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LOI CAM ON

Luan van nay dugc hoan thanh nhd qua trinh tich liy kién thirc lau dai ¢ truong PHSP Quy
Nhon va 16p cao hoc Toan, chuyén nganh Pai s va Ly thuyét sé khoa 19 cia trudong DHSP Tp. HO
Chi Minh.

Pau tién toi xin t6 1ong ton kinh va biét on sau sac téi thady PGS. TS My Vinh Quang, nguoi
da truc tiép hudng dan t6i trong sudt qua trinh thyc hién dé tai nay. Phuong phap lam viéc cua thay
rat nghiém minh, khoa hoc va dat hi¢u qua cao. Thﬁy cling da doc ban thao va dua ra nhiing nhan
xét sac dang vé cach trinh bay giup luan vin dugc rd rang, mach lac hon.

Chan thanh cam on quy théy, c6 trong khoa Toan — Tin hoc; khoa Gido duc chinh tri cua
truong DHSP Tp. H6 Chi Minh; quy thay, c6 trong khoa Toan — Tin hoc truong PHKHTN Tp. Ho
Chi Minh d3 tan tdm truyén thu nhiing kién thic nén tang gitup toi hoan thanh luan vin nay.

Cam on Ban giam hiéu; quy thay, c6 cong tac tai phong KHCN va Sau dai hoc cia trudng
DHSP Tp. H6 Chi Minh da tao diéu kién tot nhat cho toi hoan thanh khoéa hoc ciing nhu trong subt
qua trinh lam luén van.

Cubi cung, xin cam on Ban giam hiéu, cac thdy co trong t6 Toan — Tin hoc truong THPT
Ngb Gia Tu; gia dinh, bé ban da tao diéu kién thuan loi ca vé vat chét 13n tinh than cho toi trong

sudt qua trinh hoc tap.
Tp H6 Chi Minh, thang 08 nam 2011

Nguyén Thanh Diing



MUC LUC



CAC KY HIEU DUNG TRONG LUAN VAN

p: s6 nguyén to

¥ : tap hop cac s6 ty nhién

¥": tap hop céc s6 nguyén duong
¢ : tap hop céac sd nguyén

o : tap hop cac sb hiru ti

i :tap hop céc s thuc

£ : tap hop céac s6 phirc

¢ ,: vanh cac s6 nguyén p — adic

o truong so p — adic

R

p p
| |- gid tri tuyét ddi p - adic trong =,
| [, : gid tri tuyét doi p — adic trong £
Yo=N-N_
{x } : diy chuan ciia X
[a]: phan nguyén cua s nguyén a

[a],: phan nguyén p — adic cua a

W: két thiic phép chimg minh



MO PAU
Cac s6 p — adic dugc mo ta 1an dau tién boi Kurt Hensel vao ndm 1897, hon mot trim nim
qua chung d3 timg budc tham nhap vao nhidu nganh todn hoc nhu: Ly thuyét s6, Hinh hoc dai s,
Topd dai s6, Gia tich va ca Vat 1y dac biét 1a Vat Iy luong tor. B mén toan hoc nghién ctru cac ham

v6i bién s6 1a cac s6 p — adic goi 1a giai tich p — adic.

Khoéng gian cac ham lién tyc trén ¢ |, C (¢ , > E p), 1a mot khong gian Banach véi chuan

], =max{|f (0], . vxe e },vieC(e,>E )

o0

. X .
Mahler da chi ra rang tap cac da thuc dang (—),n =0,1,2,.. 1ap thanh mdt co s¢ truc giao cua
n

C (¢ > E, ) , 20i 12 co s& Mahler. Co sé ndy da c6 nhiéu ing dung trong viéc nghién ciru cac ham
lién tuc trén ¢ o~ Theo hudng nghién ctru nay, Vanderput da dua ra mdt co sé truc giao khac cua
C (¢ , > £ p) bao gdm cac ham hing dia phuong va ciing c6 nhiéu tmg dung. Boi vdy, ching toi
chon dé tai “ Co 56 Vanderput cho khéng gian cdc ham lién tuc trén ¢ o voi muc dich tiép tuc lam
1d thém mot sb két qua vé co sd nay.

Muc dich chinh cua luan van la xay dung co s& Vanderput cho khong gian cac ham lién tuc
trén ¢ . Nghién ctru va m¢ rong mot so tinh chat cua co s¢ nay. Pong thoi, xay dung cac img dung

cua co s6 nay dé bi€u dien cac ham lién tyc trén tap ¢ .

Luan van gi6i thiéu ddy du, chi tiét cach x4y dung ciing nhu céac tinh chit co ban cia co so
Vanderput. Chung t6i di ¢ ging tim toi dé dua ra nhitng ing dung ciia co s& ndy trong viéc nghién

ctru cac ham lién tuc, kha vi lién tuc trén ¢ ; cac ham thoa diéu kién Lipchitz cip a duong.
CAu trac cta luan van gdm 2 chuong
Chuong 1: Céc kién thirc co ban

Chuong nay gi6i thidu cac kién thirc co ban ding cho chwong sau nhu: cic truong so

p - adic, khdng gian cac ham lién tuc trén ¢ 0» €O SO truc giao, tryc chuan ctia mot khong gian.

Chuwong 2: Co s¢ Vanderput cho khong gian cac ham lién tuc trén ¢ |



Chuong nay 1a chuong chinh cta ludn vin, trinh bay day du, chi tiét cach xay dyung co
s& Vanderput va cac tinh chat ciia no. Trinh bay cac dic trung ciia hé sé Vanderput doi v6i 16p ham
kha vi lién tuc. Pua ra cong thirc tinh tich phan Volkenborn theo co sé nay. Cudi cung la mé rong

két qua cua Vanderput cho khong gian cac ham lién tuc hai bién C (¢ o XC > E )

Tp. H6 Chi Minh, thang 08 nam 2011

Tac gia

Nguyén Thanh Diing



Chwong 1: KIEN THUC CO BAN

Trong chuong ndy, ching t6i néu cach xdy dung cic truong s6 p — adic. Pong thoi dua ra
khéi niém ham lién tyc, khong gian cac ham lién tuc; co s¢ tryc giao — truc chuin cua mot khong
gian; néu va chimg minh chi tiét cac tinh chat co ban cua ching ma s& dugc sir dung trong chuong
2.

1.1 Trwong céc sb p — adic

Dé xay dyng trudng cac s6 p — adic & | va £ |, trude hét ta can khai niém gid tri tuyét doi

p

trén mot truong.

1.1.1.Dinh nghia
Cho K la mét truong, dnh xa | |1 K — i dwgc goi la mot gid tri tuyét doi trén K néu:
1) |x|20,Vx6 K;|x|:0<:>x:0
2) [xy|=|x-|y|. ¥x,y e K
3) [x+y|<|X|+]y|. vx,y eK

Néu| | théa diéu kién 3') |x+y| < max{|x|,|y|}, ¥,y e K thi | | goi la gid tri tuyét ddi phi - Acsimét.

Vi du 1 Trén trudng so hitu ty @ , gia tri tuyét ddi thong thuong 1a mot gia tri tuyét déi trén truong

o}

Vi du 2 Trén trudng sb hiru ty @ , ta c6 mot s6 gia tri tuyét d6i phi — Acsimét

0,x=0

1) Gia trj tuyét d6i tam thuong |X| = {1 .
, X %

2) Véi xen , ta ky higu ord (x) la s mil ctia p trong sy phan tich X thanh tich cac thira sd

nguyén td, voi quy udc ord »(0) = 0. Khi d6, ham dinh béi



0, x=0

_ ord, (x)
|x|p_ (1] ,XiO,VXeQ
p

1a mot gid tri tuyét ddi phi — Acsimét trén trudong @ .

Cho | | 1a mot gia trj tuyét ddi trén truong K. Ta dinh nghia ham d :KxK — nhu sau:
d(x,y) =|x-y|,vx,y eK.
Do | | 12 mot gia tri tuyét ddi trén K nén ta kiém tra duoc d 1a mot métric trén K va do d6 (K,

d) 1a mot khong gian métric, goi 1a khong gian métric sinh boi gia tri tuyét di.

1.1.2 Dinh nghia
Cho | |1,| |2 la hai gid tri tuyét doi trén truong K. Ta ndi rang hai gid tri tuyét doi nay

twong dwong néu: {x_} 1a day Cosi theo | |1 khi va chi khi {x } la day Cosi theo | |2.

Chi y rédng: {X,} 1a day Cosi theo gié tri tuyét doi |

, nghia la:

(|xm —xn|m'n:>+w0j & (Ve>0,3n, e¥:vnm>n,,|x —x|<¢)

1.1.3 Pinh ly OxtropxKi
Moi gid tri tuyét doi khéng tam thuong trén @ déu twong dwong véi gid tri tuyét doi | |p (p

la 56 nguyén t6 nao dd) hodc twong dwong véi gid tri tuyét doi thong thuong trén @ |

1.1.4 Dinh Iy
Cho | | la mét gid tri yét doi phi — Acsimét mén triong K. Khi do, néeu |x||y| thi
= y] = masc{[xf |y} .
Chiing minh Trudc hét ta ching minh |x—y|=max{]x|,|y}. Khong mat tinh tong quat, ta gia su
| >]y|. Khi do,

x—y| < max{]x|,|y}=|x| hay [x+y|<|x| (1)



Mat khac,

X| =y +(x=y))| < max{x—y|.|y[} -

Néu max{|x - y|.|y}=|y| thi [x|<|y|, trai gia thiét. Do vy

max{|x - y|.|y}}=|x—y| hay |X|<|x-y| (2)
Tur (1) va (2) suy ra |x— Y| =|X| = max{|x|,|y[}.
Cudi cung ta chimg minh |x+ y| =|x| = max{/x|.|y[}. Ta c6

[+ y] =[x = (=y)]| = max{]x],|=y[ = max{]x].|y[}. w
1.1.5 Trudng cac sé p — adic o |

, e Al o 1 A o A
Xeét | |p 1a gia tri tuyét d6i p — adic trén o ; |x|p :(E)"“’P(X),v)(eo . Ky héu S 1a tap tit ca

cac day Cosi trong = theo | |p.
Trén S xét quan hé twong duong ~ cho nhu sau:
X3 © 2%~ 1Y < lim(x, - y,) = 0.
Ky hi¢u o = % = {{X_n}:{xn} Cosi trong & theo | |p} Ta s€ trang bi hai phép toan cong va

nhan cho @ | dé né tré thanh mot trudng.

