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MO DAU

1. LY DO CHON DE TAI

Trong chuong trinh toan hoc pho thong, da thiic luong giac c6 ting dung that
da dang va hiéu qua, dac biet 1a trong dai s6 va hinh hoc. Nhiéu bai toan co 1oi
giai phitc tap hoiic khong theé giai ducce bang phuong phap dai s6, chang han nhu
mot s6 phuong trinh da thiic ¢6 bac 16n hon hay bang 5 lai cho 101 giai dé dang
va hiéu qua bang phuong phap luong giac.

Thuec té, phuong phap luong giadc noéi chung da duge biét dén nhiéu trong qua
trinh gidi toan ¢ bac trung hoc pho thong, tuy nhién véi da thic luong giac va
cac tng dung clia né trong dai s6 van luon 1a van de hét sic can thiét trong
viec boi dudng hoc sinh giéi Toan & bac hoc pho thong, dong thoi su phat hién
cac tng dung da dang ciia n6 trong dai s6 cling luon dem lai sy hap dan doéi véi
nhicéu doi tuong hoc sinh va gido vién khi nghién cttu van de nay.

Luan van "Da thic luong gidc va mot so ung dung trong dai s6" trinh bay
mot so6 van dé lien quan dén mot so dong nhat thitc dai s6 sinh bdi ham luong
gidc, dinh nghia va tinh chat ctia da thic lugng giac cing véi mot s6 ting dung
clla n6 trong dai so.

Dé tai quan tam dén nhieu doi tugng, trong dé da thitc lugng gidc va cac van
deé lien quan hoan toan phu hop véi thiye té ma ban than dang cong téc.

2. MUC DICH NGHIEN CcUU

D¢ tai "Da thic luong gidc va mot so ing dung trong dai s6” nham hé
thong cac kién thiic vé da thiic lugng giac va ting dung cia phuong phéap luong
giac trong dai so.

3. POI TUGNG VA PHAM VI NGHIEN CUU

Nghién cttu tur cac tai liéu, giao trinh ciua GS. TSKH. Nguyén Van Mau va cac
sach chuyen dé ve da thiic, da thitc luong giac, cac bai toan noi suy, cac bai bao



toan hoc viét ve da thitc luong giac, nham hé thong cac dang toan cé xuat xit tir
lugng giac.

D61 tugng khéo sat cia dé tai luan van la 16p cac ham luong giac co ban,
khong di sau khao sat cac ham lugng giac nguge.

4. PHUONG PHAP NGHIEN CcUU

Téng hop cac tai lieu lien quan, nam vimg cot 161 ctia noi dung kién thic ti
d6 sap xép, trinh bay hé thong va khai thac cac ting dung theo deé tai da chon.

Nghién citu cac bai hoc kinh nghiém gidng day ciia cac dong nghiép va céc
ban hoc vién trong 16p, dong thoi st dung céc trang web www.mathlinks.ro,
www.mathnfriend.net, www.diendantoanhoc.net dé hoc hoéi va trao doi kinh
nghiém

5. Y NGHIA KHOA HOC VA THUC TIEN CUA DE TAI

Tao duge mot dé tai phit hop cho viéc giang day, boi dudng hoc sinh trung
hoc pho thong.

Dé tai dong gép thiét thuc cho viec day va hoc luong giac, dai s, phat trien
nang lyc giai toan cho hoc sinh trong truong THPT va dem lai niem dam mé
sang tao tir nhiing bai toan co ban nhat.

6. CAU TRUC CUA LUAN VAN
Luan van gom phan md dau, két luan, tai lieu tham khao va 3 chuong.
Chuong 1. Mot so6 dong nhat thiic lugng giac
Chuong 2. Da thiic lugng giac.
Chuong 3. Mot s6 ting dung ctia da thitc luong giac.



Chuong 1

MOT SO PONG NHAT THUC LUONG GIAC

Chuong nay sé trinh bay mot s6 kién thic co sé ctia ham s6 luong giac, dac
biet 1a nhitng dong nhat thic dai s6 sinh béi cadc ham s6 lugng giac.

