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MO DAU

1. Ly do chon d@ tai

Ly thuyét giai tich phirc duogc phat trién manh vao thé ki 19, gan lién véi tén tudi cac nha
toan hoc Euler, Gauss, Riemann, Cauchy, Weierstrass...

Ngay nay giai tich phirc van tiép tuc phat trién va hoan thién. Giai tich phtrc khong nhiing
sdu sic vé ly thuyét ma con co nhiéu tng dung khong nhing trong toan hoc ma con trong nhiéu
nganh khoa hoc tu nhién cling nhu trong ki thuat.

Trong giai tich phuic cac cong thirc tich phan c6 mot vai tro quan trong. Cac cong thuc nay
dugc s dung dé nghién ctru ham nguyén, ham phan hinh, chi ra méi lién hé ciia ham nguyén va
ham phan hinh véi cac khong diém va cuc diém cua ching.

Vi vay chiing t6i chon dé tai nay nham hé thong lai cic cong thire tich phan théng dung va

mdt sO ung dung cua chung.

2. Muc dich nghién ciru
Muc dich cta luan van nay 1a trinh bay céc cong thirc tich phan va tng dung véo 1y thuyét

ham nguyén .

3. Poi twong, pham vi nghién ciru
Péi twong nghién ctru 1a cac cong thirc tich phan va ham nguyén.
Pham vi nghién ctru: ching minh cic cong thic tich phan va van dung vao 1y thuyét ham

nguyeén.

4. Y nghia khoa hoc va thyec tién ciia dé tai nghién ciru

Ly thuyét ham nguyén c6 nhiéu ing dung trong toan hoc ciing nhu trong ki thuat.



Chuong 1
KIEN THUC CHUAN BI

1.1. Ham chinh hinh va cdc tinh chét ciia ham chinh hinh
Dinh nghia 1.1.1

Cho ham sé f xac dinh trén mién D C. Xét gidi han

lmf(Z+AZ)_f(Z) voizeD,z+AzeD.

Az—0

Néu tai diém z gidi han nay tdn tai thi no duogc goi 1a dao ham phuc cua f tai z, ki hi¢u 1a

f’(z) hay —f(z) Nhu vdy f(z) = lim S (”AAZZ) f2)

Az—0
Ham f c6 dao ham phirc tai z cling duoc goi 1a kha vi phttc hay C —kha vi tai z .
Dinh nghia 1.1.2
Cho ham f(z) = u(x,y) +iv(x,y) voi z= x+yi e D véi D 1a mién trong C.
Ham f dugc goi 1a R*-khd vi tai z, =x, +y,i néu cac ham hai bién thuc u(x,y), v(x,y) kha vi tai
(%05 0) -
Ham f goi 1a thoa phuong trinh Cauchy — Riemann ( hodc diéu kién Cauchy — Riemann) tai
z, = X, + ¥,i néu cac dang thirc sau dung tai (x,,y,)

Ou_0v Ou _ 0Ov
S 8y 8y Cox

Dinh li 1.1.1

Dé ham fla kha vi (C — kha vi ) tai z,=x,+ y,i diéu kién can va di f la R*- kha vi va
théa man diéu kién Cauchy — Riemann tai (x,,Y,) .
Dinh nghia 1.1.3

Ham f xac dinh trong mién D < C, nhan gid tri trong C goi la chinh hinh tai z, e D néu ton
tair>0 dé f1la C —kha vitai moi ze B(z,,r)c D.

Néu f chinh hinh tai moi ze D tanéi f chinh hinh trén D. Tap cdc ham chinh hinh trén D
ki hiéu A(D) .

Nhin xét . Ta c6 thé mo rong dinh nghia trén téi truong hop D 1a mién tuy ¥ trong C con f1a anh

xa tir D vao C nhu sau: khi z, hitu han vd f(z,) =% ta noi f chinh hinh tai z, néu chinh hinh

(2)

. . : PRSI : 4 | IS :
tai z,, con khi z, =0 ta ndi f chinh hinh tai z, néu f(—) chinh hinh tai 0.
z



Ham chinh hinh con dugc goi 1a ham giai tich .
Ham chinh hinh trén C dugc goi 1a ham nguyén.
Dinh li 1.1.2 (Dinh 1i Cauchy )
Cho D la mién bi chan, ¢é bién la hitu han cdc dwong cong tron tirng khiic. Néu f chinh hinh

tréen D va lién tuc trén D thi
j f(2)dz=0.
ép
Dinhli 1.1.3
Gid si ' la ham chinh hinh trén mién D va zy€D. Khi do vdi moi chu tuyén y sao cho

D, @D ta co cong thirc tich phan Cauchy

_ 1 f(m)
f(ZO)_27zi~£77—z an -

0

Néu flién tuc trén D, chinh hinh trén D va 8D la mot chu tuyén thi véi moi ze D ta cé

f@=o= [ LDy

2ri -z
Gia sit 7 12 chu tuyén va £1a ham lién tuc trén . V6i moi zeC\y tacé o(p)= % 13 ham
lién tuc trén y. Dat
Py =5 [T Pan

ta dugc ham sb xac dinh trénC\ 7, F(z) dugc goi l1a tich phan loai Cauchy.

Dinh i 1.1.4

! Mdﬂ la ham chinh hinh trén mién C\y . Hon nita trén mién C\y, F ¢6

Ham F(Z):—.
2misn-z

dao ham moi cdp va chiing dwegc tinh theo céng thirc

!
F"(z)= n.[ f(n)ﬂdn voi n nguyén duong va F” =F .
2zis, (n—2)"

Dinhli 1.1.5
Gid st f'la ham chinh hinh trén D. Khi d6 f ¢é dao ham moi cdp va cdc dao ham ciia né ciing

chinh hinh trong mién D. Céc dao ham ciia ftai diém z dwege biéu dién béi cong thire

o N S () _
f(z)= 2ﬁi£(n—z)"+ld”’ n=1,2,3...

trong do y la chu tuyén sao cho z € D,eD.

Dinh li 1.1.6 (Dinh li Morera )



Cho f'la ham lién tuc trong mién don lién D va tich phdn ciia f theo moi chu tuyén nam trong
D déu bang 0. Khi d6 fla mét ham chinh hinh trén mién D .
Dinh li 1.1.7 (Bat dang thic Cauchy )

Gid st f chinh hinh trén mién D, ae D, 0<r < d(a,D) vaM ,(r)= max |f(z)

ze0B(a,r)
Khi dé ta ¢6 bdt dang thirc

nMj(ar)

F ()| < n=12,..

Dinh li 1.1.8 (Pinh li Liouville)
Néu f la ham nguyén va bi chan trén C thi fla ham hang .
Dinh li 1.1.9 ( Dinh i gia tri trung binh)

Néuf la ham chinh hinh trén mién D va E(zo,r) cD,r>0 thi
1 2z _
[z === [ £z +re®)dg.
27 5,

Dinh li 1.1.10 (Bb dé Schwarz)

Gid sit f 1o ham chinh va hinh bién hinh tron don vi vao chinh né, hon nita gid sic f{(0) = 0.
Khi do

i) | f(2)|<|z| véi moi z e B(0,1).

ii) Néu |f(z,)| =z, véi z, nao dé trong B(0,1) khac 0 thi f(z)= az, trong do |a|=1.

Cho tap con A cia C va z,eC. Ta goi khoang cich tir z, dén A 1a d(z,,4) =izrg|z—zo|.
Néu 4=¢ thi ta dinh nghia d(z,,A)=.
Dinh li 1.1.11 ( Dinh 1i Taylor)

Cho f la mét ham chinh hinh trén mién D va z,eD. Khi d6 trong hinh tron

B(z,,R),R =d(z,,0D) . Ta c6 khai trién
f(2)= Zak(z _Zo)k-
k=0

JANENY

Cdc hé s6 a, la duy nhdt, dwoc tinh theo cong thire a, = X

DPinh li 1.1.12
Ham f{z) xdc dinh trén mién D la chinh hinh khi va chi khi v6i moi z, € D ham f c6 thé khai
trién dwoc thanh chudi lidy thira theo z- z, ma né hoi tu toi f(z) trong hinh tron tam z, ban kinh hgi

tu R>d(z,,0D).



Tur dinh 1i 1.1.12 ta cé dinh nghia khac cho ham nguyén: Ham f{z) xac dinh trén C, dugc

bicu dien dang

f(z)= ickzk, limgfe,| =0
=0 n—»0

goi 1a ham nguyén.
Dinhli 1.1.13
M, (r)

Cho k > 0 thoa man liminf ——

r—>0 v

=0. Khido f(z)= Zanz” la da thirc bdc

n=0

khong vuwot qua k (trong do M ,(r) = I‘n‘a}x| f(@)| ).

Dinh li 1.1.14 (Dinh li Laurent)
Cho ham f chinh hinh trén hinh vanh khan V :

r<|z—zo|<R,0Sr<RSoo.
Khi do trén Vtaco f(z)= z a,(z—z,)" , trong dé cdc hé s6 a, duy nhdt va dwoc tinh theo cong
k=—o0

thuc

voi C, :{z:|z|=p},r<p<R.
Dinh nghia 1.1.4
Piém z, goi la diém bat thuong co 1ap cia ham f néu f khong xac dinh tai z, nhung xac
dinh va chinh hinh trong mot hinh tron thung 0 < ‘z - zo‘ <R,R>0.
Cho z, 1a diém bat thuong c6 1ap cua f. Khi d6

z, goi la diém bat thuong cot yéu néu khong ton tai lim £(z),

o- diém néu lim f(z)=oo ;

Z—)ZO

c- diém néu lim f(z)=ceC.

