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BANG KY HIEU

: tap cac so nguyen.

: tap cac s6 hitu ty.

Ry L7
: nhdm cyclic /Zn.

: tap rong.

: nhdm céc phan tir kha nghich cia R.
- vanh cac thuong phai (trai) cia R tai S.
: dia phuwong héa ctia vanh giao hoan R tai ideal nguyén t p.
: vanh céac thuong phai (trai) c6 dién cuaR.
: N lamodule con cét yéu cua module M.

- chiéu diéu cua module M.

: radical Jacobson cuaR.

: vanh céc da thirc trén k v&i cac bién {z, :iel}.
vanhty do trén k sinh boi {z, : 7 € I}.

: cac don vi ma tran.

- ban s6 cua X.

. liy linh tréi (phai) cta S.



MO PAU

Nhu ta & biét trong dai sé giao hoan, viéc xay dung trudng cac thuong dia
mot mién nguyén R thuc chat chinh laviéc ta di xay dung vanh cac thuong R, trong
d6 S = R\ {0}. M& rong hon nita d6i véi mot vanh giao hoan bat ky, lay mot tap
con dong nhan S cua R taciing xay dung dugc vanh cac thuong Rs cia R, va cac budc
xay dung da duoc Atiyah- Macdonald [1] trinh bay chi tiét. Tuy nhién, v6i cac vanh
khdng giao hodn thi vanh céc thong khong phai lac nao ciing ton tai, va viéc xay

dung vanh cac thuong cia mot vanh khong giao hoan gip rat nhiéu kho khan.

Pén nhitng nim du cta thip nién 1930, Ore da dua ra 1y thuyét dia phuong
hoa theo tAm cling véi didu kién can va du dé xdy dung vanh cac thuong cia cac vanh
khong giao hoan. Co hai phuong phap chinh x&y dung vanh cac thuong cta cac vanh
khong giao hoan. Phuong phap thr nhit 13 phuong phép truyén thdng twong tu nhu
khi taxay dung truong cac thuong cia mot mién nguyén trong dai sd giao hoan dugc
goi 1a dia phuong héa theo tdm cia cac vanh khong giao hoan. Phuong phap thir hai
theo mdt nghia nao d6 réong hon phuwong phap thi nhat goi 1a X8y dmg vanh céc

thuong theo phuong phéap cua Ore va Goldie.

Ludn vin muén nghién ctru vé hai phuong phap nay, vé kha ning ap dung cua
chiing trong |y thuyét cac vanh khong giao hoan noi chung va 1y thuyét cac P l-vanh
nGi riéng. Mudn tim ra nhimg thi du chimg to su giéng nhau ciing nhu khac nhau cua
hai phuong phap trén. Luan van dugc trinh bay thanh 3 chuong vé1 cac ndi dung

chinh nhu sau:

Chuong 1: Trinh bay lai mot s kién thirc co ban cia 1y thuyét vanh nham 1am

co s& 1y luén cho cac chuong vé sau.

Chuong 2: Trong chuong nay chiing t6i tinh bay (tr cac tai liéu khac nhau)
phuong phép truyén thong xay dung vanh cac thuong cua cac vanh khong giao hoan,
con dugc goi la dia phuong hoa theo tam cua cac vanh khong giao hoan va phuong

phap cua Ore va Goldie.



Chuong 3: Pua ra ndt s6 vi du cho thdy viéc xay dung vanh cac thuong cia
céc vanh khong giao hoén king phuong phap truyén théng khong phai lic nao cling

thuc hién duoc.



CHUONG 1:

XAY DUNG VANH CAC THUONG CUA CAC VANH GIAO HOAN

1.1. NHAC LAI MOT SO KIEN THUC CO BAN

Cho R lamdt vanh ¢6 don vi.

e Tap con dong nhan: mot tap con S ciia R duoc goi 1a mot tdp con dong nhan cua R
néu:
*1eS5,0¢ 8,
* S dong dbi v6i phép toan nhan duge dinh nghia trong R.

e VVanh dia phwong: R duoc goi 1a vanh dia phuong néu R giao hodn va chi c6 mot
ideal ti dai duy nhét.

e Mién nguyén (khong giao hoan): 1a mdt vanh khac khong, khong c6 udc cua
khong.

 Module trung thanh: M duoc goi 1a mét R—module trung thanh néu Mr = (0) suy
rar=20.

e Tap linh hoa: néu M Ia mot R—module thi tap linh hoa toan bo M ky hiéu 1a A(M)
va A(M)={xz € R| Mz =(0)}.

e Dinh ly: A(M) lamdt ideal hai phia cia R. Hon nita M lamdt R / A(M) —module
trung thanh.

e Pinh Iy: cho M lamdt R—module, goi E(M) latap tat ca cac tu dong Ciu ctia nhém
cong cua M, khi d6 E(M) véi phép toan cong va nhan trong E(M) dugc dinh
nghia thong thudng 1a mot vanh. Khi d6 ta cé R / A(M) dang cau véi mot vanh con

cua E(M).

e VVanh cac tw ddng cau: vanh cac ty dong ciu cia R—module M 1&:



CM)={¢veEM)|T otp=1oT VaecR}
Trong do:
T :-M—M
a T — ax
e Module bit kha quy: M dugc goi 1a mot R—module bat kha quy néu thoa hai diéu
Kién sau:
* MR = (0),
* M chi ¢6 hai module con duy nhét 14 (0) va M.
e Dinh ly (b6 d& Shur): néu M Ia mot R— module bt kha quy thi C(M) lamdt vanh
chia

e Ideal nguyén td: mot ideal P dugc goi 1a nguyén té néu BC C P thisuyra B C P
hoac C C P, vdi B, Clacécideal cua A.

e Radical caa R: radical caa R, ky hi¢u la J(R), latp tAt ca céc phén tr cia R ma
linh hdatat ca cac R—module bat kha quy. Néu R khdng c6 module bat kha quy nao
thi tadat J(R) = R.

Radical dugc dinh nghia nhu trén dugc goi 1a radical Jacobson cua R.

e Tap (p: R): néu p lamét ideal phai cia Rthi (p: R) = {z € R | Rz C p}.

e Dinh ly: J(R) = N(p: R) trong d6 p chay khap cac tap ideal phai t6i dai cia R.

e Dinh ly: J(R) = Np trong d6 p chay khap cac tap ideal phi t6i dai cua R va
(p: R) laideal hai phialdn nhét ciia R chira trong p.

e Liiy linh: tandi mot phan tir @ € R laliy linh néu «" = 0 v6i n lAmot sé nguyén
duong nao do.

e Nil ideal: ta goi mot ideal phai (trai, hai phia) 12 mét nil ideal néu moi phan tir cta

n6 déu liiy linh.



e Ideal liiy linh: ta goi mot ideal phai (trai, hai phia) p 1a mot ideal lity linh néu co

mot sd nguyén duong m sao cho a,.a,...a =0 VoI moi a,a,,...,a € p SUy ra
o Nira nguyén thiiy: R dugc goi la nira nguyén thay néu J(R) = 0.
e Dinh Iy: néu R lanira nguyén thuy thi c&c ideal cia R ciing nira nguyén thiy.
e \VVanh Artin phii: mot vanh dugc goi 1a Artin phai néu moi #ip khong réng céc
ideal phai c6 phan tur tdi tiéu.
e Pinh Iy: néu R lavanh Artinthi J(R) 1amét ideal liiy linh.
e Pinh ly: néu R lavanh Artin thi mot nil ideal (phai, trai, hai phia) cua R laliy linh.

