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1. Ly do chon dé tai

T6 hop 14 mot linh vuc toan hoc c¢6 tu duy ra doi tit rat s6m. Hien
nay, ciing véi sit biing no va thinh hanh ctia méy tinh dien t, to6 hop da
chuyén sang linh viuc toan tng dung va phét trién manh mé va dude ap
dung trong nhiéu linh vuc khac nhau: 1y thuyét s6, hinh hoc hitu han,
bieu dién nhém, dai s6 khong giao hoan, quy trinh ngau nhién, thong
ké xac suat, quy hoach thuc nghiém, v.v... C6 bén bai toan to hop co
ban 1a bai toan dém, bai toan liet ké, bai toan to6i wu to hop, bai toan
ton tai. Trong do6, bai toan dém 1a bai toan co ban va quan trong nhat.
Phuong phap dém dudgc coi 1a nén tang cho hau nhu tat cd cac phuong
phap khac.

Xuat phat tit nhu cau phat trien ctia 1y thuyét to hop, dac biét la bai
toan dém trong linh vic nay, cing véi nhitng tng dung ciia no, toi quyet
dinh chon dé tai "Cac phuong phap dém trong 1y thuyét to hop" dé tién
hanh nghién ctu. Toi, dudi sy huéng dan tan tinh cia PGS. TS Nguyén
Gia Dinh, hy vong tao duge mot tai lieu tham khao tot cho nhitng nguoi
muoén tim hi¢u vé 1y thuyét to hop va hy vong tim ra dugc mot s6 vi
du minh hoa dic sic va tinh chat mdi nham gép phan lam phong pht
thém cac két qua trong linh vyc nay.

2. Muc dich nghién cttu: Muc tiéu ciia dé tai nham tao diéu kién
cho ban than c6 thé kham pha va hiéu dude cac tng dung ctia phuong
phap dém trong giai toan t6 hop va c6 thé tao dudc tai lieu tham khao
bo ich cho nhing ngusi muén tim hicu ve linh vie nay.

3. D6i tuong va pham vi nghién ct@u: Déi tuong nghién citu ctia
dé tai 1a cac phuong phap dém trong 1y thuyét to hop va cac tmg dung
ctia n6. Pham vi nghién cu la Ly thuyét to hop danh cho chuong trinh
pho thong va nang cao.

4. Phuong phap nghién cttu:

— Thu thap cac bai bao khoa hoc, cac gido trinh cta cac tac gia nghién
cttu lien quan dén Bai toan dém trong 1y thuyét to hop.

— Tham gia cac buoi seminar hang tuan dé trao doi cac két qua dang
nghién citu.



5. Y nghia khoa hoc va thuc tién cia dé tai:

— Tong quan cac két qua clia cac tac gia da nghién citu lien quan dén
Cdc phuong phdp dém trong ly thuyét to hop.

— Chitng minh chi tiét va lam ro mot s6 ménh dé, cting nhu dua ra mot
sO vi du minh hoa dac sic nham lam cho nguoi doc dé dang tiép can
van dé duge de cap.

6. Cau tric cta luan van:

— Trong Chuong 1, toi sé trinh bay chi tiét cac nguyén 1y dém co ban,
nguyén 1y Dirichlet, mot s6 bai toan dém co ban va mot vai vi du tng
dung minh hoa.

— Trong Chuong 2, toi sé dé cap t6i chudi luy thia hinh thiic, cac toan
tit trong CN, phép truy hoi trong CN, cac phuong phap dém dung ham
sinh: ham sinh thong thuong va ham sinh mad.

— Trong Chuong 3, t6i sé dé cap téi nguyén 1y bu tri va phuong phap
dém bang cong thic nghich dao. Ngoai ra con dé cap dén mot s6 ky
thuat nhu: tinh tong bang tich phan hitu han, xac dinh hé thic trong
cac day sO bang phiém ham tuyén tinh.
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Chuong 1
NGUYEN LY DEM VA BAI TOAN DEM CO BAN
1.1 Khai quat vé té hop
1.2 Nhitng nguyén 1y dém co ban

Pinh nghia 1. Khi hai cong viéc cé thé duoc lam dong thoi, ta khong
thé dung quy tdc cong hay quy tdc nhan dé tinh soé cich thuc hién
nhiém vu gom cd hai viéc. Dé tinh ding sé cach thuc hién nhiém vu
nay, ta cong so cach lam moéi mot trong hai viéc roi tru di so cdch
lam dong thoi cd hai viéc. Ta c6 thé phat biéu nguyén ly dém nay
bang ngon nga@ tap hop.

Cho k tap hitu han Aq, A, ..., A, ta co:

| AfUAy U . UA |= Ny — No+ N3 — -+ (=) N,,
trong do

N, = Z A, NA,N---NA

1< <o <<y <k

im"

Ta dong nhat tap A,, (1 <m < k) vdi tinh chat A, cho trén tap vi
tru hitu han U nao dé. Goi N la s6 phan té ctia U sao cho khong
théa man bat ky mot tinh chat A,, nao, N la s6 phan ti& cia U. Ta
co:

N:N—‘AlLJAQU...UAk ‘:N—N1+N2—N3+"'—|—<—1>ka,

trong dé N,, la tong cdc phan ti cia U théa man m tinh chat lay tu
k tinh chat da cho. Cong thitc nay dude goi la nguyén ly bu tr.