Néu z, 1a c- diém thi bang cach dat f( z,) = ¢ ta dugc ham f chinh hinh trén |z -z |< R. Mot
¢ — diém v6i c =0 goi 13 diém déu
Gid st f(z)= Y a(z-z)" 1a khai trien Laurent cia ham f trong 0<|z-z|<R. Dat
k=—o0
a(f,z,) =inf {k:a, #0}.
Dinh li 1.1.15



Cho z, la diém bdt thuong cé ldp ciia ham f. Khi d6
a) z, la diém bat thuong cot yéu < a(f,z,)=—».
b) z, la w-diem < 0>a(f,z,)>—o.
¢) z, la diém déu < a(f,z,)=0.
d) z, la 0-diem < a(f,z,)>0.

Néu z, 1a oo-diém thi s6 m= |a(f,z,)| goila cap cua o - diém z,;néu z, 1a 0 - diém thi s6
m= a(f,z,) labdicua0 - diém z,.
Dinh nghia 1.1.5

Gia str z, la diém bat thuong co lap ciia ham . Khi d6 ton tai R > 0 sao cho f chinh hinh

trén hinh tron thing 0 <|z—z,|< R . Ki hiéu ¢, 1a dudng tron tdm z, ban kinh p . Ta goi thang du
. |
ca f tai z, la res|f(2)z] = — j f(2)dz, 0< p<R.
i

Theo dinh 1i Cauchy tich phan trén khong phu thudc vao p . Ta c6 thé thay ¢ , boi mot chu
tuyén » bat ki vay quanh z,.
Dinh li 1.1.16 ( Dinh 1i co ban vé thiang du )

Cho ham f chinh hinh trong mién D trir ra mot sé diém bdt thiong cé lap Zyyeer 2, Khi dO vOi

moi chu tuyén y sao cho {Zl,...,Zn} c Dy € D déu cé
jf(z)dz = 27zii res [f(z), z, } :
V4 Jj=1

Dinhli 1.1.17
Cho ham f # 0, chinh hinh trén mién D trir ra cdc diém bdt thwong c¢é ldp va y 1a chu tuyén

sao cho D, @ D. Khi do 6 o - diém va sé 0— diém ciia f trong D, la hitu han.

1.2.Ham diéu hoa. Ham logarit. Him phén hinh
Dinh nghia 1.2.1

Cho U la tdp mé cua C. Ham u:U >R dugc goi 13 ham diéu hoa néu ueC’(U) va

2 2

Au = % +% ~0 trén U. Tap hop chc ham didu hoa trén U ki higu
X Y

H(U).

Dinh I 1.2.1

Cho D la mién trongC .



a) Néu f e A(D) vau = Ref thi ueH(D).

b) Néu ue H(D)va D la mién don lién thi ton tai f e A(D) sao cho u = Ref. Hon nita cdc
ham f nhw vdy chi sai khdc nhau mét hang sé .
Dinh li 1.2.2

Cho f'la ham chinh hinh va f+ 0 trén mién don lién D . Khi d6 ton tai ham
g € A(D) sao cho f =¢°.
Dinh nghia 1.2.2

Ham g trong dinh 1i 1.2.1 goi 13 logarit cia ham £, ki hiéu g =log /. Cht ¥ rang logarit ctia
mot ham 13 khong duy nhat.

S6 phirc w goi 1a logarit cia sé phic z néu e" =z . Ki hiéu tap tat ca cac logarit cua z 1a
Logz.Taco

Logz= {1n|z| +i(argz+k2m),k Z} .

Dat logz:ln‘z‘+iargz .
Dinh li 1.2.3

Cho fla ham chinh hinh va f # 0 trén mién don lién D. Khi @6 log|f(z)| € H(D).
Dinh li 1.2.4

Néu f:U, > U, la toan dnh chinh hinh, U,, U, la tdp mo trong C va h diéu hoa trén U, thi
ho f diéu hoa trén U, .

Dinh li 1.2.5 (Dinh i gia tri trung binh )

Cho fla ham diéu hoa trén mét lan cdn ciia hinh tron déng B(w, p). Khi d6

1 2z .
S == f(w=+pe®)dgp.
27 s,
Dinh nghia 1.2.1
Ham chinh hinh trén mién D < C trir ra mot s6 diém bat thuong 1a cuc diém goi 12 ham phan

hinh trén D.

1.3. Khong gian dém dwoc chuan va phiém ham tuyén tinh
Dinh nghia 1.3.1

Cho khéng gian 156i dia phuong X. Ho nira chudn T goi 1a xac dinh topd cia X néu
ho{x: p(x)< l}per la co s¢ lan can (cua 0) trong X.

Khong gian 10i dia phuong X goi 1a khong gian dém duoc chuan néu cé t6pd xac dinh bai

mot ho ' dém dugc chuan va théa man diéu kién tach : moi x =0, ton tai p el sao cho p(x) > 0.



Dinhli 1.3.1

Cho khéng gian 16i dia phirong X xdc dinh béi mét ho nira chudn T . Khi d6 phiém ham tuyén
tinh f'trén X lién tuc khi va chi khi ton tai pel sao cho
|/ ()| < p(x) véimoi xeX .
Dinh li 1.3.2

Moi phiém ham tuyén tinh f lién tuc xdc dinh trén mét khéng gian con M cia khéng gian 16
dia phwong X, c6 thé mo réng thanh mot phiém ham tuyén tinh lién tuc trén X.
Dinh li 1.3.3

Cho X la khéng gian 16i dia phwong, Hausdorff X, €X,x,#0. Khi do ton tai mét phiém
ham tuyén tinh lién tuc f trén X sao cho f (x,)#0.
Dinh li 1.3.4

Cho X la khéng gian dém dwoc chudan véi hé nmita chudn {|| : ||k}k . thoa
|xl, < |xll, <<%, <... véi moi xe X . Néu fla mot phiém ham tuyén tinh lién tuc trén X thi ton tai

mét s6 nguyén dwong k va mét hang sé6 C > 0 sao cho |f(x)| < C||x||k voi moi x € X .



Chuong 2
CAC CONG THUC TICH PHAN

2.1 Cac cong thire tich phan
Dinh li 2.1.1 (Cong thirc Schwarz)

Gid sit f = u+iv la ham lién tuc trén B(0,r)va chinh hinh trén B(0,r). Khi dé

2z )
flzy=— [ utre®) S22 dp +iv(0) véi moi ze B(O.r) . @.1)
2 s, re'’ —z

Chirng minh. V&i moi |z| <r, theo cong thirc tich phan Cauchy ta c6

1
fo=— [ L2y j fire 2.2)
2 Logloy M~ 2
Pac biét la
1 2z )
fO=——[ ey . (23)
T 0
r S )
Vi |z| = ‘ ‘ <r nén |—|>r, tir d6 4p dung dinh li Cauchy v6i ham chinh hinh 2" ta ¢6
n——
z

1 1% . re’z 1% . z
0= [ LD ay- LT )22 ap=- L[ frey——dp  (24)
2ri 25001 r 27 3, re’z—r 2 s, re”’ —z

z

Tir (2.2) va (2.3) ta thu duogc

1 re’ +z

1 1 2z
f@) =2 fO) =] f(r¢") - ———dgp (2.5)
T 0
Nhan hai vé cua (2.3) voi % sau do tru di (2.4) ta duogc
lf(()) _LTf( 1‘/’) 1 Ld
27 27y

Do d6

1 re’ +z

l— 1 °7Ff 7
Ef(o)_ﬂlf( VAo (2.6)

ip

2r
Cong (2.5) VA (2.6) ta duge : £(2)=—— | u(re*) <"
27 re’ —

Zdp +iv(0). O
zZ

Dinh li 2.2.2 (Cong thirc Poisson)

Gid s u la ham diéu hoa trén B(0,r) . Khi dé



u(z):g J?u(re”/’)idgo voize B(0,r) 2.7)

‘re —Z‘

va
- p?
r* =2prcos(p—0)+p

2z
u(pe"‘g):iju(re"‘”) —dp Vvoi p <r. (2.8)
2 s,

Chitng minh. Theo dinh 1i 1.2.7 ton tai mot ham f chinh hinh trén B(0,r) sao cho  u=Ref .

re’ +z _ (re”+z)(re’ —Z) _ r —|Z|

Vi

re’ —z v ip
re’ +z re” —z

nén tur cong thue Schwarz (2.1) ta c6
27 2 2
1 T —|z|
u(z)=Re f(z) =— '[ u(re’”)————do.
27 ‘re”" —z‘
Vay taco (2.7).
Véi z=pe’va

2
r |7 r’—p’

‘rei‘/’ _Z‘z - ‘r(cos¢+ isin @) — p(cos @ +isin 0)‘2
B P p?
(rcosg — pcos@)’ +(rsing — psin@)*
_ r-p
r*—=2prcos(p—0)+ p*’

2

Thay vao (2.7) ta co
- p?
r* =2prcos(p—0)+p

2z
M(Pem):ij.u(re"‘”) ~dp Voi p <r o
0

Dinh Ii 2.1.3 (B dé thang du logarit)
Cho ham f chinh hinh trén mién D trir ra cdc diém bdt thwong c¢é ldp la cdc « - diém cia f

va y la chu tuyén khéng di qua cic khéng diém vawo - diém cua f sao cho D, eD. Khi do

3 If((z))d = N—P, trong dé N la s6 khong diém cia f trong D, (boi k dugc tinh k lan ) va P la
7id f(z

$6 o - diém ciia f trong D, ( cap k dwoe tinh k lan ).

fV

Chung minh. Ham <— c¢0 cac diém bat thuong c6 1ap 1a cac 0- di€m va o« - di€ém cua /- Néu

@ _ m
f() z-a

z=ala khong diém boi m thi f(z)= (z—a)" g(2),g(z) #0, suy ra (( )) Vi g(2)#0



nén ta co

re{f'(z) } I +Ig dz=m+0=m.
f(2) z—a (2)

Tuong tu, néu z = a la cuc diém céip m thi re{]} ((Z)) ,a} =-m.
Z

Két hop voi cac dinh i 1.1.16 va 1.1.17 ta co

1@, & (@ RGN I
2mjf(z) ;e{f(z) } ;e{f( }

trong d6 z,,...,z, 1a khong diém va w,,...,w, la cyc diém cia /. O

Cha § ring khi / 14 him nguyén thi —— | f} QRS
1
Y

Dinh li 2.1.4
Cho §(z) la ham chinh hinh trén D, z,,...,z, la khong diém va w,...,w, la cuc diém cia f .
Khi d6

/')

2mjf( )¢(z>dz=;¢(z,.>—;¢(wj>.

