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nghién citu. Pong thoi, thong qua gidng day, quy thdy da giiip t6i quen ddan
VJi cong viéc nghién ciiu.
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Thanh phd” H6 Chi Minh, thdng 9 ndm 2005.

Nguyén Thanh Ha.




CHUONG 1
MG PAU

Nhiéu bai todn tir cdc linh vuc khic nhau ctia khoa hoc, din dén viéc
khdo sdt sy ton tai va tinh duy nhat nghiém cho phuong trinh vi phin trong
khong gian Banach véi diéu kién dau (bai todn Cauchy). Co6 nhiéu 16p
phuong trinh vi phin dugc khdo sit, mdi I6p phuong trinh lai c6 phudng
phap nghién ctu ri€éng.

Bai todn Cauchy trong thang cdc khong gian Banach cé nhiéu iing
dung khi nghién cu cdc bai todn chita ky di.

Ovsjannikov, Treves, Nirenberg, Nishida, Deimling va mot s6 tic gid
khdc da nghién cifu su ton tai va duy nhat nghiém cho bai todn Cauchy cip
mdt trong thang cdc khong gian Banach va tim ra nhiéu tng dung khic cho
Phuong trinh Vi phan, Vat 1y va Co khi. Sau d6, Barkova va Zabreik da tim
ra mdt két qui tuong tu cho bai todn Cauchy cip hai thod di€u kién
Lipschitz.

O luan vin nay ching t6i dic biét quan tim cdc dén bai todn Cauchy
cap hai trong thang cdc khong gian Banach dang

u”=f(t,u)

u(0)=u,, u'(0)=u,
va cung vdi cdc k€t qua d6 1a mot vai tng dung don gidn.

Trong sudt luan vin, ham f (t,u) dugc xét cdc dang khdc nhau tng vé6i

cidc diéu kién khdc nhau, va ta gid thiét (Ei,

4)”1 e[a,b]=(0,+x) 1a



thang cdc khong gian Banach cho tru6c thod min: néu A<A' thi

E, <E,va |u|, <|u|,. véimoi UEE,.

A

Trong chuong hai, ching t6i trinh bay bai todn Cauchy c4p hai vé6i

c d 2 AR A T s : A s A
f(t,u) dudgc thay thé bdi f (t’u’d_Ltjj thoadi€u kién Lipschitz. Pay 1a m6t

k&t qud tuong ty véi bai todn Cauchy cidp mot.

Khi f(t,u) 1an lugt dudc thay bdi ham A(t)u+ f(t) rdi
ham A(Bu(t),u), cdc gid thi€t ciing dugc thay ddi theo nhdm di cho viéc
nghién ctu sy ton tai vd ddnh gid nghiém clia bai todn d6. K&t qui nay
dudgc trinh bay & chuong ba.

O chuong bon, diéu kién nhidu compact duge xét dén thay cho diéu
kién Lipschitz. K&t qud thu dudc cho bai todn cAp hai tuong tu v6i két qua
cia K. Deimling vé bai toan Cauchy cAp mot.

K&t thiic ludn vin 12 mot vai ¢ng dung cho phudng trinh Kirchhoff.



CHUONG 2
PHUGNG TRINH CAP HAI VGI PIEU KIEN LIPSCHITZ

Trong chuong nay, ta sé chitng minh mot k&t qua vé sy tdn tai nghiém

clia phuong trinh c4p hai, tuong ty v6i dinh 1y Nishida-Nirenberg.

Trude hét, gid st ta c6 thang (El, '1) ,A€[0,1] vadnhxa f tdcdung

lién tuc tr [0,T]xE,xE, vao E,, v6i mdicip A< A' va thod di€u kién

| (tu,v) — F(tu,,v,)|, <a(d,A)|u —u,|, +b(A,A)|V, =V, ; (2.1)
trong d6 cac ham a(4,4"), b(1,4") khong dm, khong phu thudc t,u,,v,.

Ta xét bai todn

u"=f(t,u,u’) (2.2)

u(0)=u,,u’'(0)=u,. (2.3)

v6i diéu kién (2.3) thudc E,.
2.1. Phuong trinh cdp hai véi diéu kién Lipschitz véi cdc ham
a(1,A"), b(1,1") 1a tdng quat.
Ta can mot s& xay dung bd trg. Ta xét cdc dnh xa tir khong gian

C([O,T],R) vao chinh né nhu sau:

c(. AWt = ;[a(/i,l')(t —7)+b(2,2)|w(r)d7 (1'<A) (2.4)

C(Ays Aysres A IW(E) =ll[c(ﬂ,,71,ﬂ,,)w(t); (A >4 >..>4,) (2.5)



(trong (2.5), IT hi€u1a hgp ctia cac 4nh xa)

c, (A, A W(t) =inf c(4,4,,..., 4 )W(t); (1'<A) (2.6)
trong (2.6) inf dugc 14y trén tap tat cd cdc bd N+1 s6 (4,4,,....4,) thod
dicukién A=4,>4>..>1 ="

Cudi cung ta dinh nghia véi mdi cip A'< A tap hdp

T(z,z'):{T'e[o,T]:ﬁmd, Vte[O,T’]}
trong d6 1(t)=1.

DPinh ly.

Néu s6" T'eT(A,A") va ham hy(t)=u, +I; f(z,u,,0)dz bi chdn trong
E, thi bai todn (4.2)-(4.3) ¢d nghiem u:[0,T']>E,.

Chi'ng minh.

Taxétdnhxa F:C,=C([0,T',E,) > C, =C([0,T'],E,.) dinh bdi

t T
(FO®) =u,+| f [z‘,ue + [ v f,v(z')}dr
Ta nhan thiy ring, néu V 13 di€m bat dong ctia F thi ham
Gt =u, + [ v(r)d
(t)=u, + [ V(r)dz

l1a nghiém cua (4.2) — (4.3).

That vy, néu V la di€m bat dong cia F thi
J— — t T_ J——
V(t)=(F7)(t)=u, + IO f (r,u0 +IO v(§)dz§,v(r))dr

Tir Gt =u, + | ;\T(T)dr ta c6: G'(t) =V (1), G(0)=u,.



Nen 0'(t)=u, +| ; f (2,0(0).9())dz

Do do, ta co

a"(t)= f (t,0(t),v(t))= f (t,G(t),0'(t)) va G(0)=u,, a'(0)=u,

Khing dinh trén dudc chitng minh.

