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MO DAU

1. LY DO CHON DE TAT

Tit nhu cau thyc té ctia khoa hoc, van tai, cong nghé, kinh té, xa hoi, quan 1y...,
bai toan t6i uu da muc tiéu ngay cang duge quan tam khong chi vé mat 1y thuyét ma
con vi tinh thuc té ciia né.

Bai toan t6i wu da muc tiéu vé6i cac ham muc tieu va ham rang buoc 1a 16i da dudc
nghién cttu nhiéu va tinh 16i 13 gid thuyét duge diing thuong xuyén nhat trong mo hinh
ly thuyét toi wu va da dem lai nhiéu két qua quan trong va hét stic c¢6 ¥ nghia .

Tuy nhién ciing tit nhu cau kinh té, ki thuat, van tai, quan 1y, va cac van dé khac
trong thyc té, cAc ham muc tiéu v ham rang buoc 1a khong 16i.

Dé giai quyét duge mot phan nao van dé dé. Mot 16p cac bai toan khong 16i dugc
dé cap dén trong luan vian la sy mé rong cia bai toan Da Muc Tiéu Loi, goi 1a "Da
muc tiéu 16i tong quat" .

Khi nghién cttu cac bai toan da muc tieu 16i tong quat thi "diéu kién t6i vu "déng
mot vai tro hét siic quan trong trong 1y thuyét ciing nhu tinh thuc té.

Vi vay day 1 1y do toi da chon. Dé tai "Diéu kién ton tai nghiém ctia Quy
Hoach Lbi Téng Quat Pa Muc Tiéu " .

Noi dung chinh ctia dé tai la thiét lap cac dinh 1y vé diéu kién can va du dé bai
toan da muc tieu 18i tong quéat c6 nghiem hitu hieu.

2. MUC TIEU VA NOI DUNG NGHIEN CcUU

Muc tiéu va noi dung nghién citu cta luan van ve diéu kién ton tai nghiém cia
bai todn phi tuyén vdi cac ham muc tieu va ham rang buoc la gia-16i (pseudoconvex),
tua-16i (quasiconvex), invex (107 bat bién), Univex (don loi bat bién), V-invex (V- 10i
bat bién),...

Luan vian 1a ban khao ctiu cac két qua da cong bo trong vong 10 nam trd lai day
ve cac diéu kien can va du dé bai toan toi wu da muc tiéu 16i tong quat c6 nghiem.
3. PHUOGNG PHAP NGHIEN CUU

Heé théng cac kién thiic co ban vé tinh 16i, ham 16i, ham tuyén tinh, tinh kha vi ...
dé phuc vu cho nhu cau nghién ctu dé tai.



2

Tham khao tai lieu, tim hiéu chi tiét cac dinh nghia, bo dé, dinh 1y, hé qua... vé
didu kién c6 nghiém ctia cdc ham tong quét.

Bén cach d6 tac gid c6 gang chitng minh mot s6 bo dé va vi du da néu trong nhicu
bai bao ma khong c6 phan chiing minh.

Nghién cttu tt cac tai liéu trong va ngoai nude, giao trinh, bai bao, tap chi ...

4. Y NGHIA KHOA HOC VA THUC TIEN CUA DE TAI
Dé tai hé thong cach kha chi tiét mot s6 dang bai toan téi wu phi tuyén mé rong.

Trinh bay ré rang céc dinh 1y vé diéu kién ton tai nghiém ctia cdc dang bai toan
t6i wu phi tuyén md rong.

Dé tai ¢6 ¥ nghia quan trong trong ly thuyét cling nhu trong ting dung thuec té (
Khoa hoc, van tai, Kinh té, Quén 1y...)

5. CAU TRUC CUA LUAN VAN
Ngoai phan muc luc, mé dau va két luan, luan vian gom 3 chuong:
Chuong 1. Ham 16i tong quat.
Chuong 2. Ham dang I tdng quét va cac ham lién quan.

Chuong 3. Cac diéu kién ton tai nghiem ciia bai toan toi wu da muc tiéu 161 tong
quat.



Chuong 1

HAM LOI TONG QUAT

Bai toan t6i uu tong quat cho dudi dang.

Min f(x)
vdk.  gi(x) <0,i=1,2,...,m.
hi(z) = 0,5 = 1,2, ...k,
r e X.

Ham f: X - R, g: X — R™"va h: X — RFIa cac ham kha vi lién tuc va
X C R" la tap md.

Ki higu K = {x: x € X, g(x) < 0,h(x) = 0} 1a tap nghiém chap nhan dugc (hay
tap nghiém kha thi) ctia bai toan (P).

1.1 Tap 16i va ham 16i tdng quat

Dinh nghia 1.1.1. Tap X C R dudgc goi la 16i néu mdi z1,29 € X vA 0 < XA < 1 Khi
doé
)\1’1 -+ (1 — )\)[L’Q € X.

Dinh nghia 1.1.2. Ham f : X — R xéc dinh trén tap 16i X C R" dudc goi la ham
16i néu modi 71,22 € X va 0 < A < 1 Khi d6

SOz + (1= Azp)) < Af(zy) + (1= A) f(a2).

Dinh nghia 1.1.3. Ham f : X — R dudc goi la tya-16i trén tap X néu
f@) < fly) = fAz+ (1= Ny) < f(y), Yo,y € X,VA € [0;1]
hodc cho duéi dang:

fOw + (1= Ny) <maz{f(z), f(y)},Vr,y € X,VA € [0;1].
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Néu f 13 ham kha vi thi ta c6 dinh nghia sau:

Dinh nghia 1.1.4. Ham [ : X — R dugc goi 1a tya-16i (quasi convez) trén tap X néu
fx) < fly) = (z —y)V[(y) <0,Vz,y € X.

Dinh nghia 1.1.5. Cho f: X — R la kha vi trén tap md X C R" thi f dugc goi la

gi&-16i (psuedo conver) tren tap X néu:

f(x) < fly) = (r —y)Vf(y) <0,Va,y € X,

ho#c néu

(x—y)Vfly) >0= f(z) > fly),Vz,y € X.

