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MO DAU
1. Ly do chon dé tai

Nhiéu hién tuong trong ty nhién va xa hoi dan dén viéc nghién clru sy ton tai, duy nhat va xay
dung x4p xi cho cac phuong trinh phi tuyén. Phuong phap diém bat dong 13 mot trong cac phuong
phép quan trong va hitu hiéu nhat dé chimg minh su ton tai va nghién ciru ciu triic tap nghiém ciia
cac 10p phuong trinh phi tuyén khac nhau. Ly thuyét diém bat dong ra doi tir nhitng ndm 1920, dugc
phat trién va hoan thién cho t6i ngay nay dé co6 thé ap dung cho ngay cang nhiéu 16p phuong trinh.

Cung v6i sy phat trién ctia khoa hoc va do nhu cau phat trién ndi tai cia Toan hoc, cac anh
xa da tri 43 duoc dua vao nghién ciru tir nhitng ndm 1950. Chung 14 céng cu hitu hiéu dé mo ta
nhiéu hién twong cua tu nhién, xa hoi, kinh té... Tir d6 nay sinh ra yéu ciu phat trién cac phuong
phép nghién ctru v6i 4nh xa da tri, trong d6 c6 phuong phap diém bat dong.

Cho dén nay, ly thuyét diém bat dong cho céc anh xa da tri da thu dugc nhiéu két qua co gia
tri . Tuy nhién day van la huéng nghién ctiru dang duoc cac nha Toan hoc quan tAm nghién ciru va
htra hen duogc toi nhitg két qua tha vi vé 1y thuyét cling nhu tng dung.

Muc tiéu cta luén vin 1a gidi thiéu nhiing két qua ban dau vé Iy thuyét diém bat dong cua cac
anh xa da tri. Cy thé luin vin trinh bay cac dinh Iy diém bat dong va cac van dé lién quan cho cac
16p &anh xa dang co, 4nh xa da tri c6 gié tri 161 va khong 16i, anh xa da tri tang va cac anh xa dua vé
anh xa tang trong khong gian c6 tht ty. Cac 16p anh xa nay dugc nghién ctru bang cac phuong phap
khac nhau nhu phuong phép st dung lat cit don diéu, phuong phap bac topd, phuong phap sir dung
nguyén ly Entropy...

2. Noi dung luan vian

Ngoai phan m¢d dau va phan két luan, luan van c6 2 chuong.

Chuong 1 gém cac khai niém vé anh xa da tri, cac dinh Iy vé diém bat dong cua cac 16p anh
xa c6 tinh chét co, ¢6 gia tri 10i va khong 16i.

Phan 1.1 nhéc lai cac khai niém vé anh xa da tri; mot s6 thuat ngit va ky hi¢u lién quan.Céc két
qua nay duoc trich tir tai liéu tham khao.

Phén 1.2 trinh bay dinh ly vé diém bat dong cua anh xa da tri c6 tinh chét co , tinh chét cua tap
diém bat dong cua anh xa da trj c6 tinh chat co.Pay 13 mo rong nguyén 1y diém bat dong cia
Banach, phan nay chiing toi tham khao [3]

Phan 1.3 trinh bay cac dinh 1y vé diém bat dong ctia 4nh xa da tri c¢6 gia tri 16i, tr Dinh Iy dinh
Iy diém bat dong Bruower = Bét dang thirc KyFan = Binh 1y 1.3.6 vé diém can bang = Dinh ly
diém bat dong Kakutani. Phan nay chiing t6i tham khao trong [3], [6], [7].

Phan 1.4 trinh bay cic dinh 1y lién quan dén diém bat dong cta 4nh xa c6 gia tri khong

16i.Phan nay chiing t6i tham khao trong [3].



Chwong 2 gdm cac khai niém vé khong gian Banach c6 thir tir, cac dinh 1y diém bat dong cta
anh xa da tri ting c6 tinh chét co, compact va T — don diéu trong khong gian Banach c6 thir tw. Phan
nay chung t61 tham khao [2], [4], [5].

Phan 2.1, 2.2 trinh bay cac khai niém va két qua ctia khong gian Banach c6 thi tir va anh xa da
tri don dicu.

Phan 2.3 trinh bay cac dinh 1y vé diém bét dong cta anh xa da trj ting 1a mé rong dinh ly
Tarskii.

Phén 2.4 trinh bay céc dinh ly vé diém bat dong cua anh xa da tri tang co tinh chét co.

Phan 2.5 trinh bay cac toan tir ¢6 lién quan tdi tinh chat compact.

Phan 2.6 trinh bay vé diém bat dong cta anh xa T — don diéu da tri.

3. Phwong phap nghién ctru

1. Phuong phép lat cat don diéu, Gmg dung cac dinh 1y co ban vé tap co thir tu.

2. Phuong phap bac topo.

3. phuong phéap st dung nguyén 1y Entropy...



Chwong 1
PIEM BAT PONG CUA MOT SO LOP ANH XA PA TRI
1.1. CAC KHAI NIEM - KET QUA PUQC SU DUNG
1.1.1. Anh xa da tri
Cho X.Y 1a hai tap bat ky, ta ky hiéu 2¥ 1a ho tit ca cic tdp con ctia Y. Mot anh xa
F:X —2" goilamdtanh xada tritir X vao Y.
Piém x* duoc goi la diém bat dong ctia anh xadatri F: X —2F néu x*e F (x*)
1.1.2. Mt s6 thuat ngir va ky hiéu lién quan
e DO thi cia F:X —>2" 1a tip con ciia XxY ky hiéu gphF, dinh nghia boi
gphF={(x,y)eX><Y:yeF(x)}
e Domain cua F ( mién hitu han ) dugc ky hi¢u va dinh nghia: domF = {x eX:F(x)# @}
) Miénénhk}'/hiéu rgel’ : rgeF={er:E|xeX,yeF(x)}
e Anh xa nguwoc: F':Y—>2" coa anh xa F:X —2" dugc dinh nghia boi cong
thuc F'(y)={xe X :ye F(x)}, (y€Y)
xeF'(y)o yeF(x) o (x,y) e gphF
e Dbivoimditip M Y taphan biét hai loai anh nguoc sau day:
+ Nghich anh ctia M 1a: F~(M)={x:F(x)\M = D}
+Nhan cia M qua F la: F*(M)={x:F(x)c M}
e Gia st G:X-2'; H:Y—>2. Khi d6 HoG:X—>2” xac dinh boi:

(HoG)x)= |J H(y), VxeX

yeG(x)
e Cho F:X —2"lacic anh xa da tri, X,Y la cac khong gian topo.

+ Néu gphF la tap dong trong khong gian topo tuyén tinh X xY thi F dugc goi la anh xa
dong.

+Néu X,Y la cac khong gian tuyén tinh topd va néu gphF 1a tap 10i trong khong gian tich
X xY thi F dugc goi 1a 4nh xa da tri 16i.

+Néu F(x) la tap dong Vx e X thi F duoc goi 1a anh xa co gi tri dong.

+ Néu Y 14 khong gian tuyén tinh topd va néu F(x) la tap 16i, Vxe X thi Fduoc goi la
anh xa c6 gia tri 10i.

1.1.3. Tinh lién tuc ctia anh xa da tri

Dinh nghia 1.1.3.1



Ta ndi anh xa da tri F1a nira lién tuc trén tai x € domF néu v6i moi tap mé V' Y thda man
F(x)cV ton tai lan can U cta x sao cho
FxycV, VxeU
Néu F la ntra lién tuc trén tai moi diém thudc domF , thi F duoc goi 1a ntra lién tuc trén &
trong X.
Dinh nghia 1.1.3.2
Ta nodi anh xa da tri F 14 ntra lién tuc dudi tai x € domF néu véi moi tip md ¥ < Y thoa man
F(x)NV #& ton tai 1an can U clia x sao cho
F(x)nV #0, VxeUndomF
Néu F 1a nira lién tuc dudi tai moi diém thudc domF , thi F dugc goi la ntra lién tuc dudi ¢
trong X.
Dinh nghia 1.1.3.3

Tanoéi F 1a lién tuc tai x € domF néu F dong thoi 1a nira lién tuc trén va ntra lién tuc dudi tai

Néu F lalién tuc tai moi diém thudc domF , thi F dugc goi la lién tyc trén X.
Pinh nghia 1.1.3.4 ( Anh xa hémi lién tuc trén )
Ta n6i F:X——>2" 12 hémi lién tuc trén tai x, € domF néu v6i moi peY*, ham s6
x—— 0 (F(x),p) lanta lién tyc trén tai x, .

F goila hémi lién tyuc néu nd 1a hémi lién tuc tai moi x € domF .

1.2. PIEM BAT PONG CUA ANH XA PA TRI CO TiNH CHAT CO
Dinh nghia 1.2.1

Cho (X,d, ) 1a mt khong gian metric va 4,C €2 \{QD}.

Dat h(4,C)=max {supd, (a,C),supd,(c,4);, v61 h(A4,C)=+0 dugc cho phép. S6 thuc

ac ceC
h(4,C) dugc goi la khoang cach Housdorff giita A va C lién quan dén metric d, .

Vi d, (x,4) 1a khoang cach gitra diém x vatap Anghiala d, (x,4) = I}li? dy(x,y).
Pinh ly 1.2.2 (Dinh ly diém bt dong Naler) [3]

Néu (X,dy) la mot khong gian metric ddy dii va F : X — P,(X) la mét dnh xa h-co ( tirc la
hF(x),F(y)) < kdy(v,y) véi mye X,kel0,1) thi F c6  diém bat dong tic la
dr e X :z € F(z).



Chirng minh
Chon k, € (k,1) va z, € X . Saudo lay z, € F(z,) théa 7, = z,, tac 1a d, (z,,2,) > 0

(Néu z, khong ton tai thi z, 1a diém bat dong can tim cta F)

Vi
dy (z,, F(z,)) < Sﬁl}(p)dx(zaF(fL’l))
< max{ sup dy(z, F(z,), sup dX(y,F(:L’O))}
zeF(z)) yeF ()

=hF(z,), F(z,)) < kdy (2, 7,) < kydy (2, 2,)
Theo tinh chét inf, ta c6 z, € F(z,) sao cho d, (z,,z,) < k,dy (z,,z,).

