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BANG CAC Ki HIEU PA SU DUNG

N Tap hop cac so tu nhién.
* Tap hop céc so tu nhién khéc 0.
R Tap hop cac sb thuc.
R, Tap hop cac sb thuc khong am.
0Q Bién cua Q.
I9) Bao dong cua Q.
(X,].]) Khong gian Banach X véi chuan |.|.
I’[a,b] Khong gian cac ham do duoc trén doan [a,b]
|x|p Chuan ctia x trén khong gian L7
Cla,b] Khong gian cac ham s6 thyc lién tyuc trén doan [a, 5]
C([a,b],E) | Khong gian cac ham lién tuc u:[a,b] > E
O Két thuc chirng minh.




MO DAU

Ly thuyét phuong trinh trong khong gian c6 thir tr dwoc hinh thanh tir nhitng ndm 1940, phat trién
manh mé& vao nhitng nim 1960-1970 va dugc hoan thién cho dén ngay nay. Ly thuyét nay tim duogc
nhimg tmg dung rong rii va siu sic trong nhiéu linh vic nhu Ly thuyét phuong trinh vi phén, vat 1i,
sinh hoc, kinh té ....

Trong 1y thuyét phuong trinh trong khong gian c6 thir ty thi dinh 1i Krasnoselskii vé diém bét dong
ctia anh xa nén hodc gidn mot mit non dong vai trd rat quan trong. Vai tro cta dinh li ndy ciing twong
tu cac dinh 1i Banach vé anh xa co va dinh li Schauder trong li thuyét diém bat dong. N6 dugc st dung
dé chtng minh su ton tai nghiém cua nhiéu 16p phuong trinh vi phan va tich phan. Vi sy quan trong
ctia no, dinh 1i Krasnoselskii duge nhiéu nha nghién ciru quan tam, tim cach mo rong, dé co thé ap
dung cho céc 16p phuong trinh méi. Cho dén nay, dinh Iy nay da duoc mé rong theo nhiéu huéng khac
nhau va 13 mot trong nhitng cong cu chu yéu dé chirmg minh su ton tai nghiém duong cta nhiéu 16p
phuong trinh vi phan va tich phan.Chimg minh ban dau cua Dinh Iy Krasnoselskii dya trén dinh 1y
Schauder, kha phuc tap va dai. Voi viéc xay dung khai niém bac topo theo non cho anh xa dugng thi
dinh 1y Krasnoselskii dugc chimg minh don gian hon rat nhiéu va viéc mo rong dinh 1y ciing tré nén
thudn lgi1 hon. Tuy nhién viéc st dung dinh 1y Schauder dé nghién ctru Dinh Iy Krasnoselskii van con v
nghia trong mot sb truong hop, vi du khi can trinh bay dinh Iy nay mdt cach doc lap vai viée dung bac
topo.

Luan vin trinh bay hai phuong phap nghién ctru Pinh 1y Krasnoselskii vé anh xa nén hodc gidn mat
non, doé 1a phuong phap st dung bac topo va phuong phdp st dung Pinh Iy Schauder. Ngoai ra luan
van ciing gidi thiéu tng dung cua Pinh 1y va cac md rong ctia nd dé ching minh su t6n tai nghiém

duong cua cac phuong trinh tich phan.



Chuong 1:
PHUONG PHAP BAC TOPO NGHIEN CUU PINH LI

KRASNOSELSKII

1.1 Khong gian Banach véi thir ty sinh béi non.

Dinh nghia 1.1.1.

1. Tap K trong khong gian Banach thuc X goi 14 non néu:
(1) K latap dong.
(i) K+K cK,AK cK,¥Y1>0.
(i) K n(-K)={0}.

2. Néu K 13 nén thi thir tu trong X sinh bd1 K duoc dinh béi:

x<ysy—-xek

Mbi x € K\ {0} duoc goi la duong.

Ménh dé 1.1.2. Gia st “<” 1a tht ty sinh béi nén K . Khi do:

l.x<y=x+z<y+z,Ax<Ay VzeK,V1>0.

2. (x,<y,(neN*),limx, =x,limy, =y)=>x< y.

3. Néu x, la day tang, hoi tu vé x thi x,<x,VneN*.

Chirng minh ménh dé 1.1.2.
1. Sir dung thir ty “<” sinh bdi nén va tinh chét (ii) trong dinh nghia 1.1.1.
2. Taco lim(y,—x,)=y—-x ma y —x, € K=>y—xeK (tinh chat dong cia K).

3. Cho m — oo trong bét dang thirc x, <x,, tacé x, <x,Vne N.

1.2 Bic topo theo non.

Trude khi di vao dinh nghia bac topo theo nén, ta nhic lai cach xdy dung béc topd trong khong gian
hiru han chiéu va khong gian vo han chiéu.

Bic topd trong khong gian hiru han chiéu.



ACho G la tap md bi chan trong khong gian R”, AZE—)R",AECI(E). Ta nhic lai ring
AeC'(G) khi va chi khi 4 kha vi tai moi diém x,€G va A':G— L(R";R") lién tyc. Hon nira
AeC'(G) khivachikhicotip ESG, E mé,c6AcC'(G) va Al ,=A.

Pinh nghia 1.2.1. Cho4 e C' (5) , ta goi x 13 diém 161 han cua A néu det A'(x)=0, A(x) goi la gid
tri t6i han cua A. Tdp hop cdc diém téi han cua A trén G kihiéula Z 4 (5) hay Z ,. Tap hop cac gia
tri t6i han A(Z,) duoc goi la nép clia A.

Pinh Iy 1.2.2. Néu 4 C'(G) va p¢ A(Z,) thi 4”'(p) chira hiru han diém.

(Chtrng minh cta Dinh 1y 1.2.2 ¢6 thé tham khao trong [6, p.143]).

Pinh nghia 1.2.3. Gia stt 4 C' (5) , pe A(0G) vap ¢ A(Z,). Ta dinh nghia deg(4,G, p) 1a bdc cua
A tai p doi véi G véi:

deg(4,G, p) = Z signdet A'(x).

xed™'(p)
Chuy 1.1:
(i) Trong dinh nghia trén diéu kién p ¢ A(6G) 1a dé cho A'(x) ton tai khi xe A™'(p) vi khi do
xe A (p) ¢ G nén A'(x) ton tai.

(i) DiCukién p ¢ A(Z,) bao dam rang tong »_ signdet A'(x) 1a hitu han (do Dinh 1y 1.2.2).

xed ™ (p)
Han ché cta Dinh nghia 1.2.3 1a c6 qua nhiéu rang budc dbi voi anh xa A va diém P, sau day la hai
dinh nghia “t&t hon”, s& loai bo dugc diéu kién 4 kha vi trén G va didu kién p ¢ A(Z,). Dé kiém tra
tinh dung dan ciia hai dinh nghia nay, ta c6 thé tham khéo trong [6, p. 144-149].
Pinh nghia 1.2.4. Gia st 4 C' (5) , p& A(0G) nhung p € A(Z ). Khi do:
deg(4,G, p) :=deg(4,G,q)
v6i ¢ 1a diém thoa mén:
q¢ A(Z,) va|q—p|<d(p,A0G))
trong do d(a,A)=inf{||x—a||:x € A}.
Pinh nghia 1.2.5. Gia st 4e C(G), p ¢ A(6G). Khi do:
deg(4,G, p) :=deg(B,G, p)
v6i B e C'(G) thoa:
| A(x) - B(x)| < d(p, A(8G)),Vx € G .
Nhu vay ta da xem xét bac topo cua anh xa lién tuc 4 trong khong gian hiru han chiéu. Cau hoi dat ra

o day la lam thé nao dé co thé xay dung bac top6 cho mdt anh xa trong khong gian vo han chiéu. Phan



sau day sé& trinh bay bac topd trong khong gian vo han chiéu cho anh xa 4 c6 dang A=1—F véi I 1a

ham dong nhét, F G —> X laham compact lién tyc.

Bac topd trong khong gian vo han chiéu (Bic Leray-Schauder).

Pinh nghia 1.2.6. Cho X va Y 1a hai khong gian tuyén tinh dinh chuin, mot 4nh xa compact
F:X —Y dugc goi 1a dnh xa hitu han chiéu néu F(X) chia trong mot khong gian con tuyén tinh
hitu han chiéu cua Y .

Pinh 1y 1.2.7. (Pinh 1y xap xi Schauder) Cho G 1a mot tap 10i trong khong gian tuyén tinh dinh chuan
X =(X,|.I), F:X — Gla anh xa compact lién tuc. Khi d6 véi mdi &> 0, ton tai mot tip hitu han
V= {vl,vz,...,vn} trong F(X) va mot ham lién tuc hiru han chiéu F : X — G thoa man:

@)
(if) F,(X) < co() = G .

F.(x)-F(x)|<eVxeX.

trong d6 co(V) 1a tap 16i nho nhét chira V.
(Chirng minh cta Dinh 1y 1.2.7 ¢6 thé tham khao trong [6, Dinh 1y 4.12]).
Pinh nghia 1.2.8. Cho G 1a mot tip md, bi chin trong khong gian dinh chuan X =(X,|.|)) va

A=1-F vé6i I 1a ham dong nhat, F :G — X 1a ham compact lién tuc, p ¢ A(0G) . Dat A=I-F
voi F 1a mot ham tuy y xac dinh trén G lién tuc va hitu han chiéu thoa:
HF(x) - Tv(x)H <d(p, A(3G)),¥x eG.
Chon mét khong gian tuyén tinh hitu han chiéu ¥ chira F (5) va p,dat G, =GNV, tadinh nghia:
deg(4,G, p) = deg(4, Gy, p),
va goi deg(A4,G, p) 1a bdc Leray - Schauder cua anh xa A tai p do6i véi G.
Nhdn xét: Sy ton tai cta anh xa F dugc suy ra tir Dinh Iy 1.2.7. Ngoai ra, su ton tai cia deg(;l,GV, P)

va su doc 1ap vai viée chon khong gian V' trong Pinh nghial.2.8 c6 thé tham khao [6, p.152-153]).

Béc top6 theo non K.

B6 dé 1.2.9. Cho khong gian Banach X , tdp dong M — X va anh xa compact lién tuc 4: M — X .
Khi d6 ton tai 4nh xa compact lién tuc A:X = X sao cho:

A(x)=A(x) VxeM, va A(X)ccodM).
(Chtrng minh cta B6 d& 1.2.9 c6 thé xem trong [4, p.44]).



Pinh nghia 1.2.10. Cho X Ia khong gian Banach véi non K. Gida st G < X 1a tap md, bi chan.
A: K N"0G — K 1a anh xa compact lién tuc sao cho: Ax#x Vxe K noG. Goi A:X - X 1aéanh xa
compact lién tuc sao cho:

{Z(x)—A(x) Vxe KNoG (1.1)

A(X) c co(A(K NOG)) c K
(Su tdn tai cla A dugc suy ra tu B6 dé 1.2.9).
Khi d6 (I-A)(x)#0 véi moi x€6G. Gia sir trai lai, ta c6x, € G :x, = Ax, ma A(X)c K, nén
x, € KOG . Do d6 x, = A(x,) = A(x,) , diéu nay méau thuin véi gia thiét A(x)=x Vxe K ndG. Vi
vay bac topd deg(I — 4,G,0) duogc xac dinh tot.
Ta dinh nghia:

i,(4,G)=deg(I — 4,G,0)

va goi i, (A4,G) 1a bdc t6p6 theo non K cua dnh xa A trén tdp mo G.
Dé kiém tra tinh ding dén cua Pinh nghia 1.2.10, ta can xem xét mot sd két qua cua khai ni¢m déng
ludn ciia nhitng phép bién d6i compact (Ching minh cia nhimg két qua nay c6 thé tham khao trong [6,
Dinh 1y 12.16])
Pinh nghia 1.2.11. Cho G 14 tip md, bi chin cua khong gian tuyén tinh dinh chuan X =(X,]|.|)). Gia

su h:[0,1] > K (5) , 6 day K (5) 1a tdp hop cac ham compact lién tuc tir G vao X . Ta ndi rang h la
dong ludn ciia nhitng phép bién déi compact trén G néu véi ¢ > 0cho trude, ton tai 5(&) >0 sao cho:

|(R(0)(x) = (h(s))(x)| < & v6imoi x e G,

t— s| <0.