Dinh nghia 1.1.6. Mot ham f : X — R kha vi trén tap mé X C R" dugce goi la gia
16i chat trén X néu

f@) < fly) = (. —y)Vfly) <0,Va,y € X,z #vy,

hoac

(z—y)Vfly) > 0= f(z) > f(y),Vo,y € X,z #y.

1.2 Ham Invex va Invex tong quat

Dinh nghia 1.2.1. Tap @ # T C R" dugc goi 1a n-invex ting v6i 7 néu ton tai
n: R" X R" — R" sao cho bat ki z,y € T va A € [0;1] thi

y+ n(z,y) €T.
Dinh nghia 1.2.2. Mot ham kha vi f : X — R™ X la tap mé cua R" goi la invex
tréen X ting v6i 7 néu ton tai ham gia tri vector n : X x X — R" sao cho
f@) = fly) = 0" (2, y)Vf(y), Y,y € X.
Dinh nghia 1.2.3. Ham f dugc goi la gid-invex (pseudo inver) trén X tng véi n néu
ton tai ham gia tri vector n: X x X — R" sao cho
N (z,y)Vf(y) > 0= f(z) > fly), Yo,y € X.
Dinh nghia 1.2.4. Ham f dugdc goi 1a tya-invex (quasi inver) tréen X tng véi n néu
ton tai ham gia tri vector n: X x X — R" sao cho
fx) < fly) = 0" (z,9)VF(y) < 0,Va,y € X.
Dinh nghia 1.2.5. Mot ham f : X — R dudc goi 1a Pre-invex trén X néu ton tai mot
ham vector n: X x X — R" sao cho
(y+ An(z,y)) € X, VA € [0;1],Vz,y € X,

va

fly+n(z,y)) <Af(z) + (1= A)f(y), VA € [0;1],Ve,y € X.
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1.3 Ham dang I va cac ham lién quan

Cho
P={z:zeX,g(x) =0} vaD={x:(x,y) €Y},
vOl
Y ={(z,y):2 € X,y € R™,V.f(x) +y" V.g(z) = 0;y = 0}.

Dinh nghia 1.3.1. f(z) va g(x) thi tu la ham muc tiéu v ham rang budc goi 1a ham
dang T (type I) ing v6i n(x) tai T néu ton tai ham vector n(x) : X x X — R™ sao cho

f(x) = f(&) 2 Vo f(@)]"n(x,Z),Yz € P
—g(z) 2 [Vo9(@)|Tn(z, z),Vz € P.

Dinh nghia 1.3.2. Ham f(z) va g(x) thi tu la ham muc tiéu va ham rang buodc goi
la ham gid dang I (pseudo type I ) tuong tng v6i n(x) tai £ néu ton tai ham vector
n(z) : X x X — R" sao cho

Vaf(@)]'n(z,7) 2 0= f(z) - f(x) 20,Vz € P

va
[Vaog(@)) ' n(z,z) =2 0= —g(x) = 0,Vz € P.

Dinh nghia 1.3.3. Ham f(z) va g(x) thi ty 1a ham muc tiéu va ham rang budc goi
1a ham tua dang I (quasi type I) tuong tng v6i n(x) tai T néu ton tai ham vector
n(xz): X x X — R" sao cho

flx) = f(@) = 0= [V f(7)]"n(z,7) S0,Vo € P

va
—g(2) £ 0= [Vog(2)]"n(z,7) £ 0,Vz € P.

Dinh nghia 1.3.4. Ham f(z) va g(x) thi tu la ham muc tiéu va ham rang buodc goi
1a cac ham tya-gid-dang I tuong tng véi n(x) tai Z néu ton tai ham vector n(x) :
X x X — R"™ sao cho

fl@) = f(z) S0= [V, f(2)]"n(z,z) S0,Vz € P

va
V.g(2) n(z,2) 2 0= —g(x) = 0,Vz € P.

Dinh nghia 1.3.5. Ham f(z) va ¢g(z) thd tu & ham muc tiéu va ham rang budc
goi 1a cac ham gid-tua- dang I tuong ting v6i n(z) tai Z néu ton tai ham vector
n(xz): X x X — R" sao cho

[Vof (@) 0(2,7) 2 0= f(z) - f(7) 20,Vz € P

va
—g(z) £0= [V,9(x)]"n(z,z) £0,Vz € P.
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1.4 Ham Univex va cac ham lién quan

Cho f la ham khé vi xac dinh trén tap @ # X C R" vacho @ : R — R va

k: X xX — R, véixz,z € X. Ki hi¢u k(z, x)—/l\lr%b(xa:)\)>0
—

Dinh nghia 1.4.2. Ham f dugdc goi 14 Univex ting v6i 7,2 va k tai Z néu Vo € X, ta

co

k(z, 2)@[f(2) — f(2)] 2 [V f(@)]"n(z, 2).

Dinh nghia 1.4.3. Ham f dudc goi 1a tua- Univex Gng v6i 1,2 va k tai T néu Vo € X,
ta co

o(f(x) = f(2)] £ 0= k(z,2)n(z,2)" V. f(z) S0

Dinh nghia 1.4.4. Ham f dudc goi 1a gid- Univer ting v6i n,a va k tai  néu Vo € X,
ta co

1\

n(z,2) Vo f(z) 2 0= k(z,2)0(f(z) — f(2)] = 0.

Dinh nghia 1.4.5. Cac ham kha vi f(z) va g(x) thi tu la ham muc tiéu va ham rang
buoc duge goi 1a dang I-Univexr ting véi 1,%q, D1, by, by tai T néu Vo € X ta c6

bo(x, )0l f () = f(2)] Z n(w, 2)" Vo f(2)

—by (2, 7)21[g(%)] Z n(z,7)" Vag(, 7).

1.5 Ham V-invex va cac ham lién quan

Dinh nghia 1.5.1. Mot ham da muc tiéu f : X — RP dudc goi la
V-Inver néu ton tai ham n: X x X — R" va a; : X x X — R*\ {0} sao cho mdi
r,reXvai=1,2 ..p, tacod

fix) = fi(Z) 2 iz, 2)V fi(T)n(z, 7).

