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LOI CAM ON

Loi dau tién toi xin goi dén PGS.TS. Bui Twong Tri 10i cAm on sau sic vé sy
tan tinh giup d& cua thiy ddi v6i t6i trong sudt khoa hoc va nhat 13 trong qua trinh hoan
thanh luan van nay.

T6i ciing rat chan thanh cam on ..... cing tat ca cac thay co trong Hoi dong
cham luan vin da danh thoi gian doc va cho nhitng ¥ kién quy bau, bo ich cho luan vin
cua toi.

T6i cling xin chan thanh cam on tit ca quy thay c6 khoa Toan cta Truong Pai
hoc Su pham Thanh phd H6 Chi Minh d tan tinh giang day va truyén dat nhimng kién
thie bé ich trong sudt khoa hoc tai Truong Pai hoc Su pham TP. Ho Chi Minh.

Xin cam on quy thﬁy cd thudc Phong sau Pai Hoc, Truong Pai hoc Su pham
Thanh ph6 Ho Chi Minh di tao moi diéu kién thuan lgi cho toi trong subt qué trinh
hoc.

Xin goi 10i cam on dén Ban Giam Hiéu va Tap thé giao vién ciia Truong THPT
Dién Hai da tao diéu kién thuén loi va dong vién toi trong subt qué trinh hoc.

TOi cling chan thanh cam on cac ban hoc vién Cao hoc khoa 19 va cac ban déng
nghiép da ho trg cho t6i sudt thoi gian hoc.

Cubi cung, vi kién thirc con han ché nén du rat c6 gang trong sudt qua trinh hoc
cting nhu trong qué trinh 1am luan vin nhung chac chan cé nhiéu thiéu s6t mong cac

thdy co va cac ban dong nghiép dong gop ¥ kién dé toi co thé hoan thién hon.

Thanh phé Hé Chi Minh, thang 10 nam 2011
NGUYEN CHI HIEU
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CAC KY HIEU SU DUNG TRONG LUAN VAN

Ky hi¢u Giai nghia

ACC Diy cac modun ting (quan hé bao ham) déu ding.
DCC Diy cac modun giam (quan hé bao ham) déu dimg.
U(R) Tap cac phan tir kha nghich ciia vanh R

Mg, M Thtr ty 1a cac mo dun phai, trai.

RadR Jacobson Radical cua vanh R.

nV Tacla V" =((v,,...,v,):V, eV,i=1..,n).

Dpcm Diéu phai chirng minh.



PHAN MO DAU

Trong dai s6 giao hoan ta da biét vanh dia phuong, vanh nta dia phuong va dia
phuong héa mot vanh dia phuong tai mot idéan nguyén té ciia né vo cliing quan trong,
dong mot vai tro chi chot trong dai s6. Nhu cau tw nhién chiing ta nghién ciru 1y thuyét
vanh dia phuong va nia dia phuong trong truong hop khong giao hoan. Trong dai s6
khong giao hoan viéc nghién ctiru vanh dia dia phuong va nura dia phuong cling tuong
tu, tuy nhién ciing gip nhiéu kho khin nhung ching lai c6 nhitng ing dung khd quan

trong, dac bi¢t 1a trong viéc phan tich médun hay gian véc modun,...

Vanh R duogc goi 1a vanh dia phuong néu R c6 duy nhat mot ideal trai (hay phai)
tdi dai.

Vanh R dugc goi 1a vanh nta dia phuong néu R/radR la vanh artin tréi

(hay R/radR 1a vanh ntra don).

Vanh dia phuong va ntra dia phuong trong truong hop vanh khong giao hoan co
nhimg tinh chat méi la, dac biét ma trong trudng hop giao hoan khong cé. Vi du vanh
dia phuong gan lién véi phan tich Krull- Schmit, vanh nira dja phuong gin lién voi
gian udc modun.

Nghién ctru vanh dia phuong va nira dia phuong trong dai s6 khong giao hoan.
Cu thé nghién ciru vanh dia phuong voi van dé phan tich modun, vanh nira dia phuong
v6i van dé gian udc modun.

Pong thoi luan van ciing nghién ctru ¢ hé thdng cac lily dang trong cic vanh

dia phuong va ntra dia phuong trong dai s6 khong giao hoan.

Luan van s€ lam sang t6 hon, tong quat hon cac vanh dia phuong va nua dia

phuong trong dai so, dac biét trong cau trac cua vanh. Thay rd nhiing uu di€m noi bac,



cac tinh chat méi la cua vanh dia phuong va nira dia phuong trong dai s6 khong giao

hoan so v6i dai s6 giao hoan.
Luan van dugc trinh bay theo thir ty sau:
Chuwong 1: Cac kién thirc co ban cta 1y thuyét vanh va modun.

Chwong 2: Céac vanh dia phuong, ntra dia phuong va tng dung phan tich cac

moddun trén chung.

Chuwong 3: Ly thuyét cac lily dang.



CHUONG 1 : CAC KIEN THUC CO BAN CUA LY THUYET VANH

Trong ludn vin nay ta quy udc khi néi téi vanh R # 0 thi ta luén duoc hiéu 1a vanh c6
don vi, khong doi hoi giao hoan. No6i téi médun ta luén duoc hiéu 1a R -médun trai, khi d6 chi

can liy d6i ngau ta s& dugc R -mddun phai.
1.1. Cac khai niém co ban:

1.1.1. Mot vanh R # (0) duogc goi 1a don néu R chi co hai idéan 1a (0) va R.
Nhén xét: Néu R 1a vanh don thi M_(R) ciing viy.
1.1.2. Mot vanh R duogc goi 1a mién nguyén néu R khac 0 va ab =0 suy ra a=0 hoic
b=0, Va,beR.
1.1.3. Mot vanh R duoc goi 1a bat kha quy néu R khong co cac phan tir lily dang khac
0.
1.1.4. M4t vanh R dugc goi 1a Dedekind- hitu han néu ab=1=ba=1, Va,beR.
1.1.5. Cho R la mét vanh va M 1la mot R -modun trai hodc phai.Ta ndéi M & noether
(hay artin) néu ho tit ca cac mddun con ciia M thoa ACC (hay DCC)
1.1.6. Mot vanh R duoc goi 1a noether trai (hay phai) néu R 1a noether khi xem nhu
mot R-moédun trai (hay phai). Khi vanh R thoa noether trai va noether phai ta n6éi R 1a
vanh noether.
1.1.7. M6t vanh R duoc goi 1a artin trai (hay phai) néu R 13 artin khi xem nhu mot R -
modun trai (hay phai). Khi vanh R thoda artin trai va artin phai ta n6i R la vanh artin.
Nhan xét: Mgt vanh artin trai (hay phai) thi luon luén noether trai (hay phai)
1.1.8. Cho R 1a mot vanh va M 1la mot R -modun (trai).
)M duogc goi 1a mot R-modun don ( hay bat kha quy) néu M khac 0 va M

khéng c6 R -modun con nao khac (0) va M .



2)M duoc goi 1a mot R-modun nira don ( hay hoan toan kha quy) néu mdiR -
modun con ciia M 12 mot hang tir tryc tiép ciia M .
1.1.9. Cho vanh R # (0), cac phat biéu sau day tuong duong;
1)Moi diy khép ngan cta R -modun (trai) déu che.
2)Moi R -mddun (trai) la ntra don.
3)Moi R -modun (trai) hitu han sinh l1a nira don.
4)Moi R -mddun cyclic 1a nura don.
5) R -mddun chinh quy ;R 1a nira don.
Néu mét trong cac diéu kién trén thoa min ta n6i R 1a vanh ntra don.
Tir cac khai niém co ban trén ching ta rit ra mot s6 chi y sau day:
Cha y 1: Cho mot médun M nira don trén vanh tiy ¥, cac phat biéu sau 1a tuong
duong:
1) M Ia hitu han sinh.
2) M la noether.
3) M laartin.
4) M 1a tong truc tiép hiru han cac modun don.
Chay 2: Mot vanh R dugc goi 13 nira don néu thoa mot trong cac diéu kién sau:
1)Moi R-mddun trai déu nira don.
2)Moi R -modun bat kha quy trai déu nira don.
3)Moi R -modun trai hitu han sinh déu ntra don.
4)Moi day khép ngan ctia R -modun trai déu che.
Chuy 3:
1)Mot R -modun don thi luén ludn la mot R -moédun nira don.
2)Mo6i moédun con ciia R -mddun nira don 1a nira don.
3)Cho R la vanh ntra don trai thi R cting la noether tréi va artin trai.
4)Cho R 1a vanh nira don trai thi tat ca cac R-modun trai 1a xa anh va nguoc

lai.



5)Cho R la m¢t vanh va M (R) la vanh cac ma tran c& nxn trén R thi moi idéan |
cia M (R) c6 dang M (N), v6i mot idéan N xac dinh duy nhat cia R. Pic biét néu R 4

vanh don thi M, (R) ciing vay.
1.2. Jacobson Radical.