Vidu 1. C6 n la thu va n phong bi ghi san dia chi. Bé ngau nhién
cac lda thu vao bi sao cho moi phong bi chi chiéa mot la thu. Hdi zdc
sudt dé zdy ra khong mot ld thu nao ding dia chi la bao nhiéu?

Co6 tat ca n! cach bd thu. Goi U la tap hop tat cd cac cach bo thu

| U |= n!, va A, 1a tinh chat 14 thu thid m bd dung dia chi (m =
1,2,---,n). Theo nguyén Iy bit trit N = n! — Ny + Ny — N3 + --- +
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(—=1)"N,,, trong do, ta ky hiéu N, 1a s6 cach bd thu sao cho c6 dung m
14 thu dang dia chi (m =0,1,--- ,n). Ta c6:

n! n!
— (" (n — | — — | — ——
Ny =Cl(n—m)! m!(n—m)!(n m)! el
_ 1 1 1
=nl(] - — + — — ... B
N =nl(1 TRibT +(-1) n!),

trong d6 C™ 1a t6 hop chap m clia tap n phan tit. Xac suat can tim la:
1 1 1
—_ —_— —— s e —_— n_
1 TR + (—1) -

1.3 Nguyén ly Dirichlet

Dinh nghia 2. Vi x la mot so thuc, phan nguyén ciua x, ky hiéu
la [x], la s nguyén lén nhat khong viot quad x, tic la [x] € Z, [x] <
x < [x] + 1. Ta con goi [x] la gid tri ham san ciua x. Déi ngau vdi
khai niém nay la gid tri ham tran cia x, kj hiéu x|, dé la s6 nguyén
nhd nhat khong nhé hon x, tic la Jz[€ Z,]z[—1 < x <]z].

Meénh dé 1. Néu ¢6 N do vat duoc dat vao trong k cdi hop thi ton
tai mot hop chita it nhat |5 do vat.

Vi du 2. Trong hinh chit nhat ¢ lm x 2m, lay 201 diem tuy 9.
Ching minh rdng luon ton tai 5 diém & trong hinh tron bin kinh
1

7m.

Chia hinh ch@ nhat thanh 50 6 vuong kich canh %m Phan 201 diém
d6 vao cac 6 vuong, theo nguyén 1y Dirichlet, ton tai mot 6 vuong co
it nhat |21 [:\[5 diem. Mo6i 6 nay ndi tiép trong duong tron ban kinh

12 1 1 1
12 N 2 2
sXEmma (-—) =—=< —= (=)
spmma (5 =5 <55 = ()
Do do, luon ton tai 5 diem 6 trong hinh tron ban kinh %m
1.4 Mot s6 bai toan dém co ban

Ménh dé 2 (Hing dang thic Pascal). Cho n va k la cic s6
nguyén duong va k <n. Khi do: C’Sj +Ck | =CF,

Ménh dé 3 (Hang dang thitic Vandermonde). Cho m,n, k la 3
so tu nhién sao cho k < mwvak < n. Khi dé: Ck, = Zf:o ci .Ch,

m—+n
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Vidu 3. Cho n la s6 nguyén duong. Hay ching minh bing cong cu
to hop rang > kCk = n.2"1,
k=1

Bai toan trd thanh tim s6 cach chon hoi dong trong dé c6 mot chu
tich hoi dong tit mot nhom gom n nguoi bang hai cach. Ta c¢6 thé chon
dau tien 13 mot chu tich hoi dong roi chon cac thanh vién hoi dong.
Theo quy tac nhan, ta c6 n.2" ! cach chon hoi dong ¢c6 mot chi tich hoi
dong. C6 thé lam cach khéc: chon hoi dong gom k (1 < k < n) nguoi

n
roi chon ra mot chi tich hoi dong. Theo quy tac cong c¢6 > kC* cach
k=1

chon hoi dong c6 mot chi tich. Két hop lai ta ¢6 dang thic can ching
minh.

Pinh nghia 3. Mot cich sdp zép cé thi tu k phan @ co thé lip lai
ctia mot tap n phan ti dudc goi la mot chinh hop lap chdp k cta tap
n phan ti.

Pinh nghia 4. Mot to hop lap chdp k cia tap n phan ti la mot
cach chon khong cé thi tu k phan ti cé thé lap lai cia tap ¢é n phan
ti dé. O day, co thé chon k > n.

Meénh dé 4. S6 to hop lap chdp k cia tdap n phan td la C’T’f+k_1.

Dinh nghia 5. Cho A la mot tap h@u han n phan ti, trong dé co
ny phan t& nhu nhau thuoc loai 1, ny phan t nhu nhav thudc loai
2,..., ni phan t& nhu nhau thuoc loai k sao cho ny+no+---+np =n
va khi hodn vi cdc phan t@ cung loai khong sinh ra cau hinh to hop
mdi. Mot hodn vi cdac phan ti cia A duoc goi la mot hodn vi lap
theo tham so6 ldp ny, no, ..., Ny

Meénh dé 5. S6 hodn vi lap ctia tdap n phan ti theo tham sé ny, no, ..., Nk

N

la
n!

nylnsl..my!

Vidu 4. Phuong trinh x1+xo+x3 = 10 co bao nhiéu nghiém nguyén
khong am?
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Mo6i nghiém ctia phuong trinh tuong ting véi mot cach chon 10 phan
ti ti mot tap co 3 loai, sao cho cé z; phan tit loai 1, x5 phan tit loai 2
va x3 phan ti loai 3. Nhu vay, s6 nghiém nguyén khong am ctia phuong
trinh tuong tng véi to hop lap chap 10 clia tap ¢6 3 phan tit. Vay so
nghiém nguyén khong am cua phuong trinh trén la:

12.11 "
1.2

Dinh nghia 6. So tat cd cdc phan hoach thanh k khoi cia mot
tap hop n phan t& dudc goi la so Stirling logi hai va dude ky hiéu
la S(n,k). Dé thay rang S(n,k) = 0 néu k > n. Ta cing quy udc
S(n,0) =0.