Chitng minh. Néu z = a la khong diém bdi m thi f(z) =(z-a)" g(2),2(2) 20,

suy ra j} (( )) #(z) = rzgé_(z) + & S()f)(Z) . Vi g(z)#0 nén ta co
{’;(( 90 } [z + I &z =mpta) +0=mpta).

Tuong tu néu z = a 1a cuc diém boi m thi re{]} (z )¢(z) a} =-mg(a). Vi vay tuong ty dinh 11 2.1.3

ta coO

/'(z) d !
2ﬁl'[f( )ﬂz)dz:;ﬂzj)—;ﬂwj). O
Dinh li 2.1.5

Cho ham f (z) chinh hinh va khdc 0 tai moi z thugc dia {z:|z| < R} . Khi do ta co

2z
log f(z):i [ 1og] f(Re”)\Mdm iC ; ( 2.9)
0

1% . R*—r*
log |f(z)| - 2 ;[ log ‘f(Re ‘9)‘ R> —2Rrcos(0— ) +r’ a6




Chitng minh. Néu f (z) =0 trén dia {z eC: |z| < R} thi log /' (z) 1a ham chinh hinh trén dia .

Ap dung dinh 1i 2.1.1 ta c6
2z
log £(2) =i [ 1og]| f(Re”)\Mde iC.
0

Theo dinh i 1.2.3 thi log|f(z)) la ham diéu hoa . Ap dung dinh li 2.1.2 ta c6

1 7 0 R -1
10g|f(z)| Y .([log‘f(Re )‘ R*-2Rr cos(9—¢)+r2d9' -

Dinh li 2.1.6 (Cong thirc Poisson - Jensen)
Gia sir f la ham phdn hinh f khong dong nhat bang 0 trén {zeC:|z|<R} va gia sir
a,1<j<M),b(1<k<N) la cac khong diém va cwc diém cua f trong mién {z € (C:|z| < R}. Khi do

néu z=re (0<r<R)vaf(0) + 0, o thi

log f(z)—— j log| /(R 19)\ Re Tz Zlog Rz-a) i b_z)+ C,.
—az 4 b,
| 2 ' R? _ 2 M R(z—a,;)| & R(z-b,)
10g|f(z)| 2r .([log‘f( ¢ )‘ R2—2chos(6’—¢))+r2d6)+; R +; o8 R’ -b,z

(2.10) Chitng minh. Xét truong hop f khong co khong diém va cuc diém trén dudng
tron{z e C:|z|= R}, trudng hop tong quét ta xét ham f(£z) va cho & —0.
Gia st f khong c6 khong diém va cyc diém trong mién{zeC:|z|<R} thi 4p dyng dinh li

2.1.5taco

2
log f(z) :2i [ 1og]| f(Re”)\Mdm C,
T 0

R* —7?
R* —2Rrcos(@—@)+r°

X R(E-b,)

[1{2e2|
v [R(E-a)|
1)

Khi d6 y # 0,0 trong || < Rva |y (&)|=|f(&)| trén |&]=R. Boi vi

g /()| =5 [ og /(Re")

Trong trudng hop tong quat xét ham

y(&)=r1(S)

|R | |Rei“’—a| |R ae
‘R —aé‘_‘R ae""|_‘R ae”

I:I v6i moi |a| <R

nén ap dung dinh 1i 2.1.5 véi w (&) thay cho f(&) ta dugc



Re +z

logl//(z)—— j log| (Re “9)\ —d0+iC;
1% , R? —p?
1 =—111 Re” do .
0g|V/(Z)| 27['([ Og‘y/( ¢ )‘ R2—2ch0s(6’—(p)+r2
Vay
N
log f ()= j L Yo S log TE i
4;Z ok b,
1 2z ' Rz_rz M R(z—a.) N R(Z b) .,
1 =— 1 Re" d+ ) logl——="|+ D log|——=~ . Véi ia
0g|f(z)| 27[;[ Og‘f( ¢ )‘ R* —2Rrcos(0 — @) +r’ Z &R ; ; %8R 2 g
thiét trong dinh 1i 2.16 ta c6 cong thirc Jensen
log| f(0)|—— j log| f(Re“")‘dngrzmg Z (2.11)
k
Néu £ chinh hinh thi (2.11) tr& thanh
1 2z _ M a]
- ' _J
log| /(0)] = > ! log| f(Re )‘d(p+glog . (2.12)

Néu f{z) chinh hinh va c6 0 12 khong diém bdi k >0 thi ta co cong thirc

®y| u
klog R +log S0 )‘ z +—J.log‘f(Re”)
' Jj=
That vay viét f(z)=cz +a, 2" +a, 2" +..,c#0, dp dung cong thic (2.12) cho ham A Z(kz ) ta
duoc
M a ‘f( e")
loglc|= ) log|—+|+ 0 40’
gl /Z, g { g
® (0
Mac khac ta lai co fk( )—c Vay
>( ) LT
klogR+log 21 —jlog\f(Re )dz . o (2.13)
T 0
Dinh li 2.1.7 (Dinh 1i Caleman)
Cho f(z) la ham chinh hinh trén mién |2|>1, —%Sargzﬁ% va re® re®, . re la cdc

A A ” N » A A , N VA T N 5
khong diém cua ham f o trong chu tuyén gom cdc duong |z| =1,z :R,—ES argz SE va truc do,

1(z) khéng cé khéng diém trén chu tuyén thi



—a N

(1 1 :
——r—"z cosf, =— log‘f(relg)‘cosé’dé’
k=1 \ 7% R TR g
-5 (2.14)
e L Lol sy +om
2 \y" R
O(1) la dai lwong bi chan khi R — .
, . s 1 I 1
Churng minh. Xét ham 7 =2—m}[logf(z)(z—2+?jdz.
F
Y A
il
E
F
E E
¥
D
7 1a chu tuyén ABCDEF bat dau tai z = il.
Trén nira dudng tron |z|=1 thi I =leogf(z)(i+ijdz
27i}, 22 R
1a bi chan.
Trén ntra truc 4o am z= -iy thi
17 NG
li=o- j log f (~iy) [7—?j dy.
Trén nira dudng tron 16n z =Re” thi
L j log|f (Re”)| " 1 lipergp =L i log| £ (Re")|cos 06
27i 7, R R’ 7R 7,
2 2

vi e?+e? =2cosé.

R
Trén truc 4o duong z = iy thi 1, =L.|.10gf(iy) Lz_iz dy.
27y y R

Lay phan thyc cua I ta duoc



1
7Z'R

Rel =

Nm'-—.w\hl

log| f (re”)| cos 0d9+i ! (%—%} log {| £ )| £ (=iv)|} dv +O(1) .

Tinh I bang phuong phap tich phan ting phan ta duoc
1 z 1 f'(2) z

I=—-:1 ——— — d

27[1’{ o8 f(Z)(RZ zj}y 27i I 2 f(2) ( sz y

Chon diém dau z = il va diém két thuc z = i/, gia tri ctia logarit ting thém 2nzi. Suy ra

{logf(z)(é—éj} {log(ll)+2nm}(;—l—lllj lo (l)(—_lj dnri ( il

1
— ——|n 1a sb khon
il R’ llj 8

diém cua f trong chu tuyén . Vay

i
R* il) 2xi? f(2) R*)

Theo dinh li 2.1.4 ta co

B f'(Z) z e n 1 _},.keigk _ n l_r_k A
RelRe{%ﬂI f(Z)( RHRC{Z{ R j} Z( RZJCOSQ"V”

) 3
Z(%_%jcos 0, —ﬁ I log‘f(re’g)‘cos 0do
k=1 k

151 1 . .
L [?—?jlog{lf(zy)llf(—ly)l}dy+0(1)

2.2. Dac trung Nevanlinna

Trude khi phat biéu va chimg minh dinh 1i co ban thir nhat ctia Nevanlinna, ta dua ra mot s6
ki hiéu dé viét cong thirc Jensen dudi dang khac.