Pinh Iy 1.2.12. (Bat bién dudi déng luan) Cho G 13 tdp md, bi chin ctia khong gian tuyén tinh dinh
chuan X =(X.||.|)), # 13 dong ludn cta nhitng phép bién ddi compact trén G. bat ¢ =1-h(1), néu
p ¢ (0G) vo1 0<t<1 thi deg(¢g,,G, p) khong phu thudc vao ¢ [0,1].

Bay gid ta kiém tra tinh c6 1y ctia dinh nghia 1.2.10. Gia st A'1a mot mo rong khac ciia A4 thoa (1.1).
Pt h(t): X > K, h(1)=tA'+(1-1)4

5= f
[1-4] = [4-4]

Léy &> 0 batki, chon 6 = ta co:

|((0))(x) = (h(s)(x)| = H(z —s)(4 —Z’)(x)H <t - S\HZ —Z'H <evoi xeGlt-s]<5.

Do d6 4 13 mot dong luan cua. A,A



Dit ¢,(x) = (I — h(t))(x) = t(I — A)(x) + (1—1)(I — A")(x) Ta cb:
by=I—A;=1—-A.¢=1-A;p=1—A'

¢,(x) =0 véi moi x€dG, t €[0,1] (vi néu tréi lai c6 x, € 6G,¢, €[0,1] sao cho: ¢, (x,) =0 hay

x, = h(t,)(x,) € K thi x, € K " dG, nghia 1a x, = Ax,, mau thuin véi gia thiét). Do d6 0 ¢ ¢,(0G) véi
moi ¢ €[0,1]. Theo Pinh Iy 1.2.12, ta c6 deg(¢,,G,0) = deg(¢,,G,0), hay 1a

deg(I — 4,G,0)=deg(I — 4',G,0).
Vay dinh nghia cua bac t6pd theo nén di duoc khang dinh 14 hop 1y.

Tinh chét bic tdpd theo nén K.

Cho X 1a khong gian Banach véi non K. Gida st G < X 1a tdp mo, bi chdn. 4: K NG > K compact
lién tuc, Ax # x, Vx e KN oG .

(1) Tinh chuan tic: Néu A(x) = u, G, Vx e G thi i,(4,G)=1
(2) Tinh bdt bién dong Iludn: Gia st Ay; A4, : KMN0G — K compact  lién  tyc,
Ayx # x;Ax # x, Vx € K NOG va dong luan duong trén K NAG theo nghia: ton tai 4nh xa compact
F:(KnoG)x[0,1]— K sao cho:

F(x,t) # x, ¥(x,t) € 0G x[0,1]; F(x,0) = 4, (x); F(x,1) = 4,(x).
Thé thi i, (4,,G) =i, (4,,G).
(3) Tinh cong tinh: Gid su G,G,,G, la cac tdp md bi chin, G NG, =Y, G cG(i=12) va
A:K NG — K 1a mot 4nh xa compact thoa min: A(x) = x véimoi x € K N (5 \(G, U GZ)) . Khi do:

i, (4,G)=i,.(4,G)+i.(4,G,).

(4) Tinh chdt nghiém: Néu i, (A4,G)#0 thi 4 c6 diém bat dong trong K NG .

1.3 Dinh li Krasnoselskii va cac mé rong.

Trong muc ndy, ta s& trinh bay Pinh 1y Krasnoselskii (Pinh 1y 1.3.4) va mét sé dinh Iy md rong.
Chung minh cta cac dinh 1y nay dua trén bac topo ctia mot s ham sd. trong cac truong hop dic biét.
Do dé ta s€ trinh bay trudc Pinh 1y 1.3.2 va Pinh 1y 1.3.3 nhu mot co sé cho viéc chirng minh DPinh 1y
Krasnoselskii.

B6 dé 1.3.1. Cho X 1a khong gian Banach v&i non K. Gid st G < X 1a mot tap mo, bi chdn chtra
diém 0,4: K NG — K; A(x)=u VYxe KNG .Khid6,néu u¢ G thii,(4,G)=0.



Chirng minh B6 dé 1.3.1. Gia s i,(4,G)#0, theo tinh chat nghiém cta bac t6po theo nén thi 4 cé
diém bat dong x, trong KNG, suy ra x,=ueG, didu ndy mau thudn voi gia thiét.
U
Pinh ly 1.3.2. Cho X 1la khong gian Banach véi non K. Gia st G < X 1a tdp md, bi chan chua 0,
A4:KNG— K 13 4nh xa compact lién tuc sao cho: Ax #x voimoi x€ K N oG .
(i) Néu A(x) # Ax, Vx e K MG, VA >1thi i, (4,G)=1.
(ii) Néu ton tai phan tir x, € K \ {0} sao cho x — 4(x) # Ax,, Vx € K "G, VA >0 thi i, (4,G)=0.
(111) Gia str (a) Ax # Ax, Vxe KNoG,VA<1, va
(b) inf{|| Ax||:x € Km@G} > 0.
Khi d6 i, (4,G)=0.
Chirng minh Dinh ly 1.3.2.
(1). Xét anh xa compact F : (K N0G)x[0,1] > K, F(x,t) =tA(x).
Ta co F(x,t) =tA(x) # x, Vx € K N 0G, Vt <1 (do gia thiét), suy ra 4 dong luan dwong v6i 4,(x) =0
(F(x,0)=0, F(x,1)= A(x)).
Do d6 i, (4,G)=1i.(0,G) =1 (do tinh chun tic ctia bac topod theo nén, 0 € G).
(ii). Ta ching minh 4 d6ng luan duong voi A4,(x)=Ax, khi A du 16n vi khi d6 Ax, ¢ G va ap dung
Bodé 1.3.1tacd i, (4,G)=0.
Chi can chiing minh ton tai 4, sao cho:
x#(-t)Ax+tAx,, Vxe KN oG, Vt€[0,1], VA= 4,. (1.2)
Gié st trai lai, ton tai x, e KMoG,t €[0,1], 4, 20,4 — +oo sao cho:
x,—(1-t)Ax, =t A x,. (1.3)
Vi {x } =G, {¢,} bichian, 4 compact nén vé trai (1.3) bi chin. Do d6 vé phai cta (1.3) ciing bi chan
hay {¢ A} bi chin trong R. Khong giam tinh tong quat ta c6 thé xem limz A = A >0 (néu khong ta xét
day con). Khi do

lim¢, = limi(tnln) =0,
A

n

diéu nay suy ra A(x,) hoi tu (do 4 compact, {x } = G bichan).
Do d6 {x,} hoi tu vé mdt xe KNG (do K NOG déng). Khi d6 qua gi6i han trong (1.3) ta cb
x—Ax = Ax,, x € K M0G, 1 >0, mau thun véi gia thiét.Vay (1.2) ding .

(iii). Ldy ¢ >1 bat ky, xét anh xa compact h :(KNoG)x[0,1] > K,



h(x,s)=(1—s)Ax+ stAx

biat A(s,t) = ; Taco 0< A(s,t) <1, Vs €[0,1], Ve >1 va h(x,s) = ,
I+s(2-1) A(s,t)

diéu nay suy ra A(x,s) # x (do gia thiét (a)). Do d6 A va t4 (véi ¢t >1) ddng luan duong trén K NG,
theo tinh bat bién dong luan ciia bac topd ta co:
i (4,G) =i (t4,G), Yt >1.
Ta s¢ chung minh tdn tai t, sao cho V¢ 2>¢,:i,(t4,G) =0, khi d6 i, (4,G) =0. Thuc vay, 4p dung két
qua vira chiing minh & phan (ii) ta chi can chirng minh véi x, € K \ {0} cb dinh thi:
x—tA(x) # Ax,, Vt 2t,,Vx e KN 0G, VA 20. (1.4)
Gia st trai lai, ton tai cac day ¢, — +o0,x, € K M 0G, A, >0 sao cho
x,—t,A(x,)=1x,.

Vid:KNnG—>K compact nén ton tai diy con {x, } dé A(x, ) > y € K. Mit khac, chu y rang

xl’l ZI’I
= A(x, )= 5 ~x, e K.

Cho k —> +w tacd —ye K ,suyra y e K N (=K) hay y =0, mau thuan véi (b). Do d6 (1.4) dung hay
i,(tA,G)=0Vt=>t,.Vay i, (4,G) =i, (t4,G)=0(t = ¢,). 0

Pinh ly 1.3.3. Cho X 14 khong gian Banach v6i nén K. Gid st G < X 1a tdp md, bi chédn, chira 0 va
A:KNG— K 1a4nh xa compact lién tuc sao cho 4Ax # x voimoix € K N oG .

(i) Gia str ton tai u € G sao cho Ax—x# A(x—u), Vx € 0G, VA >0, khi d6 i,(4,G)=1.

(ii) Néu ton tai u € K\ G sao cho Ax—x# A(x—u), Vx €dG, VA >0,khi d6 i, (4,G)=0.

Chung minh Dinh ly 1.3.3.
(i) Xét anh xa compact h:(KNO0G)x[0,1]—> K, h(x,t)=(1—-t)Ax+tu, ta ching minh riang

h(x,t) # x, V(x,t) € (K M 0G) x[0,1]. That vay, gia sir trai lai rang ton tai
x, € (K n0G),t, €[0,1] sao cho (1-1,)Ax, +tu, =x,.

Ta suy ra #,#1, vi néu khong ta c6 u,=x,, mau thudn véi x, €0G,uecG(G mo). Khi do

Ax, —x, = %(xo ~u,) Vi - tot >0, didu nay mau thuiin v6i gia thiét.
0 0
Do d6 h(x,t) # x, V(x,t) € (K N 0G)x[0,1]. Theo tinh bat bién dong luan ta co:
i (4,G)=i,(u,G)=1(do ueG).

(i1) Chirng minh tuong tu nhu trén ta co:
i (4,G)=i,(u,G)=0 (do ug¢ G,Bodé13.1).



