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LOI CAM ON

Trong qud trinh thuc hi€n luidn vdn t61 da gdp khong it khé khin do thoi
gian khong nhi€u va ki€n thitc con han ch&, tuy nhién to6i ludn nhan dudc sy
quan tiAm, gidp dd va dong vién cla cdc thdy co, ban bé va gia dinh.

Do vay tdi xin gt 13i cdm on chan thanh d€n Phé Gido su - Tién si My
Vinh Quang, thay di danh nhiéu thsi gian va cong stic dé tryc ti€p hudng din
t6i khong chi vé ndi dung ma con cd cdch trinh bay luan vin.

T6i ciling xin giti 16i cdm on dé€n Gido su William Cherry di nhiét tinh
gitip d3 toi trong viéc tim ra cdch chitng minh dinh 1i vé s6 khong di€m cilia
mdt chudi Laurent p -adic.

Toi xin gii 13i cdm on dé&n thay Trinh Thanh Péo da gitp toi sit dung
Latex d€ soan thdo ludn vin mot cich ro rang, sing sta.

T6i xin chdn thanh cdm on cédc thiy c6 trong khoa Todn - Tin, dic biét
12 cdc thay c6 bd mdn DPai s6 di truc ti€p trang bi cho t6i khong chi nhitng
ki€n thitc Todn ma cd phudng phdp tv hoc va nghién citu.

Ngoai ra, d€ st dung cho luin vin, tdi da tham khdo mot sd tai liéu va
bai vi€t, xin cdm on cdc tdc gia.

Cudi cing toi xin glti 16i cdm on dén cdc thay c6, anh chi § phong Khoa
hoc cong nghé sau dai hoc, gia dinh va ban be da ludn dong vién va giap do
to1 khi t61 gdp kho khan.

Tp.HCM, ngay 25 thang 5 nam 2010

Tac gia

Tran Nguyén Thanh Ha
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MG PAU

Giai tich p-adic ding mdt chin trong Gidi tich ¢d di€n va chin con lai
trong Pai s6 va 1y thuy&t s6, do vy né cho ta mdt cdi nhin thd vi vé su két
hgp giita hai linh Iyc 16n nay cta todn hoc.

Hon th€, trong 40 nim tr§ lai day, nhd viéc phdt hién nhitng moi lién
quan siu sic vdi nhitng van dé 16n cla sd hoc va hinh hoc dai s6 ma gidi tich
p-adic dugc phat tri€n manh mé va trd thinh modt chuyén nganh doc 1ap.

Trong giai tich p-adi, cdc ham gidi tich p-adic (tic 12 cdc ham khai trién
dudc thanh chudi lily thira trong mot dia) da dudc nghién citu rat nhi€u va thu
dudc nhiéu két qui ddng k€. Trong khi d6, chudi Laurent p-adic tifc 1a cdc
ham khai trién dudc thanh chudi liy thira trén mo6t hinh vanh khdn) 1a mot mg
rong kha thd vi clia cdc ham gidi tich p-adic lai chua dugc nghién citu nhiéu.

Vi 12 mé rong clia cdc ham gidi tich p-adic nén khi nghién cttu vé€ chudi
Laurent p-adic, mdt cdch tu nhién, ta s€& dit ra cdc cdu hdi: N6 c¢6 nhirng tinh
cht gi va liéu n6é con giif lai nhitng tinh chit di bi€t ciia ham gidi tich p-adic
hay khong? Khong diém ctia mot chudi Laurent p-adic xdc dinh nhu thé nio
va c6 tinh dugc s6 khong diém cta né hay khong? C6 thé dem mot chudi
Laurent p-adic chia cho mdt da thitfc hay khong? Né&u dugc thi k€t qua s& nhu
th€ ndo va né cé con bdo toan céc tinh chit trong phép chia da thic (nhu 1a:
tinh duy nhA't clia thuong va du, bac clia da thic du nhdé hon bac cla da thic
thuong, ...) hay khong?

Trién khai dé tai: Chudi Laurent p-adic , luin vin nay s& Ian ludt lam
sang té nhitng vin dé néu trén .

Ngoai phan m& dau va k&t luan, ndi dung chinh clia ludn vin gom 3
chuong:

Chuong 1: Kién thic chuin bi :
Trinh bay cdc ki€n thiic ¢d bin can cho cidc chuong sau: Chudn phi
Archimede, s6 phtic p-adic, trudng s6 phitc p-adic C ...

Chuong 2: Xay dung chudi Laurent p-adic :
Trinh bay thém mot s6 khdi niém: Chudi Laurent p-adic, vanh céc chudi



Laurent p-adic, chuin ctia mot chudi Laurent p-adic, chi so t6i dai, chi
sO t0i tiéu, da thitic r — dominant, da thic r» — extremal, ... sau d6 qua
cdc ménh dé trinh bay chi ti€t hon vé chudi Laurent p-adic: Diéu kién
kha nghich, s6 ban kinh t6i han,...

Chuong 3: Cac dinh li quan trong :
Chuong nay sé& st dung phan ki€n thic chuin bi § chuong 1 va céc tinh
chi't & chuong 2 d€ chitng minh nhitng dinh 1i quan trong vé chudi Lau-
rent p-adic: Pinh 1i vé phép chia Euclide, dinh li Weierstrass. Cudi cling
12 mot s& tng dung clia dinh li Weierstrass: Dinh 1i vé s6 khong diém
vd mot s6 vi du cu thé d€ tinh s& khong di€m clia mot chudi Laurent
p-adic, dinh li Poisson - Jensen.

Vi thdi gian khong nhiéu va kié€n thiic con han ché nén luin vin sé khong
tranh khdi nhitng sai s6t. RAt mong nhan dugc nhitng gép y cla quy thay cd
d€ luan vin hoan chinh hon.



Chuong 1

KIEN THUC CHUAN BI

Chuong nay sé trinh bay nhitng ki€n thitc cd ban can cho céc chuong sau.

Bit diu tir @, nhu di bi€t 12 khong ddy di va khong déng dai s6, d€ thuan

tién nghién citu, ta s€ x4y dung mdt trudng “dep” hon - vira d6ng dai s6 vira
day da.
T @ xay dung cdi day dd clia n6 1a Q, nhung @, du diy dd lai khong déng
dai s6, do vdy ti€p tuc xét bao déng dai s§ clia @, 1a Q%, tuy nhién né lai
khong ddy dd, cudi cung phai xay dung cdi ddy di cha Q & d€ dudc trudng s6
phtc p-adic C', “dep” nhu mong mudn.

Q—>Qp—>QZ—>Cp

Do vay, & chuong nay, ngoai cdc khdi niém cd ban nhu chuin phi Archimede,
nhém gi4 tri, trudng thing du cda mot trudng -da trang bi trén d6 mdt chuin
phi Archimede- va céc tinh cht clia nd, ... ta sé di xdy dung trudng cdc s6 p
- adic @, d€ sau d6 xay dyng trudng s6 phic p-adic C .

Vi phan chinh s& la chuong 2 va dic biét 1a chuong 3 nén & chuong 1,
nhi€u k&t qud chi néu ra chit khong ching minh hodc chi néu tém tit chid
khong di vao chi ti€t cu thé.



1.1 Pinh nghia chudn phi Archimede

Cho F 1a mdt vanh, mot chuin phi Archimede trén F' la mOt d4nh xa:
| |: F — R, thda cdc di€u kién:

(1) la] =0« a=0.
(i7) la.b| = |al|b|,Va,b € F.
(1i1) la + b| < max{|al, |b|},Va,b € F.

N&u F 1a mot trudng va | | 14 mot chudn phi Archimede trén F thi ta s&
goi cdp (F,| |) 1a trudng phi Archimede.

1.2 Mét so tinh chat cia chuin phi Archimede

Cho F 1a mot trudng v6i chudn phi Archimede | |.

Chuin phi Archimede c6 cdc tinh chdt cd ban nhu tri tuyét d6i thong thudng:
1

| ES

Ngoai ra chuan phi Archimede con c6 cédc tinh chat sau day:

1
— = 1 :1, — | =
|—z| =z, [ |~

Tinh chat 1.2: N&u |z| # |y| thi |z + y| = maz{|z|, |y|}.
Tinh chit nay c6 thé phat bi€u thanh 13i nhu sau: Trong F moi tam gidc déu can.

That vay, gid st mazx{|z|,|y|} = |z|, ma |z| # |y| nén

o>l (1)
Theo tinh chdt cia chuan phi Archimede va (1.1):

|z +y| < maxfzl, ly[} = [z]

] = |(z +y) =yl < maz{|z +yl, [y]} = [z +y|
Suy ra: |z +y| = |z|.
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1.3 Nhom gia tri, truong thing du

Cho F 1a mt trudng, | | 1a mot chuén trén F, dit F* = F \ {0}.
Nhom gid tri cia (F,| |) 1a: |[F*| = {|z|: z= € F*}

bitt A={z e F: |z| <1}

Va: M ={z € F: |z| <1}

Dé dang chitng minh dudc ring A 1a mot vanh con clia F' va M 1a mot
ideal t0i dai cia A.

Do vy F' = A/M la mot trudng.

Ta goi F 1a trudng thing du cda F.

1.4 Tinh chat dic biét cia diy trong trudng véi
chuan phi Archimede

Cho F 1a mdt trudng v6i chuén phi Archimede | |. Ta c6:

a) (z,)la day Cauchy khi va chi khi (z 1 — z,,) — 0.
Chiéu (<) 1a hi€n nhién, ta s& chitng minh chiéu (=).
Gid st (ni1 — ) — 0, khi d6:

Ve > 0,3IN :Vn,n > N = |xp41 —xn| < € (1.2)

Do vay, Vm,n,m > N,n > N, gia st m > n,m =n + k, ta co:

[Tm — Tn| = [Tnik — Tn|

- |(ajn+k - xn+k—1) + (ajn+k—1 - xn+k—2) + ...+ (ajn+1 - xn)|

<max{|Tntk — Tntk—1ls |[Tntk—1 — Tngr—2|, - |[Tny1 — Tpl} <€
(Do (1.2))

Vay (x,) la day Cauchy.
b) (x,)la diy Cauchy va =, — 0 thi day |z,| 1a day dung,

nghia 12 tOn tai N sao cho: |z,| = |zy|,Vn > N
Vi x,, - 0 nén:
Je > 0 sao cho J(ny)s d€ |z, | > € (1.3)

Vi (x,,) 1a ddy Cauchy nén v6i € § trén, AN : Vm,n,n > N,m > N
= |z, — x| <€
Chon ng, sao cho ng, > N, khi d6:
Vm > N = [Ty, — Tny, | <€ (1.4)

Viy Vm > N
= [(zm — anO) + anO| = maz{|Tm — Lng, I |xn1<o I} = |xn1<o .
(Do (1.3),(1.4))
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¢) Cho (F,| |) la mdt trudng phi Archimede, déng dai s6 va day dd.
Khi do, ta co:

+oo
Néu lim |a,| =0 thi Z a, hoi tu trong F .
[n|—+o0 n=-—o00
Chirng minh:
+oo
x TruGc hét ta ching minh: Z ap, hdi tu trong F' khi va chi khi lim |a,| =0

s n—-4o00

n_n

Mbi n > 0, dit : s,, = Zai.

i=0

Do F' 1a ddy dd va theo nén:
(Sp)n WOitu < (sp), la diy Cauchy

& lim s, —sp-1| =0 (theo b)
n—-+4oo
& lim |a,| =0
[n|—+o0
—+o00o
x Ti€p d6, ta ching minh: N€u lim |a,| = 0 thi Z a, hoi tu trong F'
[n|—+o0 .
Ta co:
400 400 —1
doan = D an + ) a
n=—oo n=0 n=—oo
“+o00o “+o00o
= Zan + me véim=-n, b, =a_,, =a,
Do vay:

lim |a,| =0
In|—+o0

& nll)rfoo lan] =0  va ml—i>I£oo |bm| =0
+00 Foo
& Z an va Z b, hdi tu trong F
n=0 m=1
—+o00o

= Z an hoi tu trong F

n=—oo
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1.5 Ca4i day da cia mot trudong

LAy (F,| |) 1a mot trudng phi Archimede.
Dit S 1a tap tat cd cdc ddy Cauchy trong F' v6i chudn | |.
Trén S ta xét mot quan hé 2 ngdi ” ~ 7 nhu sau:

() ~ (Yn) <~ (xn, — yn) — 0 khi n — oo.

Dé thdy ring quan hé ” ~” 1a mdt quan hé tuong duong (thda cic tinh
chat phdn xa, ddi xitng va bic ciu). Quan hé twong duong nay chia S
thanh cdc I6p tuong duong.

