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1L.OI CAM ON

Xin chan thanh bay 18 long biét on sau sée dén .

Quy Thay Cs thude khoa todn trusng PHSP TP Hs Chi Minh da
nhiét tinh day va gitp da 16i trong qué trinh nghién ciu va hoc tap cha
khéa hoe.

Ban giam hiéu, céc quy thdy ¢ phong sau dai hoc trusng PHSP
da tao didu kién 15t nhét cho 18i trong sudt khéa hoc.

Ban giam hiéu, cac thdy cd déng nghiép trusng THPT Xuyén
Mée da tao didu kién va gitp d& moi mat dé 18i hoan thanh ludn van.,

Dac biét 6 PGS TS Nguyén Bich Huy da tan tinh hudéng dén,
gitp d& 13i trong sudt qué trinh nghién ciu va thuc hién luan van nay.

TP.HS Chi Minh, ngay 30 thang 10 ndm 2010

Hoc vién: Bui Thi Doan



MO DAU

Ly thuyét phuong trinh trong khéng gian c6 thtr tu duge xdy dung tir nhimg nim 1940 va
dyoc phat trién, hoan thién cho dén tan nay. Ly thuyét nay tim dwoc nhitng tng dung rat da
dang va c6 ¥ nghia dé nghién ctru nhiéu 16p phuong trinh cu thé xuat phat tir Toan hoc, Khoa
hoc Ty nhién, Y hoc, Kinh té hoc,...

Trong 1y thuyét phuwong trinh trong khong gian c6 thir ty thi 16p phwong trinh vé6i anh xa ting
dong vai trd rat quan trong. Khi nghién ciru cac phuong trinh dang nay ta c6 thé nghién ctru sau
hon cac tinh chét nghiém nhu sy duy nhat, tinh on dinh cta nghiém, tinh gﬁn ding cia nghiém
nho cac day 1ap don di¢u,.... Cac dinh ly dau tién cua Tarskii va Krasnoselskii vé diém bat dong
cua anh xa tang doi hdi cac diéu kién kha ngat dat 1én nén (n6n Minihedral) hodc 1én anh xa
(diéu kién hoan toan lién tuc). Vai viéc st dung cac nguyén 1y co ban vé tap co thu ty nhu bo dé
Zorn, Nguyén 1y dé quy tong quat, Nguyén ly Entropy thi diéu kién lién tyc cta anh xa da duoc
bo qua va diéu kién Compact da dugc giam nhe rat nhiéu trong cac dinh 1y diém bét dong cua
Krasnoselskii, Carl, Heikkila, ...duoc tim ra gan day.

Dé nghién ctru cac 16p phuong trinh méi xudt phat tir khoa hoc thi gan dy cac nha nghién
ctru dd khao sat cac 16p anh xa c6 thé nghién ciru bang cach dua vé cac anh xa ting hodc bang
cac phuong phap twong tu khi xét anh xa ting, d6 1 16p anh xa T-don diéu va hon hgp don diéu.
Gan day cac anh xa da tri don diéu ciing da duoc nghién ctru va Gmg dung.

Céc két qua vé phuong trinh véi anh xa ting thu duoc cho dén nay rat phong phu va da dang
nhung chi dugc trinh bay trong cac bai bao khoa hoc. Ludn van mudn gidi thiéu mot cach h¢
thdng v6i cac ching minh chi tiét cho cac két qua vé mot s 16p anh xa ting quan trong va
thuong gap nhat. Luan vin c¢6 5 chuong.

Chuong 1.Céc khai niém su dung.

Chuong 2. Piém bt dong cta toan tir don diéu lién quan dén tinh compéc.

Chuong 3. Diém bat dong cua toan tur T-don diu.

Chuong 4. Piém bét dong ctia toan tir hdn hop don diéu.

Chuong 5.Ung dung .

Chuong 1. O chuong dau niy trinh bay cac khai niém va tinh chat co ban trén khong gian
Banach c¢6 tht ty nhu nén, noén sinh, nén chuin ,nén chinh quy,anh xa tang ( anh xa don
di€u)..., dac biét 1a nguyén 1y Entropi (Brezis, Browder) ma sé dugc dung dé ching minh céac

dinh 1y co ban cda luan van.



Chuong 2. Chuong nay trinh bay vé diém bat dong ciia cac toan tir compact don diéu,
compact don diéu t&1 han va diém bat dong cua toan tir don di¢u trén khong gian véi non
Minihedral- manh.

Chuong 3. Trinh bay vé diém bat dong ciia toan tir T-don diéu, nguyén 1y anh xa co trén cic
phan tir so sanh dugc va phuong trinh toan tir nguoc dwong.

Chuong 4. Trinh bay vé toan tir hdn hop don diéu va diém bat dong, diém bat dong ctia toan
ttr hon hop don diéu

Chuong 5. La chuong két thuc cta ndi dung luan vin, trinh bay mot vai tmg dung diém bat

dong ctia mot sd 16p anh xa tang vao bai toan tim nghiém cia phuong trinh vi phan.



Chwong 1: CAC KHAI NIEM SU DUNG

1.1 Khong gian Banach c6 thir tw
1.1.1 Non va thi ty sinh béi nén
Dinh nghia 1.1.1: Cho X la khong gian Banach thuc.
1. Tép K chtra trong X dugc goi 1a nén néu
1. K 1atap dong
. K+KcK, AKcK VA1>0
iii. KN(-K)={6}
2. NéuK la nén thi tht tu trong X sinh bdi non K duge dinh bdi
x<y hay y2x << y-xek
Mbi x € K \ {6} goi 1a duong
Ménh dé 1.1.1 Gia st “<” 1a tht ty sinh boi nén K. Khi do:
i. x<y = x+z<y+z,Ax<Ay VzeX,VA>0
. (x, <y, (neD*),limxn:x, limy, =y ) =>x<y
iii. Néu day {x,} ting, hoi tu vé x thi x, <x Vnel’
Chtrng minh
i. Voimoi ze X
tacoy+tz—-(x+z)=y-xeK(vix<y)nén x+z<y+z
Véimoi 420,
tacoy-x €K nén A(y—x)e K suyra Ax< Ay
i. Vi x, <y =y —-x,€K

Ma ngrgoo(yn —x,)=y—x vaKlatap dong

Nén (y—x)e K=>x<y
iii. Viday {xn} tingnén x, <x, ~ Vmel
C6 dinh n, cho m — +o0 tacod x,, —> X
suyra x, <x Vnel
1.1.2 Nén chuin
Pinh nghia 1.1.2 Nén K duogc goi 1a nén chuan néu:

IN>0: 0<x<y=|x|<N]y|



Ménh dé 1.1.2  Gia sir "<" 1a thi tu sinh bai non chuan K. Khi d6

1. u<v thidoan <u,v> = {x eX:ux< v} bi chan theo chuin

i.Néu x <y <z va lim x,=a, lim z,=a
n=YVn =2 n—+oo M T pto0 N

Thi ngrg_loo yp=a
iii. Néu ddy {x,} don diéu, c6 ddy con hdi tu vé a
Thi ngrg_looxn =a
Chtrng minh
i. Voi Vxe(u,v> = ux<v = 0<x—usv-u
Ma K nén chudn nén IN >0 sao cho |x —u[| < N|v —u|
= [rl=lel < fe—ul < Nl -
= |l < Nl —u] +[
= (u,v) bi chin theo chuén

ii. Taco 0<y —x <z —x,

Ma K nén chuan nén IN >0 sao cho Hyn - an < NHZn - X,

SNHzn—aH+NHa—xn

=

yn_xn

= —Hxn—aHSNHzn—aH—kNHa—xn

yn _a
= Hyn —aHSNHzn —aH-l—(N+1)Ha—an

Vi lim x,=a,

lim z,=a suyra lim H —aH:O suyra lim =a
n—>+oo n—s+oo 7 e 9 L yra e Yn

iii.  Giasu day {xn} tang c6 day con {xn/ } hoi tu vé a
Véin ¢ dinh, k di 16n ta ¢6 x, <x,

Cho k —>+o0 tacod x, <a Vnell’

Cho &£>0,chon k, dé

& o
X, - aH <— thitacod
o N

Vnzn =a-x,<a-x,

0

:>Ha—an§Ha—xnkO <&

Vay ngrgooxn =a [

1.1.3 Non chinh quy (Regular cone)



Pinh nghia 1.1.3: Nén K duoc goi 1a nén chinh quy néu moi diy ting, bi chin trén thi hoi
tu

Ménh dé 1.1.3: Nén chinh quy 1 non chuan.

Chtng minh

Gia str K 14 nén chinh quy nhung K khéng 1 nén chuan

. a7 * \ 2
Khidé Vne N dx,,y, € X saocho: 0<x <y ma HanZn ‘yn
< X .
bat  wu, =" tacd |u,|=1
X
n
, Yy 1
v, = Y taco vil=T S
X, x| n
© ] . +00 . +00 .
Vi > — hditunén ZanH hoity suyra > v hoitu
n=1l N n=l1 n=l1
+00
bat v=2v,, s, =u +u,tu,+..+u,
n=l1
Tacd diy (s,) tdngva bichdntrén(vis, <v Vnell)
K 1a n6n chinh quy nén day (s,) hoi tu
+00 N
Suy ra 2u, hgitu suyra lim u, = 0 di€unaylavoly vi HunH:I i
n=1 n— +w

1.1.4 Non sinh (Repro ducing cone)
Pinh nghia 1.1.4: Non K duoc goi 1a non sinh néu X= K — K hay Vx e X, Ju,ve K sao
cho x=u-v
Ménh dé 1.1.4: Néu K 1a non sinh thi tdntai  M>0  sao cho

VxeX,duveK:x=u-v, Hu” SM.Hx , HVH < MHxH

Ching minh:
Pit C=KNB6,1)—KNB@G,))

+o0
Vi K 1a nén sinh nén x = U nC

n=l1
Thatvay Vxe UnC  suyra 3n,eN :xen,C
n=1
Suy ra Ju,ve B(O,1)N K ma x=nu—ny,xeX (viKnonsinhva nyu, njyeK)

Nguoclai Vxe X suyra dJu,veK ma x=u-v

Ta cod ue E(@,L) , VE E(H,L)
u

1




Suyra ue HuHE(Q,l), Ve HVHE(Q,I)

il

= u,venOE(H,l) , M, Zmax{Hu

= u,vel nE(Q,l)
n=1

+o0
= xeUnC

n=1

Taching minh: 3 >0 saocho B(6,r)c C

Vi X=UnC  maXIlakhong gian Banachnén 3In, €l] ", 3G mé trong X sao

n=1

cho G cn,C
v A S ~ 1= 1= =
Vi C 10i, doi xtrng nén EC — ECCC
Suy ra LG L c C
2n, 2n,
) 1 1 , , A
Ta co —G — — G mo chtra ¢ nén dr>0 Sao
2n, 2n,
1 1
BO,r)c—G - — G
2n, 2n,

I, DPit B=B(6,1)
Ta chimg minh : %B cC
Liy a e%B ta ching minh a € C

r
< 2n+1

n
a—x
k=1

Ta xay dung day {xn} thodman x, e ?C ,

That vay: Vi LBCLC nén VyeLB, Ve>0, ElxeiC
2" 2" 2" 2"
Sao cho Hy—x”<e.

Tacd ae—B nén 3, eL¢ sao cho la—x] <=
2 2 2

r

a—x €——B nén Elxzezl—zc sao cho ||a—xl—x2||<23

r n 1 r
a—x,—xez—33 nén Elx3e?C sao cho ||a—x1—x2—)c3||<2—4

cho



Ctr tiép tuc qué trinh trén ta dugc day (x,) thoa X, € inC hay x, € Ln(K NB(O,1)-K mE(H,l))
r r

Vi x, ein(KmE(e,l)—KmE(e,l)) nén 3u,,v, eK:||un||szin,||vn||s2in ma Ta cd x, =u, -,
r

Do Z% hoitunén Su, . v, hoitu
n=l1 n=l

n=1

bat u:iun , v:ivn ta co Hu”ﬁi”unu <1,
n=1 n=1 n=1

EHAE
n=1

n

Suy ra nh_r)noo(kélxk):u—v (1.1.1)

Mt khi 5 r S 3 (1.1.2)
atkhac la— X x, ||<—+ uyraa= x 1.
) k:l k 27’1 y n=1 8

Tw(l.1.1) va(l.1.2) suyra a=u-v

u,veK (dou,,v, €K) _
a nén u,v € KNB(O,])
bl

v

) Vxe X,x#46

Ta cod gﬁe%BcC nén u',v'eK:Hu'HSl,
X

v“ <l va —=u'-v

210 2
Suyra x :—HxHu ——Hx”v
r r

u= |
Pit ;’
_“ '
v=2lufy
u,vek
, _ . 2 e 2
Toc x=u-v vi ] < 2ol 2
21 i< 2
= =l < =

Pt M =2 khi d6 ta ¢ didu phai chimg minh O
r

1.1.5 Non Minihedral
Dinh nghia 1.1.5

- No6n K duge goi 1a non Minihedral néu Vax,,x, € K thi ton tai a =sup{x,x,} .