Ta két thuc chimg minh. O
Nhu vay & phan trén ta dd xét mot s6 trudng hop tinh bac topd theo nén ciia 4nh xa compact lién tuc.
Sau day ta s& str dung nhitng két qua d6 dé chimg minh Dinh 1y Krasnoselskii va cac dinh Iy mé rong.
Truéc hét dé dé theo ddi ta s& quy udc mot sd ki hiéu tap hop: B, = {x eX: ||x|| < r} ;
S, ={xeX:HxH=r}, K, :KGE, r>0.
Dinh ly 1.3.4. (Pinh ly Krasnoselskii)
Cho X 1a khong gian Banach v6i nén K. Cho hai sé thuc r,R:0<r<R. Gia st A4: K, >K
compact lién tuc va:
(1) Ax#Ax,Vxe KNS ,VA=1.
(ii) Ton tai phan tir x, € K\ {0} thoa x— A(x) # Ax,, Vxe KN S,, VA >0.
Khi @6 4 c6 diém bat dong duong x thoa r <|| x||< R.
Chirng minh dinh ly 1.3.4.
Theo Dinh 1y 1.3.2 ta ¢6 i (4,B.)=1;i.(4,B,)=0.Ta ap dung tinh cong tinh cta bac topd voi:
G=B,,G =B ,G, =B, \B..Khidotaco
G, cGi=12;G,nG, =K (G\(GUG,))=(KNS) UKNS,).
Tur gia thiét cua dinh 1y ta c6 x # Ax véimoi x e(K N SHIU(KNS,),hay la:
x# Ax, Vx eKﬁ(E\(G1 UGZ)).
Ap dung tinh cong tinh ctia bac topd ta c6 dang thuc:
ix (4,G,) =i (4,G) =i (4,G)).
Suy ra iy (4, B, \B,) =iy (4, B,) =iy (4,B,)=0~-1==1%0. Vi viy tn tai xeK (B, \B,) sao cho
Ax =x,hay 1a 4 c6 diém bat dong duong thoa r <|| x||< R .[]
Hé qua 1.3.5. Két luan cua Pinh 1y 1.3.4 van dang néu thay ca hai diéu kién (i), (ii) boi mot trong hai
diéu kién sau:
1) Ax)z x,Vxe KNS va A(x)£ x,VxeKnNS§,.
(1’) A(x) £ x,Vxe KNS, va A(x)£ x,Vxe KnNS§,.
Chirng minh h¢é qua 1.3.5.
(i”) Ta sé& chimg minh rang;
A(x)# Ax,VA21L,Vxe KNS, . (1.5)
That vy, gia st trai lai co 4, >1,x, € KNS, : A(x,) = A,x,. Khi d6 A(x,) > x,, mau thudn véi gia thiét

(1’). Vay (1.5) dung. Theo Pinh 1y 1.3.2 ta co



i,(4,KNB)=1. (1.6)
Mit khac vé6i u, € K \{0} batki. ta co
x—A(x)# Au,,VA20,xe KNS,. (1.7)
That vy, gia st trai lai ton tai 4 >0,x, € K NS, :x, — A(x,) = Au,. Khi d6 A(x,) < x,, diéu nay mau
thudn véi gia thiét (i*). Vay (1.7) dung. Mt khac theo Dinh 1y 1.3.2 ta co
i, (4,KNB,)=0. (1.8)
Twr (1.6), (1.8) va &p dung cach chirng minh tuwong tu nhu trong Pinh 1y 1.3.4, ta c6:
iy (A, K "\ (By\B,))=—1%0.
Theo tinh chat nghiém, 4 c¢6 it nhat mot diém bat dong duong trong B, \BT :
(i) Ly luén twong tu nhu (") ta c6 i (4L, KNB)=0, i (4,KNnBy)=1 va
i (4, K N(B,\B.))=1%0 hay 4 c6 it nhat mot diém bét dong duong trong B, \ B,
N
Pinh Iy 1.3.6 Gia st c6 diéu kién (i) ctia Pinh 1y 1.3.3 va diéu kién :
(a) Ax#x,Vx€eS, NK,VALI1.
(b) inf {|| Ax|:x e S, NK}>0.
Khi d6 két luan cta Dinh 1y 1.3.4 van ding.
Chung minh dinh ly 1.3.6.
(ap dung Pinh ly 1.3.2 (ii1), va cach chiing minh tuong tu Dinh 1y 1.3.4).
Pinh 1y 1.3.7. Cho X 1a mot khong gian Banach duoc sap thir tu theo nén K, U,,U, c X 1a hai tap
md, bi chan, khac & sao cho 0 €U, ,Ul cU,;4:K ml72 — K compact lién tuc va thoa mot trong hai
diéu kién sau:

(i) [l 4], <

v Vxe KNMaoU, va ||Ax||X > ||x|

v Vxe KNaU,.

(i) ], =]+

v VxeKNoU, va HAxHX Sux‘

v VxeKnav,.
Khi d6 4 c6 it nhat mot diém bit dong trong K N (U, \U,).

Churng minh Pinh ly 1.3.7.
Ta c6 thé gia sir ring 4 khong co diém bat dong trén K NoU, va K noU, vi néu khong ta da co diéu
phéi chimg minh. Do d6 A(x) # x, Vx e (K noU,)U(K NoU,), hay 1a

A(x) % x, Vxe K0 (G\(GUG)) véi G=U,,G, =U,,G,=U,\U,.  (1.9)

(i) Ta ching minh rang

A(x) # Ax, Vxe KnoU,, VA =1. (1.10)



That vay, gia s trai lai 3x, € K NoU,, 34, >1: A(x,) = A,x, (do ta gia sir 4 khong c6 diém bt dong
trén K NoU, nén A, #1).

Khi d6 [l 4x, [, =4[], >[x|

,»Mmau thuan véi gia thiét (i), do d6 (1.10) dung. hay la:
i,(A,U)=1 (Pinh ly 1.3.1(1)). (1.11)
Ta ciing chimg minh duoc rang
A(x) # Ax, Vxe KnoU,, VA €[0,1]. (1.12)
That vay, gid st trai lai 3x, € K N oU,, 34, €[0,1): A(x,) = A,x, . Khi do:
s, = Al <l

diéu nay mau thuin voi gia thiét (i). Do d6 (1.12) dung.

X’

Mait khac tu (1) ta c6
inf ||Ax||X > inf ||x||X >0 (1.13)

xeKMaU, xeKMoU,
(do 0€U, mo, xedU, suyra x#0).
Tu (1.12) va (1.13) tacod
i, (A4,U,)=0 (DPinh ly 1.3.2 (iii)). (1.14)
T (1.9), (1.11) va (1.14), ap dung tinlﬁéng tinh cua bac topo theo nodn ta co:
i, (4,U,\U))= i,(4,U,) - i, (4,U)=-1#0.

Viy theo tinh chit nghiém ta c6 ton tai it nhat mot diém bat dong trong K N (72 \U,).
(11) Chimg minh tuong tu nhu (1).
Pinh nghia 1.3.8. Cho X 1a khong gian Banach véindn K, &: K — R 13 ham lién tuc 16i, 3: K — R
la ham lién tuc 10m. Cho trudc A, 1 € R, ta dinh nghia:

K =K( ) ={xeK:{(x)<A}.

K, :K(S,y)z{xeK:S(x)Zy}.

Ky, =K(E9,2,1) = K&K, ).
Ménh dé 1.3.9. Cho X 1a khong gian Banach v6inén K, &: K — R 1a ham lién tuc 10i, $: K — R 1a
ham lién tyc 16m. Cho truéc A, ue R. Pit G ={xe K : I(x) < u} 1a tAp khac & va bi chan. Gia s tap
{x €K, 9(x)> y} . A: K - K compact lién tuc sao cho Ax # x, Vx € K N 0G va thda:
(1) $(Ax)>pu, Vxe K ,.
(1) $(Ax) > u, Vxe K, vo1 E(A4Ax) > 4.
Khi do6 i, (4,G)=0.

Chirng minh Ménh dé 1.3.9.



Liy ue{xekK,,:9(x)>u} tacé ue K\G, Eu)<A va $(u)> y. D& 4p dung Pinh Iy 1.3.3 ta cén
chimg minh rang

Ax—x# A(x—u), Vxe€ oG, VA1=>0. (1.15)
That vay, gia st trai lai 3x, € 0G, 4, 2 0: Ax, —x, = A,(x, —u),tacd x,€K,,

1
B(xo)zyvéxozl Axy+—"—u.

+ 4, 1+ 4,

Truong hop 1: Néu &(Ax,) < A.

: A 1
Khai thac tinh 161 cia ham & ta cé é(xo)gl—tg(Ax0)+1/10t Ew)<A, do dé x,€k,,, suy ra
+ 0 + 0 ’

H(Ax,) > p (gid thiét (i)). Vi 9 16m nén ta c6 mau thuln:

1 A
=9 > ——9(Ax,)+—>9u) > u.
p=9x) 2 T HAxg) + 77— F) >

0 0
Truong hop 2: Néu &(Ax,) > 4.
Theo gia thiét (ii) ta c6 $(Ax,) > u, khi d6 ta c6 mau thuan:

1 1
=9 > ——J(Ax,))+——3(u) > u.
#=9xg) 2 T HAxg) + 7 F) >

0 0
Vay (1.15) ding, do u e K \G nén ap dung Ménh dé 1.3.3 (iii) ta c6 i, (4,G) = 0.

Ménh d@é 1.3.10. Cho X 14 khong gian Banach véi nén K, £:K — R 13 ham lién tuc 161, 3: K — R
1a ham lién tuc 16m. Cho truéc A, e R. Dat G ={xe K :&(x) < A} 1a tdp khac va bj chan. Gia su
tap {x €K, :{(x)< ﬂ,} U, A: K - K compact lién tuc sao cho 4x # x, Vx e K " oG va thoa:

(1) S(Ax)< A, Vxe K.

(1) £(A4Ax)< A, Vx e K, vo1 $(Ax) < u.

Khi d6 i, (4,G) =1.

Chirng minh Ménh dé 1.3.10.

Liy ue {xeKL2 1 E(x) </1} taco ueG, Ew)<A va Hu)>u. Dé ap dung Pinh 1y 1.3.3 ta can
ching minh rang Ax —x # A(x—u), Vx € 8G, VA >0 (1.16)

That vay, gid su trar lai 3Ix, €0G, 4, 20: Ax,—x, =A,(x,—u). Ta c6 x,€K,, &(x,)=4 va

1 A
X, = Axy+——u.
1+ 4, 1+ 4,

Truong hop 1: Néu $(Ax,) > p.



Khai thac tinh 10m cua ham § ta c6 $(x,) = 19(Ax0)+1 /10/1 S(u)>pu, do d6 x, €K, ,, suy ra

E(Ax,) < A (gia thiét (i))..

1 &(Axy) + A E(u)< A, mau thuan.

Do & 10italaico A= <
c ' §(%) 1+ 4, 1+,

Truong hop 2: Néu $(Ax,) < .

Theo gia thiét (i) ta c6 &(Ax,)< A, do dé A =E(x,) < 1%5(/1)%) + %é‘(u) < A, mau thuan.

0 0
Vay (1.16) ding, do u € G nén 4p dung Pinh 1y 1.3.3 (1) ta c6 i, (4,G) =1. O
Pinh 1y 1.3.11. Cho X 14 khong gian Banach véinon K, &: K — R 1a ham lién tuc 161, 9: K —> R 1a
ham lién tyc 1dm. Cho truéc A, e R. Pt G={xe K :9(x) < u} la tip bi chan, 0e G. Gia su tap
{x ek, ,:9(x)> y} #, anhxa A: K — K compact lién tuc sao cho Ax # x, Vx € 0G va thoa :
(1) H(Ax)> pu, VxeK,,.
(i1) $(A4Ax) > u, Vxe K, véi E(Ax)> 4.
(iii) i, (4, K.)=1v6i r >0 dunho va i, (4,K,)=1 v6i R >0 du 16n.
Khi d6 4 c6 it nhat 3 diém bat dong trong K .
Chirng minh Dinh ly 1.3.11.
Theo Ménh dé 1.3.9 ta c6 i, (4,G)=0.Do 0 G va G bi chin nén ton tai » >0 dt nho va R >0 du
16n sao cho:
0eK, cGcGcK,.
Tur gia thiét (iii) ta c6 Ax # x, Vx € 0K, UK, UG Lai c6
G\((0\K, )UK, |=0GUeK,, va K \((K,\G)uG)=aGUK,.
Ap dung tinh cong tinh ctia bac topd theo nén ta co:
i, (4,G\K,) =i, (4,G)~i (4,K,)=0-1=~1%0,
i,(4,K, \G) = i (A, K;)—1.(4,G)=1-0=1%0.
Do d6 theo tinh chit nghiém cia bac topd theo nén ta c6 A c6 it nhit 3 diém bat dong
xleKr,xzeG\E,)geKR\G. O
Pinh Iy 1.3.10. Cho X 1a khong gian Banach v&i nén K, &: K — R 1a ham lién tuc 16i, $: K - R 1a
ham lién tyc 18m. Cho truéc A, u € R. Pit G ={x e K : £(x) < A} 1a tdp bi chdn, 0 € G . Gia sir tip

{x ek ,:5(x)< /1} #,anhxa 4: K — K compact li€n tuc sao cho Ax # x, Vx € 0G va thda:



() (Ax)< A, VxeK,,.
(i) £(Ax)< A, Vxe K, voi F(Ax) < u.
(iii) i, (4,K.) =0 v6i r >0 dinho va i, (4,K,)=0 voi R >0 du 1on.
Khi d6 A c6 it nhit 3 diém bat dong trong K .
Chirng minh Dinh ly 1.3.10.
Theo Ménh dé 1.3.10 ta ¢6 i, (4,G)=1.Do 0 G va G bi chan nén tén tai » >0 danho va R >0 du
16n sao cho:
0cK, cGcGcK,.
Tir gia thiét (iii) ta c6 Ax #x véimoi x € oK WOK, UoG. Laico
G\((0\K, )UK, )=0GUeK,. va K_R\((KR \G)UG)=0GUK,.
Ap dung tinh cong tinh ctia bac topd theo nén ta cé:
i (4,G\K ) =i (4,G)—i (4, K)=1-0=1%0,
i (A, K \NG) =i (4,Ky)—i(4,G)=0-1=-120.
Do d6 theo tinh chit nghiém cta bac topd theo nén ta cd6 A c6 it nhit 3 diém bat dong

x €K, ,x, eG\f,,x3 eK,\G.