Phép cong: Wx={x.},y={y,}em . x+y={x +Y,}

Phép nhan: vx={x.}y={y,}e2 ,,xy ={x,.y,}

Ta chirmg minh dugc véi hai phép toan cho nhu trén @ , 1a mot truong voi:

Phan tir khéng: 0={x_ =0}

Phan tir don vi: 1= {x, =1

Phan tir doi: x ={x } thi —x={-x_}
Phan tir nghich ddo: Véi {x}#0. Ta ¢c6 x 70 suy ra IN>0 sao cho
Vn>N,|xn|p:a¢0.

O,n<N _ o
Khi d6 day {y, }, v6i v, ={ N 1a mot day Cosi trong = theo | |p, va {x {y.}=1.
n>

Twc phan tir nghich dao cta m 1a phan tir m
Xét 010 > 0(x)={x, =x}Vxen , taching minh dugc # 1a don cau truong. Do do, ta

cOthé coli @ — @ 0



Véi x={x }er , tadinh nghia |x| = !]ilpo|xn|p. Kiém tra dugc | | 12 mot chuan trén o o

Hon nira, moi day COsi trong (D ,| |p) déu hoi tu trong (0 p,| ), turc (0 p’| |) la mdt mo& rong cua

(u,| |p).

Dé tién trinh bay, ta cling ky hi¢u gia tri tuyét doi trong 2 | la | |p .

Ky hiéu ¢, :{XED IO:|x|p£1}. Khi do, ¢p la vanh con cua trudong © o~ Hon nira,

vxet¢ ,3a e{01,.,p-1}, x=a,+ap+L +a,p"+L :Zanp“.

n=0

Néu xen x| >1thi I3me¥,|p"x| <1hay x'=p"™xe¢ _.Dodo, Ja {0,1,..,p—1} sao
p p p 1

o

cho x'=> ap'.Suyra x= ) ap'. N6i cach khac: véi mdi x ea | luén ton tai & €{0,1,.., p—1}
i=0 i

i=—m

sao cho x = i ap',trong do x|, =p"

I=—m

Trong = , ta dinh nghta:
Hinh cau mo tdm a ban kinh r 13 tap B(a,r)= {x ea /|x—a|p < r}
Hinh cau dong tim a ban kinh r 1a tap B(a,r) ={X€ I /|x—a|p < r}

Mit cau tim a ban kinh r 13 tap S(a,r):{XEn ) /|x—a|p = r}

Tir dinh nghia cho thdy ¢ A =B(0,1). Mat khac, vi topd trén & | 1a topd cam sinh tir chudn
phi — Acsimét nén nd c6 mot vai tinh chit khac la. Cu thé:

1) Moi hinh ciu, mit ciu trong © . déu 1a tap vira dong vira mo.

2) Hai hinh ciu trong © , hodc roi nhau hodc 16ng vao nhau.

3) Moi hinh cAu, mit cau trong @ déu co6 vo sd tam, vo sb ban kinh.

4) @ chi c6 mot sO dém dugc cac hinh cau, mat cau.

p



1.1.6 Trudng cac sé p — adic £

Theo dinh 1y Oxtropxki, trén @ chi c6 hai loai gia tri tuyét d6i 14 gia tri tuyét ddi thong
thuong | | va gia trj tuyét d6i p — adic | |p. Lam ddy du = theo | | ta duoc truong s6 thyc j . Con
lam day da & theo | |p ta duge truong @ . Truong sd thyc j khong dong dai sb, bao dong dai s6
ciia j latruong sb phic £ va dic biét £ day du. Vay bao déng, du cia o o 1a truong nao? Ta xay
dung n6 nhu sau.

Ky hiéu o _ , 1a bao dong dai s6 cia & . Gia tri tuyét doi | |p trén o dugc mo rong thanh
gia tri tuyét doi || || trén o , theo cach:

Véi aen , giasu Irr(e,m ) =x"+a,x""+L +ax+a,.Khido,

ledl, = e,

la mot gia tri tuyét doi trén © o

Nhén xét rang o , dong dai s6 nhung chua dy da. Ky hiéu £, labao du cua o , theo || ||

vi ta chimg minh duoe | | 14 mot gid tri tuygt doi trén £,

Nhu vay, £ 31_ vaVaef ), Irr(a,m )=x"+a, x""+L +ax+a, thi

], = gfla],,
Trong truong £

Day {a } goila hoi tu vé aef néu ||m|a —a| =0. Ky hiéu lima, =a.

n—o0 n—o0

n=0 = n=0

n 400
=&, goi 1 tong riéng thir n cua chudi Y a,.Néu limS =S e£ | tandi chudi Za
i=0

+00
hoi tu va viet S = Zan :
n=0

Nhén xét Vi £ | la truong phi — Acsimét nén diéu kién hoi tu cia day va chudi don gidn hon trong
gidi tich phitc. Cy thé: trong truong £ 0

1) Day {a.}, hoi tu khi va chi khi V& >0,3N € ¥,Vn> N ||a

n+l

||p<g

2) Chudi Za hoi tu khi va chi khi lima_, =0

n—o0
n=0



1.2 Khoéng gian cac ham lién tuc

Cho K 1a mt trudng véi gia tri tuyét dbi | | va X 1a tap con cua K.

1.2.1 Dinh nghia
Ham f:X > K dwoc goi la lién tuc tai aeX néu limf(x)=f(a), nghia la
Ve>,35>0,vxe X :[x—a|<d=|f(x)- f(a)<e.

Néu flién tuc tai moi diém thudc X thi ta néi f lién tuc trén X. Ky hiéu C(X — K) la tdp tat

ca cac ham lién tuc trén X.

1.2.2 M¢nh dé
C(X — K) la K = khéng gian vécto voi phép todan cho nhu sau:
Phép cong: (f +9)(x)=f(x)+g(x),vf,geC(X - K),Vxe X
Phép nhan ngoai: (1f)(x)=A1(x),Vf eC(X - K),VieK,V¥xe X

1.2.3 Pinh nghia

Anh xa f:X > K duoc goi la ham hc%ng dia phuvong néu véi moi X e X, ton tai mot lan

can mo U cua x sao cho f'la hang trén U.

Vi du Vé6i U la tdgp vira dong vua mo trong K. Ham dac trung ¢, : X - K dinh béi

1, xeU

13 ham hang dia phuong.
0,xeU

é/u (X):{

Chitng minh Vx e X , néu xeU thi vi U m& nén U 1a 1an can cta x va £, (y) =1, VyeU. Con
xgU thi xeK\U, ma U dong nén K\U m¢é tec K\U 1a lan can cua X va

&y (y)=0,vy e(K\U). Vay ¢, 1a ham hing dia phuong. W

1.2.4 Pinh ly
Ham hang dia phwong la ham lién tuc
Chitng minh Gia si f:X — K 1a ham hang dia phuong. Vi f 1 ham hang dia phuong nén véi
X, € X, 3U lalan can mod cua x, saocho f(x)=a, VxeU .
Khi d6, Ve >0, vi U 1a lan can mo cua X, nén 36 >0 sao cho B(x,,0)cU, ta co

() f(x,)|]=|]a—a]=0<¢,VxeB(x,,5). Vay flién tyc. W



1.2.5 Pinh nghia

Cho E la mot khong gian vécto trén truong (K,| |) Mot chudn trén E la mét dénh xa || || E—j

théa ba tinh chat:

1) |x]|=0,vx € E;|x|=0< x=0

2) |Ax|=]4||x|. vx € E,vA e K

3) [x+ < [x|+]y]. vx.y <E

Cip (E.||) goi la khong gian dinh chuin. Néu || théa tinh chdit 3)

[x+y] < Max{|x||.| Y]}, Vx.y € E thi | || goi la chudn phi - Acsimét.

Ta da biét C(¢ , > £ p) 1a mét £ - khong gian vécto. Tiép theo ta s& trang bi cho
C(¢, —>£,) mot chuén dé né thanh khong gian dinh chun.
Véi méi feC(¢,—>£,), ky hieu [ =max{|f(q] ¥xee,|. Khi do,

||,:C(¢, >£,)—>i lamdtham. Hon nita, ta c6 dinh Iy.