1.1 Tinh chat ctia ham sb lugng giac

1.1.1 Tinh chin, 1é ctia ham sé
Xét ham so f(x) véi tap xéc dinh D(f) C R va tap gia tri R(f) C R.

Dinh nghia 1.1 (xem [1]-[3]).
Ham s6 f(x) vdi tap zdac dinh D(f) C R dugc goi la ham so chdn trén M,
M C D(f) néu

Vee M = —x e M va f(—x) = f(x),Vax € M.
f(x) dugc goi la ham so 1é tren M, M C D(f) néu
Vee M = —x € M va f(—zx) =—f(x),Vr € M.

Nhan xét 1.1.
Ham s6 y = cosx 1a ham s6 chén; cdc ham s6 y = sinz, y = tanz, y = cotx la
nhing ham s6 1é trén tap xac dinh ciia ching.

1.1.2 Tinh tuan hoan cta ham sb

Dinh nghia 1.2 (xem [2]-[4]).
a) Ham so f(x) duoc goi la ham tuan hoan (cong tinh) chu ky a (a > 0)
trén M néu M C D(f) va

Vee M =xd+ae M

(1.1)
flx+a)=f(x),YVreM



b) Cho f(x) la mot ham so tuan hoan trén M. Khi dé T(T > 0) dugc goi
la chu ky co sd cia f(x) néu f(z) tuan hoan vdi chu ky T ma khong tuan
hoan vdi bat cit chu ky nao bé hon T.

Nhan xét 1.2.
Ham s6 y = cosz, ham s6 y = sinx tuan hoan véi chu ky T = 2.
Ham s6 y = tanz, ham s6 y = cot & tuan hoan véi chu ky T = 7.

Bai toan 1.1.
Cho cgp ham s6 f(z),g(x) tuan hoan tréen M c6 cic chu ky lan lugt 1a a va b,
vOi % € Q. Chiing minh rang F'(z) := f(z) + g(z) va G(x) := f(x).g(z) cing la
nhtng ham tuan hoan trén M.
Dinh nghia 1.3.

a) Ham so f(x) duge goi la phdn tuan hoan (cong tinh) chu kg b(b > 0)
tréen M néu M C D(f) va

Vee M =x+ae M
flx+b)=—f(x),Vr e M

(1.2)

b) Néu f(x) la mot ham s6 phdn tuan hoan chu ky by trén M ma khong
la ham phdn tuan hoan vdi bat ky chu ky nao bé hon by trén M thi by dudc
goi la chu ki co sé cia ham phdn tuan hoan f(z) trén M
Bai toan 1.2.

Chiing minh rang moi ham phan tuan hoan trén M cing la ham tuan hoan trén
M

Bai toan 1.3.
Chiting minh rang f(z) 1a ham phan tuan hoan chu ky o trén M khi va chi khi
f(x) c6 dang
f(x) = g(x +b) — g(x)

vdi g(z) 1a ham tuan hoan chu ky 2b tréem M
Dinh nghia 1.4.

Ham s6 f(x) dugc goi la ham tuan hoan (nhan tinh) chu ky a(a ¢ {—1,0,1})
trén M néu M C D(f) va

Vee M = atlze e M

flax) = f(z),Vz € M.

(1.3)



Dinh nghia 1.5.
Ham so f(x) dugc goi la ham phdn tuan hoan (nhan tinh) chu ky a(a ¢
{—1,0,1}) trén M néu M C D(f) va

Vee M =atlze e M
flax) = —f(z),Vx € M.

(1.4)

Bai toan 1.4.
Chting minh rang moi ham s6 phan tuan hoan nhan tinh trén M ciing 14 ham
tuan hoan nhan tinh tren M

Bai toan 1.5.
Ching minh rang f(x) 1a ham phan tuan hoan nhan tinh chu ky b(b ¢ {—1,0,1})
trén M khi va chi khi f(x) c6 dang:

fl) = 2

5 (glbr) — g())
v6i g(x) 1a ham tuan hoan nhan tinh chu ky 6% trém M

1.2 Coéng thic luong giac va diac trung ham cta cac ham sé luong
giac

1.2.1 Caéc cong thic bién doi lugng giac

1.2.2 Dac trung ham cta cac ham lugng giac

Phan nay sé dua ra nhiing dac trung ham clia cadc ham s6 lugng giac. Nho
nhitng diic trung nay ma ta co thé nhan biét xuat xit ctia nhitng bai toan c¢6 lien
quan dén luong giac, dong thoi 4p dung phuong phap lugng giac dé giai toan cé
hiéu qua.