5 N logx x2>1
bat log" x =

. Hién nhién ta c6 logx =
0 O<x<l

log" x— log+l vGi moi x >0 do do
x

1 2 _ 1 2 .
Py '([ log‘f(Re"")‘dgozg '([ log

"“’)‘d(p—i]{rlog ! do.
27y

f(Re¥)

127[ .
m(R,f)=Z.[log
0

“Vdo. (2.15)



Gia st 7;,..;, 1a mddun céc cuc diem b,..b, clia f(z) trong |z|< R. Khi d6 theo dinh nghia tich phan

Stieljest ta co

Zlog

k=1

=>log = [log-dnc. /)

0
trong d6 n(t,f) ki hiéu s cuc diém cua ftrong |z|<¢ (cuc diém cap m dugc tinh m lan) . Tich phan

tirng phan ta thu dugc

R

Y. IR R t R
ZIOg —= {n(t,f) log—} —Jn(t,f)d log— (& day ta quy udc 0.00=0).
~ "\b, t, 1 t
Dit
ul R| | dt
N(R, )= log|-==[n(t. /)= . (2.16)
= I B 4
N R
NR) = ZIOg = [t~ ‘” 2.17)
f Jj=1 _1 0
Bay gio ta dat

TR = m(RH+N(R)) .

Cong thirc Jensen tr¢ thanh
1
T(R,f) = T(R, 7) +log|f(0)| . (2.18)

Luu y rang s6 m(R,f) la trung binh cua log|f| trén dudng tron |z|= R con sé N(R,f) lién quan

mat thiét tdi cac cuc diém cua f.
Ham T(R,f) duoc goi 1a ham dac trung Nevanlinna cua /.

Ta xét cac tinh chat don gian ctia ham dic trung

p
Hak <
k=1

Cho a,...,a, la cac sO phtc tuy v thi log*

k=1

<log" pmax ak‘<

]<k<

H"k

Ap dung cac bat dang thic nay vao p ham phan hinh £,(2), £,(2),.... / ,(z) tacod

log"

m(r,ifk(z)j < im(r,fk(z))ﬂogp.

k=1 k=1

m[r,lﬁ[fk(Z)j <3 m(r, £.(2).

Hién nhién rang néu f{z) 1a tong hay tich ctia cac ham fi(z) thi bac cta cuc diém cua f{z) tai z, khong

16n hon tong bac cia cuc diem cac ham f;(z) tai z, T d6 ta cod



N(r,z fk(z)J <Y N(r, £,(2)).

N[r,lﬂ[fk(Z)j <N £ ().
Do T(R,f) = m(R,f)+N(R,f) nén ta cd

T[r,fﬁ(z)j <Y T(r, fi(z))+log p .

T(r,f[ fk(z)J <D T(r, f,(2)) .

k=1
Pic biét néup =2, fi(z) =f(z) , f>(z) = a = const thi
T(r,f+a)<T(r,f)+log"

Boivicothéthay f+a boi f,fbdi f—a va a bdi —a nén

a‘+log2.

|T(r,f)—T(r,f—a)| < 10g+|a|+10g2.
Dinh li 2.2.1 ( Pinh li Nevanlinna )

Néu a la sé thiee tuy ¥ thi

1 1
m[R, 7 _aj+ N[R,ﬁj =T(R, f)—log|f(0)—a|+&(a,R),

trong do |€(a,R)| <log" |a| +log2.
Churng minh. Theo dinh nghia ham T(r,f) ta co

m[R, ! j+N[R,;j=T(R,;).
f—a f—a f—a

Theo cong thirc Jensen ta co

T(R,ﬁ) =T(R, f —a)—log|f(0)-al.
Theo nhan xét trén ta co

IT(R, f)-T(R, [ —a)|<log" |a|+10g2
tir d6 suy ra

T(R,f-a)<T(R,f)+log"|a|+log2.

Vi vay

1 1
m(R,f_a}N(R,ﬁJ_T(R,f)—log|f(0)—a|+g(a,R). O



f—a

N(R,a), n(R,a), T( R) khi a hitu han va m(R,»), N(R,»), n(R,») lan luot thay cho
m(R,a),N(R,a),n(R,a) khi a vo han thi dang thuc trong dinh 1i co ban thr nhat tr& thanh
m(R,a)+N(R,a)=T(R)+O(1) véi moi a (chu y O(1) phu thudc vao a ).

—da

Néu cd dinh £, thay cho m[R, j,N[R, ! J’H(R’%)’T(R’f) lan luot boi m(R,a),
—da

Trong muyc ndy ta tiép tuc xem xét mot sb tinh chat thong dung ciua ham dic trung
Nevanlinna T(R, f) .
Dinh li 2.2.2

Néu fla ham chinh hinh trén mot lan cdn cua B(0,R) thi

R+r

T(r,f)<log"M ,(r )< T(R f)Vr:0<r<R.Trong d6 M (r)—sup|f(z)|

Chitng minh. Do £1a ham chinh hinh nén ta c6 bat dang thirc thir nhat

i6

T f)=m(r. f) = [ log’

Mat khéc theo cong thure Poisson- Jensen ta co

1% . R* -’ L, |R(z-a, )
1 =— | |f(Re” do+ logl——=
0g|f(z)| 2 ;Uf( ¢ )‘ R* —2Rrcos(0—)+7r’ Z o8 R’ —a z
Thém nira, Z—a_/.z‘z‘R(z—ai)‘ vir<Rva R>‘aj , _ij) <0.Tudotaco
’ —da.z
J
1 R -7 ‘
lo re?) < — lo Re")|d6
g‘f( )‘ 2 -([ R* —2Rrcos(¢p—0)+r’ g‘f( )‘

| 2% R2_,2 i R 1 l
SZZ‘)‘ (R—:)Z 1og\f(Re")\d9—R” jl g| /(Re™)|do.
Vi vay
loglf(re")| < - T(R.f).

Tir d6 ta c6 bat dang thirc thir hai

R+r

10gM(r)< T(Rf) véimoi 0<r<R.O

Dinh li 2.2.3
Ham f chinh hinh trén C la da thirc bdc p khi va chi khi
T(rf) = logr+0O(l).
Chimg minh. Thét vay gia st f1a da thie bac p. Khi d6 |f(2)|< |2 véi & >0 nao do var du

16n. Suy ra 7(r,f) = plogr+ O(1) .



Nguoc lai gia st 7(7,f) = plogr + O(1). Do dinh 1i 2.2.2 ta c6

R+r
R—r

log" M ,(r) < (plogr+0(1)) véimoi R >rvardualén.

Cho R — +x ta duoc
log” M ,(r) < plogr hay M (r)<r” khir du lon.

Theo bt dang thirc Cauchy dbi véi dao ham

r r? YV an ks ¥
a,|<—= Sr—k o day f(z)zZakz .
k=1

Cho r — o« ta dugc ¢, =0néu k > p. Vay f1a da thirc bac p. O



Chuong 3
UNG DUNG CUA CAC CONG THUC TiCH PHAN

3.1 Pinh li vé dang ciia ham nguyén
Ham nguyén duogc chia lam ba loai :
-Ham hang f(z) =a véi moi z.

-Ham da thirc 1 ham khac hang s6 va chi ¢ hitu han hé s6 trong khai trién
f(z)= Zakzk , khac 0
k=0

-Ham siéu viét 1a cac ham con lai.
Dinh li 3.1.1
Cho f'la ham nguyén khi do
a) fla ham hang < «la c- diém cia f.
b) fla ham da thirc < o la - diém ciia f.
¢) fla ham siéu viét< o la diém bat thuong cot yéu ciia f.
Churng minh.
a) Néu f 1a ham hang hién nhién o 13 c- diém cua f.

Nguoc lai néu lim f(z)=c e C . Thi ton tai s6 duong R sao cho |f(z)|<1+|¢| khi |z/>R. Do
B(0,R) dong va bi chin nén ton tai s6 dwong M sao cho |f(z)| <M véi moi z thude B(0,R).

bit M* = max{l +le ,M} . Taco |f(z)| <M’ ,Vz e C. Theo dinh li Liouville thi f 14 ham hang .

b) Giastr f 1a ham da thuc f(z)=q, +az+a,z" +.+a,z",a, #0,n>1.

Dat r, = max W. V&i moi M > 0 chon r :max{ro,n}—M(nH)},
0<k<n-1 an an

Khi d6 v&i moi z sao cho |z > r taco

a a
L]
z a,z

n

n

az

n

n—1

L
= | =+ +
‘anz ‘anz‘

Nguoc lai gid st o 1a oo- diém cta ham f.bit p(z)=f (lj ,z=0 13 oo- diém cla ¢ do do
Z

>

[1_LJ>M.
n+1

> ‘anz”‘

£ (2)] =

n
a,z

Vay lim f(z)=o.

theo dinh 1i 1.1.15 ta c6



p(z) = z a,z",m>0,a_, #0,

k=—m

tir do

f@=iﬁey=ihﬁf

k=—m k=—0

Mat khac f(z)= Zakz" , ma khai trién Laurent cta f'1a duy nhat nén so sanh hai biéu thirc trén ta
k=0

co f(z)=) a,z" 1amétda thuc.
k=0

c)suyratira)vab). O

3.2 Cip va kiéu ctia ham nguyén

Chung ta gi6i thiéu mot sé ki higu.

Néu h(r)<g(r)ding v6ir di 1n thi ching ta goi 1a mot bat dang thuc tiém can va ki hiéu
h(r)<g(r).

Néu h(r)<g(r)ding véi moi ddy r, — oo thi ching ta ki hiéu h(r)<g(r).
Dinh nghia 3.2.1

Cho f(z) 1a ham nguyén . Bat p=inf{k >0:M, (r)ze’k . Ta goi p la cap tang (hay cap) cia

f (v6i quy udc inf F=o0).
Néu p < oo thi f'goi 1a c6 cap ting hiru han, néu p = oo thi £goi 1a c6 cap tang vo han.
Tur dinh nghia suy ra

P

e <M, (r)<e” >0,
Lay logarit ta dugc

n loglog M ,(r) e

p—E<——— < p+E.
logr
Vay
) loglog M ,(r)
p =limsuyp—————.
r—>0 logr
Dinh nghia 3.2.2

Cho f 12 ham nguyén c6 cip ting p <. Dat

o =inf{4> O:M_/,(r){eA”y



Ta goi o la kiéu ctia ham nguyén f. Néu 0< o <o thi £ goi 1a c6 kiéu trung binh, néu o =oo thi f
goi 12 ¢6 kiéu téi da, néu o =0 thi f goi 14 co kiéu tbi thiéu.