Dinh nghia 1.5.2. Mot ham da muc tiéu f : X — RP dugc goi la
V-gid inver néu ton tai ham n: X x X = R"va §;: X x X — RT\ {0} véi z,z € X
vatr=1,2,...,p, ta co

ivfz(j) ZEI>O$ZB,J][E]CZ >Zﬁzx5€
i=1

Dinh nghia 1.5.3.M6t ham da muc tiéu f : X — RP dugce goi la
V-tua invex néu ton tai ham n: X x X — R" va 4, : X x X — R*\ {0} sao cho mdi
r,reXvai=1,2, .., p, tacod

>0z, 2) filw) £ Z f(@) = 3 _ V@) <0
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Dinh nghia 1.5.4. Bai toan téi uu da muc tiéu:

(VP) V-min (flaf?a"'va)

v.d.k. g(z) £0.

Véi f; : X - RPi=1,2,...,pvag: X — R™ la ham kha vi tréen X C R" md
dugc goi la bai toan toi uu da muc tieu V-invez néu moéi fi, fa, ..., fp V& g1, g2, -, Gm 12
ham V — invex.

Dinh nghia 1.5.5. Bai toan (VP) dugc goi 1a V-dang-I (V-Type I) tai z € X néu
ton tai cdc ham gia tri thuyc duong o; va 3; xac dinh trén tap X x X va ham vector
n: X x X — R" sao cho

filz) = fi(®) 2 as(x, 2)V fi(Z)n(, Z)

va

v6i méi z € X.

Dinh nghia 1.5.6. Bai toan da muc tiéu (VP) dugc goi 1a tua-V-dang-1
( quasi V type I) tai T € X néu ton tai cdc ham gid tri thuc duong «; va ; xac dinh
trén tap X x X va ham vector n: X x X — R" sao cho

Z nici(w, 7) [fi(x) = fi(@] 0= (e, 2)Vfi(z) S0

i=1

va

> aiBi(x,2)gi(r) 0= agm(z, )Vgi(T) £ 0,
j=1 j=1
v6i moi x € X.
Dinh nghia 1.5.7. Bai toan da muc tiéu (VP) dugce goi la gia-V-dang-1
(pseudo V-type I) tai T € X néu ton tai cdc ham gia tri thyc duong «; va §; xac dinh
trén tap X x X va ham vector n: X x X — R" sao cho

1\

ZTm(x,E)Vfi(f) =0= Zﬂ%(%f) [fi(z) = fi(z)] 2 0

> am(z, 1)Vei(T) 2 0= = a;B(z,7)g;(z) = 0,
j=1

j=1

vl moi z € X.
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Dinh nghia 1.5.8. Bai toan da muc tiéu (VP) dugce goi 1a tua-gia-V-dang-1
(quasi pseudo V-type I) tai T € X néu ton tai cac ham gia tri thye duong a; va 8; xac
dinh trén tap X x X va ham vector n: X x X — R" sao cho

Z nii(x, 7) [fi(x) = fi(7)] = 0 = Z nin(z, T)V fi(T) £ 0

va

> am(z, 1)V (T) 2 0= = a;B(z, T)g;(z) 2 0,

=1 j=1
v6éi moéi x € X.

Dinh nghia 1.5.9. Bai toan da muc tiéu (VP)dugc goi 1a gia -tua-V-dang-1
(pseudo quasi V-type I) tai T € X néu ton tai cdc ham gia tri thuc duong «; va §; xac
dinh trén tap X x X va ham vector n : X x X — R" sao cho

Zﬁn(x?f)vfi(f) 20= Zﬁ%(% z)[fi(z) = fi(z)] 2 0

va

=3 aiBi(x,3)g;(7) £ 0= agn(z, 1)V, (7) 0,
j=1

=1

vl moi z € X.

1.6 Mot s6 ham 16i tong quat mé rong

Dinh nghia 1.6.1. f dugc goi la gid-chit-yéu-Invex (weak strictly pseudoinvex) ting
véi 1 tai Z € X néu ton tai mot ham vector n(z, Z) dinh nghia trén tap X x X sao
cho,Vz € X,

flz) < f(z) = Vf(@)n(z,z) <0.

Dinh nghia 1.6.2. f dudc goi la gid manh invex ttng v6i n tai € X néu ton tai mot
ham vector n(x,z) dinh nghia trén tap X x X sao cho,Vx € X,

flx) < f(z) = Vf(@)n(z, 1) <O0.

Dinh nghia 1.6.3. f dudc goi 1a tua-yéu-inver tng v6in tai £ € X néu ton tai mot
ham vector n(z, z) dinh nghia trén tap X x X sao cho

f(x) < f(z) = V[(@)n(z,7) < 0,Ve € X.
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Dinh nghia 1.6.4. f dugc goi la gid-yéu-inver tng véin tai £ € X néu ton tai mot
ham vector n(z, Z) dinh nghia trén tap X x X sao cho

flz) < f(z) = Vf(@)n(z,z) <0,Vr e X.

Dinh nghia 1.6.5. f dugc goi 1a  tua-manh-inver tng v6i n tai T € X néu ton tai
mot ham vector n(z, ) xac dinh trén tap X x X sao cho

f(2) £ f(@) = Vf(@)n(e,7) < 0,¥x € X.

Dinh nghia 1.6.6. f dudc goi 1 gid-pre-invez-yéu tng véi n tai T € X néu X 1
invex tai T Ung v6i n, va moi x € X ,ta ¢

f(@) < f(7) = f(Z+ An(z, 7)) < f(2),0 <A 0.
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Chuong 2

HAM TYPE I TONG QUAT VA
CAC HAM LIEN QUAN

Trong chuong nay ching ta dinh nghia mot s6 bai toan Univex dang I tong quat.
Néu mot vai cac dang méi clia ham 16i tong quat nhu 1a
Ham dang I Univex, ham dang I Univex tong quat (generalized type I Univex function),
ham d-dang I khong kha vi (nondifferentiable d-type I function), Ham gid-d-loai I
khong kha vi (nondifferentiabl gid-d-type I function), Ham Tua- d-loai I khong khé vi
(nondifferentiable quasi-d-type I function).