1. Dac trung ctiia ham sin

Dac trung ctia ham cosin

Dac trung ctia ham tan

Dac trung ciia ham cotan

Dac trung ctia ham Hyperbolic sin
Dac trung ctia ham Hyperbolic cosin
Dac trung cua ham Hyperbolic tan

0 N o otk W

. Dac trung ciia ham Hyperbolic cotan
Cac ham s6 hyperbolic 5. 6. 7. 8. trén ciing c6 cac cong thitc bién doi tuong tu
nhu cac ham s6 lugng gic.



1.3 Mot s6 dong nhat thitc dai s6 sinh béi ham lugng giac

1.3.1 Mot s6 dong nhét thiic lién quan dén ham cosin

Vi du 1.1.
He thitc dai s6 tng véi cong thiic

cos 2t = 2cos’t — 1

L DY o[t (e Y] oo
2 a2 T2 a '
Vi du 1.2.

He thiic dai s6 ting véi cong thiic

chinh la cong thic

cos3t = 4cos>t — 3cost

chinh la cong thuc

hay
1
4x3—3x:—(a3+—3>
a
VOl
1 1
x:—(aJr—),a;éO
2 a
Vi du 1.3.

He thiic dai s6 ting véi cong thiic
cos 5t = 16 cos® t — 20 cos® t + 5 cos t
chinh la cong thiic
5 3
15 1 1 1 1 1 1 1
— — ] =16 |= - —20 |= - 5= -
(i) s (e 0)| -2 (o)) oo ()
hay
5 3 1 5 1
16z2° — 20x —|—5SIZ:§ a’ + —

vl



Vi du 1.4.
Cho 6 thyc m véi |m| > 1. Tinh gia tri ctia biéu thic

M = 823 — 6z,

trong do

x:%(</m+m+</m—m>

1.3.2 Mot s6 dong nhat thidc lién quan dén ham sin

T cong thie Euler, ta thu duge hé thic
it _ it

2

1sint =

Tit day, suy ra biéu thiic isin(it) nhan gia tri thyc. Diéu nay goi ¥ cho ta cach
chuyén doi cac dong nhat thiic d6i véi ham s6 sin sang cac dong nhat thic dai
50.

Vi du 1.5.
Xét cong thic khai trien

sin 3t = 3sint — 4sin’ ¢.
Tu day ta thu duge cong thite (hinh thiic)
isini(3t) = 3(isinit) + 4(isin it)*

He thitc dai s6 tng véi cong thiic trén chinh 1a dong nhat thic

(o-3) B2

hay
1 1
3 _ 3
VOl . ,
x——(a——),a#@
2 a
Vi du 1.6.

Ung vé6i cong thiic bién déi

sin 5t 4 sint = 2sin 3t(1 — 2sin’t)



la dong nhat thic

Vi du 1.7.
Cho s6 thuc m. Tinh gia tri biéu thtc
3
M =23+ 15
trong do

DO | —

€Tr =

({’/m+\/m27+1+ {/m—\/mTrl>



Chuong 2

DA THUC LUQNG GIAC

Do bicu dién ctia ham tan va cot 1a ham phan thiic gitta sin va cos nén chuong
nay chi yéu chi trinh bay vé da thic luong giac theo cac ham sin va ham cos.

2.1 Da thic lugng giac theo cac ham sin va cosin

2.1.1 Dinh nghia da thic lugng giac
Dinh nghia 2.1 (xem [2]-[5]).
Biéu thic

Ly(z) = ap + Z (ay cos kx + by, sin kx) (2.1)
k=1

trong do:
ag, ag, by € R(k € {1,2,...,n});|an| + |bn| # 0(n € N¥),

duge goi 1a da thic lugng gidac bac n (cap n) véi cac he s6 ag, ag, by € R(k €
{1,2,....,n})

Dinh nghia 2.2.
Néu trong da thiic (2.1) tat cd cdc hé s6 bi(k € {1,2,...,n}) deu bang 0 thi
ta c6 da thic luong gide cap n thuan cos:

Cn(x) = ag + aj cosx + ag cos 2z + - - - + a, cosnx, (a, # 0) (2.2)

Néu trong da thic (2.1) tat cd cac hé so ap(k € {1,2,....,n}) déu bang 0 thi
ta c6 da thitc lugng gidc cap n thuan sin:

Sn(x) = ag + bysinx + besin2x + - - - + by, sinnzx, (b, # 0) (2.3)
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2.1.2 Mot sb tinh chat

Tinh chat 2.1.

