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MO PAU
1. Ly do chon dé tai
Ly thuyét ham nguyén la mét phan quan trong va dic sac cuaa giai tich phac. Ly thuyét nay
con duoc phat trién nhu 1a mot tong quét caa ly thuyét da thirc. Him nguyén khong ¢dng nhat bang
khéng chi c6 dém dugc khong diém. Luan vin ndy nham tim hiéu, khao sat phan bé day khéng

diém cua ham nguyén thdng qua cip tang va loai cua no.

2. Muc dich nghién ctru
Luan van trinh bay cac tinh chat cia cap ting cia ham nguyén. Sau d6 xem xét cac tinh chét

lién quan dén phan b khong diém cua ham nguyeén.

3. Pdi twgng va pham vi nghién ciu
Péi twong nghién ciu 1a cap ting va loai cua ham nguyén, cdng thic tich phan, dic trung

Nevanlinna, ham d¢ém khong diém, mat do trén mat do dudi cia diy khong diém.

4. Y nghia khoa hoc, thic tién

Luan van hé thong lai cac cac nghién ctru d4 c6 vé phan bd khong diém caa ham nguyén
thong qua cap va loai cia nd. Luan van co thé dung lam tai liéu tham khao cho nhiing ngudi quan
tam dén linh vuc trén.

Mic dU ban than da rt ¢ gang va dugc thay giao hudng din tan tinh giap d&, nhung vi kha
nang va thoi gian ¢6 han nén luan van chic con nhiéu thiéu sét. Kinh mong su gop ¥ caa quy thay
cd va céc ban ddng nghiép.

Nhan dip hoan thanh luan van, t6i xin duoc bay té 1ong biét on sau sic dén thay gido hudng

dan, céc thay co gido di giang day Iop Cao hoc Toan khoa 18, cac ban hoc, gia dinh va ngudi than.



Chwong 1. KIEN THUC CHUAN BI

1.1. Ham giai tich
1.1.1 Dinh nghia

Ham f duoc goi la giai tich (hay chinh hinh) tai z, néu tdntai r>0 sao chof c6 dao

0

ham tai moi ze D(0,r),D(z,,r) ladiatdm z, bankinh r.

Ham f duoc goi la giai tich trén mién Q néu no6 giai tich tai moi ze Q.

1.1.2 Dinh ly
Giasir QcC lamgtmiéenva A(Q) latdp cac ham gidi tich trén Q. Khi d6

() Néu feAQ) va f(2)%0,VzeQ th %EA(Q) |

(i) Néu feAQ) va f chinhdngiétrithycthi f laham hang .

1.2. Tich phan phuec, tich phan Stieljes

Cho y(t)=x(t)+iy(t), te[a,b] la duong congtrong C. Vi gia thiét » tron ting khic

va f liéntuctrén y,ta dinh nghia tich phancua f trén y Ia

[f(@)dz=["f(r(t))'(t)t.
y
1.2.1 Dinh ly
Cho f ,g la cac ham lién tuc trén dwong cong tron tung khic y, y(t)=x(t)+iy(t),
te[a,b]. Kni ds
) [(af(2)+p9(2)dz=a| f(z)dz+B[g(z), aeC,BeC.

i) I f(2)dz = —I f(z2)dz , y la duong cong nguoc cua v,
7 7

y ()=y(@+b-t), tefab] .

i) Néu y=y+y, tc ton tai ce(ab) sao cho y =y e Y2 =7 thi

[c.b]

[f(@dz=][f(z)dz+ [ f(z)dz .



Iv)

[ f(2)dz

<[|f(@)||/dz|=[|f(2)ds , ds i viphan dg dai cung
e 4

ldz| = ds =/ (x (1))* + (y (1))* .

V) Néu |f(z)|<M véimoi zey va | ladg daiduongcong y thi

[ f(2)dz

< [|f(2)||dz| < M [|dz| = MI.
r 4

Cho f laham bichan trén doan [a,b] va F laham thuc khong giam trén doan [a,b].
Ta goi phép chia P la mét ddy hiru han
P:{tj}:ﬂ, t,=a<t <..<t =b.
Vi moi phép chia P, dat
SPF(f):jZn_l“Mj(F(tj)—F(tjl)), st (1)=2m,(F(t)-F(t,.)
trong d6 M, =sup{f(x):x6(tjfl,tj]}, m, = inf{f(X):XE(tjfl,tj]}.
Ham f goi la kha tich Stieljes theo ham F néu
inf{S7 (f):P}=sup{sf (f):P}.
Khi f Kkha tich Stieljes thi ta goi tich phan Stieljescua f theo F Ia
[ f (x)dF (x)=inf {SE (f):P} =sup{st(f):P}.

Néu F la ham khong giam trén [a,o0) thi ta goi tich phan Stieljes cia ham f xéc dinh

trén [a,oo) theoham F la

[ £ (x)dF (x) = lim [ £ (x)dF (x).

b—oo

1.3. Ly thuyét Cauchy
1.3.1 Binh ly (binh ly Cauchy)
Cho Q la mién b;i chén, c6 bién 1a hitu han cdc dwong cong tron timg khiic. Néu f  gidi

tichtrén Q valientuctrén Q thi | f(z2)dz=0.
oQ

Gia st f la ham giai tich trén mién don lién Q va z, , z 1a hai diém trong Q. Khi d6



tich phéan F(z)=ff(77)d77 khong phu thudc vao dusng cong ndi z, va z trong Q .

1.3.2 Binh Iy (Sw ton tgi cia nguyén ham)

Cho mién don lién Q va ham f gidi tich trén Q . Khi d6 véi moi z,eQ, ham F

xac dinh boi F(z) :J. f(n)dn, ¢ day tich phan ldy theo dwong cong tron timg khic bdt ky noi z,

voi z,lamgt nguyén hamcua f trén Q.
1.3.3 Binh Iy (Sw ton tqi logarit)
Gia sir Q la mién don lién, f gidi tich trén Q khac khong tai moi z e Q. Khi d6 ton
tai ham ¢ giditichtrén Q saocho e°=f.
Ham g goila mét logarit cua f, ky hiéu g=1log f .

Ta goi duong tron tam  z,, ban kinh r, 1a dudng cong c6 phuong trinh
yt)=z,+re", te [0, 27[],

dugcky higula C ,, C. hoic |z-z,|=r.

rz,'!

Tir day vé sau ta hiéu duong cong 1a dudng cong tron ting khuc , chu tuyén Ia chu tuyén tron
tung khuc .

