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LOI CAM ON

Ludn van dwoc hoan thanh nho sy huwong dan khoa hoc ciia PGS.TS.Lé Anh
Vii. T6i xin bay to long kinh trong va bzét on sdu sdc dén T hdy T hdy da giup do tao
diéu kién cho t6i tiép xiic véi cdc nguon tdi liéu quy trong va ngoai nuoc, glang gidi
va chi dan tén tinh, day trach nhi¢m cho t6i trong suot qua trinh lam lugn van. Hon
nita, Thay dd danh nhiéu thoi gian va cong svrc dé doc va chinh siva ludn vin cho toi.

TOi xin chdn thanh cam on Quy Thdy C6 khoa Toan — Tin Truong Pai Hoc Suw
Pham Thanh Pho Ho Chi Minh. Bdc biét la cde Quy Thay C6 té6 Hinh hoc, Thay Cé
giang day I6p cao hoc khéa 18 Truong Pai hoc Sw Pham Thanh phé Ho Chi Minh da
cung cdp nhing kién thirc chuyén mon can thiét cho téi dé lam nén ting cho viéc
hoan thanh ludn van nay.

Téi xin chdn thanh cam on Ban gidm hiéu, phong t6 chirc hanh chinh, Phong
khoa hoc céng nghé - Sau Pai hoc, phong Ké hoach - tai chinh Truong Pai hoc su
pham Thanh phé Ho Chi Minh, Ban gidm hiéu Truong THPT Phii Nhudn ciing toan
thé cdc d&ng nghiép va ban be da giup do, tao diéu kién thudn loi cho t6i tfrong qua
trinh hoc va nghién curu ludn van nay.

Ludn van khong thé hoan thanh néu thiéu su chia sé, khich 1é, dong vién cua
gia dinh toi. TOI xin bay to long biét on vé han cia minh dén gia dinh.

T6i xin chan thanh cam on.

Tp H6 Chi Minh, thang 09 nam 2011
Tac gia

Bui Thi Van Anh
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LOI MO PAU
1. Ly do chon dé tai

Nhom Lie, dai s6 Lie, dic biét 1a Pai sé Lie Quadratic (hay dai s6 Quadratic)
d3 ngay cang c6 vai trd quan trong trong nhiéu linh vyc khac nhau ctia Toan hoc va
Vat ly. Nhom Lie, dugc dat tén theo nha toan hoc nguoi Na Uy 1a Sophus Lie (1842
— 1899), 1a mdt khai niém téng hoa tir hai khai niém co ban la nhom (trong Pai )
hoc) va da tap vi phdn (trong Hinh hoc — T6pd). Nhom Lie 1 cong cu cua gan nhu tat
ca cac nganh toan hién dai va vat 1y Iy thuyét hién dai, dic biét 1a 1y thuyét cac hat.
Mot trong nhimng ¥ tuéng cia 1y thuyét nhom Lie 14 thay thé cau triic nhom toan cuc
bo1 phién ban mang tinh dia phuong cia n6 hay con goi 1a phién ban da dugc lam
tuyén tinh hoa. Sophus Lie goi d6 1a nhém Lie vo cing bé. Sau d6 nguoi ta goi d6 1a
Pai s6 Lie. Mot dai s6 Lie 1a quadratic néu n6 duoc bd sung mot bat bién thé hién
du6i dang mot dang song tuyén tinh d6i xtmg khong suy bién. Cac dai s Lie
quadratic thi vi khong chi vi nhiing quan diém dai s6 méi la ma con do ching duoc
ap dung trong nhiéu linh vuc toan hoc va vat 1y. Hiéu vé dai sé quadratic gitp chung
ta hiéu rd hon vé ciu tric Poisson truc giao, nhém Lie Poisson va phuong trinh Lax.
Trén co s& dai s6 Lie vi mot bit bién dugce bd sung, ta xay dung duoc nhiéu 16p céc
cAu tric dai s quadratic cu thé nhu: dai sd quadratic Novikov, dai $6 quadratic giai
duoc, dai sb quadratic doi ngau,....

Dai s6 quadratic déng mot vai trd quan trong trong viéc nghién ctru 1y thuyét
truong bao giac. Nappi va Witten di chimg minh duoc rang cac phép dung hinh loai
Sugawara ton tai trong dai s6 quadratic va cac phép dung hinh nay duoc khai quat
hoa cho viéc mé rong Abel cua cac dai sé Euclide. Ngoai ra, Mohammedi ciing da
ching minh rang, diéu kién cho phép dung hinh Sugawara tuong duong véi diéu kién
thiét yéu cta dai s6 Lie quadratic. Thém vao d6, M. Bordemann ciing dua ra khai
niém mo rong T* cua dai s6 Lie. Dua trén khai niém nay, o6ng ching minh duoc réng
moi dai s6 Lie quadratic giai dugc trén trudng dong dai sb6 c6 dic sd bang 0 1a mo
rong T* hodc 13 ideal khong suy bién c6 s6 ddi chiéu 1a 1. Ciing dya trén khai niém
nay, M. Bordemann ching minh dugc rang moi dai s6 Lie quadratic hitu han chiéu

trén trudng déng dai sb co dic s6 bang 0 1a mot cip Manin trong chiéu cua Drinfel’d.



Mat khac, nho khai niém mé rong kép dugc gidi thi¢u bdi Medina va Revoy, ta
c6 thé chimg minh duoc mot diéu quan trong 1a moi dai s Lie quadratic trong khong
gian hitu han chiéu co thé duoc tao nén boi dai s6 Lie 1 chiéu hodc dai s6 Lie don
boi mot diy cac phép dung trong d6 mdi phép dung 14 tong truc tiép truc giao hoic 1a
mao rong kép. Ngoai ra, dua vao khai niém mé rong kép ta con chirng minh dugc dai
s6 Lie quadratic giai dugc n chiéu c6 thé nhan duogc tir dai sé Lie quadratic (n-2)
chiéu boi dai s6 1 chiéu tich nira tryc tiép véi mot dai sd 1 chiéu khac. Khai niém mo
rong kép dong mot vai tro quan trong vi nd 1a co sé cho phuong phép phan loai quy
nap cac dai s6 Lie quadratic.

Ngoai ra, néu G 13 mot nhom Lie va g 1a metric song bat bién nira Riemann
trén G thi dai s6 Lie(G) ctia nd G khi bd sung dang song tuyén tinh khong suy bién g
s& tré thanh dai sb Lie quadratic. Nguoc lai, s€ c6 mot tich vo hudng bat bién B trén
mot dai s Lie h duge tao ra béi phép tinh tién trai mot metric song bat bién ntra
Riemann trén nhom Lie G bat ki ma h = Lie(G). Do vay, vi¢c nghién ctru dai s6 Lie
quadratic rat hitu ich cho hinh hoc ntra Riemann. Dic biét, tap céc tich vo huong bat
bién trén dai s6 Lie quadratic twong tng 1-1 voi tip cac metric song bat bién trén
nhom Lie tuwong Ung.

Trén nhom Lie ngudi ta con xét ciu tric Novikov nhu 1a mét trudng hop dic
biét cta ciu tric affin bat bién trai trén nhém Lie. Hon nita, mot nhém Lie chép nhan
cau tric Novikov khi va chi khi nhém Lie 1a nhém giai dugc. Fuhai Zhu va Zhigi
Chen dya trén dai s6 Novikov trang bi thém mot dang song tuyén tinh di xung
khong suy bién bat bién tao thanh mét dai s6 Novikov quadratic. Trong 1y thuyét cac
dai s6 Novikov quadratic, ngudi ta chimg minh duge mot két qua quan trong 1a mdi
dai s6 Novikov quadratic trong khong gian ¢ s6 chiéu nho hon hoic bang 4 déu giao
hoan, hon nira ton tai dai s6 Novikov khong giao hodn co chiéu 16n hon 4, cu thé 1a

dai s6 Novikov quadratic trong khong gian 6 chiéu.

Dua trén sy da dang, mé1 mé, nhiéu img dung ctia dai s6 quadratic va dé hiéu
r0 hon vé€ dai sO6 quadratic, chung t61 chon dé tai nghién ctru vé dai sO quadratic véi
sO chi€u quadratic 1a 2. Vi vay, ludn van cda ching t6i c6 tén l1a “Pai so Lie

quadratic so chiéu thap”.



2. Muc dich
Trinh bay mdt cach co ban nhét céc kién thirc vé dai sd Lie quadratic, dac bi¢t

la dai s6 Lie quadratic c6 s6 chi€u quadratic bang 2.

3. P6i twong va ndi dung nghién ciru
Pai sb Lie quadratic s6 chiéu quadratic thap, cu thé 1 bang 2.

4. Y nghia khoa hoc thyc tién

Pai s6 Lie quadratic c6 ¥ nghia rat 16n trong nghién ctru khoa hoc, toan hoc va
vat ly.
5. Cau truc luin viin

Noi dung ctia ban luan vin bao gdm phan mé dau, ba chuong ndi dung va phan
két lugn. Cu thé:

Phin mé dau: Néu xuit x ciia van dé va dit bai toan nghién ctu.

Chuong 1: Danh cho viéc liét ké lai nhiing kién thitc co ban nhét can thiét cho
viéc nghién ciru dai sé Lie quadratic.

Chuong 2: Gidi thi€u cac khai niém mo d4u va cac tinh chit co ban cua dai sd

Lie quadratic, dai s6 Lie quadratic dia phuong, mé rong kép,...
Chuwong 3: Gi6i thiéu vé dai s6 Lie quadratic c¢6 chiéu quadratic bang 2.

Phan két luan: Pua ra nhitng nhan xét va nhiitng van dé mé can phai tiép tuc

nghién clru ti€p sau de tai.



CHUONG 1: CAC KIEN THUC CHUAN BI
Chuong ndy nham nhic lai mot s6 khai niém va tinh chat co ban vé dang song
tuyén tinh, dai s6 va dai s6 Lie can thiét cho cac chuong sau. Do d6 hau hét cac phép
chtirng minh cta cac tinh chit, bd dé&, ménh dé, dinh 1y déu khong dugc gidi thidu.

Doc gia nao quan tam xin xem thém cac tai liéu tham khao [1], [3], ...

1.1. DANG SONG TUYEN TINH
1.1.1 DPinh nghia

Cho V 1a khéng gian vecto trén truong K. Mot dang song tuyén tinh trén V 1a

mot anh xa :
B : VxV —K thoa

1) B(A1Vy + AoV, W) = A1B(ve,W) + A,B(vo,w)

i) B(v, awy + pows) = piB(v,wi) + pn2B(v,w»)
voi moi vi, Wi € V, A, uj € K.
Dadac biét:

+ Dang song tuyén tinh trén V goi 1a doi ximg khi B(v,w) = B(w,v) ,
Yo,we V.