Ti€p theo, ta s& chitng minh

(Fv,)(t) = (Fv,)(®)|  <c(2,A) (v (1) -V, (), ); (v,,v, €C,) (2.7)
Tir dinh nghia 4nh xa F va diéu kién (2.1) ta ¢6

IFv,(t) - Fv,(1)],, <

< jot‘ f (T,UO +j0’vl(§)d§,vl(r))— f (T,UO +j0’v2(§)d§,v2(r))

dr
o

t T
<[ [a(/l,/l‘) [ W& ~v(&), dé +b(A AW () - Vz(r)‘Jdr
Theo cong thiic tich phan tirng phin thi

[ a(.2)[ (&) -, (&), déde

T t t

- [fa(z,z') j & -9, dgl) - j 74, )|(0) - v, ()], dr

t
- j Lad,AN( - D)V, (7) =V, (7)|, d7
Suy ra,
IFv,(t) - Fy,(b)],, <

t t
< j (LAt =DV () -V, (7)], dT + j b2, ANV, (1) -V, (7)], d7
Nhu vay, ta c6 (2.7).
V6imdibds6 A=4,>A >4 >..>A =A", tadp dung (2.7) va c6



Fv,()—Fv,(t)] < c(ﬂbn_l,ﬂbn)(\F“v1 (t) - F”’lvz(t)‘lnil ) <.
e S C(Ay s Ay 50 g ) S, ) (M (D) =V, (D), )
Suy ra, v6i moi v,,v, € C:
[FV(0) = FV, ()] <€Ay 1546, 204 1)--C (A0 AN (D) =V, (D),
Ma véimoi i=1,2,...,n,tacd
e )| —v,)(O], = [ [aCA . At - ) +b(2, . )]~ )(7), ) de
<M -vil [ [aCh, At -2)+b(2, . 4)) 1de
tic la ta cé
(A )|V, =V, S|V -V, \Cl c(A_,ADI(), Vi=1,2,...,n.
Nén
FV@®) = FV, ), < (60 14060y 220 )00, )Y, =V, |
Do d06, ta c6
[Fry, - F”VZ\CT < Gy (A ANT )Y, = v, | (2.8)
Néu ta xay dung day lip v,(t)=0,v  (t)=Fv, (1), (n=0,L...) thi do
(2.8) s€ c6 danh gia

v

v, ‘cg- = ‘F v, —F nVO‘cA. < ¢, (A ANV, =V, ‘. (2.9)

n+l

Do v,(t)—v,(t)=u, + J; f(z,u,,0)dz =h,(t) 1a ham thudc C,nén tir (2.9)

va dinh nghia tip T(4,4"), day {Vn} s€ hoi ty trong C, t61 ham V nao d6

12 di€m bat dong clia F.



2.2. Phuong trinh cdp hai véi diéu kién Lipschitz véi cac ham
a(4,14",b(4,4") trong truong hgp dac biét .
St dung dinh 1y tdng qudt trén ta s& chi ra cdch ddnh gid cdc tip

T(4,4') trong mdt trudng hdp ri€ng quan trong.

. t . P t t T
V6i Jw(t) = jow(f)df, ta c6: J2W(t) = j w(r)dr = jo(jo W(§)d§)dr
Ap dung cong thifc tich phan tirng phan, ta c6

t T t t t
jo(jo w(g)dg)df ~t[ ' wo)dr - [ ewr)dr =[ |t - o)w(r)dr
Do doé,

t
J2w(t) = j (t-)w(r)dz
K&t hop (2.4), ta dugc
t
C(A,A) = a(A, 4037 +b(4,4)3 » véi dw(t) = [ w(r)dr

Goi D < {1,2,...,n}, ta thyc hién phép nhan phan phdi v& v6i v€ n ding
thure

C(ﬂoaﬂq)w(t) = a(/ioa/L)‘] 4 b(ﬂoaﬂl)‘]
c(4, Lw(t) =a(4,4,)d 2+ b(;tla;tz)‘J

C(ﬂ“n—l ’ ﬂ“n )W(t) = a(l

n-1°

2)3% +b(4

n—l’ﬂ“n)‘]

ta dudc ding thitc mSi c6 v& phdi 13 mot tdng ma mdi sd hang cé dang

[Ta(2,1,4)3* T [b(4,,,4;)3™", trong d6 11a s6 phdn ti cia D, véi 21

jeD jeD
+(n-1)=k va k=n,n+1,...,2n.

Ta thdy s6 phan ti¥ cia D 1a 1=k-n
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Goi M, 1a tap cdc tdp con D = {1,2,...,n} thi do dinh nghia ( 2.5), ta c6

2n
C(Aps AseesAn) = D O (Ags Aysevn A) "
k=n

trong dé

d (Ao s A) = D, [T AD] [P(A,2054))

DeM, jeD jeD

tk
Vi Jkl(t):m,néntacé

2n tk
C(Ags Apsere Ay )1(t) = kz‘dk (Ags Arseens Ay ).k—! (2.10)

Gid st cac ham a(4,4"), b(1,4") thda man diéu kién sau

Diéu kién (1).

Ton tai cdc ham a (4,4".b (4,4", (n=1,2..) sao cho véi mdi ciip
A'<A  ton  tai by 8 A=A >A>..>4A =1" sao cho
a(4,,,4,)=2a,(4,4", b(1;_,4;))=b,(4,4") (j=1,...,n).

Do d, 12 mot tdng gdm cdc sd hang (trong trudng hgp nay) bing nhau;
tong s0 cdc s6 hang d6 biang tdng s8 cdc tap con D cha A={1,2,...,n}, tifc
la bing C".

Nén véi diéu kién (A) nhu vay, ta c6

de (Ays Asees 4y )=Co "y (4,400 (2,1, (2.11)

Ta xét trudng hgp

a(l,AN=a(1-A"",b(A,A)=hb.(1-A")"(a>0,b>01a cic hing sd),
12 modt sy md rong ty nhién ciia diéu kién dang Lipshitz cho phuong trinh

cap mot. Khi d6 diéu kién (1) dudc thda vé6i
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a,(4,A)=a(A, ,A) =a(d, —4,) 7> =

=an’(1-1")7,
b (1,4 =bn(A—A""

va véi cdch chon 4, 1a cdc di€m chia [A',A] lam n phdn bing nhau.