1.3.4 Binh ly (Céng thuc tich phan Cauchy)

Cho Q 1a mién bj chén , c6 bién 1a hi#u han duwong cong . Néu f gidi tich trén Q va

lién tuc trén Q thi véi mei z,€Q tacé

f(zo)zi_ Mdz .
27l 02— 7,

Nhan xet

Truong hop f giai tichtrén Q , z,eQ va y la mot chu tuyén sao cho z,eQ €Q

thitaco f(z)=-= [ Pz,

2mY 71-1,

4

1.3.5 Binh Iy (Cong thic tich phan Cauchy ddi véi dao ham)

Choham f gidi tich trén mién Q. Khi @6 ham f ¢é dao ham moi cdp trén mien Q va



daohamcap n cuaham f tai z, duwoc biéu dién bsi cong thic

|
F0(z,) = | @) 4 n-o012..
27 (2 —1z,)™

4

trong d6 y lamgtchutuyénsaocho z,eQ €Q .

1.3.6 Pinh Iy (binh ly Morera)

Cho f 1& mgt ham lién tuc trén mién don lién Q va tich phan cia f theo moi dwong
cong doéng trong Q déu bang 0. Khi dé f 1a ham gidi tich trén Q .

1.3.7 binh Iy (Bdt dang thite Cauchy déi Véi dao ham)
Cho ham f gidi tich trén mién Q ,z,eQ vasé R>0 sao cho D(z,,R)€Q . Khi d6
|
\f“(zo)\g”F'a—':", odiy M =max|f (2)].
1.3.9 Binh Iy (Dinh ly Liouville)

Cho f 1a mgt ham gidi tich va bj chan trén todn mat phang , tic ton tai Sé dwong M sao

cho |[f(z)|<M Vvéimoi zeC.Khids f 1ahamhang.

1.3.10 Dinh ly (Binh ly gia tri trung binh)

Cho f laham giditichtrénmien Q, z,eQ vasé R>0 saocho D(0,R) € Q. Khi do
gid tri cua f tai z bang trung binh cac gia tri cua f wén dwong tron

0

C.. () =2,+Re", te[0,27], tic 1a
l 27 )
_ it
f(zo)_zg f (z, +Re")dt.
1.4. Ham diéu hoa

1.4.1 Dinh nghia

Ham u(x,y) cua hai bién thuc x,y trong mién ©Q goi 13 ham diéu hoa néu cac dao ham
riéng cap hai lién tuc va théa man phuong trinh Laplace



2 2
au=2"41 %Y "0 vsimoi (xy)eQ.
ox~ oy

1.4.2 Binh Iy
Cho f(z)=u(x,y)+iv(x,y) la mét ham gidi tich trén mién QeC. Khi dé u(x,y) va
v(X,y) la ham diéu hda trén mién Q .

1.4.3 Binh ly

Ham hai bién thyc trén mién don don lién Q la ham diéu hoa khi va chi khi 1a phan thuc hay
phan do cia mét ham gidi tich nao dé trén Q .

1.5. Ly thuyét chudi
Cho chudi ham )" f (z) hoitutrénmién Q cotongla f(z). Chudi goi la hdi tu déu trén
n=1
> f(2)
k=n

Chudi > f,(2) goi 12 hai tu tuyét déi néu chudi 3| f,(z)] hoi tu. Chudi hoi tu tuyet ddi 12
=1 n=1

tapcon A ciia Q néumoi £>0 tontai n, saochomoi n>n,, ze A déuco <e.

chudi hoi tu.

1.5.1 Pinh Iy (binh ly Weierstrass)
Cho chudi ham ifn(z) héi tu déu trén mien Q va c6 tong la f(z). Néu moi ham
=
f.(z) giditichtrén Q thi f(z) giditichtrén Q va
f®(z)=> 1" (z) vsimoi keN, zeQ.
Chudi ham c6 dang icn(z—zo)n goi 1a chudi Taylor tai z, .
P

Gia str chudi ZCn(Z— z,)" hoi ty trong diaD(z,,R). Ky hiéu f(z) la téng cua nd . Theo
n=0

Pinh ly 1.5.1 ham f(z) kha vi v6 han lan va

f2)=> n(n-1)....(n—-k+c,(z-z,)"".

n=k

Thay z=z, vao dang thic nay ta dugc

f*(z,)

f®(z,)=klc, hay c, = y

1.5.2 Dinh ly (Dinh ly Taylor)

Cho f la mgt ham gidi tich trén mién Q va z,eQ. Khi dé trong dia D(z,,R),



R=d(z,0Q),tac

f(z)=2.c.(z-2)",
cachéso ¢, laduy nhat va duoc tinh theo cong thirc

_ f™(z,)
n! '

C

Nhan xet

Ham f giaitichtai z,eQ néuvachinéutontai r>0 saocho

f(2)=3c,(z-2,)" véimoi zeD(z,r).

1.5.3 Binh Iy (Pinh Iy duy nhat)

Cho f va g la cac ham giai tich trén mien Q , f(z,)=9(z,) Vvéi moi n , ¢ day
{z,} la day cdc diém phan bi¢t trong Q sao cho z, >z, z, € Q. Khidé f(z)=g(z) voi moi
2eQ).

Chudi c¢6 dang D> c,(z—2,)" goi la chudi Laurent theo Iiiy thira cua z—z, hay chudi

n=—cw0

Laurent tai z, .

1.5.4 Pinh Iy

+00
Néu cac hé so ¢, cuachuoi Y c (z-z,)" théaman

N=—o0

O<limsupyfc_,|=r<R s
al imsup /.|

thi mién hi tu cia chusi > ¢ (z—z,)"  la hinh vanh khén

r<l|z—z|<R

va tong f(z) cua chudi Y c,(z—z,)" 1a mét ham giai tich trong hinh vanh khdn

r<|z—z,|<R.



1.5.5 Binh ly (binh ly Laurent)

Cho f(z) la ham giditich trong hinh vanh khan 0<r < |Z — Zo| <R<oo.Khidé f(z) biéu

dién dugc duy nhdt dudi dang téng cia chudi Laurent

f(z)=2 c,(z-12)",

cac hé sé cua chudi 1a duy nhdt dwoc xdc dinh béi cong thire
n = 1j f(g)dil y n:O,il,
27 7, (£ -12)

trong d6 y, la duongtronbatky [ —z|=s , r<s<R .
1.5.6 Binh nghia

Diém z, goi la diém bat thuong c6 lap caa ham f néu f khong xic dinh tai z, nhung
xac dinh va giai tich trong hinh vanh khan

0<|z-2z|<R,R>0.
Cho z, lamot diém bat thuong co lap caa f,
a) z, Qoi la diém bét thuong cot yéu néu khong ton tai lim f (z).

b) z, goilacuc diémnéu lim f(z)=co.