Chuong 2.
SU DUNG PINH Li SCHAUDER PE NGHIEN CUU PINH Li
KRASNOSELSKII

Trong chuong nay ta s€ trinh bay viéc chiing minh dinh 1y non Krasnoselskii ctia &nh xa nén va gian va
nhitng mé rong cta né bang viée sit dung Pinh 1y diém bat dong Shauder: “Néu K la mét tdp con 16
cua khong gian vecto topo V va T la mot ham lién tuc tir K vao chinh no sao cho T(K) chira trong mot
tdp con compact ciia K, Khi @6 T c¢6 mét diém bat dong ~ Tuy nhién viéc chimg minh Dinh Iy
Krasnoselskii theo hudng nay can mot khai niém mai, d6 13 khai niém “cét yéu”, chinh trong nhimng
chtng minh cac dinh 1y lién quan t6i ham cdt yéu ta c6 st dung Dinh 1y Schauder. Do d6 dau tién ta s&
xem xét qua khai niém “ham cdt yéu” va mot s6 dinh ly vé cac diéu kién can ctia mot ham cdt yéu.

Trong phan 2.1 va 2.2 ciia chuong nay ta s& ki hiéu X = (X,||) 1a mot khong gian Banach (v6 han
hozc hiru han chiéu), C 13 mét tap con 16i dong khac rong cua X thoa au+ fve C véimoi a, >0
va u,ve C,va U lamodttap con mo cua C. Ki hi¢u K (l_], C) latap hop tat ca cac anh xa compact lién

tuc A:U — C;K,,,(U,C) 1a tap hop tht ca céc 4nh xa A€ K(U,C) v6i x # A(x) v&imoi x € dU .

2.1 Ham cot yéu

Dinh nghia 2.1.1. Mot anh xa 4K, (5, C) duoc goi 1a cot yéu trén KaU(ﬁ, C) néu voi moi

GeK,,(U,C) thoa G|, =4

- thi ton tai xeU sao cho x = G(x). Nguoc lai A duogc goi la khong
cot yéu trén K, (U,C)néutdn tai G € K,,(U,C) théa G|, = 4|, va x# G(x) véimoi xeU.

Nhdn xét 2.1: Néu A e K, (5, C) la cbt yéu thi ton tai x e U sao cho x = Ax. Nguoc lai néu x # Ax
véimoi x e U thi 4 khong cdt yéu trong K U (5, 0).

Pinh nghia 2.1.2. Hai anh xa F,G eKaU(ﬁ,C) duoc goi la déng luan trong KaU(ﬁ,C) , ki hiéu
F=G trong K, (5, C) néu ton tai anh xa compact lién tuc H :l_]x[O,l] — C sao cho
H.()=H(,t):U —C thudc K,,(U,C) véimbdi t€[0,1] va H,=F, H, =G

Pinh ly 2.1.3. Cho X,C,U dugc xac dinh nhu trén. Gia st rﬁng F,G la hai ham trén K, (5, C) voi
F =G trong KEU(l_],C). Khi d6 F ¢t yéu trong KaU(E,C) khi va chi khi G cbt yéu trong
K., (U,C).

(Chirmg minh dinh 1y ndy c6 thé tham khao trong [6, p. 68])



Pinh 1y 2.1.4. Cho X,C,U duoc xac dinh nhu trén va ham hang A(x)=p v6i moi x e U . Khi do ta
co:
(a) Néu peU thi 4 1actyéutrén K,,(U,C).

(b)Néu peU thi 4 khong cbt yéu trén K, (U,C).
Chirng minh Dinh ly 2.1.4.

(a) Gia s GeK,, (U,C) thoa G|0U = A|6U = p . Ta ching minh G c6 diém bat dong x € U . Xét anh

xa J :C — C xac dinh boi:

G(x), xeU,
J(x) = _
p,xeC\U.

D@ thay rang J 1a 4nh xa compact lién tuc. Pinh 1y diém bat dong Schauder chimg to rang J c6 mot
diém bat dong xe C. Do peU va G eKaU(l_/,C) nén xeU . Vivaytaco x=J(x)=G(x) hay G
c6 diém bit dong x e U . Tird6 ta cé A 1a cbt yéu trén K, (U,C).

(b) Do Ax=peU nén Ax#=x voi moi xeU, theo Nhan xét 2.1 ta co diéu phai ching minh.

2.2 Pinh ly Krasnoselskii mé rong.

Thong qua viée st dung khai niém ham c6t yéu o trén, ta s& ching minh méot s6 dinh 1y chimg minh sy
ton tai diém bat dong cia anh xa 4 € K (B_R, C) trong mién Q:={xeC:r<||x|<R}.Cubi cung, thong
qua cac dinh 1y nay ta s€ chiing minh Dinh ly Krasnoselskii ctia 4nh xa nén va gian ¢ cac Pinh Iy 2.1.8
va2.1.11.

Pinh ly 2.1.5. Cho X,C dugc xac dinh nhu trén va hai hang s6 ,R:0<r<R. Gia st A€ K(B,,C)
va thoa nhitng diéu kién sau:

(P1) x# A(x) v6imoi xe S, US,. (P2) 4:B, —>C
khéng cbt yéu trén K s, (Er, C).

(P3) A:B, — C cbt yéu trén K (B,,C).

Khi 6 A4 c6 it nhat mot diém bat dong trong tip Q= {xe C:r <||x|< R}.

Chirng minh Dinh ly 2.1.5.

Gia sir rang A khong c6 diém bat dong trong Q. Piéu kién (P2) suy ra rang c¢6 mot ham sb

0K, (B,,C) thoa 0|, = 4|, va x#0(x) VxeB, .



6(x),0<l| x l< r,

Pit ®: B, — C v6i O(x) =
A(x), r <|| x||< R.
Tacé ® e K (B;,C), ®|, =4|, va dkhong co diém bt dong trong B, (do & khong c6 diém bét

dong trong BT , A khong c6 diém bat dong trong Q va Se)- Diéu ndy mau thuin véi (P3). Vay 4 cb

it nhat mot diém bat dong trong Q.

Pinh Iy 2.1.6. Cho X,C dugc xac dinh nhu trén va hai hing s 0 < » < R . Gia st nhitng diéu kién sau
duoc thoa:

(QI) N e K(B_RX[O,I],C): N(x,0)=0, Vx e B_R va véi mdi ¢ €[0,1]: x # N(x,t) v6imoi x € S,.

(Q2) H e K(Ex[O,l],C): véimdi ¢ €[0,1]: x # H(x,t) véimoi xe S, .

(Q3) H(.,1)|E = N(,1)

5
(Q4) x# H(x,0), Vx EBT.
Khi d6 N(.,1) c¢6 mot diém bat dong trong Q:={x e C:r <||x||< R}.

Chirng minh Dinh ly 2.1.6.

Ta ¢6 N(.,0)=N(,1) trong K (B,,C) (do didu kién (Q1)) va H(,0)=H(,1) trong K (B,,C) (do

diéu kién (Q2)). Tir (Q1), (Q2) va (Q3) taco
Nx,D)#x,VxeS US,. (2.1)

Tir (Q2) ta 6 H(.,0) € K (B,,C), do d6 theo (Q4) thi H(.,0) la ham khong cbt yéu trong K (B,,C).
Vi H(.,1)= H(.,0) trong K (E, C) nén H(,1) ciing 12 ham khong cbt yéu trong K (E, C),dodota

co két luan:

NG,

5 =HGD: B, — C la ham khong cbt yéu trong K (B,,C). (2.2)

Mait khac, do 0 € B, nén theo Dinh 1y 2.1.4 ta c6 ham hing N(x,0)=0(v6i moi xe ZTR) 1a cot yéu
trén K (By,C). Vi N(,1)=N(,0) trong K (B,,C) nén theo Dinh 1y 2.1.3 ta c6

N(.1): B, = C ciing 1a ham cét yéu. trong K (B, C). (2.3)

Ta nhan thiy (2.1), (2.2) va (2.3) chinh 13 cac diéu kién (P1), (P2) va (P3) cta Dinh 1y 2.1.5 tng voi
ham N(.,1) thay cho ham T(.). Vay N(,1) c¢6 mot diém bat dong trong Q:={xe C:r<||x|<R}.

[]



Pinh Iy 2.1.7. Cho X,C dugc xac dinh nhu trén va hai hing sb 0<r<R. Gia st A€ K(B_R, C) va
thoa nhimg diéu kién sau:
(HI) Ax #Ax, VA 21,VxeS§,.
(H2) Ton tai p e C\{0} sao cho x # A(x)+Jp, V6 =0, VxeS,.
Khi @6 4 c6 mot diém bat dong trong Q:={xe C:r < x||< R}.
Chung minh Dinh ly 2.1.7.
Tir (H1),(H2) ta nhan thiy rang
x# A(x), Vxe S, US,. (2.4)
Chon M >0 sao cho || A(x) |< M v6imoi x € B, vachon &, >0:||8,p|>M +r.
Dat N(.,t)=tA() va H(.,t) =A()+(A-1)o,p, t €[0,1].
Ta (H1), (H2) va (2.4) ta suy ra diéu kién (Ql), (Q2) cia Pinh ly 2.1.6 théa (voi
5 =(1-1)5, >0Vt e[0,1]). Mat khac N(x,1)= A(x) = H(x,1)v6i x € B, nén (Q3) thoa. Hon thé nira
IH(x0)[ = | 4x)+6,p | = | 6,p | =1l AGX) > M +r =M =7, VxeB, .
Suy ra x# H(x,0) vé1 moi x GE, day chinh 13 diéu kién (Q4). Vay theo Dinh 1y 2.1.6 ta c6 4
(hay N(,,1)) ¢ mot diém bat dong trong Q={xeC:r<|x|<R}.
U
Pinh ly 2.1.8. (Dinh ly n6n Krasnoselskii cua 4nh xa nén)
Cho X =(X,||.||) 1a khong gian Banach nhu trén nhung thay C < X bdi non K < X va chuén
|.||ting d6i v6i K, nghia 1a || x+ y||>/| x|| v6i moi x,y e K . Cho hai hang sér,R:0<r < R. Gia sir
Ae K(B,,C) va thoa:
KD 4G [[<][x]l, vxe S, N K.
K2) A [[>] x]l, Vxe S, NK.
Khi @6 4 c6 mot diém bat dong trong Q:={xe K :r <|| x||< R}.
Chung minh Dinh ly 2.1.8.
Ta thay diéu kién (K1) s& kéo theo diéu kién (H1) dung. That vay, gia st ton tai xS, va A €[0,1]
sao cho x = 14(x). Khi d6 ta c6 mau thuan sau:
R=[[x[|=[A]. 1A [I=]| 4G [[<[[ x ||I= R.
Ta ciing c6 (K2) s& kéo theo diéu kién (H2) dtng. That vdy, gia sir ton tai p e K \{0} sao cho
x=A(x)+5p véi §>0 va x €S, nao d6. Khi d6 ta c6 mau thuan sau:

x||=Il AGx)+ S p |12 ]| AG¥) ||>] x || (do Ax,5p e K va ||| ting di véi K).