+ Dang song tuyén tinh trén V goi 1a phdn ximg khi B(v,w)= - B(w,v),
Yo,we V.

+ Khi K = R, mét dang song tuyén tinh d6i xtmg thi (v,v)> 0 v&i moi v €V

va (v,v) = 0 khi va chi khi v= 0.

1.1.2 Pinh nghia
Cho U Ia tap con cua V. bit U = {v e V:B(u,v) =0véi Vu e U }. Khi d6
U 1a khong gian con cta V. Dang song tuyén tinh B trén V dugc goi 1a khdng suy
bién trén V khi V' = {0}.
1.1.3 Bo dé
Gia sir B 1a mot dang song tuyén tinh khong suy bién trén V. Khi d6, v6i moi

khong gian con U cta V, ching ta ¢ dim U + dimU™* = dimV.



NéuUNU* = {0} thi V= U U". Va thu hep dang song tuyén tinh B trén U

va trén U* 1a khong suy bién.

1.1.4 Dinh nghia
Gia sit B:VxV— K 1a mot dang song tuyén tinh. Mot vecto veV duoc goi 1a

dang hwomg dbi véi dang song tuyén tinh B néu B(v,v) = 0.

1.1.5 Nhan xét
i) Néu B la dang song tuyén tinh phan xtng va dic sb cua truong khac 0 thi moi
vecto cua V déu 1a dang hudng.

ii) Néu B 1a dang song tuyén tinh ddi xtmg thi vecto 0 ludn dang huéng dbi véi

iii) Néu dang song tuyén tinh B khong suy bién va v € V 1a vecto dang hudng thi

ton tai w € V sao cho B(v,w)=0. R3 rang v va w doc 1ap tuyén tinh.

1.1.6 Dang chinh tic ciia dang song tuyén tinh
1.1.6.1 B6 dé
Gia sir V c6 mot dang song tuyén tinh B. Va Uy, U, 1a nhimg khéng gian con
cia V sao cho B(u,v) =0 véi moi u, v € U; uv € U, vaB(-,-) tren U;p U, la
khong suy bién. Néu {uy,Us,...,Uyn} 1a mot co s& cua U; thi khi d6 ¢6 mot co sé { u,’,
i=
i

uz’,...,uy’} ciia U, sao cho (uj,u;’) =

1.1.6.2 B6 dé
Cho B 1a mét dang song tuyén tinh ddi xtimg khong suy bién trén V. Khi d6 co
mot co sO {v1,Va,...,Vq} cua V sao cho B(vi,vj) =0 néu i=]jva

B(Vi,Vi) =0.



1.2. PAI SO LIE
1.2.1 Pai s6
1.2.1.1 Dinh nghia
Mot dai sé trén truong K c6 dic s6 0 1a mot K- khong gian vecto 4 voi phép
nhan (a,b)— ab thoa mén tinh chét sau :
a(\b 4+ pe) = Xab + pac
(N0 + pc)a = Nba + pea, a,b,c € A Xp e K,
Mot dai s6 1a dai s6 két hop néu phép nhan cé tinh két hop, tic
|é<ab)c = a(bc), Va,b,ce A

Ty vao phép nhan trong 4 giao hoan hay phan giao hoan ma ta noi 4 1a dai so
giao hoan hay phan giao hoan.

Khi K 1 trudng thuc hay phirc thi ta néi 4 1a dai sé thuc hay phitc.

1.2.1.2 Vidu
(1) Khong gian cac ma tran vudng cap n trén truong K, Mat(n,K) 1a dai s6 két hop
v&i phép nhan ma tran va khong giao hoan.
(2) Khong gian cac toan tir tuyén tinh End(V) trén K - khong gian vecto V ciing 1a
mdt dai s6 két hop voi phép nhan 1a phép hop thanh hai toan tir thong thuong.
(3) Pai s da thirc véi hé s trén K (mot hay nhiéu bién) 1a mot dai sb giao hoan.
(4) Pai sb vecto thuc hay phic K* (K = R, K = C) véi phép cong vecto, phép

nhan vecto voi mot s6 va phép nhan cé hudng la mdt dai s6 phan giao hoan.



1.2.2 Pai sb Lie
1.2.2.1 Dinh nghia
MOt dai s6 Lie 1a mot K- dai sb G véi phép nhan [a,b] goi la méc Lieciaavab
thoa :
(1) Tinh phan xting : [a,a] =0,Vae §
(i) Pang thire Jacobi : [[a,b],c] + [[b,c].a] + [[c,a],b] = 0, Va,b,ceg.
Tuy vao trudng co so K 13 thyc hay phirc ma ta goi G 1a dai sé Lie thuc hay
phuc.
1.2.2.2 Nhin xét
(1) S6 chiéu cua dai s6 Lie G chinh 1a s chiéu cua K-khong gian vecto G.
(2) D& dang kiém tra, diéu kién (i) s& tuong duong véi (i”)
[a,b] - —[b, a], véimoi ab e G.
(3) Néu [a,b] =0, Va,b e G thi ta n6i rang moc Lie cta dai s6 Lie 1a tam thuong
va ta goi dai s Lie G |a giao hoan.
(4) Mbi K - dai s6 Lie déu 1a K- dai s6. Nguoc lai, mdi K- dai s6 G déu c6 thé

xem 1a mot K - dai sb Lie khi ta dinh nghia méc Lie nho hoan tir cua phép nhan. Cu

thé ta c6 dinh Iy sau:
1.2.2.3 Dinh Iy (Pai s6 Lie cam sinh tir dai sd)
Cho G 1a mot K - dai sb. Trén G ta dinh nghia moc Lie nhu sau :
[.]:GxG -G, [ab| = ab—ba, Vabe G.
Khi d6, G cung véi moc Lie trén tré thanh mot K - dai s6 Lie. Nhu vay, ta théy

rang:



+ Mbi dai s6 Lie déu 1a mot dai sb (khong két hop). Trong khi d6, mdi dai sb6 noi
chung khong phai 13 dai s6 Lie, nhung néu ta 1dy moc Lie 14 hoan tir thi mdi dai s6
déu tré thanh dai s6 Lie.

+ Mbi khong gian vecto chinh 12 mot dai s6 Lie giao hoan.

1.2.2.4 Vidu

(1) Khong gian R® véi tich c6 hudng thong thuong 13 mot dai sb Lie thyuc
3-chiéu.

(2) Ki hiéu Mat(n;K) 1a khong gian vecto n” — chiéu trén K. Ta xac dinh trén g
moc Lie: (A,B)—[A,B] = AB - BA, VYA, B € Mat(n;K) (A va B con goi la hoan tir).
Khi d6, Mat(n;K) tré thanh mot dai sé Lie.

Ta ki hiéu Mat(n;K) = gl(n;K) va goi 1a dai s6 Lie cdc ma tran vudng cép n
trén K.

(3) Ki hiéu b(n,K) 12 khong gian cac ma tran tam giac trén trong gl(n,K). Nhic lai
rang mot ma trin y = (Y;j), vudng cap n dugc goi la ma tran tam giac trén néu y; =0,
V i > j. Hién nhién néu x, y thudc b(n,K) thi [x,y] ciling thudc b(n,K). NGi cach khéc,
b(n,K) 12 mot dai sd Lie v6i moc Lie ké thira tir gl(n,K).

(4) Tuong tu, ki hiéu n(n,K) 1a khong gian cac ma tran tam giac trén ngat trong
gl(n,K). Mot ma tran y = (Yjj)n vudng cap n goi 1a ma trgn tam gidc trén ngdt néu Yii
=0, Vi > j. Tuong tu b(n,K), n(n,K) ciing 12 mot dai sé Lie vdi moc Lie ké thira tir
gl(n,K).

(5) Nhic lai rang vér cia mot ma tran vudng 1a tong cua cac phan tir trén dudng
chéo (chinh) cta né. Ki hiéu sl(n,K) 13 khong gian con cuia gl(n,K) gdm tat ca cac ma
tran c6 vét bang khong. Hién nhién, v4i hai ma tran tuy ¥ x,y € sl(n,K) thi [x,y] = xy
- yx ¢6 vét bang khong, tirc 1a [x,y] cling thude sl(n,K). Do do, sl(n,K) véi méc Lie

ké thira cua gl(n,K) 1a mot dai s6 Lie.



1.3. PONG CAU

1.3.1 Pinh nghia
Cho G,, G, la cac K - dai s6 Lie. Mot dong cdu dai sé Lie 1a mot anh xa tuyén
tinh ¢ : G, > G, bao toan moéc Lie, tic 1a
¢([a.b]) = [¢(a).p(b)] , V ab e G,.
Néu ¢ 1a ding cdu tuyén tinh thi ¢ dugc goi 13 mot dang cdu dai sé Lie.
1.3.2 Nhan xét va vi du
(1) Mdi anh xa tuyén tinh ctia cac K - khong gian vecto chinh 13 cac dong céu
giita cac dai sd Lie giao hoan.

(2) Mbi dong cau dai sb déu tré thanh ddng cau dai sd Lie khi xét cdu truc dai

sO Lie cam sinh boi hoan tr.

1.4. PAI SO LIE CON, IDEAL VA PAI SO THUONG

1.4.1 Dinh nghia

Khong gian vecto con K cua dai s6 Lie G duoc goi 1a dai so Lie con cua G néu

[a,b]e K véimoia, b € K.

1.4.2 Dinh nghia

Khong gian vecto con I cua dai sO Lie L dugc goi la ideal cia G néu

[a,b] €G v6i Vae G, Vb e l.

1.4.3 Dinh nghia
Gia st G 1a mot dai sd Lie va I 1a mot ideal caa nd. Khi d6, ta ¢ dai s6 Lie

thwong G/1 xay dung tir khong gian vecto thuong bang cach trang bi moc Lie nhu

sau: [a,a,]=la,a,], Va,a, €G.
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O d6 dau ngang trén cac phan tir chi 16p ké cua cac phan tir do.
1.4.4 Tinh chat
1) Néu I va J 1an luot 14 cac ideal con cua G. Khi do,
I+]J ={x+y, x € I, y € J}laideal cuaG.
2) Néu I va J 1an luot 14 cac ideal con cua G. Khi do,
L)) ={xy], x € Ly € J}laideal ctia G.
3)Néul=J =g thi L’ =[G,G] duoc goi la dai s6 dan xudt cua G, doi khi ciing
goi 14 dai s6 hodn tir.
1.4.5 Ménh dé
Néu ¢ : G,— G, 1a mot dong cau dai s6 Lie thi:
1) Hat nhan kero cua ¢ 1a mét ideal trong G,

2) Anh dong cAu Imo cua ¢ 1a mot dai sb Lie con cua G,

g ~
3) kere = Imeo.