e Dinh ly (Wedderburn—Artin): mét ideal cia mot vanh Artin nira don 1a mot vanh

Artin ntra don.
e Vanh don: mot vanh R duoc goi 1a don néu R? = (0) vaR khong co ideal khac
ngoai hai ideal (0) va chinh no.

e Dinh 1y: mot vanh Artin nira nguyén thuy 1a téng truc tiép ctia mot s hiru han cac
vanh Artin don.

e VVanh Noether phai: mot vanh dugc goi 1a Noether phai néu moi tap khong rong
céc ideal phai co mot phan tir toi dai.

e Dinh ly: cho A la mot nil ideal mét phia ciia m6t vanh Noether phai R. Khi d6 A la
[y linh.

e VVanh nguyén thity: mét vanh R duoc goi 1a mot vanh nguyén thily néu nd cé mot

module bat kha quy trung thanh.

e VVanh nguyén %: mot vanh R dugc goi 1a nguyén t6 néu aRb = (0), Voi a,b € R
suyraa =0 hoic b =0.

e Pinh ly: c&c khang dinh sau 13 twong duong:

1. R lavanh nguyén td,



2. Néu A, B lahai ideal ciaRthi AB = (0) thi A= 0, hoic B =0,
3. Linh héatir bén trai cta ideal trai khac (0) bat ky cta R 12 (0),
4. Linh héatir bén phai cta ideal trai khéac (0) bat ky cta R 12 (0).

e Pinh ly: mdt vanh nguyén thay 1a vanh nguyén to.

e Dinh ly: Mot phan tir khac khong trong tim ciia mot vanh nguyén to R 1& phan tur
khong c6 we cua khong trong R. Hay tdm @ a mdt vanh nguyén té 1a mot mién
nguyeén.

e Chinh quy phai: cho R 1a mdt vanh, mot phan tt xe R, z = 0 duoc goi 14 chinh
quy phai néu xr=0=r=0 Vvdi reR, ndi cach khéc x khdng c6 udc ciia khong
bén phai.

e Chinh quy trai: cho R & mdt vanh, mot phan tr xe R, z = 0 dugc goi la chinh
quy tréi néu rx=0=r =0 véi r e R, ndi cach khéc x khong c6 wdc ciia khong bén
phai.

e Chinh quy: cho R & mdt vanh, mot phan tir Xe R, z = 0 vira chinh quy phai vira
chinh quy trai duogc goi 1a chinh quy, néi cach khéc x khong cé ude cuia khong.

e Pai s6: cho K |amot vanh giao hoan c6 don vi. A dugc goi 1a dai s6 trén K néu thoa
man:

* A laK—module,
* A lavanh,

* k€ K,Va,b € A: k(ab) = (ka)b = a(kb).

e Ideal ciia dai s6 duoc hiéu 13 ideal cua vanh A va dong thoi 1 K—module con cia
A.

e Pai s6 don: dai s6 A duoc goi 1a dai s6 don néu A = 0 va A khéng co idea nao
khdc ngodi (0) va A. Mu A 1a di s6 don thi tdm cia A, 4p hop
C={ceA|cx=uxc,Vr e A} lamot truong. Khi d6 A co thé duoc xem 1a mot dai

s trén C.



e Pai s6 don tAm: cho K |a mot truong, dai sé A duoc goi 1a dai s6 don tAm néu A

don va tam cua A dang cau véi K.

e Dai s6 nguyén thiy: mot dai sé A & nguyén thiry néu n6 c6 moét A—module bit kha

quy vatrung thanh.

e Dai s6 nira nguyén thiiy: dai s6 A dugc goi 1a nira nguyén thuy néu J(A) = (0).

e Ideal nguyén thiy ciia dai s6: mot ideal p caa dai s6 A duoc goi 13 ideal nguyén
thity néu A / p 1a dai s6 nguyén thiy.

e Dinh ly (Amitsur): goi A[z] 13 dai s6 theo bién X voi hé s ldy trong A, néu A
khéng c6 nil ideal khac (0) thi A[z] 14 dai sb nira nguyén thiy.

e Ideal nguyén té: mot ideal P cua mot dai s6 A dugc goi 1a nguyén té néu BC C P
thisuyra B C P hoac C C P,véiB, Clacécideal caa A.

e C'/ B laideal nguyén t6 caa A / B khi vachi khi C laideal nguyén t6 caa A chia
B.

e Dai s6 nguyén t6: mot dai s6 A duoc goi 1a mot dai sé nguyén té néu (0) 1a ideal
nguyén t6 cia A, tirc 1a néu BC = 0 thisuy ra B =0, hoic C =0 véi B, C lacéc
ideal cua A.

e Nhan xét: néu A 1a dai sd nguyén thuy thi A 1a dai s6 nguyén td.
e Pinh ly: c&c khang dinh sau 13 tvong duwong:
1. A la dai s6 nguyén t0,
2. Néu bAc = (0) thi b= 0, hoac ¢ =0,
3. Linh hdatir bén trai cua ideal trai khac (0) bat ky cua A 12 (0),
4. Linh héatir bén phai cua ideal trai khac (0) bat ky cua A 12 (0).

e Pai s6 nira nguyén to: dai sé A duoc goi 1a nira nguyén t6 néu A khéng co ideal

liiy linh khéc (0).

e Nhan xét: néu A lamot dai s6 nguyén t6 thi A 13 dai s6 nira nguyén td.



e Ideal nira nguyén té: mot ideal B ciia A dugc goi 1a nira nguyén t6 néu dai SO
thuong A / B lanira nguyén to.

e Dai s6 tw do: cho {x,X,,...} latap vo han dém duogc cac phan tir, gia sir X [ mot vi
nhém tr do sinh béi tap dém duoc cic phan tir X,,X,,.... Goi K{X} 14 dai s6 vi
nhom cia X trén K. Khi d6 K{X} duoc goi 1a dai sb tu do véi tap dém duoc cac
phan tir sinh X, hay con ky Hu 1a K<X1,X2,...>. Tap hop {X,,X,,..} duoc nhing
vao K{X} laphép nhing i:{x,X,,..} = K{X} c6 tinh chit ph6 dung. Piéu nay cé
nghia 14 véi A [amot dai s6 bat ky va mot anh xa a :{X,,X,,..} = A lubn ton tai duy
nhit dong cdu B :K{X} - A sao cho biéu d sau giao hoan:

[
{x, X5y d 7> K{X}
o p
A

e Dinh nghia: cho A [amdt dai sb trén truong F, a € A dugc goi la dai sb trén F néu
c6 mot da thirc khac khong p(x) € Flz] sa0 cho p(a) = 0. A duge goi 1a mot dai s6
dai s6 (algebraic algebra) trén F néu moi phan tir ctia A 13 dai sd trén F.

Trude khi xay dung vanh cc thuong cta cac vanh khong giao hoan, ta nhéc lai

cac buoc xay dung vanh cac thuong cia cac vanh giao hoan nhu sau:

1.2. VANH CAC THUONG CUA CAC VANH GIAO HOAN

Véi R lambt vanh giao hoan bat ky, S lamdt tdp con dong nhan cia R, tading da
x8y dimg dugc vanh cac thuong cia R, ky hgu 1a R, (hoic RS™), theo tip con
dong nhan S, vamot dong cau vanh: £:R — RS™ véi £(s) kha nghich trong Ry V&i
Moi S € S nhu sau:

Cho tap con nhan S ciia mot vanh R. Trén ip Rx S ta dinh nghia mdt quan hé hai

ngdi LI nhu sau:

v(r,s),(r',s)eRxS: (r,s)(r',s) < 3teS:(rs'-r's)t=0



L lamét quan hé twong duong trén Rx S, that vay:
* | ¢0 tinh cht phan xa: V(r,s)eRxS: (rs—rs)t=0 véi moi t €S, do do
(r,s)0(r,s).