S6 T, = S(n,1)+ S(n,2) + ... + S(n,n) dugc goi la so Bell. Nhu
vay, so Bell chinh la so tat cd cdc phan hoach cia tap hop n phan
t

C3+1o 1 — 012 - 012 —

=

Trong Chuong 2, ta sé tim cong thiic cho s6 Stirling loal hai:

(=175

Mw

S(n, k) = ki[

|
o

J

Ménh dé 6. S(n+1,k) = kS(n, k) + S(n, k —1).
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Chuong 2

PHUONG PHAP DEM DUNG HAM SINH
2.1 Chubi lay thitra hinh thic

Dinh nghia 7. Vi tap so tu nhién N va tap hop so phic C, ki hz'_éu
CN la tap hop tat cd cdac dnh za tu N vao C. M57l phan tita € CN ¢
thé bieu dién dudi dang: a = a(x) = i a;r’, trong dé, a; = a(j)
vot mot j € N va g07, doé la chuoi luy thita hinh thic cia a(z).
Gid st a(z) = Za]x] va b(x) = Zb ) 1o hai chudi ldy thia hinh
j=0

thite bat ky. Ta dinh nghia phép cong, phép nhan trong CN va phép
nhan vé hudng mot s6 z € C vdi ph(in tit cia CN nhu sau:

a(x) +b(z) = Z a;z’ + Z bix) = Z a;j+b;)z’

J=0 j=0
a(@)b(x) = (Y aa) (D _ba!) =D (> arbjy)a’
=0 =0 j=0 k=0
za(x) = Z(Z a;x’) = Z(zaj)a:j

CN 1a mot khong gian vecto trén trusng C véi phép cong va phép
nhan vo huéng, CN 1a mot vanh giao hoan c¢6 don vi véi phan tit don vi
A 1(x) =1+ Y027, Va zla(z)b(z)] = [za(x)]b(z) = a(z)[2b(x)].

j=1
Dinh 1y 1. Tap CN vdi phép cong, phép nhan va phép nhan vo hudng
lap thanh mot dai so6 giao hodn trén C
Ménh dé 7. Chudi a(z) € CN la khd nghich khi va chi khi ag # 0.
Néu a(x) 1a phan tit kha nghich trong CN thi phan tit nghich dao clia
1
no6 sé duge ky hiéu 1a (a(z))~! hay — hay a~!(x). Véi moi a(x) € CN

afx)

ta dinh nghia

a’(z) =1, a,(z) = a(r)a ( )---a(x) voi moi sO nguyén duong n.

lan
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Néu a(zx) 1a kha nghich thi ta dinh nghia

a "(z) =a ' (x)a (z)- a_l(xz v6i moi sO nguyen duong n.

A\

TV
n lan

Meénh dé 8. Vdi moi 2z € C va 0 #£n,k €N, ta co

1 © 0o . o
1 = 23" 2 =>"C/, . Za",
Meénh dé 9. Gid st a(z) = Y a;x’ vdiag =1 van la mot s6 nguyén
=0
£ N ! 7 2 .
duong bat ky. Khi do, ton tai duy nhat b(x) = > bjz! vdi by =1 sao
j=0

cho b"(x) = a(x).

Meénh dé 10. Gid s a(x) = Y a;x’ vdi ay = 1 va n la mot
j=0
so nguyén duong bat ky. Khi dé, (a '(x))" = (a"(x))"" va do dé

a () = (a"(x))~".
00 _ )

Meénh dé 11. Gid st a(z) = Y a;z’ vdiag =1, m la mot s6 nguyeén
j=0

va n la mot so6 nguyén duong bat ky. Khi dé, ton tai duy nhat mot
m .

b(z) = > bjz’ vdiby =1 sao cho b"(x) = a™(x).
j=0

Chudi b(z) ton tai duy nhat trong Ménh dé 11 duge ky hieu 1a a™/"(x).

Dinh nghia 8. Gid st c1(z), ca(x), . .., cp(x), ... la mot day cac phan
ti cia CN vdi cp(x) = Yepr! va co = 0,k = 1,2,.... Khi do,
=0

diy 1+ c1(x),1 + co(x),...,1 + ¢(x),... duge goi la khd tich néu

vdi moi j = 0 ton tai so nguyén duong N = N(j) sao cho vdi

moin > N hé so cia x7 trong [[(1 + cx(x)) déu bang nhau. Néu
f=1

c1(z), ea(x), ..., cp(x),. .. la mot day khd tich thi ta cé thé dinh nghia

tich

(0. ¢]

ﬁ(l + cp(x)) = H s;jx) € CN

k=1 j=0



9

trong do hé so s; cua x’ trong tich nay chinh la hé so cua x’ trong
tich

n

H(l + cx(x)) vdin > N.
k=1

Day ai(x),as(x), ..., ax(z),... cdic phan ti ap(z) = Za]kx k=

1,2,... trong CN dugc goi la khd tong néu véi moi so nguyen r>0
ton tai s6 nguyén duong N = N(r) sao cho vdi moin > N ta c6
Aop = A1y = ... = Gy = 0. Néu diy a1(x), as(x), . .,ak(:c) Za khd

tong thi doi vdi day nay, ta cé thé dinh nghia tong Zak(x) Zijj,
7=0
0 day s; = aj1 + ajo + ... +a;n.