2.1 Céac ham dang I-Univex téng quat

Trong cac dinh nghia duéi day, by, by : X x X x[0,1] — RT,b(z,a) = /l\irr(l) b(x,a,\) >
_>

0 , va b khong phu thudoc vao A néu cac ham by, by khd vi, ¢g, : R — R va
n: X x X — R"la mot ham vector . Xét bai toan da muc tiéu sau

(VP) Min f(z)
v.d.k. g(z) =0,
r e X,
Gday f: X — RF, g: X — R™, X la tap mé khac réng ciia R™.

Dinh nghia 2.1.1. Ta n6i bai toan (V P) la weak strictly pseudo type I Univex tai
a € Xy néu ton tai ham gia tri thyc by, by, ¢o, $1 va 1 sao cho

bo(x,a)polf(x) — f(a)] < 0= (Vf(a))n(z,a) <O,
—bi(z,a)¢1[g(a)] = 0= (Vg(a))n(z,a) <0,

Véimoix € Xgvavéimoii=1,...p, 7 =1,....,m.

Dinh nghia 2.1.2. Ta né6i bai toan (VP) la strong pseudoquasi type I Univer tai
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a € Xy néu ton tai ham gia tri thyc by, by, ¢o, $1 va 1 sao cho.

bo(, a)polf (x) — f(a)] 0= (V[(a))n(z,a) <0,
—bi(z,a)pr[g(a)] = 0= (Vg(a))n(z,a) =0,

véimoiz € Xovavéimoii=1,...p, 7 =1,....m

Dinh nghia 2.1.3. Ta né6i bai toan (V P) 1a tua chdt gid dang I Univezx yéu ting v6i
bo, b1, do, ¢1 va m tai a € Xy néu ton tai ham gia tri thic by, by, ¢o, ¢1 va 1 sao cho

bo(x, a)polf (x) — f(a)] <0 = (V[(a))n(z,a) =0,
—bi(z,a)pr[g(a)] = 0= (Vg(a))n(z,a) <0,

véimoix € Xgvavéimoit=1,....,p,7=1,....m

Dinh nghia 2.1.4. Ta néi bai toan (VP) 1a gid dang I Univer chat yéu tng v6i
bo, b1, do, ¢1 va m tai a € Xy néu ton tai ham gia tri thuc by, by, ¢o, ¢1 va 1 sao cho

bo(x, a)golf(x) — f(a)] <0 = (Vf(a))n(z,a) <0,
—bi(z,a)¢1[g(a)] = 0 = (Vg(a))n(z,a) <0,

viimoixr € Xgvavéimoit=1,....,p,7=1,....m

2.2 Ham d-dang I khong kha vi va cac ham lién
quan

Trong nhitng dinh nghia duéi day f : X — R* g: X — R™, X la tap mé khéc rdng

cia R",n: X xX — R"laham vector. Ta ki hieu f'(u,n(x,u)) = hrél+ [f(“H"(x/\’“))_f(“)]

va dinh nghia tuong tu cho ¢'(u,n(z,u)). Vé6i D = {z € X : g(z) < 0} 1a tap tat ca
cac nghiém chap nhan duge ctia bai toan (P), I =1,...,k, M =1,2,...,m, J(x) = {j €
M :g;(x) =0} va J(z) ={j € M : g;(x) < 0}. RO rang rang J(x) U J(z) = M.

Dinh nghia 2.2.1. (f, g) goi la d-dang I univex \ing v6i by, by, po, 1 va n tai u € X
néu ton tai by, by, g, 1 va 1 sao cho Vo € X,

’

bo(z, u)golf(x) — f(w)] 2 [ (u,n(x,u))

va

_bl(xa U)¢0[9<U)] i gl<u7 77(95; u))

Dinh nghia 2.2.2. (f, g) goi 1a gid tva d-dang I univex chit yéu tng véi by, by, ¢o, d1
va n tai u € X néu ton tai by, by, g, 1 va n sao cho Vo € X ,

bo(z, w)do[f (z) — f(w)] < 0= f (u,n(x,u)) <0

~bi(w,u)di[g(w)] £ 0 = g (u,n(x,u)) £ 0.
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Dinh nghia 2.2.3. (f, g) goi la gid tua d-dang I univex manh tng véi by, by, o, ¢1 va
n tai u € X néu ton tai by, by, ¢g, ¢1 va 1 sao cho Vo € X,

bo(a, w)o[f () = f(u)] < 0= f'(u,n(z,u)) <0

—bi(z,u)dr[g(u)] £ 0 = g (u,n(x,u)) < 0.

Dinh nghia 2.2.4. (f,g) goi 1a tua chat-gid d-dang I univex yéu 1ng v6i by, by, ¢o, d1
va n tai u € X néu ton tai by, by, ¢g, ¢ va 1 sao cho Vo € X,

bo(, w)o[f () = f(u)] < 0= f'(u,n(x,u)) <0

~bi(z, w)énlg(w)] £ 0= g (u,n(z,u)) <0.

Dinh nghia 2.2.5. (f,g) goi la gid d-dang I univexr chat yéu tng v6i by, by, go, ¢1 va
n tai v € X néu ton tai by, by, ¢, ¢1 va n sao cho Vo € X,

bo(, u)golf () = f(w)] <0 = [ (u,n(a,u)) <0

—bi(a, u)d1[g(u)] £ 0 = g (u,n(x,u)) <0,

2.3 Ham type I lién thong ni¥a dia phuong

Dinh nghia 2.3.1. Tap Xy, C R™ dugc goi la mot n-hinh sao dia phuong tai z,z € X,
néu véi moi € Xy ton tai 0 < a,(x,Z) < 1 sao cho T + An(x,z) € X v6i bat ki
A € [0, a,(z, 7).

Dinh nghia 2.3.2. (Preda 1996) Cho ham f : Xy — R™, v6i Xy C R™ la mot tap
n-hinh sao dia phuong tai z € X,. Ching ta néi rang f 1

(a) Pre-invex nia dija phuong (slpi) tai T néu tuong ting véi T va véi mdi x € Xo,
ton tai mot s6 duong d, (x, Z) < a,(x, T) sao cho f(Z+ M(z,z)) S Af(x)+ (1N f(Z)
Vol 0 < X < d,(z, 7).