1.4.6 Nhan xét
Mot ideal thi hién nhién 1a mot dai s6 Lie con, nhung néi chung diéu nguoc lai
1a khong dung. Chang han, b(n,K) 1a mot dai sé Lie con ctia gl(n,K) nhung n6 khong

phéi 12 ideal vi néu 13y ey; e b(n,K) va ez e gl(n,K) thi [e11,621] = €21 & b(n,K).



1.5. PAI SO LIE GIAI PUQC

1.5.1 Bo dé

Gia su I 1a ideal cua G. Khi do, G/I giao hoan khi va chi khi I chira

¢ =[6.9].
Chirng minh

Pai s6 g1 giao hoan khi va chi khi voi moi x, y € G thi
x+Ly+1] = |xy| + I=T<[xylel, vxyeG.Villaideal cia Gneén|
la khong gian con cua G. [X,y] € I v6i moi X, y € G xay ra khi va chi khi khong gian

duogc tao boi cac moc Lie [x,y] duge chira trong I co nghiala G’ = [G,G] < |. O

1.5.2 Nhén xét
B6 dé nay cho ta thiy dai s6 G’ 1a ideal nho nhat ctia G v6i mot dai s6 thuong
giao hoan. Tuong tu, G’ c6 mot ideal nho nhat dé dai sb thuong cua né giao hoan, dat
ideal d61a G >...
Vay chung ta c6 mot chudi ideal cuia G duoc xac dinh nhu sau: G = G G =
[G' G, ..... =[G .G ¥ k> 2. Khi d0, ta c6 ddy cac ideal lién két voi dai s Lie

GthtaGo G oG o....

1.5.3 Pinh nghia

Mot dai sb Lie G duoc goi la gidi duoc néu ton tai m >1 sao cho g™ = 0.

1.5.4 Vi du
1) bai sb cac ma tran tam giac trén la mot dai sb giai dugc.

2) Bat ky mot dai s Lie 2-chiéu ciing 1a mot dai sb giai duoc.



1.5.5 B6 dé
Néu G 1a mot dai s6 Lie véi cac ideal G=1p o 13 Dly ... Dl 2l = 0 580
cho Iy /lk giao hoan véi moi 1 < k< mthi G giai duoc.
Chirng minh

Chung ta s& chimg minh G® dugc chira trong Iy v6i moi k (1 < k < m). Khi do,
dat k = m ta s& c6 G™ ={0}. That vay, vi G/l; giao hoan nén tir bd dé 1.5.1 tacé G’ <
I;. Quy nap ta cod Gl ey voi k>2.Valy /i giao hoan. Tuong tu, [Ix.1, k1] <
L. Vi LY < 1is nén [G91G < [ia,lka] suy ra G'cly . Patk=mkhido G*=Gg"

valg=I, vag" cly=0,dovay G"=0. Vay g giai dugc. [

1.5.6 Bo dé
Gia st ¢ : G, — G, 1a mot ty dong cdu don anh cia dai s6 Lie. Khi do,
0(G.") = (G2)"
1.5.7 Bo dé
Cho G 1a mot dai s6 Lie
i) Néu G giai dugc thi moi dai s6 con va moi anh dong cu cua G déu giai dugc.
i) Néu ideal I va G/I giai duoc thi G giai dugc.

iii) Néu ideal I va J giai duoc ctia G thi I+J 1a ideal giai duoc.



1.5.8 Hé qua

Cho G l1a dai sb Lie hitu han chiéu. Khi d6, c6 duy nhit ideal giai duoc cia
G chira moi ideal giai duogc cua G. Ideal nay goi la can gidai duoc cua G. Ki hiéu Rad&
(hay R).

Chirng minh

Pit R 14 ideal giai duoc c6 chiéu 16n nhét co thé.

Gia st I 12 ideal giai duoc bat ky. Theo bo dé 1.5.7 thi R+ 1a ideal giai duogc va
Rc R+ Do d6 dimR < dim(R+I). Vi ta chon R 12 ideal giai dugc c¢6 chiéu 16n nhét,
do do6 dimR = dim(R+I). Nén suy ra R=R+l hay [ c R. [

1.6 PAI SO LIE LUY LINH

1.6.1 Chung ta xét day cac ideal :

G1=16.4], G- =[6,61], G3=1G,G2], ....,
Gc=1[G,Gka] - .. ... Khi d06, chiing ta co:

G2 G126, 2...00k...Va Gk IG ki1 < GIGya vOIL k 2 2.

1.6.2 Pinh Iy
(i) G*, G, 1a cac ideal ctia G (k =1,2,3...). Hon nita cac dai sb thuong GG va
Gl Grs1 déu 13 cac ideal giao hoan.
(ii)g:glz G> ... S o L.

v U

Gg>o> G oG D ...... > Gk O ...
(iii) Néu dim G < +oo thi hai ddy céc ideal néu trén déu dung, tirc 13 ton tai ke

N sao cho



1.6.3 DPinh nghia

Pai sb Lie G duoc goi 13 iy linh néu ton tai mot sé m sao cho G, ={0}.

1.6.4 Nhan xét
1. Mdi dai sb Lie G liiy linh déu giai duoc. Diéu nguoc lai khong ding tirc 1a

dai sb giai duoc chua chic 1a liy linh. Vi du: b(n,F) cac ma tran tam giac trén véin >
2 1a dai sb Lie khong giao hoan 2-chiéu.

2. Néu dai sb Lie G giai duoc thi dai sé con Gi = [G,G] liy linh.

3. Tén goi “gidi dwoc” 1a xuat phat tir nhom Lie giai duoc (lién quan dén tinh
c6 nghiém cua phuong trinh, hé phuong trinh vi phan trén nhém Lie).
4, Tén goi “ liy linh” 1a do dinh ly sau day:
Dinh ly (EnGel)
(Gliy linh) < (Y e G, ady la todn tik Ly linh, tire la IneN dé (ad,)" = 0).

1.6.5 TAm ciia dai sé Lie
Véi mdi dai s6 Lie G, tap hop (G): = {acG/ [a,b] = 0, Vbe G} 1a mot ideal cua
G va duogc goi 1a tAm cua dai s6 Lie G. Ta thuong ki hiéu tim cua cua dai sb Lie G 1
Z(9).
1.6.6 Bo dé
Cho G 1a mot dai s6 Lie
1) Néu G 1a lity linh thi bat ky mot dai s6 Lie con ndo ciing lily linh.
2) Néu G/Z(G) 1a liy linh thi G liy linh.

Chirng minh

1) Pé chimg minh ta dya vao dinh nghia.



2) Bang quy nap va ta c6 (GIZ(G))* = (G + Z(G))IZ(G). Do vay, néu (GIZ(G))"

=0 thi " < Z(G) va do vay ¢™" = 0. Vay G liy linh. O

1.7 PAI SO LIE PON VA NUA PON

1.7.1 Pinh nghia

Pai s6 Lie G dugc goi 1a don néu ngoai ideal tam thudng {0} va chinh né, G

khong chira mot ideal khong tam thudng thuc su nao khac.
1.7.2 Pinh nghia

Pai s6 Lie G dugc goi 1a nira don néu ngoai ideal tim thuong {0}, G khong
chira mot ideal khong tam thudng giao hoan nao khéac. Piéu nay tuong duong véi
G khong co ideal giai dugc nao khac khong, didu nay co nghia la R = 0.

1.7.3 Vidu
Pai sb Lie tuyén tinh dic biét sl(2,K) véi ch(K) # 2 1a dai s6 Lie don.
1.7.4 Dinh ly (Cartan — Levi — Malxev)

Cho dai s Lie G. Khi d6, tat ca cac ideal gidi duoc cua G déu dugc chua trong
mdt ideal giai duoc t6i dai R (ma dugc goi 1a can giai dugc cua G). Hon nita, ton tai
mdt dai s6 con nira don S ciia G sa0 cho G = R®S (tong truc tiép cua cac khong
gian vecto). Néu con c¢6 mot dai s6 con S’ ciing ¢6 tinh chat nhu S thi céi nay 1a anh
ctia cai kia boi mot ty dang cdu cua G bao toan R. NGi riéng S = G IR.

1.7.5 Bo dé

Néu G 1a mot dai s6 Lie thi G /R 13 nira don.

Chirng minh



Pat J 1a ideal giai duoc bit ky ciia G /R. Khi d6, ton tai mot ideal J cia G sao
cho J = JIR. Vi R va J giai dugc nén theo bd dé 1.5.7 ta c6 J 1a giai duge. Vi R 14

ideal giai dugc 16n nhatnénJ c R . Do d6 J = 0. O

1.7.6 Nhan xét
1.7.6.1 Nhu vay, viéc nghién ctru dai sé Lie quy vé nghién ctru cac dai s6 Lie
giai dugc va dai s6 Lie ntra don.
1.7.6.2 Cac dai sb Lie giai duoc c6 cdu tric dudng nhu khong qué phirc tap
nhung viéc phan loai ching cho dén nay van chua dugc giai quyét triét dé.
1.7.6.3 Céc dai sd Lie nira don d3 duoc phéan loai ddy du. Cu thé, mdi dai sb
Lie ntra don déu 1a tong truc tiép cua céac ideal Lie don. Do d6 chi can phan loai céc

dai s6 Lie don, ro1 lay tong truc ti€p ta dugc phan loai cac dai s6 Lie ntra don.



CHUONG 2: CAC KHAI NIEM VA TiNH CHAT CO BAN CUA PAI SO LIE
QUADRATIC

Pay 1a chuong dau tién trong hai chuong chinh cua ban luan vin. Noi dung co
ban ctia chuong trinh bay cac khai niém mé dau va cac tinh chat co ban cua dai sé
Lie quadratic, dai sé Lie quadratic dia phuwong, mo rong kép,... Hau hét cac khai
niém déu kha méi va méi duoc nghién ctru vai thap nién gan day, kha nhiéu phép
chtrng minh phtrc tap nén ching t6i khong giéi thidu ma chi dan doc gia dén céac tai
liéu tham khao. Phan 16n cac van dé trong chuong nay dugc ldy tir cudn tai lidu tham

khao chinh [5] va [9].