Bing quy nap, ching ta chon duge mét day {z,} _ saocho z,,, € F(z,),Vn >1 va

n>1
dy(z,,z,.,) <k'd(x,,z,),¥n >1 (1.2.1)
Tir bat dang thuc (1.2.1) ta suy ra ring {:z:n }@1 C X laday Cauchy.
Do X la day du nén suy ra x, — x trong X.
Ta chimng minh x € F(z).
That vay ta co: dy(z,,,, F(z)) < h(F(z,),F(z)) < kdy(z,,z) — 0
Vivay dy (z, F(z)) = 0 va vi F(x) 1a dong nén chiing ta c6 z € F(x).
Ghi chi 2.1.3
i) Piém bat dong trong Pinh Iy 1.2.1 1a khong duy nhat.
ii) Tap cac diém bat dong ctia F (ki hiéu 1a Fix(F)) 1a tap dong.
Chirng minh
1) Néu F(x)=X, VxeX thivoimoi xe X1a diém bat dong cua F.
Lay {z,} C Fiz(F).
ii) Gia su z, — xz, ta chung minh z € Fiz(F) nghia la ching minh x € F(z).
Taco dy(z,, F(z)) < h(F(z,),F(x)) < kdy(z,,z) — 0
Suyra dy(z,F(z)) =0
Vay Fix(F) 1a dong.

Ménh dé 1.2.4 [3]
Néu (X,d,) la mét khéng gian metric day di, E,F,: X — F,(X) la h-co véi hdang s6 co

k €[0,1) va Fiz(F,) ki hi¢u la tdp diém bdt dong ciia F.(i = 1,2) thi



W(Fia(F,), Fia(F) < -
Chirng minh

Lay € > 0 vachon ¢ > 0 sao cho 5271.]{:” <1

n=1

Pbat ¢, = &¢
e =8y

Lay x, € Fiz(F)) va sau d6 chon z, € F,(z,) sao cho

dy(z,,2,) < h(E(z,), Fy(z,)) + € (1.2.2)

Vi z, € Fiz(F) = z, € F(x,).

Pat A = {dy(s,,2) 2 € Fy(x,)} = inf A = dy (a,, B(w,) < h(F(2,), B ()

Suyra 3z, € F,(z,) sao cho d(z,,z,) < h(F(z,), F(x,)) + €

Vi h(Fy(x,), F(z,)) < kdy(z,,7,) nén ching ta c6 thé tim z, € F,(z,) thoa
dy(xy, ) < kdy (z,,7,) + ke, .

Thét vay ta ¢6 : d(z,;Fy(z,)) < h(Fy(,), Fy(2,)) < kdy(z5,2,). Suy ra ton tai z, € F,(z,) sao
cho d(z,,x,) < kdy(z,,2,) + ke,.

Bang phuong phap quy nap ta chon dugc mot diy {xﬂ} _, sao cho

z,, €F(z,),Vn>1 (1.2.3)
va dy(z,,,,1,) < k"dy (2, 7,) + nk'e, (1.2.4)
Tir bat dang thuc (1.2.4) ta dugc
Zd@nw%) Sllg—éd (%y, ) + € an" (1.2.5)

Do (2.1.5) nén {xﬂ} . la day Cauchy, vado (X.d,) day du nén ta co:

r — z trong X
T (1.2.3)ta co: d(, ., Fy () < h(F(z,), Fy(2)) < kdy (2,,2) — 0
Suyra d(z,F,(z)) = 0 = = € F,(z)
Vay z e Fiz(F))
Hon ntra tr (1.2.5) va (1.2.2) ta co
(zg,x Zd T,,T,. ) 1ikdX(:1:0,:1:1)+61§:nk”

1
1—-k

<

(h(Fi(xo)vF;(%)) + 25)



Suy ra

h(Fio(R), Fiz(F))

IN

{suph(ﬂ(:z:),g(:z:)) +25},v5 > 0.

1
Suyra, h(Fiz(F), Fiz(F,)) < -
Hé qua 1.2.5 [3]
Néu (X, d,) la mot khong gian métric day du, F,F:X — Fy(X) voi n>1 la cac ham h-co

v6i hang s6 k € [0,1) va sup h(F, (z), F(z)) — 0,

rzeX
thi h(Fia(F), Fia(F)) = 0.
Chirng minh
Ap dung Pinh 1i 1.2.3 ta ¢

h(Fiz(F,), Fiz(F)) < suph (F,(z),F(z))

_k zeX

Do Suph(F (x),F(x)) — 0

n
zeX

Suyra, h(Fiz(F,), Fiz(F)) — 0.
1.3. PIEM BAT PONG CUA ANH XA PA TRI CO GIA TRI LOI
Dinh nghia 1.3.1

Gid su X 1a khong gian métric, K ¢ X va v,,i=1,2,...,n 1a pht m¢& hitu han cua K. Ta noi cac ham
lién tuc ¢, : K — R 1a phan hoach don vi lién tuc tng v61 ho phu {v,.} néu

sup(e,) = {x eK:a(x)+ O} C Vv, va vl mol
xeK,0<a(x)<1;) a(x)=1.
i=1
Dinh nghia 1.3.2
Cho X la m¢t khong gian vecto.
a) Mot tap C duoc goi 1a dong hitu han néu nd giao v6i mot phang hitu han chiéu bat ki
YCX(Y=x2+L v6i z e X vaL la khong gian con hiru han chiéu cta X) 1a dong trong
khong gian topd Euclid Y.
b) Motho {C}

i

1 cua X duoc goi la co tinh chat giao hiru han néu giao cua moéi ho con hiru han

1a khac rong.
Pinh ly 1.3.3 ( Dinh ly diém bat dong Brouwer) [6]
Anh xa f don tri lién tuc tir mét tdp 16i compact trong khéng gian hivu han chiéu vao chinh

tdp nay luén cé diém bdt dong, tirc la ton tai diém x théa f(x)=x.



Pinh ly 1.3.4 (Bit dang thirc Ky Fan) [6], [7]
Gid sir K la tdp 16i, compact trong khéng gian dinh chudn X. Gid sir ¢: X x X — R théa:
i) Voimoi yeK,p(.,y) la ham nita lién tuc duoi.
ii) Voi moi x € K,p(x,.) la ham lom.
iii) Voi moi ye K,p(y,y) <0
Khi dé, ton tai xe K sao cho ¢)(>_c,y) <0,VyeKk .
Chirng minh
i)  Xét truong hop X hiru han chiéu.
Gid st Vxe K,3y e K sao cho ¢(x,y)>0
Voéimdi ye K, dit v, ={xeK:p(x,y)>0} (*)
Vi ¢(.,y) la ham nira lién tyc dudinén v la tdp mo trong khong gian topd cam sinh K.
T (*) suyra {v},}veK la mot pht m& cua K.
Do K compact nén ton tai VisVyseny, € K sa0 cho K ¢ Ovy’_ . Khi d@6 ton tai phan hoach lién tuc
i1
{a} imgvéihophu {v |

Xét anh xa (don tri ) f: K — K nhu sau:

vxek, f(0)=a )y,

Vi K 1a tap 16i, y,eK voii=1,.,n; a,(x)>0 va Za,.(x)zl nén f(x)ekK,Vx.

i=1

Do ¢,(-) 1a cac ham lién tuc nén f(x) 1a anh xa lién tyc.
Theo dinh 1y Brouwer ton tai ye K sao cho y= f (;)
Do gia thiét ii)

o(53)=0[ 53 (5], |2 S (G)o(5)

bat I(;):{ie{l,...,v}:a(;)>0} thi I(;);t@ vi Zn:ai(;):l

i=1

Ngoairataco ie I(;) thi ye suppe; v,

Do d6 theo dinh nghia v, go(;, v, ) >0 suyra

iznllaf(;)(/’(;=yi)= a,(y)e(3.2,)>0

ie[(;)



Tic ¢(y,y)>0 (méau thudn voi iii)).
b) Truong hgp X vo6 han chiéu.
Goi S 1a ho moi tap hitu han, M ={y,,»,,...,»,,} € K vadat v=supinf max ¢(x,y,)

Mes X€K yieM

Ta chung minh v<0

Goi S™ 1a don hinh {(21 Ayyy Am) R 2/1 =1,4 >o} va dat o, (4, 1) = Z,u (o[z/iyl,ylj,

P P
A,ueS”
Ta thay @,, thoaca 3 gia thiét cho ¢.
That vay
i) Hién nhién thoa.
i1) Thoa vi ¢,, tuyén tinh theo 4.
iii) Thoa vi @, (1, p) = iui(p(il WYY, J = (p[i 1Y, iu_,y,} <0
=

Do d6 theo phan a) trén day, ton tai AeS" sao cho

Yue S”‘,iy_/(p()_c,yj ) =0, (Z,y) <0
i=1

Véi }=ZZ,~yi ecoM c K.

i=1
Bay gio ta co:

w =1nf max o(x, y, )<maX(p(x Y, )< supZ/J, (x y/) 0

xeK y,eM ues” 1

Vay v,, =supv,, <0
/JESm

Ta con phai chimg minh ton tai xeK dé sup (p(;, y) <

yek

Do 1a ndi dung cia bod dé sau:

B6 dé 1.3.4
Gia sir X la khéng gian t6pé, K < X la tdp compact, L la tdp bat ky.
Gia st ¢:KxL—> R thoa diéu kién (p(.,y)ld nuta lién tuc duoi Yy € L. Goi S la ho cdc tdp hitu

han ciia L. Khi do, ton tai xe K dé sup(p(x y)<v— sup (p(x y)lnfmaX(p(x Y, )

yel Mes™ xeK yj eM

Chirng minh



bat S, = {x eK:p(x,y)< v}. S, 1a tap déng ndm trong tap compact K nén la compact. Ta
s€ chung to ho S, co tinh chat 1a moi giao hiru han déu khac &. Xét S, ,i=12,..,n nao do. Goi

M ={y.,y,,...,7,}. Vi ¢(.,y) 1a ham nira lién tyc dudi nén max ¢ (., y)(cua hiru han ham) ciing la
yieM

nira lién tuc du6i va do do dat minimum trén K tai x,, € K: v >inf max ¢(x,y,)=max ¢(x,,,,)
xeK y;eM yieM