1.2.6 Pinh ly
Ham | | la mot chudn phi— Acsiméttrén C(¢  —>£ ).

Chirng minh Ta kiém tra bang dinh nghia
Rorang [f| >0,vfeC(¢, >£,);|f|=0< f =0

Véimoi aek ,, feC(¢,>£ ) taco
rf], =max{a (9, vx< e} = max e, | f )], vxee,}

=], max {0, vx <€} =[a] | ],

Véimoi f,geC(¢,>£,), taco:



If+g| = max{||f(x)+g(x)||p Vxed p}
< max|max (| f (9], Jo(],}. ¥, |
<max{|f|, g, }.W

Nhu vy, ( (¢ —>£ ) | | ) 12 mot khong gian dinh chuan. Hon nita, né con 1a khong gian

Banach. Ta c6 dinh ly

1.2.7 Binh ly
( (¢ —>£ ) | | ) la mot khong gian Banach
Chitng minh Gia st {f,} 1a day Cosi trong C(¢ , —>£ ). Véimoi £>0, do {f,} Iaday Cosi

nén 3N, >0,vm,n>N, tacé |f, —f | <§ hay

max {| f,(x) - f,(9)],, ¥xe ¢ p}<§<:>|| f,(0- 1, <§,VX€¢ ()
Suy ra, voi méi xe¢  day {f (x)} la day Cosi trong khong gian £  day du do do,
{£,(0} hoi tu.
Xétham f:¢ —£ ,f(x)= !]m f.(x),Vxe ¢  vatasé chung minh f 1a giéi han cta day
{f,}, trong C(¢, >£ ).
Vi f(x)= !]m f.(x),vxe¢ nén 3N, >0,vm> N, taco
[ £.00- T ()], <§,VX€ ¢ (2)

Gia sir {Xn}cE,p,Xn —>Xef p.Khidé,Véiméi me¥ vi f_lién tuc nén

&
” fm (Xn) - fm (X)”p < E

T do, Vm > N,, ta dugc
n/ f(X)”p =||f(Xn)— fm(Xn)+ fm(Xn)_ fm(x)+ fm(x)_ f(X)”p
<max (| £ (%)= £, 06, [ T 06 = £, 0l £, 00— £ 00} =

£
3



suy ra | f (x,) - f(x)||p <eg,taclaf(x)— f(x) hay f eC(¢ ;£ p).
Cudi clng ta con phai ching minh f — f .
Chon N =max{N,,N,}, thé thi theo (1) va (2), voi moi m,n> N ta duoc
|f.(x) - f(X)||p = f,00 = f,(0)+ (0 - f(X)||p
2

< max{|| £,00 = £, (0] [ £ () - f(x)“p} :?5

<g,Vxet o
suy ra |f, - [, = max{|| f,(0 - f ()], vxe¢ | <&. Taduoc f, - f.

Vay ( (¢ —>£ ) | | ) la mot khong gian Banach. W

Cho XcK va f:X >K. Véi aeX la mot diém tu, be K. Khi d6, ta dinh nghia

lim f (x) =b néu (Ve >0,35 > Vxe X,|x-a| <5 =|f(x)-b|<¢)

X—a

1.2.8 Dinh nghia
Cho X la mot tap con khac rgng cua truong K va a la mot diém tu cia X. Ham f: X > K
dwoc goi la kha vi tgi a néu ton tai gioi han
lim )= (&)

X—a X—a

Ky hiéu: f'(a) = im0 =@
X—a X_a

Ham f dwoe goi la kha vi trén X néu ton tai t'(a) véi moi ae X . Khi do, f goi la nguyén

ham cua f” con [ goi la dao ham cua ham f.

Cho X 1a tap khac réng khong chira céc diém c6 14p cua K, ky hiéu A={(x,x):xe X}. Sai
phan thuong @, f ctia f:X — K 1a mot ham hai bién
®,f: X xX\A—>K

FO)—T(y)

(x,y)a @, f(xy)= Ty



1.2.9 Pinh nghia
Cho X la mot tdp con khac rgng cua truong K. Ham f: X — K dwoc goi la kha vi lién tuc
tai ae X (Fla C* tai a) néu gi6i han ( I)irT(1 )CI)lf (X,y) ton tai.
x,y)—(a,a

Ham f duoc goi la kha vi lién tuc trén X néu né kha vi lién tuc tai moi ae X . Ky hiéu

c! ( X - K) la tdp hop cac ham kha vi lién tuc.

Nhén xét C* ( X - K) la khéng gian dinh chudn véi chudn

|f|1=max{|f|w,|d>lf|w/Vf eCH(X - K)}

1.2.10 Dinh nghia
Cho (K,||) la mét truong, X cK,a>0. Ham f:X > K duoc goi la théa diéu kién
Lipschitz c¢dp a néu ton tai s6 M > 0 sao cho:
1F() - f(y)|<M|x=y[,¥x ye X
Ky hiéu Lip, (X — K) 1a K - khdng gian vecto gom tdt ca cic ham f:X — K théa diéu

kién Lipschitz cdp a.

Nhéan xét Lipl(X — K) la khéng gian Banach véi chudn

|£], =max{|f| @, f| /vfeLip(X—>K)

1.3 Co s6 truc chuén, co sé truc giao

Xét (E,|| |) 1a mot K — khong gian Banach véi chuan phi — Acsimet.

1.3.1 Pinh nghia
Véi hai phan tr x va y trong E. Ta nOi  x truc giao véi y, ky hiéu XLy, néu

|X|| = inf {||x —Ay|.VAe K} .



Vi du: Trong khdng gian dinh chuin (C ( (¢, >£,)] ] ) hai ham f(x)=x va g(x)=x(x-1)° Ia
truc giao.
Chiing minh: Ta co ||, = max{| f ()], ¥x et | =max{|x| ,vxee }=1.
Mat khac,
1 2g], =max | (0~ 290, ¥xe ¢ .} =max{[x - ax(x-17] vxee |

axfi-20-7] vxee, | =1vaet,

Vay ta dugc inf{|f —1g| :vief |=1=|f[ . W

o0

1.3.2 Pinh nghia
1) Cho xe E va D,,D, c E. Ta noi:
Phan tir x trie giao véi tdp hop D,, ky hiéu x L D,, néu x 1 d,vd e D,.
Tép hop Dy truc giao véi tap hop D,, ky hiéu D, 1. D,, néu d, 1.d,,vd, € D,,vd, € D,.
2) Tdp hop {Xl,xz,..,xn,..}g E dwoc goi la tdp truc giao néu véi moi n=12,3,.. ta co
X, J_<X1,X2,..,Xn_1,xn+l,..>, trong do <X1,X2,..,Xn_l,xn+l,..> la K - khong gian con sinh boi

X0, Xy ooy Xo gy X

n-1? *n+lrt”

3) {Xl, Xoyey Xn,..} c E dwoc goi la tdp truc chudn néu né la tip truc giao va
||xn|| =1,vn=123,..
Nhéan xét: Néu {Xl, Xy ey Xn,..} c E la tdp truc giao khéng chira phan tir khéng thi né déc ldp tuyén

tinh.

1.3.3 Pinh ly
Cho X, X,,..,X.,..€ E. Ta ¢6 cdc khing dinh sau:

1) {X, %0 X ,..} 1 tdp truc giao néu va chi néu {X,%,,...X.} la tap truc giao véi moi

*

ne¥ .

2) {X,, X,,.., X, } la tdp truc giao khi va chi khi

= max{|4[[x|/1<i<n} véi A, 4,,.. 4, €K

3) {X,, %,,.., X, } la tap truc giao khi va chi khi



> ax

i=1

> |2 [[%.| voi 4.4y, k€K
Chirng minh

1) Néu {X,,X,,... X ,..} 1a co s& truc giao thi theo dinh nghia {x,,X,,..,X } 1a tap truc giao v&i
moi ne¥ .

Nguoc lai, {X,,X,,.., X } 1a tip truc giao véi moi ne ¥ ™. Ta s& chimg minh {Xx,,X,,..,X,,..} la

tip truc giao bang cach chi ra X, L{X,%,,.. X 4, X,1,-), Vi. That vy, Vye(X,.\Xy Xupor),

y= Zamx,n a, €K suyraye(X,..xX,).

Mt khéc. {X;,X;,.., X, } 1a tdp tryc giao nén X, Ly, do do
X 'L'<)9_ X —1 |+1 > \7|
2) Gia str {X,, X,,.., X, } 1a tap truc giao. Khi do, Vi =1n,

X 'l'< | -1 XPH_ » X >'

Suy ra, v6i moi 4,..,4, € K tacod Ax L D A,X;. Theo dinh nghia 1.3.1, ta dugc

i#j=1

ﬂ,,xi+zn:/11.

i=j=1

n
X;|[=[4x ] hay 2%
=

X; || = [4%]

Vi thé, > max{||ﬂ,,xi|| /i :1_n} ()

n
Z/ljxj
j=1

Do | || 14 chun phi — Acsimet nén < maX{||ﬂ,,xi||/i =1,_n} (%)

n
Z/ljxj
j=1

Két hop (*) va (**), ta duoc

n
Z/ljxj
j=1

=max{||ﬂ,,xi||/i =1_n}

Nguoc lai, gia sir :max{”/ljxj”/i =1,_n},v/1j e K. V6i moi x, €{x,X,,..,X,} va

n
Z/ljxj
j=1

Y € (Xyyon Xy Xiygo Xy ), tACO Y = leleeK Khi do,

izj=1

X—aZ/lx

i=j=1

[% —ay|= :max{||xi||,||a/1]xj||/i¢j:l,_n},VaeK

Tu d6 suy ra ||Xi —ay” > ||Xi ||,Va eK suyra X, Ly.Vay {x,X,,..,X,} 1a tdp truc giao.