Trong trudng hgp nay tur ( 2.10) — (2.11), ta c6

2n k
cn(/1,/1')1(t):infc(/lo,ﬂl,...,}tn)l(t)ﬁzdk(lo,}tl,...,/ln)%
k=n .

<ch n kn(/l /fiv)b2n k(/fi ﬂ,')(T)

k=n
& k N 4 k—np2n-k -k n—k (T') . '
kz a b n (/1—/1) 7,Vte[O,T]

Ta cé
k ! k n
it <manm+2). k=1 <X konnet..,2n) hay Db
n" n! k! n!
Suy ra

n2n Tv k
C ﬂ/l'lt<— Ckn knbznk|: :‘
(AANOT —

n 2n v 2(k=n) , 2n-k
TEShgrengen| T k| T Vte[0,T]
n' = A '

Nhu vay

C.(A4,A)(t) < %[aT 2(A-A)2+bT'(A- z')*]” (2.12)

nN—oo

Ta bi€t hmn—':e nén tr (2.12), ta co
n!
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! 2 !
Eﬂ/cn(l,l')l(tke[a(ﬂ-r /1'} +b/1T /1}

Pt B =limy/c, (4, A)I(t) . V6i T'thod 0<T'< ’12_1 [—b+ /b%ﬁj,
n—o a €

ta cO

' 2 o
A-A (—b+\/b2+4a/e) A=A (—b+\/b2+4a/e)
B<e|al —22 +b| —22

A=A A=A

=e|a

2
(—b+\/b2+4a/e) +£(_b+m)

43> 2a

4a

—e£ -1

4a
Theo dinh nghia clia tdp T(4,4") ,tacé: T'eT(1,4").

Do d06, ta c6

[0,(/1—/1'){—b+ Ib? +4:1}/2aj T .

Viy ta da chitng minh dugc hé qua sau

Hé qua.

Gid sit dnh xa f:[0,T|xE,xE, >E_lién tuc véi méi cgp A<A' va
thoa man diéu kién

£ (tu,v,) - f(tu,,y,)) <

a
A.—m|ul_u2|i+ v, vyl

A=A
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va ham hy(t) bi chdn trong E,thi bai todn (2.2) vdi diéeu kién (2.3) cé

nghiém u:[O,T’] — E,. néu T'thod diéu ki¢n

0<T’<(/1—/1')[—b+‘/b2+4§j/2a.
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CHUONG 3
PHUGNG TRINH CAP HAI VOI PIEU KIEN COMPACT

Khé khiin chii y&u trong viéc nghién ctfu cdc bai todn Cauchy 1a & chd
cdc toan t dugc xét di tr mot khong gian E, nao d6 khong vao chinh né,
ma vao khong gian rong hon E (S < A) trong ho cdc khong gian Banach.,

DPé khic phuc khé khin nay, ta 4p dung phuong phap lip thong thudng va
1ap ludn cta Ovsjannikov, Nirenberg, Nishida va Barkova, Zabreiko.
Tru6c hét, ta nghién ctu sy ton tai va ddnh gid nghiém cda bai todn

Cauchy tuyén tinh sau day:

u”"=Atu+ f(t) (3.1)
u(0)=u,,u’(0)=u,. (3.2)
Pinh Iy 3.1.

Gid si cdc gid thiét sau ddy dugc thod man:

1) Véi méi cap (A,B), a<i<B<b, A:1=[0,T]— L(Eﬂ,Eﬂ) la todn
1t lién tuc va ton tai mot s6 M >0, khong phu thudc vao t,A, B, sao cho:

|At|, < lu

5 voi moi U € Eﬂ.

M
(B-A)
2) u,,u eE,; feC(l,E,).

Khi dé, véi mbi A e(a,b), ton tai mot s6' T, :min{T,u} sao cho
JMe

bai todn (1) c6 duy nhdt nghiém u:[0,T,)— E,, thod man
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K®b-4)

t t 3.3
-ty < 2(b-A-tJMe)’ G-
4M c 2K (t)(b— 1)
u'tty—u, |, <Tg(t)+ + 34
u't)—u,|, <Tg(® Tve| b= a—iive (b—/l—tM)z (3.4)
vdi te[0,T,), trong do
U(t)=u, +tu; c= sup{\U(t)\b ‘te [O,T]};
(b= 1)’ (3.5)
g(t) =sup{|f ()] :se[0.t]}; Ky =c+ e 90

Chidng minh.

Co dinh Ae(a,b). Ta thay bai todn (3.1)-(3.2) bdi phuong trinh tich
phan tuong duong sau

u(t) :U(t)+I;dsj;(A(r)u(r)+ f(r))dr = Fu(t). (3.6)

Xét cdc phép xap xi lién ti€p u,(t) =T(t), u, (t)=Fu__(t).

Vi, feC(l,E,),néntacé u, eC(l,E,) v6i moin va moi ,Be[/l,b).

Ta s& chitng minh bing qui nap ring

U, -u,, ()], < K(t)[(b'v_'etﬁ)zj 3.7)

Vi n=1 thi do gid tf thi€t 1) va tr S<b=|f (r)\ﬂ <

lu, () -T(v)], =|Fu, ) - T, < I;dsI:(\A(r)uo(r)\ﬂ +|f (r)\ﬁ)dr

j j[(b ﬂ)z\u(r)\bﬂf(r)\bjdr
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K&t hgp dinh nghia s6 ¢, ham g(t), K(t) va bing tinh todn cu thé ta c6

danh gia

I j ((b 7 T, +\f(r)\bjdr

(M L g(t)jﬁg(znvlcu g(t)(t;—,b’)z]ﬁ

(b-p5) 2 (b-p) 2

2Mce + g(t)(b—i)2j t?
2 (b-p)

o g(t)(b—i)zj tzMe2 _ K(t)[ Met? zj

2Me  )(b-p) (b-25)
Vay (3.7) ding v6in =1.