Vay x,, € ﬂ S,, - Do tinh compact, giao toan bo ﬂ S, #9, diém x e ﬂ S, s€ thoa bo dé.
i=1

vel vel
Pinh nghia 1.3.4 (Diém cén bang)[6]
Gia st X 1a khong gian dinh chudn, K c X, F:X ——2%. Piém xe K dugc goi la diém
can bang cua F véi rang budc K néu 0 e F ()_c)
Dinh nghia 1.3.5
Gia st X 1a khong gian dinh chuan, F: X ——2%

Tép K < domF goila mién ton tai ciia F néu véimoi xe K, F(x)NT, (x)=0

V6i T, (x) 1a bao dong cua nén sinh boi K —x, tirc 1 T, (x) =clS, (x)=cl( ) K};x
h>0

Pinh Iy 1.3.6 (Pinh Iy v& su ton tai diém can bang)[6]

Gia swr X la khong gian dinh chuan, F:X ——2% la anh xa da tri hémi lién tuc trén & trong
X, ¢6 gid tri 16i dong. Néu tip 16i compact khdc rong K < X la mién ton tai cia F thi ton tai xek
la diém can bang ciia F, tirc la dxeK:0e F(;)
Chirng minh

Gia st phan chimg 12 v6i moi x € K,0¢ F(x)
Vé6i mdi xe K, do F(x) la 16i dong va 0¢ F(x), st dung dinh 1y tich cac thp 10i, ta tim dugc
p, € X"sao cho o(F(x),p,)<0
Khid6 véi pe X", ho v, ={xe K :0(F(x), p) <0} la pht m¢ cia K
(v, mo do tinh hémi lién tuc trén cua F)

Do K compact nén tdn tai ho phu hiru han v,,i=12,..n

Goi {0%} la phan hoach don vi lién tuc Uing v6i ho {Vp,- }



n

Xétham ¢: K x K — R cho bdi cong thire: ¢(x, )= a, (x){p,,.x—y)

i=1
RO rang la
i) Vy e K,9(.,y) 1a ham s lién tuc
i)  VxeK,o(x,.)1aham s6 aphin (do d6 1a ham 15m)
i)  VyeK,p(»,y)=0
Vay cac gia thiét cua dinh 1y KyFan dugc thoa
Do vay xe K dévéi ; = Zai ()_c)pi vamoiye Kk, (p(;,;) =<;,;—y> <0
i=l1
Diéu nay tuong duong voi <—;, y —;> <0, thc —peT, ()_c)

Vi K 12 mién ton tai cia F nén ton tai v € F()_c) N7, ()_c)

Vay O'(F(x>,p)2<;,v>20
Pit I(;)={i=1,2,...,n:ai (})>0}
Vi Y, (x)va a,(x)20,Vi nénI(x) =@
e (x)va i (x) (+)
Vé1i mot iel(;), do ¢, (;)>Onén ;evpl_
Tir do suy ra O'(F()_C),;)S >« ()_C)O'(F()_C),pi)< 0 (mAu thuan)
ie[(;)
Dinh 1y dugc chung minh
Pinh ly 1.3.7 (Dinh ly diém bét dong Kakutani)[6]

Gid sit K la tdp 16i, compact trong khéng gian Banach X, Cho G:K ——>K la dnh xa da tri
hémi lién tuc trén & trong K, ¢é gid tri 16i, dong, khéc rong. Khi @6, G ¢6 diém bdt dong x trong K,
tire I xe K NG(x)

Chirng minh
bt F(x)=G(x)—x. Tl céc gid thiét dit trén G suy ra rdng F:K —> X la 4nh xa da tri
hémi lién tuc trén, cé gia tri 161, dong, khac rong.
ViK 10inén K —xc T, (x)
Mit khac G(K)c Knén F(x)=G(x)-xcK-xc T, (x),VxeK

Do d6 K 1a mién ton tai cua F



Theo Dinh 1y 1.3.6, tdn tai xe K saocho 0e F(;) ttre 1a ton tai xe K saocho xe G(;)
Pinh nghia 1.3.8 ( Anh xa hudéng vao va huéng ra)

i)Anh xa G:K——>2"théa G(x)N(x+T (x))#D,VxeK dugc goi la huéng vao.

ii) Anhxa G:K——>2"thoa G(x)/ (x ~T, (x)) # J,Vx € K duoc goi 1a hudng ra.
DPinh ly 1.3.9 [6]

Gid sir X la khéng gian Banach, K < X la tdp 16i, compact. Gia sit G : X —— 2" la dnh xa da
tri hémi lién tuc trén véi dnh 16i, déng, khdc rong. Néu G hudng vao hodc hwéng ra thi G cé diém
bét dong x trong K, tirc la x € K G(;)

Chirng minh

R& rang K 12 mién t6n tai cia F =G —I néu G huéng vao va cia F =1 —Gnéu G hudng ra.
Theo Pinh 1y 1.3.6 vé diém cin bang ta thiy x 1a diém can bang cua F hoic F tuong tmg. Ching
déu 1a diém bat dong cua G.

DPinh ly 1.3.10 [3]

Néu X la khéng gian 16i dia phwong, K< Xla tip khd rong, compact va 16i va
F:K——2F \{@} la anh xg da tri voi gia tri 16i, sao cho v&i moi vekK, tap
F* ({y})={xeK:yeF(x)} la mé thi ton tai x € K sao choxeF(x)

Chirng minh

Ho {F"({»})}

Vi vay chung ta c6 thé tim dugc mot pht con hitu han { F* ({ Vs })};1 va mdt phan hoach don vi lién

la mgt phtt m¢ cua K.
yek

tuc tuong Ung (ai )"

i=1

bat u(x) ZIZ:' a.(x)y,

Thi u: K —— K 1a ham chon lién tuc cua F
Ap dung dinh 1y Brouwer, ta thu dugc Ixe K:x=u (x) el (x)
1.4. PIEM BAT PONG CUA ANH XA PA TRI CO GIA TRI KHONG LOI
Dinh nghia 1.4.1
Cho X 1a khong gian t6 p6 Hausdorffva C < X . Chung ta néi rang C 1a mot tap co ciia X, néu
c¢6 mot anh xa lién tuc »: X —— C, thdéa man

rle=idc



Anh xa r dugc goi 12 anh xa co.
Dinh nghia 1.4.2
Cho X 1a mot khong gian Banach va xem ho

M ={(p,U,K):K < X 1a mot tap co; UK 1a tap bi chin, mo tuong dbi, ¢:U —K 1a
compact va Fix(p)noU = @} , Vi
Fix(p) = {u eU: o(x)= x} .

Néu r: X —— K 1a mot anh xa co, thi v6i mdi (¢,U,K) e M , chiung ta c6 thé dinh nghia chi
s6 diém bat dong gid tri Z theo K cua ¢ tén U véi mdi quan h¢ K, boi
i(p,U,K)=d,(id, —por,r ' (U),0), v6i d,; duoc ky hiéu 12 bac Leray — Schauder.

Dinh ly 1.4.3

Cho X,Y la hai khong gian Banach va C < X,D cY la tap déng, 16i va khac rdng, tiép theo
ta ki hiéu (D,w) 1a tap D duogc trang bi v6i quan hé topd yéu trén Y. Xem G:C——2°\{J} ¢
su phan tich sau: G=KoN (1.4.3)

Véi N:C——2° \{@} la &nh xa da tri ntra lién tyc trén vao (D, w)va c6 gia tri compact yéu, 161,
K :(D,w)——>C la ham lién tuc theo diy nghia 1a néu y, —*— ytrén D thi K(y, )——K(»)
trén C.

Gia st G 1a compact, nghia 14 4nh xa bién tap bi chan thanh tip compact tuong d6i. Néu ky
hiéu M 1a1a ho boiba (G,U,C)véi G va C nhu trén va U < C 1a khac rong, bi chin, md twong
d6i sao cho Fix(G)NoU =@, thi trén M ta c6 thé dinh nghia diém bat dong tuong tw nhu dinh
nghia 1.4.2. Khi d6 ta c6 két qua:

Ton tai mét anh xa i: M —> 7., sao cho
a) Sw tiéu chuan héa: Néu K trong (1.4.3) la mét anh xa hang, nghia la
K(y)=v,20U, VyeY, thi

Inéuv, elU

(G.U,C)=
1G.0.0) {Onéuver

b) Sw cong tinh: Néu Fix(G)nU cU, NU,, véi U, va U, la hai tdp con mé roi nhau ciia U ,
thi i(G,U,C)=i(G,U,,C)+(i(G,U,,C)

c) Bt bién déng Iugn: Cho F:C——2° \{@} la mot anh xa da tri voi su phdn tich F =SoL
nhuw trong (1.4.3) va gid sir G va F la dong ludn nhw sau: “ Ton tai mot anh xa da tri nita

lién tuc dudi H :[0,1]x C——2° \{@} (D véi quan hé topé yéu) cé gid tri compact yéu,



16i, théa H(0,.)=N va H(l,.)=Lva mét day dnh xa lién tuc u:[0,1]x (D,w)——>C, théa
u0,)=K, u(l,.)=S".
Chung ta dat
w(t,x)=u(t,H(t,x)) va gia sir rang w la compact va
xey(t,x) VY(t,x)e[0,1]x0U thi
i(G,U,C)=i(F,U,C)
d) Tinh phdn tich: Véi bdt cir sy phén tich khic G'= K 's N' véi tdp D' la khdc rong, déng, 16
ciia khéng gian Banach Y', théa man ton tai mét ddy anh xa lién tuc p:(D,w)—>(D',w)
voi N'=poN, K'op=K, chung ta co i(G,U,C)=i(G"' U,C)
e) Tinh gidi dwoc: Néeu i(G,U,C)#0, thi Fix(G)nU = .
Pinh ly 1.4.4
Néu X la khéng gian Banach, G:Br—>2F \{@} la anh xa da tri compact voi su phan tich nhu
trong (1.4.3) thi it nhdt mét trong hai phat biéu sau xay ra:
a) Ton tai x, € 0B, va A€ (0,1), sao cho x, € AG(x,), hodc
b) Fix(G)#J
Chirng minh
bat r: X — > Brlaanh xa co va thu dugc su phan tich
Gor=Ko(Nor)
Gi st ring
Fix(G)N0Br =
Thi i(Gor,B,,X) da dugc dinh nghia.
bat u:[0,1]x(D,w)—— X dugc dinh nghia boi
u(t,y) =tK(y)
Dbi voi ham u ta thdy ring Gor va Do(N or)=0 la dong luan trong dinh 1y 1.4.3 véi diéu kién a)
la khong hop €.
Theo tinh chat sy tiéu chuan hoa trong dinh 1y 1.4.3, ta c6
i(Gor,B,,X)=i(0,B,,X)=1
Theo tinh chat giai duoc cta dinh 1y 1.4.3, chung ta tim dugc x € B, ,sao cho xe(Gor)(x)=G(x).
Pinh ly 1.4.5
Néu X la khéng gian Banach, G:C——2° \{@} la mot anh xq da tri voi sy phan tich nhu

trong (1.4.3) va 0 € C,thi thi it nhdt mét trong hai phdt biéu sau xay ra:



a) Gcé diém bat déng; hodc.
b) Tap S ={x eC:xeAG(x), 0< A< 1} khong bi chan.



