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MG DAU

1. Li do chon deé tai

Bat dang thitc 1a mot trong nhitng van dé c¢o dién nhat clia toan hoc,
day ciing 14 mot trong nhitng phan toan so cap dep va tha vi nhat. Noi
dung xuyén sudt ctia luan van la hé théng cac bat ding thic luong giac.

Diém dic biét, an tuong nhat ciia cac bat ding thic luong giac trong
toan so cap la kho va rat khé, nhung cé thé giai ching hoan toan bang
phuong phép so cap, khong viugt qua gidi han ciia chuong trinh toan hoc
pho thong. Viéc di tim 10i gidi cho bai toan bat dang thitc 1a niém say
mé clia khong it nguoi, dac biét 1a nhitng ngudsi dang truc tiép giang day
toan. Cac bai toan vé bat dang thic rat da dang vé dé tai, phong phu vé
chiing loai va phit hgp vé6i nhiéu déi tuong thudc cac cap hoc khac nhau.

Dé tai "Bat dang thic luong gidc dang khong doi zing trong tam
giac” nham dap tng mong mudn clia ban than vé mot dé tai phu hop
ma sau nay c6 thé phuc vu thiét thuce cho viéc nang cao chat lugng giang
day ctia minh trong nha truéng pho thong.

Dé tai nay lien quan dén nhiéu chuyén dé, trong d6 c6 cac van dé
ve dic trung, tinh chat va biéu dién ctia ham s6, st dung cac bat dang
thic quen thudoc nhu: AM-GM, Jensen, Cauchy-Schwarz, Chebyshev,
Karamata,. . ..

2. Muc dich nghién citu

Nham hé théng tong quan cac bai toan vé bat dang thitc luong giac
co ban, bat déng thic lugng gidc dang khong déi xiing trong tam giac.

Nim dudc mot sé ki thuat vé ching minh mot sé 16p bat déng thiic
luong giac tong quat dang khong doéi xting trong tam giac.

3. D6i tugng va pham vi nghién ciu
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Nghién cttu cac bai toan vé bat dang thic luong giac dang khong doéi
xting trong tam giac va hé thong cac kién thic lién quan.

Nghién citu tir cac tai liéu, giao trinh cia GS. TSKH Nguyén Vin
Mau, cac tai lieu boi dudng hoc sinh gidi, ti sach chuyén toan, tap chi
toan hoc va tuoi tré, ...

4. Phuong phap nghién ctu

Nghién cttu truc tiép tit cac tai lieu ctia thay huéng dan, cla céc
dong nghiép ciing nhu cac ban hoc vién trong 16p.

5. Y nghia khoa hoc
Tao dude mot dé tai pht hop cho viéc giang day, boi dudng gidgo vien
va hoc sinh trung hoc pho thong.

Dé tai dong gbp thiét thue cho viée nang cao chat luong day hoc céac
chuyén dé toan trong truong THPT, dem lai niem dam mé sang tao tit
nhitng bai toan co ban nhat.

6. Cau trac luan van

Luan vin bao gom phan mé dau, 3 chuong, phan két luan va danh
muc tai liéu tham khao.

Chuong 1. Mot so hé thic luong gidc co bdan trong tam gidc: Trong

chuong nay, tac gia trinh bay mot sé bat dang thic co ban, bat dang
thic luong gidc dang doi xiing trong tam gidc. Do gan déu va thid tu
sap dudc clia cac biéu thiic dang déi xtng trong tam giac. Mot sé vi du
minh hoa.

Chuong 2. Mot s6 ldp bat dang thic lugng gidc dang khong doi zing
trong tam gidc: Trinh bay mot s6 16p bat dang thic luong giac dang

khong déi xting trong tam giac.

Chuong 3. Ap dung: Xét mot s6 a4p dung ctia bat ding thic vao tim

cuc tri ctia bieu thic luong gidc dang khong déi xtng trong tam giac,
giai phuong trinh lugng giac.



Chuong 1

MOT SO HE THUC LUONG GIAC CO
BAN TRONG TAM GIAC

1.1 Mot sé bat diang thic co ban

Dinh 1i 1.1 ([2] Bat dang thic AM - GM). Gid st 21, 2o, . .., T, la cdc
so khong am. Khi dé
r1+r0+ -+ x)
n

= /xixy ... Ty, (11)

Déu ding thite xdy ra khi va chi khi £1 = 29 = -+ - = .

Dinh 1i 1.2 ([2] Jensen). Gid st ham so6 f(x) lién tuc trén I(a,b) (trong
dé I(a,b) dugc ngam hiéu la mot trong cac tap [a,bl, [a,b), (a,b], (a,b).
Khi dé diéu kién can va di dé ham sé f(x) 1oi trén I(a,b) la

f<~"€1 -QF l’2> < f(x1) ‘;f(@)

Dinh 1i 1.3 ([2] Bat dang thitc Chebyshev). Gid s f(x) va g(z) la hai
ham don diéu tang va (xy) la mot day don diéu tang:

, Vap, 29 € I(a,b) (12)