Tur dinh nghia suy ra
(oc—&)rf 5 “ (oc+e&)r?
e <M ,(r)<e ,Ve>0.

Lay logarit ta dugc

n long.(r) as
—_—<

o—&< ot+¢& .

r

logM ,
Vay 0'=limsupg—f(r).

r—>0 ’/-p
Bay gio ta dua ra cong thtc tinh cip va kiéu cta ham nguyén theo hé sé ctia né trong khai
trién Taylor f(z) = chz” )
n=0

Dinh li 3.2.1

Néu doi véi ham nguyén f(z) bat dang thirc sau M_/,(r){eA’” xay ra voi r du lon thi

AY: .
c <(euj voi n du lon.

n
n

Chitng minh. Theo bét déng thirc Cauchy va gia thiét M, (r)<e”” . Ta c6

M. (r) " u .
c,|s—L—<——=e"""" v&irdu lon.

r r

Ju
Xét ham s6 g(r) =e" ¥ . Ta ¢6 g’(r ) = 0 khi r {LJ va tai d6 g dat cuc tiéu.Thay gia tri

Ap

Ji i

r=(ij vao taco <(eﬂAJ . o
Ap n

Dinh Ii 3.2.2

C

n

Néu déi véi ham nguyén f(z) hé so6 Taylor cia né trong khai trién théa man dinh gid

n

e/uA %‘ as 4 u
< v6in dii I6n thi M (r)<e“™"" véimoi &> 0.
. _

Ching minh. C6 the coi gid thiét ding véi moi n>0. Néu |z|=r thi

V2 u e
< (e,uAj o euAr .
n n

euAr”

n
c,z

Vé phai < 2% néu <2iy@ n>2"eudr*. Pat N =[2"eudr*] ( trong d6 [x] 1a phan

n

nguyén cua x ). Ta co



c, " +LN khi r du 16n.
2

HED YIRS

n=0 n=0

r" <o, Tur cac bat dang thic trén ta c6

bat m(r) = max|cn

M (r) <(2"eudr” +)m(r) + 2N

va

n

m(r) < (e,uAr” jA .

Y7

euAr

Pit p(n) = log .Boivi '(n)=0<n=pudr* nén m(r)<e” .
7

Vay ta co
Mf(l”) < (2#eﬂAr” _+_2)eArﬂ < e(A+g)r” o
Dinh li 3.2.3

. i . 1
Doi véi moi ham nguyén f(z)= chz" ta co p=Ilim supL’f.
n=0 T log——
vl

n

Churng minh. Ki hi¢u

,z_) = lim suploi .
n— logi
e

Theo dinh nghia cip v&i moi x> p, bat ding thirc M, (r)<e™" thuc hién voi A=1 ta c6 M, (r)<e”.

< (ﬂj . Lay logarit hai vé bat dang thuc ta dugc
n

< ﬁlog(%j
Y7 n

& ,ulogdcj‘ <logeu—logn

Ap dung dinh 1i 3.2.1 ta dugc

C

n

log|c,

1 1
< pulog—> logajt logn
?llc

n

1
log—
logn eu

ST T
logﬁ logq/Z

S u




< s A L AL T 1

Vi v6i moi ham nguyén ta ¢c6 limy/ Cn| =0 nén p= hmsupL’f
n—>0 n log

Yle

n

<u.Do u la sb nguyén tuy

V,u>p néntacd p>p.
Gia sit p<oo khi d6 véimoi x> p tacd

_logn gin dalen.

Tu do

%
c,| < (lj theo dinh 1i 3.2.2 v&i eud =1 ta cod
n

1
—te

M_,,(r)<e[w ) v6ir di 16n va £>0 batki .

Tudosuyra p<pu.Boivi u lasdnguyéntuy y, u>p néntacd p<p .

Vay p:;:hmsuplo#. i
n—» logi
tlc

n

Dinh li 3.2.4

oo . T , 1 ..
Voi moi ham nguyén f(z)chnz ta co a:—hmsup(n,”/ c, p)

n=0 pe e

, . .= 1. . . ,
Churng minh. Pat o :—hmsup(n.”/ cn|p ) . V6imoi 4>0 taco
pe n—0

as
M, (r)<e”.

Theo dinh li 3.2.1 ta co

N
c <(ij < log
n

n Cl’l

n epA 2 epA 1 »
<—log—— < log{lc | <log—<=> A>—nillc | .
- g i g4/|¢, g i €.

ep

c

n

p).

- 1. cr o . . — . . — , 1
Suy ra >0 =—TIimsup|n{/lc,|” |. Gid st véi moi o <o, v6i moi o< 4 ta c6 4>—(nt
pel’l—)co pe

% as
Suyra |c |< epd theo dinh 1i 3.2.2 thi M ,(r)<e™"" .
Y n " /

Torddo c<A+e.Vie>0batkivio<4d nén o>0.

Vay

G=E=Llimsup(n\”/ c, p).

pe n—0

”)u

Hay o =Llimsup(n” c
pe n—0

n



3.3 Tich v6 han va dinh li Hadamard

Cho {a,} 1a day sb phitc,a, #0,n=1,2,3,...va s0 p khong am sao cho chudi > a, |7'”71

Xét tich vo han [1(z) = [1G(=, p), trong d6
n a

n

I-u p=0

Gu, p) = 2 ’ .
(u.p) (l—u)exp[u+u7+...+u—] p>0
p

Dinh li 3.3.1 ( Dinh li Hadamard)
Moi ham nguyén fcé cdp p déu dwoe biéu dién dwdi dang

f()=z"""T]G (i,pj,
n=1 an
trong d6 a,,a,,... la tdt cd cdc nghiém khac 0 ciia f{z), p< p, P.(z) la da thirc ciia bién z bdc q<p
va m la sé6 lan béi nghiém 0 cua f(z).
Churng minh. Tt cong thic Poisson- Jensen ta cd

Re” +Zd + z log(—a_)+iC.

a <R R’ —-za,

log f(z)=— j log| f (Re")|

Xét trudng hop m =0 khi d6 7(0) = 0. Lay dao ham dén cap p+1 véip=[p] ta duoc

——p+l

(logf( ))(.17+1) (p+1) leg‘f(Rew/)‘WdW‘i‘ z p!an — p' Suy ra

S (R —za )" G(a, —2)"

v P! | 1! AR _pn(R)
(Ing( )) +‘a”‘<R (a Z)p+1 20 IOgM ( )(R )p+2 (R )p+1 ,I"—| | : (31)

3y {a, -

Do f chinh hinh, cong thtic Jensen tr¢ thanh

1 2z _ M
log|/ (0)] =5~ [ log|f(Re"fdg+ D log %f ,
0 J

V01 a; la khong diém cua f trong B(0,R). Suy ra

— j log| f (Re*)|dp—log]| £ (0)| = zlog jlog—dn(t) n(t)log + j@dz: j@dﬂfrdé ta co

log M , (er) Ziiflog‘f(erew)‘d(o = I@dt > Iﬁdt >n(r).

Vay n(r)<logM ,(er)+O(1) . Do do khi R da 16n thi



log M, (R)<R**,
n(R)<logM ,(eR)<R"**

nén khi R — o ta c6 vé phai cua bat dang thire (3.1) tién dén 0. Tir d6 suy ra khi R — o thi

(log f(2)) " == "

n=1 (an _Z)p+1 .
Lay tich phan dang thic trén tir 0 dén z theo dudng cong khong di qua cac diém a,,a,,... va cho

n — o, ta nhan duogc

- z z z?
logf(z)_P"(Z):Z{log[l_a_ija_nijjLpan” },qé p.

n=1 n

Tur d6 suy ra

_ EOTT | 2
flz)=e I;!G(a ,pj-

n

Trong trudng hop tong quat ta co
m _F,(z) = Z
z)=z"¢e" G|—,p|. O
f==[o| 2.

Tur dinh 1i trén suy ra ham nguyén ¢ cap p =0 c6 dang

T 1= 2 00 VA v 1 00
f(z2)=Cz H(l a}a)é va ) —<

n=1 n n=1 an

sin 72'\/;
iz

. Cac khong diém cua ham f Ia

Vi du . Him f(z)= 1a ham nguyén va cip p= %

2
a,=n,n=12,..

Theo dinh li Hadamard thi
f(z)= Cﬁ[l —%) .
n=1

Vi {0)=1néntacéd C =1, vdy sin 7z _ H(l—izj. Thay z béi z* ta co
72'\/; n

n=1

2

) 2 z
SIN 7Tz = 7rz| I (1——2}
n=1

n

3.4 S6 mii hdi tu va mat do trén cia diy khong diém

Dinh nghia 3.4.1



Cho day {a,},lima,=c.Pat K =inf{ : ll <oo} . S6 K dugc goi 1a sé mii hoi tu

n—>+w =1 an
cua day {a,}.

Ki hiéu n(r) 1a 1a ham dém cta day {«, }. Ta goi

P = limsupM
oo logr
1a cdp ctia ham dém n(r) va s
A =lim sup—— n(r )
n—>0 ]/'

goi la mat d¢ trén cta day {aq, }.