Chuong 2
PIEM BAT PONG CUA ANH XA PA TRI TANG TRONG

KHONG GIAN BANACH CO THU TU
2.1. KHONG GIAN BANACH VOI THU TU SINH BOI NON
Dinh nghia 2.1.1
Cho X 1a khong gian Banach va K 1a tip con ctua X. K dugc goi 1a noén néu:
i) K dong khac rong va K = {0}.
i) a,beR;a,b>0;x,ye K = ax+byek.
i) xe K va —xe K=x=0.
Vidu: Cho X =R" va K ={(x,,x,,...,x,)e X :x,20,i=1,2,...,n}. Thi K 1a n6n trong X.
Dinh nghia 2.1.2
Trong khong gian Banach X v4i non K, ta xét quan hé < nhu sau:
Vx,ye X, x££y y-xek
Khi d6, quan hé < 1a mgt quan h¢ thur ty.
That vay quan hé < c6 cac tinh chat:
1) Phanxa: x—x=0e K =>x<x,Vxe X.
e Phan di ximg: Vx,ye X, néu x<yva y<xthi y-xeKvax—yek.
Do iii) trong dinh nghia 2.1.1,tacé x—y=0=>x=y
e Bic cau:
Vx,y,ze X, néu x<yva y<zthi y-xeKvaz-yek.
Do 1ii) trong trong dinh nghia 1, ta co
z=x=(z-y)+(y—x)eK=>x<z
Ménh dé 2.1.3
Cho X la khong gian Banach voi thu tw < sinh boi non K. Khi do:
i) YA20,Vx,y,ze X néu x<y thi Ax<Ay va x+z<y+z.

i) Néu x,<y,,VneN va limx, =x,limy, =y thi x<y.
X—>00

iii) Néu day (x,) tang (hodc giam) va hoi tu vé x thi x, <x(hodc x, = x) voi moi n.
Chirng minh
i) Néux<ythix—yeK=>Ay-Ax=A(x-y)e K= Ax<Ay.

Néu x<ythix—yeK=>y-x=(y+z)—(x+z)eK =>x+z<y+z.



ii) Neu x <y ,¥neN thi y -x eK. Vi lim(y,—x)=y-x va K dong nén
X—>00
y—xek=>x<y.
iii) Gia st (x,) ting. Véimdin, tacéd: x, <x,, . Cho m—> o, taduge x, <x, véi moin.

n+m*

Dinh nghia 2.1.4
Cho (X,<) 1a mot tAp c6 the tw. Tap M < X duoc goi 1a tap sip thang cua X néu:
Vx,yeM thi x<y hodc y<x.
Bo dé Zorn
Gia su X la mot tap co thu tu. Néu moi tdp con scfp thcfng cia X déu ¢é cdn trén ( can duoi )
thi X ¢6 it nhat mdt phan tir cyee dai ( phan tir ciee tiéu ).
Ménh dé 2.1.5
Cho X la khéng gian Banach véi thir tw < sinh béi nén K, tdp M < X la tdp con sdp thang
cua Xvaday (x,)c M . Khi do tur day (x,) ta co thé rit ra ddy con (xnk ) don diéu.
Chirng minh
Taddt Ny={neN:x, >x,,Vk>n}.
Ta c6 céc truong hop:
e N, hitu han:
Khi d6, ton tai n, € N sao cho Vn>n, thi ng N,.
Luc d6, ton tai £ >n sao cho x, <x, (DoM la tap sap thang ).
Do d6, tir day (x,) ta c6 thé chon dugc day con (xnk ) voi x, <x, <x, <.., day chinh la day
con can tim.
e N, v0 han:
Gia st N, ={n,,n,,..} véi n,<n,<...
Khi do day (xnk ) voi x, 2x, 2. ladaycon can tim.
Pinh nghia 2.1.6 (N6n chuan)
Non K trong khéng gian Banch X dwoc goi la nén chudn néu ton tai N > 0 sao cho:
VX, y eK,xSy:>||x||SN||y||.

Khi dé, so N dwoc goi la hang sé chudn ciia non K.
Vi du:
e Trong khong gian X =C'[0,1], nén K = {f eC'[0,1]: /> 0} khéng phai 14 non chuan.



e Trong khong gian X=C'[0,1], nén sau ddy 1& nén  chuan:
K={feC'[01]: f(t)20, £ ()0, €[0,1]}
Ménh dé 2.1.7
Cho K la nén chuan trong khéng gian Banach X.
i) Vu,ve X,u<v thi <u,v> ={xe X :u<x<v} la mot tdgp dong va bj chan.

ii) Neu x, <y, <z, (n=12..)valimx, =limz, =x thi limy, =x.

pare e x>
iii) Néu déy don diéu (x,) ¢6 day con (x, ) hoi tu vé x thi day (x,) hoi tu véx.
iv) Néu day (x,) don diéu hoi tu yéu vé x thi day (x,) hoi tu vé x.
Chirng minh
i) Gid sir ddy (x,) < (u,v) va limx, =x.
Ta co: u<x, <v,Vn.Suyra u<x<v=>(u,v) dong.
i)  Vxe(u,v) thi x—ueK,v—ueK va x—u<v-u. Do K I non chudn nén c6 hang s
chuén N sao cho: [|x —u| < N|v-u
Suy a -] < M|y~ = ] < M=o + .
Vay (u,v) 1a bi chan.
iif)
Néu x <y <z thi0<y —x <z —x,

<N

Do K 1a non chuan nén |

yﬂ_xl’l Zl’l_xl’l

Vi limx, =limz, =x nén z, —x, >0
X—>00 X—>00
Suyra y —x, =0
Vay y, =y, —x,) +x, > x.
11) Gia st (x,) la day tdng c6 day con (xnk ) hoi ty vé x.

Taco: x, <x,Vk vax <x =x, <x,Vn.
k k

s A 2
Vi x, — x nén Va,EIkO:‘x—xn ‘<—.
* ol N

< NHx—xnk
0

Khido Vn>n, ,x <x <x=>0<x-x <x—x :>||x—x <&
ko g, n n My n

Vaytaco x, > x.

1v)

Gia su (xn ) la day don di€u va hdi tu yéu vé x. Goi N 1a hang s6 chuan ciia nén chuan K.



Véimdi feK* , taco:
S(x)<f(x,) véi n<m.

Cho m — o0, taduge f(x,)< f(x)=>x, <x,Vn.

1 C &
Theo dinh 1y Mazur, Ve > 0,3z = ;tixni :||z - x|| < Nl

bat n, = max{n,,n,,...,n, } thita co:

Vnzny,z<x, >0<x —z<x-z

N.
= xn—z||SN||x—z||<Nfl
= x”—x”S xn—z||+||z—x||<g

Vay day (x,) hoity vé x.
Pinh nghia 2.1.8 (N6n déu)
Nén K trong khéng gian Banach X dwoc goi la nén déu ( chinh quy ) néu moi diy don diéu
tang, bi chan trén trong X déu hoi tu.
Vi du:
1) Trong khong gian X = L[0,1], nén K 13 nén cac ham khong am hau khap noi 1a non déu.
i1) Trong khong gian X = C[0,1], nén K 1 nén cac ham khong am khong phai 12 nén déu.
Ménh dé 2.1.9
Cho K la non trong khong gian Banach X.
i) Klanon déu trong X khi va chi khi moi day don diéu giam, bi chan duoi tronngéu hoi tu.
ii) K la nén déu thi K la nén chuan.
Chirng minh
i)
Gia st K 1a non déu trong X.
Ta xét ddy (x, ) giam, bi chin dudi: x, 2 x, 2.2 x, 2.2 x.
Khi do, day (x, —x,) 1a day don di€u tdng va bi chdn trén bo1 x, —x.
Vi K 12 nén déu nén diy hoi tu.
Vay (x,) hoi tu.
Gia st moi day gidm, bi chan dudi trong X déu hoi tu.
Ta xét day (x,) tang, bi chan trén: x, <x, <..<x, <..<ux.

Khi do, day (x, —x,) la day gidm va bi chan du61 boi (x, —x) nén ddy (x, —x,) hoi1 tu.

Suy ra (x, ) hoi tu.



Vay K 1a nén déu.

ii)

Gia sir nguoc lai K khong phai 1a nén chuéan.