1 S X2 < - < T
Khi do moi bo trong (p;)
p]>o7j:17277n7p1+p2++pn:17

ta déu co

(ipkf(l“k)) (ipkg(xk)) < <ipkf($k)g($k)>. (1.3)
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Dinh 1i 1.4 ([2] Bat ding thiic Karamata). Cho hai day s6 xy, yx € I(a;b),
k=1,2,...n, théa man diéu kién

Ty Z2Ty2 - 2T, Y1 Z Y22 2 Un

Va4
(
r1 20

1+ X2 2 Y1+ Yo

T+ T+ F T 2 FY2t o+ Y
(L1t T2+ + T =y1+ Y2+ Yn
Khi dé, ing véi moi ham o1 khd vi f(z), (f"(x) = 0) trén I(a;b), ta

deu co

fl@y) + flao) + -4 flan) = fly) + Fly2) -+ ) (1.4)

1.2 BAat dang thic co ban dang db6i xing trong tam
giac
Gia st f(A, B,O) la biéu thitc chiia cdc ham s6 lugng giac clia cac
goc trong tam giac ABC.
Gia st cac goc A, B, C thoéa man diéu kien:

A+ B A+ B

>hoacf(A)f(B)>f2( . ) (1.5)

déng thiic x4y ra khi va chi khi A = B.

L f(A)+ £(B) > 2f(

C+= C+=

2 1100+1(5) (T 3) i s05(3) > #(52). a0

| =

dang thiic x4y ra khi va chi khi C = =,

o W

Khi cong (hoac nhan) (1.5) va (1

FLA) + F(B) + 1(C) = 37 (5) hose F(A)F(BYF(C) = /()

) ta sé& c¢6 bat dang thiic

ding thic x4y ra khi va chi khi A = B = C.
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Céc bat dang thiic co ban dang déi xiing trong tam gidc dang
f(9(A, B,C)) + f(g(B,C,A)) + f(9(C, A, B)) <0,

hoac
f(g(A, B,C)) + f(g(B,C, A)) + f(9(C, A, B)) = 0,

trong do f(t) 1a mot trong cac ham lugng giac dang sint, cost, tant, cott
va g(z,y, z) 1a ham tuyén tinh dang g(z,y, 2) = ax + By + vz, da duge
dé cap nhiéu trong cac sach chuyén dé va sach tham khao.

Trong muc nay, ta chi xét mot s6 vi du clia cac dang déi xitng phu
thuoc vao tong va tich cac ham sb luong giac co ban. Bat dang thic cla
cac dang khong doi xing

mf(g(A,B,C)) +nf(g(B,C,A)) +qf(9(C, A, B)) <0,
hoac
mf(g(A,B,C)) +nf(g(B,C,A)) +qf(9(C,A,B)) 20,

sé¢ dude xét 6 muc tiép theo.

1.2.1 Bt dang thitc lugng gidc déi xing sinh bdi ham cosz

Ta nhic lai mot sé bat ding thic co ban trong tam giéc.

Bai toan 1.1. Chitng minh rang trong moi tam giac ABC, ta déu co
3
cos A+ cos B + cos C < o (1.7)

Bai toan 1.2. Chitng minh rang trong moi tam giac ABC' ta déu c6

B C  3v3
cos—+cos—+cos—<7\/_.

5 5 5 (1.8)

Bai toan 1.3. Chitng minh rang trong moi tam giac ABC' ta déu c6

1
cos Acos BeosC < 3 (1.9)

Bai toan 1.4. Chitng minh rang trong moi tam giac ABC, ta déu co

A B C  3V3
COS — COS — COS — < —\/_ (1.10)
2 2 2 8
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1.2.2 Béat ding thic luong gidc dbi xing sinh bdi sinz

Bai toan 1.5. Ching minh rang trong moi tam giac ABC, ta déu c6

3\f

sin A + sin B + sin C < 5 (1.11)
Bai toan 1.6. Chitng minh rang trong moi tam giac ABC, ta déu co
A B cC 3
Sin§+sin§+sin§ < 5 (112)

Bai toan 1.7. Chitng minh rang trong moi tam giac ABC, ta déu c6
A. B . C 1

in —sin —sin — < —. 1.13
sin o sin —-sin o < ¢ (1.13)

Bai toan 1.8. Chitng minh rang trong moi tam giac ABC, ta déu c6

3\f

sin Asin Bsin C' < 3 (1.14)
Bai toan 1.9. Chitng minh rang trong moi tam giac ABC, ta déu co
9
sin® A + sin® B + sin® C' < T (1.15)

1.2.3 Bét dang thic lugng gidc déi xing sinh béi ham tanz

Bai toan 1.10. Chitng minh rang tam giac nhon ABC, ta déu c6
tan A + tan B + tan C' > 3v/3. (1.16)
Bai toan 1.11. Chitng minh rang moi tam giac ABC, ta déu co

A B C
tan§—|—tan§—|—tan5 > V3. (1.17)
Bai toan 1.12. Ching minh rang moi tam giac ABC, ta déu co
A B C 1
tan — tan — tan — < ——=. (1.18)

2 2 2 33

Bai toan 1.13. Chitng minh riang trong tam giac nhon ABC, ta luon
co
tan A tan B tan C' > 3v/3. (1.19)

Bai toan 1.14. Cho tam giac ABC'. Chitng minh rang véi n 1a s6 nguyén
duong ta luon co