Vay theo Dinh 1y 2.1.7 ta ¢6 diéu phai chimg minh. 0
Nhu viy & phan trén ta di chimg minh xong dinh 1y nén Krasnoselskii ctia 4nh xa nén dira vao mot sd
dinh ly truéc d6 (Pinh 1y 2.1.5, 2.1.6, 2.1.7). Sau day ta s€ trinh bay cach chiing minh Dinh 1y

Krasnoselskii cua anh xa gian (Pinh 1y 2.1.11) mot cach tuong ty nhu vay.
Pinh 1y 2.1.9. Cho X,C dugc xac dinh nhu trén va hai hing s§ r,R:0<r<R. Gid st A€ K(B,,C)
va thoa nhitng diéu kién sau:

(P’1) x# A(x) v6i Vxe S US,.
(P2) A:B, — C cbt yéutrén K (B,,C).

(P’3) A: B, — C khong cdt yéu trén K (B,.C).

Khi d6 A c6 it nhat hai diém bat dong x, € B.; x, e Q:={xe C:r <| x|< R}.

Chirng minh Dinh ly 2.1.9.

Tu (P’2) suy ra 4 c6 mot diém bat dong trong B, . Ta chi con phdi chimg minh 4 c6 it nhat mot diam
bat dong x, e Q:={xeC:r <||x|<R}.

bat ¥ = A‘ﬁ va gid su ¥ Q> C khong c6 diém bt dong trong €.

Diéu kién (P’3) suy ra rang c6 mot ham sb 0 e K (B_R, C) thda 6?|S = A| va x#6(x) Vx e B_R. Cb

Sk

dinh p e (0,r) vadat ®: B, — C, trong d6

%9(%)0 0 x|< p,
o) =] =Plxl T((R—p)r—(R—r)Hxnxj p—

(R=p)r=R=r)|x| (r=p) x|

Y(x) r<|x|£R.

Luu y rang @ :B_R — C duoc dinh nghia tét vi khi p <|| x||< 7 thi:

(R-p)r—(R—7)||x||
| =p)x

r< x[[€£R

Taco ®e K(B_R, ), CD|S = lI’|S =4|. va (D‘ﬁ = ‘P‘ﬁ = A‘ﬁ va @ khong co diém bat dong trong B_R

S
(do @ khong c6 diém bat dong trong B_R , A khong c6 diém bat dong trong Q ).

Bay gio ta tap trung vao ham (D|B_ :17,,—>C ta co (D|S :‘I’|S :A|S_ ma Ax#x VxeS, do do ta cod

<D| . €K (B_r, C) va ® khong co diém bat dong trongB_,. Diéu ndy méu thuin véi (P’2). Vay ¥



(hay A) co it nhat mot diém bat dong trong Q Dicu nay suy ra rang A c6 it nhat hai diém bat dong
Xy, X, VO1 X, €B ;x, € Qi={xeC:r<|x|<R}. O

Pinh Iy 2.1.10. Cho X,C duoc xac dinh nhu trén va hai hing sér,R:0<r<R. Gia st 4e K(B,,C)
va thoa nhitng diéu kién sau:

H’1) Ax# Ax, VA =21, Vxe S, .

(H2) Ton tai p e C\{0} saocho x# A(x)+Jp,V5>0,VxeS,.

Khi d6 4 c6 mot diém bat dong trong Q:={xe C:r <] x||< R}

Ching minh dinh ly 2.1.10.

Xét H: B, x[0,1]—>C, H(x,A)=AA(x).
Ta c6 H,()=H(,A):B —C thudc K (B,,C) véi mdi 1€[0,1] (do AeK(B,,C) va diéu kién
(H’1)).
Mat khéc H, =0, H,=A4,dod6 A=0 trén K (B,,C).
Tir Dinh 1y 2.1.3 suy ra 4 c6t yéu trén K (B,,C) (do Dinh Iy 2.2.4 ham hang F(x)=0 cbt yéu trén
K (B,,C)), day chinh I diéu kién (P’2) ciia Dinh Iy 2.1.9.
Chono, >0 sao cho :
| Sop |[> Sup || A(x) || +R (2.5)

xSy
Xét N:B_Rx[O,l] —>C, N(x,4)=A(x)+A6,p. Khi d6 ta c6 duge N,()=N(,4) thujc K (B_R,C)
voi mdi A€[0,1] (do Ae K(B,,C) , didu kién (H2)). Do do
N, =N, trén K (B,,C) (2.6)
Xeét J:EX[O,I] —C, J(,A)=A4()+6,p.Véimdi 1€[0,1] va xe S, taco:
124C) + 8, | 2|0, P -1 21|40 > ‘fﬁf | A(x) || +R _fﬁf | A(x)||=R .

Suy ra x # AA(x)+6,p voi 1€[0,1] va xeS,. Do vayJ,()=J(., 1) :B_R—> C thudc K (B_R,C) Vo1
mdi A €[0,1], diéu nay cho ta duogc
N,=J,=J,=8,p trén K, (B;,C). 2.7)
Tu (2.6) va (2.7) suy ra
A=N,=6,p trén K (B,,C). (2.8)



Mat khéc ham s& G(x) =38, p 1a khong ¢b yéu trén K (B,,C) (do (2.5) va x# G(x) v6i moi x € S,).
Do d6 A 1a khong c6 yéu trén K (B,,C), ddy chinh la didu kién (P’3) cia Dinh 1y 2.1.9. D& thdy

diéu kién (P’1) cta Pinh 1y 2.1.9 ciing théa. Tir day theo Pinh 1y 2.1.9 ta ¢6 diéu phai ching minh.
[l
Dinh ly 2.1.11. (Pinh ly nén Krasnoselskii ciia anh xa gian.)

Cho X =(X,||.|) 1a khong gian Banach nhu trén nhung thay C < X béi non K < X va chuan
||.||ting dbi v6i K, nghia la || x+ y ||>]| x|| Vx,y € K . Cho hai hang s67,R:0 < r < R. Gia sit va théa:
KD [[AX) (<]l x|l, vxeS, N K.
K2) [[AX) [I> ]l x I, Vxe S, N K.
Khi d6 4 ¢ mot diém bat dong trong Q:={x e K : r <|| x|[< R}.
Chirng minh Dinh ly 2.1.11.
Ta thiy diéu kién (K’1) s& kéo theo diéu kién (H’1) dang. That vay, gia sir ton tai xe S, va A €[0,1]
sao cho Ax = Ax. Khi d6 ta c6 mau thuan sau:
1
r=|x|=| 7 | A I AG) [[<[[ x||= 7.
Ta cling c¢6 (K’2) s& kéo theo diéu kién (H’2) dtng. That viy, gia sir ton tai p e K \{0} sao cho
x=A(x)+35p véisé §>0 va xe S, nao d6. Khi d6 ta c6 mau thuin sau:
[ x[|=]l A(x)+Sp 2] AGx) [|>[| x[| (do A(x),6p € K va ||| tang di voi K).
Viy theo Dinh 1y 2.1.10 ta c6 diéu phai ching minh. O
Nhdén xét 2.2: That ra voi didu kién (K’1) va (K’2) caa Pinh 1y 2.1.11 ta c6 thé két luan rang A4 c6 it
nhét hai diém bat dong x, va x, véi x, € (B, \E) NK va x, € B, nK . That vay, theo Dinh 1y 2.1.11
ta c6 ngay A co it nhat mot diém bat dong x, e (B, \E) N K , ta chi can chimg minh 4 c6 it nhat mot
diém bat dong x€B NK.Tu(K’2)tasuyra rang:

x#AA(x), VxeS NnK,Ae[0,1]. (2.9)

Xét dong luan H(x,A)=AA(x)+(1-1).0,xeS NnK,1€[0,1]. Do Ae K(B_R, C) nén voéi modi
A€[0,1]: H(,A) e Ky (E,C), hon nita do (2.9) nén x # H(x,A) v6imoi xS NK. Suyra 4=0
trong Ko (Z, C), do d6 A cbt yéu trong Ko (E, C). T ddy A c6 diém bat dong x, € K. hay

X, € B. " K (diéu phai chimg minh). O



Vi du. Dé dé hinh dung, ta xét X 1a khong gian ba chiéu R’ véi chuan Euclide va K 13 nén tron véi
dinh tai goc O. Hodc don gian hon, ta c6 thé xét trudng hop X 1a khong gian hai chiéu R* va K c6
hinh canh quat trong mién AOB nhu hinh v& 2.1 va hinh v& 2.2.

Ky

A/

\ )

Hinh 2.1: Dinh 1y Krasnoselskii cia anh xa nén trong R’

0

vt

Hinh 2.2: Dinh ly Krasnoselskii cua anh xa gian trong R’

Q) A

Cho 2 sb a, b sao cho 0<a <b. Ta quan tAm t&i nhitng diéu kién dam bao rang A4 c6 diém bat dong
trong mién hinh vanh khuyén K(a,b) = {x eK:a< HxH < b} , cht ¥ rang K (a,b) n6i chung khong 16i
cho di K 16i. Ta dinh nghia K, = {x ek: HxH = a} va K, = {x ek: HxH = b} theo thtr tu 1a bién trong
va bién ngoai cua K(a,b).

Sau day 13 mot dang don gian cua Pinh 1y Krasnoselskii: Cho X 1a khong gian hai chiéu R* va K
c6 hinh canh quat trong mién AOB nhu hinh v&, K, ,K, K(a,b) xac dinh nhu trén. Cho 4nh xa hoan
toan lién tuc 4: K — K . Khi do:

(1) (Dang nén) A4 c6 diém bat dong trén K (a,b) néu:
[4Co]= |

, VxeK, va

[4Cof <>

, Vxek,.
(2) (Dang gian) 4 c6 diém bat dong trén K (a,b) néu:
[4Go] <+

,Vxe K, va

[ =

, Vxek,.



Chu y rang cac diéu kién trén chi can dung voi nhimg diém trén hai bién cong ctia K(a,b), nhiing
diém trong va nhitng diém trén hai canh ctia nén c6 thé di chuyén trén bat cr hudng nao (mién 1 van
thudc K), nhimng diéu kién nay ciing khong bat

budc rang anh T(x) phai nam trong K (a,b).

Pinh 1y 2.1.12. Cho X =(X,]||.|)) 1a khong gian Banach, K 1a nén trong X va chuén ||.||ting d6i véi
K. Chobahingsb [,r,R:0<I<r<R.Giasit Ae K(K,,C) va thoa:

x#A(x) VxeS NK

@ [[A@)[>[[x], VxeS NK

(1) [|AX)|I<][x]|, VxeS NnK

(iii) || AX) ||>]| x|, Vxe S, " K

Khi d6 A c6 it nhét hai diém bt dong x, va x, v6i x, €(B,\B)NK va x, (B, \B)NK .

Churng minh DPinh ly 2.1.12.

T (i) va (ii), 4p dung Pinh 1y 2.1.8 ta ¢ 4 c¢6 diém bét dong x, € (B, \ B) N K .

T (ii) va (iii), 4p dung Dinh 1y 2.1.11 ta c6 4 co dim bat dong x e(B,\B)NK.

