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MO PAU
1. Li do chpn dé tai

Sb hoc 1a mbt phan nhanh toarnob l1audoi nhat va trng 1a & cap
nhat, dugc hau hét moi ngudi sir dung & cac nirc d6 khac nhau, it
nhitng cdng véc thuong nhit, kinh doanh, chatén céc tinh toan
khoa hyc. S hoc ding la inh wrc tn tai nhidu nhit nhitng bai toan,
nhitng gi thiét chua c6 cau # 1oi; trén conduong tim kém 1oi giai
cho nhing gi thuyét d8, nhiu tr tuong lon, nhéu ly thuyét lon caa
toan hyc da ray sinh. Cac bai toarbshoc nang cao tivng xuyén co
mat trong cAcdé thi vé dich toan trong va ngoairic. Vi thé, trang
bi nhitng kién thirc co ban aing nhr nang cao & s hoc cho ke sinh
ngayd bac phb théng la cong vic hét sic can thiét.

Khi giai cac bai toan & hoc ching ta &n dung rt nhiéu kién
thirc. C6 té ké ra nhing kién thic co ban nhr: ly thuyét chia Ft,
wéc chung én nhit, i chung nié nhat, cac § nguyén &, ly thuyét
ddng dr... Van dung cac kén thic co ban nay nhr thé ndodé giai
hiéu qua mot bai toan é hoc da ludn la not van dé mada $ hoc sinh
lGng tang.

Mot trong nhiing kién thic nang cao made sinh én hiéu biét
thau ddo dé co thé ap ding gii nhitng bai toan & hoc 1a & cac ham
sb hoc. Pay 1a ndt mang kién thic hay, nleng kha khaddi véi nhidu
hoc sinh.

Xuit phét fr nhiing van dé néu trén toi qust dinh crpn & tai:
“CAc ham 8 hoc: ly thuyét vaing dung” véi hy vong € tim hiéu
sau @ ly thuyét vaang ding aia cac hamd&hoc dé gop phan lam
phong pha thém cacékqua trong nh wrc nay.

2. Muc dich va nhiém vu nghién aru

Trong chrong 1 @a luan van, chang toi trinh bay cdong bt sb

kién thic co lién quan & ly thuyét chia Ft, dong dr. Noi dung @a
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chuong nay la niing Kt qua ss thuong xuyénduoc S dung trong
cac clrong sau.

Chuong 2 danh cho Iy thiy tbng quan ¢ cac ham & hoc va gbi
thiéu khaday da cac ham & hoc thuong dung.

Trong chrong 3, chdng tdi trinh bay cacydng phap va k thuat
ap ding cac ham&hoc dé giai cac bai toan; tun chon va xay ang
mot hé théng cac bai toan (theotra do khd & khac nhau) phudp
véi ting phrong phéap. Chang togstau tu dé:

- Tuyén chon mot hé théng cac baidp 5 hoc co lién quanién
cac ham & hoc vaday ding la ntiing bai toan gp ¢ cac ki thi, c6 th
giang chy duoc cho ke sinh gbi ¢ cac ép do khac nhau.

- Phan lai cac bai toan theo cacwbng phap dgii khac nhau.
3.Poi twgng va pham vi nghién airu

3.1 Béi tugng nghién Gu: Cac ham & hoc (ly thuyét va ing
dung).
3.2 Plam vi nghién @u: Ly thuyét vaung ding cac hamdé&hoc dé
giai cac bai toan&hoc.
4. Phwong phap nghién aéu
Nghién du tai liéu, phan tich, gi thich,danh gia, éng hop.
5. Y nghia khoa hpc va thwc tién cia dé tai

Xay deng mbt gido trinh ¢o tinh ithdng Wi thoi luong thu @n,
co thé giang dy dugc cho céac bc sinh chuyén toanab trung hc
phd théng.

Xay dung duoc mot hé théng cac bai toandi cac mic d6 kho &
kh&c nhau.

6. Cau tric luan van
Luan van duoc chia thanh ba aong:
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Chwong 1. NHUNG KI EN THUC LIEN QUAN

Chuong nay trinh bay an tit cac kén thic co ban c6 lién quan
dén cac ham&hoc nhr ly thuyét chia Fét, Iy thuyét dong dr ..., lam
co si dé xay drng lén ly thugt cia cac hamd&hoc vadong thyi 4p
dung trong véc giai cac bai toanéhoc.

Chwong 2. CAC HAM SO HQC

bay 1a clrong ly thuyt, chrong nay trinh bay khday du vé
dinh ngha va céc tinh ¢ caa cac hamd&hoc; tir cac ham & hoc da
biét ta md rong thém céc tinh déh thiét 1ap thém nét s ham $ hoc
khac nira. Bén anh d6, néu 1én cacan dé co lién quandén cac ham
sb hoc, ching han nhr d6i véi ham Euler thi c6 lién quatén nhing
kién thic co ban vé cin nguyén thy; nghién @u khaday du cac
kién thic vé cac $ nhu: b hoan lo, $ siéu hoan 4o, $ thiéu, $
thira, $ Mersenne, vi cadsnayduoc xay drng dra trén cac hamds
hoc.