B 2”% > (1.20)

A
tan>" 3 + tan®" B} + tan
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1.2.4 Bt dang thic déi xing sinh bdi ham sb cot x

Bai toan 1.15. Chiing minh rang trong moi tam giac ABC, ta déu c6
cot A + cot B + cot C' > /3. (1.21)

Bai toan 1.16. Ching minh rang trong moi tam giac ABC, ta déu c6

A B C
cot 3 + cot 5 + cot 5 > 3V/3. (1.22)

Bai toan 1.17. Chiing minh rang trong moi tam giac ABC, ta luon c6
C

A B
cot 5 cot B) cot 5 > 3/3. (1.23)

Bai toan 1.18. Chiing minh rang trong tam gidc nhon ABC, ta luon

co
1
cot Acot Beot C < ——= (1.24)

3v3

1.3 D6 gan déu va thd tu sip dudc ctia cic biéu
thic dang déi xing trong tam giac

Dinh nghia 1.1 ([1]). Vdi moi tam giac ABC' cho trude, ta ki hiéu
daapc = max {A, B,C} —min{A, B,C} (1.25)
va goi daapc la do gan déu cia tam gidge ABC.

Ro6 rang daac = 0 va daapec = 0 khi va chi khi tam gidc ABC' la
mot tam gidc déu.

Dinh nghia 1.2 ([1]). Vi moi cdp tam giac A1 B1Cy va AsByCo thod
mdn dong thoi cac dieu kién
{max {Al,Bl,Cl} max {AQ,BQ,CQ}

min {AQ, Bg, 02}

VoA

min {Al, Bl, Cl}

thi ta noi cap tam gide A1 B1Cy va AsBeCy la cip dude sap thi tu va
tam gidc A1B1C, gan déu hon tam gidc Ay ByCs.
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Vay trong truong hop cé sap thit tu: Vi moi cap tam gidge A, BCy
va Ay BoCy (v6i Ay > By > C1 va Ay = By > Cy ) thod man dong thoi
cic dieu kién

thi ta cé tam gide A1 B1Cy gan deu hon tam gide Ay ByCs.
Nhan xét 1.1. Tam giac déu gan déu hon moi tam gidc khac.

Nhan xét 1.2. Trong tap hgp cac tam giac khong nhon thi tam giac
vuong can gan déu hon moi tam giac khéc.

Dinh 1i 1.5 ([1]). Cho ham so y = f(x) ¢6 dao ham cap hai f"(z) trong
khodng (a;b).

i) Néu f"(x) > 0 vdi moi x € (a;b) thi

f(@) = f(xo) + f'(w0) (& — x0), Vo € (a; D).

it) Néeu f"(x) < 0 vdi moi x € (a;b) thi
f(@) < fl@o) + (o) (x — x0), Va0 € (a;b).

Dinh 1i 1.6 ([4]). Diéu kién can va di dé tam gidc AsBoCy gan déu hon
tam gidc Ay B,C}, tic la théa man dieu kién

max{ A, By,C1} > max{A,y, By, C5}
min{Al, Bl, 01} < min{AQ, bg, 02}
la gitta ching c6 mot phép bién doi tuyén tinh dang

aAi + By +yCp = A

OéBl—FﬁCl—l—’}/Al = B2

0401+6A1+’)/Bl = C2
trong do o > 0,8 >0,y >0, a4+ 5+~ =1.

Hé qua 1.1 ([4]). Cho tam giac ABC), cac s6 duong «, 3,7 théa man
diéu kien o + 8+ v = 1. Dat

A1 =aA+ B+~C,B; =aB+ C+~A,C; =aC + A+ vB.

Khi d6 Ay, By, C} ciing la cac géc ctia mot tam gidc A;B;Ch nao doé va
tam giac nay gan déu hon tam giac da cho.
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Nhan xét 1.3. Nhan xét rang két qua ctia He qua 1.1 van dung khi
a, 3,7 1a khong am va c6 it nhat hai trong ba s 14 duong. Truong hop
c6 hai s6 bang 0, chang han 3 = 0,7 = 0 thi @ = 1 va ta nhan dugc ba
g6c méi chinh 14 mot hoan vi ciia A, B, C nén két luan cia He qua 1.1
van duang.

Nhan xét 1.4. Két qua ctia He qua 1.1 cho ta cach dung mot tam giac
méi gan déu hon tam gidac da cho. Tuy nhién, dé dung mot tam giac
A1B,C} xa déu hon tam giac ABC da cho, ta can phai tién hanh giai
hé phuong trinh tuong tng.