* || ¢0 tinh chat d6i xang: gia sirta c¢o (r,s)0 (r',s") < 3teS:(rs'=r's)t=0 suy ra
—(r's—=rs)t=0<(r',s") U (r,s).

*|) ¢0 tinh cHit bac cau: gia st ta co (a,s) ~ (b,t) va (b,t) ~ (c,u), khi d6 én tai

v,w € S sa0 cho (at —bs)v =0 va (bu —ct)w =0, suy ra (au — cs)tvw =0, do S

la dong véi phép nhan nén tvw € S, do do: (a,s) ~ (c,u).

Ta ky héu tap thwong RX % & RS™ va ky hgu 16p tuong duong cua phan tur

T
(r,s) la—.
S

Ménh dé 1.1:

Tdp RS™ clng Véi hai quy tdc:

o Cong: VE,EE RS™ E+E=at+bs
s t S st
e Nhan: VE,EE RS™ E.Ez—b
s t st st
la mot vanh.
Chirng minh:
. L e~ v A . . A A aba'b 1
Cac quy tac da cho 1a mot phép toan, that vay: V_'?_.’_.E RS
S S

=3du,veSsS: {(as'—a's)u =0 @
b’ (bt'-b't)v=0 (2)



(1) va(2) sy ra {(as —a's)uvtt'=0 {(as'tt '—a'stt)uv=0

(bt'—b't)vuss'=0 | (bt'ss'—b'tss)vu =0

=[(at+bs)t's'—(a't'+b's")stjuv=0
at+bs a't+b's" a b a' b
= = =>—t—=—

st s't' s t st

Mat khéc (1) va (2) cling cho:

= abs't'uv=a'b'stuv= (abs't'+a'b'st)uv=0

as'u=a’'su
bt'v=Db'tv

ba'b' ab
:—|:>—.?

a
= —
st s't S

a'b'
st
e ax 2 T |
Cac tién d¢€ dinh nghia cua vanh dé dang dugc kiém tra, don vi cia vanh la 1

Vanh R, hay RS™con duwgc goi la vanh cdc thwong ciia R theo S.
Pinh ly 1.2:
Cho ¢g: R — B la mét dong cdu vanh sao cho ¢(s) 1a phan tir kha nghich trong B

Vi moi s € S. Khi dé bn tai duy nhdt mot déng cau vanh h:RS™' — B sao cho:

g=hoe.
g
R— B
€ lﬁh
RS
Chitng minh:

i. Tinh duy nt: néu h théa man diéu kién trén thi h[%] = he(a) = g(a) Vi moi

[I] J = h[I] = g(s)™", do do:

S

a € R,dodonéu s e S taco: h[l] =h




ma ¢(t) kha nghich trong B nén g(a)g(s)™ = g(a")g(s") .

Vah dugce xac dinh nhu trén 1a mot dé)ng cAu vanh.

R;, &£ cohai tinh chat dac trung sau:

(i) s € S suyra (s) kha nghich trong RS,

(i) Moi phan tir trong R, déu c6 dang: £(r)e(s)™, trongdé reR vaseSs,

(i) kere={reR:rs=0,5€S} (kere lamot ideal trong R).

2 . LA A A1 A ., o r < -
Dé don gian cho ky hiéu trén ta viét lai cdc phan tir ciia Ry dudi dang — hodc rs™
S

(thay cho &(r)e(s)™).

Hé qua 1.3:

Néu g : R — B lamét dong cau vanh sao cho:

1) s € S suyra g(s) kha nghich trong B,

i) kerg={reR:rs=0,5€S},

iii) Moi phdn tir trong B déu cé dang: g(r)g(s)™, trongdé reR va seS.

Khi d6 c¢6 mét dang cdu h: RS™ — B saocho g =hoe.
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€ l /5 h h 14 dang cau vanh.

RS
1.3. MOT SO VANH CAC THUONG PAC BIET CUA VANH GIAO HOAN
Vidul:
Cho p la mot ideal nguyén t6 ciia R. Pat S = R\ p thi S la mdt tap con déng nhan
(do p la mot ideal nguyén t6 ciia R khi vachi khi S = R\ p latip con dong nhan).
Khi d6 vanh cac thwong RS cta vanh R theo tap con dong nhan S trong trudng hop
ndy chinhlavanh R ma ta d&biét.
Goi m latap tat ca cac phan tir c6 dang a /s V6i a € p, khi d6 m |a mot ideal trong
R . Matkhac b/t ¢ m thi b ¢ p,dodo beS vab/t kha nghich trong R , diéu
ndy ndi Ién rang néu o lamét ideal trong R va o ¢ m thi a chira mot phan tir kha
nghich nén a= R . NGi céch khac m laideal toi dai duy nhét cia R hay R lavanh
dia phuong.
Tén goi dja phuong hoa R theo ideal nguyén 6 p xuit phat tir truong hop dic biét
nay.
Vidu2:

V6i truong hop cb dién R 1& mdt mién nguyén thi truong cac thuong cia R twong
ung voi dia phuong hoa ciia R tai tdp con dong nhan S =R\{0}.

Véi truong hop xay dung vanh cac thuong cua cac vanh khong giao hoan ta
cling c6 mot s6 két qua twong tu nhu cac két qua da trinh bay cho truong hop vanh

giao hoén <€ trinh bay ¢ chuong 2.



CHUONG 2:

XAY DUNG VANH CAC THUONG CUA VANH KHONG GIAO
HOAN

Chovanh R, S lamét tap con dong nhan cia R, R ¢6 don vi.

2.1. PIEU KIEN TON TAI VANH CAC THUONG CUA CAC VANH KHONG
GIAO HOAN

M¢& rong hon cho vanh khong giao hoan, cach xdy dung vanh cac thuong bing
phuong phép dia phuong héa theo tam cua 1y thuyét vanh giao hoan nhu trén ciing c6
thé ap dung dé xay dung vanh cac thuong cho mét sé vanh khdng giao hoén, tuy
nhién, khéng phii voi vanh khong giao hoan bat ky nao chung ta cling co thé xay
dung duge R, bang phwong phap trén (¢ chwong 3 cua luan vin s& cung cap mot so
Vi du cu thé din chiing cho diéu nay). Hay viéc chi mo ta R tir dinh ly sau |arat mo
hd va kho khan.

Pinh nghia 2.1:

Cho S la mét tap con dong nhan cua vanh R. Mot do”‘ng cau a:R—R' duoc goi la
mét S — nghich ddo néu a(S)cU(R") (U(R"): nhdém cac phin tir kha nghich ciia
vanh R".

Pinh nghia 2.2:

Mot vanh R' dwoc goi la mét vanh cdc thwong phdi (twong g véi S < R) néu ¢é

mét dong cau ¢ R — R' sao cho:
(@) ¢ la S— nghich dao.
(b) Moi phan tir R' ¢ dang @(a)p(s) ™ véi acR va seS.

(c) kerp={reR:rs=0voi seS}.