Chwong 3: MQT SO BAI TOAN UNG DUNG

bay la clrong 4p dng ly thuyét cia chrong hai, n6 §m céac
dang toan nbr: mé rong thém céc tinh éh cia cac hamé&hoc; cac
bai toan ¢ uoc D, boi sb; cac bai toan &ding thic 5 hoc; cac bai
toan & bat ding thic s hoc; cac bai toand/cac $ nguyén &,
hoan o, $ thiéu, $ thira, $ Mersrenne. Cac bai toan najuhhét
dugc dich va gii tir cac bai toan aka c6 bi giai cu thé nao trén
cuén sachElementary Number Theory and Its Applicatiaia tac
gia Kenneth H.Rosen. Cac bai todd duoc xay drng trén © so tir
dé dén kho, tr bai toan nb dé xay drng bt bai toan én va ap dng
cac kén thirc coa cac hamdé&hoc dé giai, tao nén not hé thong kha
phong phu, p cn dugc véi cacdé thi hoc sinh gbi cac dp.
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Chwong 1
NHUNG KIEN THUC LIEN QUAN

1.1. Ly thuyét chia hét
1.1.1. Phép chia &; phép chia c6 &
Pinh nghia 1.1. (08]) Choa, bla hai $ nguyén #t ky, b khac 0.
Néu ton tai sb nguyénq sao choa = bq thi ta néia chia tét chob
haya la bi caab (aib); ta ding noi b chia &t a hayb la uéc ciaa
(bla).
Ménh dé 1.1.([01]) Gia s a, b, cla cac 8 nguyén. Nu a|b, b|cthi
alc.
Ménh dé 1.2.([01]) Gia sir a, b, ¢, mvan la cac 8 nguyén. Nu cla
vac|b thi c|(ma+nb)
Tinh chat 1.1.

a) Neu aibvaazO0 thia/z|b;

b) Néu aib vabia thi|a=|b[;

c) alb = am bmOmzZ".
Pinh nghia 1.2.([03]) Gia si a, bla hai $ nguyén vab>0. Ta noi
rang $ a chia cho é b ¢6 throng laq va $ du lar, néu a co tré biéu
dién bing dang thic a=bq+ r, trongddq,r 00 va0<r <b.
pinh Iy 1.1.([03])
1.1.2. $ nguyén 8, s chinh pheeng
1.1.2.1. 8 nguyénd
Pinh nghia 1.3.([01]) S5 nguyénp > 1 dugc goi la s5 nguyén & néu
p chi c6 haiudc drong 1a 1 va chinh né.&nguyén én hon 1 khdng
phai 1a $5 nguyén 6 duoc i 1a hop .
B dé 1.1.([01]) Mdi sb nguyén dong lon hon 1déu céudc nguyén
t6.
Pinh ly 1.2.([01]) Ton tai v han s nguyén é.
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Pinh ly 1.3.([01]) Cho hai 6 nguyéna, bva $ nguyén & p. Khi d6
néu p|abthi p|a haac p|b.
Pinh ly 1.4. ([01]) Néu n la mdt hop &, thi n cé uéc nguyén &
khéng wrot qué\/ﬁ
pinh Iy 1.5.([01])
pinh Iy 1.6.([01])
1.1.2.2. 8 chinh plrong
Pinh nghia 1.4. A duoc i la s chinh plwong khi va ch khi
A= a’ véi a la mot sb nguyén.
Tinh chat 1.2.([04])
1.1.3. Wc s chung lbn nht
1.1.3.1.Uéc chung én nhit
Pinh nghia 1.5.([01]) Uéc chung &n nhit caa hai $ nguyéna vab
khéngddng thyi bang 0 la $ nguy@n &n nhit chia t ca a vab.

Ta dung ki hu (a,b)dé chi uéc chung én nhit caa cac 6
nguyéna vab (khéngddong thdi bing 0).
Pinh nghia 1.6.([01]) Cac $ nguyéna vab (khéngddng thyi bang
0) duoc goi la nguyén é ciing nhau éu (a,b) =1.
« Nhan xét: (a,b)=(d,|8), (aB=(h 9,(0, n= rnéu nO0", nén
ta cH can quan tdmdén uéc chung &n nhit cia cac 6 nguyén
duong.
Ménh dé 1.3.([01]) Gia s a, b, cla cac 6 nguyén,(a,b) = d. Khi
dé ta co:

a) (E,Ejzl’
dd
b) (a+cbbh=(abh.
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Pinh nghia 1.7.([01]) Néu a vab la cac 6 nguyén, thid hop tuyén
tinh aia a va b la mpt tong c6 dng ma+ nh trongdé m, nla cac
sH
nguyén.
pinh ly 1.7. ([01]) Uéc chung én nhit cia cac 6 nguyéna vab
khdngddng thyi bang 0 1a § nguyén dong nkb nht biéu dién dugc
dudi dang bt t6 hop tuyén tinh ciaa vab.
Hé qua 1.1.([01]) Hai $ nguyéna vab nguyén é cung nhau khi va
chi khi ton tai cAc $ nguy@nm van sao choma+ nb=1.
Pinh nghia 1.8. ([01]) Gia st 2<n00°, a,a,,..,8 la cac &
nguyén khoéngtong thyi bang 0.U6c chung &n nhit cua chang 1a &
nguyén &n nhit chia t moi s6 a,a,,...,a,. Ta ki héu uéc chung
l6n nhat d6 i (a, &, ...,a, ).
B6 dé 1.2.([01]) Gia st 3<n0", a,a,,...,3 & cac  nguyén ma
a2, +a2#0. Khi do