- Non K dugce goi 1a nén Minihedral manh néu VA c K thiton tai a= sup 4
1.1.6 Non lién hop
Pinh nghia 1.1.6: Néu K 13 nén thi ta dinh nghia non lién hop cia non K Ia
K ={feX*/f(x)20 ‘v’xeK}
K" ¢6 céc tinh chat sau:
e K dong
e K'+K cK ,AK'cK V120
Ménh dé 1.1.6 x, €K < f(x,)20 VfekK
Chiing minh:
Chiéu =) Hién nhién
Chiéu «<) Gia s trai lai tirc 1a f(x,)>0 VfeK ,x,¢K
Suyra  x,e X\K nén theo dinh ly tach tap 16i 3geXx’: g(x)<g(y) VWyek
Vxe K, cddinh x tacod g(x,)<g(tx) Vi>0.Cho t >+ tacd g(x)>0

=geK = g(x)<0 diunaylavoly.

1.2 Anh xa ting
Pinh nghia 1.2.1 Gid st X, Y 1a cac khong gian Banach thuc; P va K 1a c4c non tuong ting
trong X va Y.
Anh xa F: X — Y goi la 4nh xa tang (hay 4nh xa don diéu) néu Vx,x,e X va x, >x,
taco F(x)=F(x,)
Anhxa F: X —Ygoiladuongnéu VreX, x>0 tacd F(x)>0
Chiy Néu F 1a anh xa tuyén tinh thi :
F 1a anh xa tang < F duong
That vady : Vxe X, x>6 vaF tang nén F(x)> F(0) =6 suy ra F duong
Vx,x,€X va x,2x, =x —x,>60 maF duong
= F(x,—x,)=0
= F(x,)> F(x,) .VayF tang [
Pinhly 1.2.1
Gia sir P 13 non sinh trong X, K 12 nén chudn trong Y va F:X — Y 1a toan tir tuyén
tinh duong. Khi d6 F lién tuc.

Chimg minh : Vi F 13 toan tir tuyén tinh nén ta chi can ching minh F bi chan.



i. Trudc tién ta ching minh rang : 3m >0 sao cho Vxe P,

F@)| < ml

Giasttrilai ticla Vael',3x, e P:|F(x,)|>n’|x,

——x taco >n

n = 2 n
n*|x,

bat z

z

n

1
:? > ||F(Zn)

vi 3L

n

M

hoitu nén 3|z hoity suyra >z hoity.
n=1 n=1

n

00 n

batz= Zzn va s, = sz
n=1 k=1

Tacod z,eP,z=1lims, va Pdong nénsuyra zeP

n—>+0

n+p

n+p n—1
Vi s, -z, =22k—zn =sz+ z z, nén s, -z, €P
k=1 k=1

k=n+1

Suyra z,<s, ,.Cho p—+w tadugc z, <z
Mit khac F 1 anh xa tang, tuyén tinh nén F 1a anh xa duong nén 6 < F(z,)<F(z) maK
12 n6n chuén nén 3N >0: IFGE)|<N|F@)|

Suyra n<|F(z,)

<NJ|F(2)|. Cho n—>+0 taco |F(z)||=+w, vo ly.

Vay dm >0 dé vxeP, F(x)”Sm”x”
X=u—-v
1. Vxe X , viPlanoénsinhnén Ju,ve P,AM >0: ||u||SM||x||
v <8 |5

Ta co |F(x)|=||F ) F)| <|F@)|+|FO)|

[ o< m ]

Do u,v e P nén theo chirng minh trén 3m,,m, >0 :{
[ )< my V]

S {IIF )] < Mom, ]
[ < M.m, x|

Suy ra |F(x)| <[|F@)||+|F )| < (m +m,).M.|x]

Vay F bi chdn ma do F tuyén tinh nén F lién tuc.l]

1.3 Nguyén ly Entropi (Brezis, Browder)
Gidsuco:
1. X 1a mot tap sip thi ty sao cho mdi diy ting trong X c6 mot can trén, nghia 1a néu

u,<u,, Vnel thi IveX:u <v Vael’



2. Phiém ham S:X — [—o0,+o0) 1 tang va bi chan trén , nghia 1a néu u<v thi s(u)<s(v) va
ton tai mot s6 thuc ¢ sao cho S(u)<c¢ Vue X

Théthi (IveX: VuelX, v<u) = S(u)=S()

Chtng minh:

Lay thly ¥ u, € X , r6i xdy dung cic phan t& u, <u, <u, <.... nhu sau:

Giastcou,,tadat M, ={ueX:u>u,}, B, =supS(u)

ueM,

i. Néu B, =S(u,)

Vo1 YuelX,u <u ueM,

Suyra S(u)<S(u,)

Mat khac u, <u = S(u,)<S(u) (do S tang)

Vay Vue X, u, <u = S(u,)=S(u) nén u,la phan tir can tim

1. Néu B, >Su,) ta tim duoc Up1 thda

u.,eM,

Tathdy (1.13) < S(”"Ww

* Qua trinh trén 1a hitu han thi ta tim duoc u,:, ndo d6 ma g, = S(u,, ) va chimg minh nhu

nip
trén ta duoc uy., 12 phén tlr can tim
* Qua trinh trén 1a vo6 han thi ta c6 day tang {u,} thda
2S(u, )-Sw,)> B, Vel
Do {u,} 1a ddy ting nén theo gia thiét thi ddy {u,} co can trén. Goi u, 14 cin trén ctia diy
{u,}. Ta chimg minh u, 13 gia trj can tim
Vé6i u>u,, Tacob u>u, VvneN’
= ueM, VneN
=>Sw)<p,<2.8w,,,)-Su,)
Do day {u,} ting trong X nén ddy {S(u,)} ting trong [~oo,+0) va bi chdn trén nén ton tai
gi6i han.
suy ra S(u) < ,,ILIEO S(u,)
= Su)<Su,)

= Sw)=Su,) ~iu>u,=S(u)>S(u,)!



Chuong 2 : PIEM BAT PONG CUA TOAN TU PON
PIEU LIEN QUAN PEN TINH COMPACT

Trong chuong nay ta xét X la khong gian Banach thuc voi quan hé thir tw sinh boi non K.
2.1 Piém bit dong ciia toan tir compact don diéu
Dinh nghia 2.1.1 Cho M c X
Toantlr F:M — X dugc goi 1a Compact don diéu néu né bién mdi day tang trong M
thanh day hoi tu.
Pinhly 2.1.1 Giadsu:
1) M la tap dong trong X
2) F:M — X latoan tir tdng, compact don di¢u va F(M)c M
3) Tontai x,eM saocho x,<F(x,)
Khi d6 F c¢6 diém bat dong trén M.
Chtrng minh:
bat M, ={xeM:x<F(x)] va
Véimdi xeM, , g(x) =sup{||F(y)—F(z)||/y,z eM;y>z Zx}
TU gia thiét2) va3) tacd M,#¢ va F(M,)c M,
Ta s& ap dung nguyén 1y Entropy vao tap M, va phiém ham (-g)
i. Trudc tién ta chimg minh: M&i ddy ting {x,} = M,déu c6 can trén
That vay day tang {x,} tang nén day {F(x,)}, hoi tu (vi F la compact don diéu)
bat x = liiliF(xn) taco xeM (viMdongva {F(x,)jcM)

=x,<x (vix, <F(x,)<x)

ii. Phiém ham (-g) 14 ting va bi chan trén
Tacod g(x)>20 Vxe X = —-g(x)<0 VxeX nén (—g) bichan trén
Vx,x € X, gid st x<x tachimg minh —g(x)<-g(x)

Xet {yeMO/xygy} va {yeM,/x<y}
Vi x<x nén {yeMO/x'Sy}C{yeMO/xSy}
Suy ra
sup{”F(y)—F(z)”/y,zeMO,yZZZx'}Ssup{”F(y)—F(z)”/y,zeMO,yZZZx}

= g(x)<g(x) = -g(x)>-g(x) suyra (-g) la ham ting



Vay theo nguyén 1y Entropi ton tai u,eM, sao cho VxeM,,x>u, ta co
—8(x)=—g(u,) < g(x)=g(u,)
Ta chimg minh  g(u,)=0
Gid str g(u,)>c>0 taco
Iy, eM,,y>u, :||F(y1) —F(u0)||>c
Do g(y,)=g(u,)>c nén
I, eM, y,2y, 2, :||F(y2) —F(y1)||>c
Ct tiép tuc nhu vdy tacé ddy {y,} la day ting trong M
Ma |F(y,,)=F(»,,)|>c diéunaylavoly (viF bién diy ting thanh day hoi tu)
Vay g(u,)=0
bat b=F(u,) taco b>u, (viu,e M, = F(u,)=>u,)
Tacd ||F(b)—F(uy)| < gu,)=0

= F(b)=F(u,)=b vay F c6 diém bat dong 1a b= F(u,) U

H¢ qua 2.1.1 Gia sir
1. K 1a non chuan, u, < A(u,), A(vy)<v,
2. Toan to A:<u,,v,> —<u,v,> la todn tu don di€u va tap A(<u,,v,>) la tap compact
tuong doi.
Khi d6 A c6 diém bt dong trén <u,,v, >
That vay:
1. Do K 1a nén chuan nén tap <u,,v, > la tap dong
2. Toéan tir A 1a compact don diéu vi:
v6i moi day tang (x,) chiratrong <u,,v, >
Do A la 4nh xa ting nén day {A(x,)} la ddy diéu ting
Vi A(<uy,v,>) 1a tap compact twong ddi nén ddy {A(x,)} ¢6 ddy con (x,), (x,), sao
cho ]lci_r)r;A(xk) =a
Vi <u,,v, > dong nén a e<u,,v, >
K 1a nén chuan
Day {A(x,)} tang c6 day con {A(xnk )}k hoi tu vi a e<uy,v, >

Nén day {4(x,)} hoitu



3. AKuy, vy >) < <uy,v, >

Vay theo dinh Iy 2.1.1 thi A ¢6 diém bat dong.[]

Hé qua 2.1.2 Gia sir
1. K 1a n6én chinh quy, u, < A(u,) ,Av,) <v,
2. A1 <uy,v,> — <u,,v,> latoan tu don didu.
Khi d6 A c6 diém bat dong.
That vay:
1. Vi K 1a nén chinh quy nén K 13 nén chuan suy ra
Tap <u,,v, > la tdp dong va bi chan
2. A la 0én tir compact don diu vi:
Vé6i moi day (x,) tang trong <u,,v,> suy ra ddy {4(x,)}bi chdn trén va day tang
trong <u,,v, >
Do K 1a non chinh quy va {4(x,)} day ting, bi chan trén nén suy ra day {4(x,)} hoi
tu
Vay theo dinh 1y 2.1.1 A c6 diém bat dong trén <u,,v, >.0
H¢ qua 2.1.3: Gia sir
1. X 1a khong gian phan xa, K 1a nén chuan, A(vy) <v,, uy < A(u,)
2. A<u,,v,> —> <u,,v,> latoan tir don di€u
Khi d6 A c6 diém bat dong trén <u,,v, >.
That vay:
e Do K nén chuin nén < u,,v, > la tdp dong, bi chan, 16i. Nén < u,,v, > la compact yéu
vi X 1a khong gian phan xa
e V6imoiday (x,) don diéu tang trong <u,,v, >

Ta co6 day (4(x,)), 1a day don di¢u ting tong <u,,v, >

Suy ra ddy {A(x,)} c6 ddy con {A(xnk )}/ hoi tu yéu, vé y trong < u,,v, >
bat y, = 4(x,) , ta co ddy {y,} la day tang trong <u,,v,> Vv6i moi feX,

Sz f(y), Vm=k
Cho m—+w tacd f(y)<f(y) = y=2yVk

Ta chiing minh llcim V.=V



Do K nén chuin nén 3N >0 sao cho Vx,ye K, 0<x<y
Ta c6 [x|<N|y| vi y,—%>y trong <u,v,> nén theo dinh ly Mazur ton tai

£
2N +1

z=ty, +t,y, +..+1,y, €C/({y},) saocho ||z—y|<

Pit k, = max {k.k,.k;....k,}

Khi do Vk >k, Taco y-z>k,—z>0 nén |y, —z|<N.|y—Z]

Ta co [y, ~3l< Iy, ~2f =l (VD) ~2] <o

Suy ra lim y, =y

Vay day {4(x,)} la ddy ting nén c6 day con hoi tu vé y va K nén chuan nén day
{A(x,)} hoi tu.