2.1. PINH NGHIA PAI SO LIE QUADRATIC. VAI Vi DU

2.1.1 Pinh nghia dai s6 Lie quadratic
Trong phan nay, néu khong noi khac di, truong co s K luon duoc hicu 1a
truong dong dai s6 va co dic s6 0.
2.1.1.1 Pinh nghia vé dang song tuyén tinh bt bién (xem [5, trang 726])
Cho g 1a dai s6 Lie trén trudng K. Mot dang song tuyén tinh B dugc goi 1a
dang song tuyén tinh bdt bién trén g néu B([X,Y], Z) = B(X , [Y,Z]) véi moi X, Y,
Z thudc g.
2.1.1.2 Pinh nghia vé tich vé hwdng bét bién (xem [5, trang 726])
Cho B 1a mot dang song tuyén tinh trén dai sb Lie g. B duoc goi la mot tich vo
huwéng bt bién trén g néu B dbi xing, khong suy bién va bat bién.
2.1.1.3 Pinh nghia vé dgi sé Lie quadratic (xem [5, trang 726])
Khi trén K — dai s6 Lie g da duoc trang bi mot tich vo hudng bat bién B thi g
duoc goi 1a dai s6 Lie quadratic trén K hay K — dai s6 Lie quadratic, ki hiéu (g,B).
Puong nhién, khi K 1a truong thuc hay phire thi (g,B) ciing goi 13 dai s6 Lie quadratic
thyec hay phikc.
2.1.1.4Chuy



+ V6i mdi khong gian con V cua dai sd Lie quadratic (g,B), ta ki hiéu V= la

khong gian con truc giao ciia V' dbi voi B.
+ Luu y rang, d6i voi dai s6 Lie quadratic, biéu dién phu hop twong duong véi
biéu dién dbi phu hop. Céc dai s6 Lie nhu thé dugc goi 1a dai sb Lie tur doi ngdu doi

xung.

2.1.2 Vai vidu

2.1.2.1 Cap (R®, B) goém dai sb Lie thuc 3 — chiéu R® (méc Lie 1a tich ¢6 huéng
thong thuong) va tich vé hudng chinh tic B 1a mot dai s6 Lie quadratic thuc 3 —
chiéu.

2.1.2.2 Cip (R", B) gdbm dai s Lie thuc n — chiéu giao hoan R" (méc Lie tam
thudng) va tich vé hudng chinh tic B 1a mot dai sé Lie quadratic thuc n — chiéu giao
hoan.

2.1.2.3 Tuong tu, cip (C", B) gébm dai sb Lie phirc n — chiéu giao hoan C" (méc
Lie tim thudng) va tich v hudng hermite chinh tic ciing 1a mot dai sd Lie quadratic
phttc n — chiéu giao hoan.

2.1.2.4 Pai sb Lie gl(n,K) cac ma tran vudng cap n trén K cam sinh tir dai s6 ma

tran Mat(n,K) véi moc Lie dugc cho boi cac hoan tir [A, B] = AB — BA v&i moi cap

A, B thudc Mat(n,K) ciing trd thanh dai s6 Lie quadratic (trén K) khi trang bi tich vo
huéng bat bién 13 dang song tuyén tinh B(A,B): = Tr(AB) vdi moi cip A, B thudc
Mat(n,K).



2.2. VAI TINH CHAT CO BAN CUA PAI SO LIE QUADRATIC

2.2.1 Vai khai niém
2.2.1.1 Pai s6 Lie cdc todn tir vi phén phdn xirng ciia dai sé Lie quadratic (xem
[5, trang 726])
Cho K — dai s6 Lie quadratic(g,B). Xét dai s6 Lie Der(g) cac toan tir vi phan
trén g. Ki hiéu Der,(g,B) 1a tip con ctia Der(g) bao gdm cac toan tir vi phan F trén g
phan xtmg d6i v6i B, tic 1a B(Fx, y) = — B(x, Fy) v6i moi x ,y thudc g. Khi do,
Der,(g,B) 1a dai sd Lie con cua Der(g) va dugc goi 1a dai sé Lie cdc todn tir vi phdn
phan xung cua g.
2.2.1.2 Pai s6 Lie quadratic ddy dii (xem [5, trang 726])
Pai s6 Lie quadratic (g,B) dugc goi 1a ddy du néu g day du, tic Ia
9=9"=lg.9|
2.2.1.3 Ideal suy bién va ideal ding huéng (xem [9, trang 14245))
Cho (g,B) 1a dai sd Lie quadratic, H 1a mot ideal ctia ¢. Ta bao H khdng suy

bién (d6i v6i B) néu B\H . khong suy bién. Ta bao H dang hudng (doi véi B) néu

HxH

2.2.1.4 Mo rong kép (xem [5, trang 726])
Gia su (A,T) 1a mot K — dai sb Lie quadratic, b 1la mot K — dai s6 Lie. Xét
mot phép bicu dién ) : b — Der (A4,T). Goi = la biéu dién doi phu hop clia b va
p(z,y)z = B((2)z,y), Yo,y € g, z € b. Xét khong gian vecto g =b" H A D b vbi

moc [.,.] duoc xac dinh bdi hé thuec:

U+ Ty f o,y = (v(y) () — w(y,) (f) +e(2),2,)
+ ([2,2,], + by, (z,) = O(y,) (7)) + ([y,,5,],)

vol moi f, f eb*, T, T, c A, Y, ¥, €0.Khido, g tr6 thanh mot dai s Lie

va dugc goi 13 mé rong kép ctia A boi b qua (hay nhd) phép biéu dién .



Mit khac, kiém tra dugc dang song tuyén tinh B: g x g — K duoc xac dinh bai
B(fy +x, +y,, /, + 2, +y,) = Tz, 2,) + fi(y,) + £y,)

véimoi f, f, €b*, z, , x, €A, vy, y, €b1amottichvé huomg bdt bién tic 1a

K
mot song tuyén tinh ddi xtmg khong suy bién trén g. Do do, (g, B) tré thanh mot dai
s6 Lie quadratic.

Hon nira, voi mdi dang song tuyén tinh dbi xtmg bat bién ~ ( khong can khong
suy bien) trén b c6 thé xac dinh mot tich vo hudng bat bién méi B trén g. Cu the,

BA( xac dinh nhu sau: BW tgxg— K

B (f +x, 4y, +x,+y,) =T(,z) +~,v,) + L©,) + £{,)

véimoi f, f, cb*, r, €A, y,y, €.

K
2.2.1.5 Chiéu quadraric (xem [5, trang 727])

Cho g 1a mot dai s6 Lie trén K. Khi d6 ta co:

+ Tap tat ca cac dang song tuyén tinh doi ximg bat bién trén g 14p thanh mot
khong gian vecto trén K va dugc ky hiéu 1a F(Q).

+ Tap tit ca céac tich vo hudng bat bién (tirc 1a cac dang song tuyén tinh dbi
xung bat bién khong suy bién) trén g 1ap thanh mot khong gian vecto trén K va duoc
ky hiéu 1a /4 (g). RG rang, /4 (g) 1a khong gian vecto con ctua F(Q).

+ Ta dinh nghia chiéu quadratic cia dai s6 Lie (g,B), ki hi¢u d (g), 1a chicu
ctia khong gian vecto 4 (g) gdm céc tich vo hudng bat bién trén g. Nghia 13, chiéu

quadratic cta dai s6 Lie g 1a dq(g) : =dimg £ (Q).

2.2.1.6 Chuy
Trong tai liéu [5], ngudi ta d3 chimg minh duoc rang néu (g,B) 1a dai sd Lie
quadratic thi #(g) = 4 (g). N6i riéng d (g) = dimk #(g).
2.2.1.7 Trong (xem [5, trang 727])
+ Cho dai sd Lie g. Trong cua g 1a tap hop cac tu dong cau tuyén tinh F cia g
théa man diéu kién FIX,Y]=[FX,Y] v6imoi X, Y € g.



+ Cho B 1a mot dang song tuyén tinh trén g. Ta ki hiéu Cents(g,B) 1a tap tat ca
cac phan tir B - d6i xtmg trong trong cua g. Ttc 13, néu FeCent, (g,B) thi B(FX,Y) =
BOXFY)vaF[X)Y]=[FX, Y], VX, Y €g.

2.2.1.8 Tinh kha quy va bt khd quy (xem [5, trang 727])

Cho (g,B) 1a mot dai s6 Lie quadratic.

+ Tabao g kha quy néu trong g ton tai mot ideal J khong tam thuong thuc sy
(J=0, J=g) sao cho B thu hep trén JxJ vin con 1a dang song tuyén tinh ddi xtng
khong suy bién.

+ Trai lai, g dwoc goi 13 bdt kha quy néu trong g khong ton tai ideal J (J=0,
J==g) nao dé B thu hep trén JxJ van con 1a dang song tuyén tinh d6i ximg khong suy
bién.

2.2.2 Cc tinh chat
2.2.2.1 Tinh chdt 1 (xem [5, trang 726))

Pai sb Lie quadratic (g,B) ddy du khi va chi khi tim caa né triét tiéu: Z(g) = 0.
Chirng minh

Duya vao dinh nghia.

2.2.2.2 Tinh chdt 2 (xem [9, trang 14245])

Gia su (g,B)lé dai s6 Lie quadratic. Khi d6 ta c6 cac khang dinh sau:

. 1
i) Z(g)=9.9] -
ii) Goi H laideal cua ¢.Khidd, H* cling 1a mot ideal cia ¢ . Hon nita, néu
H khong suy bién thi H* ciing khong suy biénva g = H ¢ H*.
2.2.2.3 Tinh chdt 3 (xem [5, trang 727])
Cho (g,B) 12 mét dai s6 Lie quadratic va C 1a mot dang song tuyén tinh khac B
trén g. Khi d6 ton tai mot ty déng cau D cua g sao cho
C(X, Y) = B(DX,Y) v6i moi X, Y thudc g. Hon nira, lac d6 C d6i xtimg va bat
bién khi va chi khi B(DX,)Y)=B(X,DY) va D[X,Y]=[DX,Y] v61i mo1 X,Y € @.
2.2.2.4 Tinh chdt 4 (xem [5, trang 727])



Cents(g,B) chinh 1a tap hop cic dang song tuyén tinh dbi xtimg bét bién trén g,
nadi riéng dq(g) = dim Cent,(g,B).
2.2.2.5 Tinh chdt 5 (xem [5, trang 727])
Cho (g,B) 1a mot dai s6 Lie quadratic, g khac 0 va g khong 1a dai s6 Lie 1-
chiéu. Khi d¢, (g,B) 14 dai s6 Lie quadratic don khi va chi khi dq(g) = 1.
2.2.2.6 Tinh chdt 6 (xem [11, trang 479])
Cho W, V 1a khéng gian con cua dai s Lie g va x €g. Khi d6, cac diéu kién
sau tuong duong:
i) xe[W, V],
i) xwlcve,
i) [x,V]C W~.