Cho Ly,(x) va Ly(z) la hai da thic lugng giac. Khi do:

a) Ly () + Lyp(z) la da thic lugng giac bac k, véi k < max{m,n}
b) Ly (z).Ly(z) 1a da thiic lugng giac bac m + n.

Tinh chat 2.2.
V6i moi da thiic lugng gidac Ly, (z) dang (2.1) luon luon ton tal cac da thic dai
s0 Py (t) va Qn_1(t) sao cho

Ly(x) = Py(cosx) + sinzQy—1(cos ).

Tinh chat 2.3.
Véi moi Sy, (7) dang (2.3) luon luon ton tai da thite dai s6 Q,_1(t) dé

Sn(x) = by + sin2Qp—1(cosz)

Tinh chat 2.4.
V6i moi Cy,(z) dang (2.2) luon luon ton tai da thiic dai sd Py(t) dé

Cn(z) = Py(cosx)

trong d6 Py (t) 1a da thiic bac n d6i véi ¢ va ¢ he s6 chinh 1a a,,.2" 1. Nguoc lai,
v6i moi da thiic P,(t) véi hé s6 chinh bang 1 thi tit phép dat an phu t = cosx
ta déu bién doi vé duge da thiic Cp(z) dang (2.2) véi a, = 217",

Bai toan 2.1.
Cho da thte

k
f(z) =ag+ Z (ajcos jx + bjsin jx), (k> 1) (2.4)
=1

va cho 86 a thda man dieu kién na = 2w v6i n > k. Chitng minh rang
flx+a)+ flx+2a)+ -+ f(x+na) =nag (2.5)

Bai toan 2.2.
Cho da thte

f(x) =bg+ bysinx + bysin2x + - - - + by sinnz, b, # 0,
thoa méan dieu kién
|f(x)| < |sinz|, Vx € R

Chitng minh rang:
b1 + 202 + 3bg + - - - +nby| < 1 (2.6)
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Bai toan 2.3.
Chitng minh rang véi moi gia tri a;, € R, da thiic luong giac

f(x) = cos 2"z +ajcos(2" — 1)z +agcos(2" —2)x+---+ap cosx, (m=2"—1)
(2.7)
khong thé nhan gia tri ciing dau.

Nhan xét 2.1.

Néu st dung cac dic trung tuan hoan cia cidc nguyén ham F(z) ciua f(z) dang
(2.7) thi F(z) khong the 1a ham thic sy don diéu va do d6 dao ham clia n6
(chinh 1a f(x)) khong thé luon luon ciing dau.

Bai toan 2.4.
Cho da thie

fo(z) = a0+ Z (aj cos kx + by, sin kx)
k=1

trong do cac sO thuc ag, ag, by € R, thoa man dieu kien fn(z) > 0,Vz € R, a2 +
b =1, (k€ {1,2,...,n})
Chiing minh riang
fu(x) —n

ap

<1,VreR

2.2 Tbéng va tich sinh bdi cac da thitc luong giac

Phan nay bao gom cac bai toan sau:
Bai toan 2.5.
Cho cap s6 cong {a,} vcn cong sai d . Tinh cac tong

n—Zsma kva T, —Zcosa k
k=1 k=1

Bai toan 2.6. , .
Tinh cac tong sau S, = > ksinkx vaT, = > kcoskz, véi x # 2lx, (I € Z),

k=1 k=1
Bai toan 2.7. . ,
Tinh cac tong sau S, = > ¢"sin (o + kB) va T, = > ¢"cos (a + kf3), trong
k=1 k=1

do6 ¢, o, f 1a nhitng s6 thuc cho trude.
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Bai toan 2.8.
Tinh tich sau day:

2011
P = H cos ka
k=1
. 21
blet a = m
Bai toan 2.9.
Tinh tich sau day:
2011
Q = H sin ka
k=1
.
bict a = YR

2.3 Biéu dién mot sb da thic luogng giac dic biét

2.3.1 Dinh nghia da thiwc Chebyshev

Dinh nghia 2.3.
Cac da thic T,(x)(n € N) duoc xdac dinh nhu sau:

To(z) = 1; Ti(z) = =,
To+1(x) = 22T () — Th—1(x), Vn > 1.
duogc goi la da thic Chebyshev (logi 1)

Dinh nghia 2.4.
Cac da thic Uy(x)(n € N) duge xzac dinh nhu sau:

Uo(z) = 0; Ui(z) =1,
Un+1(x) = 22U, (x) — Up—1(x), Yn > 1.

duoc goi la da thic Chebyshev (logi 2)

2.3.2 Tinh chéat ctia da thitc Chebyshev

A. Tinh chét cia da thic T, (z)

Tinh chat 2.5.
T, (x) = cos(narccos x) v6i moi x € [—1;1]
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Tinh chat 2.6.