-7,

) z, goila C—diémnéu limf(z)=CeC.

7-14

d) z, goilakhong diémnéu lim f(z)=0.

7-14

1.6. Ham nguyén va ham phéan hinh
1.6.1 BPinh nghia

Ta goi ham nguyén la ham giai tich trén toan mat phang C .
Theo Pinh ly Taylor , moi ham nguyén f déu khai trién duoc thanh chudi liy thira hoi tu trén
toan mat phang . Cu thé 1a

f@)=Ycz limgfe,]=0 .
Déi vai hamn:guyén f o cac truong hop sau day
a) Ton tai !mf(z)=aec. Khi d6 f bi chan trén C nén theo Dinh ly Liouville
f =const .

b) Ton tai lim f(z)=c0. Khi d6 f 1a ham da thuac va chi c6 hiru han hé sé trong khai trién



f(z)=3c,z" khac khong.
n=0
¢) Khéngton tai lim f(z) . Truong hop nay tagoi f 1a ham siéu viét .

1.6.2 Binh ly

Cho f laham nguyén, f khong dong nhat bang 0. Khi dé tdp cac khéng diém cua ham  f
la tdp dém duoc .

That vay moi n, theo Pinh ly duy nhat, D(0,n) chi chira hitu han khong diém cua ham f

Do C=[JD(0,n) néntrong C ham f chicé dém dugc khong diem .

n=1
1.6.3 Pinh nghia
Ham giai tich trén mién Q trir ra mot s6 cac diém bat thuong 1a cuc diém goi 1a ham phan

hinh trén Q .
Tap céc cuc diém cua ham phan hinh f 13 dém duoc, hon nita 12 tap roi rac trong Q.



Chwong 2. CAP TANG CUA HAM NGUYEN

2.1 Cap va loai cia han nguyén

Pé md ta mot cach tong quat vé cip ting cia ham nguyén ta dwa vao ham

M, (r)= r‘n‘§1x| f(z)) ,ham M (r) 1a ham don di¢u ting.

2.1.1 Binh ly
M, (r)

Cho ham nguyén f(z) va A khong am sao cho liminf ——=

r—o rﬁ'

=0 khido f Ilada thuc

c6 bdc khong virot qua 4.
Chting minh.
Theo bat dang thirc Cauchy d6i voi ham  f(z)=> c,z" taco

n=0

rn

. . . M (r)
Véimoi n>4 tacd |c |<liminf——=

r—o rn

=0.Vay ¢, =0 véimoi n>1 .

Tado f(z)=Yc,z" ladathichic <i. o Theo Dinh Iy 2.1.1,

oy

moi ham nguyén khac da thic déu c6 M, (r) ting nhanh hon moi liy thira dwong ctua r. Khéi
niémbéac cuia f dugc duara tirsysosanh M, (r) véiham e .

NéuM, (r) < B(r) véimoir>r, thitaviét M, (r)azr B(r) hoic

M, (r)<B(r) (asr).

2.1.2 Dinh nghia
Ta goi cap ting cua ham nguyén f(z) la
p=inf{k:Mf(r)<e'k, Vr>r0}.

Néu khong ton tai s k nao thi ta dinh nghia cdp ciia f(z) 1a p=w,va f(z) duoc goi

la ham c6 cép vo tan. Ta ky hiéu cap ciia ham nguyén f(z) 1a p=p,.

Theo dinh nghia cap cua ham nguyén f (z), ta co



as.r

e as.r ..
e" <M (r)<e" ,

s loglogM (r) =

pP—E<———— = < pHte€.
logr
Do d6
. loglog M (r)
o =limsup .
. logr

2.1.3 Dinh nghia
Ta goi loai cua ham nguyén f(z) cap p la
a:inf{A:Mf(r)<eAr”,Vr > rO(A)}.
Néu khong ton tai s6 A nao thi ta dit o =c0 va ham f(z) duoc goi la ham téi dai, néu

O<o <o thiham f(z) duoc goi la ham trung binh, néu =0 thi f(z) goi la ham tdi thicu.
Theo dinh nghia loai cua ham nguyén ta cé
» as.r as.r P

e(cr—g)r <M f (r) < e(0+g)r .

Lay logarit ta co
as.r |Og M ¢ (r) as.r
c-&<—-<0o+¢ .
rﬂ

Vay cé cong thic

logM;, (r
o, =Iimsupog—f() .

r—oo r
2.2. Méi lién hé caa cap , loai va hé sé Taylor cia ham nguyén

2.2.1B6 dé

Néu ham nguyén f(z) => c,z" vathéa man bdr dang thic

n=0

M, () < e thi [c)| < (%jk
n
Chang minh.

Taco6 M, (r)<e™



M (f)

Ar€—nlogr
<e g

.| < , r>r
1 1
R ) R k_ N ~ . n \k . .2 v n \k
DPao ham caa ham e* " bing khong tai r”:(ﬂj va dat cuc tiéu tai do6. Thay r:rn:(ﬁj
r K
vao |c,|< f() < e e ta duoc

NPLLLNES

2.2.2B6 dé

asn (eAk \k .
Néu ham nguyén f(z) = Zc 2" va bar dang thize sau dwoc thdaman | | < |—| thi
n=0 n

as.r K :
M, (r) < e™" véi Ve>0.

Chang minh.

R S X Ak Yo, i ,
Ta cd thé gia thict ¢, =0 va |cn|<(e—j dang véi moi n>1. Taco
n

=1

- =, (eAk A
OB VAR L P v Lot S

k \k K \M+l
bat m=[n/k] . Ve¢i r diulontaco Al < al . Do @6
n/k m
eAr )"
()< [ j |
m

Ap dung cbng thic Stirling m!~(mj 27m , M- VA bat diang thuc
e

m+1

A+L
2

N2rm < C

, m>1,



(~5)r)

g o0

=C,| A+ |r*

2( 2j Z{ m!

< Celherr (C, lahing sb)

as.r ‘
Vay [f(z)|<e™". o

Tir hai bo dé trén | ta c6 thé biéu thi cap va loai cia mot ham nguyén qua hé sé trong khai
trién Taylor.

2.2.3 Pinh Iy

Doi voi moi ham nguyén f(z)=>c,z" , cap cua f(z) duoc xdc dinh bsi cong thic
n=0

=limsu _nlogn
r= prlog(1/|cn|) '

Chuang minh.