Khid6 VN,3x, eK,3y, €K,0<x, <y, nhung |x,|= Ny, |-
Cho N =n’, taduoc cac diy (x,) = K,(y,) = K théa man:

0<x <y,

2
X[z

Y

n

X

n

Véi x, #0, ta xét cac day: x, = vay, =

n

xH=1,

: : , 1 X NS A
Taco: 0<x <y, y H<—2.Suyrachu61 Zyn hoi tu.
" ! n n=1

bat y:Zy; thi Zyn <y,Vn.
n=1 k=1

Tathdyddy z, =x, +Xx, +...+x, ting vabi chin trén béi y nén (z,) hoi tu
(vi K 1a nén déu).
Suyra x, =(z,-z,,)—>0
Mau thudn véi diéu kign [x =1
Vay K 1a nén chuan.
Ménh dé 2.1.10

Cho X la khéng gian Banach phan xa. Néu K 1a nén chuan thi K la nén déu.
Chirng minh

Xét day (x,) la day tang bi chan trén trong X .
Vi (x,) b1 chdn ( theo chuan) va X 1a khong gian phan xa nén ton tai ddy con (xnk )téng sao cho
(xnk ) hoi tu yéu vé x.
Theo iv) ctia Ménh d& 2.1.7, suy ra diy (xnk )h@i tuvé x.
Vi K 12 nén chuan nén day (x,) hoitu vé x.
Vay, K 1a non déu.
Dinh nghia 2.1.11 (N6n Minihedral manh)
Non K trong khong gian Banach X dugc goi 1a nén Minihedral manh néu moi tap M bi chdn trong

X déu ton tai sup M .



2.2. ANH XA PA TRI PON PIEU
Dinh nghia 2.2.1
Cho X la khong gian Banach dugc sép thir ty bdi non K. Goi A, B 1a cac tap con cua X. Ta
dinh nghia quan hé thur ty < gitra hai tap A, B nhu sau:
VYae A,2dbeB:a<b

A< B &
VbeB,dac A:a<bh

Dinh nghia 2.2.2
Cho X la khong gian Banach dugc sa"ip thir ty bdi non K. Goi A, B 1a cac tap con cua X. Ta
dinh nghia quan hé thur ty < gitta hai tap A, B nhu sau:
A<B<oVaeA,dbeB:a<b
Dinh nghia 2.2.3
Cho X la khong gian Banach dugc Sép thir ty bdi non K. Goi A, B 1a cac tap con cua X. Ta
dinh nghia quan h¢ tht ty << gifra hai tap A, B nhu sau:
A<<B < (Vae A,VbeB=a<b)
Tinh chit 2.2.4
Ta c6 mot sé tinh chdt sau day:
Cho X la khéng gian Banach dwoc sap thir t béi nén K. Goi A, B, C la cdc tdp con cia X. Khi do:
i) A< A,NVAe2"
ii) Neu A< B,B<C thi A<C
iii) A<<B=>A<B=A<B
Chirng minh:
i) Hién nhién.
i1) A<B thi Vae A,3beB:a<b.Khidd,do B<C nén Vbe B,3ceC:b<c
Nén Vae A,3ceC:a<c.
Dong thoi ta ciing ¢ Vee C,3be A:h<c¢ (do B<C)
Ma A< B nén VbeB,Jac A:a<b.Suyra Vce(C,Jac A:a<c

. |VYaeA,IceC:a<c
Vay S A<C

VceC,daeAd:a<c

nghiala A< B

VYVaeA=a<bVNbeB VYace A,dbe B:a<bh
iil) A<<B & <

nén
VbeB=a<bVacA VbeB,dace A:a<h

Vidu
Trong khong gian Banach thyc X = R vé1 nén K =[0,+0). Ta xét cic tap con cua X nhu

sau: A =[1,2],



B=10,3],C=[2,3]. Thi A<<C,A<B, B=<C.

Dinh nghia 2.2.5

Cho X 1a mot khong gian Banach duoc sip thir tu bdi non K. Toan te datri F: M < X —2%.

i)  Toan tir da tri F dugc goi 13 toan tir da tri don diéu néu: Vx,ye M, x<y=F(x)<F(y).

ii) Toan tir da tri F dugc goi 1a don diéu nghiém ngit néu: Vx, ye M, x<y = F(x) << F(y).
Tinh chat 2.2.6

Cho X la khéng gian Banach dwoc sdp thir ti béi nén K. Todn tir da tri F:M < X =27

i) NéuF latodn tir da tri don diéu va A < B thi F(A) < F(B).

ii) Néu F la todn tir da tri don diéu nghiém ngat thi F ciing la toan tu da tri don diéu.
Nguyén ly Entropy
Cho (M ,<) la mét tip sdp thir tw va ham S : M — [—o0;+x) théa:

i) Moi day tang don diéu trong tip M déu cé cdn trén.

ii) S don diéu tang va bi chan trén.

Khi dé, ton tai ue M sao cho: YveM,v>u= Su)=S()

2.3. PIEM BAT PONG CUA ANH XA PA TRI PON PIEU
DPinh ly 2.3.1
Gia siv X la khéng gian Banach dwoc sdp thir tw béi non K, M c X la tdp déng va
F:M—— X laanh xa don diéu thoa:
i) F(M)ycM, 3x,eM sao cho {xo} <F(x,)
ii) F bién méi ddy tang thuéc M thanh day héi tu
Khi dé, F ¢6 diém bat dong trong M.
Chirng minh
Pit M, ={xeM/{x} <F(x)}
2(x) :sup{”F(y)—F(z)”:y,z eM,, y>z> x}
+ Tas€ ap dung Nguyén ly Entropi cho tdp M, vaham (-g).

1) Vo1 moiday (xn)CMO, (xn) tang, suy ra ton tai xeM:limF(x,)=x
Suyra x, <x (do x, <F(x,)<x).
i) Véi x, <x, = {(n.2)eM; y2z2x,fc{(n2)eM; iyzz2x | vi —g(x)<—g(x,).

Dod6 daeM,:VueM ,, uza= g(u)=g(a).



+ Ta chung minh g(a)=0

Néu g(a)=c>0,tacod I, yyeM,:y,2y 2a,

F(y,)-F()|>c
F(y,)-F(»y)|>¢

F(3,,)=F(35,,)|>¢>0 (vo 1y)

Do g(y,)=g(a)>c nénton tai y,,y, eM,:y, 2y, > ,,

Lap lai qua trinh nhu trén, ta c6 day tang (y,) c M,

Do g(a)=0nén F(y)=F(a), VyeM, y>a.
Vi ae M, nén F(a)>a= F(F(a))=F(a) hay 3b=F(a) la diém bét dong ctia F trong M.

Dinh ly 2.3.2 (Dinh ly Tarskii cho anh xa da tri don di¢u)[5]
Gid sir X la khéng gian Banach dwoc sdap thir tw boi non K. M =<u,v>,F : M — 2" la todn tir
da tri thoa man.:
a) Fla toan tu da tri don diéu.
b) K la non Minihedral manh.
c¢) supF(x)e F(x),VxeM.
Khi dé6, F ¢6 diém bat dong trong M.
Chirng minh
Taxéttdp N ={xe M /{x} < F(x)}. Thi N khic rong va bi chin trén béi v.
Vi K 1a nén Minihedral manh nén ton tai x* = supN.
bat y* = supF(x*). Ta co:
+ VxeN,{x}<F(x).
Mait khac: x <x*= F(x) < F(x*). Tu dé suyra {x} < F(x*)=> x< y*=sup F(x*) => x*< y* (1)
+ Vix* < y* nén suyra F(x*) < F(y*) ( do F don di¢u)
Tur diéu kién ¢) suyra y*e F(x*). Luc d6 ton tai z e F(y*) sao cho: y*<z. Suy ra: {y*} < F(y*)
nén y*e N
x*¥*=sup N = y*<x* (2).
Tu (1) va (2) suyra x* = y* =sup F(x*) € F(x*).
Vay F c¢6 diém bat dong trong M.
Dinh ly 2.3.3
Gid sir X la khéng gian Banach dwoc sdp thir tw boi nén K. Ta xét quan hé thir tw < nhw sau:
A,Be X, A<B<VacA,dbeB:a<bh
M =<u,v>c X.F:M — 2" la toan tir da tri théa man:

a) Fla toan tu da tri don diéu.



b) F la non Minihedral manh.
¢) inf F(x)e F(x),VxeM.
Khi dé, F ¢6 diém bat dong trong M.
Chirng minh
Taxéttap N ={xe M /{x} < F(x)}. Thi N khac rong va bi chin trén boi v.
Vi K 12 nén Minihedral manh nén ton tai x* = supN.
bat y* = infF(x*). Ta co6:
+ VxeN,{x}<F(x).
Mait khac: x <x*= F(x) < F(x*). Tu dé suyra {x} < F(x*)=> x< y*=sup F(x*) => x*< y* (1)
+ Vix* < y*nén suyra F(x*) <F(y*) ( do F don di¢u)
Tu diéu kién ¢) suyra y*e F(x*). Luc d6 ton tai z € F(y*) sao cho: y*<z. Suy ra: {y*} < F(y*)
nén y*e N
x*¥*=sup N = y*<x* (2).
T (1) va (2) suy ra x* = y* =inf F(x*) € F(x*).
Vay F ¢6 diém bat dong trong M.
Chuy
Pinh 1y 2.3.2 s& khong con ding néu khong c6 diéu kién ¢) ( twong tw nhu vay ddi véi dinh
1y 2.3.3). Vi du sau ddy chimg t6 tdm quan trong cuia diéu kién c) trong dinh 1y 2.3.2.
Vi du
Cho khong gian sb thuc X = R véinon K =[0,+00) va quan hé thir ty < nhu sau:
A, Bc X, A<B& VYae A,Abe B:a<b. Taxéttoan tir da tri F xac dinh boi:
(x,l) khi x €0, l)
F(x)= .
(0, x) khi x 6[5,1]

Tacéd x,y€[0,1] sao cho x <y thi:
L 0SSyt P =(x D) <F(»)=()
<x<y % > y y,2.
1 1
: OSX<5Sy1F(X)=(x,5)<F(y)=(0,y)

<x<y<1:F(x)=(0,x)<F(»)=(0,y)

Nhu vy, F 14 toan tir da tri ting nhung khong c6 diém bat dong ( vi khong thé xay ra x € F(x)).



2.4. PIEM BAT PONG CUA ANH XA PA TRI TANG CO TiNH CHAT CO
Pinh ly 2.4.1

Gid sir X la khéng gian Banach dwoc sdp thir tir boi nén K. F: X — 2% 1a todn tir da tri théa
man:
a) F(x) dong voi moi x thugc X.
b) Fla toan tw da tri don diéu.
¢) Ton tai x, € X sao cho {x,}<F(x,)
d) Ton tai g €(0,1) sao cho Vx,ye X,x<y thi F(x)c F(y)—E(O,q.”x—y”)mK VOi
B(0,q.|x~»|) la qua cau déng tam O ban kinh la q.|x - y|
Khi d6, F c6 diém bdt dong x*e X véi x*> x,.
Chirng minh:
Diéu kién d) c6 thé viétnéu x<y thi: Yue F(x),Ive F(y):u < v,||v —u|| < q.||y —x|| (*)
Do diéu kién c) ta co : x, € F(x,) sao cho x, <x,.

