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LOI CAM ON

Trude hét, toi xin kinh gui dén Thay, PGS.TS. Nguyén Anh Tuén [di cam on sdu sic
Vvé su tan tinh giup d& cua Thay d6i véi tdi trong sudt qua trinh hoan thanh luan vin ciing

nhu trong hoc tap.

Xin tran trong cam on Quy Thay C6 thudc khoa Toan cia truong Pai hoc Su pham
thanh phé HO Chi Minh da tan tinh truyén dat kién thic va kinh nghiém quy béau cho téi

trong sudt nhitng nam hoc tap.

Xin tran trong cam on Phong Sau Pai Hoc truong Pai hoc Su pham thanh phé Hb Chi
Minh da tao moi diéu kién thuan loi cho tdi hoan tit chuong trinh hoc tap va thuc hién luan

van nay.

Xin cam on tit ca ban bé déng nghiép di dong vién giup d& toi trong nhing luc kho

khiin nhét.

Cubi cuing, tdi xin giri 161 cam on dén gia dinh t6i, 13 chd dwa cho t6i vé moi mat va da

tao moi diéu kién tét nhat dé toi hoc tap va hoan thanh luan van nay.

Pinh Phwéc Vinh
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R = (—oo,+oo)
R, =[0,+x)

Rm

DANH MUC CAC Ki HIEU

Tap hop cac sb tu nhién

Tap hop cac sb thuc
Tap hop cac sb thuc khong am

Khong gian céc véc to cot m chiéu x =(x, )", véi cac thanh phan

x-y:iZ:xiyi véi x=(%) ., y=(¥).,

san (x) = (s0n (x)),

R" :{(xi ) ix eR, (i :1,...,m)}

khong gian cac matran X =(x, )/, , voi cac thanh phan x, e R
va véi chuin x| = §1|xik| .

= (), vei x=(x), <"

X[ = (%), voi X = (%), € R™

Exm _ {(Xik ):]k:l DX € R (I,k :1,...,m)}
Bén kinh pho cua ma tran X e R™"

XSyC}Xi@yi(i:l """ m) Véix:(xi)im:ﬂy:(yi):n:leRm



X <Y o %, <y, (Lk=1..,m) véi X =(x,)/

Y= (yik )in,]kzl eR™

Cus((ab);R")

L, ((ab)iR")

(k—g)!

(i—g) voi ke N, £€(0,1)

k
i=1

Khong gian Banach cac ham véc to X: [a,b] — R" lién tuc v6i chuan

I, = max{x(t): t<[ab]
Khong gian Banach cac ham véc to X: [a,b] — R™ kha tich véi chuén

1, = o

Khong gian Banach cac ham véc to X: (a,b) — R™kha vi lién tuc toi

cap (n-1) va c6 cac gi6i  han lim(t—a)" x"(t),

t—a
; VA ) s ‘- _
ItLrE(b t)" x"(t)(i=1...,n), voi w<a<b+o, a, feR
ai:a+i—nz\a+i—n\’ ﬂi:ﬁ+i—n;\ﬂ+i—n\ (i=1..n)

vO1 chuan || X

- sup{i(t —a)" (b-t)" [ ()] as<t< b}.
Tap tat ca céc phan tir x e C'}((a,b);R") sao cho x"™ Ia lién
tuc tuyét ddi trén (a,b), nghia 14, lién tuc tuyét dbi trén

[a+&,b—g] véi moi s6 duong & bé tuy y

Khong gian Banach cac ham vecto y : (@,b) = R™ c6 cac thanh phan

kha tich véi trong s6 (t—a)” (b —t)ﬁ v6i chuan

=z(t—a)“(b_t)f’ ly ()]t

ly



L,,((a,b);R™™) Khong gian Banach cac ma tran ham Y :(a,b) > R™" c6 cac thanh

phin kha tich véi trong sb (t-a)’(b-t)’ v6i chuin

], =i(t—a)“(b—t)ﬂ v (1)t

L,,((ab);R?)  L,,((ab);R") :{y eL,,((ab);R"):y(t)eRT,t e(a,b)}

L, ((&b);RT™) L, ,((ab)iRT™)={Y eL,,((ab);R™™):Y (t)e RT" te(ab)}



MO DAU

Phuong trinh vi phan ham mac di ra doi di lau nhung bat dau duoc quan tam tir
nhitng ndm 20 cta thé ki trudc nhd nhitng tng dung cia nd trong cac linh vyc vat 1y, co
hoc, kinh té, néng nghiép,...Trong su phat trién do, cic bai toan bién doéng mét vai tro noi

bat & ca ly thuyét va thuc tién wng dung.

Cho t6i nay, c6 mét 16p dii rong nhitng bai toan chinh quy x™(t)= f (x)(t) véi
diéu kién bién h (X) :0(i =1,...,n) da duoc nghién ctru va trinh bay trong cac tai liéu
chuyén khao [1], [2]. Nhitng diéu kién du cho tinh giai duoc ctua nhitng bai toan loai nay
cling da duoc giai quyét nhu trong [4], [5], [7], [10], [11], [16]....Tuy nhién d6i v&i bai toan
bién khdng chinh quy, cac két qua thu dugc con kha khiém ton va chua du tong quat. Nhu &

[14], [15], truong hop toan tir f co dang f(x)(t)=g(t,x(t),...x" ™ (t)) dd duoc nghién
ctru day du; trong khi voi phuong trinh vi phan ham x™ (t)= f(x)(t), bai toan co trong s6
da duoc giai quyét trong [13], ciing nhu bai toan hai diém trong [6], [7], va bai toan nhiéu
diém Vallée-Poussin trong [8].

Vé6i mong mudn phan nao 14p ddy 16 hong trén, ludn van ndy trinh bay mot s két qua thu

duogc tir viée khao sat sy ton tai nghiém ctia bai toan trong trudng hop tong quat
Noi dung cua luan vin gdm hai chuong.
Chuong 1 trinh bay dinh 1i vé su ton tai nghiém cta bai toan bién chinh qui

dx(t)
dt

va h:C([a,b];R") > R" lién tyc.

= f(x)(t), h(X)=0 trong truong hop céc toan tir  f :C([a,b];R”)—> L([a,b];R”)

Chuong 2, ciing 1a ndi dung chinh caa luan vian, tong hop mot sé két qua tong quat
hon duoc thiét 1ap trong [12], boi cac tac gia I. Kiguradze, B. Puza va I.P. Stavroulakis

trong viéc xay dung tinh giai dugc cua bai toan bién khong chinh qui x™ (t) = f (x)(t) véi

diéu kien bién  h(x)=0(i=1..n) trong truong hop cic toan tit



f:Cl((ab);R")>L,,((ab);R") va h:Cli((ab);R")>R"(i=1..,n) lién tyc va

thoa cac diéu kién

sup{]|f (x)()]: x

o S p} L, ,((ab)R.),

sup{”hi (x)] [ .

Mot s6 két qua thu duoc sau d6 chinh 1a sy tong quat hoa cac két qua da biét trudce
do.



Chwong 1: BAl TOAN BIEN CHINH QUI CHO HE PHUONG TRINH VI
PHAN HAM PHI TUYEN

1.1.  Giéi thi¢éu bai toan

Trong chuwong nay ta s& nghién ctru sy ton tai nghiém cta hé phwong trinh vi phan ham phi

tuyén

— £ (x)(1) (1.1)

vé6i diéu kién bién
h(x)=0 (1.2)
trong d6 f :C ([a,b];]R”) - L([a,b];R”) va h: C([a,b];R”) — R" 1a c4c todn tur lién tuc.

Nghiém ciia phuong trinh (1.1) dugc hiéu 1d mot ham X: [a, b] — R" lién tuc tuyét ddi thoa
phuong trinh (1.1) hau khép noi trén [a,b].

Mot nghiém cua (1.1) thoa (1.2) duoc goi 1a mdt nghiém cua bai toan (1.1), (1.2).