Ki hiéu 16p tuong duong chia day (z,,) 1a (z,).

bit: F = {(z,) : (z,) € S} 1a tap tat ca céc 16p tuong duong chia S trén
quan hé tuong duong ” ~ 7.
Nhu vay:
(zn) = (27,) & (zn) ~ (27,) & (2 —27,) — 0
& |z, — )| — 0 khi n — +o0.

Trén F ta dinh nghia cdc phép todn cong va nhan nhu sau:

() (Tn) + (Yn) = (Tn + Yn)

e Ta dé dang chitng minh phép todn cdng va nhan dinh nghia & trén 1a hdp li.

e Phin ttr 0 trong F 12 16p cdc diy s6 hoi tu d&n 0 trong F, ki hiéu 0.

e Moiz € F,z #0, ta chitng minh ring 2 c6 nghich dio trong F.
That vay, gid st = = (z,,) # 0 = z,, = 0.
Theo tinh chdt 1.3 b, ta ¢6: |z ,| 12 day ding, tic 1a:
AN : |z, =a,Yn >N  v6ia > 0.

1 — 1 1 —
Suy ra: (—) la day Cauchy va (a:n)(—) = (azn—) =1
Tn /) n>N Tn Tn
Do dé:

1
rl = (—) la nghich ddo ciaxtrong F
Ln n>N

Vay F véi hai phép toan cong va nhin trén l1ap thinh mot trudng.
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o Chuin phi Archimede trén trudng F:

Vi = (z,,) € F, ta dinh nghia |z| = lim|x,].
DE dang chitng minh dugc rang (F,| |) 1a mdt trudng phi Archimede
day da.

Hon nita ¢6 thé xem F 12 mdt trudng con ciia F do phép nhiing:

1 F— F

a — (ay) véi a, = a,Vn

Chu&n phi Archimede trén F dudc goi 12 md rong cia chudn trén F.

Ta goi F 1a cai diy dua cta F.

1.6 Bao déng dai s6 ciia mot trudng

DPinh nghia: Cho F 1a trudng con cla trudng K, ta goi trudng déng dai
s6 nhd nha't trong K con chita F 1a bao déng dai s6 clia F, ki hiéu la: F @,

Chuén trén F° : Liybitki a € F.

Do F'* 1a bao déng dai s6 cia F' nén « 1a nghiém cia mdt da thitc nao dé trén
Fz], ta goi da thiic ¢c6 hé s6 cao nhdt bing 1 va ¢6 bac nhd nhat trong cdc da
thic trén F[z] nhan o 1am nghiém 1a da thic 5i ti€u cla « trén F.

Gia s da thic t6i ti€u clia o trén F 14 f(2) = 2" +an_12"" '+ ...+ a1z + ag
bac n.

Khi d6 ta dinh nghia chuin clia o trén F ¢ nhu sau:

la| = |ag|*™ véi |ag| 1a chudn ciia ag trén F.

Ta chiing minh dudc chudn dinh nghia & trén 13 mot chudn trén trudng F ¢,
hon nita né 12 md rong cla chudn trudng trén F.
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1.7 Q,- Cai day dua cha Q

o Chuin phi Archimede trén Q :

Cho p 1a mot s6 nguyén 0.

*Véin e Z,n#0:n=p*k véi (k,p) =1, ta dit: ord,(n) = a.
Nhu vay: ord,(n) = a < p*n va p*t {n.
Dé thdy: ord,(m.n) = ord,(m) + ordy(n),Ym,n € Z.
Hon ntta: ord,(m +n) > min{ord,(m),ord,(n)}
That vay, gid st: min{ord,(m),ord,(n)} =«
= ordy(m) > a va ordy(n) > a = p%n va p®|m = p®|(m + n)

= a < ord,(m +n).

* V6in =0, ta quy udc ord,(0) = +o0.

*VéixzeQ,x#0,gid st x = ™ i (m,n) = 1.
n
Ta dinh nghia: ord,(x) = ord,(m) — ord,(n).

Tuong tu nhu trudng hdp s nguyén, ta cé thé chiing minh dugc:
ord,(z.y) = ordy(x) + ordy(y),Vz,y € Q.
va ordy(z +y) > min{ord,(z),ord,(y)}

» Dinh nghia chuin phi Archimede trén Q:
| p: Q—R
0+— 1[0, =0

r# 0,0 |z|, = p @

Dé thdy | |, thda cdc di€u kién (i), (1) va (iii) trong dinh nghia ctia
chuin phi Archimede.

e Chuin phi Archimede trén trudng Q, :

Vo = (z,) € Qp. ta dinh nghia |z| = lim|z | (V6i| | =] |p)

(x) DEé thdy | | 1a mdt chudn phi Archimede trén Q ,,.

(x) Chuan | | trén Q, 12 md rdng clia chudn | | trén Q.
That vay, v6i a € Q, ta xem a = (a,) € @y, trong d6 a,, = a,Vn.
Ma: |a| = lim|a,| = lim|a| = |al.
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e Ménh dé: Mo ta Q, :
Méi x € Q, déu cé khai trién duy nhat:
+oo
T = anp", me Zvoi 0< b, <p, Vnva b, #0
Va khi dé: |z| = p—™.
e Nhém gia tri, trudng thing du cua (Q,, | |)
Ta c6:
Nhém gid tri ctia (Qyp,| |) 1a: [Q)| ={[z]: z€ @} ={p™: meZ}
bit: Z, ={ze€Q,: |z| <1}
Va: M ={z€Q,: |z|<1}=0pZ,
Trudng thing du cia (Q,,| |) la: Q, = Z,/pZ,.

e Ménh dé: : Q, khong déng dai sd.
Do viy, ta s& xay dung bao déng dai s6 cliia @ , 12 Q-

1.8 Q¢ : Bao déng dai s6 cia Q,

Nhom gid tri cda (Qp, | [)1a: [(Qp)"| = {lz]: [ [z € (@)} ={p”: acQ}.
That vay:

*x V6i moi z € Qj, ta chiing minh |z| € {p©: o€ Q}.
Gid st da thic t6i ti€u clia z trén Q, 12 f(2) = 2" + ap_12" 1 + ... +
aiz +ag .
Khi d6 chuén ciia z trén (Q%)* :
2| = |ag|*/™ V6i |ag| 1a chudn cla ag trén Q,.
Viag € Qp nén |ag| € |Qy| = {p™ :m € Z}.
Suy ra: |z| € {p®:a € Q}

* Ngugc lai, 18y p*, o € Q, ta chiing minh p® € |(Q%)*.

Ta cé a € Q, do viy a = ™ y6i m,n € Z,n>0,(m,n) = 1.
n
Vi Q5| ={p™ :m e Z} nén I € Q, d€ |b| = p™.
Xét g(z) = 2" — b € Qplz], do Q% 1a bao déng dai s6 clia @, nén g(z)
c6 mot nghieém thudc @7, gid su 1a y.
Khi d6: y" —b=0=|y|" = |b| =p™
= [yl =p™/" =p

Suy ra: p® = [y| € [(Q})"|

(0%
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Ménh dé: Q¢ khong ddy di.
Do viy, ta s& di xay dung cdi ddy dd clia Q5.

1.9 C,: Cai day dii cha Q!

Viéc xdy dung C) 1a cdi day di clia Q¢ tuong ty nhu xdy dung @, 1a cdi day
dd cua Q.

Ménh dé: C,, vita déng dai s& vita ddy di.

Nhém gia tri, truong thing du cua C, :
Dé thay:
Nhém gid tri cia (C),| |) la:
ol = {la]: w€Chh= @) = {p*: acQ)
bitt O={zx e C,: |z|] <1}
Va: M={zeC,: |z|<1}
Trudng thing du cia (Cp,| |) la: Cp = O/ M.

1.10 Mot sé ki hiéu

Cho cdc s6 thuc r > 0,71 > 0,79 > 71
Al ={:€Cp: JH <1}
Ary={z€C,: |zl <r}
Alri,rel ={2€ Cp: 1 <|z| <12}
A(ry,mel ={z€ Cp: 1 <|z| <12}

Alri,me) ={z€ Cp: 1 <|z| <12}
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Chuong 2

XAY DUNG CHUOI
LAURENT P-ADIC

Tir nhitng ki€n thitc chuidn bi & chuong 1, chudng nay ti€p tuc trinh bay
thém mot s6 khdi niém: Ham gidi tich p-adic, chudi Laurent p-adic, vanh céc
chudi Laurent p-adic, chudn ctia mot chudi Laurent p-adic, chi s6 t8i dai, chi
sO t0i ti€u, da thic » — dominant, da thic r» — extremal, ... sau d6 trinh bay
chi ti€t hon vé chudi Laurent p-adic. Tt ménh dé 2.2.1 dé€n ménh dé tir 2.2.9
s€ md ta cdc tinh chit co bdn cta chudi Laurent p-adic va cdc tinh chit nay sé&
dudc st dung rat nhiéu & chuong 3. Do vay, cdc ménh dé ndy sé dudgc ching
minh rit rd rang, chi tiét.

2.1 Mot s6 khdi niém

2.1.1 Ham giai tich p— adic

bit:
n=-4oo
Cpllz]] = {f = Z cn2”™ | cn € Cp}
n=0
Trén C)[[2]] ta trang bi phép todn cdng va nhin nhu sau:

Véi:

n=-4oo n=-4oo

f= Z cn 2" , g= Z b, 2"
n=0 n=0
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thi:
n=-+oo
frg= ) (catbn)"
n=0
va
n=-+oo
f.g= Z an2" trong dé ap = Z cib;
n=0 1+ji=n

Dé thdy C)[[z]] v6i cdc phép todn cdng va nhin & trén 1ap thanh mdt vanh, ta
thudng goi 12 vanh cdc chudi lily thira hinh thic trén C' ).
Cho r 12 mdt sd thuc duong, ta dit:

n=-+oo

Alr] = {f = Z cn2" | en € Cp,nli)riloo len|r™ = O}
n=0

Khi d6, A[r] cing v6i cdc phép todn cong va nhidn § trén 14p thanh mot vanh

con clia vanh cdc chudi liy thira hinh thic C,[[2]], va dugc goi 1a vanh cédc

ham gidi tich p—adic trén hinh cau A[r].

n=-+oo
MGi f = ) ¢,z € Alr] duge goi la mot ham gidi tich p— adic trén
n=0
Alr].
Tuong tu, ta chitng minh dugc:

n=-+oo
A(r) = {f = Z cn2" | en € Cp,nll)rfoo len|r™ = 0,Vr < r}

n=0

Vé6i cac phép todn cong va nhidn & trén lap thanh m6t vanh con clda vanh
Cyllz]]-

2.1.2 Chudi Laurent p— adic

bit:
n=-+oo
Alry,ra] = Z cn2 | ep€Cp, lm e, |r" =0,Vriry <r <y
it [n]—+o0

Trén A[ry, o] ta trang bi phép todn cong va nhan nhu sau:
Véi:
n=-o00 n=-o00

f= Z cpz” , g= Z b, 2"

n=—oo n=—oo
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Ta dinh nghia:

n=-+oo
Frg= ) (catbn)"
n=—oo
va
n=-+oo
fg9= Z a,z" Vv6i: a, = Z cib;
n=—oo 1+j5=n

Dé dang chiing minh dugc ring A[r1,72] cing v6i phép todn cOng va nhin
trén 1ap thanh mdt vanh.

That vay, vdi cdc ki hiéu & trén, c6 thé thay f+ g € A[r1,72] do bt ding
thifc tam gidc clia chuin phi Archimede.
Bay gio ta sé¢ chitng minh ring f.g € Alr;, 7]

% That vdy, mdi n € Z c6 dinh, ta sé& chitng minh a ,, dinh nghia nhu trén la
hgp 1i hay Z cibj hoi tu.

1+ji=n
+o0
Chonr > 0,71 <r <ry,taco: Z cibj = Z Cibn—i
1+j5=n 1=—00

Ma |i| — +oo thi |n — i| — +oo do n 12 s6 ¢ dinh.

Do d6: Khi |i| — +oo thi |eibn_i| = (|ci|r?) (|bp_s|r™ )r=™ — 0
(V\l f)g S A[TlaTQ])
Hay: lim |c;b,—;| =0 khi |i] — +00

Jil—+o0
= ) c;b; hoit (theo ménh dé 1.4).
1+ji=n

x Ti€p d6 ta s€ ching minh: lim a,r" =0
In|—+o0

Véimoir:ry <r <rg,taco:

apr’ = Z (cir®)(bjr?)