Tur (*), suyraton tai x, € F(x,):x, < x,,

X, — X, || < q.”x1 - x0||
Lap lai qué trinh nhu trén, ta tim dugc ddy (x,) thoa man:

x eF(x, ):

n
X0 —X,[|sq '”xl _x0||

Suy ra

n+p-1 n+p-1

P
< Z ||xk+1—xk||ﬁ Z q' ||x1—xo||
k=n k=n
n+p-1 n
=||x1 _XOH Z q" =||x1 _x0||'1(i—q
k=n

Do do, day (xn) la day Cauchy.

xn+p - xn

Vi X 1a khong gian Banach nén ton tai x* € X sao cho x*=Ilimx, .
n

Day (x, ) ting nén suy ra: x, , < x*,Vn= F(x, )< F(x*),Vn.

Taco x, € F(x, ) nénton tai y, e F(x*) sao cho:

) ] B
Suyra: x*= lign v,
Day (y,) c F(x*) vatheo diéu kién a) ta suyra x* e F(x*).
Vay F c6 diém bat dong x* va x*>x,.
Pinh ly 2.4.2
Gia sit X la khéng gian Banach dwoc sdp thir tir béi nén K. M c X la mét tip dong,

F:M — 2" la toan twr da tri théa man:



a) F(x) dongvoimoi xe X .
b) Fla toan tu da tri don diéu.
¢) K la nén chudn.
d) Ton tai x, € X sao cho {x,} <F(x,).
e) Ton tai todn tir tuyén tinh L:X - X ¢6 phé r(L)<L,L(K)c K va théa man x<y
thi:Vu e F(x),Yve F(y):0<v-u<L(y—x).
Khi dé, F c6 diém bat déng trong M.
Chirng minh

1

Vi lim( r )5 =r(L)<1 nén ton tai ¢ € (0,1) sao cho |’

<g¢" khin du 16n.
Do diéu kién d), ta cé: x, € F(x,) sao cho x, <x,.

Tir diéu kién e), ta suy ra:

Ix, e F(x):x, <x,,x, —x, <L(x, —x,).

Lap lai qua trinh nhu trén, ta tim duoc diy sb (x,) thoa man:

EI‘anrl EF(X”):)C” = xn+1’xn+1 _xn = L” (‘xl _x0)

Vi K 1a n6n chuan nén c6 hang s6 N sao cho:
LI’I

X <N.

X, —x0||SN.q”.

X, X —XOH

n+l

Suy ra:

n+p-1 n+p—1
k
Knep _anS 2 xen—xl < 2 Nt - x|
k=n k=n
n+p-1

ql’l
=N|x—x| X ¢" =N|x —xo||1—
k=n - q
Do do, day (x,)1a day Cauchy.
Vi X 1 khong gian Banach nén ton tai x* € X sao cho x*=lim X,.
Day (x,)taing nénsuyra: x, , <x*,Vn.Suyra F(x, ) <F(x*),Vn.
Taco x, € F(x,_,) nén ton tai y, € F(x*) sao cho:

0<y —-x <L(x*-x, )=

S

Y =X
Suyra: x*=Ilimy,
Diy (y,) C F(x*) va theo diéu kién a) ta suy ra x* € F(x*).

Vay F c6 diém bat dong x* va x* > x,.



2.5. PIEM BAT PONG CUA ANH XA TANG CO TiNH COMPACT
DPinh ly 2.5.1
Gid sir X la khéng gian Banach dwoc sdp thir tw boinon K, M < X la mét tdp dong.
F:M —2" \{@} la anh xa da tri don diéu thoa man:
i) F(x) dong, Vxe M .
ii) Ton tai x, € X sao cho {xo} <F(x,).
iii) VxeM,Vy,y, e F(x),3ye F(x):y, <y,y,<y.
iv)  Néu cdc day (x,),(»,) la cdc day tang sao cho y, € F(x,) thiday (y,) hoi tu.
Khi d6, F ¢é diém bat dong cuc dai trong M.
Chirng minh
Pat M, ={xe M :{x} < F(x)}
Ta co thé gia st x < y,Vy € F(x) voi x eM, (*).
That vay, néu ta dinh nghia toan tir G xac dinh trén M , nhu sau:
G(x)=F(x)N[x,+o) thi x<y,Vye G(x).
Mit khac, tacd G: M, > M,
Vi Vy e G(x) thi x<y, tird6 suyra F(x)<F(y) ma ye F(x) nén {y}<F(y),nghiala yeM,.
Ngoai ra, G ciing thoéa man cac diéu kién 1), ii), iii), iv) cta dinh Iy.
That vay ta co:
Xét xe M , giasuday (x,)c G(x) va x, >z.
Khi do: (xn ) c F(x) vado F(x) dongnén z € F(x).
Mit khac x<x, ,Vn nénsuyra x<z.
Suyra z € G(x), nghia la G(x) dong.
+ Theo gia thiét t6n tai x, € M sao cho {x,} < F(x,). Khi d6 ton tai z, € F(x,) sao cho
X, <z,.Suyra: z, € F(x,) N[x,;+0) =G(x,), nghia la {xo} <G(x,).
+ VxeM,Vy,,y, € G(x). Suyra y,y, € F(x) nén ton tai ye F(x) sao cho Y <y,y, <y,
Vi y,y,eG(x) nén x<y,x<y, suyra x<y nghiala y e G(x).
Vaytaco: Vxe M,Vy,,y, e G(x),I3yeG(x):y, <y, y, <y.
+ Gia su cac day (xn ),(yn) la cac day tang sao cho y, € G(x,). Khido, y, € F(x,) nén day
(»,) hoi tu.
T (*), ta kiém tra dugc F(M,)c M,



That vay, véimdi y e F(M,) thi ton tai x € M sao cho y e F(x)

(vi F(M,)= ] F(x)). Khidé theo (*)tacé x<y=> F(x)<F(y)={y} <F(y) nghiala ye M,.

xeM,
Dé ap dung nguyén 1y Entropy, ta kiém tra hai diéu kién sau:

Diéu ki¢n 1: Ching minh moi ddy ting (x,) trong M, déu c6 can trén.
Khi d6, ta c6 thé chon day tang ( »,) sao cho y e F(x, )(viF don di¢u)
bat y=li’£nyn thi y <y,Vn.

Vi y e F(x,),nén theo (*),tacd x, <y,Vn= F(x,)< F(y),Vn.

Khi d6, ton tai z, € F(y) sao cho y <z . Do diéu kién c) ta c6 thé gia st (z,) la day ting. Khi do,
diy z, hoitu vé ze F(y).

Tacdz <z,Vn=y <z,Vn

Suyra: y<z={y}<F(y) nghiala yeM,.
Viy day tang (x,) cocantrén ye M.
Diéu kién 2: Tdn tai mot ham don diéu tang va bi chan trén x4c dinh trén M.
V61 xe M, ta dat:
M, ={,vyeM,xM,/u<svueF(y),veF(z),x<y<z;y,ze M}
Taco (x,x)eM _nén M _#O.
Xétham §: M —[0;+oo] x4c dinh boi:
S(x) =sup {||u — v|| /(u,v) e Mx}
Néu x<y thi M, =M, nén S la ham giam. Do d6 (—S) 1a ham ting.
Ap dung nguyén 1y Entropy cho M , va ham (=), thi ton tai aeM , sao cho:
xeM,,x>a= S(x)=S(a) (**)
Ta chirng minh S(a)=0.
Gia st nguoc lai ton tai & >0 sao cho S(a)>«.

Ton tai x,,x,,¥,,», sao cho:



asx <X,
Y €F(x),y, €F(x,), 1, <y,
”J/l —y2||>0(

Via<y,eM,, theo (**),suyra: S(y,)=S(a)>«c.
Tiép tuc, ta chon x,,x,,¥;, ¥, sao cho:

S5,
Vs €F(x;),y, €F(x,),y; <y,
|ys =y, >a

Vi y, € F(x,), nén theo (*),tacod: x, <y, suyra x, <x,.
Vi y, € F(x,), nén theo (*),tacod: x, <y, suyra y, <y,.

Khidé. a<y,eM,,suyra: S(y,)=S(a)>«a

Lam tuong ty, ta s€ cd cac day (x,),(y,) ting sao cho y, € F(x, ) théa man : ||y2”71 -, >a (

diéu nay mau thuan voi diéu kién d))

Vay S(a)=0

Ta chimg minh: mdi b € F(a) 1a diém bat dong ciia F trong M.

That vy, véimdi ce F(b), tacd: b<ce F(b).

Vi a<beF(a) nénsuyra (b,c)eM,

Suy ra: ||b — c|| <S(a)=0=b=ce F(b) nén b la diém bat dong cta F .
Vay F c6 diém bat dong b e F(a).

Ta chimg minh: b € F(a) 1a diém bat dong cuc dai trong M.

That vay, néu x 1a diém bat dong cua F trong M va x> b thi:

b<x
=>asx
{beF(a)

= (bx)eM, = |b-x|<S@)=0

Suyra x=5.
Vay b e F(a) 1a diém bat dong cuc dai cia F trong M.
Hé¢ qua 2.5.2



Gid sir X la khéng gian Banach dwoc sdp thir ti béi non K.
M = <u,v> cX, F:M—>?2" \{@} la toan tir da tri don diéu thoa man:

a) F(x) dong, VxeM .

b) VxeM,Vy,y, e F(x),3yeF(x):y, <y,y, < ).

¢) K lanén déu.
Khi d6 F ¢6 diém bat dong trong M.
Chirng minh

Do M =<u,v> nén {u} <F(u).
Ta chimg minh: néu (x,),(»,) lacac day ting sao cho y, € F'(x,) thi (y,) hoi tu.

That vay, do y, <v,Vn vaK lanon déu nén ( »,) hoi tu.