3) Gia st {X, X,,.., X,} 1a tap truc giao. Khi do, voi m=2,3,..,n tap hop {X,X,,.., X} cling la

tap truc giao, do do theo (2), ta dugc :

m
lejxj
j=1

Pé chimg minh chiéu ngugc lai ta ¢6 nhan xét: véi moi X,y € E, néu c¢6 ¢ e (0;1] sao cho

- max{”ﬂjxj ||/ j :1_m} > [ 2%l

Ix+y|=cx thi [[x+y[|>cy.

Gia st znlﬂjxj > [ 2,% [, ¥4; € K. Khi do,
j=1

2[4,

n-1
A X, +Z;;tjxj
j=

n
lexj
j=1

Theo nhan xét trén,

>

n
Zﬂ,jxj
j=1

n-1
A X, +Z;/1jxj
j=

n-1
Z/ljxj
j=1

Ciing tir >[4, 1%, suy ra >[4, 1%,4] - Do do,

n-1
Z/Ijxj
j=1

n-1
Zﬂ.jxj
j=1

n
Zijxj
j=1

2|2 %04

Cu 1ap luan nhu vay ta dugc > ||2,mxm|| ,m=3,..,n

n
lejxj
j=1

Ngoai ra, > A% + % | =A%, Lai  do | Ax +A,%[ =] 4%,  nén

n
Zﬂjxj
j=1

[22% + 2] 2 | x| suy ra 2| ax|

n
Z/ljxj
j=1

Nhu vay, ta da chirng minh dugc > ||/1me ||, m=1..,n. Tu d6 suy ra

n
lejxj
j=1

> max{||/1mxm||/ m :1_n}

n
Z/Ijxj
j=1

Diéu nay cho ta khang dinh

n
Z/Ijxj
j=1

Vay theo (2), {X;, X,,.., X, } 1a tap truc giao. W

= max{||/1mxm||/ m =1_n} .



1.3.4 Dinh nghia
He¢ {el,ez,..,en,..}g E,e, #0,vn=123,.. duoc goi la co so truc giao (twong ung, truc
chuan) cua E néu théa hai diéu kién:
1) {el,ez,..,en,..} la tap true giao (twong vng, triec chudn)

2) Véimoi xeE, ton tai A, 4,,..€ K saocho x=)_Ae,

n=1

1.3.5 Ménh dé

Cho {e,e,,...e,,..} ld co s¢ truc chudn ciia E. Gia st rang X:Zﬂnen eE, véi 1,4,,..eK.

n=1
Khi do, ta co
1) limA, =0

n—oo

2) ||| = max{|2,|/ne¥}

3) Néu x=>) pe,€E, véi B,B,..€K thi 4 =B, ¥n=123,..

n=1

Chirng minh

1) Vi x=) e, hditunén limAe, =0.Khidé, Ve >0, taco

nN—o0

12 =|40][ea]| = 1484 ]| < € suy ra lim 4, =0.

> Ag
i=1

—I|mmax{|ﬂ,|||e |.i=1, n} max{|ln|,n:1,2,3,..}

n—co

l=1im

n—o

2) Taco |x|=

=lim max{||ﬁ,e |.i=1, n}

nN—o0

3) Tacd 0=x-x=> (4, -8,)e,. Theo (2), ta dugc

n=1
0=]0]| = max{|4, - B, .,n=12,.}
Suyra A, =£,vn=123,..\



Chuwong 2: CO SO VANDERPUT CHO KHONG GIAN CAC HAM LIEN TUC TREN
¢

p
Chuong nay sé& gidi thiéu cu thé, chi tiét cach xay dung co s¢ Vanderput cho khong gian cac
ham lién tuc trén ¢, C(¢, —£,); co s6 Vanderput cho cac ham lién tuc trén ¢ xC ,
C (¢ o XC > E ) Pong thoi, dua ra mot s6 tinh chat va ing dung clia co s& nay trong viéc nghién
ciru cac ham kha vi lién tuc; cdc ham théa diéu kién Lipchitz va cong thtc tinh tich phan

Volkenborn qua hé s6 Vanderput.

2.1 Co sé Vanderput cho khdng gian C(¢ , > £ ,)

Cho p 1a mot s6 nguyén to, véi mdi s6 nguyén dwong n ludon ton tai cic so

8, e{0;L.;p-1},i=1s saocho n=a,+a,p+L +ap°, trong d6 s:[logpn], goi 1a khai trién p —

phan cuan. Ky hiéu n_=a,+ap+L +a_,p°".

2.1.1 Pinh nghia

400 . . -1 . ~
Voi X = Z ap en o> ta dinh nghia phan nguyén p — adic cua no la [X]p = Z ap', voi moi

i=—c0 j=—c0

n=123,.. ky hiéu x_ = p”[p’”x}p.

n-1
X A _ n -n _ i ’, re X
Dé thay X, =p [p x]p_Zaip . Do @6, v6i mdi xen

i=—00

, ta dugc day cac phan tu

+00
Xgr Xgyor Xy €@ ) hoi tu vé X. Ta goi {x,} 1a ddy chun cua x. Néu xe ¢ | thi x=> ap'. Do do,
i=0

day chuan cua X 1a cac so ty nhién.



2.1.2 Pinh nghia
Cho {x,,%.,...X,,..} la day chudn ciia X e ¢ o Voi méi s6 me¥ ta néi x bat dau véi m, ky

hidu m> X, néu me{x,,%,.. X ,.}.

Néu ne¥ thi khai trién p — adic cta n chinh 1a khai trién p — phan do dé, tap hop
{me¥ |m=#nAm>n} la hitu han, suy ra né c6 phan tir 16n nhat va phan tir Ién nhat d6 chinh 1a

n

Sau day 1a mot sb cac tinh chét ciia day chuan{x } va n_

2.1.3 Ménh dé
Cdc khang dinh sau la diing
1) Néu xe¢ or Ne¥ thi |X—Xn| <p" va x,e€{01.,p"-1}. Nguoc Ilqgi néu

ye{0.1,..,p" -1} thoa |x—y|< p™" thi y=X,.
2) Cho x,ye¢ ,ne¥. Khids,
i) |X—y|p < p" khiva chikhi X, =Y,
i) [x—y| = p" khiva chi khi X, =Y, V& X1 # Y.y
3)Ham xa x,(xe¢ ) la hang tréntgp a+p"¢ (aet ,ne¥’)

4) Cho x,ye¢ ,ne¥ . Khido,

5) (X)) = Xaingnmys (X € € ,,n,M € ¥)

6) Cho xe ¢ ,me¥ . Khido, m<xc>|x—m|p<i
m

7) |m—m_|p =p~° trongdé, m=a,+a,p+L +ap° e¥,s=[logpm}
Chirng minh
1) Giasir x=a,+a,p+L +a,,p" +a,p"+L €¢ . Véimodi ne¥, taco:
x =a,+ap+L +a _p"*

suyra x, €{0,1,.., p"* -1} va |x-xn|p =

n n+1 -n
anp +an+1p +L pSp .



Nguogc lai, giai so ye{0,12,.,p"" -1} thoa |x—y|p£p*”. Khi do, vi ye¥ nén
y=Db, +bp+L b,p’. Thém nira, y < p" nén s<n-1.Tacé
Néus<n-1thi
|x—y|p:|(ao—bo)+L +(a,—b,)p*+a,,pt+L i
Do [x—y| <p™néna=b,i=05vaa=0i=s+Ln-1 Tudosuyra
Y=Xu =X,
Néus=n-1thi 1ap ludn nhu trén ta dugc y =X, .
2) Véi moi xye¢ , ne¥ ta c6 x=a,+ap+L +a p+ap'+L va
y=b,+bp+L +b _,p""+b p"+L
Suy ra [x—y| =[G, —b,)+L +(a,,—b,,)p* +(a,~b,)p" +L |p.
i) Diéu kién |x— y|p < p™" twong duong v6i a =h,,i=0,n-1, tirclatacd x, =, .
ii) Didu kién [x—y| =p™ tuong duong véi & =b,i=0,n-1va a, #h,. Do do,
X =Y, VA& X, # VY.

n

3) V6imdi ne¥, xe€ , x=a +ap+L +apn71pp71+apnpp"+L do do,

p ]

x+p'¢ =a +ap+L +a p"+p't,

Suyra{a+p'¢ /ae¢ b={i+p'¢ /i=0p" -1}, ne¥"

Véi i€{0,1.,p"-1} va x,yei+p'¢

., ta co |x—i|[33p*n va |i—y||03p*n suy ra
|x—y|p < max{|x—i|p,|i—y|p} <p™
Theo (2i), X, =Y,. Thc ham xa X (xe¢ ) hangtréntdp a+ p"¢ ,ne¥ ae¢
4) Véi x,yet, va ne¥ ta c6 x=a+ap+L +a p"+ap'+L va
y=b,+bp+L +b_,p""+b p"+L .Suyra
x—y|, =|(a ~b,) +L +(a,, b, ,)p°*+(a,—b,)p" +L |p.
Khi do,

Neu [x—y| <p™ thi & =b,Vi=0,n-1nén |x,—y,| =0



Néu |X— y|p > p" thi 3ie€{0,.,n-1}:a #b . Khong mét tinh tong quat ta c6 thé xem i 1a chi
s6 dau tién ma a; #b;. Ta dugc |X, ~Yo|, =P =[x=y],.