1+i=n

Xéti,7 ma i+ j =n, néu |n| — +oo thi
Gid st [i| — +o0, ta c6: |
|cilr*|bj|r? < leilr'lgly — 0, do f € Alri, 7.

i] — 400 hodc |j| — +oc.
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Trudng hgp |j] — +oo ta cling ¢6 két qud nhu trén.
Do dé:

janlr™ = > (cir') (b)) < irﬂi}%ﬂcﬂr%ﬂﬂ} — 0 khi [n| — +o0

1+ji=n
n=-4+oo
Phan ti khong la: Z 0.2", viét gon la 0.
n=—oo

Phan ti don vi la: 1+ Z 0.2", vi€t gon 1 1.
n€Z,n#0

Alry, ;] duge goi la vanh cdc chudi Laurent p- adic trén Afry, r5].

Mbi f € Alry,re] dudc goi 1a mot chudi Laurent p - adic trén Alry, 7]
hay f 1a gidi tich trén Afrq,rs] .

Tuong tu, ta ciing chitng minh dugc:

n=-+oo
A(ry,ra] = { Z cn2" | en € Cp, |n|li)rrioo len|r™ =0,Vrir <7 < rg}

n=—oo

n=—oo

n=-4oo
Alri,7m2) = { Z cn2" | en € Cp, |n|li)rrioo len|r™ =0,Vrir <r < rg}

v61 phép todn cOng va nhan trén la cdc vanh .

2.1.3 Chuén ctia mot chudi Laurent p—adic

Cho vanh Afrq,ro] va s6 r:ry <71 < ro.
Khi d6: Véi moi
n=-4+oo
f= Z ez € Alry, o]

n=—oo

ta dinh nghia:

|flr = max len|r"™

Ta sé chitng minh dinh nghia trén 1a hgp li, vi né€u » = 0 thi maZX|cn|r" =0
ne

nén chi cAn chitng minh max |c,,|[r™ ton tai véi r > 0.
nez
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That vay, xét 2 trudng hgp:
* Trudng hgp 1: ¢ = 0,Vk thi max len|r™ = 0.
x Trudng hgp 2 : Gid st ton tai k sao cho ¢ # 0 .

Khi d6, do lim |c,| =0nén AN > 0:Vn,|n| > N = |c,|r™ < |egx|r®

In|—o0
Suy ra:
n __ n __ n __ n
:22 len|r™ = —NS;T:E)SN len|r™ = _nax len|r™ = max len|r

Nhu vay, trong cd 2 trudng hop, ta déu chitng minh dugc max. e |r™ tOn tai.
ne

Ngoai ra, tif chi'ng minh trén ta ciing suy ra ring:
Trong trudng hgp f # 0 va mét trong 2 diéu kién hoiic 7 > 0 hodc f(0) # 0
thitap {n € Z:|c,|r" = |f|,} chi cé hitu han phan tid.
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Hon thé, ta con c6 :

Ménh dé: Néu f va g la cdc chudi Laurent p-adic trén Alry,rs] va vdi
moi r:ry <r <ry thi:
|/ + glr < mazf[fl, g}

|fg|r = |f|r|g|r

Hon nita: Néu r > 0 thi | |, la mt chudn phi Archimede trén Alry,rs)]

Ching minh:

Gia st
n=-+oo n=-+oo
f(z) = Z anz" va g(z) = Z b 2"
n=-—0oo n=—oo

* Ching minh |f + g|, < max{|f|:,|g|+}

n=-+oo

f(2)+9(2) = Z (an + by)2"

n=—o00
Vay: |f + g|, = max |ay, + by |r" < max{max{|ay]|, |bn|}r"}
! < max{maz{|an|r™, [bn|r"}}
< mZa:{mgx lan|r™, max by |7}
< maz{|flr |glr}

x Ching minh |fg|. = |f]||g],

n=-+oo
(f.9)(z) = Z cn 2" véi ¢, = Z a;b;
n=—oo 1+j5=n
biat: K; = K(f,r), Ky = K(g,r) (2.1)

N&u f = 0 hodc g = 0 thi hién nhién ta c6 tinh chat trén, ta xét trudng
hgp f # 0 va g # 0, khi d6: K1, K2 1a hitu han.
Xét e+ K, = Z aibj
i+j=K1+K2
Trong cdc s6 hang cla ¢ i, 1 k,, €6 ax, br,.
Néu i > K thi |a;|r! < |ag, [r5* (do (2.1))
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va vi: |b;|rd < |bk,|r%2,Vj e Z
Nén:
Ki+K2 _

lar, bre, |7 |ag, |r™ by [172 > Ja;|r'|bj|r?

Ki+Ksy Ki+Ks>

= |CK1+K2|T max K |ai|ri|bj|rj = |aK1||bK2|r
2

i+j=Ki1+
(Tinh chit ctia chudn phi Archimede).
Tuong tw, n€u i < K thi j > K, va chitng minh nhu trén ta ciing co:

Ki+K2 _ Ki+Ks>

[ oun A @, [[bre, |

Vay:

[falr > lerysralr™ 02 = lag, [|br, [r 752 = |l gl (2.2)

Hon nita, Vn € Z,¢,, = Z cn2", ta co:
1+ji=n
lenlr™ = | > aibr™| < max |a;|[b;|r™ < max [a;|r’[b;|r?
itj=n i+j=n i+j=n

K2 — K1+K2

< age, [r™ b, |r [N
= |fg|r < |CK1+K2|TK1+K2 = |f|r|g|r (23)
Tir (2.2) va (2.3) suy ra: |fg|, = |f]-|gl-

Trong trudng hgp r > 0 ta thay ngay: |f|. =0 < f = 0.
Do vay, | |- 12 mdt chudn phi Archimede trén A[r 1, rs].

Nhan xét:
Mbi f ¢d dinh, | |, 12 ham lién tuc theo r, | f|, khong gidm theo r.
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2.1.4 Chi sé toi dai K(f,r), chi s6 toi ti€u k(f,r) va ban kinh
t6i han (di€m t6i han)

Cho:

n=-+oo

f= Z ez € Alry, o]

Véimoir:ry <r<ry
Néu f = 0, ta dinh nghia:
Chi s6 t8i dai K(f,r) = 400 va chi s t6i tiéu: k(f,r) = —oc0
Néu f # 0 va mdt trong 2 di€u kién hodc r > 0 hodc f(0) # 0 khi dinh
nghia | |, ta dd ching minh tdp {n € Z : |c,|r™ = |f]|,} chi c6 hitu han
phan t, do dé:
min{n € Z : |c,|r™ = | f|+}
va  max{n € Z : |e,|r™ = |f],} tOn tai.

Khi r # 0 hodc f(0) # 0, ta dinh nghia:

Chi so toi dai:

K(f,r)=max{n € Z : |c,|r" = |f|+}

A 4 Ale o A
Chi s0 toi tiéu:

k(f,r)=min{n € Z : |c,|r" = |f|}

Khi »r =0 va f(0) =0, ta quy udc:

K(f,r)=min{n € Z :|c,| #0} va k(f,r)=0

Mot ban kinh » ma K(f,r) > k(f,r) dugc goi la mét ban kinh tGi han
(diém téi han).

Nhan xét:
Cho truéc

n=-4oo

f= Z ez € Alry, o)

n=—oo

khi d6: K(f,r) khong gidm theo r,Vr € [rq,rs].
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Ching minh:
Gid st 1,72 € [r1,72] VA r1 < 79, ta s€ chitng minh: K (f,r1) < K(f,72).
That vay, gia st ngugc lai K(f,r1) > K(f,r2).
bit K1 = K(f,rm), Ky = K(f,r2), ta c6: K7 > Ky va:

|aK1|T§{1 < |aK2|T§{2 va |CLK1|T{{1 > |aK2|Tf{2

Do do:
T2 Ky
e rf" = o 11 (2)
L]
o\ K
> forlri® (2)
L]
- Ki—Ko
= |ag, |ry r 25 = |ag,|rs <_)
™
o\ K1-K3
>lomlrt (2) > lam
r1
(Do rg > r; va K1 > K9)
Tic la: lag, |r5 > Jag, |[rit - vo i,

Viy ta phdi c6: Ky < K, hay K(f,r1) < K(f,r2)
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2.1.5 Da thdc r—dominant va da thuc »—extremal

DPinh nghia: Cho r 12 mot s thuc duong.
Pa thic P dugc goi 1a r—dominant néu K (P,r) = deg(P) va dugc goi la
r—extremal néu P 12 r—dominant va k(P,r) = 0.

Ménh dé: Mot so tinh chat:

a) Véi f(z) € Alr1,re) va moi r:ry <r <o, ta cé: |f(2)|r = |f(z71)]-1.
b) Néu P(z) la da thicc r — extremal thi 249 P(2z71) la da thitc v~ —
extremal.

c) Néu ro > r va P(z) la da thitc v — dominant thi P(z) la da thitc ro —
dominant.

Ching minh:

a) V6i f(z) € Alr1,re] vamoir:ry <r <y, taco: |f(2)], = [f(z71)|p-1.

That vay: Gia st f(z Z anz
nez
Khi dé:  f(z7') =) anz"
nez

= |[fTH1 = maxfan|(r™) ™" = max fanr" = [ f(2)],-

b) N&u P(z) 1a da thic r — extremal thi z9¢9P)P(z~1) 1a da thic r—' —

extremal.

Vi: Néu P(z Z anz", tec 1a: P(z) =ag+ a1z + ... + apn2™
n=m

thi 299V P(271) = apz™ + .+ amo1z + am = Y bn2" = Q(2)
n=0

( v6i b, = a,,_,) cling 1a mot da thic bac m.
Hon nita: |Q(z)[} = ax by 7" =  max |y —p |7 ™"
=7~ ™ max |am_n|r" " =7r"" max |a,|r".

0<n<m 0<n<m



26
Nhung vi P(z) 1a r — extremal nén max |a,|r" = |amr™ = |ag|-
0<n<m

Do d6: [Q(2)| = [bo| = [bm|(r~")™)
hay K(Q,r~ 1) =m va k(Q,r~1) = 0.

Vay: Q(z) 1a r—! — extremal.

¢) Néu ry > r va P(2) la da thic r — dominant thi P(z) 1a da thdc ro —

dominant.
Vi P(z) = Z anz" 1a da thic r — dominant nén K(P,r) = m.
n=0

Ma véi P ¢8 dinh thi K (P, s) khong gidm theo s nén K(P,r2) > K(P,r).

Do d6: m > K(P,r2) > K(P,r) =m nén K(P,ry) = m.
Vay P(z) la da thic ro — dominant.

2.1.6 Ham dém

Dinh nghia: Cho f € A[r1,7ma], f #0vasor:r <r <r,.
Ta dinh nghia hAm d€m N(f,0,) nhu sau:

Né&u ry =0 thi N(f,0,7) = K(f,0)logr.

r

N&u ry > 0 thi N(f,0,r) = > log|z|

0#z€A[r1,r]: f(2)=0
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2.2 Mot sé tinh chat

Ménh dé 2.2.1: Vanh cdc chudi Laurent p-adic Alri,r2] la ddy di véi
chudn:
[flsup = sup [f]

r1<r<rg
Ching minh:

LAY (fn)n 12 mdt chudi Cauchy trong A[rq, 2], gid s:

m=-+o00
fn(z) = Z an,mzm
m=—00
Khi d6, véi n,n’ @i 16n, ta cé:
€ > |fn - fn’|sup = Sup (SUP |an,m — an/,m|rm) (24)
r1<r<rg m

Di€u ndy suy ra ring v6i mdi m cd dinh thi diy (a ,, ), 12 mOt ddy Cauchy,
do d6 né hoi tu téi b, nao do.

bit:
+oo
f(z) = Z bz
m=—00
Ta c6: @y m — by, khi |n| — 400 nén |ay, m| = |by| v6i n @l 16n.

Suy ra |by, |r™ = |anm|r™ — 0 khi [n| — +o00 hay f € A[ry,rq]
Ngoai ra, cho [n'| — 400 & (2.4), ta cé:
€ > |fn — flsup = sup (sup |@n,m — bm|rm)

vdi n dd 16n, tic 13 f,, — f v6i chudn sup & trén.
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Ménh dé 2.2.2: Tap tdt cd cdc bdn kinh téi han ciia mét chudi Laurent
p-adic la roi rac.

Ching minh:

Gia st f = Z a,2" 1a mot chudi Laurent p-adic v4i ban kinh t§i han r’, ta
nez
c6: K(f,r")>k(f,r).
bat K = K(f,r'), k=k(f,r).
N&u n > k thi hodic a,, = 0 hodc |a,|(r")™ < |ak|(r')E.

* Né&u r < 7/ thi:

n n n—k
anlr™ = (%) laal) < (5) larlG)* = () larlr® < arlr*
Vivay: K(f,r) <k. (2.5)

Ta xét hai trudng hgp:

Truong hop 1: a, = 0,Vn < k thi K(f,r)=k(f,r) =k v6i moi r < r’.
Do d6 khong c6 bdn kinh t6i han nao nhd hon r /.