[

2.3 Pinh 1y Krasnoselskii’s d6i véi hai chuan.

Trong phan nay, ta s& xét thém mot chuan méi |.| trong khong gian banach X, C < X 1a mot tap 16i
khéc rong (khong can phai déng) véi 0¢ C va AC < C véi moi A>0. Gia s ton tai ¢,,c, >0 thod
man:

o lx|€x|<¢c, | x|, VxeC (2.10)
Diéu nay nghia 1a hai chuan ||.|| va |.| trong dwong topo v6i nhau trén C (khong can thiét phai trén X ).
Cho hai sb p,R:0<c,p<R,takihiéu:
B, ={xeC:||x|<R}; S, ={xeC||x|=R}.
B' ={xeC:x[gp}; §' ={xeC:x|=p}.
C,r={xeC:px||[x[<R}.
Dé thay rang do 0<c,p<R va ¢, |x|<]| x||< ¢, | x| véimoi x e C nén ta co:

B' cByvaC, ,=(B,\B')US', .



Pinh 1y 2.2.1. Cho X 1a khong ghian Banach véi hai chuan |.| va ||.|| thoa (2.10). Gia str c6 2 sd
p,R:0<c,p<R, AeK; ;. (B;,C) thoa nhimg diéu kién sau:

(i) A\B,p 1a ¢t yéu trén K, (B',,0).

(ii) 4 khong cdt yeu trén K (B,,C).

Khi @6 A c6 it nhat hai diém bt dong x, va x, voi |x, < p<|x, | va || x, |<R

Chirng minh Dinh ly 2.2.1.

Tir (i) ta co 4 cb mot diém bat dong x,€B',.Do x# A(x) VxeS§' néntaco |x [<p. Ta phai chira
rang A c6 diém bat dong trong C Lx- Gla st trai lai x # A(x) véimoi x € C, ,. Mat khac, tur (ii) suy ra
ton tai mot ham G € K (By,C) voi G|SR = A|SR va x #G(x) voimoi x € B,.

Ta s€ xay dyng ham H :B', — C nhu sau:

azG(izx) O0<xLap -
H(x)= R ,v(yia:a(x)::%d.
X Yo, X
—A(——=x) ap<|x£p
P x|
‘ N E I U P p ,
T (2.10) tacod ¢, < ] <c, voimoi x € C, suy ra RCISa(x)SRcz,VxeBp.
X

Do d6 tacé H duoc dinh nghia t6t va khong c6 diém bat dong trong B' - That vay:

. 1 1 I aR R 1 1
Néu 0<|x[<ap thi |—x =—2||x||=—2a |x|: |x|SR,suyra—2xeBR va azG(—zx);tx.
a a ap a a
) ,02 ,02
Nguoc lai, néu ap <| x[< p thi M X =ﬁ2p va
X X
2 2 2
R R
"pzx‘Jznxn:—p" <ZZ g,
BT E plx|” ap
2 2 2
diéu nay suy ra 'O—zxeCp, va %A(p—zx) #X.
| x| ’ P x|
2
Mit khic khi |x|=ap thi szx‘:izx A el B e R e gy
H a'a' " aplx" ap

1 ? . ? . .
G(—x]zA( 'Osz, lai c6 a° =@ do d6 H lién tuc trén B',. Cuoi cung vi GeK; (B,,C),
p R

AeK (B;,C) nén taco HeKS,p(B‘p,C). Do do HeKS,p(B'p,C), H|S, :A| va x # H(x) voi

s,

moi xe S’ . Diéu nay déng nghia véi viéc 4 khong cbt yéu trén K s, (B,,C), mau thuan voi (i).



Viay A c6 diém bat dong x, trong C, ., lai do x# A(x) v6i moi xeS§,US' nén p<|x,| va
| x, < R (diéu phai chimg minh). O

Pinh ly 2.2.2. Gia st c62s6 p,R:0<c,p<R, Ae K(B,,C) théa nhiing diéu kién sau:

(@) [A(x)|<|x| voimoi xe§")

(b) Jee C:x# A(x)+ Ae v61moi A >0,x e §,

(c) 39, >”R;”:x;t/1A(x)+§oe volr A€(0,1),xe S,
e

Khi @6 A c6 it nhat hai diém bt dong x, va x, voi |x, < p<|x, | va || x, [<R
Churng minh DPinh ly 2.2.2.
Ta s& chimg to rang diéu kién (i), (ii) cta Dinh 1y 2.2.1 thoa. Trudc hét dé ching minh A|B,p 1a cbt yéu
trén K s, (B',,C) ta chung minh 4 dong luan voi mot ham cét yéu trong K s, (8',,0).
C6 dinh mot diém x, € C:|x, |= p. Ta s& chimg minh rang ton tai 7 € (0,1) sao cho:
x# (1= A)nx, + AA(x) véimoi 1e(0,1),xe S’ . (2.11) Gia st trai lai, voi moi

ne N *, ton tai A, €(0,1),x, €S', sao cho:
X, =(1—/1n)lx0 +A,A4(x,). (2.12)
n

Do A 1a 4nh xa compact, S', 1a tp bi chan nén {A(x,)} . c6 ddy con {A(xnk )} héi ty. Ta cling c6

neN*

{2,} <6 day con {/1} hoi tu v& mot Ae[0,]] nio do. Ta (2.12) ta co

s

1
x, =(1-4, )—x,+4, A(x, ).
K ki nk ki ki

1

Cho /[ —> o ta c6 day {xnk } hoi tu vé& mot diém x. D& thdy rang )_ceS'p va )_c:zA(;). Suy ra

\}\ = Z\A(})\ < ‘A(;) , diéu ndy mau thuln véi (a). Do d6 (2.11) dling véi 7 € (0,1) nao d6 hay 7x, = A

trong KS,p (B',,0).

Hon thé nita, vi | nx, |<p,hay nx, e B' , nén theo Dinh ly 2.1.4 thi ham N(x)=7x, la cdt yéu trong
K (B',,C). Tudo suy ra 4 1a cot yeu trong K. (B',,C) hay diéu kién (i) ciia Dinh ly 2.2.1 thoa.
Gia str rang x # A(x) véi moi x € S, (néu khong ta co diéu phai chirng minh)

Xét dong luan H:B,x[0,1]— C x4c dinh b&i H(x,A)= A(x)+ A5,e. D& thdy rang H 13 4nh xa
compact, H(.,0)=A; H(.,1)= A(x)+,e. Do (b) tacd x# H(x,A) vé6imo1 x e S,,Ae(0,1], lai co gia

thiét x = A(x) VxeS, nén x# H(x,A) v6imoi x € S,,4 €[0,1], hay la



A=A+0,e trong K (B,,C). (2.13)
T (b) va(c) taco x# AA(x)+5,e voimoi A €[0,1],x S, , suy ra:
A+dye=0,e trong K (B;,C). (2.14)
Tir (2.13) va (2.14) ta 6 A=6e trong K (B,,C). Do ||5,¢|> R nén tir Dinh 1y 2.1.4 (b) S,e khong
cot yéu trén K s, (Bz,C). Piéu d6 suy ra rang A4 ciing khong cbt yéu trén K 5, (Bg,C) hay diéu kién (ii)

cia Pinh 1y 22.1 thoa. Vay theo Pinh ly 22.1 ta c6 diéu phii chimg minh.
U

Pinh Iy 2.2.3. (Pinh ly Krasnoselskii dwéi dang hai chuin)

Cho X,C xac dinh nhu trén va ||.|| ting d6i voi C nghia 1a || x+ y |]>]| x| véi moi x e C. Cho 2 sd
p,R:0<c,p<R va Ae K(B,,C) thoa nhiing diéu kién sau:

(hl) | A(x) < x| voimoi xe C,|x|=p.

(h2) [| A(x) [[>[| x || véimoi x e C,

x||=R.

Khi @6 A c6 it nhat hai diém bat dong x, va x, vé6i |x, < p<|x, | va || x, [<R.
Chirng minh dinh ly 2.2.3.
T ¢ ¢6 (h1) chinh 13 diéu kién (a) ctia Pinh 1y 2.2.2.

Ta sé chung minh rang di€u kién (b) va (c) cia Dinh 1y 2.2.2 thda véi bat ky vecto e C va 6, > m .
e

That vay:
Gia st (b) khong ding véi mot vécto ee C cho trude, khi do ton tai xeS, va 6>0 sao cho
x = A(x)+ e . Tl day ta c6 mau thuan:

| x||=]| A(x) +Se 2] A(x) |[[>]| x]| (do A(x),5e e C, ||| ting d6i v&i C).

9 5 A ) 7. A r A - \ A A R T LA - \
Gi4 st (c) khong ding v61 mot vécto ee C ¢6 dinh va mot s6 5, > m thi ton tai xe S, va 4<(0,1)
e

sao cho x = 1A(x)+ J,e. Tur day ta c6 mau thuan:
R =|| x ||=|| AA(x) + S,e ||2]| S,e||> R (do AA(x),5e € C, ||| ting dbi véi C).

Vay cac gia thiét ciia Pinh 1y 2.2.2 thoa mén, ta c6 diéu phai chimg minh. O
Pinh Iy 2.2.4 (P6i ngiu ciia Pinh Iy Krasnoselskii dwéi dang hai chuin)
Cho X,C duoc xac dinh nhu trén va |.| ting d6i véi C nghia 1a |x+ y 2| x| Vx,yeC. Cho 2 s

1 A s
P, R:0<—p<R va A:{xe(C:|x|£R}—> C la anh xa compact va thda nhirng di€u kién sau:
Cl



(hD) NGO [I<[l x| v6i moi x e C,

x=p.
(h2) | N(x) 2| x| véimoi xeC,|x|=R.
Khi d6 A4 c6 it nhit hai diém bat dong x, va x, véi | x|<p<|x,| va |x, |<R.

[]



Chuong 3.
UNG DUNG PINH Li KRASNOSELSKII CHUNG MINH SU
TON TAI NGHIEM CUA PHUONG TRINH TiCH PHAN PHI
TUYEN

3.1. Ung dung ciia Pinh 1y Krasnoselskii chirng minh sy ton tai nghiém cia
phwong trinh tich phan phi tuyén.
Xét phuong trinh tich phan phi tuyén.

1
Y(0) = h(t)+ [ k(t.5) f (»(s))ds, t [0,1] (3.1)
0
Ta sé& tim nhimg diéu kién cua k,h va f dé (3.1) c6 it nhat mot nghiém khong 4m y e C[0,1].
Pinh Iy 3.1. Gia st ring
0<k (s)=k(t,s)e L'[0,1] v&i mdi ¢ [0,1]. (3.2)
Anh xa k, 1a anh xa lién tuc tr [0,1]vao L'[0,1]. (3.3)

Toén tai M e(0,1),xeL'[0,1] va [a,b]<[0,1] sao cho k(t,s)>Mx(s)>0 v6i moi t€[a,b] va

s €[0,1] hau khap noi. (3.4)
k(t,s) < Kk(s) v6i te[0,1] va s [0,1] hau khap noi. (3.5)
he C[0,1],h(t) >0 voi t €[0,1] va H[lirbl]h(l) >M | h|,=M sup h(t). (3.6)
tela, te[0,1]
f:R— R la anh xa lién tuc, khong giam va f(u) >u voi u>0. (3.7)
1
Tén tai @ >0 sao cho i >1 véi K, = sup jk(t,s)ds >0. (3.8)
\h|, +K, f (@) re[0.1]
p

b
Tontai B>0, 8 # a sao cho <1 v6i K, = sup Ik(t,s)ds. (3.9)
]

K, f(Mp) (011",

Khi d6 (3.1) ¢6 it nhat mot nghiém khong 4m y e C[0,1] va néu :
(A) a<pthiO<a<|y|,<p.