5) Véi xet¢ mne¥ ta cd x=a +ap+L +a _,p"+ap"+L . Khi do,

0
x =a,+ap+L +a _,p"". Xay ra hai truong hop:
Néum>nthi x =a +ap+L +a_p " +0p"+L +0p™ +L suyra,
(x,),=a,+ap+L +a _,p" +0p"+L +0p"* =X,
Néu m<n thi x =a +ap+L +a_,p""+a p"+L +a_,p"" suyra

(x),=a,+ap+L +a, ,p " =x

m*

Vay (X,), =X

min{n,m} *

6) Véi xe¢  taludnco x=a,+ap+L a p"+L . Giast me¥ m<x. Khi d6, Ise ¥
saocho m=a,+ap+L a,p°. Tu diy suy ra

s+1

1
2 —(s+1)
a,, P Ha,,pT L S p T <=

k-, - :

Nguogc lai, gia st me¥, |x—m|p<i. Khi d6, vi me¥ nén m co6 dang
m
S 1 —S N I3
m=Db,+bp+L b,p* suyra —<p~. T do,
m

[x—m|, =|(@, ~b,) +(a,~b)p+L +(a,~b)p*+L| <p~
Suyra a =h,vi=0,5 hay m<x.
7) Vi me¥ nén m co khai trién p — phan m=a,+ap+L +a,p° trong do, s:[logpm].

Suy ra |m—m_|p =

ap )= p”. W
2.1.4 Ménh dé

Véi méi n €{0,1,2,.} dnhxa e, :¢ o = £ o cho bdi cong thirc

e (x) L n<Xx ¢
= ) (=
" 0, n < X P

la mot ham lién tuc.



Chirng minh V&i mdi ne¥ , ta sé chimg minh e, 1a ham hing dia phuong. That vay, vi moi
X e ¢, c6 hai kha nang c6 thé xay ra:
Néu n<x thi Ime¥ :n=x,. Ky hiéu U ={ye¢ /|y—x,|<p™'}. Khidé, U la lan can

mociaxvan<y,vyeU.Dodo, e (y)=1VyeU.

Neu n < x thidat U ={ye¢  /|ly—n| z%}. Viu=ao p\B(n,%j nén U 1a tap md. Theo

ménh dé 2.1.3,tacod xeU suy ra U Ia mét 1an can mé cua x. Hon ntta, Vy e U, cling theo ménh dé
213, ngysuyrae/ (y)=0.

Vay e, la ham hing dia phuong, do do, e, la ham lién tyc trén € . No6i cac khac

vne¥,e eC(¢,>£ ). W

2.1.5Pinh ly

(Co so Vanderput) Cac ham e,,e,,.. xdc dinh boi cong thirc

1 n<Xx
e (X)= Xxet¢ ne{0:1..
n(){On%X ct,ne{0L.}

tao thanh mét co s6 triee chudn ciia C(¢ £ ). Néu f eC(¢ , —>£,) thi

F(0=3 ae ()

trong dé, a, = f(0),a, = f(n)—f(n_),ne¥ .

Chitng minh Trudc hét ta chimg minh {e_,€,,..,€,,..} 1a tap truc chuan. V&i ne ¥ ta co:
le]. = max{||en(x)||p Xet p} =1

V6i mdi me{2,3,..,n} vavoi 4,4, A, €£ ,, taco:

:max{ /X€¢p}
o i o

> 46 (x)
=1
> max {| 4,0+ ,0+L +4, 0+ A,6,(X)], / xe ¢ p}

m
A€,
i=1

max{||/”tmem(x)||p Ixet p} =4, lenl..

Hay la

> 2e,
i=1

tap tryc giao

> ||ﬂvm||p |em|oo . Theo dinh 1y 1.3.5, {e_,e,,..,€,} 1a tap tryc giao nén {e_,e,,...e,,..} la

0

Cudi clng ta chimg minh {e,,€,,..,€,,..} 1a hé sinh. Xét chudi



g=f(0)e,+> (f(nN)-f(n))e,.
n=1
Véimdi ne¥ , tachd

(fm)-f())e,

C=|(f(ny- f(n_))||p|en|w <||(f(n)- f(n_))||p

Vif lién tuc nén lim(f(n)—f(n_))=0 suyrachudi » (f(n)— f(n_)) hoi tu, do do, chudi

n>1
g(x) hoi tu déu. Thém nira, f lién tuc nén g lién tuc, nghiala g e C (¢ L, ) .
Mat khac, g(0) = f(0)e,(0) + Z( f(n)—f(n _))en (0)=1(0)
n=1
Véi me ¥, taco

g(m) = f(O)eo(m)++i( f(n)-f(n))e,(m =2 (f(n)-"f(n)

n<m

g(m_)= f(0)eo(m)++zw(f(n)— f(n))e,(m )= (f(n)-f(n)

Suyra f(m)—f(m_)=g(m)—g(m_). Do do, f(m)=g(m).
Véimoi xe€ , day chuan {x } cta x 14 nhiing s6 tu nhién, thém nira, f va g 1a hai ham lién
tuc nén
f() =lim £ (x,) = limg(x,) = g(x)
Ta dugc f = f(0)e,+ > (f(n)-f(n)))e,.

n=1
Ky hidu
a, = f(0)
a =f(n-f(n),vne¥’

+00
Khido, f =) age,.
n=0
Viy €,,€,,.. tao thanh mot co s& truc chudn ctia C(¢ c—E )W

Nhan xét: 1) Do e_,e,,.. la mot co so truc chuan ciia C(¢ o™ £ p) nén voi

f=>aeeC,>£))
n=0



ta dwoe ||, =max{la,|, /ne¥|

2) Néu t:¢  —£ ) la mot ham bat ky biéu dién dwoc dudi dang f =) a.e, thi a, = f(0)

n=0

va a,=f(n)-f(n_),vn=0.

2.2 Mt sé tinh chat ciia co sé Vanderput

Gidsu f:¢ —£ . V6imoisonguyén duong N, ta co

FO,00+ (1) F(n))e, (0= £+ 3(F(M-1(n)

n<x

=0+ 2 (f(x)-f(x,))
X <N
= f(Xk(N))
Trong do, X,y la 56 16n nhat trong cac X, bé hon N.

Van dung tinh toan nay ta c6 dinh ly sau:

2.2.1 Pinh ly

Choham f:¢ —uo . Khido, hai diéu sau la twong dirong

+00
1) Ton tqi a,,a,,..ea ;saocho f =) ae,
n=0

2) Véimoi xe ¢ taludnco f(x)=lim f(x,)

Néu flién tuc trén tip ¢ o \¥ thi (2) diing nhung nguoc lai 6 thé khong.

+00
sao cho f =) ae, . Khi do, véi xe¢  va
n=0

Chiing minh (1= 2) Gia su ton tai a,,8,,..€8

N
Ne¥, ta c6 > ae,(X)="f(Xu) Xu <N hon nita, N—>+o thi Kk(N)—>+wo nén
n=0
- N -
f(x) = leonzz;anen(x) = Jm (X)) -

(2=1) Giasu f(x)=Ilim f(x,). Ta xét hai truong hop:

Tht nhat, x e ¥ théthi x=a, +a,p+L +a p°. Do do,



X, =0

X, =4,

M = f(x)=f(x,),vn=>s+1
X, =X Vi1

Mat khac,

() = O+ X (Fm) = Fm))e, (9= 1O+ X (F(m)- F(m))e, (9

Tirdo suy ra £(x)= f(0)+ > (f(m)— f(m_))e,(x).
m=1
Thir hai, xe ¢ ) \¥ thé thi khai trién p — adic cua X khong dimg, gia sir
x=a,+ap+L +ap“+L
V6imdi ke ¥, luon ton tai N, € ¥ saocho x, <N, <X, va

f(x)= _Nzkaiei (X)

Khi k — +c0 thi N, — 4. Do do,

N Ny ~+00
f(x)= leer f(x)= kllmogaiei (x) = Nl@'wgaiei (x) = iz:;,aiei ().
Gid su f lién tyc trén tap ¢ | \¥ , ta s€ chung minh f(x) =lim f(x ), Vxe ¢ . That vay, voi

moi x € ¢ , c6 hai kha nang xay ra:

Néu xe¢ \¥ thido flién tuc nén f(x)=lim f(x,)

Néu xe ¥ thi x=a,+a,p+L +a,p°. Khidé, diy chuan {x } co dang

X, =0
X, =8,
M = f(x)=f(x,),Vvn=>s+1

=8, +tap+L +ap’=x

=X, =X Vn>s+1

Do dé, lim f(x) = f(x).

Lxet \{0}

0,x=0

Xéthé\mf:cl:p—mp . Ta co:

cho bdi cong thirc f(X) = {

Néux =0 thi g(0) = f(O)eO(O)+§( f(n)— f(n_))e,(0)=0= f(0)(*)

n=1

Néu x#0 thi x=a,+a,p+L .Do x=0 nénco k e¥ sao cho



X, =L x,,=0vax, #0
Khi do, g(x) = f(O)eo(x)+§(f(n)— f(n))e,(x)=>_(f(n)-f(n)

:Z(f(xi)_ f(XH))= f(x)=1=f(x) (**)
Ta (%), (**) suy ra f=f(0)eo+§(f(n)—f(n_))en. Ky hieu a,=f(0) va

thoa f=>ae, . Do do, diéu kién (2)

n=0

a,=f(n)-f(n),vne¥  thi ta dugc diy aj,a,..€@

théa man.