Trudng hgp 2: Ton tai s6 n < k thda di€u kién a,, # 0, ta chon m 1a s&
nguyén 16n nhat con nhd hon k sao cho a ,, # 0..
|am|

Do a,, # 0 nén |ag| # 0 va thudng ﬁ xdc dinh, nén ta chon dudc:
ag
k—m
o= (leel)
|ag|
Khi d6: |G | (7)™ = |ag|(r"")E (2.6)
Ma  an|(r)™ < |ag|(r)* (2.7)

LAy (2.7) chia (2.6) theo v& rdi rit gon ta dudc: 1 < (r—)k_m va vi
r

k>mnénr"” <r’
Vi moir:r" <r<r’,do (2.5) tacé: K(f,r)<k. (2.8)

Mit khéc: _|am| =

axl (r'"E=m < pFmm (Do ! < 7).
ak
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= |am|r™ < |ag|r® = |a,|r™ < |ag|r*,¥n < k (Do cdch chon m).
= k(f,r) > k. (2.9)

T (2.8),(2.9) suy ra: K(f,r)=k(f,r)=k.
(Do k < k(f,r) <K(f,r)<k).

Tic 1a khong ¢6 bdn kinh t6i han nao nim giita r 7 va r’.

* LAap luan tuong ty véi r > r':

Ta c6 k(f,r) < K.

Va n€u goi M 1a s6 nguyén nhd nhat con 16n hon K sao cho a j; # 0
thi ta ciing ¢6: K(f,r) = k(f,r) = K va |ay|sM = |ax|s® v6i moi s6
ror’<r<svéis>r.

Nghia 1a cling khong c¢6 bdn kinh t6i han nao nim gitta r / va s.
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Ménh dé 2.2.2: Cho f € Alry,ra], f #0. Khi dé: f chi ¢é hitu han bdn
kinh toi han.

Ching minh:

x LAy r 12 mOt bdn kinh t6i han bat ki cGia f trong doan [r 1,73].
Vi f#0nénk=~k(f r)va K= K(f, ry) déu hitu han.
Ma K(f,r),k(f,r) khong gidm theo r nén:
k=Fk(f,r1) <k(f,r) < K(f,r) < K(f,r2) =K.

Do dé:
(k(f,r),K(f,7r)) € {(i,5) : k <i < j < K} =1-1a tap hitu han
(2.10)
* Gid st r,r’ 1a 2 bdn kinh t6i han cta f, r <r’ va gid st: f = Z anz".
nez
Khi d6, n€u dit k = k(f,r’) thi v6i moi n: n > k, ta co:
n_ (T\" N« (I\" ne _ (T\"F k k
anlr™ = (5) )" < (5) el = (5) el < Jaxlr
Vivay: K(f,r) <khay K(f,r) <k(f,r') (2.11)

* Bay gi® ta s€& ching minh tdp cdc ban kinh t6i han cia f chi c6 hitu han
phan ti.
Gia st ngugc lai, c6 vd han ban kinh t6i han, do (2.10) nén phéi ton tai
hai ban kinh t6i han r,r’,r # r’ sao cho:
(k(f,r), K(f, 7)) = (k(f, "), K(f,r") € L.
Suy ra: k(f,r)=k(f,r") < K(f,v") = K(f,r) (2.12)

Vi r # 7’/ nén c6 thé gid s& r» < 7/, trudng hgp con lai ta chiing minh
twong ty.

Theo chiing minh & (2.11), ta ¢6: K(f,r) < k(f,r’) - di€u ndy mau
thuin véi (2.12).

Vay f chi ¢6 hitu han ban kinh t6i han trong [r 1, r3].
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Ménh dé 2.2.4: Chor: r1<r<rova f,g€ Alri,ra] . Khi dé :

K(fg,r)=K(f,r)+ K(g,r)
k(fg,r)=k(f,r)+k(g,r)

Ching minh:

Dé thdy ménh dé ding cho trudng hgp f = 0 hoic g = 0, ta chi cin chitng
minh cho trudng hgp f # 0 va g # 0, khi d6 K(f,r) va K(g,r) déu hitu han.
Tru6c tién ta ching minh dinh Ii ding véi K, tuong tu, bing cdch thay z bdi
2z~ !, ta chitng minh dinh 1i ciing ding cho k.

Gia su:
f(z) = Z anz", g(z) = Z cn 2"

nez nez

fa(z) = Z cn2", cp = Z a;bj,Vn € Z

nez 1+j5=n

LAy m = K(f,r)+ K(g,r) thi :

Cm = Z aibj

+j=m

Mot trong nhitng s6 hang cda tdng nay la a ,b; v6i s = K(f,r),t = K(g,r).
Ta c6:

adrelbelr _ |fllgl _ [fglr

lashi| = — s e (2.13)
x Xét cdc s6 hang khéc trong tong ¢ ,,,, n€u i < s thi j > ¢ nén:
flr 9]
|ai| < TZ.T va bj| < rjr
o ae frlsls _ 1fdl
g g
|aibj| < ;m T — rmr
Tuong tu:
o < Ll _ Lol e
rm rm
Tic la:
|aibj| < |fg|r ,V’L 7é S (214)

T.m
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Tir (2.13),(2.14) va tinh chit clia chuén phi Archimede, ta c6:

| fqlr
rm

lem| = hay|c,, [r™ = [fg];

Do vay: K(fg,r) > m. (2.15)

* Nhung n€u lai xét cdc sd hang khic ¢, = Z a;b;j ma n >m

1+i=n

thii+ j > mnén i > s hodc j > t.

1l < 8 g gy < Ll
rn

£l

rt

Né&u i > s thi

Tuong tu trong trudng hdp J > s tacling ¢6: |a ;bj| <
= |cn| < max{|a;b;| - ":;‘”
Tac 1a: |c,|r™ < |fgl-¥n > m.
Do vay: K(fg,r) <m. (2.16)
T (2.15) va (2.16) suy ra: K(fg,r) = m, nghia la:
K(fg,r) = K(f,r)+ K(g,7).




33

Ménh dé 2.2.1: Cho f e Alry,ro] va sé thuc r:ry <r <ry
Khi d6: Néu K(f,r) =k(f,r) thi f khd nghich trong Alr,r]

Ching minh:

Dé thdy: K(fz™,r) = K(f,r)+m, va tuong ty k(fz™,r) = k(f,r)+m.
Do vay, néu dit g = fz~*7) thi K(g,r) = k(g,r) = 0. (2.17)
Gia su:

g(z) = Z cpz" thi: g —co = Z cn2"

nez n€eZ,n#0

T (2.17) suy ra: |c,|r™ < |co|,Vn # 0.

Ma

cn|r™ — 0 khi |n| — 400 nén:
lg — colr = sup{|en|r™ : In| < N,n # 0} v6i N dd 16n.

[l
|g_CO|r
=|cgtg — 1| < 1.

Vay: |g — colr < |col hay: <L

Nhu vay: g7 ' = (co—(co—9)) " =cg (1 = (1 —¢5'g))~"
=y M+ (1—c' )+ (1 —cg g+t (1—c5lg)" +...].

Nhu vy, g kha nghich trong A[r, 7], ma z ~*/'") ciing khi nghich trong
Alr,r]va g = fz=*(7) do d6 f kha nghich trong Alr,r].
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Ménh dé 2.2.6:  DPa thitc P € C,[2] c6 K(P,r)—k(P,r) khéng diém (tinh
cd béi) véi chudn bdng r.

Ching minh:

bit K = K(P,r),k = k(P,r)
Khong mat tdng qudt, ta c6 thé gid sit P 1a da thifc don khdi.
Ta sé& di chitng minh ménh dé biing quy nap theo bac clia P.

e Xétn=1:P(z) =z+by
lbo|=7r=|P|l,=|bo|=r=K=1,k=0
= P ¢6 1 nghiém 1a —by c6 chudn bing r.
Viay K — k = S6 nghiém clia P c¢6 chuidn bing 7.
lbo| > r hoidc |bg| <7 = K =k = 0 va P khong c6 nghiém ma chuin
bing r.
= K — k = S6 nghiém cta P c6 chuin bing .
e Gid sit ménh dé ding véi moi da thifc cé bac nhé hon n, ta sé chiing
minh ménh dé ciing ding véi da thic P bac n.
Gid st: P(2) = 2" +b,_12" 1 + ...+ b1z + by va z; la mdt nghiém cda
P(z).
Ta c6:

P(2) = 2" +by_12" . by 2+-bg

=(z—21)(z" + an_12" 2+ .+ a1z + ag) = (2 — 21)Q(2)

V6i Q(z) = 2" +ap_12" 2+ ...+ a1z +ag

bit K1 = K(Q,r), k1 = k(Q,r).

Theo gid thi€t quy nap, Q(z) c¢6 ding K ; — k; khong di€m (tinh cd boi)
c6 chuin 1a r.

(2.18)
* Bay giv ta sé di xét tirng trudng hgp cu thé:
bo = —z1a0 = |bo| = lag||z|
Né&u k; > 0 thi |ag| < |ag, |75
R z
 Jaollza] < [zalJar, [ nén [bo] < 2 jaq e
(2.19)
N&u k1 = 0 thi |ag| = |ag, |r’:
R z
= lao||z1| = |21]lar, [ nén [bo| = Tl|l0w<1|7"K1+1
(2.20)

V6ij:0<j<k1 hoafch1+.1<j§n:
|bj|r) = laj—1 — z1a;[r’ (do |bj| = |aj—1 — z1a4])
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< maz{layafi=, E2 o,

< mazx{l, @}|aKl|rKl+1 . (2.21)
(do : ]aj_1|7"3_1 < |aK1|7"K1 & la;|r? < |aK1|7"K1

véimoi j:0< j<kyhoic K1 +1<j<n)

V6i j=k1 > 0va |z| <r thi
|b/€1 |rk1 = |ak1—1 - 'Zla/ﬁl'rk1

< maz{lag, 11, B oy
< (Jaaa )7 = foge 2.22)

V6i j =ki > 0va |z]| > r thi:

_ zZ
i P = a1~ 2 = o, 1l B )

_lal, e 2.23)

(Vi: Jag, |75 > |ag, 1 |r™ 71 va |z <7

= @|akl|rkl > |ag, —1|rF 1)

V6ij ik +1<j <K, th
. . Lz :
|bj|rd = laj_1 — z1a;|r? < maz{|a;_1|r7 ", %MJW}T

|z

< mazx{1, —1|}|CLK1|TK1+1 (2.24)

r

V6i j=ki+1va |z]| <r thi
|bk1+1|rkl+1 = |ak1 - Zlak1+1|rkl+1
z
= maa{los, ', g, o[ = fage, [0
(2.25)
(Vi: |ag, [r™ > |ag, 1 ]r™ T va |z < r

z
= |ak1|rk1 > Tl|ak1+1|rkl+1)

Vé6i j = K; va |z1| > r thi:
|bK1|TK1 = |aK1—1 - ZlaK1|TK1

_ zZ Z
= maa{lar, o7 g g = Bl e
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(2.26)
(Vi: |ag, |rEr > Jag, —1|rEr=t va |z > r
z _
= Tl|aK1|rK1 > |aK1_1|7"K1 by
V6ij =K1+ 1<nva|z|>r thi
|bK1+1|TK1+1 = |aK1 - ZlaK1+1|TK1+1
z

< maafla, rt, E g, [

< @|aK1|rK1+1 (2.27)
(Vi: |ag, |15 > Jag, 41 |rF L va 2] > r

z

= 71|CLK1|7”K1 > Jag, 1|+
Vé6ij=K;+1<nva|z|<rthi
|bK1+1|TK1+1 = |aK1 - ZlaK1+1|TK1+1
z

= maz{Jag, 1, A jagg i)

= |ag, [rErT? (2.28)
(Vi Jag, 11]|rErT < ag, |[rEr va |2 < r

z

= 71|CLK1+1|7”K1+1 <lag, |[r™")

Véi K; =n —1 thi:
b |r™ = 1™ = |ag, [rFi Tt (2.29)
(Vi: by = l,ak, = ap—1 =1)

*x TU cac két qua & trén, ta xét 3 truong hgp:

Trudng hgp 1: |z| = r:
Lic ndy, P ¢6 thém mot nghiém 1 2z so v8i Q va |z1| = r, do vAy sO
khong di€m c6 chudn bing r clia P = S6 khong diém c6é chuidn bing r
cia Q+1=K; —k + 1.

Do (2.19), (2.21):
bilrd < lag, |[rEH1V5:0<j <k; hoic K1 +1<j <n.
J 1
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Do (2.20), (2.23), (2.28), (2.29):

[bi, [t = [brc, g [P = Jag, |r

K1+1.
Do (2.24):
|bj|7”J S |CLK1|TK1+1 = |bK1+1|T'K1+1,Vj . k’l + 1 S j S K1 .