2.2.2.7 Tinh chdt 7 (xem [11, trang 479])
Cho W 1a mot ideal cua dai s Lie quadratic g. Khi d6 ta ludn co:
i) [W,g]" =Zw(g) (thm cua W trong g),
ii) W* laideal ciia g. Hon nira, néu [g,W] = W thi W* = Z(W),
i) 9,91 = 2(9),
iv) Gia stt W khong suy bién. Thi khi d6, W~ ciing khong suy bién va
g=Wo Ww".
2.2.2.8 Tinh chdt 8 (xem [11, trang 480])
Cho (g,B) 12 mot dai s6 Lie quadratic. Khi do,
Z(g) C Z(g)* khi va chi khi g khong c6 ideal 1- chiéu khong suy bién.

2.3. DAI SO LIE QUADRATIC DPIA PHUONG



2.3.1 Vai khai niém
2.3.1.1 Dgi sé Lie quadratic dia phwong (xem [5, trang 727])
Mot dai s6 Lie quadratic (g,B) duoc goi 1a dia phwong néu g c6 duy nhat mot
ideal cuc dai.
2.3.1.2 Ideal cuc tiéu (xem [5, trang 727])
Cho g 1a mot dai sé Lie va dat M(g) 1a tap tat ca cac ideal cuc tiéu trén g. R
rang néu g 1a dai s6 Lie 1-chiéu hodc g 12 don thi M(g) = @.
Ta dinh nghia, Soc(g) 1a tong cac ideal cuc tiéu trong g. Néu g don hoic

1-chiéu thi Soc(g) = {0}.

2.3.1.3 Chuy (xem [5, Remark 3.1])
Trong dai sb Lie quadratic, tryc giao véi ideal cyc dai la ideal cuc tiéu. Nhu
vay, néu (g,B) 1a dai sd Lie quadratic thi (g,B) 1 dia phuwong khi va chi khi g ¢6 duy
nhat mot ideal cuc tiéu. Do d6, mét dai s6 Lie quadratic la dia phirong khi va chi khi

Soc(g) la mét ideal cuc tiéu.

2.3.2 Cic tinh chit

2.3.2.1 Tinh chdt 1 (xem [5, trang 727])
Cho (g,B) 1a mot dai sb Lie quadratic co chiéu quadratic dq(g) = 2. Cac diéu

sau day la tuong duong voi nhau:

(1) gkha qui,

(i) gkhong bat kha qui,

(iii) g 13 tong truc tiép cua hai ideal don hodc 13 tong truc tiép ctia mot ideal don
va mot ideal mét chiéu.
Chirng minh

(i) = (ii) Hién nhién

(iii) = (i) Khi g 1a téng truc tiép cta 2 ideal don hoic 13 tong truc tiép ctia mot
ideal don va mot ideal mot chiéu thi khi d6 trén g ludn ton tai mot ideal khong tam
thuong thuc sy ma han ché ctiia B trén nd van con dang khong suy bién, cu thé ideal

doé 1a ideal don. Vay g kha qui.



(if) = (iii) Gid s g khong khd qui. Khi d6, g = @®;_J, voi n>2 va J véi

k=1"k
1<k <n la nhimg ideal kha quy, khong suy bién trén g théa B(J,,J,) = {0},

Vk = 1. R rang d(J)<d(g)vid(g)=2van>2nénd(J)=d(J,)=1.
g\ k q q g\"1 2
k=1

.
Khi d6, J1, J, 1a nhiing ideal don hoic 1a nhitng ideal 1-chiéu. Néu ca hai 1a nhiing
ideal 1- chiéu thi g = J, & J, la dai s6 Lie 2-chiéu giao hoén. That vay, x,y € g, X =
X1 + X2, y = Y1 + y2 , khi do
[x,y] = [x1+x27 ¥, +y, ]:[Xl,yl] +[X1,y2] +[X2,y1 }+[X2,y2] =0. Nén g la dai
s0 Lie giao hoan. Do d6, d (g) = 3 (tréi véi gia thiét ). Vay J; va J; khong dong thoi

1a nhiing ideal mot chiéu. Hay g 14 tong truc tiép cua hai ideal don hogc 1a mot ideal
don va mot ideal mot chiéu. Vay, ta da chirng minh xong. []
2.3.2.2 Tinh chét 2 (xem [5, trang 727])

Moi dai s6 Lie quadratic khac 0 bat kha quy va c6 chiéu quadratic bang 2 1a

mot dai s6 Lie quadratic dia phuong.
2.3.2.3 Tinh chdt 3 (xem [5, Proposition 3.2])

Cho (g,B) 12 mot dai s6 Lie quadratic khong kha quy. Pai s Lie g 1a dia
phuong khi va chi khi g 13 dai sb Lie giai dugc c6 tdm 1a 1- chiéu hodc g 13 dai sb
Lie day da v6i " nhan tir Levi" don.

Chirng minh
Pit p(g) 14 s6 chiéu ciia Z(g) (tdm cua g)
s(g) 1a s6 ideal don cua hang tir Levi cia g
m(g) 12 s6 ideal cuc tiéu trong phan tich ctia Soc(g).

Gia str (g,B) 1a dai s6 Lie quadratic dia phuong. Piéu nay c6 nghia 1a Soc(g) la

mdt ideal cuc tiéu va do d6 s(g) + p(g) = 1. Ta c6 hai trudng hop:
+ Néu s(g) = 0 va p(g) = 1 thi g 12 giai duwoc va c6 tdm 1 - chiéu.
+ Néu s(g) = 1 va p(g) = 0 thi g 13 dai s6 Lie quadratic day du véi hang ttr Levi

don.



Nguoc lai, néu g la dai s6 Lie giai dugc c6 tdm 1 - chiéu hoac g la dai s6 Lie
day du voi hang tir Levi don thi chiing ta ¢6 m(g) = s(g) + p(g) = 1. Piéu nay c6
nghia Soc(g) 1a ideal cuc tiéu hay g 1a dai sb Lie dia phuong. [J

2.3.2.4 Tinh chit 4
Vi S 1a dai s6 Lie, ki hiéu: VS = {xeV: {(s)x =0 véi Vs €S} 1a khdng gian

bét bién cta V ¢6 lién quan dén phép biéu dién ) : S— gl(A) vai V la khdng gian

con tuyén tinh ctia A duoc xac dinh béi .

Dinh 1y sau ddy néu mot tinh chit co ban khé thu vi vé dai sb Lie quadratic
khong kha quy.

Dinh ly (xem [5, Theorem 3.1])

Cho (g,B) 1a mot dai s6 Lie quadratic khong kha quy.

1) g 1a dia phuong va giai dugc khi va chi khi (g,B) 1a mé rong kép ctia mot dai
sd Lie quadratic liiy linh khac khong (A,T) boi toan tir dao ham & kha nghich trén
tam Z(A) cua A.

ii) g 1a dia phwong va day du khi va chi khi (g,B) 12 mé rong kép cua dai sd Lie
quadratic Iiiy linh (A,T) béi dai s6 Lie don S qua phép biéu dién

P : S— Der,(A,T) sao cho (Z(A))° ={0}.

Chirng minh

i) Gia sir g 1a dai s6 Lie quadratic dia phuong va giai duoc. Theo tinh chét
2.3.2.3 Z(g) co chiéu 1a 1. Do vay, Z(g) = KX, véi moi X€g.

Vi [9,9] = (Z(g))", do d6 ton tai Y € g sao cho g = [g,g] @ KY. Didu nay cho
ta théy réng [g.g] 1a ideal cuc dai va KY la mot dai s6 Lie con cua g. Theo [6, dinh 1y
2], néu A = [g,g)/KX thi g phdi 1a mé rong kép cua (A,T) boi toan tir dao ham
0 € Der (A, T) dugc cho béi 6 (N(Z)) = N[Y, Z] v6i moi Z¢€ [g,g] v6i N: [g,g] —A
12 mot phép chiéu chinh tac. Khi d6, A = [g,g]/KX 1a mot dai s6 Lie lily linh, do vay

[.g] ctia dai s6 Lie giai dugc g ciing lity linh.



Bay gi¢ ta chimg minh A== {0}. Gia sir A = {0} thi [g,g] = KX. Khi dé, g Ia

dai sd Lie 2-chiéu va lity linh, do vay g 1a dai s Lie giao hoan. Piéu nay mau thuin
v6i gia thiét 1a g 1a dai s6 Lie dia phuong ma c6 dén 2 ideal cyc tiéu.

Ta ching minh 6 kha nghich trén tam cia A véi & (N(Z))=N[Y, Z] véi moi
Ze [g,9], N:[9,g] — A. Lay a € [g,¢] sao cho N(a)eZ(A) va § (N(a)) = 0. Vid (N(a))
= 0 nén N[Y,a] = 0e A = [g,g)/KX , diéu nay tuong duong véi [Y,a] € KX = Z(q).
Do do, B([Y.al[g.g)) = {0} vi [9.0] = (Z(g))". Bén canh do, B([Y.al,Y) = -
B(a,[Y,Y]) = 0. Suy ra B([Y,a],g) = {0} hay [Y,a] = 0. Vi N(@)ecZ(A) nén
[,[0,0]1CZ(g). Do vay B([a[g.gll.[g.g]) = {0}.Vi tinh bat bién cua B nén
B([a,[9.,9]],Y) = -B([9.9].[2,Y]) = {0} (do [Y,a] = 0.) Piéu nay dan dén B([a,[g,¢]].2)
= {0}, suy ra [a,[9,9]] = {0} hay acZ(g) = KX, do vay N(a) = 0. Piéu nay cho ta &
kha nghich trén tam cua A.

Nguoc lai, gia st (g,B) 1a mé rong kép cua dai s Lie quadratic lity linh (A, T)
véi A= {0} boi toan tir dao ham & kha nghich trén Z(A). Khi do, ta cé g = Ke’ TA

@ Ke, voi Ke 1a dai s6 Lie 1- chidu. Vi g 1a tich nira truc tiép ca hai dai sé Lie giai
dugc 1a A va Ke nén g cling giai dugc va do do
Soc(g) = Z(g). Ta chitng minh Z(g) = Ke'. Tur dinh nghia mé rong kép rd rang e’ €
Z(g). That vay, véi Yeg, taco [e, Y] = [, ae+a +xe] = \[e',e] = 0 vi Ke 1a dai
sd Lie 1- chiéu. Vay Ke™ C Z(g). Nguoc lai, lay

X=ae+a+txe e Z(g). Voia,\ e K,ac A b e A, taco:

[X,b]y=[ce +a+X\eb] = [ab]a+ T(6(a),b)e™+X & (b) =0.