Tuy nhién ham f lhong lién tyc trén ¢ \¥ . That vdy, véi day {X = p”}n c ¢ thi

n

limx, =0 nhung lim f(x,) =1# f(0), nghia la f khong lién tyc tai X = 0. W

n—

2.2.2 Dinh ly
Cho f e C(¢ , £ p) c6 khai trién theo co s¢ Vanderput la f = Zanen. V6i moi ne¥,
n=0
ky hiéu N, la khéng gian cdc ham tir € | dén £ | ma chiing la hang trén tgp a+p"¢ ,ae¢ . Khi
do, ta co cac khcfng dinh sau.
1)V = <eo,e1,..,epnfl> . Ham fla hcing dia phuwong néu va chi néu a, =0vdi n du lom.
pn_l \ 7 /4
2)Dat f, = Z ae . Khido, f, la phan tir g duy nhat cua V, thoa tinh chat
i=0
9(0)=f(0),9@® = f(@),..9(p"-1) = f(p" -1
3) f. la xdp xi tot nhat cua ftrong V..
4) Véiméi ne ¥ tach

max | O)], .. £ ()], | = max a2}

n

Chirng minh Véi xe ¢, x=a +a,p+L +apn71pp_l+apnpp"+L , do do,

p’
x+p't =a +ap+L +a,  p"+p't,

Suyra{a+p'¢ /ae¢ }={i+p'¢ /i=0p -1}, ne¥

1) V6i mbi me{0,1,.,p"-1}, ie{0,..,p"-1,vx,yei+p"¢ , Ta co |x—i|ps p" va

i-yl, <P suy ra fx—y|, < max{x—i|,.Ji-y|,f<p™".



Do d6, X, =y, . Diéu niy din dén, m< x khi va chi khi m<y. Vi thé theo dinh nghia ham

e, taduoc, e,(x)=¢,(y) hay e, €V, . Nhu vay ta da chimg minh dugc <eo,..,epnfl> cV,.

Nguoc lai, Vf :Zanenevn, ta s& chung minh a =0,vk>p". That vay, gia su

n=0

k=b,+bp+L b, p®.
Do k > p" nén s(k)>n suy ra |k—k_|p =p*® < p™. Khido, ton tai i €{0,.., p" -1} sao

cho k,k _ei+p"¢ . Theo cach xéc dinh V,, f(k)=f(k_).Vithé a = f(k)- f(k_)=0.

pi-1
Tudosuyra f = Z ae, € <e0,..,epn_1>. Nghiala V, < <eo,..,epn71>.
n=0

Tiép theo ta chimg minh f 1a ham hang dia phuong néu va chi néu a, =0vd6in da 16n.

Gia st f 12 hang dja phuong. Véi x € ¢ 0> ton tai mot 1an can mé U, cua x sao cho f 1 hang

m r i
tren U,. Tacé ¢ = UU,,ma ¢ Ilatap compic nén ta dugec ¢ = HUX" Khong mat tinh tong

xet , '
quét ta c6 thé chon U, la nhimg hinh cau méd tdim X, ban kinh p™". Ky hiéu n = max{r, /i =1,m},
ta chung minh f €V, .

Vvéi ie{0,.,p"-1}; x,yei+p't , ta co |x—i|p3p*n va |i—y|p3p*n suy ra

|x—y|p < max{|x—i|p ,|i—y|p} <p™.
Do xe ¢, nénton tai x; de x €U, , tirc [x—x[ < p™. Khi do,
|y—xi|p :|y—x+x—xi|£max{|x—y|p,|x—xi|p}< p"
Dicu nay chota y eU, vithé, f(x)=f(y) suyra f eV,. Nghiala
f=ae +L +a, e, .
Nguogc lai, gia sut f =ae,+L +a.e, ta s€ ching minh f 1a hing dia phuwong. Tl cach biéu
diéncuaftasuyra f e(e,,...e)cV,.

Vé6i moi xe€ 3 e{O,.., p" —1}:|x—i|p <p"suyra xei+p'¢ . Do do, f hang trén tap

mé i+ p"¢ , hay f hing dia phuong.

2) V6imdi ne¥ , taco



f,(0)=a,=f(0)

fL)=a,+a="fQ
M

f.(p"-D=a,+a+L +a, =f(p"-1

Gia st g:¢ ,—>£ ) 1a ham thoa g(0)= f(0),..,g(p"-1) = f(p"-1). Khi do, rd rang

f =g.Tac f laduy nhat.

p"-1
3) Véimoi g =) be, eV,, taco
j=0

|f_fn|oo:

+o0
Znajej
1=p

o0

suyra|f—f| <|lg-f]| .
lo- ] =

p"-1 +0
Z(; (b, —a,)e; + > ae,
i= j=p"

Tirc f_1a xap xi tt nhat cta ftrong V..

o0

4)Véimoi ne¥ ', tacd a = f(n)—f(n_). Do do,

Max {|a,|,a....|a,|} = max{| f (O)[,|f (@) = f @ )],-..| f () - F(n )|}
= max {|f (0)].|f @),...| f ()|} W

2.3 Tinh tich phan Volkenborn qua hé sé Vanderput

Trude hét ta nhac lai dinh nghia tich phan Volkenborn.

2.3.1 Dinh nghia

Cho K la mét truomg chita = ,. Ham f eC(¢, —K) duoc goi la kha tich (kha tich

p'-1
Volkenborn) neu ton tai gioi han lim p_”z f(K). Khi do, gioi han nay dwoc goi la tich phan
nN—+w k=0

Volkenborn cua ham fva ky hiéu la
"1
j¢ f(x)dx = lim p™ Y f(k).
p n—+o0 pry
Nhan xét Cho f eC(¢, >K). V6i xe¢ |,

@nm=§fm=mi§fmj

ne¥



la mét ham lién tuc théa (SF)(x+1) — (SF)(x) = f(x),Sf (0) = f (0). Hon nita, néu f eC1(¢ o = K)
thi Sf eC'(¢, - K) va |f|, <|sf| < p|f],.

Khi d6, néu f eC'(¢ , —>K), taco

p"-1 n_
im pS™ 19 = lim f(O)+f(1)+Ln +f(p"-1)
n—-+% r N—>+o0 p

_ 1im STRD=STO) _ g5y

N—+00

Do vdy, moi C' - ham déu kha tich.

C6 nhiéu cach dé tinh tich phan Volkenborn. Trong phan niy chung t6i dua ra cong thirc tinh
tich phan Volkenborn qua hé sé Vanderput.

2.3.2 Pinh ly
Ta c6 cdc khang dinh sau:
1) L e,(X)dx =1 va L e,()dx = p~™™* vgi ne¥”,s(n)=[log n]

2) Cho f eC1(¢ , >E p) c6 khai trién theo co sé Vanderput la f :Zane

n=0

. Khi do,

n

p"-1
f(x)dx=a_ + lim Y a p=*™M*,
I¢p () 0 ma+oo§ np

Chitng minh Truéc hét ta thy e, e C'(¢ , > £ ), Vne¥

m—+o

p"-1 ph1
1) Taco L &,(X)dx = lim p™ > e,(j)= lim p™ > 1= lim p"p" =1
P j=0 j=0

pm-1
Véimdi ne¥”, theo dinh nghia 2.3.1 L e,(x)dx = lim p™ > e, (j)

=0

e, (0)+e M) +L +e (p"-1)

p"-1
Xéttong p" > e, (j) =
0 P

Do ne¥" nén n=b +bp+L +b,p*™. Vi moi xe{0,1,p"-1}, néu n<x thi

x=b, +bp+L +by, p* ™ +by  p T +L +b p"0<b < p-1. (%)

Suy ra trong tap {0,1,, p" —1},m>1 c0 tat ca p™ ™ phan tir X c6 dang (*). Vi thé ta dugc:



en(0)+en(l)+L +en(pm -1) ~ pmfs(n)fl .
p pm

-s(n)-1

p"-1 )
P> e(i)=
j=0

m

-s(n)-1

—>+0

p"-1
Suy ra L en(x)dx = n!LrPoo p*m Z en(j) _ m"m pfs(n)—l -
p 20

2) Theo tinh toan & cau (1), ta dugc:

pmp_mz_;ff(j)z OOt T =2a{en(0)+L ;men(pm—l)}
:pm’l e (0)+L +e (p"-1)
zoa{ p" }
L g [a0

0 m m

p n=1 p

S {en<0>+L +en<pm—1)}
n pm

=a, +

0

n=1
p"-1
=a + anp

0
n=1

—s(n)-1

m—+oo

, < . pm_l —s(n)-
Do d6, néu f eC'(¢, >£,) thi Lp f(x)dx =a, + lim nz_;anp (M1
2.4 Pic trung cia hé sé Vanderput cho mét sé 16p ham

Cho K 1a mt trudng véi gid tri tuyét doi | |, S 1a tap con cta K. Tap S duoc goi 1a tp 10i néu
X\ X0 Xy €S VA A, Ay € KAL) 4 =1thi Y Ax €S,
i=1 i=1

Tur dinh nghia trén ta nhan théiy, néu S 1a mot hinh cdu mé thi S 1a tap 16i.

Van dung khai ni¢m nay ta s€ chiing minh dugc mot bo dé quan trong sau:

2.4.1 Bo dé
Cho feC(¢,>£ ), Bla mot hinh cau trong ¢ o» S la mot hinh cau trong £ o Gia su

rang

®1f(n,n_):%es, (ne¥,n,n_eB)

Khi do, d)lf(x,y):MeS, (x,yeB,x#Y).



Chirng minh Do ¥ day dac trong ¢ , flién tyc va S dong trong £ | nén chi can chirg minh bo dé

trong truong hop X,ye Bn¥ .