; nlogn
bat p, =limsup o9

————— ,taséchy inh p=p,.
nst Iog(1/|cn|) , tasé chtng minh p = p,

Theo dinh nghia cip ciia ham nguyén f(z) thi moi k>p, theo Bo dé 2.2.1,

M, (r)<e” thi [c|< (%) . Lay logarit bat dang thuc nay ta cé
n

log|c,| < n log (%J :
k n



Do f(z)

ek ek
nlog— —Iog—
k> n
Iog|cn| log 1
e,
| 1
Iogn B Iogek nlogn+ og&
1 1
Iog log- — log— log—
\[ \/ |Cn| n|Cn|
«/ —>0 nén taco k>||msupnlogn
lo
| ke
Theo dinh nghia cap cia ham nguyén thi p lainfimumcua k , do do
0 = limsup nlogn
log—
|
Vay p2p, .
L Coar , nlogn - 1 .
Gidsu p, <oo, khidd véimoi k> p tacd k> véi  n dulén. Do do
log—
|

n

L >(n)£ hay |cn|<(%jk v6i n dulén.

e

Ap dung B6 dé 2.2.1 véi eAk =1, taco
1
Mf(r)<e(k ]rk véi r dulénva £>0.
Suyra p<k, k lasbtlyy, k>p,.Dodé p=p va p=p,.

Vay bac cua ham nguyén cho bai cdng thuc

o =limsup nlogn
n—oo |Og—
|
2.2.4 binh ly
Logi cua ham nguyén f(z)=>.cz" dwoc xdac dinh  bei  cong thic

o= iIlmsupn Ve,
pe n—ow

Chang minh.

1 .. x s .
bit o, =—Ilimsupny/lc,|”, tas&chungminh o=o0;,.
Jols



Loai ham nguyén f(z) c6 bac p la infimum o cua cic s6 A sao cho M, (r)<c*”.

Ap dung B6 dé 2.2.1véi k= p,

M, (r)<e* nén |cn|<(EA—pjp .
n

1 ) NP
S A>—n} .Tud
uyra A> o nylc.| r do

A> iIimsup nyc.|” -

ep n—oo
N e X o 1 .. P A .
Do o lainfimum ciacacsoA nén o>-—Ilimsupnyc,|” .Vaytacé o=>o, .
ep n—oo
Bay gio gia st A> o,. Khi d6
1 PR . 1z
A>-—=—n{llc,|” v6i n dulon.
pe
Tu do
n
Ae Aep . -y
e <=2 hay |e,|<| =2 wsi n dilon.
n n

Do d6 theo B6 ¢& 2.2.2tacé M, (r)<e™”, suyra A>c.Do A tlyy nén o, >o.
Vdy o=0,. O

2.2.5Vidu
Str dung cac Pinh Iy 2.2.3 va 2.2.4 dé dang thay rang

n
0

a) Ham nguyén f(z):Z(@jpz“ , 0<p<0,0<o<o
=1\ N

cocap p valoai o.

b) Hamnguyénf(z)zi( cop jpz" , O<p<ow,o<w
i\ nlogn

cocap p valoai téi thiéu .

¢) Ham nguyén f(z):i(eplognjpz” , O<p<w
n=2 n

cocap p va loai toi dai.

d) Ham nguyén f(z)= i(ij z" ¢6 cap vo han.
i\ logn



e) Ham nguyén f(2)= ie‘“zzn c6 cap khong .
n=0

Vay ta ¢ thé xay dung cac ham nguyén c6 cap va loai ty v .

2.3. Céc cbng thirc ciia ham giai tich trén dia

Pé tim hiéu mdi lién hé gitra cip tang cua ham nguyén va khong diém cuaa né ta can cac cong
thac sau day.
2.3.1 binh ly (Cong thizc Schwarz)
Cho f =u+iv la ham gidi tich trén mién Q va cho dia D(O,R)€Q. Khi d6 véi moi
ze D(O,R) taco

Re"”+ z

f(z)=— j u(Re"”) w +iv(0). (1)

2.3.2 Bbinh ly (Céng thic Poisson)

Cho u la ham diéu hoa trén mien Q va cho dia D(0,R) € Q. Khi d6 véi moi z e D(O,R)
ta cod

. ) RZ_rZ )
- R iy _ IH.
1) 27zI° u( ° )RZ—ZRI‘COS(l//—Q)+r2

Cong thuc trén ¢ thé duoc viét dudi dang

u(z) = LIZ”U(REW)LWC{V/
270 ‘ReiV’_Z‘Z (2)

Néu f(z)#0 tréndia D(O,R) thi log f(z) 1a ham giai tich trén dia D(0,R), tir cong thic (1)

ta co
. Re'"’ .
Iogf(z)_—J' log|f (Re" ) 2 dy +iC ©)
R A
Tur (2) va (3) suy ra
1 ron . Rz—rz
log f(z)=—| log|f(Re" d 4
91(@)=7, ], o[ ( )RZ—ZRI’COS(Q—!//)+I‘2 v @

Gia st a,,a,,..,a  la khong diém cia f(z) tréen D(O,R) va duoc sap tiang dan theo



moédun, mdi khong diém duoc viét s 1an theo s6 boi cua né. Giasu f(z)#0 véi |z|=R va dat

" R?—anz
@(2) (Z)lm_:!R(z—am) ®)
Khi d6 ‘¢(Rei‘”)=‘f(Rei"’) va @(z)#0 voi |z|<R. St dyng cdng thic (3) cho ¢(z) tacé
Ioggo(z)_—j Iog‘ (Re" ReIW dy +iC
eV -z
__j log| f (Re") Re" +§dy/+iC.

Vay log f(z) =logp(z). Tu do

Re" +z R(z-a,) .
d lo —_m iC. (6
Re +az<R J —Zam " ( )

log f (z) = %J':”Iog‘ f (Re")

Téch phan ao cua cong thic (6) ta nhan dugc cdng thic sau

2.3.3 Dinh ly (Cdéng thic Poison — Jensen)
Choham f giditich trénmién Q va dia D(0,R) € Q. Khi d6 véi moi 7 D(0,R) taco

RZ_rZ

l 27 )
log| f (2)| == [*"log| f (Re" d
0|7 (2)} =5, 1, ool (Re )R2—2chos(0—w)+r2 v
+>"log R(ZZ_ZZ_m), z=re". (7)

Giase f(0)=0.Khi z=0 tircodng thuc (7) taco

d1//+ > Iog| |

|a|<R

log|f (0) :—I log| f (Re" )

V6imdi t>0 ,tagoi n(t) lasokhongdiém a, cua f théaman |a,|<t (bdin dugc
tinh n 1an ). Ham n(t) goild ham dém sb khong diém . Theo dinh nghia tich phan Stieltjes cua

ham khéng giam n(t) taco

ZIog——J'Iog—dn(t) n(t)log— ‘ +j§@dt.

a, <R

rRN(t)
)dy/—jo —dt.