1.2. V& su ton tai nghiém ciia bai toan (1.1), (1.2)

1.2.1. Pinh li vé tinh chat Fredholm cia bai toan bién tuyén tinh

Xét bai toan bién

= p(x)(1) (1) 3)

((x)=c, (1.4)

trong do,



p:C([a,bl;R") > L([a,bl;R"), ¢:C([ab];R")>R", gelL([abliR") va c,eR".
Ngoai ra ta con gia su:

(i) p tuyén tinh va ton tai ham kha tich 7:[a,b] >R sao cho v6i moi
tefa,b], xeC([a,bl;R"), taco ||p(x)(t)|<n(t)]x].

(i) ¢ 1atoan tir tuyén tinh bi chin.

Cung véi bai toan (1.3), (1.4) ta c6 bai toan thuan nhét twong tmg

= p(x)(t) (1.3¢)

((x)=0 (1.40)

Pinh li

Bai toan (1.3), (1.4) ¢6 nghiém duy nhdt khi va chi khi bai todn thudn nhdt twong ing
(1.30), (1.4¢) chi ¢6 nghiém tam thuwong.Hon nira, néu bai toan (1.3,), (1.4,) chi c6 nghiém

tam thirong thi ton tai s6 duwong S sao cho nghiém cua bai toan (1.3), (1.4) thod ddnh gid

Xl < A(les]+ . )

Chirng minh

e Dit B= C([a,b];R”)xR” 1a khong gian Banach chtra cac phan tir u=(x,c), trong

dé x e C([a,b];R“), ceR" véichuan |ul, =[], +|c]

Véituyy u=(x,c)eB, cb dinh t, e[a,b], ta dit

va

h(t):@q(s)ds,coj véi moi te[a,b].



Khi d6 bai toan (1.3), (1.4) tré thanh phuong trinh cac toan tir trong B
u=f(u)+h
do u=(x,c) la nghiém ciia phwong trinh trén khi va chi khi c=0 va x la nghiém cta bai
toan (1.3), (1.4).
e f latoan tir compact
Ta chimg minh f(M) 14 tip compact twong ddi néu M 13 mét tap bi chin trong B.
Pat M ={ueB:|u| <K} véi K duong.

Do cac gia thiét (i), (ii) cua bai toan (1.3), (1.4), c6 K; duong sao cho
le(x)|<Ky[x].. vxeC([a,b];R") va véi moi ue M taco
I (w) )] < 2el +[x(t)]+

s)ds|+ |¢(x)|

<2K+jp s)ds

0

+ K ||x]. < 2K +

I [P()(s)es

< 2K + KK +[x]. Jn ds<2K+KK+KI77

+ KK

Tir d6 suy ra f(M) bi chan déu.

Mt khac, voi t, s e[a,b] taco

[f()(®)-f(u)(s)]|-

roncroco]

<|[IXe n(£)dée

< K‘jn(f)dé‘

Suy ra f(M) dong lién tuc déu.

Theo dinh 1i Ascoli-Arzela, f 1a toan tir compact.



e Ap dung luin phién Fredholm cho phuong trinh cic toan tir, phuong trinh
u=f(u)+h c6 nghiém duy nhat khi va chi khi phuong trinh u = f (u) chi c6 nghiém tam
thuong, twong duong voi bai toan (1.3), (1.4¢) chi c6 nghiém tim thuong. Hon nita, néu
phuong trinh u= f (u) chi c6 nghiém tam thuong thi toan tir | — f kha nghich trong d6

| :B — B latoan tir dong nhat. Khi do, (I - f )_1 1a tuyén tinh bi chan. Suy ra nghiém u cua

phuong trinh u= f (u)+h thoa danh gia |ul, =H(I - f)_lh

, <Al = B(le.]+al, ) Tuy

nhién khi d6 ¢ =0 vataco
Xl < B(lcs ]+ all. )
DPinh 1i dugc ching minh.[]

1.2.2. Pinh nghia
Cap (p,!) cac toan tir p: C([a,b];R”)xC([a,b];R”) - L([a,b];R”) va duoc goi la hoa
hop néu

(i)  Veéibatki xeC([a,b];R"), cdc toan tir p(x,):C([a,b];R")—> L([a,b];R")
va £(x,-):C([a,b;R") > R" tuyén tinh;

(i) Véibatki x,yeC ([a, b];R”) va hau khép trén [a,b], ta c6 cac bt ding thirc

Ip(x O] a(t ol ol
e y)] < e (e )Ile

trong d6 a,:R, > R, 1a ham khong giam, «:[a,b]xR, - R, kha tich trén [a,b] theo

bién thir nhit va khong giam theo bién thir hai;

>

(ili)  Ton tai SO duong Ji; sao cho voi moi

XeC([a,b];R”), qu([a,b];R”), C, € R" moi nghiém y cua bai toan

PO py)e)arey)e). (xy)=c 9

déu thoa bat dang thirc



Il < Alcd] +lal, ) (L6)

1.2.3. Pinh li
Gid s ton tai s6 duong p va cdp hoa hop (p,l), trong do

p:C([a,bl;R")xC([a,b;R") > L([a,b;R") lién tuc va

(: C([a,b];R“)xC([a,b];R“) —R" sao cho véi batki A e (O,l) moi x la nghiém cua bai

toan
PO pxx) 0+ AL (00 p(x0)(0)], (L7)
0(x,x) =/1[£(x,x)—h(x)] (1.8)
déu thoa bat dang thirc
I, < p. (L.9)

Khi do bai toan (1.1), (1.2) co nghiém.

Chirng minh

e Goi a,a,, B tuong Gng 1a cac ham va sd trong dinh nghia 1.2.2. Dit

y(t)= 2pa(t,2p)+sup{Hf (x)(t)|: xeC([abl;R"),|X]. < Zp},
Yo = 2pa0(2p)+sup{Hh(x)H:x eC([a,b];R"),[x], < Zp},
1 khi 0<s<p
o(s)=42-s/p  khi p<s<2p (1.10)
0 khi s> 2p

a(x)(0)=o (X)L (90 - PO e ()= (|| )[(xx)~h(x)] @11



Khi do, y e L([a,b];R),yo < 400 va hau khap noi trén [a,b] taco

JaG)®]= o (IKe )L T O] +[pCex)®)]

< 2pa(t,2p)+sup{”f (x)(t)” ‘X e C([a,b];R”), X[, < 2,0} =y(t).

Tuong ty ta cling ¢6: ¢, (X)| < -

Nhu vay,

la()@)]<7(t) Jeo ()] < 7 (1.12)

e V6imdi xeC([a,b];R"), xét bai toan bién

B )0+ a0, 1(xy)=c(x) (113)

Ta chimg minh bai toan c6 nghiém duy nhat bing cach chi ra ring bai toan thuan nhit twong

ung

chi c6 nghiém tam thuong.
That vay, gia sir y(t) 1a nghiém cua bai toan thuan nhét, do (p,¢) la hoa hop va theo dicu
kién (iii) cua dinh nghia 1.2.2, véi q(x)(t)=0, c,(x)=0, tacé

Iyl < A(Jes () +at, ) =o.

nén bai toan thuan nhat chi c6 nghiém tdm thudng. Khi do, tir cac diéu kién (i), (ii) ctia dinh
nghia 1.2.2, cac gia thiét ctia dinh 1i 1.2.1 déu thoa man, nén bai toan (1.13) c6 nghiém duy
nhat. Gia st y 12 nghiém cua bai toan (1.13). Theo dinh nghia 1.2.2 va (1.12) ta c6

IVl < A(lea )+ laCa)l.) < (7o +171, )

va



ly'®=[p(x y)()+a(x)(v)]
[Py +[a ()] < er (b )V +7(0) < @ (L4 ) r+7(0).
r=B(ro+lrl.),
() =a(tx)r+r(t).
Xét todn tir
F:C([a,bl;R")—>C([a,b;R");
x> F(x)=y.
dit tuong tng mdi X v4i nghiém duy nhét y caa (1.13).
Ta chitng minh F 13 toan tr compact. That vay:
e F latodn tir lién tuc
V6i X, X, €C([a,b]R"), dat v, (t) = F (%)(1). v, (t) = F (,)(1), va
y(t) =Y, (t)-v.(t)
Khi do, ta cé
Y'(8) = P 0% ¥)(8) + 6 (%% ) (1),
(0% y)=c(%,%,)
0o (%% ) (t) = P (% Y1) (1) = P (% Y2 ) (1) +a (%) (1) = a (%) (1),

c(xl,xz):f(xl,yl)—é(xz,y1)+c0(x2)—c0(x1).