1.2.1. Pinh nghia: Jacobson Radical ciia mot vanh R 13 giao tat ca cac idéan trai toi
dai cia R. Ki hiéu: radR

Nhén xét:

1)Néu R # (0) thi tap cac idéan ti dai (trai) cia R ludn thoa bd dé Zorn’s nén
ludn ¢ phan tir toi dai, tirc 12 dinh nghia trén tot.

2)Cho N 1a mot idéan ciia R va niam trong radR thi rad(R/N) = (radR)/N .
1.2.2. Mot vanh R duogc goi 1a J -nira don (nira nguyén thiy) néu radR =0

Nhin xét: Chung ta dé dang chimg minh dugc cac tinh chét sau:

1)R/radR la J-nura don vi rad(R/radR) =0.

2)R va R/radR c6 cung tinh mdédun don trai. Moi phan tor x € R 1a nghich dao
trai trong R néu va chi néu x e R 1a nghich déo trai trong R = R/radR.

3)ChoR 1a mdt mién nguyén J -nira don va a 13 mot phan tir khac 0 thudc tam
ciia R thi giao tat ca cac idéan trai toi dai khong chira a bang 0.
1.2.3. Mot idéan mot phia (hodc hai phia) N cta vanh R duoc goi 1a nil néu N gdm
cac phﬁn tu liy linh; N duoc goi 1a liy linh néu ton tai sb ty nhién n dé N" =0

Ro rang N 1a 1ty linh thi N la nil.
1.2.4. Dinh li:

Cho D 1a vanh chia va dat R =M, (D) thi

1) R la don.

2) R c6 duy nhit modun trai don M ,R tic dong trung thanh trén M Vva
<R=nM,vsi nM ={(v,,..,v,):Vv, e M,Vi=1..,n}.
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3)End(;M)=D.

1.2.5. B6 dé Schur’s:

Cho R la mét vanh va ;M la mdt R -mddun trai don thi End(;M) la mdt vanh
chia.
1.2.6. Pinh li Wedderburn-Artin:

Cho R 1a vanh nira don trai. Khi d6: R= M, (D))x..xM, (D,).

Trong d6 D,,D,,...,D, la cac vanh chia, r xac dinh duy nhit.

H¢ qua: Mot vanh ntra don trai thi luén ludn 1a ntra don phai va nguoc lai.
1.2.7. Pinh li:

Cho R 1a mét vanh don. Cac phat biéu sau 1a twong duong:

1) R la artin trai.

2) R la ntra don (trai)

3) R c6 duy nhat idéan téi dai trai

4)R =M, (D), v6i s6 tu nhién n va vanh chia D nao do.
1.2.8. Pinh li Hopkins- Levitzki:

Cho R la vanh ma radR liy linh, R/radR nura don va moi R-moédun trai M
cac phat biéu sau day tuong duong

1) M la noether.

2) M laartin.

3) M ¢6 mot chudi hop thanh.

Pac bi€t: (A) mot vanh artin trai khi va chi khi né 1a noether trai va nira nguyén
thuy;

(B) moi modun trai hitu han sinh trén mét vanh artin trdi c6 mot chudi hop
thanh.
1.2.9. B6 dé¢ Nakayama:



11

Cho idéan trai J ciia vanh R, cac phét biéu sau day twong duong.

1) J eradR.

2) Cho moi R -moddun trai hiru han sinh M, JM =M suyra M =0.

3) Cho moi R-médun trai N thuoc M d& M/N hiru han sinh, N+J.M =M
thi N=M .
1.2.10. Bo dé:

Néu mot idéan trai N < R lanil thi N c radR.
1.2.11. Pinh li:

Cho k 1a mot trudng c6 dic sb p va G 1a mot p -nhém hiru han thi J = radkG

nhu idéan cua kG va ching ta c6 J/° =0. Néu G duoc sinh nhu mdt nhom boi

{9,,9,,..,0,} thi J duogc sinh nhu mot idéan trai béi {g, -1,9, -1,...9, —1}.
1.2.12. B6 a&:

Cho R 1a mot k -dai s va M,N 1a cAc R-modun trai, véi dim, M < oo thi ta co
dang ciu ty nhién cua k -khdng gian vecto:

6: (Homg (M,N))* — Hom_, (M",N¥)

1.2.13. Pinh li:

Cho R 1a mét vanh giao hoan va S la mot R -dai s6 sao cho S 1a hitu han sinh
nhu mét R -modun thi (radR).S c radS .
1.2.14. B6 d@é Brauer:

Cho N 1a mot idéan trai toi tiéu trong mot vanh R thi chung ta ¢6 hodc N2 =0

hodc N =Re, v6i e 1a phan tir lily dang ctia N .
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CHUONG 2: VANH PIA PHUONG, NUA PIA PHUONG VA
MOT SO UNG DUNG

2.1. VANH PIA PHUONG:

Trong dai $6 giao hodn mét vanh dia phuong dugc dinh nghia 1a mdt vanh khéc
(0) ma c6 duy nhat mot idéan tdi dai, cic vanh d6 dang “céac vat dia phuong” trong dai
sd giao hoan vi cho moi vanh R va moi idéan nguyén té p cia R, dia phuong hoa R
tai p la mot vanh dia phuvong R voi id€an t6i dai duy nhat PR, .

Trong dai $6 khong giao hoan c6 su téng quat tg nhién khai ni€ém vanh dia
phuong, mot vanh R khac (0) dugc goi la vanh dia phuong néu né cé duy nhat mot
idéan t6i dai trai (hay phai).

Trong phan nay ching ta s& tim hiéu mot sb tinh chat ciia vanh dia phuong va
ung dung cua chung.

Ki hiéu: U(R) 1 tap hop tat ca cac phan tir kha nghich cta vanh R.
2.1.1. Pinh li:

Cho vanh R khéc 0, cac phat biéu sau day 1a tuong duong
1)R c6 duy nhat mot idéan tréai tdi dai.

2)R c6 duy nhat mot idéan phai tdi dai.

3)R/radR la vanh chia.

4)R\U(R) 1a mét idéan cua R.

5)R\U(R) la mot nhém véi phép toan cong.

5)vn,a +a,+..+a, eU(R) = Ja, e U(R)
57)a+beU(R)=>acU(R) hoac beU(R)

Néu mét trong cac diéu kién trén thoa méin ta noéi R 1a vanh dia phuong.
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Ki hiéu: (R,m), véi m=radR.

Chirng minh

(3)= (1) V&i moi idéan trai toi dai m > radR, do R/radR la vanh chia
nén m=radR.

Do do ta co (1).

(1)=(3). Tir (1) suy ra radR 1a idéan trai t6i dai duy nhat caa R, suy ra R/radR

chi ¢6 hai idéan trai 1a (0) va R/radR.

Vay R/radR la vanh chia.

Ching minh twong tu ta cting 6 (3) < (2)

(3)= (4) (xem nhén xét (1.2.2)) thi phan 5°*) suy ra 3)

Tir (3) suy ra Va ¢ radR 1a phan tir kha nghich cua R.

Suy ra R\U(R) =radR la idéan cua R.

(4)= (5)=(5’)=(5"") hién nhién.

(5)=(3). Liy a ¢ radR, suy ra c6 mot idéan trai toi dai m dé agm

Taco m+Ra=R (do mcm+RacR, m tbi dai va m= m+Ra)

Suy ratontai xem:1=x+ba, vdi beR

Ta thay x ¢ U(R) nén tir (5°), suy ra baeU(R).

Suy ra @ c6 nghich dao trai trong R = R/radR .

Do d6 R\ {0} la nhém nhén.

Vay R/radR lavanh chia.
2.1.2. Ménh dé:

Cho R 1a vanh dia phuong bat ky.

a)R c6 duy nhit idéan t6i dai.

b) R 1a vanh Dedekind hiru han.

¢) R khong c6 cac luy dang khong tam thudng.
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Chirng minh
(a) Mot idéan t6i dai m ciia R khong chira moi phan tir kha nghich nén
mc R\U(R)=radRc R va radR # R
Do m tdi dai nén m = radR
(b) Suy ra tir nhan xét (1.2.2)
(c) Goi e 1a phan tir luy dang cia R, dat f =1—e
Do e+ f =1eU(R)nén theo (2.1.1)(5"") c6 e e U(R) hoac f eU(R).
Nhung ef =0 nén e=0 hodac f =0 tic e=1 hodc e=0
Cha y: (a), (b) va (c) 1a diéu kién can chtr khong phai diéu kién du dé R 1a vanh
dia phuong.
(a) thoa moi vanh don nhung mot vanh don khong can dia phuong,
(b) thoa moi vanh giao hoan nhung mét vanh giao hoan khong can dia phuong.