Luwu y: Tir (c) ta c6 R'=0, tuy nhién véi mot vanh R bat ky ta khdng ky vong 1a s3
ton tai vanh cac thuong phai R', néu R' ton tai thi theo dinh nghia trén ta c6 hai diéu

kién can theo S nhu sau:
Dinh Iy 2.3:

Cho R &n tai vanh cdc thwong phdi, khi d6 v &i moi acR va seS ta @du cé
aS NSR =@ (V6i tinh chdt nay S dwoc goi la kKhd hodn bén phdai (right permutable),
hodc S la mét tdp Ore phdi).

Chitng minh:

Véimoi acR vaseS, o(s) p(@)eR', nénténtai reR vas'eS sao cho:

() " p(a) = p(r)p(s) " = p(as) = p(sr)
Do @6 theo (c) ta dugc: (as'—sr)s" =0, voi s"e S,
Vay: as's"=srs"eaS NsR.
Pinh ly 2.4:
Cho R tén tai vanh cdc thwong phdi, khi d6 cho a€ R, néu s'a=0,Vdi '€ S ndo dé
thi as=0 véi seS (S théa man tinh chdt nay nén S con duwoc goi la kha nghich
phai (right reversible)).
Chirng minh:
s'‘a=0suyra ¢(s)¢(a) =0 do dé ¢(a)=0, theo (c) ta dugc as=0 vdi seS.
Pinh nghia 2.5:
Tdp con dong nhan S C R vura la tap kKha hodn bén phdi vira kha nghich phai thi ta
goi S 14 tdp mdu sé6 phdi (right denominator).
Ta co not két qua quan trong duoc phat biéu duéi dang dinh 1y dudi day, va dé
ching minh dinh ly nay, Ore da nghién ctru viéc st dung dia phuong héa theo tam
vanh khéng giao hodn véi R 1a mdt mién nguyén khong giao hodnva S = R\ {0}, sau

ndy Asano va céc cong su khac dd mé rong 1y thuyét Ore cho vanh bat ky.



Dinh 1y 2.6

vanh R ¢é vanh thwong phii twong tng véi S khi va ch khi S 1& mét tdp mau sé
phdi.

Chirng minh:

Chiéu thuan: gia st vanh R c6 vanh thuong phai trong Gmg véi S, khi d6 theo dinh
nghia cua vanh thuong phai ta suy ra S 1amot tip mau sd phai.

Chiéu dao: gia sir S |& mdt tdp mau s phai, va ta ky hiéu vanh thuong phai tuong
tmg véi S (néu co)1a RS™.

Trude hét ta di xay dung cdu tric cua tap RS (tuwong ty nhu cach xay dung ddi véi
vanh giao hoén):

—l”

Vi moi phan tr cia RS™ phai c6 dang “as™” (Wi aeR vaseS), nén ta kit dau

véi tap Rx S va dinh nghia mét quan hé "0 " trén Rx S nhu sau:

(a,5)0 (a',s") (trong RxS) néu va chi néu ton tai b,b'e R sao cho sbh=s'b'e S va

ab=a'b'eR.

""" lamot quan hé twong duong:

Tinh phan xa: (a,s)[ (a,s) voi b=b'=1.

Tinh d6i xtmg: (a,5)0 (a',s") < (a',s) 0 (a,s).

Tinh bac cau: (a,s)0 (a',s") va (a',s’) (a",s") khi dé ta co:

ton tai b,b'e R saocho sh=s'b'eS vaab=a'b'eR,

tdn tai ¢,c'e R saocho sc=s'c'eS vaac=a'c'eR,

do (s'c)SN(s'b)R=D néntdntai reR vateS saocho sh'r=s'cteS, &p ding

tinh kha nghich phai, ta c6: b'rt'=ctt' vgi t'e S, khi do:
sbr=s'b'r=s"c'teS=s(brt)=s"(c'tt) e S

va a(brt)=a'b'rt'=a’'ctt'=a"(c'tt)



vay (a,s)l (a",s").

Pé y: (a,s) ~(ab,sh) néu sheS (voi b'=1).

. L . a _ . 1
Taky hiu 16p tuong duong cuia (a,s)la — hodc as™, va #ip tat ca cac 16p tuong
S

duong nay ky hiéula RS™.

Pinh nghia phép toan cong trén RS™*:

/1 I4 . a' Z A r ~ 7\‘ /( ~ Ve
bé y hai thuong ﬁ,—z cO the c6 mot mau so chung, do s;Sns,R#=< nén co
Sl SZ

reR,seS saocho s,r=sseS, vataco:

& _aS 5% A

S, S8 S, Sr
Do d6 ta c6 thé dinh nghia phép toan cong nhu sau:

3,3 _as+ar

trong do t=SS=5,r.
Sl 32

Ta c6 ddng cau nhom: ¢: R — RS™ thoa man:

kerp={acR:(a,)J(0,)} ={acR:as=0vosi s€S}

Budc tiép theo ta xdy dung phép toan nhéan trén RS™:
a a, A A . N . ,
Cho +,—=%,dosRna,S=J néntontai reR vaseS saocho: s;r=a,s, do do ta
Sl 52

dinh nghia phép toan nhan nhu sau:

a)(a)|_ar
s, )\ S, ) 8,8
(RS™!,+,x) lamot vanh, va ¢ lUc ndy lamot dong cau vanh.

L (ses) langhich dio ciia ¢(s) = % do d6 ¢ 1amét S nghich dao va
S



&~ p(a)p(s)™
S

Vay RS lamot vanh céc thuong phai ciia R tuong tng véi S.
Hé qua 2.7:

Néu S la mét tdp mau so phdi thi @:R— RS™ 1a mét dong cdu S — nghich dio cé
tinh chit phé dung. NOGi riéng, c6 duy nkir mét dang cau ¢:Ry — RS™ sao cho

gos=¢, trongdo €:R—>R;.
Chirng minh:

Cho a:R—T lamédt déng cau S — nghich dao. Ta dinh nghia f :RS™ — T nhu sau:

f(%j:a(a)a(s)l (acR,s€$)

Néu beR sao cho sbeS, khi d6: a(s)a(b) =a(sb) 1a kha nghich trong T, do d6
a(b) ciling kha nghich trong T. Mat khac:

a(ab)a(sh) ™ = a(a)a(b)a(b) ‘a(s) = a(a)a(s) ™.

Nén f :RS™'—T duoc dinh nghia tét, va f lamot dong cau vanh, that vay:

o f£ﬁ+ﬁj: f(MJ (trong d6 t=s,S=5,I)
S, S, t

=a(as+a,at)  =a(@s)at)™ +a(a,ra(t)™

= a(ais)a(sls)il + a(azr)a(szr)il = 05(31)05(31)71 + a(az)a(sz)il

o f (ix &j = f [ﬂJ (trong d6 s;r =a,s)
s, S, 5,8

— a(an)a(s;s) = a(@)a()(a(s,)as)”



=a(a)a(ra(s) a(s,)™ (do o 1aS — nghich dao)

= a(a1)a(51)7105(3-2)0‘(S)a(s)ila(sz)il

(do sr=a,5s= a(r)=a(s) a(a,)a(s))

= a(ai)a(sl)fla(az)a(sz)fl = f [%)X f (%j’
Vay f [amot dong cdu vanhva fop=0a .