IA

Né&u (3.7) ding v6i n thi v6i chd y ring ham K ting theo t, ta c6
t S
U —u, @, <[ ds[ |AMU, ) =AM, (1), dr
M ¢t s
< ?IO dsj'0 U (1) =, ()], dr

Mer? "

<, U[(b f- )j r
M Me)ann
e B ey e
:MJ'tKS (Me)n52n+1 : ‘

2n+1)b-B—¢)
SMIth (Me)n 2n+1 : dS

2n+1)b- B —&)™"

K(t)(Met?)"™
(b= B-¢)"2n+1)(2n+2)e

tic la ta co
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K(t)(Met?)"™ i
ua ) =t 0, < gb-B-¢)"2n+1)(2n+2)e G5
Chon ¢ = b—p , ta dugc

2n+1
gz(b_ﬁ_g)zn:(b—ﬂj (2n(b—ﬂ)J ,_b-pyr ( 2n j
2n+1 2n+1 2n+1)(2n+2)\ 2n+1
Do (1+ij " <e nén
2n
20 R _ ~\2n (b_ﬂ)2n+2
eb-f-e)z 2n+1)(2n+2)e (39)

K&t hop (3.8) va (3.9) ta dugc (3.7) ding cho trudng hdp n+1.
Xét mot s6 te[0,T,)—>E, va chon >4 thod Met’<(b—p)’ . Bat

ding thic (3.7) ching 6 ring day {u,} hoi tu trong C([O,t],Eﬁ) vé mot

ham u.

Lay gi6i han theo chudn clia E, khi Nn—o trong ding thic

u,(t) = Fu, () ta thiy ring ham thu dugc u:[0,T,) — E, thod mén (3.6) va

do d6 n6 chinh la nghiém cta bai todn (3.1)-(3.2).

Ti€p theo, ta ki€m tra ddnh gid (3.3), (3.4). P& don gidn cho viéc ky

hiéu, ta dat d =+/Me . Tu (3.7) ta c6

_ n(otd )
Ju, ) —T(®)|, < K(t)%(m}

Va bing cachcho n—o , v6i 0<t< thi

ut)—T()|, < dztz — < K(t)b-4)°
27 (b-2)"—dt* " (b—A-td)(b—A+1td)
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Ta bi€t, n€u 0 <a<b thi

<l,nén
a+b 2

Kt)(b-A) - Ktb-2)
(b-A-td)b-A+td) 2(b-A-td)

Do d6, (3.3) dudc thoa man.

Tu ky hiéu (3.5) va (3.6), ta c6

<Tg()+ j A|u(s)], ., ds

= A f d _—
~ul, =|J; () + 1(5))ds 1() 5

(3.10)
trong d6 A(S) = M
Ap dung (3.3), ta dudc

K (b-4()) _  K@E)(b-A+sd)  K(s)(b-2)
2(b—A(s)—sd) 2(b—2-sd) ~ (b-A-sd)’

\u(s)\i(s) <c+

v61 0<s<

Do @6, tir (3.10) suy ra

4M K(s)(b—4)
~ul, <Tow+ (b—A—sd) {C+(b—/1—sd)}ds

ds

<Tg(t) +4M {cjot(b s

+K®(b-4)], (bj—ssd)}

oy M c ., K(t)(b—/”t)z t
d |b-24-sd 2(b-A-sd)

Biing tinh todn cu thé, va d€ y ring K 13 ham ting theo t, ta dudc
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4M ¢, 2K(®b-2)
d [b-2-td (b A-td)

véite[0,T,).

Do d6, (3.4) dugc ching minh.

Cudi cung, ta chitng minh tinh duy nha't nghiém. Gid st v:[0,T'| > E,
12 nghiém cda bai todn (3.1)-(3.2). C6 dinh 1'< A, ta c6 thé lap lai 1ap ludn
clia chiing minh sy tOn tai v6i A,b,u 1an lugt dugc thay bdi 1',4,u, —v dé
dugc U—V la nghiém cia bai todn

w' = Atw, (f(t)=0)
W(0) = w'(0) =0,

thod ddnh gid (3.3) ( d@€ ¥ ring bai todn nay dudc xét véi 0<t<T' va
A=A . N
W(t)=0). Vi vay, u(t)=v(t) véi 0<t<minsT',—— 5 , va do doé, bdng

phuong phap ldp thong thudng ta suy ra u(t)=v(t) v61 0<t<T'. Pinh ly
dugc chitng minh.

Pinh 1y 3.2.

Gid sit cdc gid thiét sau duoc thod man

1) Véi méi cip (A, ) todn tk A:E, x E, >E, la dang tuyén tinh va ton

tai mét s6 M> 0 khong phu thudc (A, 8) sao cho

\A(u )‘ , VueE,,\VvekE,

oy M
(p-ay Y
2) Todn tit B la hoan toan lién tuc tir C'([0,T],E,)vao C([0,T],E,)

duoc trang bi bang cdc chudn thong thuong .

Hon nita, sup{[Bu(), t[0.T];ueC'([0.T].E,)} = L<oo
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3) u,,u, €E,.

Khi do, véi bat ki Ae(a,b), ton tai mot s6' T, =min{T, b—1 } sao

4/MLe
cho bai toan Cauchy
u”=A(Bu(t),u) (3.11)
u(0)=u,;u’(0) =u, (3.12)
cé mot nghiem u:[0,T,] >E,.
Chirng minh.
bit 1=[0,T], tudc hét ching ta chd y ring , phép nhing

1:C'(1,E,)>C'(l,E,) lién tuc, do

x'(t)\a}

HI (X)Hcl(l,Ea) = igllo{‘x(t)‘a t

=100l = sup{O, + KO =Xl e,

K&t hdp gid thi€t 2) ta c6 todn t¢ B ciing hoan toan lién tuc tir
C'(1,E,) vao C(l,E,) ,véibdtky A €[a,b].

C§ dinh v6i A€ (a,b), mdi ueC'(l,E,), ta xét bai todn cauchy tuyé&n

tinh sau
V' = A(Bu(t),v), (3.13)
v(0)=u,;V'(0)=u, (3.14)

V6i A<y <p<bvaveE,,dogii thi€t 1), ta c

[A(BU(t).v) - A(Bu(s).v)| < (I;\A—)z‘Bu(t) ~Bu(s)|, v,
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M[Bu()| .|, M Bu(v)], v, oML
B-r) — (B-r)  (B-7)

Do d6, todn tif t— A(Bu(t),.)tr I vao L(E,,E,) thod gid thiét 1) ciia

A(Bu(t),v)| <

=,

dinh 1y 3.1. Vi vy , v6i mdi Be[A.b), tdn tai Tl;=min{T,(b—ﬂ)/\/M|_e}

d€ bai todn (3.13)-(3.14) c6 duy nhat nghiém v:=Fu:[0,T,)>E,

c(b-5)
|Fu(t)— u(t)| P35 d0)’ (3.15)
e 4ML c 2c(b- )
|Fu'(t) ul)\ﬁs 5 (b_ﬂ_dt+(b_ﬁ_dt)2j (3.16)

viite [O,T'ﬂ), trong d6 U(t)=u,+tu, ;Cc= sup{‘U(t)‘b tel } ,d =+MLe.
DPé nghién citu tinh lién tuc va compact clia todn t& F , ta sé ddnh gia
o =Fu, - Fu,
RO rang , @ thod
w” = A(Bu, (t),w) — A(Bu,(t) — Bu, (t); Fu,(t)), (3.17)
w(0) = W(0) =0 (3.18)

Xét bai todn Cauchy (3.17)-(3.18) trong thang(

l,).BelhA+e]
v6i € >0 sé chon sau.