T, (z) € Z[x] bac n c6 hé s6 bac cao nhat bang 27! va 1a ham chan khi n chén;
la ham 1¢é khi n lé.

Tinh chat 2.7.

T, (x) c¢6 ding n nghiém trén doan [—1;1] la:

2k + 1
2n

T} = COS T (k=0,1,-n—1)

Tinh chat 2.8.

To(x)] < 1, Vo € [~151],

. k
T ()| =1tain+ 1 diem T = COS—W, ke Z
2 n
Cac diém Z goi la cac nut noi suy Chebyshev va T, (%) = (—1)*

B. Tinh chat ctia da thitc U, (z)

Tinh chat 2.9.

Uy (x) = sin(n arccos x), Vi€ (—1:1).

Vi

Tinh chat 2.10.

1 sin nt
Un(x) = ET;L($) =7 cost ==z

I3 da thitc bac n — 1 ¢6 hé s6 bac cao nhat bang 2"~ 1 va la ham chan khi n 1é;
1a ham 1¢ khi n chan.

Tinh chat 2.11.

|Un(x)] < n,Vr e |[—1;1]

va
Ty ()| < n?, Vo e [=1;1]

Truong hop |z| > 1, xét cac ham:

(¢ )

(em + e_x)

shx =

chx =

N N
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thi:

trong d6 x = cht

Bai toan 2.10.
Chiing minh rang da thic U, (x) ¢6 ding n — 1 nghiém thyc phan biét trong
khoang (—1;1)

Bai toan 2.11.
Chiing minh rang:

Un(z) = 2Up—1(z) + Tp—1(x), Vn e N*,z € R (2.8)

Bai toan 2.12.
Chiing minh rang:

Tri1(z) = 2Ty (x) — (1 — 2®)Up(z), Vn e N,z € R

Bai toan 2.13.
Chitng minh rang:

(1 — 2T (z) — 2T () + n*Tp(z) =0, Vn e N,z € R

Bai toan 2.14.
Chiing minh rang: Vm,n € N,n > m,z € R thi:

Tvin() + 2T}y () = 2T ()T (@)

Bai toan 2.15.
Chitng minh réang: Vm,n € N,n > m,z € R thi:

Tin(Th(x)) = Tinn()
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Chuong 3

MOT SO UNG DUNG CUA DA THUC LUQGNG GIAC

Khi giai phuong trinh dai s6, nhiéu khi ta gap nhing phuong trinh rat kho
giai do k¥ thuat bién doi phiic tap, trong s6 cac phuong trinh dé ¢6 nhiéu phuong
trinh c6 thé chuyén ve phuong trinh luong giac thi viec giai sé dé dang hon. Viec
chuyén tit phuong trinh dai s6 vé phuong trinh luong gidc duge goi la "luong
gidc hoa cac phuong trinh dai s6". Do gi6i han ctia luan van nén chuong nay
chi trinh bay phuong phap lugng gidc trong viéc giai phuong trinh da thic va
phuong trinh vo ty. Phan con lai 1a phép tinh va udc luong trén da thitc dai so
va dinh 1y Bernstien - Markov.

3.1 Phuong trinh da thic giai bang phuong phap luong giac

3.1.1 Giai tryc tiép phuong trinh bac ba va bac bén khéng qua sé phiic

3.1.1.1. Giai phuong trinh bdac ba
Trude hét ta xét mot s6 dang phuong trinh dic biét.

Bai toan 3.1.
Giai phuong trinh:

1
4o — 3z = =.
T X 9

Bai toan 3.2.
Gial va bién luan phuong trinh:

4x3—3x:m,m€R

Bai toan 3.3.
Gial va bién luan phuong trinh:

423 +3r=m,meR
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Tiép dén ta xét phuong trinh bac ba tong quéat hon.