Dinh nghia 9. Gid st b(x) = >_b;x/ € CN vdi by = 0, con a(x) =
j=0

Sajx’ € CN la mot phan ti bat ky. Khi dé, chudi Y a;(V/(z)) € CN
=0 J=0
duge goi la hop thanh cia a(x) vdi b(x) va duge ky hiéu la a(x)ob(x).

2.2 Céac toan ti trong CN

Dinh nghia 10.

Anh za D CN — CV : a(z) = a2’ — D(a(z)) = b(z) = S.(j +
j=0 j=0

Vaj12? duge goi la todn ti dao ham trong CN. Ta ciing dinh nghia:

D%a(x)) = a(z), D"(a(z)) = D(D" (a(x))), cho moi s6 nguyén

duong n va S(a(x)) = ay.

Meénh deé 12.

(1) D(a(z) +b(x)) = D(a(z)) + D(b(z)).

(2) D(a(x)b(z ) = D(a())b(x) + a(x) D(b(x)).

(3) ( "(z)) = na" ' (x)D(a(z)) cho moi n nguyén duong.

(4) Néu a(x) kh nghzch thy D(a™"(z)) = —na " Y(x)D(a(x)) cho n
(5) Véi moi 6 hitu tij s va moi a(x) € CN théa man S(a(x))
1, ta c6 D(a*(z)) = sa®* ! (x)D(a(x)).
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(6) Vdi moin € N, D"a(z)) = 3 Utn)!

(7) Véi moi a(x) € CN, ta c6 a(zx) = iS(Dj(a(x)))‘”.—j

<.

gt

(8) Néway(x), as(x), ..., ar(x), ... la day khd tong, thi D(Y_ap(x)) =
k=1

];D(ak(fli))-
Tinh chat (7) c6 thé zem nhu la phan tich MacLaurin cia a(z).

Dinh nghia 11. Anh 2a

D*:CN = CN:a(x) = Zajxj — D*(a(x)) = Z b1
: : J
J=0 j=1

duoc goi la todn ti tich phan trong CN,
Dinh nghia 12. Gid st b(x) = >_b;a’, va a(x) =1+ b(z). Khi dé
j=1

logarit L(a(x)) clia a(x) dudc zdc dinh bing dang thitc

Lia(x) = L(1 + b(z)) = 3 (_1]3 br(a).

k=1
Meénh dé 13. Gid st a(x),c(z) € CN théa man S(a(z)) = S(c(z)) =

1. Khi do,

()D(L(a(z) = ijg” ,

(2)L(a(z)c(z)) = Lla(z)) + Lic(x)),

(3) Vi moi so hitu ty v, ta cé L(a"(z)) = rL(a(z)),

(4) Néu L(a(x)) = L(b(x)), thi a(x) = b(x )

5) Néu b(x) € CN théa man S(b(z)) = 0, thi vdi moi s6 hitu ty r ta

r(r—1)..(r—j+1)
J! |

(1+b($)>7"=1+§:qibj(x) vdi CJ =
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Dinh nghia 13. Gid st b(z) = mej. Khi do, mu E(b(x)) cia b(x)
dugc zdc dinh bang dang thitc E( (x)) = Zjl (x) vai b¥(z) = 1.

Meénh dé 14. Gid st b(x), c(z) € CN théa man S(b(z)) = S(c(z)) =
0. Khi do:

(1) D(E(b(x))) = E(b(x))D(b(x));

(2) Néu E(b(z)) = E(c(z)) thi b(z) = c(x),

(3) LIE(b(x))) = b(x), E(L(1 +b(x))) = 1 + b(z),

(4) E(b(x) + c(z)) = E(b(x)) E(c(x)).

Dinh nghia 14. Gid st a(z) = iajxj vot ag =1 var € C la mot

j=0
so phitc bat ky. Khi dé, ta dinh nghia o"(x) la chudi liy thua hinh
thiic E(rL(a(x))).

Ménh dé 15. Gid sit a(z) € CN théa man S(a(z)) =1 var,s € C.
Khi do,

(1) & 2(a) = (o)
(2) D(a(2)) = ra"(x) D{a());

(3) Lla"(z)) = ( (2));

(4) Néu b(z) € CN théa man S(b(x)) = 0, thi

r(r—1)..(r—j+ 1).

(1+ b(x) _1+Z(ﬂb7 voi CJ = j!

Dinh nghla 15. Gid st a(z) € CY va S(a(x)) = 0, tic la a(z) =
> a’. Khi do, ta dinh nghia

sinfa(w)) = 5 [Blia(w)) - Bl—iala))] = 3(-1) ?2;-1(3
cos(a(x) = 5 [Bia(a)) + B(—ia(a))] = 3212

tan(a(x) = (sin(a()))(cos(a(x))) L, see(a(z)) = (cos(a(z))) "

¢ day i la don vi do, tic la > = —1 va a’(z) = 1.
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2.3 Phép truy hoi trong CV