(3 8,,28)= (@,8,-(3.1.3 )
Pinh nghia 1.9.([01]) Ta ndi &ng cac 6 nguyéna,, a,,...,a, (khong
dong thyi bing 0) la nguyén & cing nhaudong thdi néu
(&,8,,..,8, )= 1. Cac $ nguyéndo la nguyéné cung nhauitng doi
mot Néu voi moi cap a,a (i# j)trong @p hop, ta cé(a,a ) =1.
1.1.3.2. Thdt toan Euclid
Thuat toan Euclid. ([01])
B6 dé 1.3.([01]) Gia s ¢, d, qvar la cac § nguyén,dong thi
c=dg+ r. Khi d6 ¢®+d*#0néu va ch néu d?+r®20, hon nia
(c.d)=(d, ).
1.1.4. CAatinh ly co' bin ciia 9 hec
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Pinh ly 1.8.([01]) Moi s6 nguyén én hon 1 déu biéu dién dugc mot
cach duy nft dudi dang tich cac & nguyén &, trongdé céac tira
nguyén & duoc viét theo thir ty khdng gam.

Moi s6 nguyén n 16n hon 1 déu viét duoc dudi dang
n=ptpk... g+, trongdo (p )<, 1a cac 6 nguyén & d6i mot khac
nhau, con(n), la cac 8 nguyén dong; con néin c6 cing phan
tich tiéu chén ra thra $ nguyén é.

Bé dé 1.4. ([01]) Gia sr a, b, cla cac 8 nguyén,ddng thoi
(a,b)=1,4d bc Khi d6 dc

Hé qua 1.2.([01])

Pinh nghia 1.10. ([01]) Boi chung nié nhit cia hai $ nguyén
duong a vab la $ nguyén dong nh nhat chia Kt choa vab. Ki
hiéu [a,b).

B dé 1.5.([01])

Pinh ly 1.9.([01]) Gia sir a, bla cac 8 nguyén dong. Khido

_ab
[a b]—m,

trong d6 [a,b] 1a ki chung nib nhit, (a,b) & usc chung én nhit
cua hai $.

B6 dé 1.6.([01]) Gia sir m, nla cac & nguyén dong nguyénd cung
nhau. Khidé, réu d Ia mbt wéc duong aia mn, thi Hn tai cap duy
nhat cacudc drong d, caam, d, cian sao chod = d,d,. Nguoc lai,
néu d, va d, 1a cacuéc duong trong ting alamvan, thi d =d,d,
la mot uéc duong aiamn

1.1.5. Céac é Fermat

Bé6 dé 1.7 Phan tich Fermat, [O)L]

Ménh aé 1.4.([01]) S5 FermatF, = 2% +1 chia Kt cho 641.

B dé 1.8.([01])
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pinh Iy 1.10.([01])
pinh Iy 1.11.([01])
1.2 Ly thuyét ddng cuw
1.2.1. Khai ném co ban
Pinh nghia 1.11.([01]) Cho m |a ndt b nguyén dong; a, bla cac
s6 nguyén. Ta néiang a dong dr véi b méduldé m néu mj(a-b). Khi
a
ddng dr voi b méduld m, ta vét a= b (modm).
Néu a khongidng dr véi b médulé m, ta vét a Z b (modm).
Ménh dé 1.5.([01]) Néu a, bla cac 8 nguyén thia = b (modm) khi
va cHh khi ton tai s nguyénk sao cha=b+km.
Pinh nghia 1.12.([01])
1.2.2. Céc tinh clit
Ménh dé 1.6. ([01]) Gia sr m va (m), 1a cac 6 nguyén dong.
Quan & dong dr méduld m théa mén céc tinh éhsauday:

a) (Tinh pkn xa). Néu a la mbt sb nguyén, thia=a (modm).

b) (Tinh déi xing). Gh sr a, b la cac 6 nguyén. Khido, réu
a=b(modm) thi b=a (modm).

c) (Tinh Hic ciu). Gia s a, b, cla cac é nguyén. Khidd,
néu a=b (modm), b =c (modm) thi a=c (modm).

d) Gia sir a, b, cla cac  nguyén. Khido, réu a= b (modm) thi

a+c = b+c (modm).
e) Gh sir a, b, cla cac 8 nguyén. Khido, réu a= b (modm) thi
ac= bc (modm).

f) Gia sra, b, ¢, da cac 8 nguyén. Khido, réu a = b (modm)
vac=d(modm) thi a+ c=b + d(modm).

g) Gia sir a, b, ¢, dla cac 8 nguyén. Khidd, réu a=b (modm)
vac = d(modm) thi ac= bd (modm).
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h) Néua=b (modm) vak la $ nguyén dong thi
a“ =b“(modm).
i) Néua=b (modm) va 0<dOmthia=b (modd).

j) Néuab=ac(modm) va @, m) =d thib=c (mod[j—n).

k) a=b(modm) (i=1,2,...n) = a=bmod[m.m...m].