Theo diéu kién (iii) cta dinh nghia 1.2.2, y 1a nghiém cta bai todn nén thoa bat dang thirc



Ml < Alle(xox )l +la(x ), |
Hay

HF(XZ)_ F(Xl)Hc <

Bl = 0%+ o (%) = ()], +[p (%0 %) = P (%0 )], + (%) —d

cac toan tir p, g, ¢ va C, lién tuc nén suy ra F lién tyc trén C([a,b];R") :

e F latoan tir compact

Xeét
C,={xec([ablR"): |, <r}.
Tadaco
[yl =[F O] <
va

[F(x)(®)=F (x)(s)] =]y (t) - W§<

Xl)HL]'DO

()0

voi moi s, t e[a,b]. Theo dinh 1i Ascoli-Arzela, F(C,) la thp compact twong déi. Do do,

F:C, —C, la 4anh xa compact. Ap dung nguyén li diém bat dong Schauder cho anh xa

compact lién tuc F, tn tai x trong C, sao cho F (x)(t)=x(t) véi moi t e[a,b]. Khi do, x la

nghiém cua bai toan (1.7), (1.8) voi A = J(HXHC).Ta chirng minh ||X||C < p, tic X thoa (1.9).

Gia st nguoc lai,
p<Ixl. <20
hoac

Xl =20

(1.14)

(1.15)



Gia sir 6 (1.14), thi 2=0(||x|. )€ (0,1). Theo diéu ki¢n cta dinh i thi nghiém phai thoa

(1.9), mau thuan voéi (1.14).

Gia st ¢ (1.15), khi d6 2 =o(|x], ) =0, va x 1a nghiém ctia bai toan thun nhét

Y pxy)1), e(xy)=0

Piéu nay mau thuin véi viéc phuong trinh nay chi c6 nghiém tam thuong. Vay X phai thoa
(1.9). Va do do, x 14 nghiém ctia (1.1), (1.2). That vay, do (1.9) dung nén 1 =o(|x|.)=1 va

X la nghiém cutia bai toan (1.1), (1.2).

DPinh 1i dugc ching minh.[]

1.2.4. Pinh nghia

Cho céc toan tir
p:C([a,b];R")xC([a,b];R") - L([a,b];R"),
£:C([abl;R")xC([a,b];R") - L([a,b]:R")

déng thoi

by C[2bJ ) > L([abJE"), 7y:C{[aBE") > L([ab]:=)
12 céc todn tir tuyén tinh,

Ta néi cdp (p,,/,) thudc tap €, néu ton tai ddy X, e C([a,b];R“) (k=1,2,...) sao cho véi

mdi yeC([abl;R") ta c6 lim[p(x,y)(s)ds=[p,(y)(s)ds déu tren [ab], va
0 0

lim?(x,y)="1,(y).

k—o0



Tur dinh nghia ta thdy v6i mdi x ¢6 dinh, néu dat p,(y)=p(x,y)va £,(y)=12(x y)thi

(Po.¢,) thudc tap Q.

1.2.5. DPinh nghia
Ta ndi cap (p,¢) cac toan tur lién tuc p:C([a,b];R")xC([a,b];R")—) L([a,b];R"),

¢:C([ab];R")xC([a,b];R") - L([a,b[;R") thudc lép Of néu céc diéu sau day duge
thoa:
() V& mdi  xeC([abl;R") 6 dinh, cac  toan  tir
p(x):C([a,b];R") - L([a,b];R"), ¢(x,)):C([a,b];R") > L([a,b];R") 14 tuyén tinh;
(i)  Veibatki x,yeC([a,b];R"), va hau khdp noi trén [a,b] ta c6 cc bat dang
thire
[PCey)® < @Y. [e0ey)< eyl

trong d6 « :[a,b] > R, khatich, o, R ;

(iii) Vi moicdp (P, ¢,) €€, baitodn

WO _ o (0)(1), £(y)=0 L16)

dt

chi c¢6 nghiém tam thudng.

1.2.6. H¢ qua
Gid stk ton tai s6 dwong p va cdp ( p,E) € O, sao cho vdi batki Ae (0,1), moi nghiém tuy

¥ ciia bai toan (1.7), (1.8) déu thod bdt ding thirc (1.9). Khi dé bai todn (1.1), (1.2) c6

nghiém.
Chirng minh

Tur (i), (ii) cua dinh nghia 1.2.5 suy ra ( p, /) thoa cac diéu kién (i), (ii) ciia dinh nghia 1.2.2.



Cé dinh xeC([a,b];R"), dat p,(y)=p(x,y) va £,(y)=£(x,y). Khi 6, theo dinh nghia
1.2.4, (py.l,) €€, . Tir diéu kién (iii) cua dinh nghia 1.2.5, bai toan (1.16) chi

6 nghiém tim thuong. Theo dinh Ii 1.2.1, ton tai s6 dwong S va bai toan

dyd—(tt)= P (Y)(t) +a(t), £o(y) =6,

c6 nghiém duy nhit thoa danh gia
¥l < Aol +[all.)-
Vay diéu kién (iii) cua dinh nghia 1.2.2 dugc thoa.

Vado do, (p, f) 1a cap hoa hop. Tir dinh 1i 1.2.3 ta ¢6 diéu phai chirng minh.[J

1.2.7. DPinh nghia
Toan ta p, :C([a,b];R“) — L([a,b];R") duoc goi 14 bi chin manh néu t6n tai mot ham
kha tich o :[a,b] >R, sao cho v6i moi ye C([a,b];R”) ta co H po(y)(t)H <a(t)|y|, hau

khip noi trén [a,b].

1.2.8. H¢ qua

Gid sit ton tai sé dwong p, todn nr tuyén tinh  bi chdn manh
P, :C([a,b];R") > L([a,b];R") va  toan  tr  tuyén  tinh  bi  chdn
(,:C([a,bl;R") > L([a,b];R") sao cho bai toan (1.16) chi c6 nghi¢m tdm thieong. Hon

nita voi mol A e (0,1) bai toan

dx(t)

= P ()(0)+ 2L F(0)(0)= P (1)
0o (x) =2 £,(x)=h(x)]




c6 nghiém thod danh gid (1.9).

Khi d6 bai todn (1.1), (1.2) c6 nghiém.

Chirng minh

Cé dinh xeC([a,b];R"), dat p(x,y)(t)=p,(Y)(t) va £(x,y)="/,(y). Ta ching minh

(p,¢)€O;. That vay, do p, (twong ing £,) tuyén tinh va bi chan manh (bi chan) nén p,

va £, lién tuc. Ngoai ra

(i)  Veimdi xeC([a,b];R") cb dinh, do p(x,y)(t)=p,(y)(t) va £(x,y)="1,(y)
nén cac toan tir p(x):C([ab];R") - L([a,b];R"),
(x,-):C([a,b];R") > L([a,b];R") tuyén tinh;

(i) Do p, bi chin manh va /£, bi chan nén cé «:[a,b] >R, khatich va a, eR,
sao cho hau khap noi trén [a,b] ta c6 |p(x, y)(t)|=]p,(¥)(t)|<a(t)]y].
ey )| =Jeo(y)] < @yl voi moi x,y <C([a.b]:");

(iii)  Bai toan (1.16) chi c6 nghiém tam thuong.

Vay ( P, E) € O}. Theo h¢ qua 1.2.6 ta c6 diéu phai chimg minh.[]



Chuong 2: BAI TOAN BIEN KHONG CHINH QUI CHO HE PHUONG
TRINH VI PHAN HAM BAC CAO

2.1.  Gidi thi¢u bai toan
Xét phuong trinh vi phan ham cip n
X" (t) = f(x)(t) (2.1)
véi diéu kién bién
h(x)=0 (i=1...n). 2.2)

Trong d6 f:CJ3((ab);R")—>L,,((ab);R") va h:Cli((ab);R")>R"(i=1...n) la

cac toan tu lién tuc, (véi p €(0,+x)), thda cac dieu kien

sup{| F (X)(V:Xlez; < £} € L s ((aiD):R.), (2.3)
SUp{Hhi (x): ||x|cg}17 < p} <400 (i=1,..,n) (2.4)
véi
—o0 < a < b < oo,
va

ae[O,n—l], ,Be[O,n—l]. (2.5)
Mot nghiém ctia phuong trinh vi phan ham (2.1) duoc hiéu 1a mot ham vécto
X e 6272 ((a,b);Rm) thoa (2.1) hau khip noi trén (a,b).