(b) tua-Pre-invex nita dia phuong (slgpi) tai T néu tuong ting véi T va véi moi o €
X, ton tai mot sé duong d,(z,Z) < a,(z, ) sao cho f(x) < f(Z) va 0 < A < d,(z, )
suy ra. f(7 + An(z, 7)) < £(2).
Dinh nghia 2.3.3. Cho ham f : Xy — R™, v6i Xy C R™ la mdt tap n-hinh sao dia
phuong tai T € Xy. Chung ta néi rang f 1a p-nita kha vi tai Z néu (df )" (z,n(x, z))ton
tai v6i méi 7 € X, Vi

_ _ R S _ _
—0+ A

(dao ham phai tai Z theo huéng n(x, 7)). Néu f 1a p-nita kha vi tai bat ki 7 € X, thi
f goi la p-ntta kha vi trén Xj.
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Dinh nghia 2.3.4. (Preda 1996) Ham f goi la gid-preinver nia dia phuong (slppi)
tai ¥ néu voi moi € Xo, (df)*(z,n(z, 7)) 2 0= f(z) = f(T) .Neu f la slgqi tai bat
ki z € Xq, thi f 1a slpp: trén X,.

Dinh nghia 2.3.5. Cho X va Y 1a hai tap ctia Xy vd 4 € Y. Chiing ta néi rang Y 1a
n-hinh sao dia phuong (locally starshaped) tai § ting v6i X néu bat ki z € X, ton tai
0 < ay(z,y) £ 1sao cho y+ An(z,y) € Y v6imoi 0 £ X < q,(x, 7).

Dinh nghia 2.3.6. Cho Y la n-hinh sao dia phuong (locally starshaped) tai y ting véi
X va f la ham n-nita kha vi tai . Chung ta néi f la

(a) Slppi tai y € Y ting véi X, néu bat ki z € X, (df)"(y,n(z,y)) = 0= f(x) =
f().

(b) gid-preinvex nita dja phuong chat (sslppi) tai j € Y ting véi X néu véi bat
kKizeX x#y (d)(y.n(y)20=fz)> f©)

Dinh nghia 2.3.7. (Ester and Nehse 1980). Mot ham gidng ham 161 (convexlike)
f:Xo—= Rnéua,ye Xova0< X1, c6 z € Xy sao cho

f(z) S M (@) + (1= A)f(y).

Xét bai toan phan thiic sau:

(VFP) Min (243, .., 25)

0@ gl
. <0G —
v.d.k.{ hj(z) £0,j=1,2,...,m,
x € X

Dinh nghia 2.3.8. Ching ta goi bai toan (V F'P) la n-dang I-Preinver nia kha vi tai
Z néu bat ki 7 € X, ta co

filz) — fi(x) 2 (dfs)"(z,n(x, %)), Vi € P,
(

Dinh nghia 2.3.9. Ching ta goi bai toan (VFP) la n-gid tua dang I-Preinvex nia
khd vi tai 7 néu bat ki z € X, ta ¢6

(df:)"(z.n(z,2)) 2 0= fi(z) 2 fi(z), Vi€ P,
)

(dg)*(z,n(x, 7)) 2 0= gi(x
~hy(#) £ 0= (dhy)* (7, n(a )

I
RS
<

m

Dinh nghia 2.3.10. Chung ta goi bai toan (V FP) la n- tua gia dang I-Preinvez nia
khd vi tai 7 néu bat ki z € X, ta ¢6

fix) = fi(@) = (df)" (2, n(z, 7)) £0,Vi € P,
(
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2.4 Ham Invex khong tron va cac ham lién quan

Trong phan nay ta ki hieu R" 1a khong gian Oclit n chiéu, X 1a tap con khéc rong
cua R™.

Dinh nghia 2.4.1. Mot ham f : X — R dugc goi 1a Lipschitz cin x € X néu cho
moi K >0,
lfly) — f(2)] < K|y — 2|, Vy, z trong khodng lan can cta = € X.

Chung ta néi rang f : X — R 1a Lipschitz dia phuong trén X néu né Lipschitz
can bat ki diém nao clia X.

Dinh nghia 2.4.2. Néu ham f : X — R 1a Lipschitz tai x € X, thi dao ham suy rong
clia f tai z € X theo huéng v € R" | ki hieu f°(z,v), cho béi

£z, v) = limsup L2 = FW]

y—x A
AlL0

Dinh nghia 2.4.3. Gradient suy rong Clarke ctia f tai x € X, ki hieu 0f(x), duge
dinh nghia nhu sau

Of(x) = {6 € R": fO(x;v) > ¢Tv, Vv € R"}.
suy ra voi moi v € R™ bat ki thi

FO(a;0) = maz{€v : € € Of(2)}.

Dinh nghia 2.4.4. Ham khong khéa vi f : X — R goi la invex ting véi
n: X x X — R" néu

f(z) — f(u) = Tn(x,u), V¢ € Of (u),Vo,u € X.

Dinh nghia 2.4.5. Ham khong kha vi f : X — R goi la invex chat tng véi n :
X x X — R" néu

fl@) = flu) > € n(z,u),YE € Of (u), Vo # u € X.

Dinh nghia 2.4.6. Ham khong kha vi f : X — R goi la gia inver tng véin : X x X —
R™ néu
f(x) = fu) < 0= &Tn(x,u),VE € 0f(u),Vo,u € X.

Dinh nghia 2.4.7. Ham khong kha vi f : X — R goi la gia- invex chat tng véi
n: X x X — R" néu

n(z,u) > 0= f(z) > f(u),VE € 8f(u),Vr,u € X.
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2.5 Ham dang I va cac ham lién quan trong khong
gian Banach

Cho E, F va GG la cac khong gian Banach. Xét quy hoach toan hoc sau
(P) Min {f(x):z€C,—g(z) € K}
6day f: F—>Fvag: F—>G,v6iC C E,K CG.
Dao ham suy rong theo huéng ciia ham Lipschitz dia phuong tit F vao R, nhu
dinh nghia (2.4.2) tai = theo huéng d , ki hieu f°(x,d), cho béi

[f (z + td) — f(«%)]
t

fY(z,d) = limsup
z—a0
£10

Gradient Clarke tong quat ctia ¢ tai = la tap

0¢(z) = {z* € E* : ¢°(z,d) >< 2*,d >,Vd € X}.

