp.

Dat 17 = FgR,— F R, Va, 3,y € I'. Toan ti I7 dugc goi la todn ti
tich phan wdc dinh. V6i mdi x € X phan ti I’z dugc goi 1a tich phan
zdc dinh cia x. Cac chi s6 o va 3 dudce goi 1a can dudi va can trén cia
tich phan. Vay 1 = FsR,, véia,B el

7.Vz € X, a,B€T taco [Pz =2z € kerD.

8.Va,B,0 €l taco If =1, I +1) =10

9. Néuz € X,a,8 €I tuy ¥ va y € X 1a4 mot nguyén phan bat ki
ctia x thi I%x = Fay — F,y.

t
Vidu 2.3. ([6]) Gidst X = Cla,b], D = %vﬁ (Rx)(t) = [ x(s)ds, trong

to
d6 a < tg < b ¢d dinh tuy . Theo tinh chat 2 néu 2 € domD = C{a, b
thi (Fz)(t) = x(to).
¢

Xét tap hop {R.}eep) trong do (R.ax)t = [x(s)ds véi x € Cla,b].

C
Khi d6 theo tinh chat 4 ho céc toan tit ban dau cam sinh béi ho { R} ejq)
c6 dang {F.}.cfay), trong d6 (Fox)t = z(c). Néu y la nguyén ham tuy
v cia x € Cla,b] va ¢, ¢z ¢6 dinh tuy ¥ trong [a, b] thi theo tinh chat
C2

9 ta tim dugc [a(s)ds = y(ca) — y(c1), trong d6 y' = x. Do vay cong
thic tinh tich phan timg phan c6 dang [ z(s)y'(s)ds = [x(s)y(s)]? —
[ ' (s)y(s)ds, trong d6 x,y € C'a, b] va [u(s)]2 = u(cy) —u(cr), véiu e

Cla,bl,a < ¢1,¢9 < b.

Vi du 2.4. ([6]) Giad st X, D, R dugc xéc dinh nhu trong vi du 2.2.
Khi d6 néu x € X thi 2 = Fo = (I — RD)x = x — RDx, trong do6
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z={z.},2n=xp — (v, — 1) = 21 v6in = 1,2,... Vay toan tit ban dau
F ctia D tng véi R ¢6 dang Fx = {z,}, trong d6 = = {z,}, z, = 21(n =
1,2,...)
Bay gio gia st m > 1 13 mot s6 nguyén duong cho trude. Dat R,z =
y = {yn}, trong d6 x = {x,} € X, va

:__z _]xj7 ij__

Khi d6 R, 14 nghich ddo phai ciia D va toan tit ban dau F,, cia D
ting v6i nghich dao phai R,, dugc xac dinh nhu sau:

m— 1
m — j)z; v6in > 2.
1

J=

1 m
Fm = nfscn — ] :1727"'7 - ny-

2.4 Coéng thic Taylor-Gontcharov. Cong thic Taylor

Dinh ly 2.1. ([6], tr. 67) (Cong thitc Taylor-Gontcharov) Gi st ring
D € R(X) va Fp = {F,} er 1a ho cac toan tit ban dau cdm sinh bdi
Rp = {R,}yer. Cho {7,} C T'1a day tuy y céc chi s6. Khi d6, v6i mdi
s6 nguyen duong N trén domD?Y ta c6 ding thic sau

[=F,+)Y R,...R, F,D'+R, . R, DV (2.3)

Heé qua 2.1. ([6]) (Cong thiic Taylor) Néu D € R(X) va F' 1a mot toan
ti ban dau ctia D ting v6i nghich dido phai R € Rp thi

N-1
[ =) R'FD*+ RVD" tren domD"V (N =1,2,...). (2.4)
k=0

Heé qua 2.2. ([6]) Gia st tat cd cac gia thiét ctia dinh 1y 2.1 duge thoa
man. Khi d6, véi mdi sé6 nguyén duong N ta cé

ker DY = {Z—Zo—l—ZR%.. k1 2k 20, -, ZN—1 € ker D}

Heé qua 2.3. ([6]) Néu D € R(X) va F 1a mot toan tt ban dau ctia D
ting véi nghich dao phai R € Rp thi

ker DV = {z = Zszk L 20,.-.,2N-1 €Eker D} (N =1,2,...).
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Vi du 2.5. ([6]) V6i toan tit D = d/dt va nghich ddo phai tuong tng la
t
(Rx)(t) = [ x(s)ds, trong d6 a <ty < b ¢d dinh tuy ¥ trong khong gian

to
Cla, b, bang phuong phap quy nap ta ching minh dugc rang
t

t — k—1
(R*2)(t) = /%x(s)ds, voi x € Cla,b], (k=1,2,...). (2.5)
o '
Tu day va tu cong thic Taylor (2.4) ta suy ra rang mdi ham s
x € CNa,b](N =1,2,...) ¢6 thé biéu dién dusi dang
N-1

