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MO PAU

1.Ly do chon dé tai:

Hién nay dinh Iy diém bat dong 14 mot van dé nghién ciru rat 1on cia
toan hoc hién dai,rit nhiéu nha toan hoc trén thé gidi da va dang nghién ciru
phat trién. Trong d6 dinh ly diém bat dong loai Krasnosel’skii va tmg dung
vao phuong trinh tich phan 1a vin dé duoc quan tAm rat nhiéu.Vi vay chiing
t6i chon dé tai nay lam ndi dung nghién ctru cua lun vin .

2.Muc dich:

Ludn vin nay nghién ctru sy tng dung cua dinh ly diém bat dong loai
Krasnosel’skii vao phuong trinh tich phan .
3.Pé6i twong va pham vi nghién ciu:

Noi dung ludn van dua vao ba bai bao [1],[2],[3] ,trong d6 chung toi

nghién ctru dinh 1y diém bat dong loai Krasnosel’skii va tng dung dé chimg
minh sy ton tai nghi€m cua phuong trinh tich phén.

4.y nghia khoa hoc thuc tién

Két qua cua ludn van nay 1a co s& dé ti€p tuc nghién clru sy ton tai
nghiém cua phuong trinh tich phan.

5.Cau trdc luin vin

Luan van gom 3 chuong

Chuong 1: Chung t6i trinh bay ,chirng minh mét dinh 1y diém bat dong
loai Krasnosel’skii-Sheafer va chimg minh su ton tai nghiém cua phuong

trinh tich phan.



Chuong 2: Chiing t6i trinh bay ,chimg minh mot dinh 1y diém bat dong
loai Krasnosel’skii trong khong gian Frechet va ching minh su ton tai
nghiém cua phuong trinh tich phén.

Chuong 3: Chung toi trinh bay ,chimg minh dinh 1y diém bat dong cho
mot dang anh xa co trong khong gian ham lién tuc va ing dungvao phuong

trinh tich phan.



MUC LUC



CHUONG 1: MOT PINH LY PIEM BAT PONG LOAI
KRASNOSELS”KII-SCHAEFER

Trong chuong nay trinh bay va ching minh mét dinh 1y diém bét
dong loai Krasnoselskii-Schaefer va tng dung dé ching minh su ton tai

nghiém cua phuong trinh tich phéan :

(1) o(t)

X =q(0)+ [ V(LXO)ds + [ k(t5)g(s. x(n(sN)ds, ted FIEQ)
VoiJ=[0.1].
1.1) Dinh nghia
Dinh nghial.1.1

Cho X 1a khong gian Banach, anh xa A: X — X dugc goi la anh xa co
phi tuyén néu ton tai ham lién tuc khong giam ®: R* — R™ sao cho :
||AX - Ay” < cD(”X - y”) vO1 moi X,y € X , CD(F) <r,r>0 .dac biét

d(r)=ar,0 <o <1 thi A dugc goi 14 4nh xa co trén X voi hing s co 1a
o
Dinh nghia 1.1.2

Anhxa B:JxR =R dugc goi la R Caratheodory néu thoa:
i) Anhxa ta B(t,X) doduoc VX € R .
ii) Anh xa X @ PB(t,X) lien tuc hiu khip noi véi t € J.
iii) VreR ,(r>0) t3n tai ham hr € L(J, R) thoa:

B(tx)| <hr(t) ted VxeR,|x| <t



Cac ky hi¢u
“* BM(J,R) la khong gian cac ham bi chdn va do dugc trén J,véi chuin

”X”BM = max|x(t)|
ted

> '(J,R) Ia khong gian cic ham do dugc Lebesque trén J ,v6i chuan
1
1= [ xcolas

1.2) Cac dinh ly co ban

Trude hét ta xét dinh 1y diém bat dong ctia Boy va Wong[4], dinh 1y
dung dé chirng minh sy t6n tai va duy nhat nghiém ctia phuong trinh tich
phan phi tuyén.

Dinh 1y 1.2.1
Cho S 1a tap 16i dong bi chin trong khong gian Banach X va A:S—S la

anh xa co phi tuyén thi A c¢6 duy nhit mot diém bat dong X *va

limA"X = x*,VxeS

N—>o0
Tiép theo ta xét mot dinh 1y diém bAt dong cua Scheaefer [8] lién quan
dén toan tir hoan toan lién tuc.
Dinh 1y 1.2.2
Cho T : X - X latoan tir hoan toan lién tuc khi doé ta co:
1)Phuong trinh x=1Tx ¢6 mdt nghiém véi 1 =1 hodc:

ii)Tap hop €={ueX,u=ATu,Ae(0,1)} 1a khong bi chin.