) Gia st r,r,,..r, la mot h¢ thing dr ddy duo méduld n
(nO07)
va m r la cac & nguyén wi (mn)=1. Khi do,
[M+r,m+r,..rm+r cing la ndt hé thang dr day da maduld n.
Ghi ch:

1. Ba tinh cht a)-c) @ia Ménh dé 1.6 n6i ing quan B “dong dr
maduld m’ 1a mét quan & tuong duong trén fp [ cac $ nguyén; vi
thé, n6 phan hach &ip [ thanhm lép dong dr (modm), mdi 16p cbd
dang a={x00 / x= a(mod m} véi allll .

2. Nam tinh chit d)-h) dia Ménh dé 1.6 n6i \é viéc c6 thé lam cac
phép toan & hoc trén caatong dr thac voi cling mé@tun. Nam tinh
chit d6 gop lai thi twong duong Wi hé qua sauday:

Hé qua 1.3.

1.2.3.Péng dw thikc tuyén tinh

Pinh nghia 1.13.([01])

pinh Iy 1.12.([01])

Pinh nghia 1.14.([01])

Ménh dé 1.7.([01])

1.2.4.Pinh ly Trung Quéc \é phan du
pinh Iy 1.13.([01])

B dé 1.9.([01])

B6 dé 1.10.([01])

n
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pinh Iy 1.14.([01])
1.2.5.Pinh ly nhé Fermat vadinh ly Wilson
Pinh ly 1.15(Pinh ly Wilson, [01]).
pinh Iy 1.16.([01])
binh ly 1.17(binh ly nh Fermat, [01]).
Hé qua 1.4. (01])
Hé qua 1.5.([01])
Hé qua 1.6.([01])
Chwong 2
CAC HAM SO HQC
2.1.Pinh nghia ham $ hoc va tinh chit co’ ban
2.1.1Pinh nghia ham $ hoc
Pinh nghia 2.1.([08]) Ham $ hoc 1a ham xadinh trén &p hop cac
sb nguyén dong.
2.1.2 Tinh clit nhan tinh va éng tinh aia ham $ hec
Pinh nghia 2.2.([08]) Mot ham $ hoc f dugc goi la c6 tinh cht
nhan (hay ham nhan tinhdunvsi moi sb nguyén dong m, n nguyén
t6 clng nhau, ta co:f (mn)= f(n) f( ). Trong twong hyp ding
thire ding Wi moi m, n (khéng nlat thiét nguyén & cing nhau), ham
f duoc goi la mot ham co tinh cit nhanday du (hay tinh cht nhan
hoan toan).
Ppinh ly 2.1. ([08]) Gia sir f 1a mt ham c6 tinh cit nhan, va
n=p* pe... [ la phan tich tiéu ctim dia n ra thra $ nguyén é.
Khi d6
f(n)=f(p*) f(E2)... F(H ).
Pinh nghia 2.3.([08]) M6t ham nhan tinkdugc goi 1a ham nhén
manh réu va ch néu f(p*)= f(p) véi moi sb nguyén é p va moi
s6 nguyén dgongk.
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Pinh nghia 2.4. ([08]) Mot ham $ hoc f thoéa mandang thic
f(mn)= f(mM+ f()vsi tit ca cac $ nguyén dong nguyén &
cung nhaum van duoc goi 1a mot ham éng tinh; Bu céng thic trén
thoa Wi moi s6 nguyén dong m van thi f duoc goi la mot ham
hoan toan gng tinh (hay éng tinhday du).
2.2. Ham Mébius va cdng thirc nghich d4ao cia MObius.
2.2.1. Ham Mdbius
Pinh nghia 2.5.([08]) Ham Mbbius 1a ham & hoc i duoc xacdinh
boi 1(1)=1 va, khin>1,

(-1)¢ néu nlatich éa k $ nguyén é doi mot phan bét

H(n) ={

Ménh dé 2.1.([08]) Ham Mobius la ham nhan tinh.
Pinh nghia 2.6.([08]) Chof 14 ham é hoc. Ham “bng giéa ti cia f

trén caaréc deong” 1a ham Fduoc xacdinh boi:

Fi=Y f(d).

0<d|n

0 trong cac trong hop khac.

Pinh ly 2.2.([08]) Gia s f(n) 1a mot ham c6 tinh cit nhan. Khidd
ham

F(n)=7 f(d)
0<d|n
ciing c6 tinh cht nhan.
Pinh ly 2.3.([05])
1 néun=1
> u(d) ={0 rona e ,
o<dln rong trong hyp khac.