Bing cich 4p dung bai todn (3.17)-(3.18) cho danh gia (3.3), (3.4) véi
ky hi€u (3.5) trong dinh ly 3.1, ta dugc

w(t)], <

Ave "

4d( dt)squ“( )

4AMLg’
———|.sup |f(s
( /Hs 4d 2( ) ] e OFt) ‘ ( )‘A+

(3.19)
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véi 0<t< min{T ,g}, trong d6 f(t)= A( Bu,(t) — Bu, (1), Fuz(t)). Theo gia

thi€t 1) ctia dinh 1y, ta c6

(3.20)

A+e+d

M
|f (t)\m < §\ Bu,(t) - Buz(t)\m |Fu,(t)

va do (3.15) thi

c(b-A-e-9)
2b-A—-g-5—dt)’

|Fu,(t)

<
A+e+S sC+

v6i 0<t<min{T,(b-A-&-0)/d}.

Bing cdch chon e=(b-1)/3, 6 =(b—1)/6, ta dudc

<c+ cb-4) , VOl t < min{T,b_—l}
Arevo 2(b— A —2dt) 2d

[Fu,(t)

<2c , VOi t<min{T,t:—d/1} (3.21)

Cudi cling, v6i 0<t<T, = min{T,t—(f}, tu (3.19)-(3.21) ta co

8Mc
|Fu,(t) — Fu,(t)], < e Sl[t[?]‘Bul(S)— Bu,(s)

b b
(3.22)

48Mc(d2 +32ML)
< sup (Bu, (s) —Bu, (s

‘( Fu, - Fu,) ()

Va tir (3.15), (3.16) ta c6:

176¢
Fu) _— 3.23
(FH© ul‘<9d(b—/1) 329

|Fu(t)—T(t)| < %c,

Bay gid, ta két thic bing viéc chiing minh todn ti F c6 mot di€m bat

dong. Ta gid si X=C'([0,T,],E,) dugc trang bi bdi chuin
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Jull=sup{ju®),.te[0,T,]} . Tr 3.23) ta c6 F(X)<=B(T,r)véi r>0 nao

do, va tir (3.22) thi

|Fu, — Fu,| < Kts[uy]\Bul(t)— Bu,(t)|, v6ihiing s6 K >0 nao dé.

efoT,

Nhu vay, ta c6

|Fu, — Fu,| < K|Bu, - Bu,|.

Xét M 1a tap bi chiin, ta s& chitng minh F(M)1a tip compact tuong doi.

Cho truéc £>0, do B 1a 4nh xa hoan toan lién tuc, nén B(M)la tap
compact tuong doi va do d6 hoan toan bi chin.

Suy ra, ton tai sao cho B(M)c LnJBl. (B(ul.),%j.

i=1
Khi dé, v6i moi ye F(M), ton tai ue M :y=F(u), va do d6 ton tai

i€{1,2,..,n} sao cho |B(u)—B(u,)| < % .

Vi th€, |F(u) - F(u,)| < K |B(u)— B(u,)|< &, tic 12 ta ¢6

F(M)c B(F(u),¢).
Nhu vy F(M)hoan toan bi chin nén 12 tip compact tuong doi.
Do d6, theo dinh 1y Schauder, F c6 modt diém bat dong trong X. Pinh 1y

dudc chirng minh.
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CHUONG 4
PHUONG TRINH CAP HAI VGI NHIEU COMPACT

Pé€ thay dudc tinh tudng tu v6i bai toin Cauchy cAp mdt, ta cin nhic
lai mot két qua sau.

4.1. Dinhly.

Gia s
1) Anh xa A:l > L(El,Eﬂ) lién tuc véi moi cdp B <A thujc [a,b] va
thod:
M
< .
‘A(t)‘L(El,Eﬁ) - /I—IB’
2) Véimoi Aela,b), dnhxa g:1%xB,(u,,r)—E, lién tuc déu va thod:

i) |l <c,
ii) a,[g(t,B)|<m.a,(B) vdimoi tel,BcB,(u,r);
trong dé a, la do do phi compact Kuratowski trén E,, cdc héing s6 ¢, M, m,
r khong phu thuoc t,A,[5,B.
Khi dé, véi mbi A €| a,b), bai todn
% =A(t)x+g(t,u), tel = [O,T]
u0)=u, ek,
c6 nghiém dia phuong vdi gid tri trong E,vdi mbi A e(a,b).
Viéc chii y&u clia chuong nay 13 ching tdi mudn thay ddi mot it gid

thi€t, ching han diéu kién d6 do phi compact dudc thay bdi diéu kién
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compact tudng d6i, d€ phit hdp vdi phuong trinh cAp hai. Vi y dinh thay
ddi @6, chiing toi thu dude mot két qua nhu sau.
4.2. Meénh dé.
Gid sit
1) Anh xa A:l > L(Eﬂ,El)lién tuc vdi moi cdp A< f thudc [a,b] va

thoa:

|At|, <

,Vai moi U € Eﬂ.

(f - )‘

2) Véimoi Aela,b],h:1xE, > E, ladnhxq lién tuc va thod:
i) |htu), <c,, (tel)
ii) h(t,A):= {h(t,u) ueAl(te I)} la compact twong doi trong E,,
vdi moi tdp Ac E, bi chan.
3) u,,u, € E,.
Khi dé, véi méi A €[ a,b), bai todn
u”=A(t)u+h(t,u) 4.1)

u(0)=u,; u'(0)=u, 4.2)

c6 nghiém u: [O T )—) E, trongdo T, l’l’lll’l{T u}

NI
Chirng minh.
Mbdi A cho trude thudc[a,b), ¢6 dinh ueC(l,E,), ta c6 dnh xa
t h(t,ut)) tr lvao E, lién tuc.