Khi do6 Iog‘ f (0)‘ = %J‘;” log ‘f (Re“ﬂ

Vi vay ta co



2.3.4 Dinh ly ( Cong thic Jensen )

Choham f giditichtrén mién Q va dia D(O,R)€Q . Khi dé ta cé
rRN(L 1
J, %tz— )dw —log|f (0). ®8)

o jj”log‘ f (Re"

Néu f(0)=0, f khongtrang0, k lasd boicianghiém z =0, cong thic (8) trg thanh

f(0)
k! |

t)—n(0 1 2z i
IOR%Hn(O)IogR:gK Iog‘f(Re”’)dl/f—mg

Gia st f Ia ham phan hinh trén dia D(O,R), {a,},{b,} 1a khong diém va cuc diém cua

f trong {z:|z7|<R} va f(0)=0 , f(0)=o .

Dat

o=t ()] 2= b)(HR(Z‘am)]_.

By \<R(R2—b 2){jafer R* -2,z

Cong thire (6) duoc thay thé bai

Re +2
log|f (2) :—j Iog‘ ey
+> Iog - > lo g _)+|C
lag|<R ‘-za, b |<R m

Cong thuc Poisson- Jensen (7) cé dang

RZ_ r2
d
R*—Rrcos(6-y) v

log|f (z)| =%j§”log‘f (Re")

( )

m

+ > log 9)

|an|<R

=3 log ‘R(Z—‘b_)

2
o |<R R - me

Va cbng thurc Jensen tré thanh

rRN(t,0) RO(t,0) 1
[ dt—jO : dt =

ot 27 J'02”|Og‘ f (Reiy/

)dw —log|f (0)|, (10)

trong d6 n(t,0) ham dém khong diém cua f, n(t,o) ham dém cuc diém cua f . Dat

a’ =max(a,0). Khi do

. logx, x>1
log” x =
0 ,0<x<1



va Iogx:log*x—log+£ voi x>0.Vay
X

1 2”Iog f (Re" Re"”
27r-[° (

_ 1 (2 _
)dl//_zﬂ dl// J log” —— ‘ Re'W)

f(Re")

N(R,f)zjoRn(t’oo);n(o’ )dt+n( o)logR .

it m(R,f):Zl 2 dy
T

2.3.5 Dinh nghia
Tagoi ham T(R,f)=m(R, f)+N(R, f) la ham dac trung Nevanlinna.

V&i céc ky hiéu vira dua ra thi Cong thac Jensen (10) tro thanh

log|f (0)| =m(R, f)—m[R,%j+ N(R, f)—N(R,%

m(R,f)+N(R,f):m( 1)+N( :j log|f (0
T(R,f)zT(R,%jHog‘f(O)‘.

Ham T (R, f ) cd vai tro quan trong trong nghién ctiru ham nguyén va ham phan hinh.

Néu f(z) laham nguyén thi

T(R,f):m(R,f)zzlﬂ ’

Tur c6ng thic Poisson — Jensen ta co

f (Re")

dyw <log" M. (R).

1 (2= . Rz—rz
log|f <—| log|f (Re"
ol (@) ol (R o
R+r 1 (2z
< : “If (Re" =
<R_r 272- 0 ( € )dl/l r |Z|
R
Iong(r)gRt:m(R,f).
Cho R=2r suyra
logM, (r)<3m(2r, f). (13)

Truong hop dac biét



m(r, f)<Ar* thi logM, (r)<3.2“Ar.
Viy trong dinh nghia cap cua ham nguyén ta cd thé st dung ham dic trung Nevanlinna

T(r, f) thay thé cho logM (r).

2.3.6 H¢ qua cua Cong thuc Jensen

Giast f laham nguyén, tir Cong thac Jensen ta ¢

1 2 Y
Iog‘f(O)‘SZLj log| f (Re" )|dy (14)

vi Y Iog%<0.

ay|<R

Néu [1(0) =1 i [ t= L[ log]f (Re” |y

Véi r>0 taco
logM , (er)> j:r@dt > J':r@dt >n(r).
Do do

n(r)<logM; (er) . (15)



Chwong 3. PHAN BO KHONG PIEM

3.1. S6 mii hdi tu va mat do trén, mat dd dwéi cia day khong diém

3.1.1 Dinh nghia

o0

Cho ddy a,a,,...,a,..., & #0, lima, =co . Infimum cta cac s6 A sao cho chudi > ——

A
n—o n=1 an

hoi tu goi 1 s6 mii hoi tu cua day.

Ky hiéu n(r)la ham dém cua day {a,}, ttc 1a so cac chi s6 n sao cho a, <r. Ky hiéu

p, lacapcaa n(r), tic la

. logn(r
plzllmsupog—().
o logr
Ta gol
S6 A=limsup—2 n(r) la mat d¢ trén cua ddy {a,},
R
£ oo on(r)
So A=liminf —= lamat do dudi cia day {a,}
r—oo r
3.1.2 Bo d@é
Néu chudi Z| l|l héi tw Véi A>0 ndo dé thi tich phan I o Dt hoi tw va
n=1 an
lim n(}) 0.
t>+0 {

Chang minh.

Vi ! _ .[: dr:ft) nén lay tich phan tirng phan ta c6

n=1

80000y

A A+l
°t r' ot

[ dnft) @ L

0 l+l

vi'y

n=1

hoi tu, suy ra bi chan trén.

Tur d6 ij D gt khong giam va tién dén gia tri hiru han khi r — oo.

l+1



Do n(r)</1j " g nentaco im™ oo, o

i+1 o0 I,./l

3.1.3 B¢ dé
S6 mii hoi tu cia ddy {a,} bangcdp p, Cia ham dém n(r).

Chang minh.

Gia s k 1as6 mi hoi ty caa day {a,}, ly 2>k tly §. Khi d6 chudi zﬁ
n=1 |Q

n

theo Bé d&3.12taco im2) —0 Tirds n(r)<r* véi r dilon.

r—o rﬂ'

Vi p, lacipcia n(r) nén r>* <n(r)<r®“(véi r dalén).Suyra p <i.Do A>k

tuyy nén p <A.

Mt khac tacd n(t) <t**?  £>0.Chon A=p +&,tacod

n(t) < tl—elZ — t/l+l—l—g/2 n(t) 1

! tlJrl t1+£/2

n(t)

tﬂ.Jrl

hoi tuva lim ")

t—o t

=0. Talaico

Suy ra j:

e

A+1
n=1 ‘an

T do suy ra iﬁ
n=1 [@

n

hoituva A>Kk.