Dinh nghia 16. Mdi anh za f : Nx CN — C duoc goi la mot phép
truy hoi trong CN. Dé truc quan ta cing xem f nhu la mot ham cia

v0 han cdc bien la n,agy, aq,as, - véi n nhan gid tri trong N, con
o

ag, a1, ag, - -+ nhan gid tri trong C va > a2’ = a(z) € CN.
J=0

00 . R

Gid stk € N va a(z) = Y a2’ € CV. Ta néi rang a(z) hay day

j=0
sO ap, ai,as, - théa mdan phép truy hoi f vdi bac truy hoi k néu
f(naa’();al)aQ"” 7an70707"') =0
vdi moi n = k. Khi do, a(x) duge goi la mot loi gidi cia phép truy
hoi nay.
N O<> N Z
Ta néi rang a(x) = Y. a;x’ € CN hay diy s6 ap,ai,as, -+ théa
=0

J
mot phép truy hoi tuyén tinh thuan nhat bac k néu ton tai cdic hang

k
S0 ¢y, C1,C2, -+ ¢ € C sao cho vdi moin > k ta co Y cjan—; = 0.
J=0

Dang thic tréen dude goi la hé thic truy hoi.

Dinh 1y 2. Gid st ¢y, ¢, ...,c. € C la cde 56 sao cho phuong trinh
F — cla:k_l — CQ.ka_Q — o= =0

(X) B
co k nghiém phan biét r1,rq, ..., r. Khi do a(x) = ) a;x’ la mot 10i
§=0
gidi cia phép truy hoi tuyén tinh thuan nhat bac k vdi hé thic truy
hoi G, — ClQp_1 — Colp_9 — -+ — Crp_ = 0 cho moi n > k khi va
chi khi a,, = ayri"™ + aors™ + -+« + agri cho moin = 0,1,2,..., va
aq, o, ..., o la nghiém cia hé phuong trinh tuyén tinh

)
x1+x2+---+:€k:a0
T1X1 + ToXo + -+ + 71T = Q1
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Dinh 1y 3. Gid st c1,c2 € C la cdc so sao cho phuong trinh x* —
w .
c1x —co =0 co nghiem kép ro # 0. Khi do, a(x) = Y a;x’ la loi gidi
j=0
ctia phép truy hoi tuyén tinh thuan nhat bac 2 vdi hé thic truy hos
ay, — C1Qp—1 — CoGp_o = 0 v01 mot n = 2 khi va chi khi a,, = aqry”™ +
a a; — agr
ag(n—1)ry", vdi moin =0,1,2,..., d day a; = L vaay =Y
o o

2.4 Phuong phap dém bang ham sinh théng thudng

Dinh nghia 17. Gid st a; € C vdi j € N. Ta néi rang phan ti

b(x) € CN la ham sinh cho ddy so ag,ai,as, - - - ,@j, -+ ma ta sé

thuong gidn don ky hiéu la (a;)§° néu ton tai mot ty dang cau ¢ ciia
Cx} .

khong gian vecto CN sao cho o(a(z)) = b(x), ¢ day a(x) = > a;x’.
j=0

Néu ¢ la tu dang cau dong nhat cia khong gian vecto CN, tigc la
o(c(x)) = c(x), vdi moi c(x) € CN thi p(a(x)) dudc goi la ham sinh
thong thuong cho day (a;);°. Nhu vay ham sinh thong thuong cho

day (a;)° la chuoi lay thua hinh thic a(x) = Zaja:j.

Néu ¢ : CN — CN - Zc ) Z —xi thy ¢ la mot tu ding céu
3=0 j= 0]

cia CN. Khi dé, p(a(x)) dudc goi la ham sinh ma cho day (a;)§
Nhu vay ham sinh ma cho day (a;)y la chuoi liy thwa hinh thic

b(x) = > bja’, trong dé b; = 4
j=0

' vdt mot j € N.
g

Vi du 5. S6 Fibonaccs.

Ta dinh nghia Fo=0,F =1convéij>2s0F;,j=0,1,2,..dusc
goi 1a cac s6 Fibonacci thit j. Ta ¢6 v6i moi j > 2, F; = Fj 1 + Fj 9.
Gia st f(z) la ham sinh thong thuong cho day (F j) . Khi do

f(@) = Fy+ Fiz+ Fya® + Fa® + - - -

Do do, f(z) — zf(x) — 2°f(x) = z. Suy ra f(z) = 1
—r—x
phuong phap hé s6 bat dinh, véi a,b 1a hai nghiém ctia phuong trinh

X

5. Bang
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1— 2 —2%tacod

T a b

l—2—22 (b—a)z—a) (b-a)z—0b)

x = V5N —/O\IT

1—35—1’2_]2;\}5[(1+2 5) _(1 2 5)}33].
VBN —/5\J
Al -5

2.5 Phuong phap dém bang ham sinh ma

Vi du 6. S6 mat thi tu

Gia st X 1a mot tap httu han va o = {x1, 29, ..., 2,}. Ta sé dong
nhat hoan vi (ay,as, ..., a,) cua cidc phan ti cia X vé6i song anh o :
X — X : x; = a;. Khi d6 phan tt z; € X dudge goi la diem bat dong
ciia hodn vi ¢ trén X néu ¢(x;) = x;. Hoan vi ¢ cia X ma khong c¢6
diem bat dong nao, dudc goi la mot mat thit tu ctia X. S6 tat ca cac
mat thi tu clia tap hitu han X c6 n phan tit duoce ky hieu 1a D,,.

Gia st P([n]) 1a tap tat cd cac hoan vi ctia tap [n] va p(z) 1a ham sinh
mii cho day P([0]), P([1]),...,P([n]),. ... M&i hodn vi ¢ clia [n] c¢6 the
duge xem 1a cap (o, 7), véi o la mot hodn vi khong c¢6 diém bat dong
trén K C [n] va 7 1a mot hoan vi dong nhat trén K = [n] \ K.