Do 2= p(@)p(s) e RS™ nén f 1a dong cAu duy nhét thoa fop=q.
S

Tuong tr nhu dinh nghia vanh cic thuong phai ta ciing c6 khd niém “kha

hoan bén tré”, “kha nghich trai” vavanh cac thuong trai taky hiéula S™'R:
Pinh Iy 2.8:

Véi moi acR VA S€S ta déu cé SanRs =D (V6i tinh chdt nay S dwoc goi la kha

hoan bén trai (left permutable), hodc S la mét tdp Ore tréi).
Pinh Iy 2.9:

Cho aeR, néu as'=0, véi s'eS ndao dé thi sa=0Vvéi seS (S théa man tinh chdt

nay nén S con duwoc goi la kha nghich trai (left reversible)).
Pinh nghia 2.10:

Tdp con dong nhan S c R vura la tdp Kha hodan bén trdi vica kha nghich trdi thi ta goi

S 14 tdp mau sé trdi (left denominator).
Pinh ly 2.11:

vanh R c6 vanh thwong trdai twongimg véi S, ky hiéu la S™R, khivach khi S 1a

mot tdp mau s6 trdi.
Taco hé qua sau:

Hé qua 2.12:

Néu ca RS™ va S7'R ton tai thi RS = S7'R(z=R,) trénR.



Pinh 1y 2.13:
Cho S la nvt tdp con dong nhdin Cua vanh R, khi do an tai mot do”‘ng cau S-—
nghich dio ¢ di wr R vao vanh R (‘hayRS™"), théa man tinh chdt pho dung: véi

mét dong cau S — nghich ddo o R — R' bdt ky, ton tai duy nhdt mét dong cau vanh

f:Rg >R'saocho a="fo¢.

o}
R— R

€ l /5 f

RS
Chitng minh:
C6 dinh mot tap sinh cia R, voi mdi seS, b sung thém mat phﬁn tir sinh méi s
thoa man: 5.8 =1, s s=1, trong d6 s 1&mdt phan tir thudc [ — dai sé tw do ma anh
dugc cho boi s. Tap sinh méi1 voi cac quan hé dinh nghia vanh Rg vé1 déng cAu vanh
£:R—>R;. Wi mdi seS, &(s) laanh cia s trong R, kha nghich, do d6
g(s)eU(R;).
Chung minh tinh phd dung cua &

f duoc dinh nghia nhu sau: f(s(a)e(s)™) =a(a)a(s)™, ta ching minh dugc dinh

nghia tot: gia st (a)e(s) ™ = e(b)e(t) ™, trongdd a,beR, s,tes,
theo (i) suyrac  e(a) =e(b)e(t) "e(s)=e(b)e(c)e(u) ™ véiceR, ueSs

g(@)e(u)=¢&(b)e(c)
7 e(s)e) = £(t)2(c)
theo (i) suy ra: {auv =PV ivves
suv'=tcv'
a(@)a(u) =a(b)ax(c)

do a(v) va a(v') kha nghich nén ta duoc: {
a(s)a(u) =a(t)ax(c)



suy ra: a(@)a(s)™ =a®)a(t)™.

V&i dong cau f duoc dinh nghia nhu trén thoéa man: o = f o

Tt nhiing van dé néu trén, vao dau nhirng thap nién 1930, Ore da tim ra diéu kién can

va dii dé co thé xay dung vanh cac thuong ciia vanh khong giao hoan bang phuong

phap dia phuong hoéa theo tam.

2.2. VANH VA MIEN NGUYEN ORE PHAI

Trude khi di vao khéi niém vanh va cdc mién nguyén Ore phai ta c6 mot sd két qua

sau d6i voi tap con dong nhén S:

< Néu S latdm cia R thi Svira 1a tap mau sb trai vira 1a tip mau s phai, do d6 tén
tai RS™ va S™R. Tagoi RS™ = S™'R 14 “vanh cac thuong theo tim S” cua R.

< Ta goi mot phan tr seR 1a chinh quy Bu n6 khong 14 udc trai cua khong va
khong 13 wdc phai ctia khong. Néu céc phan tir thude S 1a c&c phan tir chinh quy
cua R thi S kha nghich trai va kha nghich phai.

< Mot phan tir aeRdugc goi 1a chinh quy Von Neumann néu a chinh quy va
acaRa.

< Cho S latap tat ca cac phan tir chinh quy cta R (S kha nghich trai va kha nghich
phai), khi d6 S latap con dong nhan, that vay: VX,y €S thi xy cling chinh quy, vi
néu xy khong chinh quy khi d6 xyz=0 (v6i ze R, z=0), do y chinh quy nén
yz#0, khi d6 x(yz)=0 (mau thudn véi gid thiét x chinh quy). Vay S la mot tap
con dong nhan, véi S duoc xac dinh nhu trén ta ¢6 mot sé khai niém sau:

Pinh nghia 2.14:

Cho S 1a &ip tdt cd cdc phan tir chinh quy cia R (S khd nghich trdi va kha nghich

phai).

Tagoi R lavanh Ore phai néu va chi néu S kha hoan bén phai, hay néu va chi néu ton

tai RS™. LGc ndy ta@i RS™ la vanh cic thuong phi cd dién cia R, ky hBu 1a

Qi(R).



Tuong tu nhu trén ta cling dinh nghia vanh cac thuong trai ¢6 dién cua R, ky hiéu 1a
Qu(R).
Néu R vira 1a vanh Ore trai, vira 1a vanh Ore phai hay Q] (R)= Q. (R) thi tagoi R |a
vanh Ore.
++ Vanh giao hoan nao ciing 1a vanh Ore.
¢+ Vanh chinh guy Von Neumann ciing 1a mot vanh Ore.
% Cho R lamot mién nguyén (khong giao hoan) va S =R\ {0}, khéi niém kha hoan
bén tré trén S dugc phat biéu lai dudi dang twong duwong nhu sau:
aRNbR =0 véi a,be R\ {0} *)
(*) duoc goi 1a diéu kién Ore phai trén R.
Pinh nghia 2.15:
Cho R, Q la cac vanh va R c Q. Ta goi R thir i phdi (right order) trong Q néu:
(1) Moi phdn tir chinh quy trong ciia R ciing la phan tir kha nghich trong QO
(2) Moi phdn tir ciia Q ¢6 dang as™ trong d6 a < R va s 1a phdn tir chinh quy ciia R.

Twong tw nhir trén ta ciing ¢é dinh nghia thie s tréi (left order). Néu R vira la thit

trai vira la thir e phai trong Q thi ta goi R la bdc cuia Q.
Pinh nghia 2.16:

e Cho A |a mdt mién nguyén (khong giao hoén), ta goi D |& mdt division hull ciia A

néu c6 mot phép nhiing A — D sao cho khong cd vanh chia D, nao thoa man:
AcD,cD (D,=D).

¢ Cho mot module M, khac khong duogc goi la déu (uniform) néu vé4i hai module con
khéc khéng bat ky ctia M giao nhau khéc rong.
e Cho mot module M, mdt module con N dugc biéu dién nhu sau:

N=N,®N,®..®N, (N, =0)



Véi k 1a  duong 16n nhat thi N duoc goi 1a module con cét yéu (essential
submodule) caa Mg, ky hiéu: N, M .

e Ta i mot R — module M, n chiéu déu, ky héu u.dim( M;) =n, @u c6 mot
module con cot yéu V <, M latong truc tiép ctia n cac module con:
V=V,0V,®..0V,
Néu n khéng ton tai ta viét u.dim(M R)= 0.
bac biét: * u.dim(M) =0 khi vachi khi M, =0
* u.dim(Mg) = 1 khi vachi khi M, lamét module déu.
Pinh 1y 2.17:
Vanh R 1a vanh Ore phii néu va chi néu né la thir tir phdi trong mét vanh Q nao do.
Trong truwng hop nay, Q=Q.(R) trén R. Hon nta, néu R la mét mién nguyén
(khéng giao hoén) thi Q la mét vanh chia.
Pinh ly 2.18 (Goldie):
R 1& mgt mién nguyén, cac phat biéu sau la tirong dwrong:
(1) R 1& mién nguyén Ore phii.
(2) udim(Ry) = 1.
(3) udim(Ry) <.
Chirng minh:
(1) < (2) theo dinh nghia cua vanh Ore phai va u.dim(R;) = 1.
Chting minh (3) = (1): gia s ton tai a,beR\{0} sao cho aRNbR=(0), theo
Goldietachi ra rang {a'b:i >0} |&R —ddc 1ap tuyén tinh phai, that vay:

Néu Zizoaibri =0 trong d6 hau hét cac r, ¢ R labang khong thi suy ra

br, + (br, +abr, +..) =0=1r,=0 va br, + abr, +...=0.