RO rang T(6 (a),b) = 0 va [a,b] = -\ & (b). Néu chon b =0, be Z(A) thi X\ §(b)
= 0. Vi ¢ kha nghich trén Z(A) nén & (b)=0 suy ra X =0. Khi do
[a,b]a = 0 v&i moi beA, diéu nay suy raa € Z(A). Hon nira T(6 (a),b) = 0 v6i moi b
€ Anén §(a) =0ma & kha nghich trén Z(A) nén a = 0. Do vay,
X = ae’. Do d6, Z(g)C Ke'. Vay Z(g) = Ke™ va g la dai sd Lie giai dugc nén theo
tinh chat 2.3.2.3 g 1a dai s6 Lie dia phuong.

i) Gia str g 1a dai s6 Lie ddy du dia phuong. Tt tinh chat 2.3.2.3 hang tir Levi

ctia n6 1 hang tr don. Piéu nay co6 nghia la can /(g) 14 ideal cuc dai cua g. That vy,



néu S 1a hang tir Levi cua g, theo [9, dinh Iy 2] g 12 mé rong kép cia A =
RQ/((R(Q)) boi S qua phép bidu didn | :S— Dery(A,T) dugc xéc dinh boi
BX)(N(Y)) = N[X,Y], VX € S, Ye Q) va N: Z(g)— A 1a mot phép chiéu chinh
tac. Vi g 1a dai s6 Lie ddy du nén &(g) 1a ideal lity linh, do vay A ciing 1a dai s6 Lie
Iy linh.

Ta chimg minh (Z(A))° ={0}< W(X)N(Y) =0, VX €8,Yc &)

Bay gid ta chimg minh (&(Q))" = Z(&(g)) 1a tam cia A(g). Vi B bét bién va
[9,2(9)] = R(g) nén Z(R(g)) € (A(g))". Hon nila,

B((R(9)) ", 7(9)) = B(AQ)), [0, R(0)] = B(I(R(0))", R(9)].0) = {0} (vi B bat
bién), didu nay cho ta thdy rang [(7(g)), 7(g)] = {0}, khi do

(R(Q))" C Z(R(Q)). Vay (R(Q)) = Z(R()) hay A= R(Q)/Z( 7(g)).

Pé chung minh (Z(A))® = {0}, ta liy Ye &2(g) sao cho N(Y) € Z(A) va
N[X,Y] = 0 véi moi X €S.Taco [Y,Z(g)]c Z(R@Q)) va[Y,S]c Z(R(g)) diéu nay
cho ta [Y,g] C Z(#(g)). Do do, B(7(g).[Y.g]) = B([Y,7”(9)].9) ={0} suy ra [Y,
7(9)] = 0 hay Y € Z(7(g)). Do vay, N(Y) = 0 vi A =Z(9)/Z(7(9)),

N: 2(g) — A. Vay (Z (A))°={0}.

Nguoc lai, gia sir (g,B) 1a mo rong kép cua dai s Lie quadratic liiy linh (A,T)
boi dai sé don S qua phép biéu dién 1 : S— Der,(A,T) thoa man (Z(A))° ={0}. Khi

do, g = SPAd S, vi Sh dai s6 don ctia g va S @ A la ideal giai dugc cua g
vi n6 1a mé rong tdm ciia mot dai sd Lie Iiy linh. Chiing ta c6 /&(g) = ST AvaS 1a

hang tir Levi ctia g. Bay gio ta chimg minh g 1a day du va dja phuong.
Pé ching minh g day du ta chimg minh Z(g) = {0}. That vay, xét



fe S, acA seSsaochoX=f+a+s e Z(g). Khido, véis' €S thi

0=[s'X] =[s", f +a+s]= —fad s * +U(s")(a) +[s',s] . Diéu ndy s& dan dén fads' =

S

0, [s'8] = 0; \(s")(a) =0 véimois' € S. Do vay, f=0;s=0.ViS ladon, diéu
ndy c6 nghia 1a ac (Z(A))® . Bay gid voi a' €A ta co:
O0=[X]=1[a, f+a+s]=[aaa+pa'a) voi p(a',a)eS* dugc cho badi

p(a',a)(s) = B((s")(a"),a) = —B(a',(s")(a)) voi moi s'eS. Via'e(Z(A))® nén
P(s')(a) =0, do vay ¢(a',a) =0 hay [a',a]a =0 véi moi a'c A. Nén a € Z(A) hay a
e Z(A)N (Z(A))® = (Z(A)) = {0}. Piéu nay co nghia 1a Z(g) = {0}. Vay g l1a dai sb
Lie day du.
Hon nira, Soc(g) = (ﬁ(g))J' 1a mot ideal cyc tiéu vi hang tir Levi S ctia g 1a mot

ideal don, do d6 g 1a dai s6 Lie quadratic dja phuong.

2.3.2.5 Nhdn xét

+ Két qua cua dinh 1y trén cho ta thdy rang dé nghién ctru dai s quadratic véi
chiéu bang 2 ta chu ¥ dén hai truong hop dai sé Lie giai dugc va dai sé Lie day du.

+ Chung ta biét moi dai s6 Lie quadratic bat kha quy sao cho dq(g) = 2 1a mot dai
s6 Lie dia phuwong nhung chiéu nguoc lai khong ding. Thuc té, ciing c6 nhimng dai s6

Lie dja phuong c6 chiéu quadratic 16n hon 2.



CHUONG 3: PAI SO LIE QUADRATIC CO CHIEU QUADRATIC BANG 2

Pay 1a chuong cubi va ciing 1a chuwong chinh tht hai ctia ban luan vin. Noi
dung co ban ctia chuong trinh bay cac tinh chat co ban cta dai sd Lie quadratic giai
duoc va dai sd Lie quadratic ddy du véi sb chiéu quadratic thap, cu thé 1a bang 2.
Ciing nhu chuong 2, cac van dé dugc dé cap ¢ ddy déu kha moi va méi dugc nghién
ctru vai thap nién gan day, kha nhiéu phép ching minh phirc tap nén chiing t6i khong
gidi thiéu ma chi dan doc gia dén cac tai liéu tham khao. Phan 16n cc van dé trong
chuong nay duoc lay tir cuén tai liéu tham khao chinh [5] cia Ignacio Bajo, Said

Benayadi.

3.1. PAI SO LIE QUADRATIC GIAI PUQC VOI CHIEU QUADRATIC BANG 2

3.1.1. CAc tinh chat
3.1.1.1 Tinh chdt I (xem [5, Proposition 4.1])
Cho (A, T) 1a mot dai sd Lie quadratic va o € Der (A, T ) la mét toan tir kha
nghich. Khi d6 mo rong kép (g,B) cua (A, T) bang phuong phap bdi § ¢o chiéu

quadratic bang 2.
Chirng minh
Vi (g,B) 1a mo rong kép cua (A, T) boi 6 nén g =Ke* @ AdKe
(véi Ke* = Z(g)). Goi K 13 mot dang song tuyén tinh ddi ximg bat bién trén g. it

a=K(ee), B =K(ee*). Véimoi z € A, tac
K (e,z) = K(e,[e,?SlxD = K ([e¢],6"'2) = 0 tinh bét bién cua K ). Tuong tw,
K (¢*,2) = K(e*,[e,é—lx}) — 0 vi Ke* = Z(g) (do tinh chit 2.3.2.4)

Bay gio, néu z,y € A sao cho T'(z,y) = 0 thi

0= K([fﬁlx,y],e *) = K([61x,y]A,e *) + T(z,y)K(e*,e *)



= T(x, y)K(e*,e *) Piéu nay suy ra K(e*,e *) = 0. Hon nira, v4i moi
z,y € A ching ta co:
K(:r,y) = K(x, [e,@ly]) = K([f)@,x],e) = T(:L’, y)K(e*,e) = BT(m,y)
= BB(:z:,y) (vi (g,B) 1a m& rong kép cua (A,T) nén B(x,y)=T(x,y) v6i
moiz,y € A) . Do vy, néu S 1a dang song tuyén tinh dugc xac dinh boi S (e,e) =1,
S(Ke * @A,g) =0 thi dé dang ching minh dugc raing K = oS +BB, do d6
dimF(g)=2. O
3.1.1.2 Nhdn xét
Piéu kién kha nghich cta vi phan & trong tinh chét trén ¢ thé duoc thay thé
boi diéu kién kha nghich tét hon trén ca [A, A] va Z (A) . Thue chét, hai diéu kién nay
dugc xem nhu twong duong voi U = [A, A] +7 (A) va s& dugc xem xét trong phan
hé qua.
Bay gio ta xét khong gian con tuyén tinh. Goi (A, T) 1a dai s6 Lie quadratic va
0 € Der, (A, T) . Sau day, ta s& xét khong gian con tuyén tinh K x K x A x End (A) :

(0&,>\, m, l) € KxKx Ax Ker (6) x Cent, (A, T) saocho

AT =08 s — o+ ad, m)



3.1.1.3 Tinh chdt 2 (xem [5, Proposition 4.2])
Goi ( g, B) 1a mo rong kép cuia dai sb Lie quadratic (A, T) bang phuong phap
boi 6, gia str Z(g) = Ke *.

i) Néu (oc,k, pu,l) €¢ (A, T,6) thi tu d6ng cau tuyén tinh D

(arim) cua g duoc

dinh nghia boi:
Dianmg €)= 0
Dy () =Xe* +m + ae
Dismyla)=1(a) + T(m,a)e*, Vae A
la mot phan tir trong Cent (g, B).

ii) Anhxa ¢ : £(4,7,8) — Cent (g, B) duoc xéc dinh bi

d)(oc,k,m,l) =D

<0L,>\,m,l

) vol VY (a,x,m,l) €e (A, T,6) 1a mot phép dang cau khong
gian vecto.
iii) Diéu ki¢n cdn va du dé d (g) =2 1a
£<A,T,6) = {(u,X,O,uidA),oc,X € K}
3.1.1.4 Tinh chdt 3 (xem [5, Proposition 4.3])
Goi (A,T) 1a dai s6 Lie quadratic liy linh va & € Der, (A,T) kha nghich trén

Z(A). Xét A=K ®C 1a khai trién thich hop ciia A d6i véi & va n la sé nguyén
duong sao cho K = Ker(ﬁ”) va C'=8"(A). Khi d6 K =C*, [K,K|C K va
[K,C]c C. Hon nita, néu 0 : A — K la phép chiéu ciia A vao K duoc dinh nghia
boi 0 (k+c) =k, Vk € K, Ve e C th e([c,c]) ~K.
Chirng minh

RO rang, §(K) C K, §(C) € C. Vi & 1a dbi xtmg léch déi véi T' nén ta co

K=C".