4 day E* 1a khong gian Topo déi ngau clia F va < e, e > 1a ciap doi ngau.

Cho C'1a tap khac rong ctia E , Ham 6¢(.) : F — R 1a ham khoang cach tit x dén
C' dinh nghia nhu sau
oc(x) = inf{llz —cf:ceC}

Ham khoang cach khong phai kha vi hau khap noi, nhung 13 Lipschitz dia phuong.

Cho 7 € C. Mot vector d € E goi la tiép tuyén ctia C tai T néu

0o (f, d) =0.

Tap cac vector tiép tuyén ctia C tai T la nén 16i déng trong F, goi 1a nén tiép xic
Clarke (tangent cone) ctia C' tai  dugce ki hieu la T (7).
Dinh nghia 2.5.1. Mot anh xa h: E — G dudc goi la ham Lipschitzian compact tai
T € F néu ton tai ham da tri (ham tap) R: E — comp(G) véi (comp(G) 1a tap tat ca
tap compact dinh chuan ctia G)
va ham r : £ x F — R, théa man cac diéu kién sau

i) lim r(z,d)=0;

r—Z,d—0

ii) Ton tai a > 0 sao cho t~![h(z + td) — h(z)] € R(d) + ||d||r(z,t)Bg,
Vo € Z+ aBg vat € (0,a) 6 day Be 1a qua cau don vi déng tam la gbc cia G

iii) R(0) = {0} va R nita lién tuc trén.

Phuong et al (1995) dua vao khéi niém inver cho ham thyc Lipschitz dia phuong
¢:FE— Ring véitap 0 #C C E.
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Dinh nghia 2.5.2. ¢ dugc goi 1a inver tai z € C' ,theo C, néu méi y € C ton tai
n(y,z) € Te(x) sao cho
é(y) — ¢(z) = ¢°(2,n(y, 2)).

¢ 1a inver trén C néu bat ding thiic trén ding véi moi z,y € C.

Dinh nghia dué6i day la mé rong khai niém Invex cho cac ham gitta cac khong gian
Banach.
Dinh nghia 2.5.3. f: E — F vag: E — G 1a Invez néu u*of va v*og la inver theo
dinh nghia (2.5.2 ) Vu* € Q* va v* € K*.

Cac dinh nghia duéi day la md rong khéi niém ctia ham dang [ ham gid dang I, tua
dang I va ham gid tua dang I, tua gid dang I trong khong gian Banach.

Dinh nghia 2.5.4. Ham gia tri thuc Lipschtz dia phuong (Locally Lipschtz read-valued
functions) f: E — Rva g: E — R goi la Type I tai x € C' ,theo C, néu v6i mdi
y € C, ton tai n(y,x) € Te(x) sao cho

fy) = fz) > fo(zsn(y, x))

Dinh nghia 2.5.5. (f,g) goi 1a tua dang I tai x € C theo C, néu mdi y € C,c6
n(y,z) € Te(x) sao cho

fy) < flz) = fPzn(y,2)) <0,
—g(z) < 0= ¢°(z,n(y,x)) <0.

Dinh nghia 2.5.6. (f,g) goi 1a gid dang I tai € C theo C, néu mdi y € C,c6
n(y,x) € Te(x) sao cho

fozin(y,z) > 0= fly) > flz),
¢ (z,m(y,z)) < 0= —g(z) < 0.

Dinh nghia 2.5.7. (f,g) goi 1a tua gid dang I tai x € C' ,theo C, néu mdi y € C,c6
n(y,x) € Te(x) sao cho

fy) < flx) = fPan(y,)) <0,

¢ (z,m(y,z)) < 0= —g(z) > 0.

Dinh nghia 2.5.8. (f,¢) goi la gid tua dang I tai x € C' ,theo C, néu mdi y € C,c6
n(y,z) € Te(x) sao cho

@iy, ) > 0= f(y) > f(z),

—g(z) <0 = ¢°x,n(y,z)) <0.
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Dinh nghia 2.5.9. (f,9) goi 1a tua chdt gid dang I tai z € C, theo C, néu moi
y € C,c6 n(y,z) € Te(x) sao cho

fy) < flx) = fPan(y,)) <0,

¢°(z,n(y, x)) < 0= —g(z) > 0.
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Chuong 3

DIEU KIEN TON TAI NGHIEM
CUA BAI TOAN TOI UU bA
MUC TIEU LOI TONG QUAT

3.1 Diéu kién toi vwu cho bai toan toi vu da muc
tiéu
Trong phan nay, ching ta thiét lap mot s6 diéu kien t6i wu di dé cho a € X 1a

nghiém hitu hiéu clia mot bai toan tdi wu da muc tieu (Tdi wu Vector).
Xét bai toan téi wu da muc tiéu

(VP) Min f(x) =(fi(x),...., fp(x))
v.d.k. g(x) <0,
re X CR",

Trong d6 f: X — RP va g: X — R™ la cac ham kha vi va X C R" la tap md.
& day viéc tim nghiém cye tiéu c¢6 nghia la tim tap hop cac diém hitu hieu. Ki hieu X,
la tap tat ca cac nghiem chap nhan dugce (nghiém khd thi) ciia bai toan (VP).

Dinh 1y 3.1.1. (Diéu kien du ) gia st rang
(1) a € )(()7
(ii)Ton tai 7° € RP,7° > 0 va A’ € R™ \° = 0 sao cho:

(a)™°V f(a) + A"Vg(a) = 0,
(b)A"Vg(a) =0,
(c)r’e=1,8day e = (1,...,1)T € RP;
(iii) Bai toan (VP) la gia tua dang I univexr manh tai a € Xy tng v6i moi by, by, o, 01
va 1;
(iv) u <0=0o(u) <0vau<s0=0y(u) =0
(V)bo(z,a) > 0 va by(z,a) 20
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v6i moi nghiém kha thi . Khi d6 a 1a mot nghiém hitu hiéu cia bai toan (VP).