Vay A la don di¢u compact.[]
Két luan: Theo dinh 1y 2.1.1 thi A ¢6 diém bt dong.

2.2 Piém bit dong cia toan tir don diéu t6i han.
Dinh nghia 2.2.1
Toan tir F:M < X — X goi 1a compact don diéu téi han néu mdi day {F” (x")}n thoa
mén diéu kién F(x,)< F?(x,) < F*(x,)<...x, e M (2.2.1) déu hoi tu
Pinh ly 2.2.1 Gia sir
1.Tap M dong, va bi chan trong X.
2. Toan tir F: M — M don di¢u, compact don di¢u tdi han.
3. Ton tai x, € M sao cho x, < F(x,)
Khi @6 F ¢6 diém bat dong.
Chtrng minh
* Pat My={xeM/x<F(x)}
Tacd M, #¢ (Vi x,<F(x,)) (Theo gia thiét 3) va F(M,)c M,

*  Trén M, ta dinh nghia diy cac phiém ham S, nhu sau:

F'(u)=F" ()| /u,v e My, x < F"(u) < F”(v)}

S, (x)=sup {‘

Ta dat Mn(x)z{(u,v):u,veM x<F'"(u)<F"(v) }

0’

Taco M, (x)#¢ vi x<F"(x)<F"(u) va M, (x) latap bi chan trén X x X

Vay S, dugc xac dinh.



Ngoai ra: Néux <x thi M, (x)> M, (x) nén S,(x)>S,(x)
Suy ra S, la ham giam trén M,
Ta nhédn xét thiy
{“F"”(u)—F"“(v)“ ‘v eMO,xsF“(u)SF"“(v)} c{“F"“(u)—F"“(v)H uveM,, x<F" ()< F'(v) Nén
S,.,()<S (x)= {8 (x)} 1addy so gidm va bi chin dudi nén hoi ty.
bat S(x) =}LIEO S (x)=S8 (x)>S(x) Vn va S cling 1a ham giam trén M, (do S, gidm trén
M)
(Ta s€ ap dung nguyén Entropi cho tép M, va phiém ham (-S))
1. Xétday ting (x,) <M, ta chimg minh day 50 (x, ), €O cén trén.
Ta lap bang v6 han 2 phia sau:
F(x)<F*(x)<..<F"(x)<..

F(x,)<F*(x,)<..<F"(x,)<...

Vi (x,) la day tang nén cac phan tir trén mot cot 1a day ting(do F 14 toan tr ting).

Do vay day chéo {F” (xn)}n la day tang, vi F 1a todn tir compact don di€u t&1 han nén
day nay hoi tu vé x va x,<F"(x,)<x nghiala x 1a can trén cla {x,} , Ta kiém tra
xeM,

Thatvay F"(x )<x,Vn

= F"'(x,)< Fx
=F"(x )< F”“(xn) <F(x),Vn

Cho n— 4w tadugc x<F(x)=>xeM,

2. Ap dung nguyén 1y Entropi ta tim dugc a € M, sao cho Vxe M,, x>a
Ta c6 S(a)=S(x)
Ta ching minh S(a)=0
Gia st S(a)=2a >0



e Taco S(a)=S(@=2a>0 nén ton tai u,,v, € M, sao cho thoa man F'(v,)>F'(u)>a

ta co HFI(VI) —Fu,)|>a

e Do F'(v)>a nén S(F'(v,)) =S(a)=2a>0 =S,(F'(v,))>S(a) > nén ton tai u,,v, e M,
sa0 cho F?(v,)> F*(u,) 2 F'(v) 2 a va |[F*(v,)) - F* ()] >«

e Do F’(v,)2a nén S,(F*(v,))=S(a)=2a>0nén ton tai u,v,eM, sao cho
F(n) 2 F ()2 F*(v,) Va |[F*(v) - F’ ()| > @

e Curtiép tyc nhu trén ta s& xay dung duogc cac day {u,},{v,} c M,

sao cho
F'u)<F' () <SF(u,)<F’(v) <. .<F"(u)<F"(v,)<.. (2.2.2)
Thoa man |F"(v,) - F"(,)| > « (2.2.3)

R4 rang day (2.2.2) 1a day hoi tu theo dinh nghia F 1a todn tir compact
t6i han ma diéu nay thi mau thudn véi (2.2.3).
Vays(a)=0
3. Bay gio ta chimg minh F c6 diém bat dong trén M,
Tacd a<F(a)<F*(a)<F’(a)<F*(a)<.. Do F la toan tir compact tGi han nén day

{F"(a)} hoity,ddt b=lim F"(a) ma do {F"(a)}la ddy tingnén F"'(a)<b

n—+owo

= F'(a)<F(b) Vrn2l,nell
Cho n—>+w tacd b<F(b) = beM,

a<F'(a)<F"(b)Vn nén |F"(a)-F"(b)|<5,(a)

Do limS,(a)=S@=0 nén lim[F"(@)-F"®)|=0
Tir 0< F(b)—b < F"(b)~F"(a)

Tacd F(b)=b hay F co diém bat dong trong M, [

* Chi y: Trong dinh 1y 2.2.1 ta giir nguyén cac gia thiétl. va 2. con gia thiét 3 ta thay bang gia
thiét 3 1a 3x, e M sao cho F(x,)<x, thi ta van c6 két luat: “Khi d6 F c6 diém bat dong trong

M”

Dinh nghia 2.2.2

Cho u,>6 toan tr F dugc goi 1a u, - lom déu trén <u,v> néu.

1. A don diéu trén <u,v>



2. Vxe<u,v>, Ja>0, f>0 saocho au, < F(x)< fu,
3. V[a,b]=(0,1),36 = (a,b) > 0 sao cho Vx e<u,v>Vie(a,b) thi F(tx)>(1+06)F(x)
Tur dinh nghia u, - 1om déu ta théy a, >0 va phuy thudc vao x
Néu F la ug - 16m thi F(&x)>tF(x) Vie(0,1), Vxe<u,v>
Dinh ly 2.2.2
Gia su
1. K 1a nén chuin
2. F 1a toén tir ug - 16m déu trén <u,v>
3. u<Fu Fv<vy
Khi d6 F ¢6 diém bét dong trén <u,v>
That vay:
e Do K 1a nén chuan nén <u,v> dong, bi chin
e Do gia thiét 3, ma ta cd F(<u,v>)c<u,v> ta chimg minh toan tir F compact don diéu

t&1 han.
£ (22 . a
Giastr 3o, >0:au,<u, v< fu, va E<1

That vay néuu, v khong c6 tinh chét trén thi tir diéu kién 2. trong dinh nghia F 1a u,-10m déu

suy ra 3o >0, >0 sao cho au, < F(u), F(v) < fu,

Ta dat u, = F(u),v, = F(v) tacd au, <u,,v, Sﬂu0,0<%<l

. {F(VI)SVI
va (do FW)<v=v, <v)=>F(v)<F(v)=v,)

F(u)<u,
Khi d6 ta xét F 14 u,- 10m déu trén (u,v)
Do K 1a nén chuan nén (u,v) dong, bi chin = Vx e <u,v>,EIM >0: Hx” <M
* F 1a toan tir compact don di¢u td1 han vi:
Gid st (x,) = <u,v> thoadieukién F(x)>F*(x,)2..2F"(x,)>.. (%)
Ta s€ chira {F" (xn )} 1a day cauchy (khi d6 s€ hoi tu vi X 1a khong gian Banach)

Liy ¢>0 dubédé L <1-—%
B MN

(N 14 hang s6 chuan ctia nén K)

a £
Zl-—

ta co
B N}

Do F 1a u,- 16m déu trén (u,v) nén 36>0 sao cho Vxe{u,v},w{

F(ox) 2 (1+8)F (x)



&£
M.N

Z+s)"" <1-

Chon N, 1a s6 ty nhién thoa diéu kién

o N, &
—(1+6)" >1-
Yij M.N

Bing cach giam s6 &, ta c6 thé coi %(H s)" <1

Ta chung minh Vn>n,,Vke N thi ‘

F"*(x,.)—F" (xH)H <&

Do F*(x,,,) e<u,v> va x, € <u,v> nén au, < F*(x,,) va x, < Bu,

2 (10) L ()2 (140 2 (1)
>(1—M“}TN]F” (x,)

J<F"(x,) taco O<F" (xn)—F"”‘ (xn+k)<

)

Két hop diéu kién: F"* (x,.,
£

Do do6 < .N.
M.N

Fr () =" (5,.0) F(x,)

<%.M=e (do F"(x,) e (u,v))

Vay day {F" (xn )} la day cauchy, ma do X la khong gian Banach nén day {F" (xn )} hoi ty.

Viay theo dinh 1y 2.2.1 ta c6 F c6 diém bat dong trén <u, v> 0

2.3 Diém bit dong ciia toan tir don di¢u trén khong gian véi nén Minihedral - manh

Gid sir X la khong gian Banach thye, sdp béi nén Minihedral K. Ta ¢6 két qua sau:



Pinh ly 2.3.1: Gia st
1. F: <u,v> — <u,v> la toan tir don di€u
2. K 1a nén Minihedral - manh sao cho F (<u,v>) < (u,v)
Khi d6 F c¢6 diém bat dong trén (u,v).
Chtng minh:
bat M, :{xe<u,v>:xSFx}: khido M, #¢ viu<Fu nén ueM,
Anh xa F:M, > M dugc thoa min vi Vxe M = x < Fx = Fx < F(F(x)) =F(x)eM,
Ta ching minh mdi tap con sip tuyén tinh trong M, déu c6 can trén thudc M,
That vay
Gia sir N 1a tap con sdp tuyén tinh trong M, ta c¢6 N bi chan trén boi v. Vi K 1a nén
Minihedral manh nén N ¢6 can trén ding ¢, =supN =>u<c <v
VxeN tacod x<c,maF don di¢u nén F(x)s F(Co) = x< F(x) < F(co)do do F(Co) 1a can trén ding
ciia N nén ¢, < F(c, ) (do dinh nghia supremum) = ¢, € M,
Theo bo dé Zorn trong M, c6 phan tir toi dai 1a x* ta chimg minh x* 1a diém bat dong cua
toan tu F
That vy x e M, nén x < F(x*) ma F don diéu nén x° SF(x*) < F(F(x*))
= F(x*) eM,= F(x*) <x" (do x"phan tir tbi dai ciia M, )

Vay F(x*) =x[



Chuong 3: PIEM BAT PONG CUA TOAN TU
T-PON PIEU

Trong chwong nay ta van xét X la khéng gian Banach thiee voi quan hé thir ti sinh béi nén K.
3.1 Toan tir T-don diéu va diém bat dong
Dinh nghia 3.1.1

e S6thuc A duogc goi la diém chinh quy cua toan tir tuyén tinh F: X — X néu Al-F1a
song anh, ¢ day I 1a toan tir dong nhat trong X.

o Ky hiéu p(F) 1a tap tit ca cac diém chinh quy cta Fva o (F)=0\p(F) dugc goi
1a pho cua toan ti F.

e Toan tir F dugc goi 1a Compact yéu néu F bién <u0,vo> thanh mot tap Compact yéu

e Toan tir F duoc goi 1a lién tuc yéu néu F bién mdi diy hoi tu yéu thanh diy hoi tu yéu
trong X.

e Ky hi¢u L(X,X) la khong gian céc toan tir tuyén tinh trong X . Todn tir 7 e L( X, X)

goi la dwong néu 7'(K) c K v6i K 1a nén trong X.

Dinh nghia 3.1.2
Gidsut Dc X toantor F:Dc X > X duogc goi la T-don di¢u néu
F(x)—F(y)Z—T(x,y),Vny 0day TeL(X,X).

Nhu vay néu T =0 thi khai niém T-don diéu tré thanh khai niém don diéu thong thuong di biét.