(t— t
Z 0)" " (to) + Ry (t),
k=0
(t — s)N 1
—1)!
phan du tich phan thu N . Bay gio gia sit
xz € C™[a,b] va ]\}im Ry(t) =0, véit € [a,b]. (2.6)
—00

trong d6 Ry(t) = f tWN(s)ds (N = 1,2,...) dugc goi la

(t —to)*
k!

la chudi Taylor. Néu diéu kien (2.6) thda man thi ta néi ham so x(t)

khai trién thanh chudi Taylor trong khodng [a, b]. Dac biet, néu ty = 0 va

did¢u kién (2.6) théa man thi ta néi ham s6 x(t) khai trién thanh chudi

ik
Maclaurin & dang x(t) = Z z™M(0 )k'

Khi d6 ta c6 z(t) = > 2% () . Chudi hoi tu nay duge goi
k=0

Vi du 2.6. Cho x;,a;, € R vdi i = 1,2,...,N. Hay zac dinh da thic
P(x) ¢6 bac khong qud N — 1 va théa man cdc dieu kién

P(z1) = ar, P'(z2) = as, P"(x3) = as, ..., PY D(xy) =ay. (2.7)
Giai. Trong khong gian Cla,b] ta dat D = d/dx,R; = [ v6i i =
lI,....,N —1, x; € (a,b). Khi d6 bai toan tré thanh: Hay xac dinh da
thitc P(x) ¢6 bac khong qua N — 1 théa man dicu kien

FD'P=a;,i=1,...,N—1,

trong d6 (F;P)(x) = P(x;4+1) 1a toan tit ban dau ctia D ting véi nghich
ddo phai R; € Rp. Ap dung cong thitc Taylor-Gontcharov ta 6

P(.CE') = ai + CLQRl(xl,QT) + ...+ a/NRN_l(xlax% cee JZCN—lax)‘ (28)
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trong do

T

[ ds; véi i = 1,
Rl(xlax%"wxiax) - 1} s1 Si_1

[ [ [ dsi...dseds; v6ii=2,...,N—1.

T T2 €T,

Da thtic P(x) nhan dugc tir (2.8) 1a da thitc duy nhat thoa man (2.7)
va ¢ tén goi la da thitc noi suy Newton.

Vidu 2.7. Cho zyg,a; € Rvori=0,1,...,N—1. Hay zac dinh da thic
T(x) c6 bic khong quda N — 1 va théa man cdic dieu kién

T(x0) = ao, T' (o) = a1, T"(x0) = ay, . .. ,T(N_l)(xo) =an-1. (2.9)

Giai. Dat D = d/dx, R = [ trong Cla, b] v6i ¢ € (a,b). Khi d6 bai toan
o
trd thanh: Hay xac dinh da thic T'(x) ¢6 bac khong qua N — 1 théa man
diéu kién .
FDT=q;, i=01,...,N—1
trong d6 (F'T)(x) = T'(xp) 1a toan tit ban dau ciia D tng véi nghich déo
phéi R. Theo cong thitc Taylor va cong thic (2.5) ta ¢6

Y

N-1

T(z) = Z %(az — x0)". (2.10)

k=0

Da thitc T'(z) nhan dugce tu (2.10) 14 da thic duy nhat thoa man
(2.9) va c¢6 tén goi la da thic noi suy Taylor.
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Chuong 3

BAI TOAN BIEN HON HOP THU NHAT bOI VOI
PHUONG TRINH VI PHAN

3.1 Két thitc ctia phuong trinh

Gid st D € R(X), dimkerD # 0, R; € Rp va Fj € Fp la toan ti
ban dau cta D ung v6i R;(j =0,1,...,M + N — 1). Bai to4n bién hon
hop thit nhat ctia toan ti QD] ¢6 dang nhu sau: Tim tat cd cac nghiem
cua phuong trinh