Ta co
P n(r) <
va
(A=) <n(r)<(A+ &) véimoi & > 0.
Kihiéu A= (1
Dinh Ii 3.4.1.
x P l n(t)
Néu chuoi z —dt héi tuva lim —= t =0 .
el n t—>+00

1

Chung minh . Vi i

n=1

I d’:gt) nén léy tich phan tung ph?m ta duoc
0

I’l

jd”ft):”(” j”(”dt(dolm "0 0 via #0).
0 r

A+l
t . t
Do chudi hdi tu suy ra vé phai bi chin trén . S6 hang thir hai cua vé phai khong gidm nén tién dén

gi61 han xéc dinh .

Mat khac
T n(r) Tl 7 ()
lj—dt>in(r)jﬁdt=ln(r) ==
1 -A r
n(t) lj [ )dt suy ra hm t(ﬂ) 0.0
Dinh Ii 3.4.2

So mii hoi tu cua day { a,} bang voi cap p, cua ham dém cua no .



Chitng minh. Ki hiéu K 13 s6 mil hoi ty va lay 4> K. Do chudi >

n=1

— hoi ty nén theo dinh

n(r)

A

li3.4.1taco lim —=

r—>+0 r

=0.Vay p<iva p<K.

Mit khac  n(r)</">,¥e>0. Chon A=p +e, tich phan j—dt hoi tu  va

—>0t—>oovaychu01z1 héituvadodo K< p, .Suyra K=p,. O
n=l|d,

n(t)
t
Dinh li 3.4.3 (Dinh 1i Hadamard )

So mii hoi tu cua ddy cdc khong diém cua ham nguyén khong lon hon cdp tang cua no .

Churng minh. Do f chinh hinh nén theo cong thuc Jensen

1 2 ) M a
lo 0)=—~110 Re?)dp+ ) logl—-|,
2|/ (0) 2;;! o f (Re*)dg Z]: gl
V01 a; la khong diém cua f trong B(O,R). Suy ra

j log—dn(t) n(t)log

R R
+ '[ n(t t= '[ n(t)dt Tu d6 ta co
0 ¢

—jlog‘f(Re“’)‘dgo log|f(0)| ZIOg X

0

/

1 2r . ern(t) ern(t)
logM ,(er) = gy _([ log‘f(ere"’)‘d(p = .[Tdt > -!Tdt >n(r).

0

Vay n(r)<logM ,(er)+O(1).

Suy ra
loglogM , loglog M ,
pl =lim Suplogﬂ < lim sup glog S/ (el") < lim sup glog f (7") _
r—>0 log V4 r—>0 log 7 r—>00 log p
Dinh li 3.4.4

Cho f(z) la ham nguyén kiéu khéng I6n hon o véi cap p. Néu f(z) triét tiéu trén tdp A va it
nhdt mét trong hai bdt dang thirc sau
A(A) > epo,
A(A) > po
xay ra, trong dé A(A), A(A)la mdt dg trén va mdt do dwdi cia day trong A véi cap p, thi fiz) = 0.
Chitng minh . Gia st A(A) >epo xdy ra . Ki hiéu n, () 1a ham dém coa day A va dat n(r) =
n,(r)la s6 khong diém cua f trong B(0,r). Véi A>1, taco
ar

1 n(t) 1
nA(r)Sn(r)Slogl.[ , dtélogiN(r).




Néu f khong dong nhat bang 0 thi ap dung cong thic Jensen
N(Ar) <log M ,(Ar)+ O() <(c +£)A7r" .
Suy ra

n,(r)<

o+&e)Ar’.
log}t( )

Tur dinh nghia A(A) ta suy ra

_ P
AN <
log A
’ \ A U/Ip \ A .y . 5 A \ A .7 . 5 A
Xétham so f(1) = ol ham so0 dat gia tri nhé nhat 1a epo . Lay gia tri nho nhat
0g

vé phai theo bién A ta dugc A(A) <epo, ta gip mau thudn. Vay f=0.
Bay gid gid st A(A)> po. Vi 1> 0 taco n(r) = n, (r)>(po +2&)r" .
Suy ra N(r) > %(pa +&)r’.
Néu 7 #0 thi theo cong thirc Jensen chung ta dugc
long(r)a;l(pa+g),0' >l(p0'+8),
P P
mau thuan . O
Dinh nghia 3.4.2

Cho {x,} la day phan tir trong khong gian topd tuyén tinh E duoc goi 13 ddy dii néu bao dong
clia bao tuyén tinh ctia n6 tring véi E.

Néu hé khong day du thi bao dong tuyén tinh cta n6 khac E .Khi d¢6 néu E 13 khong gian 10i
dia phuong thi theo dinh 1i Hahn- Banach, ton tai phiém ham tuyén tinh khac khong f € E' sao cho
f(x) = 0 voi moi phan tir x e {x.}. Vay su tn tai cia ham f c6 tinh chét trén 1a diéu kién can va du
dé mot hé khong day du .

Cho h¢ ham {e™| v6i 4, 14 s thyc .

Dinh li 3.4.5

Cho n(t) la ham dém cia ddy {x,}= A. Néu nmmf@ﬂ, thi hé 1] ddy i trong
khong gian cac ham lién tuc C[-n,x].

Chitrng minh. Néu hé khong day du thi theo dinh 1i F. Riesz vé dang ciia phiém ham tuyén
tinh trong khong gian cac ham lién tuc, ton tai ham o(¢) khong 1a ham hang va c6 bién phéan bi chin

sao cho



j e*do(t)=0,4, e A .

Ta ta lai c6 ham ®(1) = j ¢*do(t) 1a ham nguyén, khong dong nhit bang khong va théa min bat

dang thirc
|®(s+ir)| < (Vara)e™ va ©(4,)=0 .

Theo cong thirc Jensen chiing ta dugc

r

n@t), @), tn@, 17 N % n(t)
'[ ; dt—'([ t dt—'([ t dt—g'([10g|CD(r(cosﬁ—zsm0)|d9—log|CD(O)|—'([_dt t

To

e L% ()
SZ£|s1n9|d9+{Z '([ log(Vara)d9—10g|®(0)|—'([_dt t}
2r
:ﬂI|Sin9|d9+0(l)=2r+0(1),r > o0,
27 3,

Vi viy v6i moi £ > 0 chiing ta c6 @iwg (do nmmf@ﬂ). Tir do

—0

suy ra (2+¢)r+0(1) < 2r+0(l),r - o0, mau thudn. o

Sau day ta xét danh gia tich chinh tic
Cho {a,}1a ddy so phuc, lima, =0 va n () 12 ham dém cia day {a,}. Gia st s6 nguyén

0 -r-1
p >0 sao cho chubi » |a,|  hoi tu va dinh nghia
n=l1

n

H(z)=ﬁ6{ai,pj-

Khi d6 {a,} 1a ddy cc khong diem ciia ham [1(z) = HG[i, pj. Ap dung cong thirc Jensen
n=1 a

ta co n(r)<logMpy(er) . Pé c6 danh gid trén theo n(r) ta ching minh dinh 1i sau day .
Dinh li 3.4.6
Néu u la s6 phirc thi
p+l
10g|G(u,p)| <4 |u|
b 1+|u

log|G(u, p)| < log(1 +1ul).

,0>0,4,=3e(2+log p);

Chirng minh. Theo dinh nghia



I1-u p=0

G(u,p)= 2 p ,
(u.p) (l—u)exp[u+u7+...+u—] p>0
p

nén bat dang thirc log|G(u, p)| < log(1 +|u|) 12 hién nhién .
2 3

Xét p>0.Néu |u|£i thi log(1+u)=—u——-"—_ suyra
p+1 2 3

p+l
< | |p+1

log|G(u, p)| < [log(G(u, p)| < Z |r|l #ﬂlul)

Néu |u|>ﬁ thi log(1+|u|) <|u| suy ra

2 p
log|G(u, p)| < 2|ul +ﬂ+...+%
2 p

=[u|” 1+Li+m+l%+2%
AT AT,

p-1
< ul” (p_HJ (2+l+l+...+lJ
p 2 3 p

p+l
<e(2+log p)ul =e<2“°g")(“ﬂj| +||u| 4 |1u+||u|' ’

Dinh 1§ 3.4.7
—p-1

Cho {a,} la ddy s6 phirc. Néu chudi Y |a,|  hoi tu thi tich
n=1
[I(z) = HG( , pj héi tu déu trén moi tdp compact va théa man bt dang thire

log|[1(z)| < K, r {j 20 g4 I%dt}, trong d6 K, =(p+)4,,r=|z2|. (3.2)
Chitng minh. Néu p > 1, tir dinh 1i 3.4.6 ta c6

! W T_dn(t)
log|T1(2)| < Apzap—) =4, jm
n 0

r 1
A 7! { n L }n(t)dt.
’ J; Pt +r) t(t+r)?
—p-1

Do chudi Y |a,|  hoi tu, 4p dung dinh 1i 3.4.1 ta dugc

a

n

[’e]

n(1)

tp+l

—0,t >

va



s )P 1 T p 1
log|[1(2)|< 4,r {J'Lpﬂ i + TGy }n(r)dt + J'Lpﬂ i + TGy }n(t)dt}

0 r

e n(t) T n(t)
<K, r” {jt dt+r pre dt}.

0 r

Néu p = 0 thi
log|[1(z)| < ilog(l +LJ = log(l +§j dn(?)
n=1 al’l 0
[_n@) [ (@) (@)
= dt < dit+r| =2 dr.
r'([t(t+l) J; t HJ: 2P
Dinh li 3.4.8

Cdp tang p cua tich chinh tac bang voi so mii hgi tu cua day cac khong diém cua no .