Bo dé 3.1.1
Néu FeL(X,X)va -Aed(F)Thi x=(A+F)'(Ad+F)(x) & x = Ax
Chtrng minh:
-1&d(F)
= -lep(F)
= AI+F lasongénh

Ax)=x & (A +F) ' (AA+F)(x) = (A + F) ' (14x + Fx)
=AM +F) "' (Ax+ Fx)
= (U +F) " (A +F)(x)
=X

Vay bo dé duoc chimg minh [



Bo dé 3.1.2
Gia sir u,,v, €K va u,<v,, toan tt F:(u,,v,) > X 1a T-don diéu voi u, < Fu, , Fv,<v, .
Hon nira, gid s T thoa diéu kién :
(H)) T duong
(Hy) 31 (0,1 : —/1§£5(T) , Tx>-Ax = xekK
Khi d6 §=(AI+T)"'(AF +T)la don diéu trén (u,,v,) va u,<Su, , Sv,<v,
Chiing minh
Do gia thiét (H,) ta c6 anh xa (A/+T ) duong
Do -A¢8(T) = AI+T song anh nén ton tai 4nh xa (A/+7T)" va (AI+T)" duong
Néu ‘v’x,ye(uo,v0> ; x>y tacd F(x)—F(y)>-T(x—y) (do Fla T- don di¢u )
= UFx-Fy) 2-A(Tx-Ty) 2 -T(x-y)
= (AF +T)(x)> (AF +T)(») (3.1.1)
Tac dong (A +T)"' duong vao bat dang thirc (3.1.1) ta dugc
AF+T)Y " (AF +T)x) = (AF +T) " (AF +T)(»)
= Sx=>Sy
= S la toan tir don diéu trén (u,,v,)
Do u, < Fu, = Auy+Tuy < AF(uy)+T(uy) (3.1.2)
Fvy<vy, = AF(v)+T(v)) £ v, +T(v,) (3.1.3)
Tac dong (A1 +T)"' duong vao bat dang thae (3.1.2) va (3.1.3)

u, < S(uy)

Ta duoc
{S(vo) <v,

Vay bo dé duoc chimg minh [

Pinh 1y 3.1.1

Gia sir K 1a non chinh quy, u,,v,€ K va u,<v, , toan tit F:(u,,v,) > X 1a T-don diéu voi
u, < Fu, , Fv,<v, . Hon nira, gia sir T thoa diéu kién :

(H)) T duong

(Hy) 31 (0,1 : —ﬂéé‘(T) , Tx>2-Ax = xekK

Khi d6 F ¢6 it nhat mot diém bt dong trén (14, v, )

Ching minh:



bat S=AI+T)" (AF+T) véi -2 ¢5(T). Do bd dé 3.1.1 ta chi cAn Ching minh S c6 it nhat
mot diém bt dong trén (u,,v,)

Theo bo d€ 3.1.2 toan tir S :(u,,v,) = (u,,v,) 1a don diéu

K nén chinh quy, u, <Su, , Sv, <v, nén theo hé¢ qua 2.1.2 suy ra S c6 diém bat dong trén

(970

Vay F c¢6 it nhat mot diém bat dong trén (14,7, )

Pinh Iy 3.1.2
Gia st K 1a nén chuan, u,,v,eK va u,<v,. Toan t&r F:(uy,v,)—>X la T-don diéu va
u, < Fu, , Fv,<v, . Hon nita, gia sir T thoa diéu kién:
(H)) T duong
(Hy) 32€(0,1) : —2¢6(T), Tx=2-Ax = xek.
Khi d6
Néu X 1a khong gian phan xa thi F c6 it nhat mot diém bat dong trén {(u,, v, ).
Chiing minh :
bit S=(AI+T) " (AF+T)v6i -2 ¢5(T)
Do toan tir F:(u,,v,) > X 1a T- don diéu , u, < Fu, , Fv,<v, vaT thoa diéu kién (H,),(H,)
nén theo bo dé 3.1.2 thi toan tt S': (u,, v, ) —> (uy,v,) 1 don diéu
Mit khac X 1a khong gian phan xa va K 1 nén chuan nén theo hé qua 2.1.3 thi S c¢6 diém bat
dong trén (u,,v,)

Vay theo bo dé 3.1.1 thi F ¢6 it nhat mot diém bat dong trén (ug,v,).00

3.2 Nguyén Iy 4nh xa co trén cac phin tir so sanh duoc
Cho X 1a khong gian Banach thuc dugc sip boi non K, F 14 toan tir trén X,
Xét phuong trinh : F(x) =x (3.2.1)
Nghiém cta phuong trinh (3.2.1) thuong dugc tim dudi dang gidi han ciia mot day lap:
x,,=F(x,) (n=0,12,.) (3.2.2)
Véi gia tri xo ban dau tly . Két qua da biét trong giai tich ham d6 1a nguyén 1y anh xa co.
Duéi ddy chimg minh mét sé két qua twong tu nguyén 1y 4nh xa co, song su danh gia chi
dua trén cac phén tr so sanh duoc .

Pinh Iy 3.2.1



Gia su
1. K 13 nén sinh, nén chuan
2. F la toan tir trén X thoa diéu kién :
Néu x>y thi —A(x—y)<F(x)—F(y)< A(x—y) (3.2.3)
O day A 1a toan tir tuyén tinh duong voi ban kinh phé 1a r(A) <1
Khi d6 F ¢6 trong X diém bat dong duy nhat , v4i khoi du x, tiy ¥ ndo do.
Chiing minh:
Ta da biét voi mdi toan tir tuyén tinh A trén X ta c6 thé xét mot chuan twong dwong véi
chuan ban dau sao cho |4 va r(A) sai khéc nhau di nho.
Vay tir r(A) <1 ta c6 thé xem | 4] <1
K 13 nén sinh nén voi mdi x e X ¢ thé biéu dién dudi dang x = u(x) — v(x) véi u(x), v(x) eK
Nghia 1a v6i mdi xe X tuong ing voi yeK sao cho —y<x<y (chdang han ta cé thé ldy y
= u(x) + v(x) v&i u(x) , v(x) tir khai trién ciia x & trén).
Trén X ta dinh nghia chuan méi |x[l, =inf {[y]: y e K.~y <x <y} (3.2.4)
Dé dang ta kiém tra duoc I, 1a chuan dua trén tinh chit cta chuin | || va dinh nghia cua
infimum.

ufl,|lv

9

X=Uu-—-v

e s o |[<aq
Vi K 1a nén sinh nén véi moi x € X ¢6 thé chonu, ve K sao cho

O day a 1a hang s khong phu thudc vao x.
Nhuvady VxelX,

3y == Al < oy + ] <ol + ] < 244
Mit khac K 13 nén chudn nén c6 hang sé N'sao chotir 0<x<y = ]| < Ny
V61 —y<x<y =0<x+y<2y
= |+ y|<2.N]y|
Suy ra |x||=|x+y—y|<[x+y|+|y|<@N+D|y| voi VyeK,—y<x<y
=[x < @N+ D],
Vay [ O],

Taxétx,ytuyy thuoc X. Gid st —u<x—y<u,ueck

le(ery—u)
R4 rang tur day ta co
yZE(x+y—u)



IA

—A[x_erujSF(x)—F(ery_uj A(x—y+uj
2 2 2

_A[y—;c+uj£F(y)_F(x+)2/—ujgA(y—x+uj

Tir gia thiét (3.2.3):

Suyra —-A(u)<F(x)-F(y)<A(u)

= ||F(x) —F(y)”0 < ||A(u)|| < q”u" VueK voi g<1 (do A lién tuc va ||A|| <1)

:>||F(x)—F(y)||0§q. inf u”

=>[F@-FO), <gfx-s, La<1

Vay F 14 4nh xa co theo chuén |,. X 1a khong gian Banach nén F ¢6 diém bat dong duy nhat.

Chit y_: dinh Iy 3.2.1 vdn ding néu diéu kién (3) dwoc thay béi diéu kién sau :
—Ax=-y)SFX)-F(y)<4,(x-y) ; Vx,yeK ,x2y (3)

O diy A;, A; la cdc todn tiv tuyén tinh lién tuc dwong véi r(A; + Ay) <1

3.3 Phuong trinh toan tir nguwgc duwong
3.3.1 Xét phwong trinh F(x) =z (3.3.1)
V6i F 1a toan tir tir khong gian Banach X; dugc sip boi non K, vao tir khong gian
Banach X, dugc sap bai non K, . Phan tir z 13 phan tir ¢6 dinh trong X,
Gid s F thoa diéu kién
x2y, B(x—y)SF(X)-F(y)<B,(x—Y) (3.3.2)
0] day By, B, la céc toan tir tuyén tinh tr X, vao X, . Ta c6 dinh 1y sau:
Pinh ly 3.3.1 Gia su
1. K, la nén sinh, nén chuan
2. Toan tr F:X — X, thoa diéu kién (3.3.2) , & day B, va B,+B, co cac toan tir
nguoc duong .
Khi d6 phuong trinh (3.3.1) ¢6 trong X; nghiém duong duy nhat véi mdi z € X,
Chirng minh

bat D:%(B1 + B, )khi d6 co thé dua (3.3.1) vé dang y= Ay trong X, voi toan tir

Ay=y—FD 'y+4z (3.3.3)
Nghiém x" cta (3.3.1) dugc xac dinh qua nghiém y” ciia (3.3.3) boi hé thic x"=D'(y")
Tur gia thiét cia B, , B, va B;+B, suy ra D! 1a toan tir tuyén tinh duong

Vivay voi u, ve X, va u>v tacd D '(u)>D'(v)



Ttr gia thiét (3.3.2) ta c6 danh gia :
BD '(u—v)<FD '(u)—FD '(v)<B,D '(u—v)
Suyra (I-B,D"')(u—v)<A(u)—A(v)<(I—BD "' )(u—v)
Ma B,=2D-B, nén
(I-B,D”"' )(u—v)=(1—(2D—B,)D”" )(u—v)
=(—I1+BD " )(u—v)
=—(I-BD "' )(u—v)
Suyra, voi u,ve X,, u>v
—~(I—BD ' )(u—v)< A(u)—A(v)<(I—-BD "' )(u—v) 3.3.4)
O day bat dang thuc (3.3.4) c6 thé xem nhu bat dang thirc (3.2.3) trong dinh 1y3.2.1. Vi vay
dé hoan thanh chtrng minh ta chi can chi ra
r(I-BD")<1 (3.3.5)
e Tacd I—BD'latoan tir tuyén tinh tr X, vao X,
e [—B D' latoan tir duong ( suy ra tur (3.3.4))
Nén suy ra /—B,D"' 1a lién tuc (vi K; 1a nén sinh va K, 1a nén chuan ma 7 —B.D"' 1a toan tir
tuyén tinh duong tir K; vao K, )
Khi d6 BD' cotoan tir nguoc la DB;' va DB, lién tuc
Biéu thtrc (3.3.5) duoc chimg minh néu ta ¢6 dugc danh gia
r(P)<1 (3.3.6)
Trong d6P=1—-BD"',Q=DB ' —1I (3.3.7)
Céc toan tir P, Q trong (3.3.7) la duong va chung lién hé vdi nhau béi hé thue :
O=P(I-P)'=(I-P)'P
Gidsu £>0 va r(eQ)<1 khido (I—eQ) cotoan tir nguoc lién tuc .
(I1—-eQ) "' =1+eQ+’Q° +..+"Q0" +...
Hon nita tir tinh duwong ctia O suy ra tinh duong cia (/—Q) .
T dong nhat [ —(14+¢)P=(1—P)(I—<Q) (3.3.8)
Suy ra toan tir (I —(1+¢c)P) c6 toan tir nguge lién tuc va véimdi n>1 co

n+l

> (1+e) Pl|=(I—(1+¢)P)"

i(l—l—e)jpj P=(1—€Q) ' (I-P)'P—(1+¢)"pP"**

Jj=0

Suy ra




=(1-c0)'Q—(1+c)" P
Qua d6 ta thay toan tor dwong P thoa diéu kién
(14+e)"' P (u)<(1—-eQ)"'Q(u), (ueK,, n>0) (3.3.9)
Hay (1+¢)'P""(u)<(1—c0)"'O(u), (uEK, n>1)
Gid st x tuy y trong X,,
Vi K, lanon chuan nén 3u, ve K, saocho x=u—v
Suyra —v<x<u vatuw (3.3.9)
Suyra  —~(1-c0)'O(v)<(1+e)' P (x)<(1-c0) 'O(u)
Nhu vy  (1+¢)"P""'(x) bichdntrongnén K, ma K, 1a nén chuan nén H(l+e)”P”“(x)H bi
chan véi Vxe X,
pr

Suyra (1+¢) P

‘ bi channén 3IM >0 saocho (1+¢)"

<
1

ntl
M ] = r(P)<1

(14+¢)"

1
ntl <

Suy ra HP”“

Nhin xét: Trong cdc diéu kién cua dinh Iy 3.3.1 nghiém x(z) cia phirong trinh (3.3.1) phu thudc
don diéu vao z. Néu z,<z, thi x(z)<x(z,).
3.3.2 Bay gio ta xét phuwong trinh
Tx = Gx (3.3.10)
o) day T, G la céc toan tur tac dong tur X, vao X, , T la toan tir tuyén tinh, G la toan tir phi tuyén
thoa diéu kién :
—B(x—y)<G(x)—G(y)<B(x—y) Vx,yeX,; x>y (3.3.11)
O day B 1a toan tir tuyén tinh. Tuong tu dinh 1y 3.3.1 ta chirng minh két qua sau.
Pinh 1y 3.3.2 Gia st
1. K, nén sinh, nén chuin
2. Cac toan tir T, G thoa cac diéu kién (3.3.11) thém nita céc toan tir T,
T-B c6 toan tir ngugc duong.
Khi d6 phuong trinh (3.3.10) ¢6 nghiém duy nhat.
Chiing minh
Phuong trinh (3.3.10) twong duong véi phuong trinh 7x—Gx =0
Dit F(x)=Tx—Gx, Do T, G thoa diéu kién (3.3.11) nén ta cd
—B(x—y)<T(x)-T(y)<B(x—y)
—B(x—y)<G(x)=G(y)<B(x—y)