(c) Moi mién nguyén thoa (c) nhung mot mién nguyén khong can dia phuong.
2.1.3. Ménh dé:

a)Gia st R khac 0 va moi a ¢ U(R) 1a luy linh thi R 1a vanh dia phuong.

b)Gia sit R duoc chira trong mot vanh chia D thoa Vd e D",d hodcd™ thudc
R thi R la vanh dia phuong.

Chirng minh

(a)Ta chimg minh R\U(R) cradR (1)

Tur do suy ra R\U(R)=radR, suy ra R la vanh dia phuong.

Lay a¢U(R), goi k 1a sd nguyén duong nho nhat dé a“ =0 thé thi

Rac R\U(R).
That vay néu c6 r e R dé raeU(R)thi (ra)a“*=0 (vd ly).

Vi R\U(R) gdm toan cac phan tir luy linh nén Ra la nil-idéan tréi.
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Vi vay theo (1.2.10) ta c6 Ra c radR, suy ra (1).

(b). Tas& kiémtra abeR,a+beU(R)=a'eR hodc b™* eR

That vay: Ta c6 thé gia sit a+b =1. Ap dung gia thiétco c=a'beD

NéuceRthiat=a'(a+b)=1+ceR

Nguoclai c'=b"aeD thi b*=b™"(a+b)=c"+1eR

Ap dung (2.1.1)(5’") tacé R 1a vanh dia phuong.

Luu y: Trong truong hop D 1a truong ta goi R la vanh gid tri.

Sau day ta s€ cho mot sb vi du:
2.1.4. Nhu d3 néi ¢ trén dia phuong hod moi vanh giao hoan R tai idéan nguyén t6 p
ciia n 1a mot vanh dia phuong R, véi idéan toi dai duy nhét pR,.
2.1.5. Moi vanh dinh gid R cta mdt truong ludn luén 1a mét vanh dia phuong.

Chan han vanh Z, cula cac sd nguyén duong p-adic (p nguyén td) 1a vanh gia
tri cla truong Qp cta cac s6 p -adic.
2.1.6. Goi k 1a mot vanh chia, R 12 vanh cac ma tran tam giac trén cip nxn trén k.
Theo (1.2.8) thi J =radR gém nhitng ma tran trong R v&i dudng chéo chinh bang 0
va J" =0. Pat A 1a vanh con cia R gdm nhiing ma tran trong R c¢6 dudng chéo chinh
khong ddi thi J cradA vavi A=k1®J suyra A/J =K.

Suy ra A/radA la vanh chia.

Theo (2.1.1)(3) thi A 1a vanh dia phuong.
2.1.7. Cho k 1a truong c6 diac s6 p>0 va G 1a p -nhém hiru han thi radA 13 idéan cua
A (véi A=kG), v6i (radA)® =0.

Theo (1.2.14) thi A/radA=k, suy ra A/radA la vanh chia.

Vay A la vanh dia phuong.
2.1.8. Tinh chit:



16

Pit (R,m) 1a mot vanh dia phuong giao hodn dé k = R/m co6 dic s6 p >0 thi
moi p-nhém hitu han G, dai sé nhém A =KkG 1a mét vanh dia phuong.

V61 AlradA=Kk.

Chirng minh

Xét moi A-modun don trai V , day 1a mét A-moddun xylic, suy ra V 1a médun
htru han sinh.

Theo B6 dé Nakayama, V #0suyramV cV va mV =V .

Vi mV 1a mét A-modun con cia V nén mV =0 (do V don). Do d6 V c6 thé
dugc xem nhu kG -mddun don trai. Theo (1.2.11) G phai tac dong tim thuong trén V
thé thi radA chira idéan | dugc sinh boi m vatatca g-1 (v6i g €G)

ViA/l=k,suyraradA=1 va A la vanh dia phuong.

Tiép theo ta nghién ciru ing dung cuia vanh dia phuong dé phan tich cac modun
trén chang.

Cho vanh R, mdt R-mddun trai M khac 0 dugc goi 1a khong phéan tich duoc
néu M khong thé viét dudi dang tong tryc tiép ctia hai R-modun con khac (0) cua
M . Dinh nghia nay cho ta néu M khong phan tich duoc thi vanh End(,M) khong c6
cac luy dang khong tim thuong, quan sat ndy dan chung ta dén dinh nghia sau.

2.1.9. Pinh nghia:

Mot R-modun trai M khac (0) duoc goi 13 “khong phan tich duoc manh” néu
End(;M) la vanh dia phuong.

Nhan xét: Mot médun khong phén tich dugc manh luon luén khong phén tich
duoc.

2.1.10. Moi M médun don phai 1a khong phan tich dugc manh vi theo B6 dé Shur’s
End(;M) la vanh dia phuong.

2.1.11. Cho R =2, modun trai, chinh quy M, =Z la khong phan tich dugc nhung vi
End(;M) = Z la khong dia phuong nén M, la khong phan tich dugc manh.
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Mit khac: Cho M,=Z/p"Z (p nguyén t6), End(M,)=Z/p"Z la vanh dia
phuong. Vi vay M, la khong phan tich dugc manh.
2.1.12. Pinh li: (vé sy phdn tich médun)

Cho R lavanh, M 13 R-mddun tréi c6 chiéu dai hitu han.

Moi ty dong ciu f € E=End(;M), tacd M =ker(f")® Im(f").

Vi moi s6 tu nhién n da 16m.

Chirng minh

Ta xét hai ddy chuyén MoImfolmf?o..

0c Kerf c Kerf? ...

Vi M ¢6 chiéu dai hitu han nén cac diy chuyén trén déu dimng, tirc ton tai sd tu

nhién n @& Imf"=Imf"™ =
Kerf" = Kerf "' = ...

XétaeKerf"nImf"=>aelmf"=a=1"(b),beM

vaaecKerf"=0=f"(@)=f"(b)>b=0=a=0 (2)

vceM,= f"(c)=f*"(d),deM = f(c-f"(d))=0

Vay c=f"(d)+(c— f"(d)) e Imf" + Kerf" (3)

Tu (2) va(3) suyra M =ker(f")®@Im(f") (dpcm)
2.1.13. Dinh li:

Pit M 13 mot R-modun trai khong phan tich dugce c6 chiéu dai n<+oo thi
E = End(;M) la vanh dia phuong va idéan t6i dai duy nhat m = radE thoa m" = 0.

Pac biét: m 1a mdt médun khong phan tich dugc manh.

Chirng minh

Trudc tién ta chimg minh véi moi ty dong cdu f € E\U(E) 1a liiy linh  (4)

Khi d6 theo (2.1.3) suy ra E la vanh dia phuong.

That vay: Theo (2.1.11) thi 3peZ*:M =Im f? @ Kerf ?.
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Néu Kerf? =0 thi Imf? =M = f? eU(E) (do fPla dang céu)
Suyra f eU(E) (mau thuan)
Do d6 Kerf ? # 0 nhung vi M khong phan tich dugc nén Imf? =0= f? =0
Vay (4) dugc ching minh, tuc 1a E 1a vanh dia phuong .
Tiép theo ta xem M nhu 13 E -mddun trai. Theo B6 dé Nakayam thi

mM cM,mM =M

Néu mM = 0 thi ta c6 diy con thait sy M o mM o m°M ...

Nhung M c6 chiéu dai n nén ta phai c6 m"M =0=>m"=0.
2.1.14. Cha y: Trong (2.1.13) két luan s& khong thoa néu chi co diéu kién ACC hoic
DCC.

Thay vay: Cho R=Z, médun M =Z thoa ACC trén cac modun con cuia M
nhung End(M) = Z khéng la vanh dia phuong.
2.1.15. H¢ qua:

Mot vanh artin trai R khac 0 1a mdt vanh dia phuong khi va chi khi R khéng co
cac lily dang khong tim thudng.

Chirng minh

Xét modun trai, chinh quy M=_R, theo dinh li HopKins-Levitzki (1.2.8) thi M
c6 chiéu dai hitu han.

Vanh ty ddng cdu E = End(,M) (tac dong bén trai M ) la dang cdu voi R. Néu
R khong c6 cac lily dang khong tdm thuong thi M khong phan tich duoc.

Theo (2.1.13) thi E = R 1a vanh dia phuong.

Nhén xét:

Céc vanh dia phuong dugc sinh ra boi vanh tu dong cau ctia modun co chidu dai
hiru han c6 tinh chit rdy dic biét: Idéan toi dai duy nhat cia né lily linh, nguoi ta goi

nhimg vanh nhu vy 13 vanh nguyén thity day di.
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Mot ung dung rat quan trong ctia vanh dia phuong 1a két qua dinh 1i Krull-
Schmidt-Azumaya. Trudc tién ta trang bi ménh dé sau:
2.1.16. Ménh dé:

Cho R la vanh, M 1a mot R-moédun trdi ma cac modun con thoa ACC hoac
DCC thi M cé thé dugc phan tich thanh tong truc tiép hiru han cac moédun con khong
phan tich duoc hay néi ngan gon M c6 mot phan tich Krull-Schmidt.