Mot nghiém cua (2.1) thoa (2.2) duogc goi la mot nghiém cuaa bai toan (2.1), (2.2).

2.2.  Dinh li vé tinh chat Fredholm ciia bai to4n bién tuyén tinh bic cao



2.2.1. Pinh nghia

Toan tir tuyén tinh p:ij;((a,b);Rm)—)Rm dugc goi 1a bi chan manh néu ton tai

{el,,((ab);R,) saocho

[p(x)| << (O

o VO a<t<b, xeCl7((ab);R"). (2.6)

B

2.2.2. Bbdé

Giasit p>0, nel,,((ab)R,), t,e(ab) va s latdp cac ham vécro
x:(a,b) > R" kha vi lién tuc téi cap (n—1) théa cdc diéu kién
X () <p (i=1...0), 2.7)

X" (1) - x" (S)H < jn(é)dé véi a<s<t<bh. (2.8)

S

Khi dé, S < Cay ((a,b);R") va s la tap compact trong khong gian C.;((a,b);R").
Chirng minh

Ly tly y x e S . Khi d6 tir (2.8) ham x™™ 1 lién tuc tuyét ddi dia phuong trén (a,b)

va
X" (t)| <n(t) héu khip noi trén (a,b), (2.9)
Do d6,
x"eL,,((ab);R"), (2.10)
X" (t) = _n_ (t_to_)j_i XU (t,) + 1_ _t|'(t—s)”_i x" (s)ds (2.11)

véi a<t<b (i=1..,n)



va

X (1)< (t) voi a<t<b (i=1..n), (2.12)
trong do
n (b_a)jii l F n—i .
g(t)=p —+ - t— n(s)ds i=1..n). (2.13)
=3 s o (=t
Pt
i, =max{i:e; =0}, i,=max{i: S =0}.
Khi do,
n—-iza, o=0vsi<i, o=a+i-n>0véii>i| (2.14,)
n-izpg, B =0vsii<i, B =p+i—-n>0vdii>i, (2.14,)
Do do,
&(t)<e(a+)<+o vsi i<i, a<t<t, (2.15)
)
jgl+i1(s)ds<+oo néu i, <n-1 (2.16)
&(t)<g(b—) <+ véii<i, t,<t<b (2.17)
b r
[ 2., (s)ds <+o0 néu i, <n-1. (2.18)

)

Néu i >i, thi tir (2.13), (2.144), véi bit ki 6 €(0,t,—a) taco

Iirpﬁsaup[(t -a)"¢ (t)} = Iirlsaup %T(s —t)"" n(s)ds

<1 T(s—t)an(s)ds.

(n—i)!



Do & tuyy nén

Iim[(t -a)"¢ (t)} =0 V6i i>i. (2.19)

t—a

Lap luan tuong tu, ta cling co

lim| (b-t)" & (t) | =0 vei i >, (2.20)

t—b
Néu i <i, (twong tmg i<i,) thi do cac diéu kién (2.9), (2.14;) (twong tmg (2.9), (2.14,)) ta
co
b

x" (S)Hds < +00U(b —s)"

0

to

f(s-a)"!

x(" (S)Hds < +ooj.

Do (2.11) ta suy ra ton tai
. (i) , - (in)
limx"™ (t) (twong tng lim x (t)).

t—a

Tuy nhién néu i > i, (i > iz), thi tir (2.12) va (2.19) (tr (2.12) va (2.20)) ta c6

lim(t-a)" x"¥(t)=0  (lim(b-t)"x"*(t)).

toa t—b
. . VT ~n-1
Do vay ta da chirng minh duoc gidi han (2.9) ton tai. Vivay S c C.p ((a, b);Rm) :

Do dinh i Ascoli-Arzela, tir cac bat dang thuc (2.9), (2.12) va cac diéu kién (2.15)-(2.20) ta

suy ra S la mot tap compact trong khéng gian 62?2 ((a,b);Rm).D

Xét bai toan bién
x(" (t) = p(x)(t)+q(t) (2.21)

t(x)=c,(i=1...,n) (2.22)



voi  p:Cli((ab)iR")>L,,((ab);R") la toan ti tuyén tinh bi chan manh,
(:Cr((ab);R") > R" (i =1,...,m) lA  cac  todn  tr  bi  chan
gel,,((ab);R"),c, eR"(i=1,..,m).
Cung véi bai toan ndy ta c6 bai toan thuan nhét twong ting
X" (t) = p(x)(t) (2.21,)
4;(x)=0, (i=1..,n). (2.229)
2.2.3. Dinhli

Piéu kién can va di dé bai toan (2.21), (2.22) ¢6 nghiém duy nhdt la bai todn thuan nhat
twong vng chi ¢é nghiém tam thurong. Hon nira, néu bai toan (2.21,), (2.22,) chi ¢ nghiém

tam thuwong, thi ton tai s6 dwong y sao cho voi bat ki qeLaﬁ((a,b);Rm) ,

c; € R"(i=1..,m), nghiém cua bai toan (2.21), (2.22) théa ddanh gid

[

o =7 (Z
' i=1

Coi

+HQHLaJ- (2.23)
Chirng minh
Pat B=C[;((a,b);R")xR™ Ia khong gian Banach cac phan tir U =(X;C,,...,C,) trong d6

n
eyt ZHCIH :
i=1

XGCQ;((a,b);Rm), c.eR™ (i=1..,n) vavsichuan |ul, =|x|

Cé dinh t, e(a,b) vaveitay y u=(xc,,....c,), dat

ﬁ<t>=[(nf1).i (t—s)”‘lq(s)ds:cm,...,coﬁj.

"t

Bai toén (2.21), (2.22) tuong duong vai phuong trinh toan tir trong B



u=p(u)+q (2.24)
trong khéng gian Banach B bai vi U= (X;Cl,...,cn) la mot nghiém cua phuong trinh (2.24)
néu va chi néu ¢ =0 (i=1..,n) va x la mot nghiém cia bai toan
(2.21), (2.22). Con phuong trinh thuan nhat

u=p(u) (2.24)
thi trong duwong véi bai toan thuan nhit (2.21,), (2.22,).

Tur didu kién (2.6) va bd d& 2.2.2 ta thay ngay toan tir tuyén tinh p:B —> B la compact. T
day két hop véi luan phién Fredholm cho phuong trinh cac toan tir, din dén phuong trinh

(2.24) 1a c6 nghiém duy nhat néu va chi néu phuong trinh (2.24,) chi c6 nghiém tim
thuong. Hon nita, néu phuong trinh (2.240) chi ¢6 nghiém tAm thuong thi toan tir | — p 13

~\ -1 Ie
kha nghich va (I - p) : B — B la toan tr tuyen tinh bi chan trong d6 1: B — B la toan tir

ddng nhat. Do d6 tdn tai ¥, >0 sao cho qe B, nghiém cua phuong trinh (2.24) thoa bat

dang thac

Jul, <7,

Tuy nhién,

~ n
i, <+ lal.,

V6i ¥, >1 lahang sé phu thudc vao a, B, a, b, t, van.

Do do,

ol = 7 Seul I

Lj (2.25)

Vo Y =Yo)1

Bai vi bai toan (2.21), (2.22) trong dwong véi phuong trinh (2.24) cho nén dé thiy



(2.21), (2.22) c6 nghiém duy nhat néu va chi néu bai toan (2.21,), (2.22,) chi c6 nghiém
tam thuong. Hon nita, néu (2.21,), (2.22,) chi c6 nghiém tam thuong, thi tir (2.25) suy ra

nghiém x cua bai toan (2.21), (2.22) thoa (2.23). [

Xét phuong trinh vi phan véc to dbi sé léch

X (t) = zp ()X (z,(1)) +a(t) (2.26)

véi 7,:[a,b] > [a,b](i=1,...,n) 1a cac ham do duoc, P,:(a,b) >R™™ (i=1..,n) lacac
ma tran ham c6 cac thanh phén la cac ham do dugc va qe L, ,((a,b);R"). Phuong trinh 2

mét trudng hop dic biét cua (2.21). Cung véi (2.26), ta ¢6 phuong trinh thuan nhit twong

ung
X7 ()= P (X (1,(1) (2.26,)

Tu dinh 1i 2.2.3 ta c6 hé qua sau.