Pinh nghia 2.7.([05]) Chof va g la cac ham & hoc, ta @i tich
Dirichlet cia f va g 1a ham é hoc f * g duoc xacdinh i cong
thac:
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(f*on=Y f(o)qg).

0<d|n
Pinh ly 2.4.([05]) Néu f vag la cac ham nhan tinh thi tich Dirichlet
f*g cling la nmdt ham nhan tinh.
Pinh nghia 2.8.([05]) Tadinh nghia cac hamé&hoc:
a) 1(nN)=1 vi moi nO0 ",

o 1 néun=1
) e(n = 0 trong trong hyp khac.

Pinh ly 2.5.(Tinh chit cua tich Dirichlet, [05]) Chd, g, hla cac
ham $ hoc. Khi d6:

a) f*g=g*f

b) (f*g*h=F(d h

c) fre=e f=f

d f*I=F=I*f

e) u*l=e
2.2.2. Cong tkrc nghich dao Mobius
Pinh ly 2.6 (cong thic nghich dao Mobius, [08]). Gia st f vaF la
cac ham & hoc lién k¢ véi nhau i cong thic:

F(n)= > f(d)yOnO0".

0<d|n
Khi do:
(=Y u(d)FE)onon”.
0<d|n d
Chu y ing ménh dé dao aiadinh ly 2.6 ding dung.
Pinh ly 2.7.([08]) Néu voi moi sb nguyén dongn,
n
(=Y ud) F[Ej,
0<d|n

thi
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F(n)= > f(d)yOnO0".

0<d|n
2.3. Ham Euler va @n nguyén thiy
2.3.1. Ham Euler
Pinh nghia 2.9.([01]) Ham Eulerg:[" — " (con i la Phi-ham
Euler) 1&a ham & hoc c6 gia tf tai nO0 " bing $ cac $ nguyén
duong khéng wot quan va nguyénd cing nhau &i n.
Pinh nghia 2.10.([01])
pinh Iy 2.8.([01])
Pinh ly 2.9. (Pinh ly Euler, [01]). Gi sir mla £ nguyén dong vaa
la & nguyén i (a, m=1. Khid6 a’™ =1(modm).
Pinh ly 2.10.([01]) S5 nguyén dong p 1a $ nguyén & khi va ch
khi ¢(p) = p-1.
Pinh ly 2.11. ([01]) Gia st p la & nguyén é va a la $ nguyén
duong. Khidé ¢(p®) = p*- p*~
Pinh ly 2.12. ([01]) Néu m, nla cac 8 nguyén dong nguyén &
cung nhau, thig(mn) =g¢(m.g(n.
Pinh ly 2.13.([01]) Gia st n= p® p*... g 1a phan tich tiéu ctim
cian ra thra $ nguyén é. Khi do

d(n) = nll-—ya--1).. a1y
n B, R

Pinh ly 2.14.([08]) Gia sir n 1a mdt sb nguyén dong lon hon 2. Khi
d6 ¢(n) 1a mot 5 chan.
Pinh ly 2.15.([08]) Gia sir n la mbt sb nguyén aong. Khidd
Y. #(d)=n,
0<d|n
trongdo tong duoc lay theo myi wdc dwong aian.
2.3.2. @n nguyén thiy
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Pinh nghia 2.11.([01])

Pinh ly 2.16.([01])

Hé qua 2.1.([01])

Hé qua 2.2.([01])

Pinh nghia 2.12.([01]) Néu r van la cac 8 nguyén nguyéndtcing
nhau,n>0, dong thyi ord.r =@ M), thir duoc goi 1A Mot cin nguyén
thay méduld n.

Pinh ly 2.17.([01])

Pinh ly 2.18.([01])

Hé qua 2.3.([01])

Pinh ly 2.19.([01])

2.4. Ham g(n), ham 7(n), ham gi(n), ham Liouville, ham & a(n),

ham S(n), hamg(n) vah(n).

2.4.1. Hama(n), ham r(n), ham gi(n)

Pinh nghia 2.13.([08]) Ham ng cacudc duong, ki hBu quag,

dugc xacdinh byi: o(n) bang Bng mpi wdc drong aia $ nguyén
duongn.

Pinh nghia 2.14.([08]) Ham $ cacudc duong, ki héu quar, dugc

xacdinh boi: 7(n) bing $ cacudc duong aia $ nguyén dongn.

Hé qua 2.4.([08]) Cac hamo(n) va 1(n) c6 tinh clat nhan.

B dé 2.1.([08]) Gia sir p la & nguyén é, ala $ nguyén dong. Khi

dé

pa+1 _1

o(p*) =1+ p+ P +.+ = :
p-1

r(p*)=a+l.
Pinh ly 2.20.([08]) Gia sir b nguyén dong n cé phan tich ra tra

2,

sdnguyénd n=pl pe... .
Khi do
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pr -1 pp-1 pEt-o1_ s Pyt -l
p-1 p-1  p- 1 il op-1’
r(n)=(a+1)(a +1)...(a + 1)= |j (3 +1).