Nhu vay cac didu kién a), b), ¢) ctia hé qua 2.5.2 thao cac diéu kién a), b), ¢), d) trong dinh 1y 2.5.1.
Vay F c6 diém bét dong.
Hé qua 2.5.3

Gid sir X la khéng gian Banach dwoc sdp thir t béi non K.
M = <u,v> cX, F:M—>?2" \{@} la toan tir da tri don diéu thoa man:

a) F(x) dong, VxeM .

b) VxeM,Vy,y, e F(x),3yeF(x):y, <y,y, <y

¢) K lanén chudn va X la khéng gian phan xa.
Khi d6 F ¢é diém bat dong trong M.
Chirng minh

Ta c6, néu K 1a nén chudn va X 1a khong gian phan xa thi K 12 noén déu. Tir d6 4p dung hé
qua 2.5.2 ta c6 két qua toan tir F ¢ diém bat dong.
Pinh ly 2.5.4
Gid sir X la khong gian Banach dwoc sap thir tie béi non K. X ola khong gian con dong cua X,

M la tdp con déng cia X, F:M —2" \{@} la toan tir da tri don diéu thoa man:

a) F(x) dong, VYxeM .

b) Ton tai x, € X sao cho {x,} <F(x,).

¢) X,NF(x)#=,VYxeM vahonnita: Vy,,y, € F(x),3yeF(x):y,<y,y,<y.

d) Néu cic (x,),(»,) la cdc day tang sao cho y, € F(x,)NF(x) thiday (y,) hoi tu.
Khi d6 F ¢6 diém bat dong trong M.
Chirng minh



Pat M, ={xeM :{x} < F(x)}
Ta co thé gia st x < y,Vy € F(x) voi x eM, (*).
That vay, néu ta dinh nghia toan tir G xac dinh trén M, , nhu sau:
G(x)=F(x)N[x,+0) thi x<y,Vy e G(x).
Mit khac, tacd G: M, > M,
Vi VyeG(x) thi x<y,trdd suyra F(x)<F(y) ma ye F(x) nén {y} <F(y),nghiala ye M.
Ngoai ra, G ciing thoa man cac diéu kién a), b), ¢), d) ctia dinh 1y.
That vay ta co:
Xét xe M , gia st day (xn)c G(x) vax, —>z.
Khi do: (xn ) c F(x) vado F(x) dongnén z € F(x).
Mit khac x<x ,Vn nénsuyra x<z.
Suyra z € G(x), nghia la G(x) dong.
+ Theo gia thiét ton tai x, € M sao cho {x,}<F(x,). Khi d6 ton tai z, € F(x,) sao cho
x, <z,.Suyra: z, € F(x,) N[x,;+0) =G(x,), nghia la {xo} <G(x,).
+Vi X, NnF(x)#< nén suyra Vxe M,Vy,,y, € X,NG(x). Suyra y,y, € X, NF(x)
nén ton tai veX,NF(x) sao cho y,<y,y,<y. Vi y,y,e X,NG(x) nén x<y,,x<y, suyra
x<ynghiala ye X, nG(x).
Viytaco: VxeM,Vy,,y, e X,NG(x),Tye X,NG(x):y, <y, y,<y.
+ Gia su cac day (x, ),(y,) 1a cac day tang sao cho y, € X, NG(x,).
Khido, y, e X, " F(x,) nén day (yn) hoi tu.
Tir (*), ta kiém tra dugc F(M,)c M,
That vay, véimdi y e F(M,) thi ton tai x € M sao cho y e F(x)

(vi F(M,)= ] F(x)). Khidé theo (*)taco x<y=> F(x)<F(y)={y} <F(y) nghiala ye M,.

xeM,
Dé ap dung nguyén 1y Entropy, ta kiém tra hai diéu kién sau:

Diéu ki¢n 1: Chiing minh moi diy ting (x,) trong M, déu c6 can trén.

Khi d6, ta c6 thé chon day ting ( v,) saocho y € X, NF(x, )(viF don diéu)
bat y=li’11nyn thi y <y,Vn.

Viy eX,NF(x,),nén theo (*),taco x, <y,Vn= F(x )< F(y),Vn.



Khi d6, ton tai z, € X, NF(y) sao cho y, <z,. Do diéu kién c) ta c6 thé gia sit (z,) la ddy tang.
Khi d6, ddy z, hoi tu vé ze X, "F(y).
Tacd z, <z,Vn=y <z,Vn

Suyra: y<z={y}<F(y) nghiala yeM,.

Viy day tang (x,) cocantrén ye M.

Diéu kién 2: Ton tai mot ham don diéu tang va bi chan trén xac dinh trén M.

Véi xe M, ta dat:

M. ={(u,v)eM0 ><M0/uSv,ueF(y),veF(z),xSySz;y,zeMO}

Taco (x,x)eM nén M_#J.

Xétham §: M ; —[0;+oo] x4c dinh boi:

S(x)=sup{||u—v||/(u,v)eMx m(XoxXO)}

Néu x <y thi M,cM =M N(X,xX,)cM, N (X,xX;)nén S la ham giam. Do d6 (-S) 1a
ham tang.

Ap dung nguyén ly Entropy cho M, va ham (-S§), thi ton tai a €M, sao cho:
xeM,,x=2a= S(x)=S(a) (**)

Ta ching minh S(a)=0.

Gia st nguoc lai tdn tai @ >0 sao cho S(a)>a.

Tén tai x,,x,,,,¥, sao cho:

asx <x,

veX,NFx),y,eX,NF(x,),y <Y,
|y = 2] >e

Via<y,eM,, theo (**),suyra: S(y,)=S(a)>«c.

Tiép tuc, ta chon x,,x,,y,,y, sao cho:



Yy SX S X,

vieX NF(x),y, e X, NF(x,),y, <y,
”ya —y4||>0(

Vi y, € F(x,), nén theo (*),tacod: x, <y, suyra x, <x,.
Vi y, € F(x,), nén theo (*),tacod: x, <y, suyra y, <y,.
Khidé. a<y,eM,,suyra: S(y;)=S(a)>a

Lam tuong ty, ta s€ co cac day (x,),(y,) tang sao cho y € X, N F(x,) thoa man : ||y2”71 -V,

>
( diéu nay méu thuan véi diéu kién d))
Vay S(a)=0

Ta chimg minh: mdi b e X, N F(a) 1a diém bat dong ciia F trong M.

That vay, véimdi ce X, "F(b),tacd: b<ce X, NF(b).

Via<be X,NnF(a)nénsuyra (b,c)e M, N (X,xX,)

Suy ra: ||b—c||SS(a)=() =>b=ceX,NF(b) nén b la diém bat dong cta F .

Vay F c6 diém bat dong b e F(a).

Pinh ly 2.5.5
Gia s X la khong gian Banach dwoc sd'p thi tw boinon K. M = <u,v> cX, F:M —2" la todn
tw da tri don diéu thoa man:

a) K la nén chuan.

b) F la toan tir da tri don diéu nghiém ngat.

c) Néu (x,) la day don diéu thi tw day (F(x,)) ta co thé lay day héi tu (y,) sao cho

Yy €F(x,).
Khi d6 F c6 diém bat déng trong M.
Chirng minh
Tadit M, ={xeM :{x}<F(x)} thi M, =@ (ViueM,).

Ta chimg minh: F(M,))cM,.

Vze F(M,)= U F(x), ton tai xeM, sao cho ze F(x).

xeM,

Vi x<F(x) nén x<z.



Do F don diéu nghiém ngat nén suyra: F(x) < F(z).
=z=<F(z) (vizeF(x)),suyra zeM,
Viy F(M,)c M,.
Gia st N c M, 1a mot tp con sap thang nghia 13 Vx,ye N = x <y hay y<x.
Ta chimg minh N ¢6 can trén trong M.
Trude hét ta chimg minh F(N) 1a mot tap compact duong doi.

That vay, gia su ddy (y,)e F(N) = U F(x). Khi d6 v&i mdin, ton tai x, € N sao cho y, € F(x,).

xeN

Do N la tap sap thang nén tir day (x,), tacod thé chon dugc diy con (x, ) hoi tu (theo ménh dé
2.1.5)

Theo diéu kién c), tn tai day (y, ) véi v, €F(x,),Vk.

Dat li1£n y;k =y.

Vix, <x, <..<x, <..nén F(x, )<F(x, )<.<F(x, )<...

Khi dé ta co: y;H <y, S y;%l :

Cho k — oo thitacd y, — y (do Klanon chuan).

Vay tir day (y,) € F(N), ta tim duoc day con (y, ) hoitu, nén F(N) la tdp compact twong d6i.

Ta ching minh N c6 cén trén.

Do F(N) compact tuong ddi nén ton tai diy (z,) tri mat khap noi trong F(N). Khi d6
Vn,3u, e N:z, € F(u,). Vi N la tap sap thang nén ta c6 thé xdy dung diy ting (un)c (u,) va
u, <u ,Vn.
Theo diéu kién c), tir day ting (u, ), ton tai day tang (v, ) hoi tu vi v, € F(u,).
bit lignvn =X,.
Viv <x,,Vnnén F(v )< F(x,),Vn=F(v,)<F(x,).
Mav, eF(u)c F(M)cM,=v,<F(v,)
Suyra v, < F(x,),Vn ={x,} < F(x,) nghiala x, e M,.
Talaico F(x)=<{x,},Vxe N.That vayxét xe N
Ve F(x) thi 1€ F(N) nén ton tai ddy (z, ) =(z,) sao cho z, —1.
Viu, <u, <..<u, <..nén Fu,)<F(u,)<..<Fu,)<..

Suyra: z, <z, <z, ,Vk=v, —¢ (doKlanén chuén ).

e ng



Ma v, <x,,Vk nénsuyra ¢ <x,. Vay F(x)=<{x,}.

Nhu vay voi moi xe N taco: F(x)=<{x,} va {x,} < F(x) nénsuyra x<x,.

Vay N ¢6 can trén.

Theo bd dé& Zorn, moi tap con Sép théng N cua M, cd6 can trén thi M cod phﬁn tor cuc dai x*.
Ta chimg minh x* 1 diém bat dong cua F .