M N
Q[D]z = Z ZDmAmnD”x =y, yeX, (3.1)
m=0 n=0
trong d6 M, N € N, A, € Lo(X), Aun = I, Apn Xnran—n C Xm(n =
0,1,....,.Nym = 0,1,....M;m+n < M + N); X, :=domD/’, j =
1,2,..., M + N, théa man diéu kién bién hén hgp
FiDiz=vy;, yi€kerD (j=0,1,..., M+ N —1). (3.2)
Dinh nghia 3.1. ([6]) Bai todn (5.1)-(5.2) dugc goi la thiét lap ding dan
néu né c¢é nghiém duy nhat véi moéi y € X, yo, Y1, - .., Yasren—1 € ker D.
Dinh nghia 3.2. ([5]) Todn ti@ A € L(X) duogc goi la kha nghich phdi
(khd nghich trdi, khd nghich) trén X vdi k € Ny cho trudc, néu X C
domA, AX, C Xy va ton tai Ry € Ry (tuong tng La € La, My €
RaNLa) sao cho Ra Xy C Xy, (tuong ing LaXy C Xg, Ma Xy C Xi),
tie la Ra € Lo(Xy) (tuong ing La € Lo(Xg), My € Lo(Xy)).

Theo dinh nghia nay, néu A 1a toan ti kha nghich phai (kh& nghich
trai, kha nghich) trén X}, (k € N) thi A la toan tit kha nghich phéi (kha
nghich trai, kh& nghich).

Dinh nghia 3.3. ([5])Dat

M N
T'=> "> Ry...Rysn-m1EmnRn. .. Ry (3.3)

m=0 n=0
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trong do

/ A —
Ab,, neuw m = 0,

By = M
mn Al — S Faypen_mDMAL - cde truong hop khdc. (
k=m

3.4)

(3.5)

- 0 néum = M,n= N,
M\ A Cde truong hop khdce.

(m=0,1,...,M; n=0,1,...,N).
Khi do, toan tit I +T' dugc goi la todn ti gidi ciia bai toan bién hon
hop thit nhat (3.1)-(3.2).

3.2 Diéu kién ton tai va duy nhit nghiém cta bai toan bién
hén hop thit nhat

Bo6 dé 3.1. ([5]) Gid st D € R(X), dimkerD # 0, R; € Rp. Dit

M N
T=> Y Ry...Rysn-m1EmD", (3.6)
m=0 n=0
M N
Ty =Y Y Ry...Rysin-m1EmD", (3.7)
m=0 n=0

trong d6 E,,, dugc xac dinh béi (3.4)-(3.5). Khi d6 toan tit I + T kha
nghich phai (kha nghich trai, kha nghich) trén X,y khi va chi khi
I+ T’ khé nghich phéi (kha nghich tréi, kha nghich) trén X},,;. Hon ntta,
néu Ry € Rriir (LT € £I+T) thi ton tai Ry € Rivr (LT/ S £I+T’) sao
cho

PLT =1 - Ro cen RN_1RT/T1, RT/ =1 - TlRTRO cen RN_1;

LT =1— Ro ce RN—lLT’Th LT/ =1— TlLTR() e RN—l;

(I4+T)'=1—-Ry...Ry_ (I +T")'11,
I+TY'=I-T1(I+T)'Ry... Ry_1.
B6 dé 3.2. ([5]) Cho Q[D] va T xéac dinh béi (3.1) va (3.6) tuong tng.
Khi do
DI +T) = Q[D], (3.8)
EDI(I+T)=FD" (j=0,1,...,M+ N —1). (3.9)
B6 dé 3.3. ([5]) Néu T € Lo(X) va ImT C Xy, v6i M € Ny nao do thi

I + T kha nghich phéi (kha nghich trai, kh& nghich) trén Xj; khi va chi
khi n6 kha nghich phai (kha nghich trai, kha nghich).
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B6 dé 3.4. ([5]) Bai toan (3.1)-(3.2) thiét lap ding din khi va chi khi
I + T kha nghich trén X/ n.