Dinh 1y 3.1.2. (Diéu kien du) gia si rang
(1) a € XO;
(ii)Ton tai 7% € RP, 70 > 0,va A € R™, \° 2 0 sao cho

(a)™°V f(a) + A"Vg(a) = 0,

(b)A°Vg(a) =0

(c)’e=1,8day e= (1,...,1)T € RP;
(iii) Bai toan (VP) 1a gid tua dang I univez chat yéu taia € Xo ting v6i mdi by, by, ¢g, 61
va 1;
(iv) u<0=90p(u) <0vau<0=0y(u) =0

(v) bo(z,a) >0 vaby(x,a) 20
v6i moi nghiém x khé thi. Khi d6 a 1a mot nghiém hiu hiéu cia bai toan (VP).

Dinh ly 3.1.3(Diéu kién du) gia sit rang
(1) a € )(07
(ii)Ton tai 79 € RP, 70 = 0,va A € R™, \° 2 0 sao cho

(a)T°V f(a) + \°Vg(a) = 0,

(b)A°Vg(a) =0,

(c)r’e=1,8day e= (1,...,1)T € RP;
(iii) Bai toan (VP) 1a gid dang I univex chat yéu tai a € Xy ting v6i moi by, by, 0, 01
va, 1);
(iv) u <0=0o(u) <0vau<s0=0y(u) =0

(v) bo(z,a) >0 va by(z,a) = 0;
v6i moi nghiém z kha thi. Khi d6 a la mot nghiém hiu hiéu cta bai toan (VP).

3.2 Diéu kién t6i vu cho bai toan téi uvu da muc
tiéu khong kha vi

Xét bai toan t6i wu da muc tieu

(P) Min f(z)
vdk.  g(z) 20,
reX.

V6i f: X - RF,g: X - R"va () #X C R". Cho ham vector n: X x X — R™.
Ta ki hieu f'(u,n(z,u)) = lim f(““"(:i\’“))_f(“). Cho D = {z € X : g(z) £ 0}

A—07F
la tap tat cd cac nghiem kha thi (nghiem chap nhan dugce) ctia bai toan (P). Véi
J()={jeM:gj(x)=0}vaJ(x)={jeM:gj(r) <0} rdorang J(z)U J(z) = M.
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Bo6 dé 3.2.1. (Diéu kien t6i wu can Karush-Kuhn-Tucker) Cho # 1a mot nghiem hitu
hiéu yéu ctia (P). Gia stt g; 1a lien tuc véi j € J(z), f va g 1a kha vi theo huéng tai z
véi f'(%,n(z, 7)) va g;(%,n(z, 7)) 1a cac ham preinvex ctia ¥ € X. Hon nita g théa man
didu kien Slate tong quat tai z. Khi d6 ton tai i € R, sao cho (7, /i) thda man cac
diéu kien sau:

f(z,n(x,2) +a" gz nxz) 20,Ve € X, (3.10)
itg(x) =0, (3.11)
9(z) = 0. (3.12)

Dinh 1y 3.2.1. Cho Z 1a mot nghiém chap nhan duge ctia (P)va thoa man diéu kien
(3.10),(3.11),(3.12). Hon thé nita néu bat ki diéu kién ndo sau day duge thoa méan:
a)(f,pTg) 1a gid tua d-dang-I univex manh tai T tng vdi by, by, ¢o, 1 VA 0 VGi by >
0,a < 0= ¢g(a) <0vab; 20,a=0= ¢1(a) = 0;

b)(f, utg) 1a gid tua d-dang-I univexr manh chdt yéu tai T ing véi by, by, ¢o, @1 va 1 V6i
boZO,CL<O:>¢0(CL) <0 vab EO,CL:O:>¢1(CL)§0,

c)(f,uTg) 1a gid d-dang-I univexr manh tai T tng v6i by, by, o, d1 va 1 v6i by > 0,a <
0= ¢o(a) <0vab; 20,a=0= ¢i(a) = 0;

Thi Z 1a nghiém hitu hiéu yéu ctia bai toan (P).

3.3 Diéu kién t6i vu cho bai toan phan thic Min-
imax

Xét bai toan phan thitc minimax

. f(z,y)
P Min F(x) =su 3.19
(P (0 =sup 11222 (3.19)
v.d.k. g(xz) 20,
v6i Y la tap Compac cua R™, f(.,.) va h(.,.) : R x R™ +— R la ham kh& vi v6i
f(z,y) 20 va h(z,y) > 0vag(.,.): R" — RP la ham kha vi.
Ki hiéu
f(z,y) f(z,2)

= sup

hz,y)  zev h(m,z)}"]:{l’zﬂ"vp}

Y(x):{er:

J(z) ={j € J:g(x) =0}
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va K = {<S’t’g) €N x Rj— X R™: 1 § S §n+1at: (tlw'-ats) € Rj— VOl th =1va
i=1
= (Y1, ye) Vay; €Y(2),i=1,...,5}.

B6 dé 3.3.1. (Chandra anh kumar,1995). Cho z* 1a nghiém t6i uu ctia bai toan (P)
va cho Vg;(z*),j € J(z*) la doc lap tuyén tinh. Khi d6 ton tai (s*,t*,7) € K,v* € R
va n* € RY sao cho

s* p
StV y) — v Vh(z" )} + VY pgi(at) =0, (3.20)
i=1 j=1
fz* y;) —v*h(z*,y;) =0,i = 1,2, ..., 8", (3.21)
p
> i5gi(xx) =0, (3.22)
j=1
pERLEZ0Y =1y eY(a)i=1.,5s" (3.23)
=1

Dinh ly 3.3.1. Gia stt rédng (z*, u*, s*,v*, t*, ) thod man céc diéu kién (3.20) — (3.23).

Néu (i t(fCy) —v'h(,u), i wig;(.)) 1a gid twa V-dang I tai z* tng v6i n, oy, B, t

N\ ’éﬂll r* 13 nghiem t6i uu CﬁZ;EP).