Pinh nghia 2.15.([08]) Ham o, (n) la ham tinhdng cac iy thia

o(n) =1

bac k cua cacuéc deong aian. Ki higu o, (n) = > d*.
0<d|n

Pinh ly 2.21.([08]) Ham g, c6 tinh clit nhan.
Pinh ly 2.22.([08])
Pinh ly 2.23 ([08])
Pinh ly 2.24.([08]) Néu n c6 phan tich tiéu chn ra thra £ nguyén
t6 dudi dang n= p* p... g thi
m ka+k
4 op-1
2.4.2. Ham Liouville, ham & a(n), ham S(n), ham g(n) va h(n).
Pinh nghia 2.15.([08]) Ham Liouville 1a ham & hoc A dugc xac
dinh nhr sau: A(1) =1va A(n) = (-1)®****% néu 1<n00 " c6 phan
tich thanh tira $ nguyéné n= p™ g... g~
Pinh ly 2.25.([08]) Ham Liouville 1a ham nhan tintay du.
Pinh ly 2.26.([08]) Véi n la mdt sd nguyén dong thi

> A(d)=0 néunkhodng la é chinh plrong

0<d|n

> A(d)=1 néun la $ chinh phrong.

0<d|n
Pinh nghia 2.17.([08]) Ham $ hoc w:0" - [ duoc cho li:
a(n) la s uéc nguyénd caan.
pinh Iy 2.27.((08))

o (prpe..o)=
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Pinh nghia 2.18.([02]) Chon la $ nguyén dong. Tadinh ngha
ham S(n) 1a tong cac cir s caa n, khi biéu dién nd trong B thap
phan.
Ménh dé 2.2.([02]) Chonla $ ty nhién drong, ta co:

a) S(n = n(mod9);

b) 0<S(nN< n

c) S(N=n= 1< r9;

d) S(m+ n< $ P+ E)nvéi moi m, nnguyén dong;

e)S(mn< $ m 6)nvsi moi m, nnguyén dong;
Pinh nghia 2.19.([02]) Chon la $ nguyén dong. Tadinh ngha
hamg(n) la thng cac clir s biéu dién trong & nhi phan @an.
Pinh nghia 2.20([02])Cho n la $ nguyén dong. Tadinh ngha
hamh(n) 1a $ nguyénk khéng am dén nhit sao chan chia et cho
2~
B dé 2.2.([02]) Hamh(n) 1& ham éng tinhday du.
Ménh dé 2.3.([02])
2.5. $ hoan hio, & thiéu, s thira va $ Mersenne.
2.5.1 $ hoan hio,  thiéu, s thira.
Pinh nghia 2.21([08]) S6 nguyén dong n duoc goi 1a s5 hoan ko
néu 2n=o(n). S6 nguyénn goi la k-hoan o réu o(n) =kn Mot
sb nguyén aong n duoc goi la sH siéu hoan #o réu o(o(n)) = 2n.
pinh Iy 2.28.([01])
pinh Iy 2.29.([01])
Pinh nghia 2.22.([08]) Chon la mjt sb nguyén dong, ta néin la
khuyét néu o(n) < 2n; va ta néin 1a $ thira réu o(n) >2n. Mdi sb
nguyén la mt sb khuyét, haic 1a $ hoan ko, haic 1a $ thra. $
nguyénn dugc goi la k-sd thira réu o(n) > (k+1)n.

Hai 5 nguyén dongm, n duoc goi 1a mot ciap $ than tinh Au
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om=o(nN=mtn

Pinh Iy 2.30.([08])

Pinh Iy 2.31.([08])

Pinh Iy 2.32.([08)])

2.5.2. $ Mersenne

Pinh nghia 2.23.([01]) Néu m 1a & nguyén dong thi M_=2"-1
duoc goi & s5 Mersenne th n. Hon nira, réu p la $ nguyén é thi
M duoc goi la 5 nguyén & Mersenne.

pinh Iy 2.33.([01])

Chwong 3

MOT SO BAI TOAN UNG DUNG
3.1. Céc bai toan @ tinh chat cia cac ham 6 hoc.
Bai toan 3.11.Ching minh &ng:

S((10° - 1)m)= 9k

voi moi sd nguyén dongmvak ma m<10¢.
Gidi:
Truoc hét xét tuong hp m<10C. Khi d6 m=aa,...a.10 véi
sO07,t00, s+ t< k a#0. Thuc hien phép tir
10‘m=a4a...a 106" cho m (& duoc (10° - m)nhu hinh minh ba,
ta thiy:

(@0 -ym)= Sa-a, (a 19.9¢ 2)--C 2 )a6 A
(k-9) chir s5 9

=S a)ra-1+9(k-9+ (9= )+ 10- 2)

i=1

=9(k - 8)+ 9+ 9(s- 1)= 9k.