Do 4 tuyythéamdn A=p +c (£>0) nén p >Kk.
Vay p=k. o

3.1.4 Dinh ly (Binh ly Hadamard)

S6 mii héi tu cua tdp khong diém ciia ham nguyén khéng vieot qUA Cdp tang cua no.

Chang minh.
Theo Hé qua cua Céng thic Jensen 2.3.5 ta co

n(r)y<logM. (er)+0() .

Do d6



loglogM
Iimsup—Iog n(r) < limsup 0glogM, (er)

r>ologr . logr
loglogM
= ||msupw .
r—> logr

Vay p<p. O

3.1.5 Dinh ly
Gia st f(z) la ham nguyén cd loai khéng lIén hon o twong img Véi cip p,
A(A), A(A) lan lwot mdt dg trén va mdt dé dudi cia ddy A twong ung Véicap p.
Néu f(z) triéttiutréntdp A Vva it nhdt mét trong hai bdr dang thic
A(A)>epo hogc  A(A)>po thi f(z)=0.
Chang minh.
Giasa A(A)>po.Dat n (r) lahamdémecuaddy A, n(r)=n(r).

VGimoi A>1 tacd

1 carn(t) 1
n,(r)<n(r dt < N (Ar).
A1) ()<Iog/1J.r t log 2 (4r)

Theo Cong thirc Jensen véi  f khdng ddng nhét bang 0 thi

N(Ar)<logM, (Ar)+0() < (o +&)Ar” .

Dodé n,(r)< (c+e)Ar”, nA_(r)< L (c+¢&)A” .Suyra

log A r° log A

_ P P p

A(A) < ot , min ot =epo (doivei A).
log A log A

Vay A(A)<epo , mau thuin,
Néu A(A)> po é(A)inrrrLiwnanr—E)r) thi
n(r)>n,(r)>(po+2¢)r’.
Do d6 N(r)>£(pa+g)r” .
e,

Str dung Céng thac Jensen ta co

logM
Iong(r)>%(p0'+g)rp, Ogr—pf(r)>%(p0'+5).

Suy ra 0>£(p0+8) , op>(po+e) mau thuan.
P



Vay f=0. o

3.2. Phan tich ham nguyén thanh nhan tir
3.2.1 Dinh nghia

Tich vd han cua ca&c ham nguyén Hgn(z) goi la hoi tu tai z, néu véi moi N,
n=1

hlﬂlgl(nli gn(zo)j la mot gid tri hitu han, khac khéng.

Tich v han cac ham nguyén dugc goi 1a hoi tu déu trén lap K, néu ton tai N sao cho
]M[gn(z) hoi tu déu dén ham h (z), zeK,khi M - .
Y

Tur dinh nghia tich v& han hoi tu tong quat, ta co tich cua tich vé han hoi tu cua cac ham

nguyén la 1a duy nhat.

Su héi tu (hoi tu déu ) cua tich vd han Hgn(z) tuong duong véi sy hoi tu (hoi tu déu ) cua
n=1

chudi ilog 9,(2).
n=1

Cho {a,} la ddy cac sé phuc khac khong va ton tai p la so nguyén khong am dé

Z|an|7pf1 < oo . Ta ky hiéu tich vo han

H(z)zne(ai, D).

trong do
1-z, p=0

G(z,p) = 27 P
(z.p) (1-2z) 7+t 4B , p>0
2 3 p
Cac ham G(z,p) duoc goi la cac nhan tir so cAp Weierstrass .

Chi y ring, néu |z]<1 thi G(z,p)—>(1-z)exp[—log(1-z)]=1 khi p—>o. Vi vy

G(z,p) hoi tu déu trén céc tap compact trong dia don vi D(0,1), hon nita G(z,p) la ham
nguyén va G(z,p) c6 khong diém dontai z=1 va khong c6 khong diém nao khac.

Néu |u|£% thi T](z) hoi tu tuyét déi déu trén moi dia D(O,R).

[1(2) duoc goi la tich chinh tic Weierstrass loai p.



3.2.2 Dinh ly (Binh ly Hadamard)

Gia siv f laham nguyén , f khdng dong nhdt bang khdng , f ¢6 cdp hiu hgn p. Khi
dé f biéu dién duwoc dudi dang

f(z)= zeq(Z)HG( j
V6i @, a,,... la cdc khong diém cia ham f, p<p, P/(z) la da thic bgc q<p va m laso
boi cua nghiém tai z =0.

Chang minh.
Gia stt a,,...,a, la cac khong diém cua f(z) trong D(0,R). Khi d6 theo (6), Chuong II

ta co

) Re" + z

a,) .
d I (—L C-
R v+ Y log +i

|a,|<R R —Za

f(Re

Khong mat tinh tong quat ta gia st m=0, tac 14 f(0)=0.

1 2r
log f (z) :EI log
0

n

Daoham p+1 lanham log f(z) véi p=[p] taco

2Re"
(Re" -2 )P*2

+Z p!(a_n)PH . o

—_ p+1 p+1
|a,|<R (R2 -a, - Z) |a,|<R (an - Z)

[log f(2)]*" = ('%1)' j:” Iog‘ f (Re")

dy

Tur do

log f(z (pl)+ p! ‘S(er logM . (R + ,r=\z
I: 9 ():I anZ<:R(an—Z)p+l o g f( )(R_r)IHZ (R_r)p+l ||

Ta c6 danh gia
logM, (R) < R”™,

n(R)<logM, (eR) <R .

Lfiy gi6i han khi R — oo ta dugc [log f(z)](p+1) 'Z

f(a, - )”” |

LAy tich phan theo duong tir 0 dén z va khong di qua cac diém a, a,,..., ta co



Iogf(z)—Pq(z):i{log(l—ij+i+ ..... + Zp} Cqsp

Vay ta co f(z)=ep“‘z’ﬁ6[i,pj .o
n=1 a

n

3.3. Panh gia tich chinh tic

Cho {a,} la ddy s6 phuc théa man lima, =0 , n(r) la ham dm cua diy {a,} ,

n—oo

<r .Giasax p lasdé nguyén khdng am sao cho chudi ZW
n=1 |ad

n

hoi tu .

a

n

Veoi [](2)= ﬁG(i, p), theo Cong thirc Jensen ta c6 danh gia

n(r)y<logM,(er).