Xét hé phuong trinh

CYAl +BBl +’701 =A
aBy + BCI +vA1 =B
OéCl —f—ﬁAl —|‘”}/Bl =C

X . 1
trong do6 «, B, khong am va khong dong thoi bang nhau ( = §) thoa

man diéu kien o + 8+ =1, Ay, By, C; 1a cac goc can xac dinh. Ta c6

a B v
D=det |y a 8| =0+ +7"=3a8y#£0
By a
va
A By
Dy =det [ B a 8] =(a’=B1)A+ (" = fa)B + (5 —7a)C
C v «
nén ) , )
A — Da, _ (a" = By)A+ (v — fa)B+ (B —ya)C
D o’ + 33 4% — 3afy '
Tuwong tu, ta nhan dugce
5 _Ds _ (0®=B9)B+(*—Ba)C + (8 —10)A
! D 0434_63_{—73_3056’}/ )
o _ Do _ (@ =B)C+ (" = fa)A+ (# —y)B
1 D &3_’_63_'_73_30[67 .
Vay nén

atA+ B +7C =4,
B+ 51C+vA =5
&10 + 5114 + ’YlB = 01
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trong do
o’ —~f
R + 83 +~3 — 3apy’
b= v~ fa :
o + 33 43 — 3aBy
B —ay
"=

Cat+ B+ —3ahy
Nhan xét rang

(a+ B+ + 2+~ —af -y —a)

= 1.
ad + B3 + 43 — 3aby

(a+B+7) (a1 +Bit+m) =

Tt két qua nay, ta thu duge két luan sau day.

Hé qua 1.2. Cho tam giac ABC, cac sb6 «, 3, khong am va khong
N NS 1 N
dong thoi bang nhau ( = §) thoa man dieu kién oo + 5 + v = 1. Dat

a1 A+ 513 + ’YlC = A
o B+ 6,C+ ’}/114 =B
OQC + 51A + ’YlB = Cl

trong do
_ o —p
T BB 308
fr= v~ ba :
a? 4 B3 + 3 — 3aBy
B —ay
N

T B+ P+ =308y

Khi d6 Ay, By, C 1a cac goc cia mot tam gidc A;B;C xa déu hon tam
giac ABC' da cho.

Meénh dé 1.1 ([4]). ho cic s6 duong «, 3, v théa man diéu kien o +
B+~ =1vamax(a,5,7) < % Khi do, véi moi tam giac ABC, ta dat

Ay =aA+ BB +~C
By =aB+ pC +~A
01:&0—11-514—}—’)/3
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thi Ay, By, C4 la cac gbe cia mot tam giac nhon A B1C va tam giac nay
gan deu hon tam giac da cho.
Meénh dé 1.2 ([4]). Cho tam gidc ABC. Xét tam giac A;B1C) c6 céc
gbc duge tinh theo cong thiic

rA A+B+C
1:— _— _—
<B—%+%+91

1= —= — —.
=55t G

Khi d6 cac goc A;B;Cy nam trong khoang <%, g) :

1.4 Mbét s6 vi du minh hoa

Bai toan 1.19 ([4]). Cho tam gidc ABC' va cho ba s6 khong am «, 3, v
sao cho a4+ +~v = 1. Dat

Ay = aA + BB +~C
By =aB + pC +~vA
Cy = aC + BA + 7B
Chting minh rang khi d6 tam giac AyByCy gan déu hon tam giac ABC.

Két qua sau day bao ham hau hét cac bat ding thic déi xting dang
co ban trong tam giac.

Bai toan 1.20 ([1]). Cho tam gidc AyBsCy gan déu hon tam gidc
A1 BC va cho ham s6 f(x) ¢6 f”(x) > 0 véi moi x € (0;7). Khi d6
J(A) + [(B1) + [(Ch) = [(A2) + [(B2) + [(Ca). (1.26)
Bai toan 1.21 ([1]). Cho tam gidc AB>Cy gan déu hon tam gidc
A1 BCy va cho ham s6 f(z) ¢6 f”(x) <0 véi moi x € (0;7). Khi do
F(A) + [(B1) + f(Ch) < f(A2) + [(Ba) + f(Ca). (1.30)
Bai toan 1.22 ([1]). Cho tam giac ABC va cho ba s6 duong «, 3,7 sao
choa+p+~v=1. bat
Ay =aA+ B +~C
By=aB + pC +~A
C() =aC + BA + ’YB



12
Chting minh ring
sin A + sin B + sin C' < sin A + sin By + sin Cy,. (1.34)

Bai toan 1.23 ([1]). Cho tam gidc ABC va cho ba sd duong «, 3, v sao
cho a + 8+ v = 1. Dat

Ay = aA+ B +~C

Co=aC + A+ B.

Chting minh ring

B C A B C
COSE—I—COSE+COSE < 00870+00870+00870. (1.36)

Bai toan 1.24 ([4]). Tim gid tri 16n nhat va gia tri nhé nhat ctia biéu

thtc

M, = sin <§+§+%)+Sm (§+§+§>+sin <%+§+§) (1.37)

trong tap M (A), tic 1a cac goc cia tam giac suy rong ABC.