Chirng minh

Ta néi mot moédun con N = M 12 “#6¢” néu n6 cb6 mot phéan tich Krull-Schmidt.

Nguoc lai tandi N 12 “khéng tot”.

I'e
Ay

Cha y (0) 1a “t6t” va moi médun khong phan tich dugc N = M 1a “t6t”.

Néu N,N'c M 1a cac modun tot va N AN'=0 thi N+ N' cling “tot .

Pé chimg minh tinh chat ta gia st M khéng “t6¢” tac 1a M khong thé khong
phan tich dugc, vi viy M =M, ®M';M,,M", =0 va mdt trong hai phai “khéng tot”,
gidsudola M,.

Lap lai qua trinh trén ta c6 M, =M,®M';;M,,M',=0 va M, ”khong

I'e
ANy

tot”,...cho ta hai day con that sy v6 han:
MoM, oM, >..
0)cM',c M, ®M',c M, ®M",®M ', ...
Suy ra M khéng théa ACC ciing khong thoa DCC (trai gia thiét)
Vay tinh chét dugc chimg minh.
2.1.17. Pinh li Krull- Schmidt-Azumaza:

Cho R 1a vanh va gia st rang mot R-modun trdi M c6 hai su phan tich thanh
cac mbéduncon M =M, ®M,®..®M, =N, ®N, ®...® N, trong d6 N, la khong phan
tich dugc va M, 1a khong phan tich dugc manh thi r=s va M, = N,, vdi 1<i<r.

Trudc khi chimg minh dinh 1i ta chitng minh truéc mot s6 hé qua sau.

2.1.18. H¢ qua:
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Cho M 1a mot R-modun tréi ¢ chiéu dai hiru han thi ton tai mot phan tich
M=M®&MB®..®&M_, trong d6 M, 1a mét mdédun con khong phan tich dugc cua M ,
voi r xac dinh duy nhat va diy cac médun M,;,M,,..,M, duy nhat sai khdc mot hoan vi

Chirng minh

Su ton tai ctia hé qua suy ra tu (2.1.16).

Theo (2.1.13) mdi M, 1a phan tich dugc manh.

Tinh duy nhét ciia hé qua suy ra tir (2.1.17).

2.1.19. H¢ qua:

Hai két luan trong dinh 1i Krull- Schmidt ¢ trén dugc ap dung cho moi médun
trai, hiru han sinh M trén mot vanh artin trai R (déc biét trén moi dai s6 hitu han chiéu
trén mot truong).

Chirng minh

Cho mét vanh artin R, ta dé th?iy rﬁng mot R-modun trai hitu han sinh M ¢é
mdt chudi hop thanh.

Ap dung (2.1.17) ta duoc dpem.

Bay gio ta chirng minh Pinh 1i Krull- Schmidt.

Dit ¢,:M > M, eM;5,:M - N, cM latoan anhvao M; va N;.

Xem ¢, f;nhu cac phan tir cia E = End(M,).

Taco: l=a, +..+a, = [ +..+ f,.

Do do: & = B, +...+ o, va cha y mdi ey, tt M vao M.
Thu hep trén M, tacé: 1, =Y a8, € End(M,).
j=1

Vi End(M,) 1a mot vanh dia phuong nén mot trong cac sé hang trén chan han
alﬂl‘ v, latu dang cau cia M, .

Suy ra f3,: M, — N, 1a dong cau ché.
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Vi N, khong phan tich dugc nén f,: M, — N, 14 dang cau.

Ta sé chung minh: M =M, ®N,®...® N (5)

Néu co (5) thi N,®..®N, =M /M, =M ®..®M,.

Bang quy nap theo r ta c6 duoc dpem.

Bay gio ta chirng minh (5)

Trudce tién ta chd y B, : M, — N, 1a dang cau va M, khong c6 giao voi

Kerg =N, ®..®N,.

Takiémtra N, c M, + N, +...+ N, (6)

That vay: ldy ae N, va viét a= g,(b),b e M, thi g(a-b)=a-g,(b)=0.

Do do a-beKerg =N, +..+N,.

Suyra:aeM;+N,+...+N;.

Vay ta da c0 (6) tirc dinh li dugc chirmg minh.

Minh hoa dinh li:

Xét mot modun don hitru han sinh M, suy ra M cé mot phan tich Krull-
schmidt thanh cac moédun don M =M, ®M ©...® M, (xem chu y 1).

Vi modun don la phan tich dugc manh, theo (2.1.13) cac tu déng cdu cua
M;,M,,...M, duoc x4c dinh sai khdc mot hoan vi.

Theo hé qua (2.1.19) ta s& két luan thong qua dinh 1i Noether va Deuring sau
day dudi mo rong vo huéng cia phép biéu dién moédun trén dai sé hiru han chiéu R
trén mot truong K .

Pit K ok 1a trudng mo rong bat ky caa k. Cho moi R-modun phai M, mé
rong v6 huéng M* =M ®), K 1a mot modun phai trén R® =R, K.

N6 chi ra rang trong trudng hop dim, M <« ty dang cau caa M* xac dinh duy
nhat tu ding cdu ciia M .

2.1.20. Pinh li Noether-Deuring:
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Cho R 1a mot dai s6 hitu han chiéu trén trudng k vd M,N 1a R-modun phai co
s6 chiéu hitu han trén k. Goi K 1a truong mo rong bat ky cua k.

Néu M* = N* nhu R*-mddun thi M = N nhu R -modun.

Chirng minh

Theo b dé (1.2.9) ta c6 dang ciu ty nhién:

6 : (Homg (M, N))* — Hom_, (M*,N*)

Gia stt n=dim, M =dim_ N va coi M,N nhu khong gian k" véi hai R -tac dong
khac nhau thi Hom,(M,N) dugc dong nhat nhu mot k -khéng gian S con ciia M, (k).

Suy ra Hom , (M",N*)=S" = M, (k).

Goi s,,...,s, lamot k-cosd cia S.cho ..., x cb dinh giao hoan trén K.

Piat: f(X,...,x,) = det(xs, +...+ x.S,) € k[x,,....x, ] 1a da thirc thuan nhat bat n.

Vi M = N* nhu R -modun nén c6 a,,...,a, € K:as, +...+a,s, kha nghich.

Vay f(a,...,a) =0, dac biét f la da thuc khac da thirc 0.

Ta xét hai kha nang:

Truong hop 1: Truong k c¢6 nhiéu hon n phan tir.

Bang phuong phap quy nap theo r dé thay rang

Khi cho f(x,...,x,) € k[X,...x. ]\{0} cobac <n, cd b,..,b, : f(b,...b) =0

thi bs, +...+b.s, cho mot R-dang cau M — N .

Truong hep 2: k| <n.

Lay mot md rong hiru han L o k (L >n.

Theo trudng hop 1 ton tai b,b,,...,.b e L dé: f(b,....b)=0.

Vaytacé M"=N" nhu R"-modun.

bit a,,a,,...,a, 1a k-co so ciia L thi xem nhu R -modun.



23

M-=M®, L=(M®a)®..®(M ®q,) la ding ciu téi t.M (tong truc tiép cac
bang sao cia M ).

Vimdi (M ®¢;) 12 R-dang ciu téi M, trudc d6 trén R ta co tM = t.N .

Duya trén sy phan tich Krull-Schmidt cia M,N chung ta két luan rang

tM=ztN=M =N (theo2.1.19)

2.1.21. B6 dé:

Cho R 1a mdt vanh vda R=R/J:J <R va J cradR,J #radR . Bat P,Q I cé4c
R -mo6dun phai, xa anh hiru han sinh thi Pz Q nhu R-médun< P/PJ =Q/QJ nhu

R -mbdun.
Chu’ngq ml‘nh P >P/P]
Xét biéu do \
Voi T la ding chutir P/PJ - Q/QJ 3 t
v
Q 7 » Q/QJ

Vi Pla R-mddun xa anh, ton tai mot déng cau f : P — Q dé biéu d6 giao hoan.

Vi f 1a toan cau nén imf +QJ =Q.

Vi Q hitu han sinh, theo bo d& Nakayama suy ra imf =Q = f 14 toan céu.

Ma Q ciing xa anh nén ton tai phan tich P=P@®Q', & d6 P'=kerf va
Q> Q la dang cau.

Talai co: P/PI =P'/P'J®Q'/QJ, f la dang cau.

Suyra P'/PJ=0=P'=P'J.

Tuy nhién han tir truc tiép cia P 1a P' ciing hitu han sinh nhu mét R -médun.

Ap dung bd @& Nakayama lan nita ta thdy P'=0, nghia 1a f 1a tvong Gng 1-1.

Théthi f:P —Q la mot dang ciu.
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2.1.22.Dinh li:

Cho (R,J) la mét vanh dia phuong thi moi R -médun httu han sinh, xa anh P 1a
modun tu do.