Hon nita, |K,K|C K vivéi Y,y € K, taco:

[6k:r,62"—ky} =0= [LU, y] € Ker<62”) = Ker(fi”).

k=0

Do d6, |K,C|C C vi T bétbiénva K = C".

Tiép theo, ta xét T = 0 ([0 c]) va chiraring I laideal ctia K . Liy k € K va
z,y € C.Néu [z,y| = k'+c' (véi (k',c') € K x C) thi

0([2,]) = [#.y] ¢’ Nen

0 ()| = [l = [ = [ b + o ]+ e8]

Vi[K,C]c C nén [k,e (e ym = 0], [k y]| +[v:[5.4] € T = I 1aideal ciia

K . Bay gio, ta xét tap hop J = I* N K, trong d6 I 1a tryc giao caa I dbi véi T.

Vi T batbién nén J 14 ideal cia K . Hon nita,
T([J,O],C) — T(J,[C,CD =7(J.1)={o} vi T(k,C) = {0} nén
7.0]={o} vi[K.C|c C vaT, . khongsuybién. Dodo, J laideal cia A.
Néu J = {0} thi 7 Z(A) = {0}, diéu nay mau thun v6i tinh kha nghich ctia §
trén Z(A). Vivay J = {0} nen K =1 = e([c,c]). O
3.1.1.5 Tinh chdt 4 (xem [5, Theorem 4.1])

Goi ( g, B) 1a mé rong kép cua dai s6 Lie quadratic lity linh (A, T) bang
phurong phap boi § . Néu dim.# (g) =2 thi § phai kha nghich trén Z, ([A, A]).

Chirng minh
Goi A = K @ C' 1 khai trién thich hop ctia A voi K = Ker(8") va

C = 6" (). Gia sir & khong kha nghich trén Z, ([4, A]) va lay

m € Z,([4,A]) n Ker (5). Khido m € Z(K) vi €, ([4,4]) c Z,(K).



Goi I : A — A 1 4nh xa tuyén tinh duoc dinh ngha boi:

[(k+c)=|m," " (a)], k€ K, c=8"ac5(4).

Anh xa I dugc dinh nghia t6t vi néu ¢ = §"a = §"a' thitaco (a—a') € K
=6 (a—a') e K.Vime Z(K) nén [m,s"—l (a—a')] ~0.

Mit khic, K, C' 6n dinh boi 6, véi k € K va ¢ = §"a € C tacé:

6 (k+c)= z(zs (k) +8 (c)) — z(6"+1 (a)) — [m,a"a] = [m.c] = [m,k + ]
{5 -+) = 8 (o] =[o o) ()] .8 o] = ] =+
= 16 = 8l = ad, (m). Hon nita, I d6i x(mg vi ta thir lai v6i § (m) = 0 nhan

T(1(k+8") b+ 8"} = T ([m,6"" (o)) 6"

= T (8[m,8"a,6" (a') = T (ks + 8",k +8"a")).

Bay gior ta chimg minh rang 1|z,y| = [lz,y| = 0, Va,y € A. Vi | dbi ximg ddi
véi T nén du dé ta két lugn [lz,y| = 0, Va,y € A. Gid st
r=k+c,keK,c=8cC,yzcA,tach
T ([t ], 2) = T (12 [y, 2]) = T([m,ﬁ“a},[y,z]) - T(m,[6”1a,[y,z”> —0
= |lz,y| = 0. Nén m € Ker(8), m = 0 va I € Cent (A,T) sao cho

(0,0,m,1) € £(A,T,8). Didu ndy mau thuin véi tinh chét 3.1.1.3 1a d (A) > 3.0

Sau ddy ta s& chimg minh diéu kién kha nghich cita & trén Z, (6"—1 (14 A])) va

trén 7, ([A, AD 1a tuong dwong nhau. Nhéc lai rang, néu V 1a khong gian con cua dai
s Lie A, ta ki hiéu
ZA<V) = {ac € A:[x,v] =0,Vv € V} latam cua V.

3.1.1.6 Tinh chdt5 (xem [5, Proposition 4.4])



Goi ( g, B) 1a mé rong kép cua dai s6 Lie quadratic lity linh (A, T) bang
phuong phép vi phan §. Dit A = K @ C 14 khai trién thich hop ctia A d6i véi § va

n 1a s6 nguyén duong sao cho K = Ker(@”) va(C =¢" (A) Khi do, & kha nghich

trén Z, (6“ (4. A])) & & kha nghich trén Z, (|4, 4]).
Chirng minh

(=) Vi 6 baotoan [4,4| nén Z, (|4, 4]) € Z, (6"1 (4 A])). Do do, § kha
nghich trén 7, (8" ({4, A])) thi n6 kha nghich trén 7 (|4, 4]).
(<) Gié sit & khong kha nghich trén Z, (6"1 (14 AD) X6t
meZ, (6"—1 (4 A])) N Ker (8). Véimdi k € K, ¢,y € C, thn tai
z',y' € C saocho §" (a) =z, 8" (a') = y. Khi do,
(o[ o) (] = 8 )20
== {k[m{t*(a)&* ()]
= T{efo e o ool 7 o) i e
= (-1) ([6 (6 (a)#]).m ,a')+(—1)” T([@ (58" (a")])m

vi 8[4,4] c[4,4] vamez(zs -1 AA])
)

67l
T

,a):()

A

Mit khac, K = e( .C|)va T, khong suy bién nén [m, k| = 0.
> meZ(K)=me Z(Ker(zs)). VimeZ, (6"1 (2 A])) N Ker (8) nén
o o) = )] =0. Y 4. = ] en ) = .o
cach khéc, néu z,y € A Va [z,y| =k +cvéi k€ K, c€Cvame Z(K),khido

] = el [ 1c.0]



Vi vay, [m,[x,y” € [K,C] = {O} =meJZ, ([A,AD N Ker(fi). O
3.1.1.7 Nhdn xét
Theo [3.1.1.5 Tinh chat] thi diéu kién du dé § kha nghich dugc cho trong
[3.1.1.1 Tinh chit] 12 khong can thiét. Vi du su md rong cia dai sé Lie quadratic giai
duoc ( g, B) voi d, ( g) =2 vaodo ( g,B) 1a mo rong kép cua dai s Lie quadratic liy
linh (A,T') bang phuong phép vi phan béi & € Der, (A,T) la khong kha nghich trén

toan by A.

3.1.2 C4c hé qua
3.1.2.1 H¢ qud 1 (xem [5, Lemma 4.1)])

Goi (V, B) 1a khong gian vecto ¢6 dang song tuyén tinh di xtimg khong suy
bién va § 1a ty dong ciu phan xung cta V . Goi U 1a khong gian con tuyén tinh cia
V 6ndinh boi § va U € U . Néu § kha nghich trén U thi & kha nghich trén toan
thé V.

Chirng minh

Vi U* hoan toan dang huéng va B khong suy bién nén ton tai khong gian con
W ctia V saocho V = U @ W va thoa B(W,Ui) = {0}, w € W chi c6 thé néu
w=0.

Taxétvectov=u+weV voiuecU, we W vagiasu 6(1})20 do do
6(W>+6<u) = 0:>6<W> = —6(u) € U.Luu yrang vi § 13 phan xing va U 6n
dinh boi § nén U ciing n dinh boi 5. Do d6 § (U | = U*. Khi d6 véi mdi a € U*
ta co B(6 (a),w) = —B(a,6 (W)) = 0. Piéu nay ching to w truc giao véi U™ nén

w=0. [



3.1.2.2 H¢ qud 2 (xem [5, Corollary 4.1])
Goi (A, T ) 1a dai s6 Lie quadratic liy linh va § € Der, (A, T) kha nghich trén

Z(A). Xét A=K @ C lakhai trién thich hop ciia A déi v6i § va n 1a s6 nguyén
duong sao cho K = Ker(éi") va(C =¢" (A) Vi phan § kha nghich trén A néu va

chi néu C' la dai so Lie con cua A.

3.1.2.3 Hé qud 3 (xem [5, Lemma 4.2])
7 y 1
Néu (A,T) la dai s6 Lie quadratic thi 7, ([A, AD = [A,[A, A” =7, (A), trong
dé Z,(A) = {x € A:|z,A|C Z(A)}. Tir d6 ta c6 h¢ qua, voi mdi § € Der, (A,T) tacd
() 2,4

3.1.3 Cécvidu

3.1.3.1Vidu 1

Véimoin € N, n> 1 ching ta xét mdt dai ) giao hoan két hop khong don vi

P =tK[t]/t"K[t]. V6i moi khong gian vecto ) = ¢g® P cung véi moc Lie:

@@ty '] = [z.y], © """ v6imoix,y €g, p.g EN* 1a mdt dai s6 Lie liy linh.
Mot tu dong cau D cua Q2 dugc xac dinh nhu sau :

Dizt')=plx®t’) z€g, 1<p<n-—1 12 mdt dao ham kha nghich cua

Q =gdP .
Khong gian vecto An = Q e véi moc
(X +1Y+g] = |X Y]Qn - giad,, (X)+ fad, (V) véimoi XY €Q

f,g €(Q )" 1a mot dai sé Lie. Va mot dang song tuyén tinh
TX+f,Y+g)= f(X)+g(Y) v6i X, Y €Q , f ¢ E(Qn)*_ Khi d6, (A,,T) la mot
dai s6 Lie quadratic. Vi (A,,T) 1a mé rong kép cua dai s6 Lie {0} boi Q.

Hon nita, ty dong cau tuyén tinh 6 cua A, dugc xac dinh boi



§ (X+f) = D(X) - foD véi Xeg, feg 1a mot dao ham phan xtng kha nghich. Va mé
rong kép cua (A,,T) boi §1a mot dai sd Lie quadratic véi chiéu quadratic bang 2.
3.13.2Vidu?2

Goi A 1a mdt khong gian tuyén tinh duoc tao boi tam vecto {xi, [:1<i< 4}
14 mdt dai sb Lie véi méc Lie duge x4c dinh nhu sau:

_xl’xz'} = L 25153

:3317](;] = _f;fl’ 3<i<4

. f,|=f.2<i<3
va goi T 1a mot dang song tuyén tinh trén A duoc xac dinh bai
T(mz_,xj) — T(]g,fj) =0, Vi, j
T(2,f)=0,i=jVaT(z,f)=1,Vi<4. Khido,cip (AT) lamotdais

Lie quadratic lily linh. Va mot tu ddng cu tuyén tinh § cua A duoc xac dinh nhu

Sau:
6(:151) =z, 6(1:2> =-z,, 6(1:3> =0, 6(3:4) =z,
O(£) = £ 8(8) = £, 8(£) = 0. 8(£) =~
la mdt dao ham phan xtrng cta (A,T).