Ky hieu: I([n]) 1a tap cdc hodn vi dong nhat trén [n], con D([n]) 1a
tap cac mat thi ty tren [n]. Khi do, | I([n]) |= 1 va | D([n]) |= D, cho
moi n = 0,1,2,... Do d6, ham sinh mt cho day (I([n]))g® va (D([n]))s°
tuong tng la:

1 1 1
(@) =1+ o + Za® + g2’ + - = B(x),
Dy Dy, Ds,
d() DO‘i‘TiU‘F ol —|—§x + ..
Vi | P([n]) |= n! nén ham sinh ma cho day (P([n])) la:
1 2! 3!
p()_1+1'$+21’ —1—533 +oe=l4r+ai+d+ -
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Mt khac, ta co P([n]) = DI([n]). Suy ra:

d(z) = p(x)(i(z))" = p(z)(E(2))"" = p(z)E(-x2)

1 1 1
p— 2 3 e o o — — — 2—— 3 e o o
= (l+o+2"+2°+ )(1 TR AT )

. L1 il
— _|_..._|_( _ﬁ+§_§+...+(_)m)x + ...
Do d6 s6 tat ca cac mat thi tu cla tap hitu han X luc luong n 1a:

1 1 1 1

—nl - - _1\"__

Dy=nl(l= g+ =g+ + (=)
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Chuong 3

MOT SO PHUONG PHAP VA KY THUAT DEM CO BAN KHAC
3.1 Nguyén ly bu trir suy rong

Dinh nghia 18. Xét m vat aq,ao, ..., a,,. Cdc vat nay tuong ing
dugc gdn vdi cac trong s6 w(ay),w(as), ...,w(an), ma la cic phan ti
ctia mot vanh giao hodn K nao dé. Méi vat a; da cho cé thé cé hay
khong co cdc tinh chat Py, Py, ..., P,. Ky hiéu

SOZZW(C%’), Sk:: Z M(P’ippiza'“apik)?
=1

1< <io < <1p.<n

d day M (P;,, P; P,) la tong trong s6 clia tat cd cdc vat cé cdc
tinh chat P, P,,...,P,,
M (r) la tong trong s6 cia tat cd cac vat cé ding r tinh chit,

M, la tong trong sé cia tat cd cac vat c¢é khong it hon r tinh chat.

19 93ttty

Dinh 1y 4 (Nguyén ly bu trt suy rong).
n

M(r)=> (=D)F7CiSy, M, =) (=1)""C;Z{Sk,

k=r k=r
voi morr =0,1,...,n.

Néu w(a)) = -+ = w(ay) = 1 thi ap dung Dinh 1y trén, ta nhan
duge nguyeén 1y bu trit dang kinh dién.
3.2 Phuong phap dém bang céng thic nghich dao

Dinh nghia 19. Day da thic la mot day co thi tu po(x), p1(x), po(z), p3(x
cic da thic p,(x) vdin € N, ma ta don gian ky hiéu la (p,(x)) thoa
man cac dieu kién sau day:

(i) Cdc hé so cia cic p,(x) déu phdi la so thuc;

(ii) po(x) la mot hang so khac 0;

(ii1) Bac cta py(x), ky hiéu la deg(p,(z)), bing n.

Néu (q,(2))5° la mot day da thiic khdc, thi (qo(x), qi(x), -, qu(x))
lap thanh mot co s cho khong gian vecto C,, 1[z] tat cd cic da thic
tréen C bac nhd hon n + 1. Do dé, vdi moi py(x),n € N cia day
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da thitc (pn(2))(°, ton tai cdc $O ang, ani, -+ 5 ann $a0 cho py(x) =
n

S anpqr(x). Tuong tu, ton tai cic $6 byo, by, buo, -+ 5 bppn Sa0 cho

n
() = D bpipi(x), Cac s0 any va byy cing dude goi la cac hé so
k=0

noi.

Biéu dién ciia m + 1 da thic p,(z) dau tién qua q.(x) c6 thé viét
dudi dang ma train P = AQ, ¢ day P va Q la cdc vecto cot (pr(x))y
va (qr(x))§, con A = (a;;) la ma tran vudng cap m + 1.

Tuong tu biéu dién cia m + 1 da thic q,(z) dau tién qua p,(z) cb
thé viét dudi dang ma tran Q = BP, ¢ day P va Q la cdc vecto cot
néi d trén, con B = (b; ;) la ma tran vuong cip m + 1.

Tu P = AQ va Q = BP suy ra P = A(BP) = (AB)P va @ =
B(AQ) = (BA)Q. Do sy doc lgp tuyén tinh cia cdac da thiic (pp(x))
va (qi(x))g" suy ra AB = BA =FE vdi E la ma tran don vi . Vay A
va B la cac ma tran nghich ddao ciua nhau.

Dinh ly 5 (Céng thic nghich ddo cic dong nhat thiic to
hop).