3.3.1 Bé dé (Bé dé danh gia cua Borel)
Vaoi moi ueC  ¢b cdc danh gid
P
1+]u|
log|G(u,0)| <log(1+|ul) .

logG(u, p) < A

, p>0, A =3e(2+log p),

Chting minh.
Gidsr p>0.Néu Jul<—P— thi
p+1
u’> u® u"
log(l1-u)=-U—————....... —_ ,
g( ) 2 3 n

. ) = |u|n
néntacd log|G(u,p) < < <l|u
ole(u Pl X 5=y |

Néu |u|>ﬁ thi log(L+]u])<|ul, nén
G uf
|Og‘G(U,p)‘£2|u|+7+ ......... +T

PN S 1}

p +m.m+...5.|u|p2 + .|u|p71



p+1 p+1

lu

1 |u
=e(2+1 i I B
o(2+log p>(1+|uJ1+|u| AL

trongdo A =3e(l+logp). o

3.3.2 Pinh Iy

o0

Cho{a,} laday so phirc. Néu chudi Z - hgi tu thi tich

n=1

= z
Mo-11e 2 0]
n=1 a,
héi tu déu trén moi tdp compact va théa man diéu kién

log|[1(2)| < Kprp(jo nSl) dt+r” np(B dtj ,

trong do K, =(p+1)A,, r:|z|.

Chiing minh.
Néu p=>0 thitheo Bo dé danh gia ctia Borel ta c6

'WWUM AZ

apedn(t)
— A"t
"l e

a,|)

4 n) |© p 1
=Ar"t—2 P+ n(t)dt .
ot (t+r)jo ° ILp”(tw) t"“(t+r)2 ®
Do chudi i - hoi tu nén ta co
n=1
t
MO o ki toseo, MO 0 i e

£ tP(t+1)  t*

Do d6

IOg‘H(Z)‘SAPrp#[j. ]8 j|:tp+l t+r t (1 2:|n(t)dt

) t+r)



< Kprp(jr@dHrJ'f@dtj r=lz.

0 t p+1 p+2

Khi p=0 danh gia cia tich chinh tic dugc don gian la

log[T(2) <3 log [1+ LJ = ["log [1+%jn(t)dt

2,

N ), e n()dt
_rjo—t(Hr)dtsJ'O t dtJrrL—t2 .

3.3.3 binh ly (binh ly Borel)

Cdp p cuatichchinhtic [](z) bdng véiso mi héi tu cia ddy khong diém cua [](z).

Chang minh.

Gia st p la sé nguyén nho nhét dé chudi

n=1

G hoi tu, {a,} la day khong diém cua

n

tich chinh tic [](2)
Gidasr p, lasomiihoitucuaddy {a,} khido p<p <p+1 .
Xét truong hop p, < p+1.

Chon ¢>0 saocho p <e<p+l .Khidé n(t)<t* .TheoPinh Iy 3.3.2 tacé

log|[1(2)| < Kprp(jo'%du rj:o ?p(fz) dtj

<K,r" (O(l) + fort"l”*pfldt + rft”“g“dt)

rlerg*p rp1+5’p
<K, r°| 0@+ + <rat
pte—p p—|—]_—p1—g

Bay gio xét truong hop p, = p+1. Theo B d& 3.1.2 taco

n(r) = Nn(t) SX A .
rEa L tpTdt ticnve 0 khi r—>ow .

Tu binh ly 3.3.2 ta cé

logM,(r)<er® =er* ,ve>0.

Vay p<p.



Do p =limsup logn(r)

va [](z)=1 nén theo Hé qua Cong thirc Jensen 2.3.5, ta c6

logr
logM (er)>n(r) .Tudo
_ loglogM,, (r)
logr
Vay p>p Vva tacod p=p, . O

3.4. Phan bo khéng diém chia ham nguyén c6 cap khdng nguyén
3.4.1 Dinh ly

S6 mii hoi ty cua tdp khéng diém cua ham nguyén f co cap khdng nguyén bang véi cap
tang cua f
Chang minh.

Giasa f laham nguyén cé cap ting p (khong nguyén), p, la sé mii hoi tu cia day

khong diemcua f, [(z) latich chinh tic twong tng ca tap cac khong diem cua f .
Theo phén tich Hadamard ta co

f(z)=2"e""T](z) .degP,=q . (1)
St dung Binh li Borel 3.2.5 ta duoc

logM,(r) <Cr®+r?", &£>0,

logM, (r) ir“g, A=max(p,q).
Suyra p<A.

Nguoc lai , theo Binh ly Hadamand 3.1.4ta c0 p, < p.Theo Binh ly Hadamand 3.2.3 ta co
q<p.Suyra p>max(p,p) vatudosuy ra

p=max(p,,p).

Vi p khdongnguyénma g nguyénnén p =p. O

3.4.2.Dinh ly

Néucdp p cuahamnguyén f(z) lakhong nguyén thilpai o, vamdr dg trén cua khong

diéem A¢ cia f hodc déng thoi bang khong hodc dong thoi bang vo cuc hogc dong thoi 1a so



duong .

Chung minh.

Theo Binh Iy 3.1.5 ta c6 danh gia A+ <epo, . Theo ching minh Binh ly 3.3.2 ta c6

rn(t) » N(t)
log|[T(r)| <K,r UotpTdH rf thj :
Theo dinh nghia A¢ tacé n(t) < (Zf +5)t”, e>0.Suyra

logM (1) < Kprp(0(1)+(xf +g)j0rt"’p’ldt+(Af +g)rj:ot”2dt).
Do p khdng nguyén nénchon p saocho p<p<p+1 taco

logM_(r)<r” (Zf + g) K, (Iortp“dt +Irwtpprdt) <C, (Zf + g)r”

<C (A +re)r”.

Theo biéu dién Hadamard ta c6
log M, (r)<a,r*+C, (Zf +g)r”

<C, (Zf + rg)rp.

logM, (r — . _
Suy ra gr—pf()<Cp<Af+r3) va o, <C Ar.
Viytacd Ar<epo, va o, <C Ai. O

3.5. Phan bo khéng diém ciia ham nguyén c6 cap nguyén

Chiyrang p dugc dinh nghia la s6 nguyén nhé nhat dé chudi > hoi tu. Theo Pinh

p+1
n

ly Hadamand va Dinh Iy Borel ta c6 p<p<p+1, do p la s6 nguyén nén p=p hoic
p=p+1.

Néu p=p+1 thi Zﬁ hoi ty;
a

n

Néu p=p thi Z% phan ky.
a

n

Taky higu a, lahésdcia z” trongdathac P(z) cua biéu dién Hadamand.



3.5.1 Dinh ly (Binh ly Lindelof)
Neu p=p+1 thi f(z) 1a ham nguyén cé logi toi thieu (o=0) khi a =0 va co logi

trung binh (0<o <) khi a #0.