Suy ra



T(x)=T(y)=B(x=y)<T(x)=T(y)=G(x)+G(y)<T(x)=T(y)+B(x—y)Hay
(T—=B)(x=y)<F(x)-F(y)<(T+B)(x—-y)
V6i B =T —B; B, =T+ B la cac toan tir tuyén tinh va T, T-B ¢6 toan tir ngugc duong nén F
thoa diéu kién cua dinh 1y 3.3.1
Vay phuong trinh  Tx— Gx =0 ¢6 nghiém duy nhat
3.3.3 Trong phin nay ta vin xét phwong trinh: Tx = Gx (3.3.10)

Néu toan tir T ¢6 toan tir nguoc thi phuong trinh (3.3.10) twong duong véi phuong trinh sau

trong X,:
y=GT 'y (3.3.12)
Bo dé 3.3.1
Gia su
1. 0<Gx<Bx+z,,z,€K, V6i B :X,— X, tuyén tinh duong
2. T, T—B, c6toan tu ngugc duong
Khi d6 phan tr u, =T(T—B,) '(z,) €K, vatoan tit GT~' bién (0,u,) vao chinh né
Chiing minh
Tir dong nhét thirc 7(T—B,) ' =T +B(T—B,)"
TacdO u,=T(T—B,)'(z,)=2,+B(T—B,)(z,)
Vi z,€K, = (T-B)"'(z)€EK,
= B(T—B,)'(z,)€K,
Vay u, €Kk,
Vwel0u,) = 0<T'y<T'u, (doT"' duong)
= 0<GT 'y<BT 'y+z,
ma BT 'y+z,<BT 'u,+z, (do B duong)
Suy ra 0<GT 'y<BT 'y+z,<BT 'uy+z,
Mat khéc BT 'uy+z,=BT (T(T—B,)" )z, +z,
=B(T—B,) "z,+z,=u,
Vay GT '(y)e(0.u,)
Pinh Iy 3.3.3

Gia st cac toan tu T, G thoa cac diéu ki¢n 1. va 2. ctia bo dé 3.3.1 va théa mot trong cac dicu kién

Sau :

i. K, lanén chuan va GT'({0,4,)) 1a tdp compact twong doi



ii. K, Ia non chinh quy
iii. K, 1a non chuan va X, 1a khong gian phan xa
Khi d6 phuong trinh Tx = Gx ¢6 nghiém trén <O,( T—B, )‘1zO>
Chiing minh
Vi G thoa diéu kién 1. cia bo dé 3.3.1 nén voi x, <x, taco
0<G(x,)<Bx, +z,
0<G(x,)<Bx,+z,
Suyra G(x,)—G(x,)>G(x,)—(Bx,+z,)>Bx,+z,—(Bx,+z,)
= G(x,)—G(x,)>0 (do B tuyén tinh dwongnén x, <x, = Bx, <Bx, )
= G(x,)>G(x)

Ma T tuyén tinh duong nén GT' ting va bién (0,u, ) thanh chinh né

i. Néu
e K 1anén chuén, tip GT'({0,u,)) 1a tdp compact twong doi
o GT':(0.uy)—(0,u,) 1atoan tir ting
Thi GT' ¢6 diém bat dong trén (0,u, ) tic Iy, €(0,u,) sao cho
GT ()=,
& Gx,=Tx, v6i x,=T'(y,)
Hay phuong trinh (3.3.10) c6 nghiém trén <O,T‘1(u0)> = <O,(T —B, )‘1(zo)>
ii. Néu
e K, la nén chinh quy
o GT':(0uy)—(0,u,) 1a toan tir ting
Thi GT™' ¢6 diém bét dong trén (0, u,, )
Hay phuong trinh (3.3.10) ¢6 nghiém trén <0,T‘1(u0)> = <0,(T —B, )‘1(zo)>
iii. Néu
e K, 1a ndn chuén, X, 12 khong gian phan xa
o GT':(0uy)—(0.u,) 1a toan tir ting
Thi GT™' ¢6 diém bét dong trén (0, u,, )

Hay phuong trinh (3.3.10) c6 nghiém trén (0,77'(u, )} =(0,(T - B,)"'(z,))



Chuong 4: PIEM BAT PONG CUA TOAN TU HON HQOP PON
PIEU

Trong chwong nay ta van xét X la khéng gian Banach thiee véi quan hé thir ti sinh béi nén K.
4.1 Toan tir hon hop don diéu va diém bat dong
e Giast DCK,toantlr 4:DxD— X dugc goi 13 hdn hop don diéu néu A(x,y) 1a
khong giam theo bién x va khong tiang theo bién y. Nghia 1a
Vu,,u,,v,v, €D ; u, <u, va v, <v, taco A(u,v,)<A(u,,v,)
e Pim (x,y )eD’ dugc goi 1a cip diém tya bit dong cua toan tr A néu
A(x Yy )=x va A(y . x )=y
e DPiém x €D dugc goila diém bit dong cua toan tir A néu A(x",x")=x"
e Toanthr F:DC X — X dugc goi 12 16i néu Vx,yeD ma x<y va VtE[O,l}
Taco F(tx+(1—t)y)<tF(x)+(1—t)F(y) (4.1.1)
F duogc goi la 1dm néu —F 13 10i
DPinh 1y 4.1.1
Gia st K 12 non chuan, 4: K xK — K 14 toan tir hdn hop don di¢u, hon nita:
i. Voiycddinh, 4(,y):K — K 1aldm

Véix cb dinh, A(x,.): K — K 1a16i
il. 3ve K sao chov>0 va 3 c>%th6a 0<A(v,0)<v (4.1.2)
va A(0,v)>cA(v,0)

xn = A(xnfl ’yn—l)

Khi d6 A c6 duy nhat diém bat dong x" € (0,v) va tir cac ddy ldp { :
yn = A(yn—l’xn—l)

n>1. (4.1.3)
Vi  cac  khoi  dau  (x,,2,)€(0,v)x(0,) tly

.
[ = =0

yn—x*H—>Okhin—>oo.

-] < (=5
Tbe d6 hoi tu 1a <7 (4.1.4)
yn—x*HgNz.[lzc] M

Chiing minh

a) Chimg minh sy ton tai diém bat dong:



bat u,=0,v,=v taco u,<v,.

un = A(un—l ’ vn—l )

Gia s ,
vn = A(vn—l ’un—l)

n=1,23, .. (4.1.5)

Vi A ting theo bién tht nhit va giam theo bién tha hai nén
O=u,<u, <u,<u, <..<u,<v, <y, <y ,<..<y<y,=v (4.1.6)
tir gia thiét ii) ciia dinh 1y ta thay :

u, >u, = A(u,,v,) ma A(u,,v,)=A(0,v)>cA(v,0) va cA(v,0)=cv, >cv, nén suy ra
u,>cv, (4.1.7)
bat 1 =sup{t>0:u,>mv,},n=123... suyra 1, <1 (vi u,<v,)

Khidé w,>tv, va u, >u,>tv,>tv, , (do(4.1.6)) (4.1.8)

n n+l

Tir (4.1.7) va (4.1.8) suyra

0<c<t<t,<..<t <..<l (4.1.9)
Nénténtai fi";t":t* va 0<r*<1
* Bay gio’ ta chirng minh *=1
That vay tu gia thiét i. ta c6 cac hé thuc sau:
Vx, <x,, » <y, ,t€[01]
A, + (1=t )x,,y) > tA(x,,y )+ (1—1)A(x,,y) (4.1.10)
(do A(,y):K —Klaldm)
A(x,19, +(1=1)y,) <tA(xX,y, )+ (1=t )A(x, y,) (4.1.11)
(do A(x,.):K — K 1a15i)
A(x,y)=A(x 'y +(1=1).0) < td(x,t 'y )+ (1-1)A(x,0), Yt €[0,1] (4.1.12)
Tuo (4.1.11) tasuyra
A(x,t1y)2%A(x,y)—(1—t)A(x,0) (4.1.13)
Tir (4.1.5) dén (4.1.12) va gia thiét A 13 toan tir hon hop don diéu ting ta co
u,, = A(u,,v,)=>A(tv,,v,) Vn=123,..
>t,4(v,v,)+(1-t,)A4(0,v,)
>1,4(v,.1,"u, ) +(1=1,)A(0,v)
(do A giam theo bién thir nhat va ting theo bién thir hai)
Suyra w,, >t[t A(v,u,)—t, (1=, )A(v,,0)|+(1—1,)A4(0,)

> AV, )~ (1=, )A(v,,0)+(1=1, )A(0,v)



Z vn-H +(1_tn)[u] - A(VO’MO)]
2V +(1_tn)[”1 _Vl]

Ma  A4(0,v)>cA(v,0) nén u, >cv, hay vlglu1
c

Suy ra Uy 2V, H(1=2,)

1

u ——u
c
1

U, , >V, +(1-t,) 1—2 u,

Mat khac  do %<c§1 = l>l

c
= l—lSO
c
1 1
= 1—— Ml2 1—- anrl (dO ulganrl )
c c
" 1
Nén U, , > 1+(1—tn)[l——] v, Vn=123..
c
1
Suy ra tn+121+(1—tn)[1——]
c

1—c

S1-1,, < (l—tn)[l—l] =(1-t,) Vn=123,. (4.1.14)
C

c

Nhu vay
1
1—1¢,., §(1—tn)[——1]
c
1
s fi
c

(l—fnl)S(l—fnz)[l—l]
C

(l—rz)g(l—tl)[l—l]
C

Nén suy ra l_tn+] S(l_tn)[l_l] S(l_tl)[l_l]
C C



Do u,>cvy = t, >c
= 1-<l-c

1 < o 0<e<t)
C

1 n+l
Suy ra Ogl—tmg[——l] :[
c

l—C n+l
]

Mat khac

Do l<c§1:>1§l<2
2 c

:>O§l—l<1
c

n+l
Nén lim [l — 1] =0 suyra limt =1 (4.1.15)

n—oo c n—oQo
T (4.1.6)va(4.1.15) ta co: Vp>0,peN
0§un+p_un Sanrp_Mn SVn_un SVn_tnvn
=0<u, ,—u, <(1-t,)v, <(1-t,)v

Do K 1a nén chuan, v6i N 1a hang so chuan ta cé

[ ] IV (4.1.16)

un+p 1

|| n

.[l‘c]" I (4.117)
C

Tir (4.1.16) va X 1a khong gian Banach nén ton tai lim u, =u

n—o0

Ta lai c6
0<v, , —u,, <(1—t,, v, <(1—t, Ww<(1—t, v
N E [ ] M (4.118)
Va v, =v | <V = |+, —u,
Nen =y, —v,| gs.N,[lzc]" M (4.1.19)

ma X 1a khong gian Banach nén ton tai  lim v, =V

n—oQ

Cho p — 0o, tir (4.1.15) va (4.1.19) ta duoc



0, —u gN.[l_c] I
C
b v §3N.[1_C] I
C
Vi u <u <v' <v  néntaco 0<v —u <v —u,

Ma wu,>tv, nén v —u, <(1—t )v, <(1—t )v
Dovidy 0<v —u <(1—t,)v

= Hv* —u*H S(l—tn)”v

, ma (1—t,)|v|— 0 khi n— oo
Dodé v =u
Léy X =u  thi x E<0,v>, x>0
Tu u, <x <v, = u,,=Au,v,)<A(x,v,)
=u,, < A(x*,x*)
=u, , <A(v,u,)=v,,
Lay gidihankhi khin—oo tacd u” < A(x,x )<V
= X <A(x ,x)<x
= A(x' ,x )=x

Nghiala x" 1a diém bit dong ciia A

b) Su duy nhit cta diém bat dong

Giastt x ladiém bat dong nao d6 cua A trén (0,v)

Khi do : u0=O§;§v=v0 suy ra A(;,;):;

Nén u, = A(uy,vy ) < A(x,x) = x < A(vy,u, ) = v,
u, = A(u,v,) < A(x,x)=x< A(v,u,)=v,

Theo phuong phap quy nap ta ching minh dugc

Z’ln = A(unfl’vn—l) S A(;’;) = ; S A(vnfl’unfl) = vn Vn Z 1
Cho n— oo taduge x §;§x* hay X =x

Vay A c6 diém bat dong duy nhat trén <O,v>

¢) Tbc do hoi tu



Véi Vx,, y, € <0,v> ta coO
u,=0<x,<v=y, va u,=0<y, <v=y,
Suyra wu, = A(u,,v,) < A(x),y,) =% < A(vy,u, )=,
u, =A(u, v, ) < A(x,y, ) =x, < A(v,u, ) =v,
Theo phuong phap quy nap ta ching minh duogc
u,=A(u, v, | )<A(x, vy, ,)=x,<A(v, ,u,  )=v, 6 Vn>1

Tuong ty taclingcd u, <y, <v,6 Vn>1

n’

Suyra 0<x,—u, <v —u, va 0<y —u, <v —u,

Suy ra Hxn - x*H < N||vn —u,

ng.{lzc] M v

n-vle

-l < v =)
c

Dinh ly 4.1.2 Gia su

K 13 nén chuan; ve K, v>0; 4.(0,v)x(0,v) —(0,v) 1a toan tr hdn hop don diéu ma
|
A(0,v)> Ev va
i. Véiycddinh, y €(0,v), A(,y):(0,v)— (0,v) 1a toan tir 16i
Véi x c6 dinh, x €(0,v), 4(x,.):(0,v) — (0,v) 1a toan tir I5m
ii. C6hingsbc thoa %< c<l va
A(v,0)<c.A(0,v)+(1—v)v (4.1.20)
Khi d6 A c6 duy nhét diém bat dong x" € <0,v>. Hon nira, vé1 x,,y, € <O,v> tuy y cac

day lap (xy,), (yn)

x =v—A(v—x_,,v—
{" (VXY ) oy (4.121)
yn:v_A(v_ynfl’v_'xnfl)
) V—Xx, — X
co su hoi tu , khin— oo (4.1.22)
V—y, —X

Chiing minh
a) Su ton tai diém bat dong

Bat B(x,y)=v—A(v—x,v—y) Vx,y6<0,v>

Do A 14 toan tir hdn hop don diéu nén toan tir B cling hdn hop don diéu.