, . o . % n » 1A x. w1 n- , \
Chitng minh. Gia su p 13 s6 nguyén nho nhat sao cho chuoi Y —— hi ty, trong d6 {a,}1a
n=1

n

n=1 n

diy cac khong diém cua tich chinh tic [1(z) = HG(i, pj vd p, 1a s6 mil hoi tu cia diy {a,}thi
a

p<p <p+l.

Néu p, < p+1 tachon &> 0 sao cho p, +&< p+1 thi n(t)zt”‘” . Ap dung dinh 1i 3.4.7 ta c6

logMy(r)< K, r? {0(1)+.[tpl+5pldt+r.[tpl+gp2dt}
0 r

p+2e

<K, {0(1) +

rpl+57p rpl+57p }a‘v

<r
pteE-Dp p+1_p1_€

Néu p, = p+1 theo dinh 1i 3.4.1, ta c6 ) —>0,.[?p(—2dt—>0 khi > o0. Theo dinh li 3.4.7, ta ¢o
r 0

p+l

log M, (r)<&r" = r” . Ca hai truong hop ta déu c6 p < p,.

Theo dinh1i3.4.3 tacd p<p.Vay p=p. O

Dinh li 3.4.9
S6 mii héi tu cua tdp cdc khong diém ciia ham nguyén f ¢é cap khong la s6 nguyén thi bang
Véi cdp ting ciia f
Chitng minh. Cho f'1a ham nguyén cip p khong 1a sb nguyén va p, 1a sé mii hoi tu clia cac
khong diém, T1(z)1a tich chinh tic .Theo dinh 1i 3.3.1 (dinh 1i Hadamard ) ta c6
f(z)= """ I T(2), degP, =gq.

Dung dinh li 3.4.8 ta dugc



as
logM ,(r)y<cr® +r"",e>0.

Suy ra long(r)zr’“zg,/l =max(p,,q) va p<A.
Mat khac theo dinh li 3.4.3 p, < p va theo dinh li Hadamard ¢ < p ma p khong nguyén suy

rag<p,vdy p=p,. O

3.5. Sw day di ciia hé ham trong khong gian dém dwoc chuén

Cho A(D) la khong gian cac ham phirc chinh hinh trén mién don lién D < C. Chung ta chon

day vét can cac tdp compact G,,G,,G,,...,G,...trong D tic 1a v6i moi m,G, €G,,, va | JG,=D.

m=l

Ta c6 h¢ nira chuan sau ddy |f| =sup|f(z)|. Khong gian A(D) cung véi hé¢ chuan trén la
zeG,,

khong gian dém dugc chuén.
Sau ddy 1a ménh dé mo ta dang tong quat ctiia ham tuyén tinh trong khong gian A(D).
Dinh li 3.5.1
Moi phiém ham tuyén tinh F e A'(D), ton tai duy nhdt ham phirc ¢(c) trén
tdp déng don lién C\D’, D<= D, ¢()=0va sao cho gid tri cia F tai ham [ e A(D) dwoc xdc dinh
boi ding thirc

Flf]= 2%” [ f(©)p(c)ds

trong do [ la dwong cong dong bén ngoai D sao cho ¢ la ham chinh hinh trén [ va bén ngoai l.
Chitng minh. Theo t0pd sinh boi chuan, phiém ham tuyén tinh F[f] 1a lién tuc néu va chi
néu ton tai s6 m > 1 va mot hang s6 C sao cho

FL=cls

(3.3)

Gid st F[f] 1a phiém ham tuyén tinh trén khong gian A(D) va gia st G, €D la mién

twong (mg v6i chuan trong (3.3). Haim F ¢6 thé mo rong dén ham tuyén tinh trén khong gian C(G,).

Biy gi0 ching ta liy ¢eC\D’. Cha y rang €C(G,). Ta dinh nghia ham

c—Z
o(c) = F{L} . trong d6 ham F 12 ham theo bién z . Him ¢ goi 1a phép bién doi Cauchy-Stieltjes

cua F.



Do (3.3) ham ¢(g) tién vé ham phic ndo d6 trén tdp déng C\D’. Néu ¢ -—>oo thi

—» 0, suy ra tir (3.3) rang ¢(«)=0.

HG_Z

Cudi ciung liy duong cong don dong / trong D’. Ham ¢ 13 ham chinh hinh trén / va trén

mién C\/ chtta diém oo. Ta suy ra rang

o (e A L 29,
MJ(p(g)f(g)dg—MJF&_ZJf(g)dg F{sz;"g} F[f]

v6i moi ham f e A(D). Ly ¢, ¢, 14 hai ham dugc x4c dinh thoa
1 1
F = F =— .
[F1=5 J f©)o(sXs, FIf]=7— j F©)p.(e)ds

Néu y =g, -9, thi

[v(e)'ds=0k=1,23..
i
Ham y chinh hinh trén / va w(0)=0 suy ra =0 . VAy moi ham tuyén tinh dugc biéu dién boi

dang F[f]= 2%” J. 7()o(c)dc. Ménh dé ngugc 1a hién nhién. o
/

Bay gio chung ta van dung dinh 1i 3.5.1 dé nghién ctru sy day du ctua diy ham ¢ (z)=F(4z) ,
trong d6 F(z) 1a ham nguyén va A 1a diy sé phuc . Két qua dau tién vé tinh day du cta diy ham
{F(A,z)} da dugc phat biéu boi O. Gelfond nam 1937 . A . 1. Markushevich dua ra két qua day du

hon.

Dinh i 3.5.2

Cho ham nguyén F(z) =Zanz” VGi tdt cd cac hé sé a khdc 0 ,cdp ting p, kiéu khéng lon

n=0
hon o va A={4}1a day so phitc. Khi d6 day ¢,(z)=F(4,z) la day dii trén dia {z:|z| <R}, trong

do

R’ = ! maX[A(A),é(A)j
foles e

va Z(A) va A(A) la mdt do trén va mdt do dudi cua day Avoi ccfp 0.
Chitng minh. Gia sit rang ddy F(A z) khong diy du trong khong gian
A(D),D= {z:|z| <R} . Theo dinh 1i 3.5.1 t6n tai ham y chinh hinh bén ngoai dia {z:|z| < r} , I <

R, () = 0, khong dong nhat bang 0 va thoa



j F(A2)w(z)dz=0,n=123,....t<R.

lel=r
Ta xét ham

#A)= | F(A2)p(2)dz=0.

=
Ham nay 14 ham nguyén triét tiéu tai cic diém cia A . Ta danh gia cip ting ctia né. Do
|F(/12)|§exp{(a+ &)’ r”} ,&>0,r=|z|
ta nhan dugc

< [ [FQ2)lw(2)|de| <27M exp{(o+2)|Af ). > 0,M = max|y(2)].

f=r o=
Suy ra ki€u cua ham ¢ khong 16n hon or”.

A(N)

n—»0

Néu diy A thoa man lim|4|=w thi do r <R va ding thic R = ! max[ ,é(A)j, ap
po

dung dinhli 3.4.4 suyra ¢=0. Néu A cé mot diém gi6i han hiru han thi 4p dung dinh i duy nhat ta
cling c6¢4=0.

Bay gio néu y(z)= Y, bn”ﬂ thi

n=0 Z

#(A) = j F(Azy(z)dz = ianbn/l" =0.

B
Do a, #0v&imoinnén b =0véi moin , vy y(z) trung 0, mau thudn. o
3.6. Danh gia modun trén va moédun dwdi cia ham chinh hinh

Cho ham f(z) =u(z)+iv(z) 1a ham chinh hinh trén dia {z:|z|<R}.

M(1)=M (r)= r‘lzl‘ngIf (2)

A )=4,(r) = rnax{u(z) : |z| < r} .

Hién nhién ta cd A,(r)<M,(r) . KhiR>r ta s€xét mdi quan hé gitta M s(ryva 4,(r).
Dinh li 3.6.1 ( Dinh li Caratheodory )
Gid sit [ la ham chinh hinh trén mién {z:|z|<R}. Khi d¢

2r R+r

M (r)< A (R)+
)< o— A (R)+——

, voi moi 0<r <R . (3.4)

£ (0)

Chung minh. Gia st f(0)=0. Ta chiing minh

2r
R—r

M, (r)< A,(R) v6imoi 0<r<R.

That vay, theo cong thirc Schwarz ta co



fr=t furen R 24y,
7 0

z| <R.
. 1 2r
Do diéu kién f0)=0ta c6 0= Py j u(Re”)dg . Suy ra
T 0

1% Re" +z 1% , 1°f , 2z
= —0=— | u(re” 461 —— | w(ReYdp =— | u(Re”
f(2)=f(2) 2ﬂlu( ) 2ﬂlu( e’)dop 2ﬂlu( e )Rew,

do.
—Zz

2z R
Theo dinh 1i Cauchy thi L ! do = ! _[ i _ 0=>— 5 _[ AR ) (p =0.
T

27 4 Re” —z v= 27i B s(c—2) Re"” —
Vaytacod —f(z)=— j [4,(R)- u(Re”")] —do. Tir d6
@<L 1, (R - ke —dp =2 4, (R). (3.5)
27 0 / R-r R-r 7

Néu j(O) #0, 4p dung (3.5) cho ham f(z) —f(0) ta co

{f(f+

/()= 0 S maxRe [ ()~ /(0)} < 2 7o) vl <.