Ap dung dinh ly 3.1 suy ra bai todn
V' = A(t)v+h(t,u(t)) (4.3)
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V(0) =U,;V'(0) =u, 4.4)

c6 nghiém duy nhat v:=Fu:[0,T,) > E,véi fe(@.b).

Ky hiéu d =+/Me; chon £>0,5>0 saocho A+&<b,o<T,,  va dinh

nghia F trén C(I,E,) nhu sau

trong d6 C, =

nghiém ciia bai todn (4.3)—(4.4), néu 1<[0,5];
Fu(r)= ,
Fu(o), néute (5,T].
Ap dung didu kién (3.3) v6i k¢ hiéu (3.5) ciia dinh 1y 3.1, ta ¢6
Véi te[0,5] thi
s e[o,t]} _b-4
: 2b—A—td)

(b= 2) b—A-¢
C+ 3 C, o
2d 2(b-A1—e—td)

[Fu®)-t()], < c+(b2_df) sup{\h(s,u(s))

IN

Do k(t)= b-A=¢ la ham tdng theo t, n€n ta suy ra
2(b—-A—-¢—1td)

[Fu(t)—T(t)|, <C,.C, v6imoi te[0,5],

b-A-¢ (b—A)
,C,=Cc+ :
2b-A-e-5d) 2d

Vi te(o,T ], taco
[Fu(t)—T(t)], <|Fu(s)—T(s)|, +|T(5)-T(t)|,

Nén

Fu(t)-u()| s[c+(b_f)2c0]( b-A-¢ j+20
2 2d 2(b-A—g—5d)

Nhu vay |Fu(t)-T(t)|, <C,C, +2c, véi moi t[0,T ] 4.5)
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Né&u Fu, Fv 12 nghiém clia (4.1) voi di€u kién (4.2) thi bai todn

w" = A(t)w+h(t,u(t))-h(t,v(t));
w(0) =W (0)=0
c6 nghiémla Fu-Fv,

Ap dung lai ky hiéu (3.5) két hop diéu kién (3.3) ctia dinh 1y 3.1, ta c6

(b-2) b2
|Fu(t) - Fu(t)], < {Tigg]{\h(s,u(s)) - h(s,v(s))\b} i)

(b-2) b2

{ e szgypt]{\h(s,u(s))—h(s,v(s))\b} 2(b-1-5d)

Do d6

C 2
|[Fu(t)— Fu(t)|, < 2d12 (b- 1) Si[l(J)!f:]{‘h(s,u(s)) - h(s,v(s))‘b} (4.6)
Ky hi¢u X, =C(l,E,)v6i chun ||u|, =sup|u(t)|,

tel

Ta s& chiing minh 4nh xa F lién tuctir X, vao X,
XétanhxaH : X, —» X, , Hu(t) =h(t,u(t)).
Tu (4.6) , ta suy ra
IF, - R, <c|H,—H,], (4.7)

Do dé ta chi cAn chitng minh H lién tuc.

C6 dinh ue X ,. Cho s8 &>0, bing phdn ching ta chdng minh

Jo>0:VveX,,

v—ul, <8 =h(tvt))-h(tu), <& .vtel (“4.8)
Né&u (4.8) khong ding, thi ta im dugc day {v,} = X, va day {t,} c |

sao cho
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,Ih(t,,v, ()= h(t,.uct,))

v, ~ul, <= Y (4.9)

Khong mat tinh tdng quét ta c¢6 thé coi t, —>t, € | . Khi dé , ta cé :
1
‘Vn(tn) - u(to)‘ < ‘Vn(tn) - u(tn)‘ + ‘u(tn) - U(to)‘ < H + ‘u(tn) - u(to)‘

K&t hop vdi tinh lién tuc clia U, ta suy ra

limu(t,) =u(t,)
limv, (t,) = u(t,)

(4.10)

Ham h:1xE, - E, lién tuc tai (t,,u(t,)), nénta c6

Liig‘h(tn’vn(tn)) - h<tn’u(tn))

=|h(tu(t)) - h(t,.uc,))|, =0

Piéu nay mau thuin véi (4.9).
Nhu vay F lién tuc.
Mit khac , do

(Fu)"= A(t)Fu +h(t,u(t))
(Fu)(0) =u,;(Fu)'(0)=u,

Nén véimoi t,t'el=[0,T ], tacé
J([ Fur@de)as=[ ([ AexFwdr|és+ [ (] heeundr s
= j.:(Fu)'(s)ds—ul t—t] =j:(j;A(f)(Fu)dr)ds+j:(j;h(r,u(r))dr).ds

Lan lugt 4p dung gia thi€t 2i) va 1) ctia ménh dé, ta dugc

|Fu(t) - Fu(t’)

<L JoIA@Ru gz ds + [ esds + -t

gwiﬂ—l)zjs(ﬁ|Fu|ﬁdr)ds+I:'cosds+u1|t—t‘|

Ta théy, (4.5) diing v6i moi A e [a,b) nénvéi f=A+e<b,tacd
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|Fu(t)— Fu(t’)

< %I:(I @), +CC, + Zc]dr)ds + J‘:'cos ds+u,ft—t

0
< MZJ':'[CIC2 +3c].sds + I:'cos ds+u,ft—t|
&
< MZ_[:V[CIC2 +3¢]Tds+ I:COT ds+u,ft—t|
&

<Cilt—t]

trong d6 C, = MT (3c+CC,)+c,T +u,.

2
&

Do d6, véimoi t,it'el =[0,T], C, :M—I(3C+C1C2)+C0T +U,,tacé
£

|Fu(t)— Fu(t’) . (4.11)

L SCt-t’

Ta goi K 1a tdp hgp cac ham u thudc C(I,E,) thod:
ut) —u(t)|, <Cjt—t| véi t,t'e 1 =[0,T]

thi K 16i, déng va bi chiin.
Hon nita, F lién tuc tr K vao K .

Ta s& chitng minh F(K) compact tuong d6i trong X = C([O,TA], E, )

Zy* e 8
Véi & >0 cho tru6e, ue K, ta chon 6, =—.
CS

Néu v6i moi tt'el thod [t—-t|<s thi wr (411), ta c6
[Fu(t) - Fu(t)], <e¢.

bicu d6 ching t6 {Fu, ue K} lién tuc dong bac.