Nguoc lai véi toan tir A, v6i y ¢6 dinh thudc (0,v), B(,y):(0,v)—(0,v) 1a1om va
v6i x ¢6 dinh thude (0,v), B(x,.): (0,v) — (0,v) 1a16i.

e Néu A4(0,v)=v

Vi 0<v = A4(0,v)< A(v,0) (do A la toan tir hon hop don diéu)

Ma A(v,0)<cA(0v)+(1—v)v=cv+(1—v)v=v

Nén  A(v,0)=A4(0,v)=v

Suy ra A(v,v):v(doA(O,v)gA(v,v)gA(v,O))

Vay trong trong hop ndy A c6 diém bat dong

e Néu %v<A(0,v)<v khi d6
0<B(v,0)<%v do B(v,0)=v—A(0,v); %V<A(0,v)<v

Theo ii. Co hang s ¢ thoa %<c§l va  A(v,0)<c.A(0,v)+(1—v)vy
nén
B(O,v):v—A(v,O)2v—c.A(O,v)—(l—v).vzc.(v—A(O,v))—(l—v).v
Suy ra B(0,v)>cB(v,0)
Vay theo dinh 1y 4.1.1 thi toan tr B c¢6 duy nhat diém bat dong ;€<0,v> suy

ra x =v—x la diém bt dong cla toan tir A.
b) Su duy nhat cua diém bat dong
Gia stir x_o € <0, v> 1a diém bat dong ctia A. Ta can chiing minh x_0 =x
Tacd A(x,%,)=x,

B(v—x,v—x,)=v—A(x,,%,) =v—x,

Suy ra v—x_o 1a diém bat dong ciia B ma do B c¢6 duy nhat diém béat dong x nén

V=X, =X Suyra x,=v—x

*

Vay x,=x
¢) Ching minh (4.1.22)
Véimoi x,,y, € <O,v> ta co

{xl =v—A(v—x,,v—y,)=B(x,.,)
yl :V_A(V_yoyv_'xo): B(yo’xo)



{xz :v—A(V—xl,V—yl):B(xl’yl)
y2 :v_A(v_yl)v_xl):B(yl’xl)

{xn =v—A(v—x,,,v=y,,)=B(x,,y,,)
yn :V_A(V_ynfllv_'xnfl): B(ynfl’xnfl)’

Theo dinh 1y 4.1.1 thi

n=1273..

xn—xH—>0 _
_ khi n—o00 ma x =v—x
yn—xH—>0

Nén ta co khi n— oo ha khi n— oo
w0 - r=sl-o
V—Xx —Xx
Vay ! . khin— oo
V=y, —X

Pinh 1y 4.1.3
Gia sir cac diéu kién i. va ii. ctia dinh 1y 4.1.1 dugc thoa man. khi d6 cac ton tai s6
N >1 sao cho X\yA(v,0)<v va VX\€[0,\,] phuong trinh u=N\A(u,u) c6 duy nhat
nghi€ém u('\).
Gia sit uy(N)=0, vy(\)=v va

1un(x):xA(unl(x),vnm>

, n=1,2,3,.. khi d6 ta udc lugng
vn(>\) - M(vnfl(x)’unfl(x))

u, () —u(z)| < N.[I_C] =0
< ¢ khi 1 — 00 (4.1.23)

v,(N)—v(N\)| < N[l_—c] 0

c

Chiing minh
Diéu kién i. va ii. ciia dinh 1y 4.1.1 d6 13 : Gia str K 12 noén chudn, 4:KxK — K 14 toan tir
hon hop don diéu, hon nita
i. Voiycddinh, 4(,y):K — K 1a1dm

Véix cddinh, A(x,.): K — K 1a1di
ii. v e K sao cho v>0 va Elc>% thoa 0<A4(v,0)<v (4.1.2)

va A(0,v)>cA(v,0)



* T gia thiét ii. cia dinh 1y suy ra sup{t>0.:¢4(v,0) < v} ludn ton tai
Dit N, =sup{t>0:t4(v,0)<v}, ciing tir gia thiét ii. Tasuyra X, >1
* Voi YN€E[0N]
Néu XN=0 tacd u(0)=0 langhiém ciia phuong trinh u = NA(u,u) va thoa cac
diéu kién con lai
Néu e (O,XO] taco 0<NA(v,0)<XN,A4A(v,0)<v va NA(0,v)>cXA(v,0)
Viy XA thoa cac diéu kién ciia dinh Iy 4.1.1 nén theo dinh 1y 4.1.1 thi X4 c6 duy nhét
diém bat dong u(X\)€(0,v) va u(X)>0
* Cac udc luong vé toc do hoi tu (4.1.23) dé dang suy ra tir dinh 1y 4.1.1
B6 dé 4.1.1
Gia st X 1a khong gian Banach duoc sip boi non duong K, Y 1a khong gian Banach
duoc sép boi non chuin duong K, va toan tr 4: D C X — Y la 1d0m hodc 16i. Véi x, €D,
khi d6 A lién tuc tai x, néu va chi néu A bj chin dia phuong tai x,. Nghia 1a ton tai s6 & > 0
sao cho A bi chén trong 14n can N (x, ) tai x,.
Chiing minh
a) Diéu kién can : A lién tuc tai x, nén Ve >0, 36 >0
r—x,[| <& = [|4(x)—4(x, )| <<
Néuldy Ny(x,)={xeD:|x—x]<8} thi |4(x)|<]A(x,)|+e, VxENy(x,)
b) Diéu kién du.
Gid sir A b chin dia phuong trén N(x,)=B(v,8) tcla IM >0:|A(x)|<M trén

B(v,5). Bang cach giam § , c6 thé coi B(v,5)C D, xét diy (x,), x, €D va

. 7 A A r . \ 6
limx, =x,. Tacothé viet x, =x,+1,y, voit, >0, limt, =0 va |y, §5

n—oQ n—o0

Chang han ldy y, = (5 =%) % ot = 2
X, —x0|| 2 0

X, = X

Véindilén ma ¢, <1 taviét x, = (1—¢, )x, +1,(x,+¥,) va ap dung tinh 16i cua A
ta co
A(x, ) <(1—t, )A(x,)+t,A(x,+,)
= A(x,)—A(x,) <t,[A(x,+y,)— A(x,)) (4.1.25)
Vitaclngcod x,=x,+1¢,(—y,)



= A@,) < (11, )A(x,)+1,4(x,~ y,)

= AG,)— A(x,) <1, [A(x,~ y,)— A(x, )] (4.1.26)
tr (4.1.25) va (4.1.26) taco
= 1, [A(x, ~ y, )~ A(x, )] < A(x,)— A(x,) <1, [A(x,+ y, )~ A(x, )]

(4.1.27)
Vi xn—x0||—>0 nén dn, sao cho VYn>n, tacod
0
xn—x0||§§
X, =, =X <X, — x|y ] <8 (4.1.28)
0
”xo +yn_x0||_ Y SE

Tu (4.1.28) suyra x,, x, —y,, X, +, € B(x,,0)
|Acx, =, )= A(x, )| <|A(x, =y, )| +[Acx,)
|4(x,)— A(xy+ v, )| < | ACx, )|+ | A%+ ,)

Suy ra  —t,[A(x,—y,)— A(x,)) va  t[A(x,+y,)—A(x,)] hoi tu vé 0

<2M
e va limt =0
S 2M n—00

khi n— o0
Do K, la nén chuan  nén |4(x,)—A(x, )| — 0 khi n— oo
hay A(x,)— A(x,) khi n— oo

Vay A liéntuc tai x,

Dinh ly 4.1.4
Gia str K 1a nén chuan trong X ; 4 : K x K — K 14 toan tir hdn hop don diéu, cac gia
thiét i. va ii. trong dinh 1y 4.1.1 dugc théa va A(v,0)>0
Khi d6 phuong trinh N(u,u)=u, X €[0,X,] (4.1.29)
c6 dang mot nghiém u('\ ) thoa :

iou():[0,%,] = (0,v) lién tuc

u(x,) Z%CM(XI)
ii. YA\, €]0%,] taco xl (4.1.30)
u(n\ ) >—cu(\,)
>\2

O day No :sup{t> 0: tA(v,O)<v}

Chiing minh



Do diéu kién i. va ii. cua dinh ly 4.1.1 dugc théa nén theo dinh ly 4.1.3 thi ton tai
Xy >1 saocho X\ 4(v,0) <v va phuong trinh « = X\A(u,u) c6 duy nhit nghiém wu('\)
1) Tachung minh sy tdn tai nghiém
VXG[O)\O}, dat uUy(N)=0, vi(X)=v va
u,(N) =M (1, (N, (N))
VO =M, (N, (V)
Todinhly4.1.3 tacd u,(N) —u(X\), v.(X)—v(\) la déu theo X\ € [O,XO]

n=1.23,. 4.1.31)

* Ta chimg minh u,, v, lién tyc trén [0,X,] v6i Vi >1

0
Véi Vx,,y, € Kﬂ<0,v> va Vx,,y, €<0,v> sao cho x, — x,,y, — ¥,

Taco

”A(xo’yo)_ A(x,.y,)

+ ||A(x0’yn)_ A(‘xn’yn)
(4.1.32)
Theo b6 dé 4.1.1 : Néu ¢6 dinh y thi A(,y) bi chdn trén (0,v) nén A(,y) lién tuc tai

< “A(xo’yo) —A(xy,y,)

X, € <0,v> va tuong ty néu cb dinh x thi A(x,. ) lién tyc tai y, € <0,v>
Vay theo (4.1.32) suy ra A(.,.) lién tuc tai (x,,y,)
0
Suyra A(.,.) lién tyc trén KN (0,v)

1 (N) = My (M) (N)) = M(0,v)
WO =M (5O atty () = MA(,0)

* YXNE[0N,] tacod
D¢ dang ta chimg minh duoc u,, v, lién tyc trén [0,X,]
* Giasu u, |, v, liéntuctai X €[0,\]

u,(N)=NM(u,,(X).v,,(N))
Vi A(.) lién tue trén KN (0,v) nén

lim A, ,(N),v,,(N) = A, (N )y, ,(N )

= xlinz/un(k):xling)xAl(unfl(k),vnfl()\))

=NA(u, (N )y, ,(N))=u,(\)

Suy ra u, lién tuc tai X\ suy ra u, lién tyc trén [O,XO]
Vay theo phuong phap chimg minh quy nap ta cd u, lién tyc trén [0,\,] Vn=1,23..

Tuong tu ta cling chimg minh duge v, lién tyc trén [0,X,] Vn=1,2,3...



Kétluan : u,(N\)—u(X\), v,(\)—v(\) 1a déu theo X €[0,%\,] va u,, v, lién tuc trén

[0.%,], Vn=1,2,3... nén suyra u(.), v(,) lién tuc trén [0,X,].