2.2.4. H¢ qua

Gia str hau khdp noi trén (@,b) ta c6 cac bdt dang thirc

{r, (t)>a, khi i>n-a
(2.27)

z,(t)<b, khi j>n-2

Hon nira, gia su

(t-a)" (b—t)’(z,(t)=a) “ (b-=,(t)) " [P, (t)|dt <+ (i=1..,n) (2.28)

O — T

Khi dé, dé bai toan (2.26), (2.2) c¢é nghiém duy nhdt, diéu kién can va dii 14 bai toan thuan
nhdt tuong 1ng (2.26,), (2.25) chi c6 nghiém tam thuong. Hon nira, néu bai toan (2.26,),

(2.20) chi ¢ nghiém tdm thwong, thi ton tgi sé dwong y sao cho véi bat ki
gel,,((ab);R"), ¢, e R"(i=1..,m), nghi¢m cua bai toan (2.26), (2.2) théa man danh
gi4 (2.9).

Chirng minh



Ta dat

n

p(x)(t) =X P, (t)x"?(x, (1)) voi batki xeC.((a,b);R").

=
Khi d6, phuong trinh (2.26), (2.26¢) c6 dang tuong tu nhu (2.21), (2.21,).

Mt khac, tir cac gia thiét

Néu i<n-q, thi ta c6 a =4 =0=(z(t)-a) " =(b-z(t))" =1. Do (2.28) nén

—t)" [P (t)[dt <+. Suyra P eL, ,((ab);R™").

PR E—_
—~
—+
|

Néu i>n—ea, thitr (227) tacod o, >0, B >0, 7,(t)>a, b>rz(t) nén theo (2.28) suy

ra Pel,,((ab);R™).

Tirdé p(x)elL,,((ab);R").

D& thay p tuyén tinh va

[p(0)]= R 0% (5.0)| < IR 0% (5.(0)] < R o)

Ci
Suyra

el <R ()

n

Vai ¢ ZHR H ((a,b);R.) nén p bi chin manh.
=1

Vay p:ij((a,b);Rm)a La’ﬁ((a,b);Rm) la toan tir tuyén tinh bi chan manh va do do,

nhitng diéu kién cua dinh li 2.2.3 déu duoc théa. O

2.3. V& sir ton tai nghiém ciia bai toan (2.1), (2.2)



2.3.1. Pinh nghia

Cho » 1a mét s6 duong. Cap ( p.(¢, )L) cAc toan tir lién tuc
p:CrA((ab)iR")xCri((ab)iR") > L, () E")
va
(4 rCr (@b )<Cl (ab)iR") > B
duoc goi 1 » -hda hop néu:
(i) Cac toan tir p(x):Cr;((ab);R")>L,,((a,b);R") va

(x):Coa((a,b);R") > R" 12 tuyén tinh véi bét ki xeC[;((ab);R") cé dinh va

ie{l,...,n};

(i) Voibitki x,yeC. ((a,b);R") vavéi hau hét moi te(a,b) taco céc bit ding

<ol
Shol<a (i)

véi &R, —>R, la ham khong giam, 5(.p)ell}((a,b);R,)véi moi peR,, va

thac

y

i’

y

s’

5(t,-):R, - R, la ham khong giam véi moi te(a,b);

(i) Veibat ki xeC);((ab);R"), gel,,((ab);R"), va ¢ eR"(i=1..,n), mot
nghiém tuy y cua bai toan bién
y?(t)=p(xy)(t)+a(t), £ (xy)=c (i=1..n) (2.29)

thoa man bt dang thic

s SV (;HQH +al, j (2.30)

ly



2.3.2. Pinh nghia

Cap ( p.(¢, )i”:l) cac toan t lién tuc
p:C2(a) 7 )<C (2 ) B7) > L, ()R

va

(4)n:Cos((ab)iR™)xCo ((a,b):R™) —> R™
duoc goi 12 hoa hop néu ton tai » >0 sao cho ( p.(¢, )i”:l) la y -hoa hop.

Gia sir (p,(fi)i”:l) la cap y -hoa hop cac toan tir lién tuc
p:Co,((ab)iR")xCr((ab);R") > L, ,((ab);R™),
()4 :Co((ab)R™)xC ((ab)R™) > R™
va q:Cl((ab);R") > L, ,((ab)iR"), ¢y :Cli((ab)iR")>R" (i=1..,n)
la cac toan tir lién tuc.
Véitly xeCl7((a,b);R"), xét bai toan bién tuyén tinh

Yy (1) = p(% Y)(1)+q(x)(t), £,(xy)=Cy(x) (i=1...n). (2.31)

Do (p,?,) hoa hop nén tir diéu kién (iii) cta dinh nghia 2.3.1, bai toan thuan nhét twong

ung
y"(t)=p(%y)(t), £(xy)=0 (i=1..,n). (2.310)

chi c6 nghiém tam thudng. Theo dinh Ii 2.2.3, bai toan (2.31) chi c6 duy nhat mot nghiém
y. Tadat F(x)(t)=y(t).

2.3.3. B6 dé

Todn nir F:C}((a,b);R")—Cl7((a,b);R™) lién tuc.



Chirng minh

Gia str
X eCa””;((a,b);Rm), yi(t)=F(x)(t) (i=12)
Y(t) =Y. (t) =% (t).
Khi do,
y(n)(t)— P, (%, ¥) (1) + 0 (%%, )(1)
0%, y)=c(x,%) (i=1..n)

% (%% ) (1) = P(x ) (1) = PO 1) (1) + () (1) = a () (1),
C (%, %) =0 (%% ) =€ (%, ¥,)+C (%) —C (%) (i=1...,n).

Do d6 , tir diéu kién (iii) caa dinh nghia 2.3.1 suy ra

HF (Xz)_ F (Xl) oy = y(guci (Xl’XZ)H+HqO(X1’X2)HL“'/’j.

Do c4c toan tir p, g, £, va ¢; (i=1..,n) lién tuc, nén bat dang thirc cudi suy ra tinh lién

tuc cua toan tir u.J

2.3.4. Pinh i

Gid st ton tai s6 duong p, va cip hoa hop (p,(fi)i”:l) cAc toan iz lién tuc
p:C.5((ab)iR")xC((ab)iR") > L, ,((ab);R")
va
()5 oy ((ab)iR")xC i ((a,b);R™) > R™

sao cho véi tlly y A €(0,1), mgt nghiém bat ki ciia bai toan



X (1) =(1-2) p(x,x)(t)+ A (x)(t)
(A-1)¢,(x,x)=2h(x) (i=1..,n)
théa man bdr ddang thirc

[

i = Ao
Khi do, bai todn (2.1), (2.2) co ngiém.
Chirng minh

Xét 5,8, va y la cac ham va sb nhur trong cac dinh nghia 2.3.1 va 2.3.2. Ta dit

1(t)=20,6(t.2,) +sup{ | (x)(1)]:

7, (1) = 2p050(2p0)+i2l:sup{uhi(X)H:Hx

Ciy < 2'00}’

Cis = 2’00}’

P = 7(770 +||77||LM), n (t)=5(t.p)p+n(t),

B, :{XE ijj((a,b);Rm):Hx

CETES’Ol}’
1, 0<s<p

2(s)=192-s/p,, py<s<2p,
0, s>2p,

a(x)(t)= (|

o JL T ()= pOx) ()],

Coi (X) = Z(HX

Tu (2.3) va (2.4) thi
Ny <+, 1€ Laﬁ((a,b);R+), n e Laﬁ<(a,b);R+)

voi batki xe C);((a,b);R") va véi hau hét t e (a,b), ta co céc bét dang thirc

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



OIOELIONS>

C, (X)H <7,
Goi F:Cl;((ab)R")—>Cl ((ab);R") la toan tir dat
xeCo((a,b);R™) véi nghiém y cua bai toan (2.29).