Bai toan 3.4.
Giai va bién luan phuong trinh:

P+ ar? +br4c=0
3.1.1.2. Gidi phuong trinh bac bon

Bai toan 3.5.
Giai phuong trinh:
et b+ ex? +de+ f=0
3.1.2 Mot sé phuong trinh bac cao giai dudc bang phuwong phap lugng giac

Bai toan 3.6. (Dé nghi OLYMPIC 30/4/2009)
Giai phuong trinh:
6428 — 9621 + 3622 — 3 =0

Bai toan 3.7.
Chiing minh rang phuong trinh:

642% — 962* + 3622 —3 =0

c6 nghieém thuc z = g théa bat dang thic:

\/2+\/2+\/§
2

\/2+\/2+\/§
2

<z <

Bai toan 3.8.
Giai phuong trinh:
20 — 152° + 452 — 27 = 0

Bai toan 3.9. (Dé nghi OLYMPIC 30/4,/2008)
Gial phuong trinh:
162% — 162° — 202 + 2022 + 522 + 22 — 7 =0

Bai toan 3.10.

Cho da thtc lugng giac P,(cosx) = cosnx, véi n > 2
a) Hay xac dinh da thic P,(t) v6i t = cosx

b) Giai va bién luan phuong trinh P,(t) = m

(3.1)
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Nhan xét 3.1.

Trong mot s6 phuong trinh bac cao 6 trén, ta thuong quy vé dang cosma =
cosnx hoac sinma = sinnz, hodc cac phuong trinh dai s6 lien quan dén dong
nhat thitc dai s6, vi ching c¢6 xuat xi nhitng cong thitc luong giac hodc cac dong
nhat thic dai s6 c6 xuat xi tit ham lugng giac Hyperbolic. Do do6, viéc tao ra
cac phuong trinh nhu trén 1a hoan toan tu nhien. Dé minh hoa cho nhan xét nay,
xin néu ra day mot so vi du.

Vi du 3.1.
T cong thic
sin 5t = 16sin® ¢ — 20sin® ¢ + 5sint

Lay x = sint va chon 5t = %, ta dugc phuong trinh:

322° — 402° + 102 —1 =0

Néu lay 2z = cost va 5t = g, ta di dén phuong trinh:

10242° — 32023 + 202 — V3 =0
Ta xét tiép mot vi du khéc
Vi du 3.2.
Tur dong nhét thitc % (a5 — i) = 16m° + 20m> + 5m,

ad

1 1
trong do m = = a——),a;«é()
2 a

.1 1 :
Dat m =z va lay 5 <a5 — —5) = /2, ta ¢6 bai toan sau:
a
Giai phuong trinh:
162° 4 202° + 52 — V2 =0

Nhu vay, v6i cach lam trén day, ta cé thé tao ra nhiéu bai toan giai phuong
trinh da thic khac nita. Viéc giai cac bai toan nay phu thuoc vao cach bién doi
va nhan dang dac trung ham dé van dung phuong phap giai. Hay néi cach khac
la can phai biét xuat xt bai toan.

3.2 Phuong trinh vo ty giai bang phuong phap luong giac

Bai toan 3.11.
Giai phuong trinh

23+ (1—22) = 2/2(1 — 22)
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Bai toan 3.12. OLYMPIC 30/4/2011
Giai phuong trinh:

\/1+\/1—a:2 [\/(1+x)3—\/(1—x)3] =2+ 1—2a?

Bai toan 3.13. (Crux Mathematicorum 1996, Vol.22, No.4, Problem M 2150)
Giai phuong trinh:

V1—2=222—-14+22V1— 22

Bai toan 3.14. (Mathematicorum Excalibur Vol.8, No.5, 2003)
Gial phuong trinh:
23— 3x = V2 +

Bai toan 3.15.
Giai phuong trinh:

V1—a2= ‘

42 — 1
Bai toan 3.16.
Giai phuong trinh:

— 1 — 22

\/1 1221 — 22
2

Nhan xét 3.2.

Trong sudt muc nay, phan l6n ta lugng giac hoa cac phuong trinh vo ty ve
dang sinmx = cosnx, tu day, ta sé tim dugc nghiém cua phuong trinh. Nguogc
lai, xuat phat tit phuong trinh lugng gidc sin ma = cos nx, ta sé tao ra duge mot
16p céc bai toan 1a nhitng phuong trinh vo ty. Chang han, xét cac vi du sau day
Vi du 3.3.