Gia st A = (a;;) va B = (bi;) la cic ma tran nhan dugc tu hai
day da thic (py(x ))O va (qn(x))° nhu noi tdi ¢ trén. Ta cung gid
s mng day cdc $6 (u,)® va (v,)3° lien hé vo’z nhau bang dang thic:

Zamkvk vdi moi n € N. Khi do, v, = an pUE V07 moi n € N
k=0 k=0

Dinh nghia 20. Dé thay rang cdc day (™) va ((x — 1)) la cdc
day da thic. Ta co

= (x-1)+1)"=> Ciz—1)

n

(z=1)"=) ()" *Cp()"

k=0
Do do cac ma tran A va B nhan duoc tu har day da thic duoc goi
la cac ma tran cua cac cong thic nghich dao nhy thic. Theo Dinh
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ly 5 néu hai day so (un)o va (v,)5° lién hé vdi nhau bing dang thic

ZCkvk thi v, = Z( 1)k CFy.
k=0
Vi du 7. Tinh so phan hoach S(n,m) cia tap [n] thanh m khoi theo
n va m.

Néu S, ([m]) 1a tap tat ca cac ham tu tap [n] vao tap [m], con T,,([m)])
Ia tap tat ca cdc ham toan anh tu [n] len [m)] thi | S,.([m]) |= u, = m”
| T.(Im)) |= vy = m!S(n, m).

Ky hicu Fy, = {f € Su(m]) | f([n]) = k}, v6i k =1,...,m. Khi d6
FrnF=0néuk #1vaS,(Im]) =FLUFU...UF,. Theo nguyén ly
cong, |Sp([m))| = |Fi|+|Fo|+- - -+ |Fn|. M6i f € F}, c6 the xem la mot
nhiém vu gom hai cong viéc: cong viec 1 1a tao ra tap con K C [m] lue

)

lugng k; cong viéc 2 la tao ra toan anh f tut [n] 1én K. Theo nguyén ly
nhan,|F;| = CFk!S(n, k). Do S(n,0) =0, ta co m" = > C¥k!S(n, k).
k=0

Ap dung cong thiic nghich ddo nhi thic 6 trén ta dugc s6 phan hoach
S(n,m) cua tap gom n phan ti thanh m khoi la

1 m
S(n,m) = — Y (=1)" *Chk".
k=0

Dinh nghia 21. Ky hiéu (x), = z(z — 1)(x —2)---(x — n + 1),

o0

Xét cic day (z")F va ((2),)5°. DE thay rang cac day nay la cic day
n
da thic. Do m" = ZS(n,k)(m)k vdi moi s6 nguyén duong m, &

day (m )k = CFk! = m( — 1)(m — 2)....om — k + 1), nén da thic
" — ZS(n k)(x)p c6 vo s nghiém.
k=0

Do do =" — ZN:S(n, k)(x)r =0 hay 2" = gijoS(n, k)(x)p.

k=0
n

Gid st (z), = > s(n, k)z* la bieu dién cia (), theo 2*. Cdc hé
k=0
s0 noi s(n, k) trong dang thicc nay dudc goi la so Stirling loai mot.

Goi A va B la cac ma tran nhan duoc tu hai day da thic trén. Khi
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do, cic ma tran A va B 0 trén dudgc goi la cdc ma tran cua cong

thitc nghich ddo Stirling. Vi BA = E, nén ta c6 dong nhat thic

> s(l,k)S(k,j) =61, 0 day 91 la ky hieu Kronecker.

k=0

Theo dinh ly (5), néu hai day so (u,)° va (v,)3° lién hé vdi nhau
n n

bang dang thiic u, = ZS(n, kv thi v, = > s(n, k)uy.
= k=0

Tathayso \X\—61+61+62+ -+ e,.

Sp = C,ljek + O]]:+16k+1 + -+ CSen.
Néu ta ky hiéu s 1a vecto cot clia cac s, k = 1,2, e 1a vecto cot clia cac
er va Ay 1a ma tran trong phuong trinh s = Aje. nén A;' = (A"~
(A~ = B, trong d6 B 1a ma tran clia cong thiic nghlch d&o nhi thLIC
con B! 1a ma tran chuyen vi cia B. Ta suy ra e = B's.

Meénh dé 16 (Cong thitc sang).
ey = Sk — O£+1Sk+1 + C£+28k+2 — -t (—1)n_k07l§8n.

Tu cong thic sang, ta c6 the ching minh dude cong thic tinh s6
phan tit ciia X chia trong mot s6 1é hay mot sd chan cac tap con
A Ay A,

3.3 Mot vai ky thuat co ban

Dinh nghia 22. Gid st f(z) la mot ham so (ta sé zét chi yéu cdc
ham s6 vdi mién zdc dinh va mién gid tri chi gom cdc s6 nguyén).
Todn ti¢ sai phan tiéen A dnh xa ham f thanh ham Af duoc zdac dinh
nhu sau: Af - x— [f(x+1)— f(z)],
d day ta gid thiét rang mién zdc dinh cia f chia v +1 mdi khi né
chita x.

Gid st ta phdi tinh tong f(a) + f(a+ 1) + fla+2) + -+ + f(n),
d day f(x) la ham s6 zdc dinh tai a,a+1,a+2,--- ,n. Néu ta tim
duge ham F(x) sao cho AF(x) = f(z), thi ham F(x) cung dugc
ky hiéu la A7 f(x). Khi dé, theo dinh nghia cta todan ti A ta cé
fla)+ fla+1)+ fla+2)+---+ f(n)=F(n+1)— F(a). Ta ky hiéu
hiéu F(n+1) — F(a) bang F( ) | hay AT f () [T
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Dinh 1y 6 (Dinh 1y co ban cho tich phan h@u han). Gid s
ton tai ham s6 F(x) sao cho AF(x) = f(x). Khi dé

fla)+ fla+ 1)+ + f(n)=F(n+1) = Fla) = A7 f(z) [§7.

Vi du 8. Tinh tong 1 +7+19+37+ -4+ (3n? +3n +1).