Theo b6 dé 2.3.3, F 14 toan t lién tuc.

Do diéu kién (iii) trong dinh nghia 2.3.1 va do cach dit ¢ (2.35) ta co

ly

o3 57 Sleal el )7, )= o

Taco

Y™ (1) =y (s) = [y (£)dé

= [[p(xy)(£)+a(x)(¢)]de

S

Do diéu kién (ii) cua dinh nghia 2.3.1

POy ()= ([, £l

cily

Hon nita, do dinh nghia (2.37) ta lai co

(I )L 00() - pOu) ()]
Ssup{”f (x)(&)]:[x o £2p0}+5(§,||x 02,2) X o
< sup{”f (x)(&)]:|x o S 2p0} +5(§,Hx - )2/)0.

Mat khac, ham & khong giam nén khi

Hy oy < pl'HX crd < 2/00

taco

(2.40)

twong ang  moi



laG)(®)]<n(t)

va

[P 8( Kz, €Iy

o, <O(200.6) 0

Suyra

[y -y (3)]<| JloCe )+ a(x)(e) fog

<[[8(&p)p+n(&)]de =jn*(§)dcf

S

voi a<s<t<b.

Vay

Hy oy < P

)=y ()] < ()

voi a<s<t<b.

Do d6, theo bo dé 2.2.2, toan tir F anh xa qua cau B, vao tap con compact caa chinh B;.

Theo nguyén li diém bat dong Schauder, ton tai x € B, sao cho
x(t)=F(x)(t) véi te(a,b).

Vi ki hiéu nhu trong (2.38), (2.39), thi x 1a nghiém cua bai toan (2.32), (2.33) trong d6

2= 7([es ) (2.41)

Tiép theo ta chirng minh x thoa (2.34). Gia sir nguoc lai. Khi d6, hoic 1a

P, <|x e <20 (2.42)

hoac la



[

s 220, (2.43)

Néu (2.42) ding, thi tir (2.37) va (2.41), 1€(0,1), tir gia thiét caa dinh Ii ta suy ra (2.34)
dung. Mau thuan vai (2.42).

Néu (2.43) dung, thi tir (2.37) va (2.41), 2 =0 va do d6 x & nghiém cuaa bai toan (2.15,).
Khi do, x(t)=0 béi vi (2.150) chi c6 nghiém tim thuong. Nhung diéu ndy mau thuan véi

dang thirc (2.43). Vay phai c6 (2.34).

Do (2.34) ding nén 2 = (|

02;%) , va khi d6 x la nghiém cua bai toéan (2.1), (2.2).00

Péykhi n=1, o = =0, thi dinh li suy ra dinh 1i 1.2.3.

2.35. Hé qua
Gid s ton tai so dwong y, cap y-hoa hop (p,(ﬁi)i”zl) cac toan ti lién tuc
p:Cli((ab);R")xCli((ab);R") > L, ,((a,b);R"),

(), :Crs((ab);R™)xCl i ((ab);R") > R™, ham 7:(ab)xR, >R, va ham

1, R, > R, théahdu khdp noi trén (a,b) cac bdt dang thirc

[ (x)(t)- p(X1X)(t)HSn(t,IIXI%), (2.44)
> I ()=, (e < Il ) 2.45)

V&i moi XECZ;((a,b);Rm)_
Hon nira,
n(.p)eL,,((ab)iR,) véi peR,

va



li Mlb—“b—” , d]l. 2.46
.;njgp( L2 f(s-ay (b-) n(sip)es < (246

Khi do, bai toan (2.1), (2.2) co nghiém.
Chirng minh
Ta chizng minh moi x nghiém bai toan (2.32), (2.33) déu thoa danh gia (2.34).

That vay, tir (2.46) suy ra ton tai p, >0 sao cho
b 3 p _
7/(770(p)+‘|-(8—a) (b—s) n(s,p)dsj<p Véi p > p,. (2.47)

Goi x la nghiém ciia bai toan (2.32), (2.33) véi 4 €(0,1) tuy y ¢b dinh. Khi d6, y = x ciing

la nghiém cua bai toan (2.29) vai

Gia st p=|x| oy r 0O (p,(fi)i":l) la cap y —hoa hop, tir cac bat dang thac (2.30), (2.44),

(2.45) tacd

oo Sla ol lal, <7 m(o)+ f(s-2) (o-5) ns.p)os .

Do d6 tir (2.47) suy ra p < p,. Tir d6 c6 (2.34), nén bai toan (2.1), (2.2) la c6 nghiém theo

dinh 1i 2.3.4. O

2.3.6. DPinh nghia
Toan tir p:Clj((ab)iR")>L,,((ab);R") (toan tr £:Cl}((a,b);R")—>R") dugc
goi la thuan duong néu véi moi X e Ca”; ((a,b);]Rm), AeR, va hau khép noi trén (a,b) ta

co



p(X)(1) = 2D(X)(1) (£(2%) = A2(x))

2.3.7. Dinh nghia

Toan tir thudn duong p:C.;((a,b);R")—> L, ,((a,b);R") (twong tmg toan tir thuan

duong (:C;‘j((a,b);Rm) — R™) dugc goi 12 bi chin manh (twong tng bi chan) néu ton tai
mot ham (el ((ab);R7) (twong tmg sé duong ¢,) sao cho véi moi

xeC.2((a,b);R™) va véi hau khip noi trén (a,b) ta co

[P0 <€ (V) (twong ting ()] < &,y )

2.3.8. Pinh li

Gid sir ton tai toan tir tuyén tinh bi chan manh p: C;j((a,b);Rm) — La'ﬂ((a,b);Rm), toan
tir thudn duong, lién tuc, bj chan manh p:CJ7((a,b);R") > L, ,((a,b);R"), cac toan tii
tuyén tinh , bj chan ¢,:C.((a,b);R") > R"(i=1...,n), cic toan tiz bj chan, lién tyc,
thuan duong 4:Cri((ab);R") > R"(i=1...,n), va céc ham
n:(ab) >R, 7R, >R, saochovsibdtki xeC] ((a,b);R") vahdu khdp noi trén

(a,b) thoa céc bdt dding thic

[T (x)(0)= P()(©) - BN < {1 ¢

o) (2.48)

n

2

i=1

v ) (2.49)

n(X)= £, ()= 4 ()] < (¥

Hon niia, gia su n(-,p) S La’ﬁ((a,b);]l&) V6i moi peR _,va



JL@(@+%E(S—3)Q(b—S)ﬂn(S,p)dsj=O (2.50)

dong thoi véi bat ki A €[0,1] bai toan

chi c6 nghiém tam thuong.
Khi d6, bai toan (2.1), (2.2) c6 nghiém.

Chirng minh
Trudc hét ta chung minh cip (p,(ﬁi )i":l) hoa hop.

That vay, cac toan tir p, ¢, tuyén tinh va do céc todn tor p, p bi chian manh ; céc toan tir
(¢, (Z)i":1 bi chan nén ton tai ¢ e L, ,((a,b);R,), &, €R, sao cho hau khip noi trén
(a,b) taco

[P )O+[P()(0)] = ¢ (1)K,

. (2.52)

(I Ol +[[% () =

i=1

oy
v6i moi x e C;‘f;((a,b);Rm).

Ngoai ra, moi do bai toan (2.51) chi c6 nghiém tam thuong nén voi 2 =0 thi bai toan

XV (t)= p(x)(t), £,(x)=0 (i=1..,n) chi co nghiém tdm thudong. Theo dinh Ii 2.2.3 bai
toan (2.29) c6 nghiém duy nhat thoa man (2.30). Vay cap (p,(fi)i"ﬂ) hoa hop theo dinh

nghia 2.3.2.
Vsi 2€[0,1], gel,,((ab);R") vac, eR™ (i=1..,n) , xétbai toan bién
X" (t)= p(x)(t)+Ap(x)(t)+q(t), (2.53)

C(X)+ AL (x)=c, (i=1..,n). (2.54)



Ta s& chi ra moi x 1a nghiém cua bai toan nay thoa bat dang thirc

[x

e <7 (;H%i [+ HqHLa,,,j’ (2.55)

trong d6 » 1a hang s6 dwong khong phu thuoc vao 4, q, ¢,;, (i =1.., n) va X.