Bai toan 1.25 ([4]). Cho céc s6 duong z,y, z théa man dieu kien z <
y < z. Chiing minh rang v6i moi tam gidc ABC ta luon co6

xsin(é—l—g—l—g)—I—ysin(ﬁ—l—g—i—é)—l—zsin(g—l—é—l—g)

27376 > "37% >"37%
31
>+ gy o2 (1.38)

Bai toan 1.26 ([4]). Cho cac s6 duong «, 3,7 thoéa man o+ 5+~ = 1.
Tim gia tri 16n nhat va gia tri nhé nhat cta biéu thic

My = sin(aA+BB+~C)+sin(aB+C+yA)+sin(aC+SA+vB) (1.41)

trong M (A), tic la A, B, C 1a cac géc trong tam gidc suy rong ABC.
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Chuong 2

MOT SO LGP BAT DANG THUC
LUONG GIAC DANG KHONG DOI
XUNG TRONG TAM GIAC

Céc bat dang thiic co ban dang khong doi xiing trong tam giac dang
mf(g(A, B,C)) +nf(9(B,C, A) +qf(9(C, A, B)) <0,
hoac
mf(g(A, B,C)) +nf(9(B,C, A) +qf(9(C, A, B)) = 0,

trong d6 f(¢) la mot trong cac ham lugng gidc dang sint, cost, tant, cott,
g(z,y, z) 1a ham tuyén tinh dang g(z,y, z) = ar+By+vyz vam,n,p > 0.

Céac bat dang thic co ban dang déi xting bo phan trong tam giac
dang
f(9(A, B,C)) + f(g(B,C,A) + qf(9(C, A, B)) <0,

hoac

f(g(A, B,C)) + f(g(B,C,A)) +qf(g(C, A, B)) >0,
trong d6 f(t) 1a mot trong cac ham lugng gidc dang sint, cost, tant, cot t,
g(z,y, z) 1a ham tuyén tinh dang g(x,y,2) = az + By + vz va ¢ € R,

Trong muc nay, ta xét cac vi du cia cac dang ddi xitng bo phan va
khong déi xtng phu thudc vao tong clia cac ham lugng gidc co ban.
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2.1 Bat dang thic dang khéng dbéi xing sinh bdi

ham cosz

Ta xét mot s6 bat luong giac dang doi xitng bo phan

Bai toan 2.1 ([4]). Ching minh rang v6i moi tam giac ABC, ta déu c6

—2k* —1

a) cos2A + cos 2B + kcos 2C > — khi k£ > 0. (2.1)
—2k* -1 .

b) cos2A + cos 2B + k cos 2C' < —op khi k& < 0. (2.2)

Bai toan 2.2 ([4]). Ching minh rang v6i moi tam giac ABC, ta déu c6
3
cos2A — cos 2B + cos 2C' < 5" (2.3)

Bai toan 2.3 ([4]). Ching minh réng v6i moi tam giac ABC, ta déu c6

o}
V3(cos 2A + cos 2B) + cos 2C' > —5 (2.4)

Bai toan 2.4 ([4]). Ching minh rang v6i moi tam giac ABC, ta déu c6

5)
V3(cos 24 — cos 2C) + cos 2B < 5 (2.5)

Bai toan 2.5 ([4]). Ching minh rang v6i moi tam gidc ABC, ta déu c6

22 +1 .

a) cos 3A + cos 3B + kcos3C > or khi k& < 0. (2.6)
2k% 41

b) cos 3A + cos 3B + kcos3C < 2—;, khi k& > 0. (2.7)

Tiép theo, ta khao sat bai toan co ban vé bat dang thic khong doi
xing trong tam gidc sinh bdi han s6 cost, t € [0; 7).

Bai toan tong quat 1. Cho cac s6 duong x, y, z. Tim gia tri 16n nhét
va gia tri nho nhat ctia biéu thic

T.=xcos A+ ycos B+ zcosC,

trong tap M (A), tic la A, B, C' 1a cac goc cla tam gidc suy rong ABC.
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Ki hidu M(A) 1a tap hop tat ca cac tam gidc ABC ké ca tam giac
suy bién, tic 13 A >0,B>0,C>0vad A+ B+ C = m. Ta goi cac tam
giac thuoc M (A) 1a cac tam gidc suy rong.

1
2

E~2|>—‘
< |

Bai toan 2.6 ([4]). Cho cac s6 duong x,y, z sao cho lap thanh

U‘

id

v61 mol tam

[@N

do dai cac canh ciia mot tam giac XY Z cho truée. Khi
giac ABC, ta déu co

Y= LY

xcos A+ ycos B+ zcosC < 2:c+2y+22 (2.8)

Dang thiic x4y ra khi va chi khi tam giac ABC dong dang véi tam giéc
XY Z.

Nhan xét 2.1. Biéu thc P = xcos A+ ycos B + zcos C dat dugc gia

. 1 11
tri 16n nhat bang L + = + Y \hi va chi khi =, -, - 1a do dai ba canh
2x 2y 2z x'y z

1 .
cua mot tam giac, hay ‘— — —‘ < —. Trong truong hgp tong quat, khi cac
x oy z
. ) \ 1 1 1
hé so x,y, z la cac so duong tuy ¥ khong thoa man dieu kién ‘— — —’ <
oy

z
thi dau ding thitc trong (2.8) sé khong xay ra.