Vay trong twong hop nay,diéu phai chang minh 1ading. Cii cung,
khi m=10(lGc d6 s=1,t=k,a =1) thi



20

(10 -1m=1G6*- 16 = 9...90... nén @ng c6 S((10" - hm)= 9k,
3 I . kchrss9—kTtr s 0
dieu phai chirng minh.

t+k chit 6 0
Qe 8y & 00,0 00..0 Em.106)
t chit 5 0 k chit 5 0

a.. a., & 00..0 €m )
tchiso 0

al...as,l(as—l)w (9a).(%a, )16 a &0_..’.0:( (16 1)m)
Hinh minh h(l;g gﬁﬁé?)ﬁt%‘r m.10"cho m (trohgjr?u?;nog hop m<10)
3.2 C&c bai toan ¢ wéc , boi sb
Bai toan 3.15 Véi sb nguyén dongn nao thig(n) chia két cho 4 ?
Giai:

1) Theo Kt qua caa bai toan 3.14,&u n c6 2uéc nguyén & Ié
khac nhau thip(n):2° = 4.
2) Vay ta ch con phi xét trong hop n=2% p*; trongdo, p la
mot sb nguyén é 1é va k, sO0 . Lac nay:
(i) Vi k=3, hién nhién ta cap(n):¢(2*)=2": 4.
(i) V6i k=2 thi ¢(n) = p(4)¢(p°) = 26 (p°) nén
#(n):4 = ¢(p°):2 = s=1 (theo bai toan 3.14)
(i) Vi kO{0,} thi p(2*)=1, suy ra
$(n) =9(2)p(p°) = #(p*);
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$(n):4 - ¢(p*):4

{ s>1
" l(p-ppiia
s=1

@{p—1§4.

s=1
- { p=1(mod4)

Két hop cac tmong hop 1), 2(i), 2(ii), 2(iii) ta thy @(n):4khi va ch
khi n c6 it ntit 2 u6c nguyén & 1é, haic n:8, haic n chia Ft dong
thoi cho 4 va mit s nguyén 6 Ié, haic n chia Fét cho ndt s nguyén
t6 p ma p=1(mod4)

Bai toan 3.19.Ching minh &ng khéng c6 hai&nguyén dong
khac nhau nao cd tich caéc duong king nhau.

Gidi: )

Theo baidp 3.12, ta co tich caesc drong aia $ nguyén dong

()

nlan? .

Gia s c6 hai $ nguyén @ong m, nkhac nhau cé cung tich cac
udc drong, trc la

7(m) 7(n)

m?2 =n2 .,

Tasuyra
7™ =
bing thic nay cling © ring $ nguyén é p la wéc cia m khi va
chi khi n6 ding laudc aian. Pac bigt, ta co the viét:

m=|j pq,nzllj 5§
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véi (p), las sb nguyén é d6i mot phan bit; (a)3, va ()2,
la 2s sd nguyén dong (sO0 ). Pang thic m™ = ™ duoc viét

lai thanh
I_J PR = |—l o
va do tinh duy ndt cua phan tich tiéu chm ra thra $ nguyén é,

ta thiy

ar(m=br(n OiO{L2..;3
A % & 1) (3.5)

b b h 7(m

Néu r(m) <7(n) thi (3.5) kéo theo

a>h,a>b,..,a>h

=

= 1(m =[]+ a)>[] @ p)=r(n.

vo Iy! Tuong tr; néu 7(m)>7(n) ta ding gip mau thén. Cui
cung, khir(m) =7(n) thimen; tir d6, suy radiéu phai chang minh.
3.3 CA4c bai toan ¢ ding thirc  hoc:

Bai toan 3.27 Tim tt ca cac $ nguyén dongn sao cho
g(n)+o(n)=2n
Gidi:

R& rang, Au n=1 thi ¢(n) + o(n) =1+ 1= 2n; con réu n 1a Mot sd
nguyén & thi ¢(n) +o(n) =(n-1)+ (n+1)= 2n; vay n théa yéu au
cua bai toan.

Bay g, gia st n>1 van khéng nguyénd Khi dé k=7(n)>2. Ta
liét ké #it ca cacudc duong aian theo chiu ting:
1=d,<d,<..<d =n
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c6 ding n-¢(n)sdb nguyén dong m khéng wot qua n ma
(m ) #1. M3i s6 m nhr thé phai 1a boi cia mbt d, nao do voi
2<i<k. Miat khac, @ thiy; s boi nguyén arong khéng wot qué n
cua d. la dﬂ; suy ra
| n—-¢(n) < zk:dﬂ

i=2
(3.6)
Dau “=" khdng xy ra ¢ (3.6) dok >2 va do trong & phai s6 boi
nguyén dong khdng wot quan cia d, = n da dugc ké trong $ boi
nguyén dong khéng wot quén cﬁa d, (1<d,<n, d2| n. Vay,

n- ¢(n)<z——z¢+l- =o(nN-4q

i= 2 i =

=¢(n)+o(nN>n+d =2n

Két luan: n thoa yéu &u bai toan khi va dhkhi n=1 haic n 1a
nguyén 6.