Ching minh.
Theo binh ly Hadamand ta co

log|f (2)] < Re(a,z”) + |og\1‘[(z)\+o(\zr‘1) 7w, (3)
Theo Binh ly Borel tacé logM(r) <er® .Do p=p+1 nén

logM,(r)<er”, >0 . (4)
Suy ra
logM, (r) < (‘ap‘+35)rp. 5)

Vi f(z) lahamnguyén, véi P(z)=a,z’ +..+a, taco

m(r,exp(apz”+...+ao)):m(r,%j (6)
m(rexp(a,2” + .+ 2)) = [ log"|exp(a, (re" ) + .+ &, Jdw
>% a,lr,

dy/+johlog*

f(re)

dwj

1( cor, .
:Z{J': log

=m(r, f)+m(r,%j,

1
fe")

%‘ap‘rp < m(r,exp(apzp +...+a0))< m(r, f)+m(r,%}+log2. 7)

Theo Coéng thac Jensen

[0 L gl

dy —log|I1(0)|,




ern(t O)t_ (re"”)dw——j log* ( )dv/ log|[1(0)],
jorn(t 0)dt+logH(O)+m( 1}[) m(r.I1),
1
2 p— . 8
m(r,H)>m(r,Hj (8)
Te (7),(8),(4)taco
MrP<m(r f)+m(r,IT1)+0() <logM  (r)+3er” , >0 )
27 ’ ’ f ’ .
Tu (5), (9) taco mg'\rﬂ—pf(z)<\ap\+3g,
a logM,(r)
L <——"+3¢
21 r’

binh ly dugc chung minh. ©
3.5.2 Dinh ly ( Dinh ly Lindelof )

Gidsi: p=p,dat &, (r)= , St =limsup s, (r),

r—oo

1 1
ap+;z?

n

¥, = max(Zf,gf ) Khi @6 o, V& y, dong thoi bang khong hogc dong thoi bang vé hgn hogc

dong thoi 1 s6 duong .

Chang minh.
Ta co

d + Iogwﬂc

log f (z) ——j log| f (re"”)‘

an|<R - m
(» p! 2r i ZFEW
[Ing(Z)]p —EJ-O IOg‘f(Rew)de
_1\la” 1)1
£y M_ D (/’_1);_
4R (RZ _anz) ar (@, —2)
Néu z=0 tacod
—1\1a”
[log f(Z)](ZZ;+(p—1)! ar= J' log| f (Re"”)e“p'”dy/Jr > Mdy/

2
4 <R 27rR” ar R



2p! 1 ; (R)
log f ()] 1 olc2Pt 1 (Re*)[d 1
[log f (2)]”, +(p - );Ra eyl )dy +(p-1)1—>=
(10)
Vi log][(z) c6nghiémboi p+1 tai z=0 nén
[1og]T(2)]" =0 va [log f (2)]") = pla,|. (11)

1% : 1
- l log|f (Re")|dy =m(R, )+ mR, ).

Theo Coéng thac Jensen

Jr P~ % [ rog]  (Re”

J-R n(t,O) dt

ot

) dw —tog|f (0],

f(Re")

1 2z 1
N ~log|f
dW o0 .[0 log ‘f (Rew/)‘dw Og‘ (O)

N(R,0)=m(R, f)—m[R,%)—log‘f(O)‘,

m(R,H<m(R,f)+0(1).

Do do
f ( Re" )

dy/‘g 2m(R, £)+0(1). (12)

Theo H¢ qua ctia Cong thirc Jensen
n(R) <logM, (er)+0O(1) (13)

Thé (11), (13) vao (10) ta c6

1 p logM (eR) 1
oo (o 3 = gl 04 P o )

logM, (eR
ap+12i_4'°ng(R)+l. ogM, (e )+0(LJ,
pear R\, R R’
logM, (eR L
5f(R)<c°gR—fp(e) . C lahingsé,

M. (eR
0;(R)<Ce” Iogﬁ.

(eR)"

Tur do



_ log, (eR —
ot =limsupo. (R) <Ce” limsup ng( - ) va o <Ce’o,.
e

R—w R—o
T (13)suyra
n(R)<logM, (eR)+0(1),

n(R) _,,109M, (eR) O()

R” (eR)P R” !
logM . (eR
Iimsupﬂglimsup er 0 f(pe )+O(1) ,
Roo  R” R0 (eR) R”
Kf <e’o,.

Trdétacs y, =max(5r,A1)<Co,.

Ta viét phan tich Hadamand duéi dang
1 _ z z
f(z)= eprap +—Zan”sz}exp Pp_l(z).l"[‘G [a—,p—ljl'[ G[a—,pj,
p a|<r . a,>r

r=|z[, p,, ladathaccobic p-1.
Ap dung B6 dé 3.3.1 va binh ly 3.3.2 ta dugc

) e dn® ]
mﬂ'f J.r tp(t_r):|+0(r )

log|f (2)| <&, (r).r" +A, {rpjor
Tur do
p p- rn(t) P OOn(t) p
logM, (1)<, (r).r +Kp[r 1Lt—pdt+r . —Zdtj+o(r ).

7

Ap dung bat dang thic  n(t) < (Z+ g)tp , £>0, tanhan dugc
logM  (r) <&, (r).r* +2K, (Ar +&)r” .

ogM.(r) — —
g—pf<)ﬁ5f+2KpAf hay

_ I
Tur d6 suy ra limsup
;
o, <Cy,,C, lahangso.

Vayco o, <Cy, V& y,=max(5r,Ar)<Co,. O



KET LUAN

Trén co s& cac tai liéu tham khao, chung toi da doc, da hoc va viét thanh luan van  nay voi
dé tai “Cép tang va su phan bd khong diém caa ham nguyén”.

Luan van khéng c6 gi méi nhung chung t6i da hoc duoc cach thu thap tai liéu, viét no lai
theo mot chu dé da dinh san theo su hiéu biét caa minh. Ching téi d hiéu kha tuong tan va ching
minh chi tiét nhiéu van dé trong cac tai liéu trinh bay van tat hoic bo qua chiing minh.

Thuc hién luan van da gitp chung t6i thay rd thém sy d6 so, ménh mong cua toan hoc, cam
nhan thém duoc vé dep cua toan hoc. Ching toi ciing thiy duoc kién thirc qué it 6i va ndng can
ctia minh. Qua lam luan vin ching t6i thdy minh hing tha hon trong hoc toan va giang day toan.
Chlng tdi s& truyén htng tha nay dén cac em hoc sinh phé théng, hoc trd caa ching toi.

Thanh phé Ho Chi Minh, Thang 4-2011

Huynh Thai Sen
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