Ta can chitng minh Vt e | : {Hu(t), u e K} compact tuong ddi trong E,,
rdi k€t hgp (4.7) d€ suy ra Vte | :{Fu(t), ue K} cling compact tuong ddi.

Tacé K< X, 1a tap bi chdn.
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Khi d6, K'={u(t):te[0,T],ueK}<E,la tap bi chan. Va do dé, dp
dung gid thi€t 2.ii) ta c6 {h(t,v):v e K'}1a tdp compact tuong doi.

Ma {Hu(t):ue K} ={h(t,ut)):ueK}jc{h(t,v):ve K

Nén {Hu(t):u e K}la tdp compact twong ddi trong E, .

Ap dung dinh 1y Schauder, ta thdy F c6 diém bat dong trong K. Pi€m

bde dong d6 chinh 1a nghiém trén [0,5] v6i gid tri trong E, .
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CHUONG 5
MOT SO UNG DUNG

Nhiéu bai todn vé bé mit clia séng nudc, phuong trinh truyén nhiét,
cia ly thuyét phuong trinh dao ham riéng vdi cdc todn t gid phin v.v...
duwa dé€n viéc nghién ciu cdc bai todn Cauchy trong thang cdc khong gian
Banach. Trong chuong nay, ta xét dén ung dung cho phucng trinh
Kirchhoff. Bai toan tng dung nay dugc xét trong thang cia cdc khong gian
cdc ham trong 16p Gevrey.

5.1. Thang cia cic khong gian cdc ham trong 16p Gevrey.
Gid st QcR" 1a mot tdp con mé, ta ky hiéu £(Q) 1a 16p cdc ham

thuc thod:
al
] ?

<K==, véimoi @ e N" (5.1)
C

3K >O,E|c>0:HD“u

trong d6 ta gid st |v|=sup{v(x)|:xeQ} va véi a =(e,a1,,....t,) €N

ta dinh nghia a!=¢,!a,!..a,!, a‘ =a,ta,+..+a,.

V6i A>0 bat ky, ta ky hiéu E, 12 khong gian cdc ham ueC”(Q)
@]

A
—<
a!

thod MA = > |ID%U

aeN"

Ta bi€t ring ho (E,)1ap thanh mot thang cdc khong gian Banach. Hon

nita, n€u ham u thoa diéu kién (5.1), thi v6i A <cC,ta cd

o] o] " i
u], ==[peu C—(ij < Kz(i+1)(ij <o,
a al'\ c i=0 c

Nén ueE,.
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Do do, ta c6 d,(Q):u{El A >O}.

>,

de.

=9

B

Thang cdc khong gian Banach ( - i),ﬁ, e[a,b] ¢d cde tinh chdt sau

1) Néu uveE, thi uveE, vatacé uv|<

2) Ton tai mot hing sé M >0 chi phu thudc vao a,b sao cho vdi

asA<p<b, tacé

|Aul, < M ————|u|,, ueE,,
B-2)
trong do A la todn tit Laplace.
Chidng minh.
1) Ta c6

D“(uv)= ¥, ¢’.D’u.D*v,

o<a
trong d6 dinh nghia 6=(6,,9,,...6,)<a=(a,,a,,...,a,) néu & <a; , v6i
moi i =1,n va khidé a -6 =(a, -5, — 8,y.st, = 6, ) -
Do do,

el
(a—0)!

Za \ (5.2)

Al
uvH—<ZZ ST

a d<a

D°ul %y

so oo
Bing quy tdc nhin hai chudi, v€ phdi clia (5.2) chinh 1a |u|Jv| va do d6
|uv| <u]-v.
2) V6i mot da  chi s6 a=(a,0..a,), ta dit

a+2=(a, +2,a,,..a,), khidé tacé
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Da[a ) ﬂ" o <H ey H ﬂ\a+2\ (ﬂja+2.(al+l)<2al+2) (5.3)
ox; (a+2!'\ p A

Xét sy bi€n thién cia f(t)=t*a' v6i a<l thi dugc

sup tz[i] 120, = 4 >
B ez(ln(i/ﬂ))

Ap dung tinh dong bi€n cla ham s6 g(t) =Int—t+1 trén (0,1) thicé

4 4P
e’(In(2/pB)) e (B-2)
Do do,
sup tz(ij >0 4ﬂ2
B e (B-A)
Suy ra

A @@+ (2" (a2 4p
ﬁ 12 IB 22 _eZAZ(ﬂ_i)Z

Do @6, tir (5.3) ta suy ra

|Aul, _4n(bj i, 5
(B-4)

B6 dé dudc chiing minh.

Bai toan Cauchy cho cac phuong trinh Kirchhoff mé rong.

Ta xét bai todn Cauchy:

Dlu(t,x) = f( JX, j.Axu(t,x), t,x)e[0,T]xQ=Q,, (5.4)

u(0,x) =u,(x), Du(0,x), Vx e Q. (5.5)
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trong d6 P,Q 1a tip con mG ciia R" va PcQ 1a tdp bi chin. Vi ham
f:Q xR" >R, tagid st cdc gid thi€t sau ddy dugc thod man
(H) f(,u)eC”(Q) véimoi (t,x)€[0,T[xR" va moi @ eN" ham

tr U Dy f(.,..u) thude vao C(R*,C(Q,)).

(H,) Tén tai ¢>0, K>0 sao cho

al . :
fo(t,x,u)‘SKW v6i moi
C

(t,x,u)e Q. xR"va moi @ e N".
5.2.1. Bo dé.

Gid sit cdc gid thiér (H,),(H,) thod man. Khi do, todn ti

Bu(t) = f(t,x, jvxufdx) la hoan toan lien tuc tir C'([0,T],E,) vao
p
C([0.T].E,) vsi 0<a<b<c .
Hon nita, sup{‘Bu(t)‘b ‘ue Cl([O,T], Ea),t € [O,T]} <. Trong do, trong

C' ([O,T], Ea) va C ([O,T], Eb) ta xét chudn thong thuong

(), :tefo.7]},

lul. = sup{‘u(t)‘a + uf, = sup{‘u(t)‘b ‘te [O,T]}.
Chid'ng minh.

bit | =[0,T], trudc hét ta chitng minh ring todn ti

F:C'(1,E,) = C(I,R), Fu(t)= [|V,u(t,x)| dx

1a hoan toan lién tuc.