Dinh 1y 3.1. ([5]) Bai toan (3.1)-(3.2) thiét lap dung dan khi va chi khi
toan tir gidi I + 1" ctia né kha nghich.
Dinh Iy 3.2. (5, tr. 224) Gi sit D € R(X), dimkerD # 0, R; € Rp
va F; € Fp la toan ti ban dau ctia D ing v6i R;j(j =0,..., M+ N —1).
Cho T va T' xac dinh bdi (3.6) va (3.3) tuong tng. Khi d6 néu I + T”
kh& nghich thi bai toan (3.1)-(3.2) thiét 1lap ding dan va nghiem duy
nhat ciia no la
M+N-1
xr = My (RO o Ryanoy 4y + Z Ry... Rj_lyj), (3.10)
j=1

trong do Mr=1—-R,y... RNfl(I + T/)_lTl vl 17 xac dinh bdi (37)

Vi du 3.1. Giai phuong trinh vi phan "+ Az’ = 6t vé6i t € [0,1],z(0) =
xg, 7' (1) = 1.
Day 1a bai toan bién hén hgp thit nhat ctia toan tit D = d/dt trong
khong gian C[0,1] v6i cac toan tit ban dau (Fyz)(t) = x(0), (Fiz)(t) =
t
x(1) tng v6i cac nghich ddo phéi theo thit tu 1a (Rox)(t) = [ x(s)ds,

0
t

(Riz)(t) = [x(s)ds, va Q(D) = D*+ AD = D*(I + RyR1\D). Vi toan
1
ti I + ARy kha nghich v6i moi A € R nén bai toan da cho ¢6 nghiém duy
nhat
x = [I — RoRi(I + AR1) "AD](RoR1y + Rox1 + o)
= R()Rly + R0x1 + x9 — )\R()Rl (I + )\Rl)_l(Rly + 1'1)
V6i A # 0 ta c6
e*ry  6e* 6er 3, 6 6e*  6er  erwy,

x(t) = zo + VRIS VIS —ﬁtJr(/\Q -3 Je .
V6i A = 0 thi z(t) = (RoR1y + Rox1 + o) (t) = 3 — 3t + 21t + 0.

Vi du 3.2. Xét phuong trinh sai phan y,.2 — 3y,41 + 2y, = 0 v6i
y1+yo +y3 = 14,99 —y1 = 2.
Véi y = {yn} € (s),z = {zn} € (s) ta ddt Dy = {yns1 — Yn}, Va

n—1
Riz =z = {z,} trong d6 z; = 0,2, = > xp (n >2),va Rgx =1t =
k=1

1 n—l 1
{t,}, trong d6 t; = —§(2x1 + x9),ty = Y Tf — 5(23:1 +1x9) (n>=2).
k=1
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Khi d6 Ry, R3 la cac nghich dao phai cia D va cac toan tit ban
dau ctia D tng v6i cac nghich ddo phai d6 theo thit tu 1a (xem cac vi
du 2.224) Filo = z = {z,} v6iz, = y1, n = 1,2,....0 = {z,} v&

1

Fsx =t = {t,} v6i t, = §($1 +axo+x3) n=12...,v={x,} Vi
cach dit nhu vay phuong trinh da cho viét lai dudi dang (D? — D)y = 0
voi Fyy = {14/3}, F1 Dy = {2}. Va bai toan tré thanh bai toan bién hon
hop thit nhat ciia toan tit D trong khong gian (s). Do I — Ry kha nghich
nen

y = [T+ RyRy(1 — Ry) D] (Ryf2} + {14/3)).
Ap dung cong thic (2.2) ta thu dugc y, = 2" la nghiem.

3.3 Bai toan gia tri ban dau

Cho Rj =R, F;=F,j=0,1,...,M + N — 1 trong bai toan (3.1)-
(3.2) ta thu duge bai toan gia tri ban dau clia toan tt Q[D]: Tim tat ca
cac nghiém cia phuong trinh

M N
Q[D]z = Z ZDmAmnD”a: =y, yeX. (3.11)

m=0 n=0
théa man dieu kién ban dau
FD'z =y;, yj€kerD (j=0,1,...,M+ N —1). (3.12)
Dinh ly 3.3. ([5], tr. 195) Cho D € R(X), dimkerD # 0, R € Rp va