(B) f<a thi 0<B<|y|,<a.

Chung minh dinh ly 3.1.

bat F:C[0,1] - C[0,1] xac dinh boi:



Fy(t) = h(?) +jk(t,s) F((s))ds, t €[0,1]. (3.10)

bat C={y e ([0,1]: y(¥)20,Vt€[0,1]vay(t)=M | y|, Vt €[a,b]}. (3.11)

Ta s& 4p dung Dinh Iy 2.1.11 (Pinh 1y nén dang gidn cta Krasnoselskii) dé chimg minh F c6 diém bét
dong trong C.

Budc 1: Chung minh C 1a mot nén.

C la tap dong vi khi ldy {y,} <C batky, y,—=2>y taciing c6 y(t)=0 véi t[0,1]. Mit
khic do y (t)=M |y, |, v6i moi neN,te[a,b] nén liy gi6i han hai vé khi n—o ta cb
y(@)=M|y|, v6imoi t €[a,b]. Do d6 y e C hay C la tap dong.

Véimoi y,y,,y, € C,A>0 taco:

W+ 1)@ =3, + y,(1) 205
D )OO = O+ y,(O2M |y |y +M |y, |2 M |y, + y, |, VE €[a,b];

An))=Ay(0)20; (Ay)O)2AM |y|,=M[Ay|,Vt€[a,b].
suyra C+CcC,ACcC.
Véimoi ye(-C) tacdtdn tai y'e C:y=—y' suyra y(¢)<0,¢€[0,1],do dd Cn{-C}={0}.
Budc 2: Chung minh F:C — C.
Léy y e C taching minh Fye C. That vay, léy t,t, €[0,1] tacod

|Fy(t) = Fy ()| <[h() = h(t,)| +| [ K, 5) £ (0(s))ds = [ k(1,,9) £ (p())ds

<[ =h(e.) + sup SN[ [k(t,5) = k(e 5)ds

(do(3.2), (3.7))
— 0 khi ¢, >, (do f(¥(s))>y(s)>0 véimoi s €[0,1]).
Do do
Fy e C[0,1]. (3.12)
Mat khéc: h(¢) > 0,k(t,5) >0, f(¥(s)) = y(s) =0 véi moi ¢ €[0,1],s €[0,1] suy ra:
Fy(t)=0 t<][0,1]. (3.13)

Lai c6 min Fy(7) = min [h(t)+ [k(t.s) f(y(s))ds]

tela,b]

> min A(t)+ mln Ik(t $)f(y(s))ds

tela,b]



> M|y +[ Mi(s)/ ((s)ds

(do (3.4), 3.6) va f(1(s))> y(s) =0 v&imoi s e C[0,1]).

Suy ra tn[litbll Fy(t)y=M (l hl, +I K(S)f(y(s))ds]

> M (B, + [ k(t,9)f (3(s))ds) , €[0,1].

(do (3.5) va f(»(s)) =0 vé&imoi s e C[0,1])

Do d6 min Fy(¢) = M[sup h(t) + sup j k(t,s)f( y(s))ds}
[0.1]

tela,b] t€[0,1 t€[0,1] 0
1
>M im[h(t) + ! k(t,s) f( y(s))ds]
=M |Fy|,. (3.14)
T (3.12), (3.13) va(3.14)tacd FyeC khi yeC hay F:C—>C.
Budc 3: Chung minh F' compact lién tuc.

Lay {y,} . =Cl0,1],y,—=“—y trong C[0,1] ta co:

|Fy, - Fy| = sup |Fy, () - Fy(t)|

= sup
1€[0,1]

[k, )£, ()= £ (p(s) s

0

< sup [lk(t,)][/ (2, () =/ (s

< sup | { sup zc(s)}\f(yn ()= f (v(s))ds

te[0,11% |_sel0,1]

-| sup w6700 - r5 0D

s€[0,1

——* 50 (do {yn} e C[0,1], f lién tuc)

neN
Vay F lién tuc.

Tiép theo ta ldy U 1a tap bi chin bat ky trong C[0,1] ta s& stt dung Dinh 1y Arzela-Ascoli dé chimg
minh F(U) compact tuong doi trong C[0,1]. That vay, do U 1a tap bi chan nén tdn taic > 0 1y(s)|Lc
voimoi s €[0,1], yeU.

Suy ra t6ntaiC > 0:| f(¥(s))|< C voimoi s €[0,1], yeU (do f lién tuc).



Véimoi ¢ €[0,1] ta co:

| Fy(@) [<]h()|+

[ k(t,9) £ ((s))ds

<[h(®)| + [ (e, 5)]| £ ((s))lds

1
<[], +C||x(s)}ds, yeU.
0

Do d6 F(U) bi chan timg diém. (3.15)

Lay ¢, €[0,1],& >0 bat ky, do 4 e C[0,1] nén ton tai 5, >0 sao cho véi moi ¢€[0,1],|¢—1,|<d, thi
&
|h(t)_h(t0)|<§-

Do 4nh xa ¢k 1a anh xa lién tyc tor [0,1]vao L'[0,1] nén ton tai 0, >0 sao cho v&i moi

£
<—.
2C

Dit 6 =min{,,0,} khi d6 véimoi ¢ €[0,1],|£—¢, |[< O taco:

t€[0,11,|—1, |< 5, thi

kt - kt(,

| Fy(t) = Fy(t,) [£ () = h(z,)| + j[k(t,S) —k(t,8)] £ (¥(s))ds

1

[1£ s)lds

0

<|h(2) = h(t,)|+

kt - kto

££+iC:g, VyeU.
C

Do d6 F(U) lién tuc dong bac trong C([0,1],R). (3.16)
Tur (3.15) va (3.16), theo Dinh Iy Arzela-Ascoli ta ¢6 F(U) 1a tap compact trong doi trong C([0,1], R).
Vay F:C — C compact lién tuc.
Buoc 4: Bt Q, :={y e C[0,1]:]y], <},
Q, ={yeCl0,1]:]y], < 8}
Ta s€ ching minh:
| Fy o<l yl|,, VyeoQ, NnC. (3.17)
| Fy o> yly, VyedQ,nC. (3.18)

Thét vay, lay y €6Q, N C batky, khi d6 |y| =a va y(1)=0,&[0,1]. T (3.2), (3.7) va (3.8) ta co:



sup |Fy(1)|= sup (h(r) + j k(t,s)f( y(s))dsJ

e[0,1]

< sup h()+ f(|y]) sup j k(t,s)ds

1€[0,1]
<l +K, f(@)
<a=yl,.
Do do6 (3.17) dung.
Lay yedQ, nC bat ky, khi d6 y(r)=0,1<[0,1],

y|, =8 v6i tela,b] taco MB<y()<p. Tir

(3.2), (3.6), (3.7) va (3.9) ta co:

ts%%|Fy(t)| = sup A1) + j k(t,5) f (¥(s))ds
> sup j k(2,9) £ (3(5))ds

> sup j Ik(2,5)|.| £ ((s))lds

2K, f(MB)> L=yl
Do d6 (3.18) dung.
Vay néu a < S thi theo Pinh 1y 2.1.11, F c6 mot diém bat dong y trong Q, = {xe C:a <|x|,< f}.
Néu B<a thi theo Pinh Iy 2.1.8, F c6 mot diém bat dong y trong Q, ={xeC:f < x|,<a}.

[

Chi y 3.1: Diéu kién (3.9) c6 thé thay bai diéu kién:

(3.19) Ton tai £>0,8#a va t*<[0,1] sao cho p ; <1
h(e*)+ (M B)[ k(% 5)ds

Do két qua (3.18) dudc suy ra tir (3.9) nén ta s& chirng minh (3.19) ciing suy ra (3.18). That vay, lay
yedQ, NC batky, = vavéi tela,b] taco M B < y(t)< B.Khido tir

(3.2), (3.6), (3.7) va (3.18) ta c6:

| Fy o= Fy(£%) = h(t*)+fk(t* $).f (¥(s))ds
> h(t*) + [ k(t%,5)  (2(s))ds

> h(t*) + f(M ,B)j k(t*, 5)ds



>p=yl
Do do (3.18) dung.

Chi y 3.2: D& dang kiém tra diéu kién f:R — R khong giam ( diéu kién 3.7) c¢6 thé bo qua, va thay

vao d6 ta s& thay diéu kién (3.8) va (3.9) theo thtt tu boi

1
(3.20) Ton tai & >0 sao cho ad >1v61 K, = sup Ik(t,s)ds >0.
|h|, +K, sup f(z) 1<[0.11%
z€[0,a]
. V;; f
(3.21) Ton tai B> 0,8+ a sao cho : <1 v6i K, = sup j k(t,s)ds .
K, [lAglgﬂ] f(2) ref0.1]%

Nhu vay Pinh 1y 3.1 da ching minh su t6n tai nghiém cua phuong trinh (3.1) nho vao Pinh Iy
Krasnoselskii 2.1.11. Du61 day ta s€ trinh bay ing dung cua Pinh 1y 2.2.3 (Pinh 1y Krasnoselskii duoi

dang hai chuan)

3.2. Ung dung ciia Pinh 1y Krasnoselskii duw6i dang hai chuan chirng minh sy
ton tai nghiém ciia phwong trinh tich phéin.
Xét phuong trinh tich phan:

y(t)= Ik(z, s) f(s,y(s))ds voi t €[0,1] h.k.n (3.22)

Ta s€ tim nghiém duong y e [”[0,1] voi 1< p<oo cia phuong trinh (3.22), nghia la y(¢) >0 voi

1 '
t[0,1] hk.n va { [yl dt}p <oo.
0

Pinh Iy 3.2. Cho khong gian L°[0,1](1< p < 0). Gia sir rang:

f:[0,1]x R — R 1a ham Carathéodory, nghia la:
Anh xa t— f(¢,y) 1a do dugc voimoi y € R va (3.23)
Anhxa y f(z,y) 1alién tuc v6i £ €[0,1] hk.n (3.24)

Tén tai p, €(l,0);a,,a, € L* ([0,1],R,) v6i a,(t) >0 trén mot tp c6 do do duong va a, >0 sao cho:

v
|/t y)|<a®)+a,|y|” v6i VyeR,te[0,1] hkn. (3.25)
f(@,y)za,(t) vo1 VyeR,,t€[0,1] hkn. (3.26)

7(t,y) khong giam theo bién y véi 1 €[0,1] h.k.n. (3.27)

k:[0,1]%[0,1] > R 1a ham do duoc. (3.28)



D»q

Ton tai 0< M < l,ﬁ <q=<p,k €L’[0,1],k, I véi E = sao cho:
12 P,q—p
0<k/(t),k,(t) voi t€[0,1] h.k.n. (3.29)

M, (), (s) < k(t,5) <k, ()k, (s) véi £ [0,1] hkn; v6i s €[0,1] hkn (3.30)

Tontai p,R:0< p<R va re[l,q] sao cho:

A
|k1| |k2|f w(p)<p vo1L y(t) = a, |p— +a,t™ (t 2 0) trong do ;+; =1.(3.31)
q )21 2 pl p2
1 k(1)
(b) Mk, j ky(s)f(s,b,(s)R)ds>R  v6i b (t):= MVL—‘, te[0,]] hkn (0<y<
0 Hy

(3.32)

Khi @6 (3.22) ¢6 it nhét hai nghiém duong V¥, VOL |y |, <p<|y, |, valy,| <R
Chirng minh dinh ly 3.2.

bat X =17[0,1] va A=KF voi:

FLLP[0,] > L2[0,1]; F(y)(0) = f(t,y(0)

K:12[0,11>7[0,1];  KO)(®) = [kt s)v(s)ds

bat C={yeL”[0,1]: y#0; (1) 2b,(1)| y|,,1 €[0,1] hkn,Vy €[l, p]}. (3.33)
Ta s& 4p dung Pinh 1y 2.2.3 dé ching minh 4 c¢6 hai diém bét dong trong C .
Budc 1: Chimg minh C < X 1a mot tap 16i khac @ v6i 0¢ C va AC = C véimoi A > 0. That vay:
Dé thiy C # @(dok, €C);0¢C va ACcC véimoi 1>0.
C 16i vi lay batky y,,y, € C, A, A4, €[0,1]: 4, + A, =1 ta co:
Ay, + Ay, #0 (hién nhién).
(Ay)+ 42, ) () = Ay (O + 4y, (1)
2b, (4 [y + 4 [72] )]
>b ()| Ay, + 4, y2|y),t e[0,1]hkn,Yy e[l p.
Budc 2: Chung minh F,K xac dinh. 4:C —> C.