Chirng minh

J =radR, P/PJ la modun hiru han sinh, xa anh trén R/J - 1a m0t vanh chia nén
taco P/PJ =(R/RJ)",véineZ".

Theo bé dé (2.1.21) ta c6 P = R"-tu do. (dpcm)

DPinh 1i (2.1.22) co nhiéu ung dung dep, st dung no ta co thé thu gon mot két
qua co dién dai dién ciia nhom hiru han dic sé p. Xét vanh artin trdi R, vi mot R-
modun trai R c¢6 mot chudi hop thanh, trude d6 R c6 mot phan tich Krull-Schmidt
Ueu,e.eu,.

Moi R-mddun trai dang cdu v6i U, (1<i<n) dugc goi 1a R-mddun chinh

khong phéan tich dugc.

2.2. VANH NUA PIA PHUONG

Trong phan ndy ta sé& gi6i thiéu mot 16p moi ciia vanh d6 1a vanh nua dia
phuong, diy 1a mot 16p 16n bao gom tit ca cac vanh dia phwong, vanh artin trai (phai),
dai sb hitu han chiéu trén mot truong.

2.2.1. Pinh nghia:

Mot vanh R duoc goi 1a nira dia phuong néu R/radR 1a vanh artin trai (hay
dinh nghia twong duong R/radR 1a vanh ntra don).
2.2.2. Ménh dé:

Cho R 1a vanh, xét hai diéu kién sau:

a) R 1a ntra dia phuong

b)R ¢6 hitu han idéan trai toi dai.
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Trong trudng hop tong quat ta ludn cd b) suy ra a) con a) suy ra b) dung khi
R/radR giao hoan.

Chirng minh

Trong c hai trudng hop ta co quyén gia sir radR =0 (tirc R 12 J -nira don)

n
Gia sir ¢ b) va goi m;,m,,...,m, la cac idéan toi dai trai cua R thi | m, =0.
i=1

Tur d6 ta c6 don cau R - modun trai: R — @R/ m,.
i=1

Do d6 R ¢6 mot chudi hop thanh, theo (1.2.5) R 1 vanh artin tréi.

Vay ta c0 a).

Vi radR=0 nén R la tich truc tiép hitu han cia céc truong (theo dinh li
Wedderburn).

Suy ra s cac idéan toi dai trong R 14 s6 clia cac thira s6 trong phan tich nay, tir
do taco b).

Nhén xét:

1)Trong (2.2.2) trong trudng hop tong quat ta khong co a) suy ra b)

2)Twr (2.2.2) ta c¢6 vanh dia phuong la vanh ntra dia phuong, nguoc lai khong
dung.

Sau day ta xét mot s vi du:
2.2.3. Vi du: Cho A la vanh nua dia phuong thi R=M_ (A) ciing la vanh nua dia
phuong.

Theo nhan xét (1.2.2) ta ¢6 radR = M, (radA) .

Thé thi R/radR = M _(A/radA).

Vi AlradA la ntra don nén M, (A/radA) nira don (theo chu y 3).

Vay tacd R=M_(A) lavanh ntra dia phuong.

2.2.4. Vi du: Mot tich truc tiép hitu han cac vanh dia phuong 1a vanh nira dja phuong.
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2.2.5. Ménh dé:

Cho k 1a mot vanh nta dia phuong giao hoan va R 1a mot k -dai s, hiru han
sinh nhu k -modun thi R 1la mét vanh ntra dia phuong va

radR o (radk)R o (radR)", voi n >1.

Chirng minh

bat J =radk . Theo dinh li (1.2.13) tacd J.R e radR.

Taxem R/JR nhu la k/J -mddun (hiiu han sinh).

Vi k/J laartinnén R/JR 1a mdt modun artin.

bac biét R/JR la vanh artin (trai).

Do d6 R la vanh nua dia phuong.

Ta ciing ¢6 radR/JR = rad(R/JR) la lily linh nén ton tai s6 ty nhién n dé:

(radR/JR)" =0.

Suy ra (radR)" c JR .
2.2.6. Ménh dé:

Cho R la mot vanh ntra dia phuong va | la mét idéan cua R thi

rad(R/1)=(radR+1)/1 va R/I la vanh nira dia phuong.

Chirng minh

Pit J = radR, xét ddng cdu thuong: R > R =R/I.

Taco: J=(1+J)/1 cradR, suy ra (radR)/J =rad(R/J) = rad (R/(I + J))

Vi R/(l +J) la vanh thuong ctua vanh nira don R/J nén

R/(1 +J) cling nra don.

Vay rad(R/(1+J))=0,suyra radR=1J.

T détacd: R/radR=R/J =R/(I +J)

Suy ra R/(1 +J)la nira don.

Vay R 1a vanh ntra dia phuong.
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Tiép theo ta nghién ciru mot s6 tinh chat kha nghich cta cic vanh nta dia
phuong. D@ thay rang vanh dia phuong la vanh Dedekind-hitu han do d6 cac vanh nira
dia phuong cling vay.

2.2.7. Ménh dé:
Mot vanh nira dia phuong R 1a Dedekind- hiru han.
Chirng minh
Theo dinh li (1.2.4) vanh nira don R/radR la Dedekind- hiru han.
Ap dung (1.1.11) suy ra dpcm.
2.2.8. Pinh nghia:

Mot vanh E dugc goi 1a ¢é 6n dinh trdi hang 1 néu Ea+Eb=E (abeE), ton
tai ec E dé a+ebeU(E)

Nhén xét:

Cho b =0 diéu kién nay dé E la Dedekind- hitu han.

Ta thay mot vanh ntra dia phuong ¢é on dinh trdi hang 1, nguoc lai khong dung.
2.2.9. Pinh ly gidn wéc:

Cho R 1a mot vanh va A, B,C 1a c4c R-modun trai. Gia st E = End(A) ¢6 6n
dinh trai hang 1 (E 1a vanh nta dia phuong ciing dugc) thi AGB=A®C=B=C

Chirng minh

Vi A®B = A®C nén ton tai toan cdu ché (f,g): A®B —» A véi Ker(f,g)=C.

bat (;J :A—> A®B lachéthil, = (f,g)[;j =f.f'+g.9'

Suyra E.ff'+E.gg'=E < E.f'+Egg'=E.

VI E ¢6 6n dinh trdi hang 1 nén Je e E dé: f'+egg'=u eU(E)

Bay gio ta ¢ (1,eg)[;:j =u= Ker(lLeg) = Ker(f,g) (Vimdi Ker d6 déu ding

. f'
cau voi (A®B)/ Im[g'J)'
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Mat khac dé thay rang Ker(Leg) = B,Ker(f,g)=C.

Vaynén B=C
2.2.10. H¢ qua:

Cho k 1a mot vanh ntra dia phuong, noether, giao hoan va R 1a mot k -dai s6
ma hiru han sinh nhu k-mddun. Pat A la mét R-modun trai hiru han sinh va B,C la
R -mo6dun trai tuy y.

Khido: A@BzA®C=B=C

Chirng minh

Dé kiém tra E = End(4A) 14 vanh ntra dia phuong.

Suy ra E ¢6 én dinh trdi hang 1.

That vay, xem E nhu k -mddun con cua End(,A). Vi A hitu han sinh trén R
nén A hitu han sinh trén k.

Suy ra End(,A) httu han sinh nhu mét k -modun.

Vi k la noether nén E = End(, A) hitu han sinh nhu k -médun

Ap dung (2.2.5) ta c6 E la vanh nira dia phuong.

Suy ra E = End(,A) ¢ 6n dinh trdi hang 1

Ap dung (2.2.8) suy ra dpcm.

Pé két thiic phan nay chung ta s& dua ra mot s6 két qua gian udc ciia cac modun
xa anh hiru han sinh. Nghién ctru su gian uéc cta cac modun 1a van dé& hap dan trong
k -1y thuyét dai s6, trong trudng hop tong quat sy gian wéc cic moédun xa anh hiru han
sinh ¢6 thé khong thuc hién dugc, diéu ndy dan ta dén dinh nghia: Mot modun (trai)
httu han sinh P trén mt vanh R duoc goi la on dinh tw do néu ton tai hai sb nguyén
m,n d& P@®R™ = R" nhu R-mddun (trai). Tir d6 cho ta két qua:

2.2.11. Dinh ly:
Cho R 1a mot vanh ¢é én dinh trdi hang 1 (R 13 vanh ntra dia phuong). Khi do:
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1)Cho A,B,C la cac modun trai, trong d6 A la R-modun trai, xa anh hitu han

sinhthi A@B=zA®C = B=C.

ché la

2)R ¢6 co so bat bién (hay cho cac s6 nguyén duong mn:R"=R"=m=n
(ngoai trr R=0).

3)Mdi mddun (hiru han sinh) 6n dinh ty do P, 1a tu do.

4)M, (R) la Dedekind- hiru han.

Chirng minh

1) Chon mot R-mddun trai A' ¢ A®@ A=R", ne N”

T gia thiét AOB=AGC=>R"®B=R"®C.