Tit phuong trinh sin5¢ = cos 3t, véi t € [0; 7], ta bién doi phuong trinh ve
dang

16sin®t — 20sin®t + 5sint = 4 cos3t — 3cost
& sint (16sin4t — 20sin’t + 5) = 4cos3t — 3cost
& sint [16 (1 — sin? t)2 —12 (1 — sin2t) + 1} = 4cos3t — 3cost
& sint (16COS4t —12cos?t + 1) = 4cos3t — 3cost

Lay o = cost, ta c6 bai toan sau:
Giai phuong trinh:

V1—2? (162" —122° + 1) = 42° — 32
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Ta c¢6 thé xét tiép mot vi du khac.

Vi du 3.4.
Tit phuong trinh sint = cos3t, véi t € [0;n], ta bién doi phuong trinh ve
dang:
1 —cos2t =4cos’t — 3cost

Dat z = cost, ta duge bai toan:

Giai phuong trinh
423 — 3z = /1 — a2

Day 1a bai toan dé nghi Olympic 30/4/2003 - toan 10.
Nhung néu ta thay z bdi x — 1 thi duge bai toan kho hon 1a:
Giai phuong trinh:

43 — 1222 + 92 — 1 = /22 — 22

3.3 Udéc luong da thic dai s6 trén mot khoang va dinh 1y Bernstein
- Markov

Bai toan udc luong da thitc gom nhicu dang toan khac nhau, nhu uée luong
mién gia tri cia da thitc trén mot tap cho trude, ude luong cac hé s6 cua da
thic, u6e luong nghiém cua da thice, uée luogng cac gia tri cua dao ham,--- .
Trong phan nay, ta c6 sit dung cong thiic noi suy Lagrange, vay trude hét, xin
néu lai cong thic nay.

Dong nhat thic Lagrange
Cho f(z) la da thic ¢6 bac khong qua n va n + 1 86 thyc ag, as, -+, apr1 doi
mot khac nhau thi ta c6 dong nhat thic sau:

(o= as) (g —a5) - (z — anp1)
f(x):f(al)'oz—oz al —as) ... (a1 — « T
(e 2¥fag@—&5~459m0

+J (o .
flans) (ang1 — a1) (g1 — ) -+ - (g1 — )
Hay
n+1 n+1 T — o
/() :;fmj)g o
i#]
Vi du 3.5.

Cho tam thiic bac hai f(x) = ax? + bz + ¢ thoa diéu kien
[f(@)] < 1,Vx € [-1;1]
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Chitng minh rang véi moi M > 1taco |f(x)| < 2M? — 1 v6i moi x thoa |z| < M

Vi du 3.6.
Cho n s6 thuyc r; <r9 < --- <r, <ry + 1. Chiing minh rang:

n

n
i=t ][ [ri =l
j=1
JFi
Bai toan 3.17.
Cho nhi thiic f(z) = ax + b thoa dieu kién

V1—22|ax +b| <1,V € [—1;1]

Chiing minh rang khi dé ta luon ¢6 |a| < 2

Bai toan 3.18.
Cho nhj thite f(z) = ax + b thoa dieu kién

V1—2?]ax + bl <1,Vx € [—1;1]
Chiing minh rang khi dé ta luon ¢6 | f (z)| < 2,Vx € [—1;1]

Bai toan 3.19.
Cho tam thiic bac hai f(x) = ax® + bz + ¢ thoa diéu kien

V1—2? ‘axQ + bx + c‘ < 1,Vz e [-1;1]
Chiing minh rang khi dé ta luon ¢6 |a| < 4
Tiép theo, ta xét bai toan véi cong thiic tong quat.

Bai toan 3.20.
Cho da thitc P,—1(x) ¢6 bac bé hon hodc bang n — 1 va hé s6 bac cao nhat 1a
ap, théa dieu kien

V1—22|P,_1(x)] <1,Vz € [-1;1]
Chitng minh rang: |ag| < 271

Bai toan 3.21.
Cho da thitc P,_1(x) c6 bac bé hon hodc bang n va hé s6 bac cao nhat la a,

V1—a22|Py_y| <1,z € [-1;1]

Chiting minh rang: |P,—1(z)| < n,Vx € [-1;1]

thoa dieu kién
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Ap dung két quéa nay, véi n = 3 ta co:
Néu tam thitc bac hai f(x) = az? + bz + ¢ théa dicu kien