Gia st nguoc lai (2.55) khong dong. Khi d6, voi mdi sé tu nhién k, ton tai

4 €[01], g.eL,,((ab);R"), ¢, €R", (i=1..,n) sao cho bai toan
X"(t) = p(x)(t) + AP (X)(t) + 6 (1),

C(X)+ AL (x)=¢c; (i=1..,n)

c6 nghiém X, thoa bat dang thirc

def
=[x

n
o >k (Zucki H + qu HLM j
i=1

Pt
X, (1) = % (1),
G (t)= (1),
Ci=pcc (i=1...n)
thé thi
%], =1 (2.56)
=Ll < L
o = o Mkl "

(Slel+lal.,

n _ 1 n Zl:”cki ||
;”Ck‘” = p—IZlZIICk.II <
T AT (S al, )

(2.57)

IA

1
k )



a+b

(2.58)

(2.59)

bit t, 0=, Khi d6, tir (2.58) khai trién Taylor véi phan du dang tich phan ham X, tai t,

cho ta

VoI

Tu (2.57)taco

k—>+o0

ft 2 (b-t) |a, (0]t <~ :quk (t)]dt 0.

Mait khéc,

o) g, (s)ds :>sz<i4>(t)ug Mj”qk(s)uds

trong d6 M 1a s6 duong du 16n.

Suyra

2l

sup{lznl:(t -a)" (b-t)" 2 (1)|:a<t< b}—> 0

Ngoai ra dé thay

limc, =0 (i=1..,n).

k—+0

(2.60)

(2.61)

(2.62)



Tur (2.61) ta co

va

b -0 ()< Ip(R) (€)= A (%)) 8 < [ (£)ae

Véi a<s<t<b, va p" 1a hiang s6 duong khong phu thudoc vao k. Ap dung bd dé 2.2.2,
khong mét tinh téng quét ta c6 thé gia sir day (Y, )., hdi tu theo chuan trong khéng
gian Banach C!'}((a,b);R"), cling nhu ¢6 thé gia six day (4, ),", hoi tu.
Pt
A=lim 2, x(t) = limy, ().

Khi do, tir (2.59) - (2.62) ta c6

i [ = Xey, = Jim [y, + 2 -, (2.63)
< 9, =Xy + Jim 2oy = m 3, =X, =0
v 0,(x)=44(x) (i=1..,n),




Do d6 x la nghiém cua bai toan (2.51). Mat khéc, do kIim

—>+0

% — X

ey T 0 va HYk‘

e =1 suyra

[

e =1

Nhung diéu ndy mau thuan véi gia thiét bai toan (2.51) chi c6 nghiém tam thuong. Mau

thuan nay khang dinh su ton tai cia » théa (2.55).

Tur dinh 1i 2.3.4, dé chang minh dinh 1i 2.3.8 thi diéu kién du 1a phai chi ra rang voi mdi

A €(0,1), moi nghiém cua bai toan
X" ()= p(x)(t)+ A(f (x)(t)- p(x)(1)). (2.64)
(%)= 2(4,(x)=h (X)), i=(L...n). (2.65)

déu thoa bat dang thirc (2.34).

Ta c6 mdi x nghiém bai toan (2.64), (2.65) ciing 1a nghiém cua bai toan (2.53), (2.54), trong
do

(2.66)

Theo chting minh trén, x thoa (2.55), két hop véi cac diéu kién (2.48), (2.49)

va (2.66) ta suy ra

[

o +'b[(s ~a)"(b-s)’ n(s,||x|

a

o ) dsj.

Mat khac tir diéu kién (2.50) suy ra ton tai o, >0 sao cho bat dang thirc (2.47) dung.

3 57[ e

Tur d6 ta co dugce danh gia (2.34).00

2.4. Ung dung vao hé phwong trinh vi phan ham doi sé 1éch

Trong khong gian CJ;((a,b);R™) xét bai toan bién



X" (t)=g (t, X(7,(t)) e x"Y (z, (t))) (2.67)

limx"™(t)=c,(x) (i=1...k)
lim X (£) =¢,(x) (i=k+1,..n). (268)

tob
Trong d6 kefl..n-1}, ae[0n-k], 7;:[ab]—>[ab] (i=1..n) la cic ham do
duoc, ¢, :Cl;((a,b);R™) - R™ la cac toan tir lién tyc, va g:(a,b)xR™ —R" Ia ham véc
to sao cho g(+X,..X,):(a,b)>R" la do duoc véi bat ki x eR" (i=1..n) va
g(t,...’):R™ —>R" 1a lién tuc véi moi te(a,b). Hon nita, gia su véi i>n-a tacd

7,(t)>a hau khip noi trén (a,b).

Trudc hét ta chirng minh bo dé sau.

2.4.1. Bo dé
Gid sir k e{L...,n-1}, ae[0,n—k], va xeC;((a,b);R") la ham véc to théa cdc diéu
ki¢n (2.68). Khi dé, trén (a,b) taco cac bdt dang thirc sau:

< (0] 2 0-2)" e, ()

1

(n—i)!

+ (b-a)"""“(t-a) " y(x) (i=k+1..,n) (2.69)

X (0] =2 (b-2)""|c, (x)

(b _ a)n—k—l—owrg:k+1

T—k—1)i(k+1-i _Ogm)g(t_"")m1 y(x) (i=1..k) (2.70)
y(X)=T(S—a)“ X" (s)|ds. @2.71)




Chirng minh

Lay x,(t) 1a mot da thic bac khong 16n hon n—1 théa

Khi do,
%, (t)\gg(b-a)"-‘ ¢, (x)| véi a<t<b (i=1..n). 2.72)
Mat khéc,
0=x0 0L 0 s ey
(i=k+1..n)
KD (1) =6, () + [X7 (s)ds (i=1,...k). (2.74)

Do (2.3) taco
n—i—a—¢; >0 (i=1..n).
Do d6
(s-t)"" <(s—a)" " (s-a)“(s—a)" <(b-a)" " (t-a)“(s-a)
véi a<t<b (i=1..,n).
Két hop véi (2.72), (2.73) ta thu duoc (2.69).
Rorang 12 o, , <1, do a <n—k.Néu a,,, <1 thi tir (2.69), (2.72) va (2.74) suy ra (2.70).

Pé két thlic chirng minh bo dé ta con phai xét truong hop khi a, ., =1. Khi d6, a =n—k va

tlr (2.72)- (2.74) ta c6



x(”)(s)‘ds]dr =

\X“‘”<t>\ﬁi<b—ar‘“\c,«xwmi[is_w

nkl

™ ‘ds+js a)'

“Ix (s)‘ds}

M-
—
(ox
|
QD
~—
=
<
—_
>
S~
+
—_
>
|
W
H
|—|
,-.!—.c—

Va

Do d6 ta c6 (2.70).01

2.4.2. Dinh i
Gid sirtontai, 7, 'R, >R, P eL,,((a,b);RI"), (i=1...n) va q:(a,b)xR, >R" sao

cho

)VO’IXECn o ((ab);R™) (2.75)

>l (o] < Il

vatrén (a,b)xR™ ta c6 bat dang thic

n

<2 (z (1) -a)" Py(t)]x[+ q(t, Zn:(ri (t)-a)" ”X-”j (2.76)

i=1 i=1

‘g(t’xl’ ’Xn)

Hon nira, gia sit q(-p)eL,,((a,b);R") véi méi peR,, cac thanh phan cua q(t,p) l1a

khong giam theo p,

lim [”°(p)+%z(s—a)“ Hq(s,p)HdSJ:O 2.77)

P>+ p



va
r(P) <1 (2.78)
o day

(b _ a)n—k—l—oﬁfozk+1 b

o Zk:(n—k ~1)i(k +1—i—ak+1)!I(5‘a)a(Ti (s)-a)" " P (s)ds

i=1 a

o, (b-a)"™ " [(s-a)"P,(s)ds.