Ldc nay cho phép ta x6a mot ban sao ciia R, vi vdy ¢ thé gia st A=R.

Ty dang cau vanh End(,A) = End(4R) = R c6 6n dinh trdi hang 1.

Ap dung dinh 1y gian uéc ta c6 dpem.

2) Gia st R™ 2 R" nhung n>m, gian uéc R™ dugc R"" =0=R =0

3) Gia st P®R" = R®

Néu r >s, gian wéc R° thi R=0 va P =0 (v0 Ii)

Vay r <s, gian uéc R" thi P = R*" tu do.

4)Lay a,f €M (R) thoa af =1 (don vi).

a dugc dinh nghia 14 mot toan cdu ciia R -modun trai tir: R" — R" ma dong cau
S:R"—>R".

Suy ra ta c6 mot dang cau R" = R" @ Kera, gian wéc R" duoc Kera =0.

Vay « la dang ciu, tic o kha nghich trong M_(R) = fa = |
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CHUONG 3: MOT SO NGHIEN CUU VE CAC LUY PANG
TRONG CAC VANH PIA PHUONG, NUA PIA PHUONG VA
MOT SO UNG DUNG

Trong chuong II chung ta c¢6 dung cac lily dang trong cic vanh, trong chuong
nay chiing ta s& nghién ctru c¢6 hé thong cac lily dang trong mét vanh. Trong vanh giao
hoan R # (0) co lily dang e khong tam thuong thi R phan tich thanh tich tryc tiép cua
hai modun Re va R.(1-e).

Trong vanh khong giao hodn céc tinh chat d6 van ding néu ta thay tir “liy
dang” boi tir “lily dang tam”. That vy mot vanh khac (0) 1a khong phan tich duoc khi
va chi khi n6 khong c6 tam lity dang khong tam thuong. Dé hiéu ro ciu tric cac vanh
d6 rat quan trong dé nghién ctru cac lily dang cia ho.

Piéu quan trong dau tién vé cac lily ding trong cac vanh tiy y duoc kham pha
boi Charles Sanders Peirce: Cho moi lily dang e trong vanh R, ching ta c6 ba phan
tich sau:

(3.1) R=Re®R.f

(3.2) R=eR® f R

(3.3) R=eRe®eRf @ f Re® fRf , trong 46 f =1—e 1a bu liy dang véi e

(34)eRe={ecR:er=r=re},fRf ={reR:fr=r=rf}

(3.5) B6 dé: e thudc tam lily dang < eRf = f Re

Chirng minh

ChoreR,erf =0, va fre=0=er=ere=re

M&bt minh hoa rét tdt cho phan tich Peirce (3.3) dugc cho bdi vi du cia mé vanh

ma tran day da R=M,(k), & d6 k la vanh.
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Néu r 12 s6 nguyén 1<r <n va e 12 ma tran lily dang f =diag(1,...10...,0) Vvoéi
rsb 1.

Véi bu liy dang f = diag(0,...,01....1) véi n—rsb 1.

. . . *0 0* 00
Bang tinh toan thay rang eRe= , €eRf = , fRe= \
00 00 *0

00 . .
fRf = {O *J} ¢ do ki hiéu * 1a ma tran khoi c& rxr,rx(n—r),(n—r)xr,(n—r)x(n—r)

Tiép theo ta xét hai lily dang e va e' trong vanh R va tinh Hom(eR,e'R) - nhom

cia R-ddng ciu tir eR - e'R.
3.1. Ménh dé:

Cho e,e' 1a cac lily dang va M 12 R -modun trai. Khi d6:
C6 mot dang cau nhom cong ty nhién A : Hom, (eR,M) — Me.
bat biét c6 mot déng cAu nhom tu nhién; Hom, (eR,e'R) = e'Re.
Chirng minh
Cho mét R-ddng ciu #:eR > M,
Xét m=0(e) thi me =6(e)e = A(e’) = H(e) = m.
Suyra: m=mee Me.
Ta dinh nghia anh xa 4 bdi A(0) = 6(e) thi thdy A 13 don cdu nhom.
Pé kiém tra A 1a toan cdu ta xét moi m e Me va dinh nghia
0:eR—> M
era mr voi reR
Vi er =0= mr e Mer =0 nén @ la R-dong cau.
Taco 1(0)=6(e)=m.
Vay A 1a toan cau.

Két luan sau cung suy ra bang cach thay M =e'R.
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3.2. H¢ qua:

Cho moi lily dang e thudc vanh R, ta c6 mot dang cau vanh tu nhién.
End,(eR) =zeRe

Chirng minh

Trong ménh dé (3.1) cho e =¢' ta c6 dang ciu nhém A : End, (eR) — eRe.

Suy ra A 1a dang cau vanh.

That vay: Lay 6,60'c End,(eR) va dat m = 6(e)  eR thi

2(0'6) = 6'0(e) = 9'(m) = 6'(em) = &' (e).m = A(0').A()

Pinh nghia: Cic lily dang o, 8 € R duoc goi 1a truc giao néu aff = fa =0
3.3. Ménh dé:

Trong vanh R cho moi lily dang e khac 0. Cac phat biéu sau day tuong duong:

1) eR la khong phan tich dugc nhu mdt R -modun phai (trai).

2) Vanh eRe khong c6 lily ddng khong tim thuong.

3) e khong c6 phan tich thanh o+, & d6 o, +#0 la cac liy dang truc giao
cua vanh R

Néu lily dang e khac 0 thoa mot trong cac diéu kién trén ta ndi e la mot liy
dang nguyén thay cua R.

Chirng minh

Do tinh ddi xtng trai, phai cho phép ta thiy 1), 2), 3) twong duong.

That vay: 1) < 2) suy ra tu (3.2).

Vi eR khong phan tich dugc < End(eR) khong co lity dang khong tim thuong.

3)=2). Néu eRec6 mét lily dang khong tim thuong « thi f=e—a (phan bu
lily dang cta o trong eRe.

Suy ra co6 phan tich truc giao e=a+ 3 (VO li)
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2)=3). Gia str ¢6 mot phan tich e=a+ 4, § d6 6 d6 «,+#0 liy dang truc
giao cua R.
Suyraea=a’+pfa=avaae=a’+af=a.

Theo phan tich Peirce (3.4) suy ra a < eRe (trai voi 2))
3.4. Ménh dé:

Cho lily dang e € R, cac phat biéu sau dy tuong duong;

1) eR khong phéan tich dugc manh nhu R -mddun phai (trai).

2) eRela vanh dia phuong.

Néu lily dang e théa mot trong cac diéu kién trén ta néi e 1a mot lily dang dia
phuong.

Nhén xet: Mot lily dang dia phuong ludn ludn 13 mot iy dang nguyén thuy.

Chirng minh

Suy ra tir (3.2)

3.5. Dinh ly:

Cho e 1a mét lity dang trong R va J =radR thi rad(eRe) = J N (eRe) = eJe
Hon nita eRe/rad(eRe) = €Re, trong d6 € 1a anh cta e trong R =R/J
Chirng minh

Két luan dau tién chi can ching minh ba diéu kién sau:

1) rerad(eRe)=>rel

2) reJn(eRe)=>reele

3) reele=rerad(eRe)

Ta chiing minh

1)Ta thdy Vy e eRe,1— yr c6 mot nghich dao trai trong R (v6i r e R).
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That vay, trudc tién trong eRe ta c6 thé tim duoc:
beeRe:b(e—eyer)=e=b(l-yr)=e= yrb(l—yr)yre =yr

< yrb(l—yr)=1-(1-yr)
< L+ yrb)(L-yr) =1

Vay 1-yr co6 nghich déo trai.
2)VireJneRenén r=erecele (doreld)
3) Ta chi can chimg minh Vy e eRe,e—yr c6 nghich déo trai trong eRe.
Vireeleeld néntontai xeR:x(@1-yr)=1.
Nhung e = ex(1- yr)e =ex(e—yr) =exe(e—yr).
Vay exe 1a mot nghich déo trai cua e—yr.
Phén con lai cta dinh 1y ta phai tinh eRe/eJe.
Xét anh xa chiéu f :eRe — €Re

eRea ere
Pay 1a mot toan cau vanh nén c6 Kerf =ele.
Vay eRe/rad(eRe) = €Re (dinh ly noether)

Tiép theo chung ta s& nghién ciru quan hé giira cau tric idéan ctua eRe va R.
3.6. Dinh ly:

Cho e 1a mot lily dang trong R
1)Goi N 1a mot idéan trai cia eRethi (RN)neRe=N.

Pit biét : N — RNR 1a mot ndi xa tir idéan N dén R.
2)Goi N la mdt idéan trong eRe thi e(RNR)e = Ne.