V1—a? ‘axQ +bxr+c| < 1,Vre|[-1;1]
Thi [f(z)] <3

Bai toan 3.22.
Cho da thic P(z) = apz™ 4+ a1z + - 4+ ap_12 + a,, thoa diéu kien |P(x)| <
1,Vz € [—1;1]. Ching minh rang

L daimr+ag] <277 Vo e [-1:1]

‘anxn + ap—12""
Nhan xét: Khi n = 2 ta ¢6 bai toan sau

Bai toan 3.23. (Lién Xo, 1973)
Cho }aas2 + bx + c’ < 1,Vz € [-1;1] . Chiing minh rang;

’ch + bx + a’ < 2,Vx € [-1;1]

Bai toan 3.24.
Cho da thtc lugng giac

P(t) = aysint + agsin2t + - - - 4+ ap sinnt
Thoéa man dieu kién
|P(t)| < 17 Vi € R\ { o 7_277-7 _77077‘-7277 o }

Chitng minh rang
P (t)‘

<1,V¥te R\{---,—2m, —7,0,72m, -
s \{-+, =27, -7, 0,7, 2m, -}

Bai toan 3.25.
Cho da thtc lugng giac

3

P(z) = (aj cos jx + bjsin jz)

J=0

thoa man dieu kien |P(z)] <1, v6i moi z € R
Chting minh rang |P'(x)| < n, v6i moi z € R
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Bai toan 3.26. (Dinh 1y Bernstein - Markov)
Cho da thtc

P,(z) = apz™ + a1a™ !

Thoa man dieu kien |P,(z)| < 1,Vz € [-1;1]
Chitng minh rang:

_|__|_an

| P ()] < n? vz € [-1;1]

Nhan xét:
Sau khi ap dung lién tiép két qua nay, ta thu duge két qua
Néu da thitc P(x) thoa diéu kién

Pu(w)] < 1,¥2 € [~131]

Thi

‘P(’“) @:)‘ <n(n—1)(n—2)...(n—k+ 1% Ve e [-1;1]

(3.2)
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KET LUAN

Luan van nay duge trinh bay theo huéng hé thong cac kién thitc vé da thiic
luong giac, dong thoi dua trén co sé do sé dac biet khai thac sau hon vé mot s6
ting dung ctia da thic lugng gidc trong dai so.

Trong chuong mot, tac gia trinh bay mot sé kién thiic co s6, dac biet 1a cac
dong nhat thiic dai s6 sinh bdi cac ham s6 lugng giac ma chu yéu la lien quan
dén ham cos va ham sin, bén canh dé la mot s6 vi du ap dung.

Trong chuong hai, tac gia trinh bay cac kién thic vé da thitc lugng giac, dén
cudi chuong 1a phan biéu dién ciia mot s6 da thic dic biet, d6 chinh la da thiic
Chebyshev, bao gom da thic T),(x) va da thic U,(z).

Chuong ba la chuong ting dung, nén phan trinh bay cac bai toan tng dung
theo thit tu tir nhitng bai toan co ban dén nhiing bai toan c6 do kho tang dan,
va tac gia ciing da danh nhieu thoi lugng cho chuong nay. Trong phan dau cua
chuong, tac gid trinh bay cach giai phuong trinh bac ba bang phuong phap luong
giac, sau do 1a gidi mot s6 phuong trinh bac cao ¢6 xuat xit tir cac ham luong giac.
Tiép theo do la ting dung phuong phap lugng gidc trong viéc giai cac phuong
trinh vo ty. Cling trong hai phan tng dung nay, sau khi trinh bay cac phuong
phap giai, tac gia da chi ra xuat xit clia nhitng dang toan nay, dong thoi néu lén
cach tao ra nhiung phuong trinh da thic hay phuong trinh vo ty dua trén céc
cong thic lugng giac. D61 v6i phan ude luong da thitc bao gom nhiing bai toan
mang tinh tong quéat hon va cudi ciing la dinh 1y Bernstein-Markov noi lén moi
quan hé gitta da thiic va dao ham ctia no.

Trong qua trinh lam luan van, tac gia ciing da c6 nhiéu co gang, song van
chua khai thac hét nhitng van dé lien quan dén luan van, cu thé la phan dao lai
ciia dinh 1y Bersntein-Markov. Hi vong trong thoi gian tdi, tac gia sé tiép tuc
khai thac sau hon va hoan chinh hon cho dé tai nay.