Lap lai quatrinh tréntadugc r. =0, Vi.

Do d6 R chaa @izoaibR (1a c&c module phii tr do c6 hang vo han dém duoc), vay
u.dim(R,) =co (mau thuin véi gia thiét u.dim(R,) < ).

Hé qua 2.19:

Néu R la mét mién nguyén Noether phdi thi R la Ore phdai, néi riéng QY (R) ton tai,
va no la division hull duy nhadt ciia R.

Chirng minh:

M6t mién nguyén Noether khong thé chira mot tong truc tiép vo han cac module con

khac khong nén theo dinh 1y trén no 1a Ore phai.

Phat biéu nguoc lai ciia hé qua trén ndi chung khong ding, vi dy: mot mién nguyén

giao hodn R [amién nguyén Ore, nhung R khong can thiét 1a vanh Noether.
Hé qua 2.20:

Mot mién nguyén R dupc goi la mién nguyén Bézout néu moi mo rong hitu han cdc

ideal phai cuia R la chinh.

Mot mién nguyén Bézout luén luén la Ore phi.

Chitng minh:

Gia st rang aR NbR =0 trong d6 a,b € R\{0}, chon ¢ e R sao cho:
CR=aR ®bR

khi d6 6n tai r,s,d eR sao cho: c=ar+bs va b=cd, suy ra b=ard +bsd, va
rd=0,dob=cdvab=0nénd=0,vay: rd=0=r=0,vac=bs,
suy ra cR=DbR

ma cR=aR®bR = a=0 (méau thuan).

Bo dé Jategaonkar:



Gid sir a, b la hai phan tir trong mét vanh R doc Idp tuyén tinh phdi trén R. Cho
C c R 1a mét vanh con khdc khéng ma cdac phan tir ciia né giao hodn dwoe Néi a va

b. thi tdp con ciia R sinh boi a, b trén C la mét C —vanh tu do trén a, b.
Chirng minh:
Néu a, b khéng tu do trén C, chon da thirc (khac da thirc héng) f(x,y)e C<X, y> co
bac n nho nhat sao cho f(a,b)=0. Biéu dién f dudi dang;
a+Xxg(xy)+yh(x,y) (¢€C), g(x,y)#0
Taco: 0= f(a,b)b=a(g(a,b)b) + b(a + h(a,b)b)

suy ra g(a,b)b=0.

Bay gio viét g dudidang: £+ xp(x,y)+yq(x,y) (8C).

Taco: degg<n-1, degp<n-2, deggq<n-2 *)
va 0=g(a,b)b=a(p(a,b)b) +b(S +q(a,b)b) (**)

ox .| p(xy)y=0 o

(**) suy ra {,B+q(x,y)y:0 khi x=a, y=b.

(*) sy ra: {Z(i(’oy) =A0YI=0 s thudn véi g(x,y) % 0).

Vay tap con ctia R sinh béi a, b trén C lamot C — vanh tu do trén a, b.

DPinh ly 2.21:

Néu mét mién nguyén R khéng phdi la mét mién nguyén Ore thi R chita mét ban sao
Cua dai 56 tw do C<X1,X2,...>, trong do C la tam cua R.

Chitng minh:

R khdng phai 13 mién nguyén Ore nén ton tai a,be Ry R —ddc lap tuyén tinh phai.
Theo b dé Jategaonkar suy ra vanh sinh bai a vab trén C 1a déng ciu véi C<X, y>,

suy ravanh sinh béi a, ab, ab?, ... trén C la dang cau v6i C(X;,X,,...).



Pinh nghia 2.22:

Mot dai s6 trén truong k dwoc goi la mét PI — dai sé (polynomial identity algebra)

Néu né ton tai mét da thirc khdc khong:
F (X Xp) €KXy Xy )

sao cho f(a,,...,a,)=0Vvéimoi a,,...,a, €R.
T dinh 1y 2.21 va dinh nghia 2.22 ta cd hé qua sau:
Hé¢ qua 2.23:
Mot mién nguyén R la mét PI— dai s6 trén truong k thi R la mét mién nguyén Ore.
2.3. MOT SO Vi DU
Vidul:
Cho k la ndt truong, moét k — mién nguyén tu do R= k<X> khong phai 1a mién
nguyén Ore tré (phii) khi | X |>2, vi Vi hai phan tr a, b kh&c nhau trong X, ta cd
aRNbR =(0).
Vidu 2:
Cho R lamdt 0 — dai sb sinh béi hai phan tir X, y V6i quan hé nhu sau: yx=y*=0.
Pit S ={ x":n>0}, véi c&c phan tir cua R ¢6 dang:

f)+a(x)y  (f,gellx])
Khong c6 udc trai ciia khong, do do S la kha nghich phai. Ta s€ ching minh S cling
|& kha hodn bén phai, ta &n ching minh: aSNsR=@ voi a=f(X)+g(x)y va
s=x" (n>1), that vay: a X= f(x)x" =sf (x) nén aS NsR = <. Vay ton tai vanh cac
thuong phai RS™.
Pé xac dinh vanh cac thuong phai RS, trude hét ta chimg minh b dé sau:

de:

>

B

Cho S c R 1a tdp mau sé phdi, goi U ={aeR:as=0, Vi s nao dé thuéc S}.



a. Churng minh U la ideal cia R.

b. Bit R=R/U, chimg minh S 1& tdp mdu s6 phdi ciia R chira cdc phan tir chinh
quy ciia R,va RS*=RS " trénR.

chirng minh:

a Taco: véimoi reR voimoi acU , ton tai se Ssaocho: (ra)s=r(as)=0, do d6
racU, RU cU. Tacliing minh URcU,, thit vay: cho reR va acU : bn tai
se S sao cho as=0. Vi S lakha hoan bén phai, taco: rs'=sr' véi s'eS var'eR,
nhan a vao hai vé ctia phuong trinh ta duoc: (ar)s'= (as)r'=0, do d6 ar U .

U lanhém con ciia nhém (R,+): v&i mot phan tir khac a'eU , theo chimg minh trén:
(ata)s=za'seU Vi seS, do dédn tai teS sao cho: O=+a'st=(a+a’)st,
dang thirc ndy suyra a+a'eU .

Vay U laidea cia R. Hon nita ta di c6 két qua sau: néu S 1amdt tdp mau phai cua R

, ta c6 dong cu vanh ¢: R — RS™, xac dinh nhu sau: ¢(r) :% Véi kero=U .

b. Trudc tién ta chimg minh S chira cac phén tir chinh quy cua R:

Néu xs=0 (xeR,s€S) thi xseU, do d6 xss'=0 véi s'eS, didu nay chung t6
xeU ,vay x=0.