VQYK:Kl-i-lVﬁk’:k’l
=K-k=Ki+1-k =K1 —k +1
= S6 khong diém ctia P c6 chuin bing r.

Trudng hgp 2: |z]| < r:
Lic nay sd khong diém cé chudn bing r clia P = S& khong di€m c6
chudn bing r clia Q 12 K, — k.
Do (2.19), (2.21):
bj|r9 < |ag, |[rE1T V5 :0<j <k hodc K1+1<j<n.

Do (2.20), (2.22):
bk, |77 < |ag, [P

Do (2.28), (2.29), (2.25):

Ki+1 _ Ki+1 _

|bK1+1|r - |CLK1|T - |bk1+1|rk1+1'

Do (2.24) :
|bj|7”J S |CLK1|TK1+1 = |bK1+1|T'K1+1,Vj : k’l +1 S j S K1 .

ViyK=Ki+1vak=k +1
:>K—k’:K1+1—(k’1+1):K1—k’1
= S6 khong diém ctia P c6 chuin bing r.

Trudng hgp 3: |z| < r:
Lic nay sd khong diém cé chudn bing r clia P = S§ khong di€ém c6
chudn bing r clia Q 12 K, — k.
Do (2.19), (2.21), (2.27), (2.29):

b-rﬂ'<@aK rEitl i 0<j <k hodc K1 +1<j<n.
J r 1

Do (2.24):
b |7 < @|aK1|rK1+1,w ki +1<j<K —1.
T
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Do (2.20), (2.23, (2.26):

z
i = o [ = Pl e

Vﬁ.yK:Kl va k’:kl
=K-k=K| -k
= S6 khong diém ctia P c6 chudn bing r.
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Ménh dé 2.2.7:  Cho r la mét s6 thuc duong. Khi d6, tdp gdm tdt cd cdc
da thitc v — extremal bdc d va da thicc khong la tdp déng trong G,[z].

Ching minh:

Gia st (P,,) la mot diy cdc da thiic r — extremal bic d,

d
P,(z) = Zankzk, Gng 7 0
k=0

va gid st P, — P trong Cplz], P(z) = Zakzk, m # 0
k=0

Néu P # 0, ta s& ching minh P 1a da thic r — extremal bac d.

That vay, xét ddy cdc hé s6 tu do ctia day da thic (P,,), 12 (an0)n, Vi P, — P
nén P, (0) — P(0) hay a,o — ao..

Ti€p do6, ta xét ddy cdc hé s6 bac nhit cia diy da thic (P,)1a (an1)n, ta co:

Pn_anO P_a()
ﬁ

zZ zZ

d m
Hay: fi(z) = anl-l—z anp2® ™t — a1+z arz" 7t = g1(2)
k=2 k=1

Do d6: f1(0) — ¢1(0) hay am — ar.
Tuong tu, ta co:

fi—an1 g1 —a
= — —

f2(2)

= g2(2)

Mit khdc, néu m > d, thi ti€p tuc 1dp ludn nhu trén ta cé: @, — A, VI
(P,) 1a day cac da thic bAc d nén a,,,,, = 0,Vn, do vay: a,, = 0 - Tréi gia thiét.

Nhung néu m < d thi ti€p tuc 1ap luan nhu trén, ta co:
Unm — A VA Apg — 0 = | Py, = |apa|lr® — 0 (P, 1a da thic r — extremal
bac d).
Ma P, — P nén |P|, = lim|P,|, =0= P =0- Vo li.

Viy m = d nén P 1a da thic bac d, theo 14p ludn trén, ta c6:
nk — ar,Vk,0 < k <d, dic biét a,q — aq va a,g — ag (2.30)
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Ngoai ra, lai do P,, 1a da thic r — extremal bac d nén:
|Polr = lanalr® = lanol-

= |P|, = lim|P,|, = lim|and|rd = lim|ano| (2.31)

Tu (2.30), (2.31) suy ra:
|P|, = |ag|r? = |agl, hay P 1a da théc r — extremal bic d.
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Ménh dé 2.2.8:  Cho f € Alry,ra) va r € [r1, 7).

Khi dé, ton tai € > 0 sao cho: K(f,s) = K(f,r),Vs € [r,r +¢)

va tén tai § > 0 sao cho: k(f,s) =k(f,r),Vs € (r—6,r]

Do vdy, néu r khéng la bdn kinh tdi han ciia f thi ton tai € > 0 sao cho:

K(f,s) = k(f,s) = K(f,r) = k(f,r),Vs € (r = &1 +¢).

Ching minh:

Trong ménh dé nay ta s& st dung k&t qui sau:
Néu r < s thi K(f,r) < k(f,s) ( Chitng minh tuong ty ménh dé
2.2.2 (2.5)).

AN bat. K =K(f,r), gid su: f = Z anz".
nez
V6i moi j > K, ta ¢6: |a;|r < |ax|rF.

e Néua; =0,Vj > kthiviVs>r K(f,s)<K(f,r)=K nén:
K(f,s) = K, tc 1a ta ¢6 di€u can ching minh.
e Néutdntail > K : a; # 0, thi do f gidi tich tai 7 nén c6 mot chi s6 i > K
sao cho: |a;|r* > |a;|r?,Vj > K.
That vay:
Do f gidi tich tai r, tdc la  lim |a,|r™ = 0, nén:

|| —+o0
AN > 0:Vn,|n| > N, |ap|r™ < |a|r!
= Vj > N, l|a;|r! < |a|r’.
Do dinh nghia cia K, ta phai c6: K < N
* Truong hgp K < N:

<. ;. ; 1
bit: |a;|r' = maa:{KriljagN laj|r?, la|r}.

* Trudng hgp K = N, dat: ¢ =1, ta c6: _
Vji>K = j> N nén: |aj|r! <|alr’ = |a;|r.

Nhu viy trong cd hai trudng hgp ta déu chi ra dugc mot chi s6 i > K
sao cho:
ailr" > |a;|r?, Vi > K (2.32)

x Ton tai s, > r thda: Vs € [r,s,) thi : |a;|s® < |ag|s® (2.33)
That vay, ta da biét:



42

1

)Z_K(vii>K).

lax
|ai|

a;|rt < lag|r® = r <
|a;] lax|

1

|aK 1— K . ,
Chon s, : 7 < 5, < 2] thi: Vs € [r, s,) ta c6:
Qa;

—r .
s < s < ("l—K) o la;|st < |ag|s¥.

la;]

Hon nita: |a;|st < |ax|sE (2.34)
x Vi f cling gidi tich tai s, nén chi c6 hitu han chi s6 j > K sao cho:
|aj|s > |ails; (2.35)
That vy, vi f gidi tich tai s,., tic la:  lim |a,|s] = 0.
In|—+o0

= AN :Vn,|n| > N,|a,|s? < |a;|s
= V7, |j] > N, |a;|sL < |a;]st.

Do vay, néu |a;|s! > |a;|st thi —N < j < N, tic 1a chi ¢6 hitu han chi
s0 j thda man |a;|s) > |a,|st.

* Do (2.35) nén ¢6 th€ gid stt: {j > K : |a;|si > |a;|st} = {J1, Joasoes Jim }-
V6i mdi j, (n=1,2,...,m), chiing minh tuong ty (2.33), ta ¢6: s, > r

théa man: .
laj, | < |ax|s™,Vs € [r,s,)
Vi chi ¢6 hitu han j,, nén c6 thé dit: [r,r+e) = ﬂ [, 5n) ﬂ[r, Sr).
1<n<m
Khi d6, |aj, |s'" < |ak|s™,Vs € [r,r + €),Vjn (2.36)

* Vi j > K,j ¢ {j1,2, - Jm} thilai do (2.34) :  ai|s). < |ax|s)

Ma: laj|si > la;|st. (Do (2.35))

. i-K
= |aj|s) < |ak|sE = s, < <||Z—K|) :
J

lax

Do vay: Vs € [r,r+¢) = s < s, < (m
J

i-K .
) = |a;|s? < |ag|s™.

T k€t qud nay va (2.36), ta c6: Vs € [r,7 +¢),Vj > K : |a |8’ < |ak|s™.



43

Suy ra: K(f,s) < K.
Ma: K(f,s) > K(f,r)=K,dos <r.
Nhu viy: K(f,s) = K,Vs € [r,r +¢).

A Chtrng minh tuong tu cho: k(f,r), ta cling c6:
Ton tai § > 0 sao cho: k(f,s) = k(f,r),Vs e (r —4,r].

A Do vay, néu r khong 1a bdn kinh t6i han cta f thi:
K(f,r) = k(f,r) (2.37)
Mait khdc, theo chitng minh & trén:
Ton tai € > 0 sao cho: K(f,s) = K(f,r),Vs € [r,r+¢)
va ton tai § > 0 sao cho: k(f,s) = k(f,r),Vs e (r —6,r].
bit: £ = min{e, 0}, ta c6:
Vs € [r,r+ &), K(f,s) = K(f,r) mad K(f,r) <k(f,s) <K(f,s)
(do s > r) nén:

K(f,r)=k(f,s) = K(f,s) (2.38)
va: Vs € (r—=&,r),k(f,s) = k(f,r) ma k(f,r) > K(f,s) > k(f,s) (do
s < r) nén:

k(f,r) = K(f,s) = k(f,s) (2.39)

T (2.37), (2.38) va (2.39), ta co:

K(f,s)=k(f,s)=K(f,r)=k(f,7),Vse (r—&r+¢&)

T ménh dé nay, ta sé chitng minh mot ménh dé rit quan trong cho viéc
chitng minh cdc dinh 1i § chuong 3 - ménh dé 2.2.9. Nhd n6 ma ta ¢ thé thdy
16 su ndi ti€p clia cdc chi s§ tdi dai va chi s t6i ti€u clia mot chudi Laurent
p-adic: Né&u I1dy 2 di€m t6i han lién ti€p nhau thi chi s6 t6i dai tai ban kinh
t6i han nhd hon sé& bing véi chi s6 tdi tiéu tai ban kinh tdi han 16n hon.
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Ménh dé 2.2.9:  Cho f € Ajry,r3], r € [r1,r2] va s la bdn kinh t6i han
nhd nhdt trong [ry,rs] con lén hon r.

Khi dé: k(f,s) = K(f,r).

Tuong tu, néu t la bdn kinh tdi han 1én nhdt trong [ry,rs] con nhé hon r thi:

K(f,t) = k(f,r).

Ching minh:

bat: K = K(f,r) va k=k(f,s).

Vi s > r nén theo ménh d€ 2.2.8, ta ¢6: K(f,r) < k(f,s) hay K < k. Ta sé&
chiing minh: K = k.
Gia st ngugc lai K < k.

e ViVt € [r,s) thi theo ménh dé 2.2.8 K < K(f,t) <k nén tap hgp:
A={K(f,t):t€|r,s)} chi cé hitu han phan t.
Gid st A = {ml,mg, ...,ml} vé1 K S m; S mi+1 S k’,V’L = 1,2, ,l

e Ta chitng minh [ = 1, thdt vAy vi néu [ > 2 thi mdi 7 = 1,2,...,[, ta dit:
Li={telrs): K(f,t)=m;}

Thi ;N1 =@, Vi, j:i#jvalrs)= | I (2.40)
i=1,

* ViVt € I; va vti+1 S Ii+1 thi: K(f, tz) =m; < Myqp1 = K(f, ti+1)
Ma K(f,t) khong gidm theo ¢ nén: ¢; < t;41.
Suy ra: sup I; <inf I;1q va do d6: sup I; <infl;,Vi < j (2.41)

* Patty = sup Iy va to = inf I thi theo (2.40), (2.41) ta c6:
T S tl S tQ S S.
Talaico: t; =ty vinfut; <tothitdntait:t; <t <t (2.42)
Tacla: t€fr,s) mat ¢ Iy vat ¢ Is.
Theo (2.40), ton tai j > 2 dé: ¢ € I, nhung tir di€u nay ta lai c6: to <t
( theo (2.41)) - mau thuidn véi (2.42).
Nhu vay: sup [; =t; = to = inf Iy = t;.

* Néu to 12 mot ban kinh t6i han cla fthitg=svir <ty <svasla
ban kinh t6i han nhd nhat cia f con I6n hon r.

x NE&u to khong 12 bdn kinh t6i han clia f thi theo ménh dé 2.2.8:
Ton tai € > 0 sao cho:
K(f,t)=k(f,t) = K(f,to) = k(f,\to),Vt € (to— & to+ &) (2.43)
Visupl; =t; =tonénvéi& > 0, tontai s; € I; saocho: s1 € (tg—&, to].
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Do s; € I1 nén K(f,s1) =mq va s1 € (to — &, to] nén

K(f,s1) =K(f, to) (Do (2.43)).