Véi moi X,yeBN¥, x#Yy. Goi z 1a phan chung dau tién ctia x va y (nghia 1a véi

x:a@+qu_vay:Q+Qp+L.}@uh—yh<p*<1ﬁgMaMafzmw,
)thi z=a,+ap+L +a,,p""; conneu [x—y| =1 thiz=0.Khido
26&2<xz<yvamw%p—%wp—ﬂJ=V—yh

L, f(z,y) Y
y X—y

X_
D, ()= @, (,2) -

Do z<X nén c6 ddy z=t <t,<L <t =x véi teB sao cho (t)_=

@, f(x,2)= > AP, f(t—t,), 4 =(x=2)"(t ~t).
i=2
Mat khac,

4] =|(x-2)" ¢t —ti_l)|p =|x—2| [t ~t|<Lvi=2,n

A =

i
i=2

eBNY¥,Vi=1n

ViSlatap 16inén @, f(x,2)=> 4@, f(t; -t )eS.

i=2

Lap luén tuong ty ta dugc @, f(z,y) € S. Khi do, ta cd

d,f(x,2),D,f(z,y)eS
x=z| |22yl 4
oy ]
X=2 2=y _,
X—y X-Yy

Y aqde X—1 Z—y

Ciling vi S16i nén @, f (x,y) =D, f(x,2) y+(I)1f(z,y)X yeS.V\
X_ —

an—l = bn—l’ an # bn

t_,. Ta duoc



2.4.2 Pinh ly

(Pac trung cua hé sé Vanderput cho 16p ham Lip,(¢ ; —>£ ))) Choham feC(¢ £ )

c6 khai trién theo co s¢ Vanderput la f :Zanen. Khi do, felip(¢ —£ ) khi va chi khi

n=0

~+00
sup, ||an||p N < -+o. Chinh xdac hon, voi f = z;anen eC(¢, > £ ) ching ta cd cdc diéu sau:
n=

1) &, ] :sup{]|an||p |7/n|;1 ‘ne¥’}

2) |@,f||, < sup{]|an||p ne¥}<plo,f|

3) Neu f eLip (¢, —>£ ) thi | f|, =sup{||an||p |}/n|;1 ‘ne¥}

Chirng minh

1) Tac6 [, 1], _sup{Hw

Ix,yet X y}. Theo bb dé 2.4.1, ta duge

Ine ¥}
p

p

Ixyet, x;ty} sup{
p

Suy ra |@, f[, :sup{”f(n)— f(n )] In-n_|;"/ne¥|. Nehia la

|f(n)—f<n)|

st {H 0= f(y)

o, | =sup{||an||p|yn|;1 ‘Ne¥}véiy =n-n_.
2) Do y,=n-n_ nén 1<ly|[*<n suy ra |@f] <sup{fa,| n:ne¥}. Mat khic,
pl, [, = psup{la,], I, /n e ¥} = sup{fa,,n/ne¥}. Dods, taco
o, ]| < sup{||an||p ‘ne¥}<plo,f .
3)Néu f eLip (¢, >£,) thi |f(x)- f(y)||p <M |x—y|p VX yet

fFO)-1(y)
X—y

Suy ra <M,Vvx=#yet . Dicunay nghia la ton tai

p

SUp{H f (Xi: ;‘/(y)

/x,ye¢p,x¢y}

p

Taco |o,f| :sup{]|an||p|7/n|;1 :ne¥}va|f] =supfla,| :ne¥}.

X * ~ -1 A
Neu ne ¥ thi 1<|y,| *<n nén



sup{]a, |, |7/n|;1 ne¥}zsup{fa,| :ne¥’}
Suy ra | f], =max{/f|_,|®,f| /feC(¢,>E p)}:sup{||an||p|yn|;1/n e¥}.
Gidsu f elLip (¢, >£ ), khido, Vx,ye¢ , 3M >0sao cho

F(x)-f(y)
X=y

I (x) - 1‘(y)||p <M |x— y|p hay

p

Hf() f(y)

/x,ye¢p,x¢y}< pM .

Suy ra p|®,f]| sup{
p
Theo (2), sup{||an||p n/n e¥} < p||®, f||, nén sup{||an||p n/n e¥} < pM < +o.
Nguoc lai, gid sir sup, ||an||p n < +oo thé thi IM >0 sao cho
sup, ||an||p n<M

Khi do, Vne¥ taco |f(n)- f(n _)|| n < M . Piéu nay twvong duong véi

[ f(n)—f(n)| M

|nn|n|nn|

Mat khac, gia st n=a,+a,p+L +a,p°,a, =0 ta duoc

nn-n_| =a,p~+L +a 21

~f(n))| M

n-n_ |n|nn|

Do do,

< M . Nhu vay, ta da ching minh duogc

fim-1t) B(0,M),Vne¥
n—-n_

Theo b dé 2.4.1, T =T B(O,M),Vx,ye¢ ,x=y.Hayla
X—y

I (x) - f(y)||p <M |x—y|p,Vx,ye¢ )

Vay felip (¢, >£,). W

Trudng hop tong quat, ta c6 két qua.



2.4.3Pinh ly
(Pic trung cua hé sb Vanderput cho 16p ham Lip, (¢ ,—>£,))Cho feC(¢ —>£)) co

khai trién theo co s¢ Vanderput la f = ianen vaa>0.Khids, felip,(¢,—>E ) khiva chi khi
n=0
sup{||an||p na} <+,

Nhic lai rang N*(¢ | > K) ={f eC*(¢ , > K): f'=0}.

2.4.4 Pinh ly
(Pic trung cua hé sé Vanderput cho 16p ham N*(¢ ,—£,))Choham feC(¢ 6 —>£ )

+00
6 khai trién theo co so Vanderput la f = Zanen . Khi do, cac diéu kién sau la twong duong:
n=0

1) feN'(¢,>E,).
2) lim[a,|,n=0
3) lIwiﬁr[lan(n—n_)’lzo
Churng minh
(1=2):Do f eN'(¢,—>£ ) nénvéimoi ac¢ , taco

IimM:O.
x—a X—a

Voimoi X,y e¢ o do f lién tuc nén

IimM: Iim(limMj — |imM: 0
>§:>)g X—Y x—al| y—a X—Y x—a X—a

Suy ra lim f(nz—ri:(n_) =0. Khi do, vi |n—n_|;1 > p~'n nén

[ f(n)-f(n)

n-n_ |

P fal,n < ayfl,n=n_|; hay p”[a,n<

Vay Iim||an||p n=0.

n—0

(2=3): V6imoi ne ¥, tacod

a,(1-n )7 =[a,[,[n-n_|; <[a,],n

Do d6, néu lim|ja,| n=0 thi lima,(n—-n_)*=0.
p n—w

n—oo



(3=1):Gidsu lima (n—n_)" =0. Khi d6, V& >0,3M >0,vn>M tacd

[f(n)-f(n))|

| onen_

ceo f(”;::(”—) €B(0,),¥neB(0,1)n¥ \{ne¥ /n<M}

p

Theo bd d& 2.4.1, MGB(O,E),VX,yeGIp,Xi y. Tur diy suy ra f 1a C* - ham va
X—y

f'a)=0,vae¢, hay f eN'(¢, >£ ).\

2.4.5Pinh Iy

(Pac trung cua hé s6 Vanderput cho 16p ham kha vi lién tyc) Cho f e C(¢ | > £ ) ¢6 khai trién

+00
theo co so Vanderput la T = Zanen . Khi do, f kha vi lién tuc khi va chi khi ton tai lima_y.* véi moi
e X—a

ae¢p.

Chiing minh Gia st f eC'(¢ /> £ ) thé thi Vae¢ , ton tai lim XX b g6, 16 tai

i Xy
im (M =T(n)
n—a n_n_

f(n)—f(n )

Nguoc lai, v6i mbéi ae¢  gi6i han lim

tdn tai, ta s& chung minh
n—a n_n

f eC'(¢ , = £ ), hay chung minh ton tai Iimw.

y—a

Giasi lim— M=) | ghide ve>03550vnn_ cB@as) tach
n—a n_n_

Me B(L,g)

n-n_

Theo bo d& 2.4.1, -1 B(L,£),vx,y e B(a,5),x =Y.

X—y

Nehia la, fim+ =) Vaytia ¢t - ham. w
X—a X_y
y—a

Cho ham feC(¢ —£ ). Khi do, Af:¢ —£ la ham cho bsi cong thirc
Af(x)=f(x+D) - f(x),Vxet .



Tiép theo ta s& dua ra cong thic tinh cac hé sd cua Af theo cac hé sé Vanderput cua f.

2.4.6 Pinh ly

(Pic trung ctia hé s6 Vanderput cho 16p ham Af ) Cho ham f e C(¢ , > £ ) ¢b khai trién theo co
so Vanderput la f = Zanen . Khi do, Af = anen . Trong do,
n=0 n=0
a,n=0
b =qa,  —a —a . n= ap’ —l(s €e¥.,ae {2,3,..,p})

a ., —a,,trudng hgp con lai

Chitng minh Véimoi xe ¢, taco Af(x)=f(x+1)-f(x)= anen(x) trong do,

n=0

b, = Af (0)
{bn =Af(N)—Af(n_ ), Vne¥"

Véin=0,tacé b, =Af(0)=f(0+)-f(0)=fA)-fU)=4a
Véin#0,taco
b, =Af(n)—Af(n) =[f(n+1) - f(M)]-[f(n_+D) - f(n)]
={f(n+) - F[(n+D) _J}-[f (- f ()] {f(n_+D)—f[(n+D)_]}
=a,,—a,—{f(n_+)-f[(n+1)_]}
Ta xét hai truong hop:
Néu n=ap® -1 véi ae{2,3,..,p}, se¥" thikhai trién p — adic cian la
n=(p-D+(p-Yp+L +(p-)p*' +(a-1)p°
Suy ra,
n_ =(p-D+(p-Dp+L +(p-Dp*'=p°-1=>n_+1=p°

5’2
n+bﬁ%pl<a<psmﬂam+n_=0=w3_
pS+’a: p

Dod@'Hn_+D—f[m+1LJ=f(ﬁ)—fﬂpﬁ_]zaw.V%n@n
b,=a,,—a, -a.
Néu ng {0;ap° -1/,a e{2;3;..; p},s ¥} thi khai trién p - adic ciia n 12

n=a,+ap+L +ap’,se¥.