+ -
i=k+1 (n - I)! a
Khi do, bai todn (2.67), (2.68) co nghiém.
Chirng minh

Bai todn (2.67), (2.68) thu duoc tir bai toan (2.1), (2.2) khi

f(x)(t)= g(t, X(7,(t)),-.. X"V (7, (t))) (2.79)
h (x)=limx"(t)-c,(x) (i=L..k),

o _ (2.80)
h(x)=limx"(t)—c,(x) (i=k+L..,n).

T giathiéttaco f:CJ ((a,b);R")—>L,.((ab);R") va

h :C:{j((a,b);Rm)%Rm (i=1,...,n) 1a cac toan tir lién tyc thoa cac diéu kién (2.3), (2.4)

voi f=0.
V6i x,yeClr((a,b);R") va te(ab) dat

p(x,y)(t)=0,¢,(xy)= lim yi () (i=1..k),

| (2.81)
r(xy)= lim yiU(t) (i=k+1..,n).

Theo dinh nghia 2.3.2 va dinh 1i 2.3.4, cip ( p.(¢, )L) cAc toan tir lién tuc



p:Cle((ab);R")xCle((ab);R") - L,,((ab);R"),
(£, :Cos((ab)iR™)xCl5((a,b):R") > R™
Ia hoa hop.

Dé ching minh dinh 1i, tir 2.3.4 ta chi ra rang véi méi 4 €(0,1), moi x 1a nghiém cua bai

toan (2.32), (2.33) thoa bat dang thirc

[

o <Py (2.82)
trong d6 p, la hang s6 khéng &m khong phu thudc vao 4 vax.

Do (2.79)- (2.81) bai toan (2.32), (2.33) c6 dang sau:

x" (t) :}tg(t,x(rl(t)) ..... X"z, (t))) (2.83)
limx"?(t)=4c, (x) (i=1...k),
e _ (2.84)
limx" (t)=1c,(x) (i=k+1...n).

Goi x la nghi¢m cua bai toan (2.83), (2.84) véi A €(0,1)tuy y ¢b dinh. Khi d6, do bé dé
2.4.1 ta c6 cac bt dang thuc (2.69), (2.70) véi Y(X) Ia vécto xac dinh nhu (2.71). Mat
khéc, tur (2.76) ta co

¥ =J(s-a)

<

[(5-2) (s (5)-a)" 7 (5" (5) 85+ (52 o[

n )
N1 d S.
i=1 @0

Néu trong (2.69), (2.70) ta &p dung véi @, =0 (i=1...,k), thi (2.70) dan dén

y(X) <Py (X)+ Y, (X)

hay



(E-P)y(x)<y,(x), (2.85)

v6i E 1a ma tran don vi cap mxm va

Vimatran P khong am va r(P) <1, nén tir (2.85) suy ra

m!—-.c-

)dsjz(b—a)i“\ (0] + T(s a)"q(s.[x]. Jds. (286)

j=i a

y(x)<(E —P)_1 Yo (X)-

Do gia thiét (2.75), danh gia (2.86), va bd dé 2.4.1, ta c6

” chs < 771(

i) (2.87)

trong do

m(p)= u[m (p)+ i(s ~a)’ Hq(s,p)Hds],

va u 1a hang sb duong chi phu thuge vao ;,P,,z; (i=1..,n),a va b. Mat khac, do diéu

Kién (2.77) ta co

lim 771('0) =0
p
va do do
m(p)<p
Véi

£ > Por Po =inf{p>0:w<l, Se[p,—i—oo)}.
S

)2 Kl

P, khong phu thugc vao 4 va x.

Do d6 tir (2.87), 771(

. tasuy Ix

o < < p,, nghia 14 (2.82) dung, trong d6 hang s



Dinh 1i dugc chirng minh.C



KET LUAN VA KIEN NGHI

Muc dich cta luan van 1a nghién ctru tinh giai dugc caa bai toan bién khdng chinh qui cho
phuong trinh vi phan ham bac cao (2.1), (2.2). Pay la truong hgp md rong cua bai toan
(1.1), (1.2) chi xét bai toan bién chinh qui cho phwong trinh vi phan ham phi tuyén bac nhat.

NGi dung chinh cta luan van dugc trinh bay trong 2 chuong.

Chuong 1. Khao st tinh giai duoc cua bai toan (1.1), (1.2). Cac két qua chinh cua chuong
nay la dinh 1i 1.2.1, dinh i 1.2.3 va cac hé qua 1.2.6, 1.2.8.

Chuong 2. Nghién ctru tinh giai duoc cua bai toan (2.1), (2.2). Céc két qua chinh 1a cac dinh
[i2.2.3,2.3.4,2.3.8,2.4.2 va cac h¢ qua 2.2.4, 2.3.5.

Tir nhitng két qua duoc dua ra trong ludn van, mot cu hoi duoc dit ra 1a cac két qua trén co

con dung khong cho bai toan bién nhiéu diém, bai toan bién dang tuan hoan.

Do vay tac gia mong muén duoc tiép tuc nghién ciu tim hiéu thém véan dé nay trong thoi
gian sap t6i. Vé6i su hiéu biét con han ché, tdc gia mong nhan duoc nhiéu nhan xét, chi bao

cuia cac Thay, Co trong va ngoai Hoi dong.



TAI LIEU THAM KHAO

[1] N. V. Azbelev, V. P. Maximov, and L. F. Rakhmatullina (1991), Introduction to the

theory of functional differential equations, Nauka, Moscow.

[2] N. V. Azbelev, V. P. Maximov, and L. F. Rakhmatullina, Methods of the modern

theory of linear functional differential equations.

[3] O. Dosly, A. Lomtatidze (1999), Disconjugacy and disfocality criteria for second order
singular half-linear differential equations, Ann. Polon. Math. 72(3), pp. 273-284.

[4] R. Hakl, I. Kiguradze, B. Puza (2000), Upper and lower solutions of boundary value
problems for functional differential equations and theorems of functional differential
inequalities, Georgian Math. J., 7(3), pp. 489-512.

[5] I. Kiguradze, N. Partsvania (1999), On nonnegative solutions of nonlinear two-point
boundary value problems for two-dimensional differential systems with advanced

arguments, E. J. Qualitative Theory of Dif# Equ., No. 5, pp. 1-22.

[6] I. Kiguradze, B. Puza (1997), On a certain singular boundary value problem for linear

differential equations with deviating arguments. Czechoslovak Math. J. 47(2), pp. 233-244.

[7] I. Kiguradze, B. Puza (1997), On boundary value problems for systems of linear
functional differential equations, Czechoslovak Math. J. 47(2), pp. 341-373.

[8] I. Kiguradze, B. Puza (1997), On the Vallee—Poussin problem for singular differential
equations with deviating arguments, Arch. Math., 33(1-2), pp. 127-138.

[9] I. Kiguradze, B. Puza (1997), Conti-Opial type theorems for system of functional
differential equations, Differentsial’nye Uravneniya, 33(2), pp. 185-194.

[10] 1. Kiguradze, B. Puza (1997), On boundary value problems for functional differential
equations (1997), Mem. Differential Equations Math. Phys. 12, pp. 106-113.



[11] I. Kiguradze, B. Puza (1998), On the solvability of nonlinear boundary value problems
for functional differential equations, Georgian Math. J. 5(3), pp. 251-262.

[12] I. Kiguradze, B. Puza, I.P. Stavroulakis (2001), “On the singular boundary value
problems for functional differential equations of higher order”, Georgian Mathematical
Journal, 8(4), pp. 791-814.

[13] I. Kiguradze, Z. Sokhadze (1998), On the structure of the set of solutions of the
weighted Cauchy problem for evolution singular functional differential equations, Fasc.
Math., 28, pp. 71-92.

[14] I. Kiguradze, G. Tskhovrebadze (1994), On the two-point boundary value problems
for systems of higher order ordinary differential equations with singularities. Georgian
Math. J., 1(1), pp. 31-45.

[15] A. Lomtatidze, L. Malaguti (2000), On a nonlocal boundary value problem for second
order nonlinear singular equations, Georgian Math. J., 7(1), pp. 133-154.

[16] N. Partsvania (2000), On a boundary value problem for the two-dimensional system of
evolution functional differential equations, Mem. Differential Equations Math. Phys., 20,
pp. 154-158.



	BÌA
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	2.2.1. Định nghĩa
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