Tiép theo, ta xét cac trudng hgp khi cac s6 duong z, v, z khong thda
man diéu kién ctia Bai toan 2.6, bao gom cac truong hop ‘— — —’ = —
x
1 1 1
hoac ‘— — —‘ >
r oy

Bai toan 2.7 ([4]). Ching minh ring v6i moi tam giac ABC' ta déu c6

zZ

1 3
cos A+ cos B + écosC’ < 5" (2.13)

. . 1

Bai toan 2.8 ([4]). Cho s6 duong m thod man dieu kién 0 < m < 5
Chting minh ring véi moi tam gidac ABC' ta déu co

cos A+ cos B+ mcosC <2 —m. (2.14)

B6 dé 2.1 ([4]). Cho cac s6 duong z,y, z véi x =y > 2z > 0. Khi d6 véi
moi tam gidc ABC), ta déu co

xcos A+ ycos B+ zcosC < xcos Ag+ ycos By + zcosCy,  (2.15)
trong do Ag = min{A, B,C'}, By = med {A,B,C}, Cy = max{A, B, C}
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Bai toan 2.9 ([4]). Cho céc s6 duong z,y, z sao cho éJri = % Khi do6
v6i moi tam giac ABC, ta déu co
xcosA+ycos B+ zcosC <x+y— 2. (2.16)
Tong quat hon, ta c6 két luan sau.
Bai toan 2.10 ([4]). Cho céc s6 duong z,y, 2z sao cho é—l— 5 < % Khi
d6 v6i moi tam giac ABC' ta déu co
rcosA+ycos B+ zcosC <oz +y— 2. (2.21)

) . 1
Bai toan 2.11 ([4]). Cho cac s0 duong z,y, z théa man dieu kien — +
T
1 1 N . . ., X ~
— > —. Chiing minh réng véi moi tam giac nhon ABC), ta déu co
Yy oz
yz xz o xy

xcos A+ ycos B+ zcosC < =— + — .
2¢ 2y 2z

(2.22)

Dau déng thiic xay ra khi va chi khi xsin A = ysin B = zsin C, ttc la

tam gidc ABC dong dang v6i tam giac nhon c6 do dai cac canh lan luot
111

la —, —, —.
Ty z

Bo6 dé 2.2 ([4]). Cho cac s6 duong ,y, z théa man x > y > z. Khi dé

v6i moi tam giacABC, ta déu c6

xcos A+ ycos B+ zcosC > xcos Ag+ycos By + zcosCy,  (2.28)
trong do

Ay =max{A, B,C},By=med{A,B,C},Cy =min{A,B,C}.

Dinh 1i 2.1 ([4]). Cho cic so duong x,y, z théa man diéu kienx >y > 2.
Khi dé vdi moi tam giagc ABC € M(A), ta déu cé

rcosA+ycos B+ zcosC > —x 4y + 2. (2.29)
Daéu dang thic xzdy ra khi va chi khi A =7, B =C = 0.

Bai toan téng quat 2. Cho céc s6 duong z,y, z. Tim gié tri 16n nhat
va gia tri nhé nhat cia bicu thiic

Too = xcos2A + ycos2B + z cos 2C,
trong tap M (A), tic la A, B,C la ba gbc cia tam giac suy rong ABC.
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Bo6 dé 2.3 ([4]). Gia stz > y > z > 0. Khi dé, véi moi tam giac
ABC € M(A), ta déu c6
x cos 2A+y cos 2B + z cos 2C' < x cos 240+ 1y cos 2By + z cos 2C), (2.30)
trong d6 Ag = min {A, B,C'} , By = med {A,B,C},Cy = max {A,B,C}.

Dinh 1i 2.2 ([4]). Gid st x > y > z > 0. Khi do, vdi moi tam gidc
ABC € M(A), ta déu cé

xcos2A +ycos2B + zcos2C < x +y + 2. (2.31)

Dau dang thic xdy ra khi A= B =0,C = .

+ aa 111
Bo dé 2.4 ([4]). Cho céc s duong z,y, 2z sao cho —, =, = lap thanh ba
'y z

canh ciia mot tam giac XY Z cho truée. Khi d6 moi tam giac ABC), ta
deu co6

1
xcosZA—i—ycosZB—l—zcosZC’}—§(ﬁ+%+ﬁ>. (2.32)
z Ty

Dau dang thiic xay ra khi va chi khi tam gidc ABC dong dang véi tam
giac XY Z.

Nhan xét 2.2. Nhan xét rang, biéu thic The = z cos 24 + ycos 2B +

) 1
z cos 2C' dat dugc gia tri nho nhat 1a —3 (ﬁ + = yz ) khi va chi khi
z x y
111 1 1
—,—,— la do dai ba canh cia mét tam giac, hay ’— — —‘ < =< =+ -
Ty 2 r oy

Trong truong hop tong quat, khi cac hé s6 z, v, z 1a cac sd du0ng tuy v

R 1 1 1 ) )
khong théa méan dieu kién ‘— — —’ < — thi dau dang thtc trong (2.32)
r oyl oz
sé khong xay ra.
Ss o4z .2 1 1 1 ,
Bai toan 2.12 ([4]). Cho céc s duong x,y, z sao cho — + — = —. Khi
r oy oz
d6 v6i moi tam giac ABC, ta déu c6
rcos2A + ycos2B + zcos2C >z —y — . (2.33)

Tiép theo, dé két thic dang toan nay ta chiing minh bai toan tong
quat sau.