Pit biét : N — RNR 1a mot ndi xa tir idéan cua eRe dén R.
Chirng minh
1)Dit N, = (RN)~eRe o N .
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Vi N, ceRe nén N,=eN, ceRN =eRe.Nc N.
Suyra N,=N.
Néu N ceRe 1a mot idéan thi e(RNR)e = eR(eNe) Re = (eRe)N (e Re) = N
Néu R' 1a mot idéan khéac cua eRe thi
(RNR)(RN'R) =RNRN'R =R(Ne)R(eN')R =RN(eRe)N'R =R(NN")R
Gia st e 1a day du tic ReR=R.
Moi idéan B trong R, xét idéan N =eRe trong eRe thi
R(eBe)R = Re(RBR)eR = (ReR)B(ReR) = RBR = B.

Suy ra anh xa di cho 1a toan cau.
3.7.Chuy:

Trong truong hop khi e 1a mét lily dang day du ta ciing thdy tir chimg minh trén
rang radR trong R twong ung voi rad(eRe) trong eRe duéi idéan twong tGmg trong

(3.6)(2).
Vay e(radR)e =rad(eRe) (theo 3.5)

3.8. H¢ qua:

Cho e =0 1a mot lily dang trong R. Néu R 1a J-ntra don (nira don, don, nguyén
t6, nira nguyén tb, noether, artin) thi eRe ciing véy.

Chirng minh

eRela J -nura don cho tir (3.5), cac truong hop khac suy ra tir (3.6).

3.9. Vidu:

Cho k 1a mot vanh va R=M,(K).
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Goi e=E;, 1a ma trdn don vi trong R, béng tinh toan ere =r,e, vdi mdi ma tran
r=(r,).

Vay eRezKk.

Theo dinh 1y (3.5) va két qua trudc ta co rad(M, (k)) = M, (radk) .

Ta ciing dé kiém tra rang e 14 lily dang day du, thé thi (3.6)(2) goi cho ta tuong
ung 1-1 gitra idéan cua k va cua M (k).

Tiép theo ta nghién ciru mot lity dang nita d6 1a iy dang bat kha quy.
3.10. Pinh nghia:

Ta n6i rang mot lily dang e =0 1a bat kha quy phai (hodc trai) néu eR (hodc
Re) 14 idéan phai (hodc trai) tdi tiéu cia R.
Nhan xét: Theo (1.2.14) mot idéan tdi tiéu | cia R dugc sinh boi mot liy

dang bat kha quy néu va chi néu 12 0.
3.11. Ménh deé:

Cho e 1a mot lity dang.

1) Néu e 1a bat kha quy thi eRe 1a mot vanh chia.

2) Phan dao cta (1) ding néu R 13 vanh nira nguyén t0.

Chirng minh

1) Suy ra tir bd dé Schur, vi theo (3.2) c6 eRe = End, (eR)

2) Gia str R 13 vanh ntra nguyén t6 va eRe 1 vanh chia.

Xét phan tir er eeR véi reR.

Vi R 14 nira nguyén to nén erRer =0 thi erse 0,5 € R.

bat ete 1a nghich dao cua erse trong eRe thi (erse)(ete) = e, trudc d6 erR =eR.

Vay eR 1a mot R -modun bat kha quy. (dpem)
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3.12. H¢ qua:

1) Mot lity dang bat kha quy phai thi luon ludn 1a lily dang dia phuong (eRe dia
phuong).

2) Néu R 1a nira nguyén to thi mot lily dang 1a bat kha quy phai khi va chi khi
R 1a bat kha quy trai.

3) Néu R 1a nira don thi mot lily dang 1a bat kha quy phai khi va chi khi R 12
dia phuong khi va chi khi R 1a nguyén thuy.

Tiép theo ta néu mot két qua thé hién mdi quan hé giira cac lily dang bat kha quy

phai va cac lily dang dia phuong.
3.13. Tinh chit:

Cho e 1a mét lily dang trong R, J =radR,R=R/J. Cac phat biéu sau day
tuong duong.

1) e 1a lily dang dia phuong trong R.

2) e l1a lily dang bat kha quy phai trong R.

27) e 1a lily déng bt kha quy trai trong R.

3) eR/eJ la R-mobdun phai, don.

4) eJ 1a modun con tdi dai duy nhét cta eR.

Chirng minh

Chu y rang R la nira nguyén thity thi nira nguyén to.

That vay theo (3.12)(2) cho (2) < (2°).

Ciing c6 e bét kha quy phai khi va chi khi eRe 1& vanh chia.

Theo (3.5) eRe = eRe/rad (eRe) .

Vay eRe la vanh chia < eRe 1a vanh dia phuong.

Do d6 (2) < (1).
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Phén con lai ctia chimg minh, cha ¥ rang ta c¢6 R -dang cau:
A:eR/eJ —>¢eR.

Tur d6 (2) suy ra (3).

Ching minh (3)= (4)

Gia sir ¢6 (3) suy ra moi idéan phai | —eR khong chira trong eJ , thé thiA(l)
phéi 13 eR.

Vi eR 12 R-mddun don, thé thi eR =1 +eJ = | +eRJ.

Theo b6 dé Nakayama thi | =eR.

Vay ¢6 (3)= (4).

Con (4)= (3) 1a hién nhién vi khi c6 (4) thi eR/eJ la vanh chia suy ra (3)

3.14. Ménh deé:

Cho e 14 lity dang dia phuong (e € R) vd M 13 mot R -mddun phai c6 chiéu dai
hitu han thi M ¢6 mot nhan tir ctia chudi hop thanh dang cdu voi eR/ed .

(v61 J =radRJ< Me =0 < Hom(eR,M) =0).

Chirng minh

Pit M =M, > M, 5..5 M, 1a mt chudi hop thanh cia M (diy con that sy).

Trudce tién gia st Me = (0).

Néu M,ec M,,,,Vi thi Me=Me" = M, =(0) (mau thuan)

i+17
Vay M c6 mot nhan tir hop thanh trong V dé Ve = (0).
Lay phan tr veV :ve =0 thi veR =V , ta c6 mdt R -toan cu
A:eR—>V =veR
era ver voimoi r e R
Taco Kerd la mddun con tdi dai cua eR.

Theo (3.13)(4) Kerd =eJ, truéc d6 V =eR/eJ (dinh li Noether)
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Nguoc lai néu M, /M, =eR/eJ thi do (eR/el)e=0 néntacd (M,/M,, )e=0.

i+1
Dat bi¢t MeoM,e=0.
Phén cubi cung suy ra tir (3.1).
Sau day ta cho vi du phan tir lily dang bat kha quy trai ma khong bat kha quy
phai.

X .z n ., ab n .
Cho k la truong, R la k-dai so ciia cac ma tran tam giac {(Ocj} trén k, vanh

N . 0b .
nay co radical {(OOJ} voi (radR)® =0. Vay R khong nira don

, 1
Cho mdt liy dang e = [ Oj = Re= {aOJ}'eR i {abj}
00 00 00

Vi dim, Re =1 nén e bat kha quy trai.
Tuy nhién eR o= radR o= (0).

Vay e khong 1a bat kha quy phai.
. 0 . : ) : .
Cht y rang eRe = {(ZO]} la dang cau voi k do do e 1a lily dang dia phuong.
Tiép theo ta nghién ciru khai niém cia dang cau cac liy dang.
3.15. Ménh dé:
Cho e, f 1a cac lily dang trong vanh R . Cac phat biéu sau day la twong duong;
1) eR = fR nhu R-modun phai
1’) Re = Rf nhu R -mo6dun trai

2) JaceRf,be fRe:e=ab,f =ha
3) dJa,beR:e=ab,f =bha
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Néu e va f thoa mot trong cac didu kién trén ta noi e va f la cac lily dang
dang ciu. Ki hiéu e = f
Chirng minh
Theo tinh ddi xtng trai phai ta chi can chirng minh (1) = (2) = (3) = (1)
(1) = (2) C6 dinh R-dang ciu 6:eR — fR.
Theo (3.1) tuong ing nay phan tir b =6(e) € f Re.
Tuong ty 0 : fR — eR tuwong ing phan tir a = 67(f) e eRf .
Suyra ab=6"0(e) =e.
Chung minh tuong tu ta co ba = f
(2) = (3) hién nhién
(3) = (1) Cho a,b thoa (3), ta c6 be = b(ab) € fR va af = a(ba) c eR.
Ta dinh nghia 6:eR — fR va 6':fR—-eR
xa bx ya ay
Thé thi 6'0(e) = 6'(be) =abe =e’ = ¢
00'(f)=0(af)=baf = 2 =e
Vay: 6'6 =1,00'=1 (dpcm)
Chu ¥ néu R giao hoan thi theo (3)taco e= f, tac e=f .
Cho e e R 1a lily dang bat ky va dat e'=1—e thi ta c6 mot phan tich
R=eR®@e'R
Vay P =eR la R-mo6dun phai xa anh.
C6 dinh idéan | <R, dat R=R/I thi P/PI =eR/el zeR nhu R-mddun.
St dung bo dé (2.1.21) ta c6 két qua sau:
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3.16. Ménh deé:

Cho | 1a mot idéan cia R nam bén trong radR thi cho cac lily dang e, f R ta
c6ex=f trongR<e=Tf trong R=R/I.