2) Chung minh (4.1.30)
Vi VXA N\, G[O,XO] = u(\ ), u(>\2)€<0,v> nén
u(n )= >\1A(u(>\1),u(>\1)) >NA4(0,v)
> N\,cA(v,0)

> %c)\z A(v,0)

2

>

Suyra u(\,) >=LeX, Au(n, Ju(N,)) ( dou(X\, )u(x,)€{0,v))

X

= un )z heuln,)

2

Tuong ty ta chimg minh duoc u('\,)> %c.u(xl)
1

H¢ qua 4.1.1

Gia s K 1a non chuin trong X ; A: K xK — K 1a toan tir hon hop don diéu, thoa cac diéu
kién sau:

i. Voiycddinh, 4(,y): K — K 1a1dm

Véix cddinh, A(x,.): K — K 1a1di
1. de, Ju,ve K sao cho %< c<l, A(<u,v>><<u,v>) C <uv> va

A(u,v)>cA(v,u)+(1—c)u (4.1.33)
Khi d6 A c6 ding mot diém bat dong x € (u,v)
Chiing minh
bat B(x,y)=A(x+u,y+u)—u Vx,yek (4.1.34)
Khi d6 ta c6 B({0,v—u)x(0,v—u))C(0,v—u) va B latoan tir hdn hop don di¢u thoa diéu
kién i. cia dinh 1y 4.1.1

Hon nita {B(v—u,O) =A(vu)—u (4.1.35)
B(Ov—u)=A(u,v)—u

Tir céc hé thire (4.1.33), (4.1.34) va (4.1.35) ta co



B(v—u,0)<v—u
B(O,v—u):A(u,v)—uZc.[A(v,u)—u] >cB(v—u,0)
* Néu B(v—u,0)=0thi A(vu)=u ( do(4.1.35))
Vx,y€<u,v> ta cO A(x,y)>u
Mat khac A(x,y)< A(v,u)=u
Suyra A(x,y)=u, Vx,y€<u,v>
Suyra A(u,u)=u nén ula diém bat dong duy nhat ciia A
* Néu B(v—u,0)>0 thitoan tir B thoa gia thiét ii. trong dinh 1y 4.1.1 nén B c6 duy nhét
diém bét dong x* € (0,v—u) nghia la
A(xX +ux +u)—u=x e A(x +ux +u)=x"+u
Hay A(xx)=x véi x=x"+u

Vay x 1a diém bét dong duy nhét cia ciia A [

H¢ qué 4.1.2

Gia st K 1a nén chuan trong X , 4. (u,v)x(u,v) — (u,v) 1a toén tir hdn hop don diéu va

thoa cac diéu kién sau :
i. V6iycddinh, A(.y):(u,v)— (u,v) 1a1om

Vé6ix cd dinh, A(x,.): (u,v) — (u,v) 1a16i
ii. Ton tai s ¢ sao cho %<c§l, A(viu) <cA(u,v)+(1—c)v

va A(u,v)zé(u—l—v)
Khi d6 A c6 dung mot diém bat dong x € (u,v)
Chirng minh
Tuong tu nhu chiing minh hé qua 4.1.1 ta xét todn tor B: <O,v—u>><<0,v—u> — <O,v—u>
duoc xac dinh nhu sau B(x,y)=A(x+u,y+u)—u Vx,y E(O,v—u}

Nhu vay ta thiy B thoa cac diéu kién i. va ii. ciia dinh 1y 4.1.2 nén theo dinh 1y 4.1.2 thi B ¢6
duy nhét diém bat dong x* € (0,v —u) . Nghia la x* = B(x* x*¥)
Hay A(x*4u,x*4u)—u=x*
S A(x*4u,x*+u)=x*+u



& A(;,;):; VO x=x*4u

Vay x 12 diém bat dong duy nhét cuia ctia A

4.2 Piém tya bat dong ciia toan tir hdn hop don diéu
* Cac khai niém :
X 1a khong gian Banach duoc sap béi non K
bit D=(u,v,) va =D, =..=D,=DCX
Dinh nghia 4.2.1
a. Toan tt A:D,xD,x..xD, — X dugc goi la hdn hop don diéu néu A tang doi
v6i mdi mot trong m bién dau tién va giam déi véi mdi mot trong cac bién con lai.
b. Gia sat 4:D,xD,x..xD, — X 1a hdn hop don diéu. diém (x,y)e Dx D dugc
goi la cap diém tua bat dong cua A néu x = A(S,,8,,....8, ) va y=A(s',s",,...s",)

0 day s, =x, s, =y néu A ting theo bién thriva s, =y, s, = x néu A giam ¢

bién thr i
Nhan xét :
1) Néu A 14 toan tir hdn hop don diéu, ting véi m bién dau va giam voi  k-m bién con
lai thi ta c6 thé xét toan tir A':D'CX'— X' xac dinh nhu sau

A'(x,y)=A(X,X,.c0, X, ¥, Vs...,y) , trong A6 D'=DxD va X'=XxX.Khi dd A’ tang
m bién k—m bién

theo bién thir nhat va giam theo bién thir hai.

i1) Trong khong gian Banach X', taxétnon K'= K x(—K ) vaki hi¢u "a" 1a quan h¢

x<x'
thir ty trong X' sinh béi non K' nhusau: (x,y)a(x'y') & { ,_< vl < 1a quan hé tht ty
Yy

sinh boi nén K . Dé dang kiém tra duoc rang néu K c6 tinh chat non chuan hay nén chinh
quy hay nén Minihedral thi K’ ciing c6 tinh chét twong tu
Xétanh xa B: D' — X' xéc dinh boi
B(x,y)=(A'(x,y),A(y.x)) (4.2.2)
B6dé4.2.1.
Gia sit 4: D" — X 14 toan tir hon hop don diéuva B: D' — X duoc xac dinh bdi (4.2.2) khi do:
1. (x,y) 1a cap diém tua bt dong cua A néu va chi néu né 13 diém tira bat dongcua B.

2. B 1a anh xa don diéu ting d6i voi quan hé “a.”.



3. Néu uy < A(uy,...uy,Vy..sVy )y A(Vy,- Vo, Uy-stly ) <V,
Thi v/, o B(u'y),B(u'y,)au', trongdd u, = (uy,v,), u, = (v u,).
Chiing minh:
1. Gia sir A ting voi m bién dau va giam v6i k-m con lai (x,y) 1a cip diém tua bat dong ctia A khi
X=A(X,%,...%,,...,}V)
y=A(V, Y., ,X,X,...,X )
A(x,y)=x  hay B(xy)=(xy)
A(y.x)=y

Vay (x,y) 1a diém tira bat dong cua B

va chi khi {

Tuong duong voi [

2. B 1a anh xa don diéu tang ddi véi quan hé “«o
Thay vay (x,,),).(x,,»,) €D taco
N<x,  |A(x. )< A(x,,,)
<x(xl’y1>u(x2’y2> - {y2 S Y - {A’(yz’xz) S A,(yl’xl)
= B(y,x )o B(y,x,)
3.Do

—|A uy < Aty Uy, U, Voo Vg ) = A(MO’VO)

VoVseees Yo Xens X

m k—m

Vo = A(Vyyeos Vg thy,esthy, ) = A (vy, 1)
Nén (u,,v,) o A(uy,vy ), A (vyuy) =u, o B(u,v,)=B(u,)
Tuong tu ta chimg minh dugec B(v,) o (v,) .
4.2.2. Truong hop toan tir lién tuc.
Dinh 1y 4.2.1
Giaswt D, =D Vi= Lk, A: D, xD, x...xD, — X 1a toan tir hdn hgp don diéu co tinh chit:

u, <A(x,x,,..X,,X, ., X

m+22°" 'xk)

VOZA(xl’x2""xm’xm+l’ M2 k)

m+1’

4.2.1)

O day x, =uy, X, =v, vd x,=v,,x ,=u, v6i 1 <i<m, m+1<j<k . Gia st mdt trong cac dicu
kién sau dugc théa man:
(H1) K a nén chuan va A hoan toan lién tuc

(H2) K 1a non chinh quy va A 13 tya lién tuc yéu, tac 1a néu x, —xy —y thi

A(xn,...,xn,yn,yn,...,yn)y—é'“>A(x,...,x,y,y,...,y) khi d6 A c6 cip diém twa bat dong



*

(u',v') nghiala A(u',...u" v ,..v )=u va AV ,..v v.,u

cap diém tua bat dong bat ky (x,y) ctia A ta co

% * * * ;.

u <x<v, u <y<v (! u,=A(u, \,...u, ,v, ...V, )
vV, =A(V, |V eV Uy U, U, ) YR >1

Vau, <u <..<u <y <.y <y, (4.2.2)

Taco u = ,fi@”w V*:nlin:o v,
Chirng minh: Xét anh xa A4":
A :DxD — D xéc dinh boi A'(x,y) =A(x,...x,y,...,7)
Dt u, = A'(u,,v,), v,=A(vyu,)
TUr gid thiét A hdn hop diéu, u, <v, nén u, <u, <v, <v,
Taxac dinh : u,,, = A(u,,v,)
v =A(v,u,
Tur gia thiét u,_ <u, <v_<v_, vid A hdn hop don didunén u, <u, 0 <,
dodotaco  (4.2.4)
* Ta s& chimg minh: u, —u",v, —v € X trong 2 trudng hop:

a) Néuco (H))

* * ~ * * \ ;.
,...,t )=v ,honnlta u <v va vdi

ViK la nén chuan nén day {x,} bi chdn ma A hoan toan lién tyc nén tap {u,,u,,u;,...u,,...} 1a

tap compact twong ddi .

Do d6 ton tai diy {unk }k {u, }n sao cho u, — u ,u € X khi khi k — oo
Suyra u, —u" khi n— oo (do K 1a nén chuan va diy {x,} don diéu )
Suyra u, < u', Vn>1

Chung minh tuwong ty ta c6 dugc v, — v ,v' € X khi n — oo

Vaytaco u, <u" <y <v,6Vn>1

b) Néu co (H,)

Tir gia thiét (4.2.4) va K 1a nén chinh quy nén suy ra u, —u, v, —vkhi n— +00

Vi A tua lién tuc nén :

u,, =Aw,v)—=—A (u,v') khi n — oo

Vo= A'(vn,un)&A'(v*,u*) khi n — oo



. u=Auv)

Cho n — oo, ap dung (4.2.5) ta duoc { | L.
v =A(v.,u)

Nhu vay (u",v") 1a cap diém tua bat dong cia 4 vardrang u’ <v'

®

- — . . . . u < ;
* Bay gio ta gia s (x,y) la mot cap diém tua bat dong bat ki cua A4 ta chimg minh { . =
u <y
= A(x,
That vay { ( y)
y=A(yx)

fuy<x<vy Ay ) <A (xy) < A(vyu,) u <x<v
vi _ =1 S , hay —
u, <y <, A(”o’vo)SA(yrx)SA(Vo:uo)

. i u, <x<v,
Bang phuong phép ching minh quy nap ta dugc: _
U, <y=v,
) u <x<v'
Chon—oo tacd y  — _7 |
u <y<sv

Dinh Iy 4.2.2

Gia str cac diéu kién cua dinh 1y 4.2.1 duogc thoa man, hon nira Ja: 0 < <1 sao cho

A x,x,...x,m -1A <a. H

Vs Ysees ¥ X
-

m bién k m bién

m bién k-m bién

Khi d6 A ¢6 duy nhét diém bat dong x € D
Chiing minh:

Ta cling gia st A4 (x,y): Alx,x,..x,V,...,¥

m k—m

Do toan tir A hdn hop don diéunén A’ ciing 1a toan tir hon hop don dicu
Tur (4.2.6) taco

Voo M”<HA V,u ) A (un,v ) <o
Lap lai 1ap luan trén ta co
vn+ n+1” < OL ||v1 ul ||

Cho n — oo, ta duoc |[v

il n+1||—>0 (do 0<a<l)
Tur két luan ctiadinh Iy 4.2.1tacd x=u" =V

Vay x 1a diém bét dong duy nhét cia A
Nhan xét:

IA
<

IA
<



R6 rang voi k = 1 thi diéu kién (4.2.6) la diéu kién Lipschits truyén thong da biét cho dnh xa
co.
4.2.3 Trudong hop toan tir khong lién tuc

DPinh ly 4.2.3

Gia str u,,v, € X, K 1a non Minihedral manh . Todntir A4 : <u0,v0 >k — X 1a toan t&r hon hop

Uy AUy Uyl VsV,
m bién k—m bién

don di€u sao cho thdéa

v, > A Vs VooreVy sy sees Uy

m bién k—m bién
. r ’ - < R A A * * 7 * * ~ 1w A A A
Khi d6 A c6 cap diém tya bat dong (u vV ) voi u <v . Hon niia v6i cdp diém tua bat dong

* £

v

IA

u

IAIA
< | =
IN

bat ki ()_c;) cua toan tr A ta ludén co -

u \%

Chting minh
Véi D =DxD, X =XxX,trong X xétnoén K =Kx(—-K).
Xéttoantr B:D — X sao cho B(x,y)z(A'(x,y),A'(y,x))

Uy <A\, Uy s Uy 5V seens Y
[ SR/ S N S ——

Vi mbidn ke bien nén theo bo dé 4.2.1 thi (vy,u,) o B(u,,v,) ma

Vo = A Vs VyseeVy s tysees Ul

m bighn k—m bién

B(uo,vo) = (A'(uo,vo),A,(vo,uo)) nén ta co Yo = A’(uo,vo)
u, > A(vy,u,)

e Ta chitng minh B 1a toan tir don diéu tir D' vao X

Tacoé B(D )C X vatheobd dé4.2.1 thi B laanh xa don diéu

e Chimg minh B c6 diém bat dong

Do K 1a nén Minihdral manh nén K’ ciing l1a non Minihdral manh .