Vay nén: K(f,tg) =m (2.44)
Vi inf Iy = t5 = ty nén véi f > 0, ton tai s € Iy : 59 € [to,to +§)

Do s9 € I nén K(f,s2) = mg va sg € [to,to + &) nén

K(f,s2) =K(f,to) (Do (2.43)).

Vay nén: K(f,tg) =mq (2.45)
Tu (2.44),(2.45) suy ra: mq1 = mo - Mau thuln v6i gid thi€t m < mo.

Nhu vay: l=1hay {K(f,t):te[r,s)} =K (2.46)

e Lai do ménh @€ 2.2.8, ton tai € > 0 sao cho:

k(f,t) =k(f,s) =k, vVt e (s—e,s]. (2.47)

LAy t = s —g/2, ta ¢6: k(f,t) =k (Do (2.47)).
Nhung khi d6, do » <t < s hay t € [r,s) nén K(f,t) = K.
Viy: K = k.

Tuong ty, n€u ¢ 12 ban kinh t6i han 16n nhat trong [r 1, r2] con nhd hon r thi:

K(f,t) = k(f,r).
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2.3 Dinh li Weierstrass cho ham giai tich p - adic

Dinh li Weierstrass cho ham giai tich p - adic :
Chor >0va feAlrl,f #0va d= K(f,r). Khi dé, ton tai mot da thiic
r — dominant bdc d la P € Cylz] va mdt ham gidi tich

oo
h(z) =1+ Z anz" € Alr]

n=1

théa man:

(i) f=Ph.

(ii) |h—1|, <1 hay K(h,r)=k(h,r)=0.
(iii) |f = Plr <|[flr
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Chuong 3

CAC PINH LI
QUAN TRONG

Chuong nay sé st dung phan kié€n thifc chuin bi & chuong 1 va céc tinh chat
§ chuong 2, dic biét 12 ménh dé 2.2.3 va cdc ménh dé tir 2.2.5 d€n ménh dé
2.2.9 @€ chitng minh nhitng dinh 1i quan trong vé chudi Laurent p-adic: Pinh li
vé phép chia Euclide, dinh 1i Weierstrass. Cudi ciing 12 mdt s6 ng dung cia
dinh 1i Weierstrass: Dinh 1i vé s6 khong diém clia mot chudi Laurent p-adic
va dinh 1i Poisson - Jensen.

3.1 Dinh li chia Euclide cho ham giai tich p-adic

Dinh li: :Cho mét s6 thuc r > 0, ham f gidi tich trén Alr] va P la mét da

thitc trong Cplz] véi P # 0 va la r — dominant.
Khi dé, ton tai duy nhdt mét cdp (q, R), R la mét da thikc, q gidi tich trén
Alr] thod man:

(i) f=Pq+R

(ii) deg(R) < deg(P)

(iii) |R[, < |f]»

() lalr < |f1+/1P]s-

Ching minh:

Né&u f = 0 thi hién nhién dinh li ding, ta chi cAn chitng minh cho trudng hgp

f#0.
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/A PAu tién ta chitng minh cho trudng hgp f 1a mét da thic

Gia su:
l m
f= g 2" va P= g anz"

Khi d6, ta di ¢ su ton tai duy nhat cda clia cip (q, R) va (i), (ii). Bay
gid ta chitng minh céc tinh chat (iii), (iv).

* Truong hgp r = 1:
Gia sl tAt cd cdc hé sd cda f va P déu ¢6 chuan khdng vugt qué 1, trong
dé c6 it nhdt mot hé s6 c¢6 chudn bing 1, tifc 12 hé s6 clia f va P déu
ndm trong O va |f|1 =1, |P|; = 1.
Vi P 13 r-dominant nén hé s& cao nhit cia P ¢6 chuin bing 1, do tinh
chat cia phép chia Euclide trong trudng hgp nay, tAt cd cdc hé s6 cia g
va R phdi nim trong O.
Suy ra: |R|1 <1,|¢1 <1

Nghia 1a: |R|; < |f|1 va |g|1 < |f|1/|P]1, ta ¢6 tinh chat (iii) va (iv)

Né€u |f|; # 1 hodc |P|; # 1.

/1 = max[c,[1" = max |c|
n n

Gid st: |f|1 = |ck|, do f # 0 nén ¢ # 0.

bat
fl=fel= Z(cgl.cn)zn
nez
£ = max e Vo fen] 17 = —— max |en] = ——|cx| = 1
nez k |Ck| n |Ck|
Tuong ty: P 12 1—dominant nén |P|1 = |a,,| # 0
bat
m
P' =Pa = Z(a,_nl.an)z"
n=0
/ -1 n 1
|P'l1 = max la,, |.|an|-1" = — max |a,| = —.|am| =1
0<n<m || 0<n<m |G|

Nhu vay: |f'|1 =1, |P'l1 =1

Do ta dd chiing minh bd dé ding cho f, P trudng hop |f| 1 =1, |P|1 =1
nén ta c6 bo dé ding cho f', P'.

Tic 1a tOn tai duy nhat cip (¢’, R'), R’ 1a da thic bac nhd hon m , ¢ gidi
tich trén A[1] thoa:
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i) f=Pq+R

(i) deg(R') < deg(P")
(i) [R'|1 <[f'lh

) gl < [f'l /1P

(i) f'=Pq¢+R = fc'=Pa'd+R
= f = P(a, .ckq) + (R .ci)

Pitg=oa_lcr¢, R=R.c,tacé: f=Pq+R
va
1l
|1 Pl1
[Rly = R [ilex] < | lilex| = [flileg Hlewl = |fh

degR = degR' < degP
(Tdc 1a ta c¢6 (i1),(iii),(1v))

1
91 = lexllag, llg'l < lexl——1
|am|

x Trudng hgp 2: r bat ki

(*) Truong hgp 2a: r € |C};| Chon s6 a € C) sao cho |a| = 7.
Thay bi€n z b8i bi€n a 'z, ta dua vé trudng hop trén, that vay:

l
f= Z cpa(a=t2)"
n=0

£y = max|e,fla"1" = max e, " = | f1,
Do viy, ta c6 thé xem nhu r = 1.

(¥) Trudong hgp 2b: r ¢ |C;|
Do @ tri mat trong R nén ton tai mot day (r;); C Q ma

ri>r,Viva lim r;=1r.
1— 400

Theo ménh dé€ 2.1.5, P 1a r; — dominant, Vi.
Khi d6, né€u dinh 1i ding véi r;, Vi thi ta c6:

T.<|f
z—|P

T

Rl < |f

. va lq

Ti
LAy gidi han khi i — +o0 clia bi€u thic trén ta c6:

Ul

|R|T < |f|r va |Q|r >~
| Pl

(dccm )
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A Bay gi0¢ ta chiitng minh cho trudng hgp f bat ki
N&u f khong 1a da thic, ta ¢6 thé tim thdy mot ddy céc da thic {f,,} sao
cho |f — fn| — 0. That vy, c6 thé chon ngay diy cdc da thic {f,} Ia
bi€u dién chudi lu§ thira clia f v6i bac ting dan.
Véi mdi n € N, 14y ¢, va R, 14 lugt 1a thuong va du cla phép chia f,,

cho P.
Chiing ta chitng minh dugc ring q,, va R, 1a cdc ddy trong A[r] hon thé,
chiing con 1a cdc day Cauchy v6i chudn | |,.

Do d6 chiing hdi tu d€n ¢ va R trong A[r].

Vi degR,, < degP nén R,, phdi hoi tu dé€n mdt da thic bic nhd hon bac
cuaa P.

Ta ¢6 tinh chat (i) d€n (iv) van ding khi 18y gidi han n — oo.

Tinh chat (7v) bdo ddm rdng thuong ¢ 1a gidi tich trong A[r].

/A Ching minh tinh duy nhit cia cip (¢, R):
Gid su: Q1P+R1 IQQP+R2 —>P(q1 —QQ) :RQ —R1
Néu ¢ # ¢ thi:
K(RQ — Rl,T) = K(P,T) + K(ql,qQ,r)
=degP + K(q1 — q2,7) > degP
Diéu nay trdi v6i gid thi€t Ry, Ry déu la cdc da thic bAc nhd hon bic
cua P.

Biy gi¢ ta ti€p tuc v6i hé qud ctia dinh 1i 3.1 - dinh i chia Euclide cho chudi
Laurent p-adic
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3.2 Dinh li chia Euclide cho chudi Laurent p-adic:

Pinh li: Cho s6 thuc r > 0: 1 <r <.
f la mét chudi Laurent p-adic trén Alri,rs] ( f € Alr1,7r2] ), P la mét
da thitc r — extremal.
Khi do, ton tai duy nhdt mét cdp (q, R), R la mét da thitc, q € Alry, 2]
thod man:
i) f=Pqg+R
(i) deg(R) < deg(P)
(i) |R[. < |f]
i) lglr < |f]+/|P|»

Ching minh:

Ciing gidng nhu & dinh Ii 3.1, ta chi chitng minh cho trudng hgp f # 0.

/A Trudce tién ta chiing minh tinh duy nhat cia cip (q, R).

Gia st tOn tai hai cip (¢, R) va (¢, R) déu thda min cdc di€u kién trén
ma g # q hoic R # R.

* NEuR+#R thi: ton tai bac deg(R — R) va N
K(R—R,r)—k(R—R,r) < deg(R—R) < deg(P). (3.1)
(Do R, R 1a cédc da thitc badc nhd hon deg(P))

Tacé: Pg+R=f =Pi+R= P(qg—4) = R—R. (3.2)

Suy ra:

K(R—R,T) = K(Par)+K(q_aar) = deg(P)+K(q_aaT) (33)
va:

K(R—R,r) = k(P,r)+k(g—q,7) = 0+k(g—q,7) (34
(Do P la r — extremal.)

LAy (3.3) — (3.4) theo v€ ta dudgc:
K(R—R,r)—k(R—R,r) = deg(P)+ K(g—q,7) — k(¢ —q,7)
= K(R—R,r) — k(R — R,7) < deg(P).

Di€u nay mau thudn véi (3.1) (Do: K(q—q,7)—k(q—q,7) > 0).
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* N&u g # ¢ thi tir (3.2) suy ra: R # R va tuong ty nhu trén ta ciing din

t6i di€u mau thuln.
Nhu vay cip (g, R) thda cdc di€u kién clia ménh dé 1a duy nhat.

A\ BAy gi¢ ta chitng minh sy ton tai cia cip (¢, R):

Gia s
=Y
nez
Ta viét:
f: Zanzn+ Zanzn - fl +f2
n>0 n<0
Véi
flzzanzna fQZZanZn
n>0 n<0

Khi @6, f1 1a ham gidi tich p-adic nén c6 thé 4p dung thuit chia Euclide
( dinh 1i 3.1) trong phép chia f; cho P, ta dugc thuong la ¢; va du R,
thda cic diéu kién cda dinh 11 3.1.

Ta c¢6: f1 = Pqy + Ry , deg(R) < deg(P),|q1|» < ||];||T

va  |R[, <[fi]r (3.5)

Vi rg <r nén P ciing 1a ro — dominant = ¢ € Alrs].

x Theo ménh dé 2.1.6 ta c6: 2%9(P)P(z~1) 1a r~! — extremal.

~1

z X 1 L 1A
o7 = E anz "l = E by 2™ 1a mot chuoi iy thira hdi tu
& n<0 m>0

Véi |z| =r~t (m = —n—1,by, = ap, ¥Ym > 0)

hay: f2(z_1) c A = plesld) —fg(z_l) € Alr]

1
Do vay, ldy f2z) chia cho 2%9(P)P(z~1)  dugc thuong 1a g
z

va du R, thda cdc diéu kién cda dinh i 3.1.
Tic 1a: deg(R2) < deg(P) va

—1
Ao ) o) p(a ) (2) 1 Bole)
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= folz71) = 2P(z2 D ga(2) + 2179 P Ry (2)
= fo(2) = P(2)(z qa(z7")) + 299 Ry (27

* Tu dinh 1i 3.1 ta cling c6:
z7 1)

|R2(Z)|7‘_1 < |Zdeg(P)L

— | = [ o) fy (o)

= 2119 Ry (2) s < | fo(z7h)

= 279 Ry (27| < [ fa(2)]r

(Do ménh dé 2.1.6). (3.6)
Vé: falz)
e Z_ e -
|g2(2) |1 < |27 g(P)QTlr—l/lzd IEI P2
| fo(z7 )]
= [2q2(2) |1 < TS —
el < B
_ _ | f2(2)],
= [z ga(z7 )] < (3.7)
|P(2)]r

Bdi viry < 7 va 229P) P(z71) 1a r—! — dominant nén theo dinh Ii 3.1,
ta co:

2 lge(z7h) € Ary,00) = 27 ge(271) € Alry, 7). (3.8)

Hon nira:
e = Rgglanlr™ 2 pgslonlr™ = 11l

va: |f|r = %gg'anvn > Ir?gg’)('anhnn = |f2|r

Vay: [flr = maz{|filr, | fo|r}- (3.9)

q(2) = a(2)+2 (7). R(2) = Ri(2) 42990 Ry (2 7)

W) f(2) = £1(2) + fal2)

= P(2)(q1(2) + (7 q2(27 1)) + (Ri(2) + 2997 Ry (271))



54
= P(z)q(z) + R(z).
(i) R2(2) 1a da thic bac nhd hon deg(P) nén z%9(P)=1R,(2~1) 1a da

thitc bac nhd hon deg(P) va vi (3.5) nén bic cla da thic

R(2) = Ry(2) 4 29¢9P)=1 Ry (2~ 1) ciing nhd hon deg(P).