Vi Z(A) duge tao béi {x,, £ } nén rd rang & kha nghich trén Z( A) vi
Z(A)Nker(8) = {0}. Tuy Zo(A)Nker(8) ={0} vi x,,f, € Z,(A)N Ker(s), do vay &
khong kha nghich trén Z,( A). Vi vay, mé rong kép (g,B) cia (A, T) boi & 1a mdt dai

s6 Lie quadratic dia phuong nhung c6 sb chiéu quadratic dq ( g) > 2.



3.2. PAI SO LIE QUADRATIC PAY DU VOI CHIEU QUADRATIC BANG 2

Theo [2.3.2.4 Tinh chat] mé rong kép cua dai sd Lie liy linh quadratic boi dai
s6 Lie don 1a mot dai sd Lie quadratic day du. Trong phan nay chung ta s& nghién ctru

nhing tinh chét cua dai s Lie quadratic ddy dii c¢6 chiéu quadratic bang 2.
3.2.1 Ménh dé (xem [5, trang 726])
Pai sb Lie quadratic 14 day da khi va chi khi tAm cta né bang 0.
3.2.2 Dinh Iy (xem [5, Theorem 5.1])
Goi (A,T) 1a dai sb Lie quadratic va S 1a dai s6 Lie don. Gié st ton tai biéu
didn 1 : S — Der (A,T). Goi (g, B) lamé rong kép g = S* GA® Scia (A,T)
boi S theo 1. Xét khong gian con tuyén tinh
E = K x K x Hom (S, A)xCent (A, T) dugc cho boi:
(A T,80)={(\F,l) € E:lop(z)=1(2)ol=anb(z) +ad,F (x),Vz €S}
Ta c6 cac tinh chat sau:

(1) Néu (a,X,F,l) € € (A, T,S,7) thi ty ddng ciu tuyén tinh D

(EPWaR) cua g

duoc cho boi:
Diaora (f ) = af, VfeS*
Dy lo) = (0P ) +1fa) v e

D<M’F7l) (:U) = N\K (:13,) - F(:U) +az, Ve eS

trong d6 k ki hiéu la dang Killing cta ¢, 1a mot phan tir trong Cent, ( g9, B ) :
(2) Anh xa ¢ : &(4,T,8,1) — Cent (g, f) duge cho béi

O(awN\F,l)=D

o) 18 mOt pheép dang cdu khong gian vecto.



(3) Piéu ki¢n cin va du dé d (g) =2 la

2 (AT,8,0)={(a),0,0id, ), o) € K}.

3.23 Vidu

Céc vi du sau cho ta thiy 16p dai s6 Lie quadratic day du ludn ton tai.

(1) Néu S 1a mot dai s6 Lie don, khi d6 mé rong kép g = S&S* cua {0} qua
phép biéu dién y = 0 ¢ chiéu quadratic 13 2.

(2) Xét S =sl(2) va A 12 sl(2) - module bat kha qui khac 0 sao cho
dimA = 2k+1 , k> 2. Vi A dang ciu voi A* (A* 14 sI(2)- module d6i ngdu cta A) nén
t6n tai mot song tuyén tinh déi xtmg khong suy bién T : AXA —K va T ciing 12 sl(2)
- bat bién c6 nghia 1a T(x.a,a’)= -T(a,x.a’) véi moi x € sl(2), a,a’ € A. A 1a dai s6
Lie giao hoan va vy: sl(2)—gl(A) 1a phép biéu dién cua sl(2) két hop véi sl(2) -
module trong A. Khi d6, néu g 13 md rong kép cia (A,T) boi sl(2) qua phép biéu dién
v thi dg(g) = 2.

Hon nita, néu A 1a s1(2) - module sao cho moi sl(2) - module con cua A khac 0
va c6 sO chiéu 1¢ 16n hon 4 thi A nhan mot dang song tuyén tinh T ddi xtmg, khong
suy bién va T 1a sl(2) - bét bién. Theo [2.4.1 Ménh d&] mé rong kép cua dai sé Lie
giao hoan quadratic (A, T) bai sl(2) qua phép biéu dién

y: sl(2)—gl(A) c6 chiéu quadratic bang 2.

3.3. PAI SO LIE QUADRATIC THU'C VOI CHIEU QUADRATIC BANG 2

Trong phan nay, ching ta s xét K = R.

Néu g la dai s6 Lie thuc va ¢° duoc ki hiéu 1a sy m& rong phic cia g thi
dim, F (g) = dim_ .7:(9@). Theo [2.2.2.5 Tinh chit 5] va [5, trang 736] d4 chimg
minh duoc ring dai sb Lie thyc théa d (g) =1 khi va chi khi g la 1-chiéu hogc g Ia

dai s6 Lie don sao cho ¢ ciing 1 dai s6 Lie don. Hon nita, néu g don nhung ¢°



khong don thi d, (g) = 2. Chung ta ndi rang, mot dai sd Lie thuc don 14 hoan toan

don khi mo rong phie ciand ¢© ciing 1a dai sé Lie don.

Trong phan nay, cac tinh chat cia dai s6 Lie thuc quadratic kha mé&i me, viéc
chtrng minh tuwong ddi phirc tap. Néu dodc gia ndo quan tAm, xin hiy xem thém trong
cac tai liéu tham khao.

3.3.1 Tinh chat vé s6 chiéu quadratic ciia dai s Lie thuc quadratic
(xem [5, Proposition 6.1])

Cho (g,B) 1a mot dai s6 Lie thuc quadratic. Ki hiéu p(g) 1a chiéu cua tim Z(g),
8, ( g) , S, ( g) lan luot 13 sb ideal don hoan toan va s ideal don khong hoan toan cia
hang tir Levi .

(1) Néu g kha quithi d (g) = s, (g) + 25, (g) + p(g)(1 + p(g)) /2.
(2) Néu ¢ khong kha qui thi

d, (g) >1+s (g) + 2s, (g) + p(g)(l—l—p(g))/Q.
3.3.2 Tinh chét bét kha qui ciia dai s6 Lie thwe quadratic c6 chiéu quadratic bing 2
(xem [5, Proposition 6.2])
Cho (g,B) 1a mét dai s6 Lie quadratic trén R sao cho dq(g) = 2. Khido, g bét
kha quy khi va chi khi g 1 tong truc tiép cta hai ideal don hoan toan hodc né 1a téng
tryc tiép ctia mot ideal don hoan toan va mot ideal 1-chiéu hodc g 13 ideal don nhung

¢° khong don.

3.3.3 Bé dé (xem [5, Lemma 6.1])

Cho (g,B) 1a mot dai s6 Lie day du thuc khong kha quy. Néu dq(g) =2 thi g la
mo rong kép ctia mot dai sé Lie quadratic liy linh (A,T) boi mot dai s6 Lie don hoan
toan S qua phép biéu dién y : S—Der,(A,T) sao cho

Z(A)’ = {0}.



3.3.4 Tinh chdt (xem [5, Proposition 6.3])

Goi (9,B) 1a mé rong kép cua dai sd Lie thuc quadratic lity linh (A, T ) boi dai
s Lie don tuyét d6i S qua biéu dién 1 : § — Der, (A,T).

(1) Bidukién € (4,7,5,4,7)={(e),0,id, ), 0\ € R} la diéu kign cén va di
déd(g)=2.

(2) Néu S - md dun A khong nhan S - md dun con dang cau véi Sva A5~ {0}
thi d, (g) =2.

(3) Néu dq ( g) =2 thiS-mob dun 7 (A) khong nhan S - mé dun con dang ciu voi

S - m6 dun phu hop S.



KET LUAN

Qua nhimg phan di trinh bay, ching ta d3 nim duoc dai cuong vé dai sd
quadratic, dic biét 1a dai s6 Lie quadratic s6 chiéu quadratic bang 2. Tur cac két qua
trén, mot cach tu nhién goi ¥ cho chiing ta can nghién ctru sdu hon vé cac van dé sau:

- Dui 56 Lie quadratic c6 s6 chiéu quadratic cao hon.

- Sw phan logi dai s6 Lie quadratic.

- Ung dung cia dai s6 Lie quadratic.

Do nhing han ché vé nhiéu mat nhu: trinh d6, thoi gian,... chiing toi chua co
diéu kién tim hiéu cac van dé néu trén. Tac gia hy vong con ¢ dip tiép tuc nghién
ctru nhitg van d¢ trén trong tuwong lai.

Sau cung, mic du tac gia da c6 nhicu cd gang trong viéc tim hiéu dé tai nhung
nhimg sai sot 13 khé tranh khoi, tac gia xin chan thanh tiép thu va cam on cac doc gia

da, dang va s€ dong gop y kién cho ban luan véan nay.



CHI MUC
Thuat ngir
B
Bit kha quy
Biéu dién phu hop
Biéu dién d6i phu hop
C
Can giai dugc
Chiéu quadratic
D,b
Dang Killing «
Dang song tuyén tinh bat bién
Dung
Pai sb
Dai sb két hop
Pai sb giao hoan (hay phan giao hoan)
Pai sb thuc (hay phirc)
Dai s6 Lie
Pai s6 Lie con
Pai sb Lie thuong
Pai s dan xuit
Dai sb hoan tr
Pai sb Lie quadratic
Pai sb Lie thyc (hay phtc)
Dai sb Lie don
Pai s6 Lie nira don
Pai sb Lie tu d6i ngau ddi ximg
Pang hudng
Diang ciu dai sb Lie

Pay du

Trang

22
19
19

14
22



Dia phuong

Pbi xtng

DPong ciu dai sd Lie
G

Giai duoc

H

Hoan toan don

I

Ideal suy bién
Ideal dang huéng
Ideal cuc tiéu

K

Kha quy

Khéng suy bién
Khdng gian con

Khong gian con truc giao

M

Ma tran tam giac trén

Ma tran tam giac trén ngat

Mac Lie

Mo rong kép

P

Phan giao hoan
Phan xtng

S

S - md dun

T

Tam cua dai s Lie G

Tam thuong

24

10

12

43

20

20

24

22

19

44

15



Tich v6 hudng bat bién
Toan tir vi phan Der(g)
Toan tir tuyén tinh End(V)
Trong

\

Vét

18
20

22
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