Ap dung dinh 1y 2.3.1 déi v6i toan tir B ta suy ra B c6 diém bét dong u = (u",v")
Vay theo bd d& 4.2.1 thi A ciing c6 diém tua bat dong la (u*,v*>

e Chirng minh u” <v'



*

u

*

u

*

=

<
IN A
< <

Gia su <uv) 1a cap diém tya bat dong bat ki cia 4’ , Ta ching minh 1

IA N

Chuy :
Cap diém tuwa bat dong (u*,v*> trong dinh ly 4.2.2 co thé dwgc xdc dinh ré hon . Chéng han ta dat
D= {(x,...,x,y,...,y) € <u0,v0>k CA(X, XY, V) X & A, 0,X, 00X ) < y}

Tir gid thiét (4.2.1) ta suy ra D = &

Gia su D, :{x.'(x ..... X, Vs y)eD}

D, ={y:(y...y.x,...x) €D}

Vay v =supD, , u = infD,
Dinh ly 4.2.4

Gid st u,,v, € X, uy <v, vad A:(uy,v,) — X 1a toan tir hdn hop don diéu théa (4.2.1)
trong dinh 1y (4.2.1) va A((uo,v())k) 1a tap compact tuong ddi trong X.

Khi dé A co cap diém tyua bat dong.
Chirng minh:

Dt D' = (uy,vy) X (uy,v,) . X = XXX va

B:D'— X
u — B(u )=B(u,v)=(A(uv) A(vu))

Do A thoa diéu kién (4.2.1) trong dinh 1y 4.2.1 va A 1a toan tir hdn hop don diéu nén suy ra
B la toan tr tang . Mat khac do A(<u0,v0>k) 1a tap compact twong ddi trong X nén suy ra B(D)
compact twong ddi trong X va K 1a nén chudn nén theo hé qua 2.1.1 thi B c6 diém bat dong
(uv) trén D nén suy ra A c6 cip diém tua bat dong <uv>
Dinh ly 4.2.5

Gid st u,,v, € X, uy <v, va A:(u,,v,) — X 1a toan tir hdn hop don diéu théa (4.2.1)
trong dinh 1y (4.2.1) va K la n6n chinh quy.

Khi dé A co cap diém tua bat dong (u*,v*> véi u” <v'. Hon nita néu (;;) 1a diém tua bat
dongnao décua Athi u’ <x,y<v'
Chimng minh

Két qua suy duoc khi sir dung bd d&4.2.1, hé qua 2.2.1 va toan tu B dugc xéac dinh trong bd
dé 4.2.1



Chwong 5: UNG DUNG

5.1 Bai toan tim nghiém tuin hoan chu ki 2w ciia phwong trinh
x'+a(t).x=f(t,x(t),x(t—h)) (5.1.1)
Ta tim nghiém cta phuong trinh (5.1.1) 1a tim ham x = x(t) ¢6 chu ki 27 lién tuc tuyét
dbi va thoa (5.1.1) hau khip noi.
Gia su
2m

e a(t) lién tuc, ¢6 chu ki 2, f a(t)dt >0

0
e f(tx,y) bi chin trén R*, lién tuc theo t, c6 chu ki 2n theo t va ting theo x, y.
Ta chiing minh rang véi cac gia thiét trén thi phwong trinh (5.1.1) ¢6 it nhat mot nghiém

tuan hoan voi chu ki 2w.

Ching minh
ta(t)x=g(t
Cong thtrc nghiém cua phuong trinh {x Ta(t)x=g(1) ,teR 1a
x(t,) = x,
—fa(s)a’s t ]a(s)ds
X(t)=e " .xo—i—fe‘“ g(u)du (5.1.2)

fy

Xét t, = 0 va ta mudn tim nghiém thoéa x(0) = x(2x)

2n u

7fa(s)ds 2T fa(s)ds
Taco x,=x(2w)=e °* Jx,+ | e’ g(u)du

0

2T

fa(s)ds 2T ]‘a(s)ds
& x,.e’ —x,=|e° g(u)du
0

27 -1

fa(s)ds 2m ]‘a(s)ds
& x,=|e’ -1} .fe° g(u)du
0

Khi d6 (5.1.2) tré thanh



t 27 -1 u 0

—fa(s)ds fa(s)a’s 27 fa(s)ds a(s)ds fa(s)ds
x(t)=e °® le® -1 .feO g(u)du —i—feO e’ g(u)du
0

27 -1

fa(s)ds 27 ]a(s)dv a(v)dv
=le® —1 .fe’ g(u)du + f .g(u)du

0

Xét anh  xa §:C,[0;2r] — C,[0,27] duoc Xac dinh  boi
Sx(1) — x(t—h) né:u h<t<2x
x(t+2n—h) néu 0<t<h

Tacd x =x(t) c6 chu ki 27 va thda (5.1.1) tuwong duong véi x = x(t) c6 chu ki 27w va
X +a(t)x= f(t,x(1),Sx(t)) ,t€[0;,2n] hay
x(0)=x(2m)
{x’ +a(t)x= f(t,x(t),Sx(t)) ,t€[0;2x]
Xétanhxa F:C,[0;2n] — C,[/0,;27] dugc xac dinh bo1

27 -1

fa(s)a’s 2% jfa(s)ds t , a(s)a’s
Fx(t)=|e® -1 .fe‘ f(ux(u)Sx(u) du —|—fe’ ux(u)Sx(u))
0
Néu x 14 diém bat dong cta F thita cé x(0)=x(2w),x (0)=x(2w) nén tir x ta c6 thé
xay dung nghiém chu ki 2w cua (5.1.1)
e Bay gio' ta chirng minh F c¢6 diém bit dong
i. Ta c6 F 1a anh xa ting ( do f1a 4nh xa ting theo bién x,y)

Do f bichintrén R’ nén téntaim>05ao cho |f(t,x,y)|§m , Vi, x,y

27 -1

a(s)ds 2% ]a(s)ds t ]a(s)ds
= |Fx(t)|§m e’ —1 .feO du-l—fe’ du
0 0

2m
Ma do a(t) 1a ham lién tuc , c6 chu ki 27 va fa(t)dt >0 nén c6 s6 b di 16n sao
0

cho

|Fx(1)|<b, Vt€[0,2x],Vx € C,[0;2r]
= — b<Fx(1)<b,Vx€C,[0,2n]



Chon x, € C,/0,;27] sao cho x,(t)=b Vt€[0,2x] suy ra x/(t)=>b va thoa
{—xl < Fx,
Fx, <x
Vay F(<—x1,xl>> C <—x1,xl>
ii. Ta chimg minh F({—x,x)) 1a tap compact twong déi

V61 xe€C,[0;2w] cho trudce, taco

Fx(t)=c. f h(t,u )du + f k(t,u )du

2m

= (Fx)'(t):c.f%(t,u)du—kf%(t,u)du +k(tu)

0

Nén 3M >0 saocho |(Fx)(t)|<M ,¥t€[0,2n] (dofbichantrén R®)
= |(Fx)(t)| <M ,Vt€[0,2x] Vx € C,[0;27]
Hay dM >0 sao cho ‘(Fx)'(t)‘SM, ‘v’x€<—xl,xl>,Vt€[0,2ﬂ]

Nén theo dinh ly Ascoli-Azelataco F (<—xl,x1 >) 1a tp compact tuong ddi
1ii. Mat khac non cac ham khong am trong C,/0,;2w/ la nén chuan
Vay theo hé qua 2.1.1 thi F ¢6 diém bat dong x trong <—xl,xl>
5.2 Xét phwong trinh
—x =N(t,x) (5.2.1)
voi x(0)=x(1)=0
O day X la tham s6 f(t,x) xac dinh va lién tuc trén doan [0,1] X [O,oo) ,
x=x(1)>0 va f(1,0)=0. R4 rang ta thdy x,(t)=0 la nghiém tam thuong ciia phuong
trinh (5.2.1) voi batki X . Bay gio ta gia thiét :
1. f(tx) la ham tang theo bién x. Nghia la 0<¢t<1l, 0<x<x, ta co
ftx )< f(tx,)
. f(t,x)>0 Vte(0,1), x>0
f(t.x)

iii. == hoitudéudén0véi r€[0,1] khi x — +oo
X

Khi d6 Vi bat ki M > 0 thi ton tai sd R > 0 sao cho khi X\ >R c¢6 it nhat mot nghiém

khong tam thuong x, ()€ C*[0,1] théa man x,(¢) > Mt(1—t) Yt €0,1]



Chirng minh

Ta c6 bai toan (5.2.1) twong duong véi viée tim nghiém thudc C[0,1] ctia phuong trinh

sau x(1)=X\ f G(t,s).f(s,x(s))ds

O day ham G(ts) 1a ham Green cia toan tir vi phdn x" v6i diéu kién bién
t(l1—s),t<s

x(0)=x(1)=0 va dugc xac dinh bdi G(t,s)=
s(1—t),t>s

Taxéttoan tr A:P— E duoc xac dinh boi
1
Ax(t) = f G(t,5)f(s,x(s))ds
0

bat E=C[0;,1] va P={xeC[0;,1]/x(t)>0 Vt€[0;1]}
* RO rang P 1a nén chudn ciia cua E
* Ta thdy A 1a ham tang do gia thiét i.

bat w(t):Auo(t):fs(l—t)f(s,uo(s))ds—|—ft(l—s)f(s,u0(s))ds

V6i uy(t)=Mt(1—1),M>0

Ta tinh duoc
w(t)= [(=s)f(su(s)ds+ [(1=s)f(s.uy(s)ds , ¥t € [0;1]

Do d6 w'(t)=—f (£.u,(1)) <O V1 €(0,1) (5.2.2)
Tir (5.2.2) va u,(0)=u,(1)=0, ton tai s6 o i nhé théa méan
W(t)>owy(t) Vte[0,1]
Hay Au,(1)=W(t)>pu,(t) Vte[0,1]
Tadit R=o ' . Khido véibatki X\ >R tacod
Nuy (1) > uy(t) Vt€[0,1] (5.2.3)

Tir gia thiét (iii) ta chon sb ¢ sao cho ¢ > M va

Mgﬁ,we[o,l]
c N

bat vy(t)=c thi uy(1)<v,(t) Vte[0,]] va

My, () =X f G(t,s)f(s,c)ds <8¢ f G(t,s )ds



= My, (t) <dct(1—t)<c=v,(t) Vt[0,]] (5.2.4)
Tir (5.2.3) va (5.2.4) tasuyra N({u,,v,)) C ()
* By gi¢ ta chimg minh N ((u,,v,)) 14 tip compact twong dbi
Ham f(¢,x) lién tuc trén [0,1]x[0,¢] nén bi chan .

Dodo Jk>0: |f(t,x)<kVte[0,1] Vx€[0,c]

Ta co (Ax(t))'zf(—s)f(s,x(s))ds+f(1—s)f(s,x(s))ds

t 1
Suy ra |(Ax(t))| < [kds+ [ kds =k vt €[0,1],x € (uy.v,)
0 t

Tir day ta thay tap >\A(<u0,vo>> lién tuc dong bac. Ap dung dinh 1y Arzela-Ascoli ta thiy
tap >\A(<uo,vo >) 1a tap compic twong ddi
Vay 4p dung hé quéa 2.1.1 d6i véi todn tir XA thi c6 it nhat mot diém bat dong x, € (uy,v, )
hay  uy(1)<x(1)<vy(t),Vt€[0,]] va x(t) 1a nghiém cua bai toan (5.2.1) thoa

X, (1)>Mt(1—t) Vte[0,]]



KET LUAN

Luan vin da cb gang trinh bay mot cach hé thong, voi cac chimg minh dy du va chi tiét cac
két qua vé diém bat dong mot sb 16p anh xa ting co ban nhu anh xa compéc don diéu, compéc
don diéu t&i han, T-don diéu, hon hop don diéu. Luén vin con co thé phat trién theo hudng
nghién clru cac anh xa da tri va cac ing dung cta anh xa tang.

Qua qua trinh 1am ludn vin t6i da biét 4p dung cac phuong phap nghién ctru va cac két qua
da hoc trong cac hoc phan Giai tich ham, giai tich phi tuyén, phuong trinh vi phan ...dé hoc tap

va nghién ctru c4c van dé moi.
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