Gid st V < C,(1,E,) 1a tdp con bi chin va ||u|, <r véimoi ueV .

0
Do |—u(t, x
0\ (t,X)

sl\u(t,.)
a

- nén ta co
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2 2
M — M véimoi u,veV.
OX; OX. a o

< 2—2\u(t,.) —v(t,.)
a

Va do do,

2nr.mesP
a2

[Fu(t)— Fv(t)| < lu—V||, v6imoi telva moi uveV.

Diéu d6 chitng té todn tif F lién tyc. Tuong tu, theo dinh 1y gid tri trung

binh, ta co

ut,x)) (du.x))]|. 2r’
OX; OX;

<— \t—s\ véimoi ueV vamoit,sel.
a

Vi thé,

2nr?.mesP
a2

|Fu(t) - Fu(s)| < lt—s| véimoi ueV vamoit,sel.

T d6, 4p dung dinh 1y Ascoli-Arzela, ta c6 tap F(V) 1a compact tuong
doi trong C(1,R).

Cudi cing ta chitng minh tinh lién tuc va bi chin clia todn ti

G:C(I,R)—>C(l,E,), Gu(t)= f(t,x.u(t)).

Suy ra tif gi thi€t (H,)ring

e e
\Gu(t)\b=2D"‘f(t,x,u(t).b—'s KZ(EJ v6i moi tel va moi
a a! a\ C

ueC(l,R) , va do d6 sup{HGqu :ueC(l ,R)} <o,

u, )<,

Gid st day hoi ty trong C(I,R) vé mdt ham u va u(t)‘ <r
véi moi tel va moi meN. VGi ¢>0 cho trude, trudec hét ta chon n, da

16n thoa
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o o
D*f (t,X,u,(t))— D*f (t,x,u(t))Hb—'s K (9) <<
a. af>n,+1

2 C 2

\a\zno +1

Theo gid thi€t (H,) ham t& u+> D*f(.,.,u),

al<n, tit RY vao C(Q;)
lién tuc déu trén [0,r]. Do d6, v6i m di 16n ta c6

o
D f (t,x,u,(t))—D*f (t,X,U(t))Hb_,<§, véimoi tel.
a.

2

\a\sno

Vi vay, limsup|Gu, (t)—Gu(t)| =0 Diéu nay ching t6 G lién tuc, do

dé B =G,F hoan toan lién tuc. B3 dé dudc chiing minh.

5.2.2. Pinh nghia.

Ta vi€t ueC*(1,c£(Q)) n€u ueC?(1,E,)véi 1>0tuy y.

5.2.3. Pinh ly.

Gid sit cdc gid thiét (H,),(H,) thod man va uy,u, € A(Q). Khi dd,
ton tai T'<T sao cho bai todn Cauchy cho phuong trinh Kirchhoff mé réng
(5.4)-(5.5) co mot nghiém u e Cz([O,T '],GZ(Q))

Chirng minh.

Xét thang (E,.|.| ), A €(a,b), trong d6 E, dugc dinh nghia trong muc
g A 2 g A g

3.1 va b<c dudc chon sao cho u,,u, € E,. Bai todn Cauchy (5.4)-(5.5) ¢6
dang (3.11)-(3.12) v6i toan t& B dugc dinh nghia & bs dé 2 va
A(U,V) =U.Av. Do b3 dé 1,2 thoa cic gid thi€t ciia dinh 1y 3.2 nén bai toian
(5.4)-(5.5) c6 mot nghiém.

5.2.4. Nhan xét.
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b - ﬂ« N
Tw danh gida T, =min{T,———} cho su ton tai nghi€m trong dinh ly
g ) { 4m} g g y

2, ta c6 cdc k€t ludn sau

1) NE&u ham f dG nhd (tdc 12 néu s6 K trong gid thi€t (H, nhd) thi
T, =T bdi vi hing s6 L nhd. Do d6, phuong trinh Kirchhoff (5.4)-
(5.5) ¢c6 mot nghiém tong quat.

2)  Néu f(t,x,u)=¢g(t,x,u) va g thod (H,) v6i (t,x,u)eR" xQxR"
thi L=0(g). Do d6, vdi su ton tai T' trong dinh 1y 3, ta thu dugc

2
ddnh gid T'> m[lj .
&g
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KET LUAN

Nhu ciu ctia khoa hoc ngay cang cao, doi hdi ngudi nghién cttu Todn
hoc néi chung va Phuong trinh Vi phin néi ri€éng, khong ngirng tim toi
nhitng k&t qua mdi d€ kip thdi dua vao wng dung nhim ddp tng nhu ciu 4Yy.
Qua d6, ngudi ta khai thac dugc cdi hay, cdi da dang cia Phuong trinh Vi
phén.

Chiing t6i thi€t nghi, quyén ludn vin nhdé nay chua phii 12 bing tém
tit hoan hdo d€ doc gid thid'y hét dugc cdi hay cdi da dang néi trén. Song,
n6 cling phan nao chi ra dugc sy da dang riéng cho bai todn Cauchy cap hai
trong thang cdc khong gian Banach. N6 gitip ban thin t6i cdm nhin dugc
hiéu qua ctia mdi phuong phdp nghién citu ding cho mdi 16p Phuong trinh
Vi phan, mdi diéu kién khic nhau clia bai todn khi khdo sdt sy ton tai va
ddanh gia nghiém cta né.

Chéc ring sy da dang ctia bai todn Cauchy cAp hai khong dirng lai tai
day. Ménh dé & chuong 4, c6 kha ning thay d6i mot it & gid thi€t va duoc
cdch chitng gon hon gid nhu dinh ly 3.1 vin con ding khi thay

c= sup{‘ﬁ(t)‘b ‘te [O,T]} bdi ¢ = j‘;‘ﬁ(r)‘b dr.

Hy vong ring bin thin c6 dd diéu kién cd khach quan l1in chd quan,
nhitng ¥ nghi nay dugc tri€n khai va tim d&€n mot vai két qua khac cho bai
todn Cauchy cap hai.

Bu6c dau 1am quen cong viéc nghién cifu trong thdi gian c6 han, ki€n
thitc bdn than cén nhi€u bat cap, chic ndi dung ludn vin khdng tranh khéi

sai s6t. Rit mong dugc quy thay cd, ddng nghiép chi bio va lugng thi.
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