That vay Vie F(x*) thi teM, =t <x* (vix*la phan ttr cuc dai cia M,)

Ma x*< F(x*) (vi x*e M, )nén x*<t.

T d6 suyra x*=¢t e F(x¥*).

Vay x* 1a diém bat dong cua F .

H¢ qua 2.5.6

Gia s X la khong gian Banach dwoc sd'p thir tw boinon K. M = <u,v> cX, F:M—>2" Ila
toan twr da tri don diéu thoa man.:

a) K la nén déu.

b) Fla toan twr da tri don diéu nghiém ngat.
Khi d6 F ¢6 diém bat dong trong M.
Chirng minh

Gia su (x,) la day don diéu tang trong M, ta co:

X <x,<...Lx, <. Sy,
Do F la toan tir don di¢u nghi€ém ngat nén:
Fx)<Fx)<.<F(x)<..<F(@)
Ta c6 thé chon v, € F(x,) sao cho:
W<y, <Ly <<,
Suy ra day (y,) tdng va bi chan trén, nén day (y,) hoi tu (vi K 1a nén déu).
Theo két qua cta dinh 1y 2.5.4, F ¢ diém bat dong trong M.
Hé qua 2.5.7

Gid sir X la khong gian Banach dwoc sap thir tie béi non K. M = <u,v> cX, F:M—>2" Ia
toan tir da tri don diéu thoa man.:

a) K la nén chudn va K la khéng gian phan xa.

b) Fla toan twr da tri don diéu nghiém ngat.
Khi d6 F cé diém bdt déng trong M.
Chirng minh



Theo ménh d¢ 2.1.10 trong chuong 1, néu K 14 nén chuan va X 1a khong gian phan xa thi K

la non déu.Vafly ta suy ra dugc cac diéu kién cua hé qua 2.5.6 nén F co diém bat dong trong M.

Hé¢ qua 2.5.8

Gia sw X la khong gian Banach dwoc scfp thu tw boinon K. M = <u,v> cX, F:M 2" la
toan tir da tri don diéu thoa man.:

a) K la nén chuan.

b) Fla toan tir da tri don diéu nghiém ngat.

¢) Fla toan tir compact.

Khi d6 F c6 diém bdt déng trong M.

Chirng minh
Gia su (x,) laday don diéu trong M, taco: x, <x, <..<x <..<v

Vi Fla toan tir chit nén ta c6 thé chon duoc v, €F(x ). Do F(M) la tap compact tuong dbi (vi

F 1a toan tir compact) nén ton tai ( y ) < (y,) sao cho ( y ) hoi ty.

Vi K 12 nén chudn nén suy ra ( yn) la day hoi tu.
Vay v61 day don di€u (x, ) ta chon dugce day ( v, ) hoituvéi y, e F(x,).

Theo dinh 1y 2.5.4, suy ra F c¢6 diém bat dong trong M.

2.6. PIEM BAT PONG CUA ANH XA T — PON PIEU PA TRI
Dinh nghia 2.6.1
Cho X 12 khong gian Banach dugc sip th tu boi non K va toan tir tuyén tinh 7: X — X .
S6 1eC duoc goi la diém chinh quy ciia T néu (4. —T) 1a mot song anh, v6i I 13 toan tir dong
nhét trong X.
Ta ky hiéu p(T)={A/4 1a diém chinh quy coa T }. Khi d6 ta dinh nghia phd coa T 1a:
o(T)=C\p(T).
Dinh nghia 2.6.2
Cho X 1a khong gian Banach dugc sip thir tw bai non K . Cho toan tir tuyén tinh 7: X — X va
toan tr datri F: X —2%.
F duoc goi la toan tir da tri T — don di¢u néu théa man:
Vx,ye X, x<y thi T(y—x)+ F(x)< F(y).
Bo dé2.6.3



Cho X la khéng gian Banach dwoc sip thir tw béi nén K. Cho todn tr da tri
F:M =<u,v>—>2M va todn tir tuyén tinh T: X — X .
Xét AeR. Néu (-1) ¢ o(T) thi ta co:
x€(AI+T)" (AF+T)(x) < xe F(x)
Chirng minh
Vi (1) ¢ o(T) nén (A.I +T) 1a mot song anh.
Khi dé ta co:
xeF(x)o Ax+T(x)e AF(x)+T(x)
< (AL +T)x)e(AF +T)(x)
S AI+T) (AL +T)x) e (AL +T) (AF +T)(x)

S xe(AI+T) ' (AF +T)(x)

Bo dé 2.6.4
Cho X la khéng gian Banach dwoc sdp thir tir béi nén K va todn tir tuyén tinh T: X — X .

Xét AeR. Néeu (-) g o(T) va A, B M sao cho A<B thi ta cé:
(AL+T)"' (A)<(AI+T)".(B)
Chirng minh

Laybatkyxe (AL +T)".(4) ,suyra (AI+T)(x)e A4
Vi A<Bnéntdntai ye B sao cho (11 +T)(x)<y
Vi (-4) ¢ o(T)nén (A.I +T)la mdt song anh, nén suy ra:

x<(AI+T) ()
Ma (AI+T)"(y)e(A1+T) " (B)nén suyra:

AI+T) ' (A< (AI+T)"(B)
Bo dé2.6.5

Cho X la khéng gian Banach dwoc sdp thir tw boi non K va todan tir tuyén tinh T: X — X . Gid sir

todn tir da tri F:M =(u,v)— 2" la chit va T— don diéu thod man:

a) Tla toan tir tuyén tinh duwong.

b) Ton tai A €(0,1) sao cho (-1) ¢ o(T) va T(x)>-Ax thi xeK.
Khid@é S=(AI+T)"' (AF +T) la todn tir da tri don diéu trén M.

Chirng minh



Xeét A e€(0,1)sao cho(—-A)eo(T) va T'(x)>—-Axthixe K. (*)

Ta chimg minh (A./ +T)'1a mdt song 4nh duong.

That vay, vi(-A) ¢ o(T) nén (A.I +T)'1a mot song anh.

Do d6, (4.1 +T) ' cling 1a mot song anh.

Laybatky xe (A1 +T) " (K)

Thi ton tai y € K sao cho y =(A.1 +T)(x)

Suyra: Ax+T(x)ekK
=>Ax+T(x)=0
=>T(x)=-Ax

Theo (*), ta suyra: xe K

Suyra (A./+T)" (K)cK

Vay (A.I +T)"'1a mot song 4nh duwong.

Ta chirng minh S 14 toan tir da tri don di¢u trén M.

Véimdi x,yeM,x< ytacod: T(y—x)+F(x)

Suyra: AT(y—x)+AF(x)<AF(y) (vi 1€(0,1))
SAF(X)+T(x)<AF(y)+T(y)
SAF+T)x)<(AF+T)(y)

Vi (A +T)'1a toan tir tuyén tinh duong nén suy ra:

AL +T) " (AF +TYx)<(AI+T) " (AF +T)(»)
= Sx)<S(»)

Vay S 1a toan tir da tri don diu trén M.

DPinh ly 2.6.6

Cho X la khéng gian Banach dwoc sap thik tw béi nén K va todn tir tuyén tinh T: X — X . Gid sir
toan twda tri F:M = <u,v> — 2" thod man:

a) K la nén déu.

b) Flatoan tirda tri T — don diéu.

¢) Tla toan tir tuyén tinh duong.

d) Ton tai 2 €(0,1) sao cho (-1) ¢ o(T) va T(x)>-Ax thi xe K.
Khi d6 F ¢6 diém bat dong trong M.
Chirng minh

Ta xét toan te da tri: S=(AI+T) " (A.F +T)



Tir diéu kién c), d) va theo bo d€ 2.6.5, ta co S 1a toan tir da tri don diéu trong M.
Theo hé¢ qua 2.5.2
dx*e M sao cho x*e S(x*)
Theo b6 dé 1 ta c6:
¥*e S(x*)= (AL +T) " (AF +T)(x*) < x* € F(x*)
Vay F c¢6 diém bat dong trong M.
H¢ qua 2.6.7
Cho X la khéng gian Banach dwoc sap thik tw béi nén K va todn tir tuyén tinh T: X — X . Gid sir
toan twda tri F:M = <u,v> — 2" thod man:
a) X la khong gian phan xa.
a) K la nén chuan.
b) F la toan tirda tri T — don diéu.
e) Tla todn tir tuyén tinh dwong.
) Ton tai 2 (0,1) sao cho (=1) ¢ o(T) va T(x)>-Ax thi xeK.
Khi d6 F ¢6 diém bat dong trong M.
Chirng minh
Ta da c6 két qua: néu K 14 noén chuan va X la khong gian phan xa thi K 1a nén déu.

Ap dung dinh 1y 2.6.6, suy ra F c6 diém bét dong trong M.



KET LUAN
Qua qua trinh nghién ctru tai lidu, dugc su chi dan, 1y giai thém cua thiy huéng dan ching toi
da nam duoc ndi dung mot sb két qua co dién vé diém bat dong cuia mot s6 16p anh xa da tri va mot
s6 mo rong ban dau vé diém bat dong ctua anh xa da tri tang, 4nh xa da tri tdng c6 tinh chét co,
compact va T — don diéu. Tuy nhién, chung t6i chua c6 diéu kién trinh bay cac tmg dung cua cac két
qua trén vao viéc chimg minh sy ton tai nghiém cta cac 10p phuong trinh cu thé. Mot sb hudng cd
thé phat trién luan van la:
1. Lam giam nhe cac diéu kién cua cac két qua trinh bay trong luan vin.
2. Tim cac tng dung ciia két qua 1y thuyét vao viéc chtirng minh sy ton tai nghiém cua cac 16p
phuong trinh cy thé nhu phuong trinh vi phéan, phuong trinh tich phan ...
Qua qua trinh 1am luan van t6i d thiy cac kién thirc hoc dugc trong cac phan giai tich: giai
tich ham néng cao, giai tich phi tuyén, 1y thuyét bac t6 po... da gitp t6i rit nhiéu trong viéc hoan
thanh luan vin nay. Quan trong hon 13 budc dau t6i da hoc duge phuwong phap tu hoc va nghién ctu.

T6i hy vong sé& duoc hoc tap va nghién ctru thém vé tmg dung cta dé tai nay.
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