R+r

Vay ta c6 M(r)< A(R) —|f O)+|f (0)| |f (0)]-

Nhin xét
a) Bang cach xét ham — f{z), if(z) va —if{z) ta nhan dugc cac danh gia
tuong tu, trong d6 A( r) thay bdi

rﬁm Re f(2), max Im f(2), mm Im f(z).

b) Tu bat dang thirc

[f(2)-f (0)| max axRe{ f(z)- f(0)}

ta co

M(r)<— [A(R) Re £(0)]+|/(0)] . (3.6)

Dinh li 3.6.2 (Dinh 1i Schottky)
Néu trén hinh tron {z :|z| < Rl} ham chinh hinh f(z) khong nhan gia tri 0 hay gia tri 1 thi

4

(%-R)

|/ (2)| <exp (3.7)

v6i moi z<R<R, , & ddy hang s6 K chi phu thugc vao f{0).
Trudc tién ta chung minh dinh 1i sau:

Dinh li 3.6.3



Gid sit o(r) la ham thuc trén [O;R,] va gia sir

0<p(r)<M, véi 0<r<R (3.8)
v o)< NP i 0cr<r (3.9)

()

2

Khi d6 p(r)<—2C_ (3.10)
(R-r)
, . \ \ , CVyM .
Chung minh. Tt (3.8) va (3.9) ta co ¢(r) < (% > V01 0<r<R . (3.11)
—-r

Nhu vay M trong (3.8) duoc thay béi boi cua /M . Lap lai danh gia nay xuit phat tr (3.11) véi
r,r, thay cho r, R d6ng thoi trong (3.9) thi 7 thay R ta co

2 1

2 1
P(r) < ¢ )2{( ¢ )} M*,0<r<r<R.

(rl—rz r,—rn

Tiép tuc nhu viy ta nhan duoc danh gia

C C : C 217 -
M?Z .
("(r“m—rzf{(e—n)} {<>}

Khi 7 = %(R +7),1, = %(R1 +1),..., bat dang thirc trén tro thanh

14+1/2+.4+(1/2)
1+143/4+..+n272"D C 27"
p(r)<4 { } M.

(’”1_’”2)2

Cho n—> o ta nhan duoc danh gia can thiét. o

Bay gio ta chirng minh dinh i 3.6.3 (Pinh 1i Schottky).

Gid st g,(z) =log f'(2), g,(z) =log(1- f(2)) .

Cac ham nay chinh hinh trén {z:|z|<R}. Gid su M,(r), M, (r) lan luot 13 maximum cia cac ham
|g,(2)| va |g,(2)| trén mién {z:|z|=r} va gid st

M (r) = max){M,(r), M,(r)} .

bat B(r) = —m‘ln Reg (2)= nzaxlog|f( )|

Ap dung dinh li 3.6.1 (Pinh 1i Caratheodory) véi ham g,(z) ta nhan dugc

M (p)<

2 (B +g(0).0<p<r . (3.12)
-p

Gia thiét rang B (r)>1 va gia st z’ 1a diém sao cho



B,(r) =log|f(lzv) |z =7
Khi 46 | ()] = <™ <. (3.13)
Vi vay ton tai s6 nguyén n dé g,(z") —2nzi = i [f(;')]m
e
Ta ¢ |g2(z')—2mri|<i2’m =1 . (3.14)

m=1

Nhu vy 2|n|z <1+|g,(z)| <1+ M,(r).

Dit h(z) =log{g,(z)—2nxi}.

Ham h(z) chinh hinh trén {z:|z|<R}boi vi h(z)#0 voi moi z thudc {z:|z|<R} va do do
g,(2) # 2nri .

Dinh li Caratheodory cho ta

I‘n‘ax h(z)| < R2R {ma%x log|g2 (z)—2n7n'| +h(0)} . (3.15)
z|=r —7 =

1 | 1
>log——.
log{g,(z)— 2n7zi}‘ o8 |g,(z) - 2n7i]

|h(z)| = ‘log {gz (z)— 2n7zi}‘ =|log

S =8 @) 2nmd]
uy ra r‘rzl‘ezlzi|h(2)| > 0g|g2(z)_2n7zi|

Pac biét tai z’
1

1 1
log——————2>log > > log '
g,z =2nmi] T f O+ + 2@

=B,(r)—log2. (3.16)

Tir bat dang thie (3.14) ta co

1>|g,(z")—2n7mi)| 2 2|n| 7 —|g,(2")|.
Suyra  2[n|z<1+|g,(z")| <1+ M,(r).
Khi d6

I‘n‘% log|g2 (z)- 2nm’| <log {Mz (R)+ 2|n| 72} <log {2M(R) + 1} .

h(z)= log|g2 (z2)- 2nm‘| +iarg(g,(z)—2nri).

Tir gia thiét

Im4(0)| < 7 ta co

|h(0)| < log|g,(0)—2n7i|+ =
Slog{|g2(0)|+2|n|7ri}+7r (3.17)
<log{|g,(O)|+1+M,(r)}+x



Nhu vay bat dang thirc 3.15 cho ta

B.(r) < RzR [log(2M, (R) +1)+log (M, (R)+|g,(0)] +1)+ 7 | +log2
—-r

< 2R [log(2M, (R) +[g,(0)]| +1) + log (2M, (R) +|g,(0)| +1) + 7 | +log2
R-r (3.18)

< R2 [1og(2M2(R)+|g2(0)|+1)+1og(2M2(R)+|g2(0)|+1)+7z]+7z

—-r

4R
<
R—r

[log(2M,(R) +[g,(0) +1) + 7 |.
Bét dang thirc nay dugc chimg minh véi gia thiét B (r) > 1

Trudng hop B,(r)<1 bat dang thirc 1a hién nhién, boi vi vé phai ctia né6 khong nhé hon 1.
Vay thi trong moi trudng hop bat dang thirc (3.12) va (3.18) cho ta
M, (p) <#ﬁ_m[log(mz(mﬂgz(oﬂ+1)+|g1(0)|+;z] . (3.19)
Boi vi tat ca cac 1ap luan ddi véi ham g (z)va g,(z) co thé d6i vai tro ctia chung, bt dang thirc trén
con dung néu d6i chd céac chisé 1 va 2. Taco

M, (p)< 2M,(R)+|2,(0)] +1) +|g, (0)|+ 7 | (3.20)

S8Rr
— |1
(R—r)(r—m[ og(
Do (3.19) vi (3.20) ta c6

M(p)<#Iii_p){log[2M(R)+|gl(0)|+|g2(0)|+1]+|g1(0)|+|g2(0)|+7z}. (3.21)

Khi 7= %(R + p) bAt ding thire( 3.21) tro thanh

2 2
M(p)< 32R ~{logM (R)+ K, } <K2RI—MER).
(R-p) (R-p)
Boi vi log M (R) = 0(\M(R)).
Vay thi dya vao dinh li 3.6.3 ta co
4
M(p)< s 7
(R-p)

4
va |f(z)|£eM(’)<exp{ K&, 4}.
(R=p)

Bai vi K chi phu thudc vao |g,(0)|va |g,(0)| thi dinh 1i dugc chimg minh. o

Pinh li Schottky din dén dinh 1i Picard sau vé gia tri loai trir cia mot ham nguyén.
Dinh li 3.6.4 (Pinh 1i Picard )

Ham nguyén khdc hang so nhdn moi gid tri, trur ra co thé mot gid tri .



Chitng minh. That vay gia st ton tai ham nguyén f # const khong nhan hai gia tri khac nhau

avab.

Pit g(z)=L (ZZE; % thi g(z) khong nhan gid trj 0 hay 1

Ap dung dinh 1i Schottky ta c6

KR}
zZ)| < —l
|g( )| exp{( - )4

Chon R, =2R tacé |g(z)|< C, suy ra g(z) 1a hing s6

}MSR<&.

Vay f 1a hang sb trai gia thiét. o
Dinh li 3.6.5
Néu f'la ham chinh hinh trén dwong tron |z| <R, khéng c6 khéng diém trong hinh tron dé va

2r
R—r

Chitng minh. Néu f{0) = 1, theo bat dang thirc

Rzr LA(R)~Re £ (0)]+| £(0)|
—r

f0) =1thi 10g|f(z)|2— log M (R) voi |Z|Sr<R.

M, (r)<

2r
R—r

thay /" bang logf ta c6 [log f(z)| < log M (R) VOi |2|<r<R, (3.22)

vi log fiz) = log| f(z)| Hiargz va 4,,,(R)<logM(R).

og f

< 2r log M (R) hay 10g|f(z)|2— 2r

T (3.22) taco |
u (3.22) taco og|f(z)| 2, 2,

logM(R).O



KET LUAN

Tur cic cong thic tich phan, ta c¢6 thé ching minh dugce nhiéu dinh 1i trong 1y thuyét ham
chinh hinh, ham phan hinh, cling tlr cac cong thic tich phan c6 thé tim ra cac két qua méi cho ly

thuyét ham bién phic.

Trong luan vin ching t6i trinh bay mot s cong thirc tich phan va tmg dung cua chung véo 1y
thuyét ham nguyén va ham chinh tong quat. Cu thé chiing toi da xét cap va kiéu cua ham nguyén,
mat d6 cta day cac khéng diém cua ham nguyén. Cudi cing 13 danh gia modun trén va modun dudi

cua ham chinh hinh, tir d6 cho mot chirng minh khéc dinh 1i Picard.
Qua qua trinh 1am ludn van t6i da thr?iy cac kién thirc hoc duge trong cdc mon hoc nhu: Giai
tich phirc nang cao, Giai tich ham ning cao, Khong gian vécto topo,... da giup ich rat nhiéu cho toi

trong viéc hoan thanh luan van ndy. Budc dau t6i da hoc dugce phuong phap tu hoc va nghién ciru.

T6i hy vong s& duoc hoc tap va nghién ctru thém vé dé tai nay.
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