Giasit sy=0 (yeR,seS) thi syeU, do d6 sys,=0 véi s,€S. Vi S kha nghich

phai, suy ra (ys,)s, =0 Véi s, eS,dodo yeU,vay y=0.

Vay S chira cac phan tir chinh quy cta R.
Do S la kha dao phai nén S ciing kha déo phai. Vay S 1a tip mau sb phai cua R

chutra cac phan tir chinh quy ciia R.

Cho f 1a hyp cia cic 4nh xa R—>R—>RS . Vi f(s)cU(RS ) va &nh x

@:R— RS™ la dong cdu S — kha nghich c6 tinh phd dung nén ton tai duy nhat mot



ddng cAu vanh g:RS?—>RS  sao cho gogp=f, g(rsY)=rs . Mit khéc ta c6:
véi rstekerg thirs =0, suyrareU vars™t=ap(r)p(s)™ =0 trong RS™. Do do
g lamot dang ciu.

Quay 4i vi du 2 trén, theo bd dé trén, ta c6 kernel cia ¢@:R—>RS™ la
U =Ry=0[x]y, R=R/U, vy RS™ dang ciu voi dia phuong hoa ciia vanh giao
hoan (] [x] tai tap {x":n>0}.

Mit khac S khdng kha nghich trai vi yx=0 nhung x"y =0 v6i moi n>0, do d6

vanh cac thuong trai S™R khéng ton tai.



CHUONG 3:

MOT SO Vi DU VANH CAC THUONG CUA CAC VANH KHONG
GIAO HOAN

Nhu d4 trinh bay & chuong 2, mot tip con déng nhan batky SR, véi R 1a
mot vanh bat ky, chiing ta hy wng c6 thé tim dugc vanh cac thuong R, Véi khéi
niém “vanh phd dung S — nghich dao”.

Khéc voi truong hop vanh giao hoan, dbi voi vanh khong giao hoan thi vanh
“S—nghich dao” R c6 thé 1a vanh khong, mac dii R# {0} va0gS.

Vi du: cho R=M,(k), (n>2) trong d6 k 1a mjt vanh khac khong, cho S la mot tap
con dong nhan {1LE }, trong do Eij la cac don v ma trdn, Qgoi £:R — R, khi do
kere c6dang M (U), trong d6 U lamot ideal trong K .

Nhung ta lai c6: E,E,, =0 suyra E,, ekere,dodotacd 1eU ,suyrauU =k, do do6
¢ laénh xa khong va Ry = (0)!

Tir vi du trén chi ra rang vanh R rat kho du doan, va noi chung rat kho dé ching
minh c&c van dé vé R Vi £:R — Ry khong chic chin bao toan tinh chat (i), (ii).
Dinh nghia 3.1:

Vanh R dwc goi la chinh quy manh néu: véi moi aeR, bn tai xeR sao cho
a=a’x.

Dinh ly 3.2:

Vanh R 1a chinh quy manh néu va chi néu R la chinh quy Von Neumann va gian wéc
dwoe. Vanh nay ludn la tich triee tiép con cia cde vanh chia.

Tachi phat biéu khong chimg minh dinh 1y trén. By gio chung ta s& trinh phat biéu
va chimg minh két qua sau ciia Robinson.

Pinh 1y 3.3:



Néu mét mién nguyén R (khéng giao hoan) co thé dioc nhiing vao mét tich trye tiép
Ciia cdc vanh chia D; (i€ l), thi R c6 thé dwoc nhiing vao mét vanh chia.

Chirng minh:

bat P=]].D,, vaviét mi phan tir xe P dudi dang (x)

iel *

V&i mdi x e P, ta xac dinh mot phan tir X' = (X' ),_, € P nhu sau:

{ Xi
X

Taciing dinh nghia: U, ={(a,)

X =0

0,
XL x %0

i Viel,x, #0=>4a,=0}.
Taco: U, =ann,(x) =ann (x): lamot ideal cta P, taco:
1-xx eU,

va (UX+Uy+...+UZ)xy...z:O (*).

Xem R lamot tap con cua P, dat U => U, , x chay khip R\{0}, khi d6 taco U =P,
vinéu U =P thivéi X,Y,..,ze R\{0} thich hop ta dugc 1eU, +U, +...+U,vatheo
(*) ta duge Xy...z =0, diéu nay mau thuan véi gia thiét R lamién nguyén.

Vi mbi D, lachinh quy mnh né n P =Hi D. va P/U ciing chinh quy manh nén
theo dinh 1y 3.2, ton tai mot dong cAu vanh f tir P vdo mot vanh chia D thich hop,
véi f(U)=0.

Véi xeR\{(GF: f(1-xx')=0=1-f(x)f (X ) suyra f(x)=0eD.

Vay f |R laphép nhing R vao mét vanh chia.

Hé qua 3.4:

Néu mét mién nguyén R (khdng giao hoan) co thé nhiing vao mét vanh chinh quy

Manh R’ thi R ¢6 thé nhiing vao mét vanh chia.

Chitng minh:



Theo dinh ly 3.3, R” [amét tich truc tiép con ctia mot ho cic vanh chia D.(iel), noi
rieng R’ (hay & R) co ti¢ dugc nhing trong Hiel D,. Do R la mjt mién nguyén

(khong giao hoan) nén theo éhh 1y 3.3 suy ra R c6 thé duoc nhang vao ndt vanh

chia

Vidu1:

Cho R=0G, trong d6 G la mot nhom, dat S =[] \{Q} thi vanh cac thuong phai cia R
tuong tng v6i S 1a vanh [ G, do d6 tdm da phuong héa RS™ cho ta mdt dang cu

vanh tu nhién dén [0 G .
Tuong tr néu R 14 vanh cac phan tir c6 dang: {a+bi+cj+dk|a,b,c,del} va

S =0 \{O} khi d6 RS latap c6 dang:
RS™={a+bi+cj+dk]|a,b,c,dell}
Trong trudong hop nay RS =Q (R) vi RS lavanh chia

Vidu 2:

0 [ ,
Cho RZEO D},Chon T={nl:0£nel}, trong d6 | lamatran don vi. Viét lai R

ool oeofs ofe(s 5)ee(5

0 o
Nén theo vi dy 1 tdm dia phuong héa RT " lavanh Q :[0 - )

nhu sau:

a,b,c,d eD}

. . a b
Cac phan tir chinh quy trong R la cac phan tir ¢6 dang (O C] trong d6 a=0 va

¢ # 0, that vay, vi:

. . (0 b1l 1 . (a b . i
néu a =0 thi: =0 nén khong chinh quy,
O ¢c)lO O 0 c



. 0 1)a b a b
néu ¢ =0 thi: =0 nén khong chinh quy.
0 1)l0 O 0 ¢

a b
Véi a=0, c=0 thi (O C] kha nghich trong Q:
1.0
(a bj a ac|_,
0 c 0 1
c

Do d6 R lambt bac (order) trong Q, va Q =Q/, (R) =Q}, (R), ndi riéng R lavanh Ore.

Taxét tap con dong nhan S nhu sau:

a b
S—{( jia,b,CED,ai()}
0 c

Céc phan tir cia S khéng nhét thiét phai chinh quy. Xét dong cdu ¢ dugc xac dinh

nhu sau:

R0 a b a
‘R0, =a,
2 ®» 0 ¢

thi 0 1a vanh cac thuong phii cia R twong tng v6i S. Do d6 RS™ ton tai va dang

cau voi [ .