(i) |R(z)|, = |Ri(2) + 29971 Ry (27 1)),
< maz{|R1(2)|r, [299) 7 Ry (2711, }
< max{|filr, | f2]+} (Do(3.5) va (3.6) ).
<Iflr . (Do (3.9)

(iv) T (3.5) va (3.8) ta c6: q(z) € Alry, ra].

var [q(2)lr = lqu(2) + 2 a2 (z7)lr

< max{lqi(2)lr, [z g2 (27 1) 0 }

LGk Gk, o a5
< max{ PO PG } (Do 3.5 va 3.7).

T

S IR IO/ IO}
1

< W|f|T (Do 3.9)

v

~ [Pl
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3.3 DPinh li Weierstrass

Dinh li Weierstrass: Cho f # 0 la mot chudi Laurent trén Alry,r),
tic la f e A[ry,ra] \ {0}
Khi dé vdi méi s6'r > 0: 1 <r <ry, ddt:
d=K(f,r)—k(f,r).
Thi: Ton tai duy nhdt cdp (P,u) théa: f = Puva:
e P la da thitc bdc d.
e P(O)=1,k(P,r)=0,K(P,r)=d.
o u e Alry,ra] va k(u,r) = K(u,r).

Ching minh:

(i) Khong mat tdng quat, ta c6 thé gia su: k(, r) = 0:

That vay, néu
f=2 anz"

Pit k = k(f,r), ta c6: |f|, = |ag|r*
Va dit:
fi=z2Ff= Z anz" "k
neZz
= | fily = max|ap|[r" ™" = (max|an|[r™)r™" = Jag|r*.r 7" = |ay|
n n
bat
bn—k =anp = fl = Z bn—kzn_k

nez
= k(f1,7) =min{n € Z| |by|r" = |f1|+}
=min{n € Z| |anii|r" = |ar|}
=min{n € Z| |anir|r" ™ = |ag[r*} =0
(Don+k=Fknénn=0).
Néu f1 = Puy = 2% f = Py thi:

f = P.(u1.2%) = Pu, v6i: u = uy.2".
Dé thdy P,u thod cdc diéu kién cda dinh li.

(ii) Ciing khong mat tong quat, c6 thé gia si: |f|. =1
Theo chitng minh trén, ta c6 thé xem: k(f,r) =0 va do d6: |f|, = |ag].
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That vay, dat: fo = aglf
(ap # 0 vi né€u ag = 0 thi do |f], = |ag| = f =0 - trdi gid thi€t).

= f2 = Z(anagl)zn

nez
= |foly = max anag ™ = (mas |anr™) |y | = laol o] = 1

Néu dinh li dudc chitng minh cho fo, tic 1la: fo = P.aus véi P,us thod
cic diéu kién cda dinh 1i thi:
f = aofz2 = P.(aguz) = Pu v6i P,u thod di€u kién dinh Ii.

(iii) Hon nifa, ta ciing cé thé gia si: P(0) =a =1

That vay, gia su: a # 1.
Do a # 0 (nhu chitng minh & phin (ii) ) nén ton tai a ~* € C,,.
bit:

Py =a 'Pug = au, ta c6: Py(0) =a 'P(0)=a"ta=1.

Gia st dinh 1i da chitng minh ding cho P , tdc la: f = Pu v6i P va u
thod cdc di€u kién cda dinh 1i ( trir di€u kién P(0) = 1) thi:

f=Pu= (a"'P)(au) = Pyug v6i Py, ug thod cdc di€u kién cla dinh li
va fh(O):: 1.

(iv) Nhu vay, theo cdc ching minh trén, ta cé thé chitng minh dinh Ii véi
gia thiét:
Flo =1, k(f,r) =0, P(0) = 1, va do dé: K(f,r)=d

d
Gia su: [ = Z anz", ta dit: Pi(z) = Z anz"
nez n=0

Ta c6: P; 1a r—extremal.
That vay: k(Py,r) = min{0 <n < d: |ay|r" = |P1|,} =0
(do k(f,r) =0).
K(Py,r)=d=degP va |P|, =1

|f—P1|r:|Zanzn+Zanz"| <1

n<0 n>0

* Ta s€ chiing minh: |f — P|, <1

Gid st: |f — Pi|, =1, suyra: max |a,|r" =1
n<0Vvn>d

=3Im<0Vn>d:|anr™ =1=|f|,
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« N€um < 0thi 0=k(f,r) <m < 0-Vo i

* Neum >dthid= K(f,r) >m >d-Vo Ii.
Vay:|f — P1|, < L.

x Goi g1 va Ry 1an lugt 1a thuong va du clia phép chia f cho P do dinh li

32,tacéd: f=Pig1 + Ry
= f-P =P —-1)+R

Do tinh duy nh4t clia cia phép chia Euclide (Pinh i 3.2), ta ¢6: ¢ — 1
va Ry 1an luot 12 thuong va du clia phép chia f — P cho P;.

bit. |f — P, =a, 0<a<l1
Suy ra: |Ry|, <|f—Pil,=a<1
Ciing theo dinh 1i 3.2:

f_Pr
|Q1—1|§—| |P1|1| :Oé/l:a
Ilr

(v) Gia st ring ta da xdy dung dugc mot day (P, Q;, R;),
Véi:

e P, la cic da thic r — extremal bic d, |P;|, = 1.

e R; la cdc da thdc c6 bac nhd hon d.
o f=Pqg+R,

Thod cdc bat dang thic sau:
a) |Ri|.<ab, i=1,2,...n

b) |Pi_Pi—1|r§O_li_1, 1=2,3,..,m
) lai—q-1lr<a'y i=23,.,n

Theo ching minh & (iv), cdc gid thi€t nay ding cho trudng hgp n = 1.

Ta s& x4y dung day (P,y1,Qnyi1, Rni1) thod cdc gid thi€t & trén.

* bat: P,.1=PFP,+ R, = P,y1,P, c6clungbiclad
va: |R,|, <1=|P,|, = Rul|r #|Pul-

= |Pn+1|r = max{|Pn|ra |Rn|r}
=maz{l,a} =1 (doa<l)
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[Rn(0)] < [Rnlr <1 = [Palr = [Pn(0)]

* Ta s€ ching minh P,, 11 1a r — dominant.
That vay, gia st R,, c6 bac la s (s < d),

s d
Rn — § bmzmapn — § amzm,

khi do:
s d
Poi1=P,+R, = Z (G + b ) 2™ + Z a2
m=0 l=s+1
= 1=|Pyy1]r = max {|am + b |r™, ag|r'}

0<m<s, s+1<I<d

m m l
Sogmggiﬁlggd{max{lamlr o[}, larr'}

< |ag|r?

(DO: ’a’Z"Ti < |Pn|7‘ = |ad|rd7Vi = 07 17 7d
| 7™ < |Rpl|r = a,¥Ym =0,1, ..., s)

= K(Pp+1,7) =d =degPp+1

* Tuong ty ta cling ching minh dugc: k(P,41,7) =0
= Pp11 la r — extremal.
* LAY qpy1 va R,41 1a thuong va du cta phép chia f cho P, 1, khi dé:

|Poi1 — Pplr = |Rulr < Q" (Gid thi€t quy nap)
va b) thod man v6i i = n + 1.

*

Sép lai phuong trinh:
PnQn + Rn — f — Pn+1Qn+1 + Rn+1 — (Pn + Rn)Qn+1 + Rn+1

Ta nhan dugc:

_RnQn+1 - Pn(Qn+1 - Qn) + Rn+1 - Rn (311)
Rn(l - Qn+1) = Pn(Qn+1 - Qn) + Rn+1 (3'12)

= Qn+1—qn, Rnt1—Rn, 1an lugt 12 thuong va du cia phép chia —R ,, ¢y, 11
cho P,;  Gnt1 — Gn, Rn+1 1an luct 1a thuong va du cua phép chia
R, (1 — gni1) cho P,.
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Do dinh 1i 3.2:

f — Pn+1Qn+1 + Rn+1 = |Qn+1|r S |f|r =1
|Pn+1|r
Vé: Rale-lgnsile _ a1
n|r-|dn+1|r an-
1 = n — Yn|r S S < 1
( ) |q +1 q | |Pn|r 1
Hon nira:

|1 - Qn+1|r = |(1 - Q1) + (Q1 - QQ) + ...+ (qn — Qn+1)|r

<max{[l - qil|r [ — qit1lr,1 <P <n}
<max{o, 0™, 1<i<n}=a

(Do a < 1).

Tur (3.12) suy ra:

IRy lr |1 — qnatlr _ a”.«
| Pyl 1

n+1

|Qn+1 - Qn|r S =«

|Rn+1|r S |Rn|r|1 - Qn+1|r =a".a= an+1

Tic 1a ¢),a) thod man v6i i =n+ 1.

Nghia 1a ta da xdy dung xong diy cdc bd 3 (P, qn, R,) thod cic gid
thi€t a), b), c).

(vi) Chiing minh dinh li:

* Doa) lim R, =0
bit:
P = lim P,, u= lim g,
LAy gidi han clia bi€u thic : f, = P,q, + R,.
Ta dugc: f = Pq.

* Véimoin € N, P, la r — extremal bac d nén P la r — extremal bac d.
(Vi theo ménh dé 2.2.4, tap {Q,0| @ la da thic r — extremal bac d}
la tap dong).
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* Do f = Pg nén theo dinh 1i 3.2, u la thudng cia phép chia f cho P
nén: wu € Afry,rol.
Vid=K(f,r)—k(f,r)=K(P,r)+ K(u,r)— (k(P,r) + k(u,r))
(ménh dé€ 2.2.7).
= K(P,r)—k(P,r)+ K(u,r) — k(u,r)
=d—0+ K(u,r) — k(u,r)
= k(u,r) = K(u,r) (3.13)

(vii) Chiing minh tinh duy nhat:
Gia st: Pu= Pu :
Theo ménh dé 2.2.5,u khd nghich trong A[r 1, 2] (Do (3.13)).

= P=u"'Pu=(u"'0)P
= u~'u 1a thuong cia phép chia P cho P va do d6 nd la da thic.
Ma: degP = deg(P) = d

= u~ 1% 12 hing s6.

Nhung vi: P(0)=P(0)=1 =ulu=1=u=1a

= P =P.
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3.4 Mot so wng dung cua dinh li Weierstrass

Pinh li 3.4.1 (S6 khong di€m): Cho f € A[r1,7).
Néury < p< R<rythi fcé K(f,R)—k(f,p) khong diém trong Alp, R] tinh
ca boi.

Ching minh:

e N&u f = 0 thi f ¢6 vo han khong diém = K(f, R)—k(f, p) vi K(f, R) = +o0

e Néu f # 0 thi & chuong 2 ta di chitng minh f chi c6 hitu han ban kinh t6i han
trong Alp, R], gid st 1a: s1, 52, ...,8m V6i 8; < s;41,Vi=1,2,....m — 1.

x V6i mbi r € [p, R] va r khong 1a di€m t6i han:
Theo dinh li Weierstrass f = P.u v6i P la da thic bac d.
Vé6id = K(f,r)—k(f,r) va K(u,r) = k(u,r) nén u kha nghich trong
Alr,r]. Do vay, trong A[r,], s6 khong di€m clia f, ké ca boi bing véi
s6 khong diém cta P, tinh cd boi.
Theo ménh dé 2.2.6, P ¢6 ding d = K(f,r) — k(f,r) khong di€m ké cd
boi trong Alr,r].
Do vay: f ¢6 ding d = K(f,r) — k(f,r) khong diém k€ cd bdi trong
Alr, r].
Vi r khong la di€m t6i han, téc 1a d = K(f,r) —k(f,r) = 0 nén f khong
c6 khong di€ém trong A[r, 7], néi cach khdc 12 f khdng c6 khong di€m
c6 chuin bing r. Nhu vdy, khong diém ctia f (néu c6) phdi c6 chuin
bing diém tdi han.