P

Véimoi yeL”[0,1] tacd |f(t, y(t)|<a,(t)+a,|y 1”2 véi t e[0,1] hdn.

ya 1 2\ P ya
Ma a, € L”[0,1],| y|™ € 17*[0,1] (do j£y|p2J dt| =yl <o)

0

P

Do dé a, +a, | y|” e I*[0,1], suy ra F(y)= f(., »(.)) e L’ [0,1].



Vay F:17[0,1]— L2 [0,1].

< [i[ j |k, (), (5)v(s)) dsJ dt]p

< ( [k o) dz]p ( [k, (v(s) ds}

1

" d sj (bt ding thire Holder)

( j IKW)(@)|" dzJ

Véimoi ve L2[0,1] ta co:

<[l ( [k, ()" dsJ [ [Ivs)

=l I, [v]
” Hip 2100 p, 170 p,

<00,

(kzeL"’ich"’l vi do qutac():;]:: Py __ 4 = 1=P1)-

pg-p ,_ P __4 _ 1

Do vay K(v) e I7[0,1] hay K : I7:[0,1]— L”[0,1].

Lay yeC batky, tacod: A(y)(t)= Ik(t,s)f(s,y(s))ds > Mk, (t)j k,(s)f(s,y(s))ds,t €[0,1]hk.n,

suy ra l k, (5).f (s, v(s))ds < ‘;;lf )((;)) 1e[0,1] hkn,

1

Lay y €[l, p] ta co:

AN©
7 M, (t )

4(»)], = L | [ [kt )1 (s, y(s))ds] dt} =[], [ ()£ (s, y(5))ds <]k [0,1]h.k.n suy ra

Mk, (t)

Mait khac A(y)(¢) = jk(t,s)f(s, y(s))ds

A)t) 2 —=— \A(y)\ =b,(0)|A(y)|, . €[0,1]hkn,y e[lp].  (3.34)

> MJ.k1 (t).k,(s).a,(s)ds Vte[0,1],yeC

>0 Vte[0,1] (do a,(t)>0 va k(2),k,(¢t)>0,t[0,1] hik.n )
Suyra A(y)#0, VyeC (3.35)
T (3.34)va(3.35)tacd A(y)eC.
Vay A:C—>C.



Buéc 3: Ching minh A4 hoan toan lién tuc. Ta s€ chung minh F' lién tuc, bi chdn va K hoan toan lién
tuc.
* Ching minh F: L7[0,1] > L7[0,1] lién tuc:

Lay {y,} .. <=L”[0,1] batky , y, >y trong L’[0,1]. Giad st {Fy,} khong hoi tu vé Fy trong

17210,1], khi @6 ton tai £ >0 va diy con {Fynk } :

k

HFynk R, 2. VneN. (3.36)
Laico y, — y trong L°[0,1] nén c6 day con { Y, }l sao cho: Y, (1) > y(¢), t€[0,1] h.k.n. va ton tai
hel’[0,1]: \ Y (t)\ < h(f) véimoi n, >1,¢<[0,1]. Tir day ta suy ra:

Fy, O=fty, () —=2 f(t,y(1)) = Fy(t), t€[0,]] hkn  (3.37)

va

£ ya
Fy, () <a,(t)+a, ” <a(t)+a, |h@)|r, Vi[0,1],Vn, =1 (3.38)

Y, (D)

p P
trong d6 ham g(¢) =a,(?) +a, \h(z) r, la kha tich trong L*[0,1] (do a, € L™*;|h|r. € L™).

P>

‘Fynk (t) —Fy(t)‘pz <2n
Tu (3.38) ta co:

B, 0] +2"7 [P

P P

ya
a(0)+a,y, ()"

P

<p-l +277 a () +a, | () |

<922 [2\611 )

" ra |y, OF +a, | YO |
<272 2a ()" +a, OV +ay | OV |, n =1, %2 €[0,1]

Lai c6 k(f) =227 [z\al )

2 ya, W) +a, | (D) ﬂeL‘, te[0,1] (do a, € L™; hel).
Do do ‘Fynk (1) - Fy(t)‘pz < k(1), V1 €[0,11,Vn, >1.
Mit khac ‘Fynk (1) - Fy(z‘)‘pz _ 22 40,1 e[0,1] hk.n. (do (3.37)
\ I P2
Theo Pinh ly Lebesgue vé su héi tu bi chan ta co: }im I ‘Fynk (t)—-Fy(t)] dt=0 hay
0
=0 (Mau thuln véi (3.36))

lim

[—>©

Fy, —Fy

P2

Viay {Fyn}n khong hoi ty vé Fy trong L*[0,1] hay F' la anh xa lién tuc lién tuc.

* Chung minh F bién tap bi chan trong L7[0,1] thanh tap bi chan trong L72[0,1]:



Lay Q 1a tap bi chin trong 17[0,1] nghia la véimoi y e Q tacd M >0 sao cho ||y||p <M . Khi do:

HFy P dt

i [0

1 1
<277 |ay (0| di + a, 27 |y di
0 0

32"271(”511 P ra,M?), yeQ.

P>

Suy ra F'(€2) la tap bi chan trong L7*[0,1].

Ta chi can chimg minh K hoan toan lién tyuc, trudc hét ta co bd dé sau:

B6 dé: Tiéu chuan Riesz vé tinh compact.

Cho Qc L'[0,1] (1< p<).Khidd Q 1a tip compact twong d6i trong khong gian L°[0,1] khi va chi
khi nhitng diéu kién sau duoc thoa:

(i) Q bichan trong L"[0,1] .
1

(ii) j lu(t +h)y—u(t)|” dt — 0 khi h— 0 déu doi véi bién u e Q.
0

* Chung minh K : L”2[0,1] - L”[0,1] lién tuc va hoan toan lién tuc:

1
Pop
4

1 1 P2

Lay u e L”[0,1], khi dé:

i, - {I

j.k(t,s).u(s)ds

1

1 o[ P P )
< I ( ‘k(z,s)‘pl dsJ ,[‘”u(s)‘ ds] dt| (p, 1asoliénhgp cua p,)
0 0

0

(do bt déng thirc Holder va v&i moi 1 €[0,1]: k(¢,.) <k, ()&, () e L < I™)

P

N e
N ‘[U‘k(t,s)‘p‘ds) dt
0

0

=

1
v P

P j(.hkl (l)|p1 |k2 (S)|p1 dsjpl dt

< ||u

= el 1], I,
” py T 211,



Do do [[Kul <|u| [k ], |k.[, VueL™,suyra K:L[0,1]— L°[0,1] lién tyc.

Dé ching minh K : 12[0,1]— L”[0,1] hoan toan lién tuc ta s& ap dung tiéu chuan Riesz. Ldy Q1a tip

bi chin bét ky trong L”2[0,1], nghia 13 tdn tai D >0: le| <M VueQ. Ly ueQ bitky tacé:

P2

IKul, <l &, Vel <Dl&], ], vuee.

Do d6 K (Q) bi chin trong L7[0,1]. Tiép theo ta s& chi ra rang:

1

j |Ku(t +h) - Ku(t)|” dt — 0 khi h— 0 déu dbi v6i bién u € Q. That vay:

0

P

j|Ku(t+h)—Ku(t)|p dt :j dt

jk(t + h,su(s)ds — jk(t, Su(s)ds

<| { | |k(l+h,s)—k(t,s)|.|u(s)|ds} dt

L )21 2
; j[,“‘k(t+ha5)—k(t,s)‘ ds} dt
ol o

< Hu

(bét dang thirc Holder, u € Q < I va véi mdi £ €[0,1]:k(1,.) <k ()4, () e [ < L)
P

1|1 P ;1
sm.j[j|k(z+h,s)—k(t,s)| ds} dt
0

0
—2250
Vay K :172[0,1]— L”[0,1] hoan toan lién tuc.
Do F:I7[0,1]—> L*[0,1] lién tyc va K:[7[0,1]—> L”[0,1] hoan toan lién tuc nén
A=K F:L"[0,1]— L"[0,1] hoan toan lién tuc.
Budc4 : Ap dung Pinh 1y 2.2.3 véi | 1=, va (1=

Dau tién ta ching minh ton tai ¢,,c, >0:¢, |y, Syl <elyl, VveC (3.39)

That vay, ro rang | y [, < v|,, Vy € C (do r <gq); mat khac véi ye C bat ky ta co y()zb, (1)|yl, voi

7, €[0,1] nao do, suy ra ‘y‘r > by0 |y|70 . Do vay (3. 39) ding véi ¢, :‘byo ;e =1.
Cubi cuing ta s& chimg minh :

| AW) |, <l y|, v6imoi yeC,|y| =p (3.40)

| A(¥) |, >y, véimoi yeC,|y|,=R (3.41)

That vay, véimoi y e C,| y|,= p tacod:



[A() |, = { | [ (|t )1 (5, 9()) dsj drj

<[k, [ [l )" dsjpl ( [IFG)s)
:|k1|,, |kz|,7l |F(y)|,72

p
<l bl ks + a2

1

i
o dst

p lp

_[j ol ] U\y(s);";qu} q{j\y(s)\"ds}m =|slp

P2

Ta co ‘y

Suy ra
| A1, <k, K| v (]y],)

:|k1|q |kz|17l v (p)

<p=lyl, (do(3.31))
Do d6 (3.39) dugc théa man.
Cudi cing ldy ye C,|y| =R batky taco :

(VAU

[ A()],= [ | [ [, ) (s, (5| ds) er

1
> M k| j k, (5) £ (5,b,(s)|y| )ds (do y € C va f(s,y) khong giam theo )
0

=Mk jkz (s)f(s,b, (s)R)ds

> R=|y|. (do (3.32)).
Do d6 (3.40) ciing dugc thoa man. Ap dung Pinh 1y 2.2.3 ta c6 4 ¢o it nhét hai diém bat dong ViV,

voi |y |, <p <y, |, va|y,|,<R (dpcm). O



KET LUAN

Nhu vay trong luén van nay t61 da néu ra hai phuong phap co ban trong viéc chimg minh Pinh 1y
Krasnoselskii cho anh xa nén va gian trong mat néon. o6 1a phuong phap dung khai ni¢m bac topo va
phuong phap dung Pinh 1y diém bat dong Schauder. Ngoai ra, luan vin con trinh bay hai dinh 1y vé
mg dung ciia Pinh 1y Krasnoselskii trong viéc chimg minh sy ton tai nghiém ctia phuong trinh tich
phan phi tuyén. Tuy nhitng dinh nay kha co ban nhung ching minh ctia chung kha phtrc tap va luan
van d trinh bay chi tiét va rd rang hon mot s6 bai bao va sach da tham khao.

Tuy nhién do thoi gian va diéu kién 1am viéc con han ché nén luan vian chua di sdu va nghién ctiru
Dinh 1y Krasnoselskii cho anh xa da trj va xem xét thém nhiéu tng dung khac ctia dinh 1y ngoai viéc

chtrng minh sy ton tai nghiém ctia phwong trinh tich phan phi tuyén (3.1) va (3.21).
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