(1 0)y0 1 (1 0 L
Mat khac ta co: =0 voi € S, nhung vo1 moi phan tir c6 dang
O 0)lO O 00

a b . (a b)0 1 0 a , R : ..
€ S talai co: = # 0, do d6 S khdng kha nghich trai hay
0 c 0 c/lO O 00

S™'R khong ton tai.

Vidu 3:



. . 0
Cho truédc mdt s6 nguyén to p, dat R = [D j , thue hién tuong tu nhu vi du trén

p p

n O
dm:T:{nJ:(o {}neD,pjn}tmtanmapmmmgh@1 RT* chinh la vanh
n

[ [

[ 0 .
0 :( (p) j, trong do ky hiu [J ) la dia phuwong hoa cua [ tai ideal nguyén to
p p

. 0 -
(p), vall , = tyéhmlamME“m_nmmﬂ&

D(p):D(D\pD)lz{%:aeD, beD\pD}:{%:aeD, bell, pjb}

Xét tap con dong nhan S dugce xac dinh nhu sau:

G2 i
S= Iplx, z=0el ;.
y Z

. . x 0
* Moi phan tir cia S déu chinh quy. That vy, voi moi S = L j esS:

y z
xa=0 a=0
_ x O)a O . < s .
Gia su b =0=<ya+zb=0=1b=0el]  vayslachinhquy tra.
4 C
y z2c=0 c:Oer
ax=0 a=0
.. ., (a 0)x O ) o N
Gia str b =0={bx+cy=0=<b=0€0 | vayslachinh quy phai.
z
y cz=0 c=0ell

0 .
jeRIacmnh

\ \ , X
* Moi phan tir chinh quy cua R déu thude S. Thit vay, lay r =(
yA

x 0 5
guy, tachimg minh [ ] €S thc can chimg minh p [x vaz=0ell .

y ¢



. ., (0 O0)x O 00 - R N .
Néu p|x taco: =l _ =0 (dop|xsuy ra x=0), mau thuan voi r
1 O)\y z x 0

|a chinh quy.

. , (x 0)0 O 00 R X e ia
Néu z=0el]  taco: = =0, mau thuan véi r lachinh quy.
P y z)\1 1) (0 O

Vay S latip con dong nhan chua tit ca cac phan tir chinh quy cua R, va cac phan tir

nay kha nghich trong Q, that vay: do p | X nén 1 ell , va x kha nghich trong [ 0
X

0

X | =

x 0
Nghich dao cia r = [y z] trong Q la

=

yxt ozt

-7
Do d6 R lamét bac trong Q, Q =Q! (R) =Q/,(R), ndi riéng R 1avanh Ore.

Taciing c6 thé kiém tra R |avanh Ore mot cach truc tiép bang cach kiém tra S lakha
hoan bén tra va kha hoan bén phai.

X O u O
Véi s :[ ] eS vaa =[ j € R, giai phuong trinh ma tran sau:
y 2z vV ow

(u Oj(x Oj (x Oj(u O]
= = VX=YU+2n
v w/\0 z y z)\n w

phuong trinh ndy 6 nghiém duy nhat nell o VI Z khd nghich trong [ |, do do ta c6:

aS NsR = hay S la kha hoan bén phai. Tuong tr nhu trén ta cling ching minh

dugce S lakha hoan bén trai.
Ta c6 ba luu Y sau vé tinh chat cia phép toan cong trén R:

(1) Voi seR, ann(s)=0=seS.

. 0
(2) Phan tﬁ’t:(g J co ann, (t)=0,nhung teS.



. 0 1 0
(3 Phantu t= P vaa= ,tacd: aSNtR=9.
0 1 00
x 0 . 00 .
*Vc’ri(l),dajts=[y ZjeS.Néu p|X, (1 Ojs:o.Néu p|x taphiicéo z=0,

0O O
trong truong hop nay ( _js =0.

u 0 u 0) . . .
* Vai (2), ta co t( ]:£p j bang khong néu va chi néu u=0el] va
Vo w vVow

v=w=0el] .

.. L . 1 0)x O p O)u O) . (x O i
* Voi (3), gia su phuong trinh: = Voi €S co
O O\y z O 1)lv w y z

nghiém, suy ra x = pu (mau thuan).

Vi du 4:

Cho R :(k KIx]

0 K ]j, trong do k lamot truong. Tap con nhan S dugc xac dinh nhu sau:
X

c f(x

S:{[ ()j: cek, f,gek[x], c.g;to}
0 g(x)

S latap hop tat ca cac phan tir chinh quy cua R.

Moi phan tir chinh quy trong S déu kha nghich trong Q.

. . k  k(x)
Suy raR [amét thtr ty phai trong Q =

. k(x)j, dods Q(R)=RS*=Q.

Mit khac Q. (R) khong ton tai vi S khong kha hoan bén trai, that vay:

0 1 . 10 i
Cho a= eRvas= €S, taco:
0 0 0 X



c f()Y)0 1) (0 c c f(x))(1 0) (c xf(x)
(0 g(X)jLO Oj_(o Oj’ [0 g(X)j(0 XJ_LO xg(x)j’
dodo SanRs=¢.

Suy raR la vanh Ore phii nhung khong phai 1a vanh Ore trai. Mic du cac phan tir
chinh quy trong R déu kha nghich trong Q, nhung SanRs=@ noi |én dng

Xt . .
as™ :[g 0 Je Q khong thé viét dudi dang t™'r véi reR vat la phan tir chinh

quy trong R. Do d6 Q khéng thé 1a vanh thuong trai ctia R twong tng véi S.



KET LUAN

Trong IUAn van nay toi di trinh bay hai phuong phap dé xay dung vanh céc
thuong cia cac vanh khong giao hoan: phuwong phap truyén thong goi 1a dia phuong
hoa theo tdm tuong tr nhu cach xay dung vanh cac thuong cua cac vanh giao hoan;
phuong phap cua Ore cing véi dinh 1y diéu kién can va da dé tn tai vanh cac thuong
cua cac vanh khéng giao hoan, phuwong phap nay theo nit nghia nao d6 tét hon va
khic phuc duge mot sd han ché cua phuong phap xay dung vanh cac thuong clia céc

vanh khong giao hoan theo phuong phap truy én thong.

Qua luan van nay, t6i da hoc tap dugc kha niang tu hoc héi va lam quen dan véi
kha nang tu nghién ctru. Trong qua trinh lam luan van, van con nhiéu van dé lién
quan dén dé tai matoéi thue sy chua nghién ciru mot cach sau sic va day du. Hy vong
rang trong cic bac hoc cao hon sau nay toi c6 du diéu kién va kha niang dé tiép tuc
nghién ciru sdu Sic hon vé cac phuong phép xay dung vanh cac thuong cua cac vanh
khong giao hoan, dic bi¢t 1a phuong phap cua Ore va Goldie, vo1 cac ing dung ctia

ly thuyét nay trong linh vuc nghién ciru cac tinh chat cta vanh khong giao hoan.

Cubi cung, toi xin dugc gui 101 cam on chan thanh dén Truong DPHSP tp.HCM,
phong KHCN&SPH, cac Thiy, Co di truc tiép giang day toi trong sudt khoa hoc.
Pic biét, t6i xin dugc biét on sau sic PGS. TS Bui Tuong Tri, nguoi da truc tiép

giang day, hudng dan va tan tinh giup d& toi trong sudt khoa hoc nay.
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