3.4 Cé&c bai toan ¢ bét ding thirc $ hoc

Bai toan 3.34.(Taiwan 1998) i mdi sb nguyén aong n ki hiéu
w(n) 1a $ cacusc $ nguyén & cian. Tim $ nguyén dong k bé
nhat sao cho &i moi s6 nguyén dongn,

27™ < ké/n.
(3.13)

Giai:

Néu n=1 thi w(n)=0 nén2“™ <k#/n = k=1.
Pat p,=2< p, < p,<.. la ddy ng #t ca cac $ nguyén é. Vi
mdi 2<nO0", tn tai mot chi s5 00" sao cho

PoPPr-R-1=N< QAR F
2w(n)

=S whn)<iva

2
< .
VPR PR Ry
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Do d6 réu lay:

<ot [l ekl il

=[4,8]=5
thi k thoa (3.13) ¥i moi nO". Chi can chon n=2.3.5.7.11.1; ta
thay k =5chinh la  bé nhit thoa yéu au bai toan.
Ghi cha.

1) Véi méi xOU, ta dung[ x| dé ky hiéu & nguyén bé nit
khong bé bin x (phan nguyén tin cia $ thyc X) va | x |dé ky hiéu
sb nguyén &n nhit khéng wrot quax (phan nguyén én, ding la
phan nguyén “théng tong” cua $ thuc X).

Vidy: [4,8]=5] 4,8= 4

2) Do p, =17> 2 nén

2 - 2
Ypopp-p. ¥2.357.11.1

khiiz7.

3.5 CAc bai toan ¢ cac $ nguyén 6, s hoan hio, $ thiéu,
thira, $ Mersrenne.

Bai toan 3.46.(Russia 2000). Gimg minh &ng:

a) Néu mot sb hoan o lon hon 6 va chia Bt cho 3 thi n6 chia
hét cho 9.

b) Néu mot sb hoan 1o 16n hon 28 va chia ét cho 7 thi né chia
hét cho 49.

Giai:

Gia st p0{3,7 vanla mt s hoan lao chia Kt chop nhung
khdng chia Bt cho p?. Pat n=2°pm voi aldd,mO0", va
(m,2 p)=1. Khi do:

2" pm=2n=0(N=0(Z Y (P (M= (Z"-1)(p L (M
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Vi pO{3,7 nénp+llaky thira aia 2, suy ra2** = p+1.  (3.19)
Do do,
2" pm= (2" - 1)(p+ Lo (M)

)P+ o )

> 2 (1= )(p+ o ()= 2 pr (m)
p+l

= mzo(m. (3.20)
R® rang (3.20) ph tré thanhding thic va dodé (3.19) ding to
thanhdang thic. Suy ra: m=1 va 2** = p+1.
Tu do:
Vi p=3 thi (m a)=(1,1), suyran=2*pm=2"3.1= 6
Véi p=7 thi (m a)=(L2), suy ran=2* pm=2°.7.1= 28
Vay, néu mt sb hoan lo lon hon 6 (trong ing, 28) va chia ét cho
p=3 (twong tng, p=7) thi n6 chia Bt cho p®>=9 (twong ung,
p® =49).

=27 (1~

KET LUAN

C6 thé noi luan vin da phin naodat duoc muc tiéudeé ra bandau.
Cu thé trong Iuin van ching t6ida thrc hién duoc mdt sd ndi dung
sau:

1) Nghién @u céc tai Bu khac nhau va trinh bayi ly thuyét cac
ham $ hoc theo mat thé khép kin trén e so nhitng hiéu biét ma
chung t6ida dat dugc trong qua trinh nghiénra, tim toi. Bén gnh
d6, ching tdi éng danh mt sb phan trong Idin vian dé tim hiéu
nhitng van dé c6 lién quan nin cin nguyén thy, s5 hoan ko, $ siéu
hoan ho, § thiéu, $ thrra, $ Mersenne.
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2) Ap dung ly thuyét dé dua ra bi giai hoan clinh cho nét s bai
toan co lién quan. Cac bai toan rdyc ching toi su tim tir cAc tai
liéu khac nhaw trong va ngoai méc (hau hét 1a cac bai toan afa ¢
san 1oi giai, haac chi c6 hréng din ngin gon). Trong ldin vian nay,
lan dau tién chdng ti coip tim hiéu cacdé thi chon hoc sinh gbi
Toan Quc gia va Qdc # lién quandén cac ham & hoc. Tir day
chung téi dng y thrc dugc vadinh hréng cho minh néing nghién
ctru dai bon cho céng tacd dudng hoc sinh gbi & truong chiing toi
sau nay.

Tuy nhiénday ladé tai bao §m nhiéu mang kién thic lién quan
kh& ©ng, thyi gian ki bi han dinh, ma ki nang nghién ¢u aia
ching t6i 14 c6 n nén trong lan van ching t6i chra codiéu kien
cung ép va mo rong nhéu dang toan bn nira, va clva dua ra nhéu
hon nhing bai toan trong cacgy/khi Olympic Quc gia va Qdc t co
lién quandén cac ham&hoc.

Huéng nghién éu tiép theo @a luan van:

Tim hiéu va xay a@ng thém cac hambshoc khac mia; gii thém
dugc nhiéu bai toan ¢ cac ham & hoc aia nhirng tai liéu trong nrge
va ngoai méc ma clwa cé bi giai dé lam phong phu cacadg bai ip
vé sd hoc phuc vu cho vic giang chy va bi dudng cho e sinh gbi
& truong THPT.