Pic biét: Néu < e=f thiexf.

Muc tiéu tiép theo cta ching ta 13 nghién ctru khdi niém phép ning céac liy
dang. Néu | 1a mot idéan trong vanh R, ta ndi rang “mét lily dang x e R/l co thé
dugc nang Ién téi R néu ton tai mot Iy déng e e R ma anh dudi anh xa tu nhién

R— R/l la x.

3.17. Ménh deé:

Cho e R 1a mot lily ddng va | cradR 1a mot idéan cua R. Néu e Ia nguyén
thuy trong R =R/1 thi e 1a nguyén thily trong R . Dao lai néu c4c lily ding trong R c6
thé dugc nang lén toi R.

Chirng minh

Ta xem phan biét trudc tién co s& quan sat vé radR .

Nhén xét: chi ¢o lily ding « e radR thi ¢ =0.

That vay, xét bu lily dang 1-« .

Vi a eradR nén 1-¢ la don vi.

Taclal-a=1.

Vay a =0.

Pé ching minh (3.17) dit e =+ £ 1a mdt phan tich duoc cua e thanh cac liy
dang truc giao khong tim thuong («, S € R).

Theo nhén xét trén thi a#0=a#0 VA B#0= B0 trong R, thé thi
e=a+ B la mdt phan tich duoc khong tAm thuong cua e thanh cac lily ding truc giao

a,feR.
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Do lai: Gia st e = x+y 1a mdt phan tich duoc khong tdm thuong cia e thanh
cac lily dang truc giao x,y e R, ¢ ddy ta gia sir rang c6 mot lily dang c6 thé dugc nang
lén téi R.

Pit o, 413 cac lily dang cia R dé o =x, 8=y thitaco

aff = fa =0(modl). Ta s€ chi ra:

C6 mot lily dang S'e R truc giao véi a : f'= f(mod 1) (7)

Trude tién ta dat e'= o+ £', day 1a mot lily dang trong R va n khdng nguyén
thity (Vi @, '#0). Tuy nhién e’ =+ =a+pB =e trong R.

Theo (3.16) thi e = e' trong R, trudc do e ciing khong nguyén thuy trong R.

Pé chimg minh (7) cht y rang S e |  radR.

Suy ra 1- fa kha nghich.

Xét lity dang 8, = (1- Ba)B- Ba).

Trong R tacld B, =B Va fa =(1-pa)*pl-pa)=0

Tuy nhién af, co thé khac 0. Pat f'= (1-a)s,.

ViaB,=af=0nén g'=p =p.

Bay gio khong chi f'a=(@1-a)B,a=0 ma con af'=all-a)B,=0 va £ la
mot Iy dang vi 2= (1-a)f,(1-a)f = (1-a)B; = f'

Vay ta c¢6 diéu phai ching minh.

3.18. Ménh dé:

Cho I cradR 1a mot idéan cua R dé cac lily dang trong R=R/1 c6 thé duogc
nang lén t6i R thi moi tip dém dugc {x,X,,..} gdm cac liiy dang d6i mot truc giao
trong R=R/l déu c6 mot tap cac liy ddng d6i mot tryc giao le,.e,....} trong R dé:

e, =X vOimoi i.
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Chirng minh

Gia str da tim dugc tap {e,e,,...} thoa diéu kién d4u bai. Ta tim e, .

Dit o 1a liy dang e +e,+..+e, va dit B la mot liy dang ciia R nang toi
x . thi o, 5 13 cac lily ding tryc giao trongR .

Theo (3.9) ta c6 thé tim mot lily dang e, truc giao voi a dé ena=f=x,,.

Vie =oe =ga, Vi<n nén e, truc giao véi mdi e,e,,...,e, .

Vay ta c6 dpcm.

3.19. Vi du:

Cho R 14 vanh ma khong Dedekind-hitu han (tic 13 t6n tai a,b thuocR dé
ab=1 nhung e=ba=1) thi e’=b(ab)a=e. Viy e 1a mot lily dang (khong tam

thuong).
Cho i,j>0, dat e, =b'(1—e)a’ thi {eij} 1a tap ma trdn don vi thoa e;e, = 5,8, (O

do &, la Kroneeker deltals).

Pé thay diéu nay, ta chu y rang a'b' =1,Vi va a(l-e)=0=(1-e)b

Néu j=k thi a’b*1a a’™ hogc b .

Viy ee, =b'(1-e)a’b*(1-e)a' =¢,

Chu y moi e; =0 cho ta:

Néu b'(1—e)a! =0 thi 0=ab'(1-e)a’b’ =1—e (méu thuén).

Pic biét: {e, :i >0} 1a mot diy khong hiru han ciia cac lity dang truc giao timg
d6i mot trong R vd R chira mot tong truc tiép vo han cua cac idéan phai khac 0 1a

@PeiR.

i>0
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3.20. Pinh li:

Cho | 13 mét nil-idéan trong R (tic | cradR). Goi acR:acR=R/I 1a mot
litly dang thi tdn tai mot lily ddng ec aR:e=a e R.

Chirng minh

Dit b=1-a,tacé ab=ba=a-a’el,vay (ab)" =0 v4i m>1.

Tacol=(a+b)y’" =a*"+ra” "+..+r,a™" +..+b*" voi r e Z".

e=a""+ra®+..+r,a"" eaR

Dét 1 1 2
a" " 4+ L+ Db

f:rm+1
Vi a"™" =b™a™ =0 nén ef =0.
Vivay e(e+ f)=¢” hay e =¢’.

Cudi cing abe | = e=a’"=a(mod ) (dpcm)
3.21. H¢ qua:

Cho R 14 vanh nira dia phuong dé | = radR 1a mot nil-idéan.

1) Néu R khong c6 cac liiy ding khong tim thuong va R = (0) thi R 13 mot
vanh dia phuong.

2) Mot idéan phai N < R chita mét lily dang khac 0 khi va chi khi N khong la
nil-idéan.

Chirng minh

1) Néu R khoéng c6 céc lily déng khong tim thuong, theo (3.20) thi R =R/I
cling vay.

Theo dinh 1i Wedderbur-Artin suy ra R 1a mot vanh chia.

Vay R la vanh dia phuong.

2) Gia st N khong nil, vi | 1a nil nén anh cuia N trong R chira mot lity déng
khac 0.
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DitacN:0=a=a eR.

Theo (3.20) tdn tai mot lily ding ecaR = N :e =a # 0 (dpcm)
3.22. Pinh li:

Cho k 13 mot vanh giao hoan noether ntra dia phuong ma | -adically day du,
| =radk va R 1a mot k -dai s6 ma hitu han sinh nhu k -mddun thi moi R -modun trai
hitu han sinh M ¢6 mot phan tich Krull-Schmidt, tirc 1a

M=MOM,®.0OM,
trong 6 mdi M, 1a mdt R-moddun con khong phan tich duoc cia M . Hién nhién r
xac dinh duy nhat va didy M,,M,,..., M, x4c dinh duy nhat sai khdc mot hoan vi.

Chirng minh

Theo gia thiét suy ra cac R-modun con ctia M théa ACC .

Vay mot phan tich Krull-Schmidt M =M, ®M, ®...® M, ton tai.

Xét k -dai s6 E, = End,M, ma khong c6 céc lily dang khong tim thudng.

Vi E; = End;M; la hiru han sinh nhu mét k -moédun va k la vanh noether nén E,
cling 1a hitru han sinh nhu mot k -modun.

Thé thi E, 1a mot vanh dia phuong.

Vay M; la khong phén tich dugec manh, 1<i<r.

Tinh duy nhat cta (3.22) suy ra tir dinh 1i Krull-Schmidt-Azumaya.

Vay ta c6 dugc dpem.
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PHAN KET LUAN

Trong ludn vin nay toi da nghién ctru mot 16p vanh twong ddi 16n va quan trong
d6 1a vanh dia phuong va vanh nira dia phuong, dong thoi néu mot s ung dung cia
chung trong vi¢c phan tich va giang udc cac modun. Ciing trong ludn van nay nghién
ctru mot cach co hé théng cac phan tir lily dang trong vanh. Sau d6 quay tré lai v6i cac
van dé cua vanh dia phuong, vanh nira dia phuong va su phan tich cdac mo dun trén
ching.

Qua luan van nay, tac gia da hoc tap va lam quen vdi mot sb cong vi¢e khaoi dau
trong nghién ctru, biét duoc phuong phap nghién ciru mot van dé dudi nhiéu goc do
khac nhau. Tuy nhién véi su hiéu biét con han ché cua tac gia ciling nhu thoi gian ngan
ctia khoa hoc, tac gia rat mong nhin dugc su dong gop va chi bao cia quy thiy co

trong hoi dong.
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