Bai toan 2.13 ([4]). Cho céc s6 duong z,y,z va n € N. Chitng minh
rang voi moi tam giac ABC, ta déu cé

2+t 4 22 > 2(=1)" " (yzcosnA + zx cosnB + xycosnC).  (2.39)
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2.2 Bat dang thic dang khéng dbéi xing sinh béi
ham sinz

Bai toan 2.14 ([4]). Ching minh réng véi moi tam giac ABC, ta déu

CcO
(2k + 1)

a) sin? A+ sin® B + ksin®C < o khik>0. (2.44)
2k + 1)?
b) sin’ A +sin* B + ksin® C' > % khi k < 0. (2.45)

Bai toan 2.15 ([1]). Chiing minh rang trong moi tam gidc ABC, ta
déu c6

1 3V 2
sin? A + sin®? B+ —=sin>C' < 1+ —f. (2.46)
V2 4
Bai toan 2.16. Chiing minh rang trong moi tam giac ta déu c6
4
sin A + sin B + v/3sinC' > 5\/6 (2.47)

B6 dé 2.5 ([4]). Cho cac s6 duong x, y, z thod man diéu kien z > y >
z > 0. Khi d6 véi moi tam giac ABC' ta déu co

xsin A+ ysin B + zsinC' > xsin Ay + y sin By + z sin Cy, (2.49)
trong d6 Ay = min{A, B, C}, By = med {A,B,C}, Cy = max {A, B, C}

Dinh 1i 2.3 ([4]). Cho cdc s6 duong x,vy,z tuy §. Khi dé vdi moi tam
gigc ABC, ta deu cé

rsin A+ ysin B+ zsinC > 0. (2.50)

Déu dang thite xdy ra khi va chi khi tam gide ABC c6 s6 do ba goc la
0,0, .

Dinh 1i 2.4 ([4]). Gid st a, 8,7 la ba goc cia tam gidgc nhon XY Z cho
trude. Khi dé véi moi tam giac ABC, ta déu cé

sinA+sinB+sinC<( 1 n 1 N 1)
cosa  cosf  cosvy = \sin2a  sin2p sin 2y

1
— é(cot 2a+ cot 203 + cot 2)

n 1 ( sin 2« sin 23 sin 2y >
4\sin2@sin2y sin2asin2y  sin2asin28/°
(2.51)
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B6 dé 2.6 ([4]). Gia sit cac s6 duong x,y, z thod man diéu kien
1 1 1
? E > ?.
Khi d6 v6i moi tam giac ABC, ta déu co
B C yz xy
in — in — in — < : 2.56
x81n2—|—y81n2 —l—zsm2 2x+2y+22 (2.56)

P 2 B
Dau dang thtc xay ra khi va chi khi x cos 5 = ycoso =zcoso tac la

tam giac A1 B1C1 v6i ba goc

B+C A+C A+ B
1 9 y 21 9 701 9 ( 57)
111
dong dang tam gidc nhon c¢6 do dai cac canh lan lugt 1a —, —, ~.
vy z

Tiép theo, ta tim gia tri nho nhat cia biéu thic
B . C

P = xsin§+ysin§+z81n§.

B6 dé 2.7 ([4]). Cho cac s6 duong , 3, z thod man diéu kien » < y < z.
Khi d6 véi moi tam gidc ABC' € M(A), ta déu ¢6
A B C A B C
xsin§+ysin§+zsin5>xsin70—|—ysin70—|—zsin70 (2.58)
trong d6 Ag = min {A, B, C}, By = med {A,B,C}, Cy = max{A,B,C}
Bai toan 2.17 ([4]). Cho céc s6 duong z,y, 2 thod man diéu kién = <
y < z. Chiing minh rang v6i moi tam giac ABC ta déu co
A . B . C
:U81n§+ysm§+zsm§ > . (2.59)

Nhan xét 2.3. Nhan xét rang x 14 danh gia t6t nhat cho vé phai. That
vay, cho B=C = «a, A =7 — 2a v6i a du nho thi khi do

. A . B . C
lim (x81n——|—ysm——|-zsm—>:af

a—0 2 2 2

Se 42 111
Bai toan 2.18 ([1]). Cho cac s6 duong x,y, z sao cho —, —, — lap thanh

r'y 2
do dai cac canh ciia mot tam giac XY Z cho trude. Khi dé v6i moi tam

gidac ABC, ta déu c6
c 1

xsin§+ysin§+zsin§ §<%+?+%> (2.60)
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. 1 1 1
Hé qua 2.1. Cho cac s6 duong z,y, z sao cho — + — < —. Khi d6 moi
r oy oz
tam giac ABC thuoc M(A), ta déu c6
A . B . C
xs1n§+ysm§+zsm§<x+y—z. (2.65)

Hé qua 2.2. Cho céac s6 duong z,y, z thod man diéu kien z > y > z.
Khi d6 moi tam gidc ABC € M(A), ta déu c¢6

A B C
xsin§+ysin§+zsin§>—x+y+z. (2.66)

2.3 Bat dang thic dang khoéng d6i xiing sinh bdi
ham tanzx

1 1
— Ztan x; > tan <— xi), n=23,4. (2.67)
n &

Bai toan 2.19 ([4]). Cho cac s6 duong m,n, p. Chiing minh rang trong
tam giac ABC' ta luon c6
n+p, A p+m_ 4B m+n

tan® — + tan® — +
m 2 n 2 P

C
tan? 5 > 2. (2.68)
Nhan xét 2.4. Ta biét trong tam gidac ABC luon c6

A B C
tanE + tan e + tan 5 > V3. (2.72)

Ta c6 thé md rong bat dang thitc ddi xing (2.85) thanh bat dang
thiic dang khong doi xing sau day.