* V6i mdi di€m téi han s;, i = 1,2,...,m:
Lap ludn tuong ty nhu trén, f ¢6 ding d;, = K(f,s;) — k(f, s;) khong
di€m k& ca boi c6 chuin bing s;.
Vay: S6 khong diém cla f trong Alp, R] = S6 khong diém clia f c6
chuin bing di€m t6i han s;, Vi = 1,2, ...,m va bing:

Noodi= > (K(f.s) — k(f.50) (3.14)

1<i<m 1<i<m

* Mit khéc, ta co:
* N€u p = s1 thi k(f,p) = k(f,s1), n€u p < s; thi p khdong phéi
l1a ban kinh t6i han nén: k(f,p) = K(f,p) ma theo ménh dé 2.2.9
K(f.p) = k(f,s1) nén k(f, p) = k(f,s1):
* Tuong to, n€éu R = s,, thi K(f,R) = K(f,s,), néu R > s, thi R
khong phdi 1a ban kinh t6i han nén: k(f, R) = K(f, R) ma theo ménh
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dé€ 2.2.9 K(f,sm) = k(f,R) nén K(f,s,) = K(f, R).
Nhu vay: k(f,p) = k(f, s1).

K(f,sm) = K(f, R).
Theo ménh dé 2.2.9 ta ciing c6: K (f,s;) = k(f,si41),Vi =1,2,....m—1,
Tit cdc ddng thifc nay va (3.14) ta c6: S khong diém clia f trong A[p, R]
la:

> (K(f, 1) = k(f. 1)) = K(f,5m) — k(f,51) = K(f,R) — k(£ p)

1<i<m
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Dinh li 3.4.2: Cho f € A[ri,72], f #0.
Khi dé f c6 nhiéu nhdt la hitu han khéng diém trong Alp, R].

Ching minh:

Pinh Ii nay 1a hé qué truc ti€p cda dinh 1i 3.4.1 khi p =71 va R = r.

That vay, s6 khong di€m cla f trong Alr 1, ro] 1a: K(f,72) —k(f,71), Vi f #0
nén K(f,ry) va k(f,r1) déu hitu han, do vay hiéu cla ching la hitu han hay
f ¢6 hitu han khong diém trong Alp, R].
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Mot s6 vi du: Tinh s6 khong diém cia mot chudi Laurent p-adic.

e Trong Cy, cho f(2) = 2%(z — 1)(z — 2)(z — 3) = 2° — 62% 4+ 112> — 622
DE thdy f gidi tich trén A[0, 1], hay: f € A0, 1].
lag| = 0, |a1] = 0,|az| = 1/2,|as| =1, |as| = 1/2,]as| = 1.
K(f,1) = 5,k(f,0) = 0.
Vay f ¢6 K(f,1) — k(f,0) = 5 khong di€m trong A[0, 1].

% Tinh cu thé, ta cé:
x 11 =0: k(f,r1)=0,K(f,r1) =min{n: |a,| # 0} = 2.
Nén f c6 K(f,71) — k(f,71) = 2 khong diém c6 chudn bing r .
* To = 1/2 : k’(f,T’Q) = 2,K(f,7’2) = 3.
Nén f c6 K(f,r2) — k(f,72) = 1 khong diém c6 chudn bing r .
* g = 1: k’(f,T’g) = 3,K(f,7’3) = 3.
Nén f c6 K(f,r3) — k(f,73) = 1 khong diém c6 chudn bing r 3.

400 1
e Trong C3, cho f(z) = Z 32" + Z 37"
n=1 n=-—o0o
* Vr e [1/2,1], ta c6:
1
*xn>0 : 2—n§r"§1V€1 la,| =3""
1 —n n —n 1 n

= 37" < an|r" <37 = o <ap|r" < o

nén lim |a,|r" =0.
n—-4o00

1
* n <0 : 2—an"21 va |a,| = 3"

1 2\ " 1\ "
= 53" 2 lagr" 23" = 3 >rt >

nén lim |a,|r" =0.
n——0oo

Vay f gidi tich trén A[1/2,1], hay: f € A[1/2,1].

« D& thdy: K(f,1/2) = k(f,1/2) = —1.
va: K(f,1) = 1, k(f,1) = 1.
Nén f c¢6 K(f,1) — k(f,1/2) = 2 khong di€m trong A[1/2,1].
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3.5 DPinh li Poisson—Jensen

Pinh li Poisson—Jensen: Cho f = Z anz" € Alr1,r2) va khong phdi
nez
la ham héng, véi ry < o0.
Khi dé: Nr € [r1,72), ta cd:

Néu ry >0 thi : N(f,0,7)+ k(f,r1)logr + loglak(s,r)| = log|fl:
Néu ry =0 thi : N(f,0,r)+loglak s0)| = log|fl:

Ching minh:
Theo ménh dé 2.2.3, chi ¢6 hitu han di€m t6i han trong [r 1, 7] néu r < ra.

* Trudng hgp r; = 0, 18y ' 1a di€m téi han duong nhé nhat
Theo ménh dé 2.2.9, ta c6: K(f,0) = k(f,r’).
Véir:0<r <7/, ciing theo ménh dé 2.2.9: K(f,r)=k(f,r’)
Do vay: K(f,0) =k(f,r) (3.15)
Ma:
Flv = [ai(s.nlr™ 0 nén log| 1, = k(f.r)logr + loglag(s ) (3.16)

Suy ra:

N(f,0,r) = K(f,0)logr (Do dinh nghia cia N(f,0,r) khi r; = 0).
= k(f,r)logr (do (3.15))
= log|f|r — loglak(s,r| (do (3.16)
= log|flr — loglak 0l (do (3.15)

x  Trudng hop 1 > 0, 14y 7’ 1a di€m téi han duong nhé nhat ma > r;
Lap luan tuong ty nhu trén, theo ménh d€ 2.2.9: K(f,r 1) = k(f,r’)
va K(f,r)=k(f,r").

Nén:  K(f,r1)=k(f,r) (3.17)

Ma: [flr = lag(pmlrFr)

N K 9 k 9
Vi |aK(f,r1)|T1 (frr1) _ |f|r1 — |ak(f,r1)|7“1(f r1)
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Suy ra:
loglak(y,m| + k(f,m)logr = log|fl, = loglarsr|+ K(f,r)logr

Va:
loglak(fry)| + k(f.r1)logre = log|flr, = loglax (fr)| + K(f r1)logr:
(3.18)
Do do:
N(f,0,7) = 3 zOgﬁ
z

0#z€A[r1,r]: f(2)=0

r r
= Z logm + Z logm

|z=r1:£(2)=0 |z|=r:f(2)=0

(Vi theo dinh 1i Weierstrass, khong di€m cda f trong Alr 1,7]
(n€u c6) phadi c6 chudn bing r, hoic r)
(3.19)

= [K(fora) = b7 r)llog =+ [K(f.r) = k(f.7)llog

= [K(f,r1) = k(J.r1))(logr — logr1) (Do log= = logl = 0)

= K(f7 T’l)lOgT' - k(fa T’l)lOgT' - K(f7 Tl)ZOQTl + k(fa Tl)ngTl
= k(f,r)logr — k(f,r1)logr — K(f,r1)logr1 + k(f,r1)logr:
(Do (3.17))
= (log| fl, —loglak(s,r|) = k(f,r1)logr — (log| f|r, —loglag f.r)])
+(log|f|7‘1 - log|ak(f,7‘1)|)
(Do (3.18))

= log|f|, —loglak sy | — k(f,r1)logr +loglak s |) —loglak s )|
(Do (3.17)).

= log|f|7“ - k(fv rl)logr - log|ak(fﬂ“1)|
= N(f7 07 T) + k(fa Tl)lOQT’ + log|ak(f,7‘1)| = lOg|f|7.

Nhu viy, trong ca hai trudng hgp, ta da ching minh dinh li dling cho moi
r € [r1,7r'] v6i r’ 1a di€m t6i han dau tién 16n hon r 1, nghia 1a ding cho
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moi r niim trong doan tif r; d€n diém tdi han diu tién 16n hon r;.
Bay gid, ching ta chi cin ki€m tra ring c6 thé vugt qua mdi di€m gisi
han.

Gia st r’ 12 mot di€m t6i han, va gid st 12 dinh 1i ding cho moi » < r'.
LAy r” 12 di€m t6i han nhd nhit ma con 16n hon r /.

Vi f chi c6 nhiéu nhat hitu han di€m tdi han nim trong doan tif r ; dén
bat ki s6 r ma r < 74, do d6 ta chi can chitng minh dinh Ii vin ding cho

moi 7 < r”, vd do d6 dinh li dugc chitng minh bing quy nap.

That vy, tuong tu nhu chitng minh & (3.19), khong di€ém cda f (n€u co)

phdi c6 chudn bing r(n€u r; 12 mdt ban kinh tdi han), hoic bing r’
hoic bing r (n€u r = ") nén:

N(f,0,7) = 3 log—

0#z€A[r1,r]: f(2)=0 |Z|

— Z logi + Z logi (Vi: logf =0)
= A = A r
|z|=r1:f(2)=0 |z[=r":f(2)=0

= [K(f.r1) = b(f.r)llog -+ [K(f.r') = k(f.rllog

Nhung vi: 71 < 7’ < r < r” nén theo ménh dé 2.2.9, ta cé:
K(f,r") =k(f,r) va K(f,m1) = k(f,7") (3.20)

Hon nira:
K(f,r k(f,r
|f|r1 — |aK(f,r1)|7"1 (fir1) _ |ak(f’ﬁ)|r1(f 1)
va
|f|7./ = |aK(f’7./)|(7"/)K(f’T ) = |ak(f’7./)|(7"/)k(f’r) (321)
Nén ta co:

N(f,0,r) = K(f,r1)logr—K(f,r1)logri—k(f,r1)logr+k(f,r1)logri
+K(f,r")logr — K(f,r)logr' — k(f,r")logr + k(f,r")logr’
= k(f,r")logr — K(f,r1)logry — k(f,r1)logr + k(f,r1)logry
+k(f,r)logr — K(f,r")logr' — k(f,r")logr + k(f,r")logr’
(Do (3.20))
= k(f,r")logr — log|f|- + loglag ()| — E(f,71)logr

+log| flry — loglak(f.r)| + log|flr — loglak s
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—log|fly + loglag g, — k(f,7")logr + log| f|, — loglaks.]
(Do (3.21))
= loglak (f,r)| — k(f,r1)logr — log|ak(f,r)|
+log| flr — loglak(s,m| + loglar s,r)| — loglaks]
= loglay(sr| — k(f,r1)logr — loglay s )]
+log|f|r — loglak s, | + loglak s,y | — loglak s
(Do (3.20)).

= log|fl — k(f,r1)logr — log|lak(s,m)|
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KET LUAN

Luin vin di 1an ludt trinh bay nhitng vin dé co ban cla viéc xay dung
trudng s6 phitc p-adic dé sau d6 di xay dung chudi Laurent p-adic va tim hi€u
céc tinh chit quan trong ctia né. Ti€p d6 di chitng minh mot s6 dinh 1i quan
trong ctia chudi Laurent p-adic va cudi cing 1a mot s6 ng dung cla ching.

Nhu vay, ta bi€t ring mdt chudi Laurent p-adic bt ki chi c6 khong diém
tai di€m t6i han ( tic 12 n6 chi c6 khong di€m véi chudn bing véi ban kinh t6i
han), hon th€ c6 thé tinh dudc s6 khong di€m clia mot chudi Laurent p-adic
thong qua chi s6 t8i dai va chi s t6i ti€u clia nd; tai mdi ban kinh hoi tu, cé
thé dem mdt chudi Laurent p-adic chia cho mot da thic, thuong va du (thda
mdt sO rang budc) 12 duy nhit, hon nita thuong 12 mot chudi Laurent p-adic
va du 12 mot da thic ¢6 bac nhd hon da thitc chia; cling tai mdi ban kinh hoi
tu, c6 thé dem phin tich mot chudi Laurent p-adic thanh tich cia mot da thic
r — extremal va mot chudi Laurent p-adic khd nghich tai ban kinh do, ...

Ngoai ra, ta di bi€t 1a gidi tich p-adic c6 nhitng m6i lién quan sdu sic
véi nhitng vin dé 16n clia s6 hoc va hinh hoc dai s6, vay li thuyé&t vé chudi
Laurent p-adic dugc tng dung nhu th€ nio trong nhitng linh vuc nay?

Pay 12 van dé ma tdi s& ti€p tuc nghién cifu trong thdi gian sip tSi.
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