Dinh ly 3.3.2. Gia st rédng (z*, u*, s*,v*, t*, i) thoa man céc diéu kien (3.20) — (3.23).

Néu (i tr(f(,y) —v*h(.,y)), iu;gj(.)) & tua chat gia V-dang I tai x* tng véi

n, &, ﬁlj,lt va p thi o* 1a nghiémjt%:i uu cua (P).

Dinh 1y 3.3.3. Gia st rang (z*, u*, s*, v*, t*, ) thod man cac diéu kien (3.20) — (3.23).

Néu (itf(f(,yz) —v*h(., ¥:)), f: wig;(-)) 1a tua V-dang I niia chdt tai z* ting véi

n, a;, ﬁl]_-,lt va p thi z* 1a nghiém]t_éli uu cua (P).

Dinh 1y 3.3.4. Gia st rang (z*, pu*, s*,v*,t*, §) thod man cac diéu kien

(3.20) — (3.23) .Néu (sz*ltj(f(,yz) —v*h(., ), ilpjgj(.)) la gia V-dang I chat tai
i= =

x* ung véi 1, a;, B, va p, thi z* 1a nghiem t6i wu cta (P).
3.4 Diéu kién to6i vu cho bai toan toi wu da muc
tiéu trong khong gian Banach

Xét bai toan Toi wu Vector tong qudt.

(P) Min {f(x):ze€C, —g(z) € K}



22

Trong d6 f: E — F,g: E — G la Lipschitzian compact manh tai zg € E, K C G la
noén 16i, déng, c6 dinh v6i phan trong khac réng , va C 1a tap khac réng cia E .

Ki hieu ' 1a tap tat ca cdc nghiem chap nhan duge (nghiém kha thi) ctia bai toan
(P), gia sit 1a khéac rong, nghia la
S={zeC:g(x)<0}#0

Dinh 1y 3.4.1.(diéu kién t6i wu di1): Gid sit rang ton tai zo € I vh u* € Q*, u* #
0,v* € K* sao cho 3k > 0 dé

0 € d(u*of + v*og + kéc)(zo), (3.31)

(v*, 9(20)) =0 (3.32)

Néu (u*of,v*og) 1a type-I tai xy € S ting v6i C' thi 2o 13 nghiém hitu hieu yéu (weak
efficient solution) cta (P).

Dinh 1y 3.4.2. Gia st ton tai zg € S va u* € Q*,u* # 0,v* € K*, gid st k > 0 va
(3.31), (3.32) ctia dinh 1y (3.4.1) thod man. Néu (f,g) 1a gid tua dang I tai zo tng
véi C', va cing ham 7 , thi zo 13 nghiém hitu hiéu yéu cia (P).

Dinh 1y 3.4.3. Gia st ton tai 79 € S va u* € Q*,u* # 0,v* € K*, gid st k > 0 va
(3.31),(3.32) cua dinh ly (3.4.1) thod man. Néu (f,g) 1a tua chat gid dang I tai x
tng v6i C', va ciing 1 € To(xg) , thi xg 1a nghieém hitu hieu yéu cia (P).

3.5 Diéu kién tdi vu cho bai toan téi wu phan
thitc v6i ham dang I-Pre-invex nita dia phuong
(Semilocally Type I pre-invex functions)

0@ (@)
. <0 —
v.d.k.{ hj(z) £0,j=1,2,...,m,
x € Xp

Dinh ly 3.5.1. Cho z € X va bai toan (VFP) la n-Semilocally type I-Preinvez tai ,
hon thé nita gia s ring ton tai \° € RP, u® € RP,v° € R™ sao cho

D) (@ (e 7)) + W (dh) (7, m(x, 7)) 2 0,V € X (3.37)

(df,) " (@, m(z, 7)) S 0,Yz € X,Vi € P, (3.38)

" h(z) =0, (3.39)



hz) <0, (3.40)
A =1, (3.41)
N >0,u°>0,0° >0, (3.42)

v6i e = (1,1,...,1)T € RP thi z la mot gid tri cuc tiéu yéu dia phuong clia bai
toan(VFP).

Dinh 1y 3.5.2. Cho z € X va bai toan (VFP) 1a n-Semilocally type I-Preinver tai T,
Hon thé nita gid st ton tai \° € RP,u) = fi(%)/g:(Z),i € P,v° € R™ sao cho

g N ((df) (@, n(x, 7)) — wo(dg)" (2, n(w, 2))) + o (dh) " (2, n(x,)) Z 0,
Vo € X, (3.51)
" h(z) =0, (3.52)
h(z) = 0, (3.52)
e =1, (3.54)
N >0,u’>0,0° >0, (3.55)

v6i e = (1,1,....,1)T € RP thi 7 1a mot gid tri cyc tiéu yéu dia phuong clia bai
toan(VFP).

Dinh 1y 3.5.3. Cho 7 € X, \° € RP, ) = fi(7)/g?(z),1 € P va v’ € R™ sao cho cac
diéu kien (3.51), (3.55) ctia dinh 1y (3.5.2) dugc thod méan. Hon thé nita, gia st rang bai
toan (VFP,) 1a n- gid-tua-dang I-Preinvex nia dia phuong tai z. Khi d6 z 1a nghiém
cuc tiéu clia bai toan (VEP,).
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KET LUAN

Noi dung chinh ctia luan vin trinh bay c¢6 huéng hé théng cac 16p ham tong quat
ctia ham 16i, cu thé 1a : Ham Invex ;ham Preinvex, ham Univex, ham V-Invex, va mot
s6 ham 16i tong quat mé rong khac.

Ngoai ra luan van hé théng cac 16p ham Type I, ham Type I khong kha vi, ham
Invex khong tron, va cac ham Type I trong khong gian Banach.

Luan van da chi ra dude mot s6 diéu kién vé viéc ton tai nghiém ctia cac bai toin
t61 wu da muc tieu 16i tong quat, t6i wu da muc tieu khong kha vi, bai toan phan thic
minimax, bai toan t6i wu da muc tiéu trong khong gian Banach, v bai toan t6i wu
phan thtc v6i cac ham dang I pre-invex nita dia phuong.