Ta c6 Az® = (z +1)° — 2 = 322 + 32 + 1. Do d6, theo Dinh Iy co
ban cho tich phan hitu han, ta co

14+7+19437+- - +(Bn* +3n+1) = 2° |IT'= (n+1)° - 0° = (n+1)°.
A Vi s6 nguyen duong n da cho, ta dinh nghia (), = x(x — 1)..(x —
n + 1). Ménh dé sau day cho phép ta tinh A~Y(x),

(x)n—l—l
n+1°

Vi du 9. Tinh tong 1.2 +2.3+ -+ (n — 1)n.

Ménh dé 17. A (z), =

Ta c6 A7 (z)y = % Do do6, theo Dinh Iy co ban cho tich phan hitu

han

)

124234+ (n—1n=A""z) 4= % A

1 1 1
= g(n —)n(n+1) — §0.1.2 = g(n — )n(n +1).
Dinh 1y 7 (Tinh tich phan hitu han theo titng phan). Néu vdi
cac ham f(x) va g(x), A~ f(z+1)Ag(z)] ton tai, thi A~ g(x)Af(z)]
cling ton tai va

Ag(x)Af(@)] = fx)g(x) = A7 [f(z + 1)Ag(w)].
Vi du 10. Tinh tong la + 2a*> + 3a® + - - - + na®, vdi a > 1.

X

Dat f(z) = aa_ T g(x) =x. Khido Af(z) =a® va Ag(z) = 1.
ax+1
Do d6 f(z + 1)Ag(z) = —— Ta cling 6
B B a:erl a$+1
A+ A9 = A () = o
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Suy ra theo quy tac tinh tich phan hitu han theo ting phan, ta c6

ra® a®tl
A_l T . .
(xa®) PRl
V1 vay
la + 2a° + 3q° T Y A_l(l‘ax) 71”L+1
. [(n—l— 1)an+1 a2 :| [ a a2 ]
N a—1 (a—1)2 a—1 (a_1)2
a"na—n—1)+a

(a—1p

Cha § 1. Anh zq tuyén tinh f : Clz] — C ciia khong gian vecto Clx]
vao khong gian vecto C (trén truong C) dugc goi la mot phiém ham
tuyén tinh cia Clz]. Vdi mot day da thic (pj(z)) va mot day cdc
s0 (a;), ton tai duy nhat mot phiém ham tuyén tinh f : Clz] — C

vdi f(pj(z)) =a;,j €N
Vi du 11.

Xét day da thie ((z),)5°. Ta dinh nghia phiém ham tuyén tinh f, k €
N bang cach dat fy((x),) = dgn, va md rong tuyén tinh f lén toan

bo Clz]. Ap dung fi vao dong nhat thic (z),.1) = (z)u(z — n)
z(x), — n(x), ta dugc

fe—1((@)n) = Skin = Oknr1 = fe((T)ns1) = felz(x)n] — nfil(2)n)
= (fkgz — kfi)(@)n), (V1 fr((@)n) = Okn).
Mat khac, ta lai co

n

fk(xn>:fk[zs(n7])(x>J] — S(nvj)ékdzs(n?k)

7=0 J=0

3

Do do, S(n,k—1) = S(n+1,k)—kS(n, k) hay S(n+1,k) = kS(n, k)+
S(n,k —1). Day chinh la dong nhat thic cho s6 Stirling loai hai ma ta

da ching minh 6 Chuong 1.
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KET LUAN

Qua mot thoi gian tim hiéu, tiép can va nghién citu vé cac phuong
phap dém trong 1y thuyét t6 hop, luan van da hoan thanh va dat duge
muc tiéu nghién citu clia dé tai véi nhimg két qua cu thé nhu sau:

A Trinh bay mot cach day du va chi tiét cac nguyén ly dém co ban,
nguyéen 1y Dirichlet, mot s6 bai toan dém co ban va cac vi du dic sic
nham minh hoa cho cac van dé dugc néu.

A Tong quan va hé thong mot cach day du va chi tiét chudi liy thita
hinh thiic, cac toan tit trong CV, phép truy hoi trong CV, phuong phap
dém bang ham sinh thong thuong va phuong phap dém bang ham sinh
mil. Ngoai ra, mot hé thong cac vi du minh hoa dugc trinh bay nham
lam sang t6 van deé nghién ciiu.

A Cudi cung la khao sat nguyén 1y bu trir suy rong, phuong phap dém
bang cong thitc nghich ddo bao gom cong thitc nghich ddo nhi thic, cong
thiic nghich dao Stirling, cong thic sang va mot vai ky thuat co ban nhu
tinh tong bang tich phan hitu han va xac dinh hé thic trong cac day s6
bang phiém ham tuyén tinh va chon loc mot s6 vi du minh hoa dac sac.

V6i nhitng gi tim hieu va nghién ctu duge, luan van sé 1a mot tai lieu
tham khao httu ich cho ban than khi tiép tuc di sau nghién citu sau nay
va hy vong cling 1a nguon tu lieu tot cho nhiing ai quan tam nghién ctu
ve 1y thuyét to hop.

Trong dieu kién ve thoi gian va khuon kho cta luan van nén ching
toi chua di nghién cttu vé 1y thuyét Polya, day 1a mot 1y thuyét nham
cung cap cho ta mot cong cu manh cho bai toan dém trong 1y thuyét to
hgp. Nghién cttu vé 1y thuyét Polya sé 1a hudéng phat trien tiép theo cia
luan van.