F € Fp la toan tit ban dau ctia D tng v6i R. Gia st Q va Q dude xac
dinh nhu sau

M N
Q=> > RM "B, RN, (3.13)
m=0 n=0
M N
m=0 n=0
trong do
Ao, néu m = 0,
B = f\ M k—m A 4 N 4
Apn — Y. FD"" ™A,  cac truong hgp khac.
k=m

i _{O neum=M,n=N, (3.15)

M\ A céce truong hop khac.
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(m=0,1,...,M;n=0,1,...,N).
Khi d6 néu toan ti gidi I + Q kha nghich thi bai toan gia tri ban
dau (3.11)-(3.12) thiét lap dung dan va nghiém duy nhat ctia né 1a
M+N-1
r=Mo(RM™Ny+ > Riy;),
=0

M N
trong d6 Mg =1—-RN(I+ Q) 'Hv6i H= Y > RM=™pB,,, D"
m=0n=0
Vi du 3.3. Gidi phuong trinh vi phan z” + A\’ = 6t v6i t € [0,T]
(T > 0), (0) =z, 2'(0) = x1 va xg, 21 € R.
Day 1a bai toan gia tri ban dau cia toan tt D = d/dt trong khong

gian C0, ] vGi toan tu ban dau (Fx)(t) = z(0) tng véi nghich dao
t

phai (Rx)( f s)ds va Q = D?* + AD = D*(I + R?\D). Vi toan ttt

I +)\DR?> =1 + AR kha nghich v6i moi A € R nén bai toan da cho c6
nghiém duy nhat
v = [I — R*(I + AR)™'\AD](R* + Rz, + x0)

= R*y + Ray + 29 — AR*(I + AR) Y (Ry + x1)
T 6 6 3 <x1 6\
+ ) .

» . _ 2
V6i A # 0 thi z(t) = xo—|—)\—|—ﬁ—ﬁt—|—>\t v ts)e

V6i A = 0 thi z(t) = (R*y + Rxy + x0)(t) = 3 + 21t + 0.

Vi du 3.4. Xét phuong trinh sai phan y,.1 — 15y, = —14n + 1 véi
y3 = 228.

V6i y3 = 225 thi y; = 2. Trong khong gian (s) véi y = {y,} € (s)
ta dat Dy = D{yn} - {ynJrl yn} va Ry = o = {xn} trong do

r1 = 0,2, = Z 2. Khi d6 bai toan da cho tré thanh bai toan gia

tri ban dau Cho toan tt D trong khong gian (s) v6i toan tit ban dau

Fy = {z,} v6i z, = y1,n = 1,2,... ting v6i nghich ddo phai R va
QQ =D —14 = D(I — 14R). Do I — 14R khé nghich nén bai toan da cho
¢6 nghiem duy nhat cho bdiy = (I — 14R) ' [R{—14n+1} + {2}]. Theo
cong thic (2.2) ta thu duge y, = 15! + n 1a nghiém ciia bai toan da
cho.
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KET LUAN

1. Két qua

Trong thoi gian vita qua, bang su c6 ging va no luc ctia ban than,
ching to6i da hoan thanh luan van nay vdi cac van dé duoc gidi quyét
nhu sau:

- Tim hiéu va khai thac phép tinh toan tit kha nghich phai lam co
sG cho viéc tu nghién cttu sau nay trong linh virc giai cac bai toan bién
trong céc khong gian tuyén tinh. Qua dé thay dugc cac toan tit dao ham,
toan tit sai phan, toan ti dao ham riéng, ... trong giai tich déu la nhiing
toan tit kha nghich phai.

- Ung dung 1y thuyét toan tit kha nghich phéi va cong thic Taylor-
Gontcharov trong viéc giai bai toan bién hén hop thit nhat déi véi phuong
trinh vi phan va truong hop riéng ciia né 1a bai toan gia tri ban dau.

2. Huéng phat trién cta dé tai:

Dé tai da dugc ching toi nghién citu mot cach kha chi tiét vé mit
Iy thuyét va buéc dau da thu duge két qua 1a st dung cac tinh chat cla
toan tit kha nghich phai, cong thitc Taylor-Gontcharov dé tim dicu kién
ton tai va duy nhat nghiém ciia bai toan bién hén hop thit nhat déi véi
phuong trinh vi phan. Dé tai c¢6 kha nang ting dung hon nita, cu thé la
c6 thé tiép tuc hoan chinh dé thanh chuyén dé chuyéen sau vé linh vuc
phuong trinh vi phan.
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