Bai toan 2.20 ([1]). Cho a, b, ¢ 1a do dai ba canh ctia mot tam giac va
x,v, z 1a cac s6 duong thod man diéu kién zy + yz + 22 = 1. Tim gi4 tri
nhé nhét ctia bicu thic

M, = ax + by + cz. (2.73)
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Bai toan 2.21. Cho cac s6 duong m,n,p la do dai cdc canh mot tam
gidc. Chiing minh réng trong moi tam giac ABC ta déu c6

A B C
mtana +ntan§ +ptan§ > \/2(mn + np + pm) —m? —n? — p2.
(2.77)

Bai toan 2.22 ([3]). Cho m,n,p la cac s6 nguyeén duong 16n hon 2.
Chitng minh réng véi moi tam giac ABC, ta déu co:

AN @ B\« O\«
m(tan—) +n<tan—> +p(tan—) > (m+n+p)(tan
n p

(67
m m+n+p>

(2.78)
vol o > 1.

2.4 B4t dang thiic dang khéng d6i xdng sinh bdi
ham cotzx

Bai toan 2.23. Cho cac s6 duong m,n, p. Chiing minh ring trong tam
giac nhon ABC ta ludn c6

p—|—mCOtQB+m—|—n

cot’C' > 2. (2.81)
m n P

Nhan xét 2.5. Ta biét trong tam gidc ABC luon c6
cot A + cot B + cot C' > /3. (2.85)
Ta c6 thé thay bat ding thiic déi xiing bang bat ding thic dang
khong doi xing sau day.

Bai toan 2.24. Cho cac s6 duong m,n,p 1la do dai cdc canh mot tam
gidc. Chiing minh réng trong moi tam giac ABC ta déu c6

mcot A+ ncot B+ pcot C = /2(mn +np + pm) —m2 — n2 — p2.
(2.86)
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Chuong 3

AP DUNG

3.1 Tim cuc tri ciia biéu thiic ludng giic trong tam
giac

Bai toan 3.1. Cho tam giac ABC. Tim gia tri nhé nhat cia biéu thtic
V1+2cos? A N V1+2cos? B N V1+2cos2C

sin B sin C sin A '

Bai toan 3.2. Cho tam gidac ABC. Tim gia tri nho nhat ciia biéu thiic

(3.1)

cotA+cotB+cotC+tan§+tan§+tan%. (3.3)
Bai toan 3.3 (HSG 1992 bang B). Tim gia tri nhé nhat ctia biéu thitc
(1 + cos® A)(1 + cos® B)(1 + cos* O). (3.6)

Bai toan 3.4. Tim gia tri 16n nhat ciia bieu thic
V2(cos 3A + cos 3B) + cos 3C. (3.7)

Bai toan 3.5. Tim gia tri nho nhat ctia biéu thic
cos 3A 4 cos 3B — cos 3C. (3.8)

Bai toan 3.6. Tim gia tri nho nhat ctia bicu thic
2(cos 2A + cos 2B) + V'3 cos 2C. (3.11)

Bai toan 3.7. Cho cac s6 duong z,y, z thda man dicu kien

1 1 1 1 1
ot s< o+ (3.12)
r oy z Ty

Tim gia tri 16n nhat ciia bieu thic

xsin A+ ysin B — zcos C. (3.13)
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3.2 Giai phuong trinh

Bai toan 3.8. Giai phuong trinh

: : : 9
sin? z 4 sin’ Y+ sin? z = 1

Bai toan 3.9. Giai phuong trinh
3

COST + COSY + COS 2 = 5"

Bai toan 3.10. Giai phuong trinh

3
cos 2T — cos 2y + cos 2z = 5

Bai toan 3.11. Giai phuong trinh

3cosx + 7cosy + 2cosz = 8.

(3.14)

(3.15)

(3.16)

(3.17)
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KET LUAN

Luan van nham trinh bay theo huéng hé théng cac 16p bat dang thic
luong giac dang khong déi xting sinh bédi cac ham s luong gic.

Trinh bay dang tong quat cac 16p bat dang thitc luong giac véi cac
hé s6 khong déi xting. D6 1a cac bat dang thiic co ban dang déi xing
trong tam giac dang

mf(g(A,B,C)) +nf(9(B,C,A)) +qf(9(C, A, B)) <0,
hoac
mf(g(A,B,C)) +nf(9(B,C,A)) +qf(9(C, A, B)) =0,

trong d6 f(t) 1a mot trong cac ham lugng giac dang sint, cost, tant, cott
va g(z,y, ) laham tuyén tinh dang g(z,y, 2) = ax+By+vz, m,n,p,a, 3,7
1a cac s6 khong am.

Trinh bay mot s6 4p dung ciia 1y thuyét da nhan dugc.
Tac gid mong mudn luan van sé phuc vu thiét thuc cho viéc gidng

day bat dang thic luong gidc trong nha trudng, ¢ hién tai ciing nhu
trong tuong lai.