Vi ne{O;apS—l/,ae{Z;S;..; p},36¥*} nén ton tai k=0,s sao cho a, < p-1. Khong mét
tinh tong quat ta c6 thé chon k 1a chi s6 dau tién dé a <p-1. Khi do,
n=(p-H+(p-Yp+L +(p-Yp“*+ap“+L +ap°

=(a +)p“+L +a,p°-1
Suyran+1 =(a +1)p“+L +a, p’. Tu day ta dugc
n_ =( +)p“+L +a_,p'-1
n_+1=(a +1)p“+L +a_,p°"
(n+)_=(a +)p“+L +a_p"".

Do do, f(n_+1)-f[(n+1)_]=0.Vaynén b =a, -a, W
2.5 Co sé Vanderput cho khong gian C(¢ x¢  —£ )
Trén £ | - khong gian cdc ham lién tyc C(¢ /x¢ ' — £ ) ta dinh nghia

|f|w:Max{”f(x,y)”p/(x,y)eﬂ:px¢p},Vf eC(t,x¢ —E )

Khi do,

|, 1a mot chuan phi — Acsimet. Hon nita, C(¢ ,x¢ | — £ ) con la khong gian Banach.

2.5.1 Ménh dé
(C(¢,x¢,>£ )|, ) lamot £, - khong gian Banach
Chitng minh V6i moi {f,}, 1a day Cosi trong (C(¢ ,x¢ , —»£ )| | ), taco:

&

Ve>0,3n, ¥, vmn>n |, - f| < 5

suy ra max/{|, (x y) - f,(x.y)], / (x.y) € ¢ , x¢ ] <§, hay Ia

&
[T 0ey) = W], <59 y) €€ e .
Dicu nay c6 nghia { f,(x,y)} laddy Cositrong £ . Do do, {f, (x,y)} hoitu. Xét ham
f:¢ XG> E
(x,y) a lim f (x,y)

nN—+o0

Ta chirng minh duoc flién tuc va f (x,y)——— f(Xx,y). Hay ta co



3m, ¥, vn>m, | f,(xy)- T (x,Y)], <§
Khi do, véi n,m > max{n,,m } ta duoc

[f,= £], =max{| .06 )= F O], /(Y e e xe )
([ f,069) = oY, + a6 ) = F W), Ty e € x|

E €&
=Mmax{—+— =g
3!

Suy ra {fn}n hoi tu vé f e(C(¢ o XC £ p),| |w) W\

Véimdi cip n,me¥ ta dinh nghia
em (X, Y) =6,(x)e, (¥),V(x,y) e € x¢C
Khi do, do e, 1a cac ham lién tuc trén ¢ . nén e . lién tuc. Hon nita, chung con tao thanh mot co s¢

tryc chuan trong C(¢ o XC £ ).

2.5.2 Pinh ly
(Co s¢ vanderput cho C(¢ x¢ —£ )) H¢ {enm Inme ¥} ldp thanh mot co so truc
chudn ciia khéng gian C(¢ o, XC —>£ )trén £ .
Chiing minh Truéc hét ta chimg minh {e,, /n,me ¥} 1a h¢ tryc chuén
Véimdi n,me¥ taco:
|, = max{||en(x)em(y)||p [(x,y)et x¢ p}
ax{ N p} =1

{e;/i=1n;j=1m} 1a hé truc giao. That viy, véi 4, €£ , do {e }, 1a co s& tryc

chuan cua C(¢ ,—£,)nén

2 4| 2|2 Ak |em| Va |2 Al 2 [l lel,
i=1,n i=1,n i=1,n o
j=Lm o

Suy ra| > Ayl 2| [ei], o], thela, | > Ayl 2|4, lewl.

‘__
INYL
H‘;‘
3
T
e
>



Theo dinh 1y 1.3.3, {e; /i=1,n; j =1, m} 4 tap hop tryc giao. Do do, ciing theo dinh 1y 1.3.3,

{em /N Me¥} 1a thp tryc giao.
Cudi cung ta ching minh e /Mme¥} 1a hé sinh. V6i mdi ham lién tyc

feC(¢,x¢ —£ ), cb dinh bién y coi f 1a ham theo bién x. Khi d6, do {e,}, 1a co s cua
C(¢, > £ ,) nén ton tai bd s6 a,,8,,..€£ , saocho f =) a(y)e;.
j=0

Lai do, {e }, lacosécua C(¢ , > £ ) néncod a;,a;,..€£ , sao cho

+00 400 +o0
f=2 D aee=>) ag
j=0 i=0 ij=0

Vay {e,,/n,me¥} 1a cosé tryc chuan cia C(¢ ;x¢  —£ ). W

Tadabiét, Vf eC(¢ x¢_ —£ )thi f= a_e . Tiép theo day ta s& dua ra cong thirc
p p p mn~mn

m,n=0

tinh cac h¢ s6 a_, .

2.5.3 Pinh ly

vei feC(e,x¢ £ ), f(xy)=2 a,e,(0e,(y). Khids

m,n=0
a,, = 1(0,0)
a,, =f@On)-f@O,n_),vn>1
a,,=f(m0)-f(m_0),vm>1
a,,=f(mn)-f(m_n_),vmn>1

Chirng minh Vi f 13 ham lién tuc nén khi c¢b dinh bién y thi f 1a ham lién tuc theo bién x. Do do,
F(6Y) =D an(¥)e, (X) = 8, (Y)e, (X) + D a,,()e, (x) , trong do,
m=0 m=1

a,(y)=1(0,y)
a,(y)=f(my)-f(m_y),vm>1

Véi méi n, a,(y)=f(0,y) nén a,(y) 1a ham lién tuc, do d6 né c6 biéu dién
a,, (y) = Z:boiei , trong do,
i=0

b, = 2,y (0) = £ (0,0)
{bm —a,,()~a, (i ) = F(0,)~ F(0,i ), Vi>1



Suy ra a,,(y) = f(0,0)e,(y) + D[ (0.)) = T (0,i D]e;(y).
i=1
Cb dinh m > 1, véi mdi n, a_ (y)= f(m,y)- f(m_,y) nén a_(y) l1a ham lién tuc, suy ra
amn (y) = Zcmjej (y) trong dé)
j=0

CmO :amn(o) = f(m10)_ f(m_,O)
ij :amn(j):amn(j_): f(m1 J)_ f(m_,j_)yvj >1

Suy 12 a,,(4) =[ £ (m.0)— F(m_0)Je,(y)+ S[ (. i)~ F(m_, j )]e,(y)
Tom lai ta duoc

F(4Y) =8 (18,0 + . 8 ()8, (0
- f(o,0)e0(x)eo(y)+§[ £(0,))— £ (0,i_)]e, ()& (y) + NGi céch khac

++ch{[ f(m,0) - f(m_,O)]em(X)eo(y)+§[ f(m,j)—-f(m_, j_)]em(x)ej(y)}

f(x,y) = £(0,0)e,(x)e,(y) +

++§“[ £(0,n)— f(o,nJ]eo(x)en(y)+§[ £(m,0)— £ (m_,0)]e, (e, (¥) +

+00  +00

+3 3 [fF(mn) - f(m_n_)]e,(xe,(y)

m=1 n=1
Vay ta da ching minh duogc
a,, = 1(0,0)
a,,=f@O,n)-f0O,n_),vn>1
a,,=f(m0)-f(m_0),Vvm>1
a,=f(mn)—f(m_n_),vmn>1W




KET LUAN

Luan vin da giai quyét dugc cac van dé sau:
1) Trinh bay day du va chi tiét cac két qua cua Vanderput vé co sd tryc chuan cho
khong gian cac ham lién tyc trén ¢ .
2) Xay dung dugc cac dic trung cua hé sé Vanderput cho 16p ham kha vi lién tuc va
16p ham thoa diéu kién Lipchitz cap atrén ¢ .
3) Dua ra cong thirc tinh tich phan Volkenborn cho 16p ham kha vi lién tuc trén ¢

theo hé s6 Vanderput.

4) Mé rong két qua ciia Vanderput trén khong gian cic ham lién tuc hai bién
C(¢,x¢,>£ ).

Do thoi gian ¢6 han nén luan van chua xay dung dugc anh xa dao ham cua cac ham kha vi
lién tuc trén ¢ | va cdc tinh chat cua né; chua xdy dung duoc co sé Vanderput cho khéng gian
o (¢ o > E ) , chung t6i s& tiép tuc nghién ciru van dé ndy trong thoi gian téi néu co diéu kién.

Mic du da lam viéc mot cach nghiém tic, cin min song c6 1& s& khong tranh khoi nhiing
thiéu sét, kinh mong quy thay — ¢6 gop y thém.

Xin chan thanh cam on!

Tp. H6 Chi Minh, thang 08 nam 2011
Nguoi thuc hién

Nguyén Thanh Diing
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