Burton va Kirk [6] da két hop dinh 1y 1.2.1 va 1.2.2 dé ching minh dinh 1y

Sau.



Dinh 1y 1.2.3
Cho Ava B : XX 1a 2 toan tir thoa:
a)A la anh xa co.
b)B la todn tr hoan toan lién tyc.
Khi do6 ta co:

1)Phuong trinh Ax+Bx=x c6 m{t nghi¢m hodc:
u
ii)Tap hop €= {U e X: XA(X) +ABu=uUAe€ (0,1)} 14 tap khong bi chin.

Nhan xét:

Pinh 1y 1.2.3 dung chimg minh sy t6n tai nghiém ciia phuong trinh
tich phan dang hon hop [6] .Nhung trong truong hop A khong phai l1a anh xa
co thi dinh 1y 1.2.3 khong dung duogc ,vi vay ta xét dinh 1y diém bat dong
dang Nashed-Wong-Shaefer.

1.3)Mét dinh ly diém bat dong loai Krasnoselskii-Schaefer

Pinh Iy 1.3.1
Cho A, B :X—X Ia 2 toan tir thoa 2 diéu kién :
a) A 1a tuyén tinh bi chin va ton tai p eN ma AP 1a anh xa co phi tuyén.
b) B la hoan toan lién tyc.
khi dé:
i) Phuong trinh Ax+ABx=x c6 mdt nghiém véi L =1 hoic:
ii) Tap hop €={ue X:Au+ABu=u,A e(0,1)} 1a tap khong bi chin.
Chirng minh;

Dinh nghia &nh xa T : X — X boi:

Tx = (I-A)'Bx



Ta c6 phuong trinh A(I-A)Bx = X <> AX +ABX = X, A € [0,1]

Trude hét cin ching minh T duoc dinh nghia diing va T hoan toan lién

tuc trén X
Ta co:
1 p1
(=AY =1+ A + A%+ + AP = (12AP) (Z A))
J=0

. 1
Do AP 1a 4nh xa co phi tuyén nén toan tir (I-AP) " 1a ton tai trén X, mit
p—1

khac A 1a tuyén tinh bj chan , j§0 A 13 toan tir tuyén tinh bi chan tir X - X

-1 pz_:l _l

j=o ton tai nén T duoc dinh nghia dung va la anh xa tir

XX, ta can ching minh (1—A) " lién tyc. Thét vy, do A la tuyén tinh

va bi chdn nén A lién tuc suy ra Al lién tuc (j =1,2,3,...) nén (I—A)_l la

lién tyc trén X, vi B 1a compact dodo T = (l_A)_lB la hoan toan lién tuc
tir X - X theo dinh Iy 1.2.2 ta ¢6 diéu phai ching minh.
1.4) Sw ton tai nghiém

Ung dung dinh 1y 1.3.1 ta chting minh su ton tai nghiém ciia phuong

trinh tich phan phi tuyén sau:

x()=a()+ [ vt s)x@O(E)ds+ [ k(t,)g(s x(nE))ds, ted
Trong do:

FIE (1)

g:J>R,v,k:IJxJ—>R,0:JxR >Rvau,d,0,n:J—>J véi
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J=[o1] c R

Ta xét cac gia thiét:
(Ho):cac ham 1, 0,0,1n:J —J 1a lién tyc.
(H):ham g:J —> R 1alién tyc.
(H2):ham V,K:JxJ =R 1alién tuc.
(H3):ham ¢ 1a L!-caratheodory.
(H4):Ton tai ham $e Ll(\], R) vaham V : [O,OO) — (0,00) lién tuc
khong giam sao cho  |9(t, X)| < d()w (x|, teJ, ¥xeR
Pinh 1y 1.4.1

Gia st gia thiét tir (H0) d¢én (H4) duoc thoa man va

0 ds

>C
lally,, s+ (S)

u(t)<t, 0(t) <t, n(t)<t, o(t) <t, Vteld, v6i

C = max {V,K||¢||Ll} V= max |v(t,9)], K = max |k(t,s),
t,sed t,sel
khi d6 phuong trinh FIE(1) c6 m{t nghi€ém trén J.
Chirng minh
Dinh nghia toan tt A,B: BM(J,R) — BM(J,R) dinh bo1:

Ax(t) = jou(t) v(t,s)X(0(s))ds ,teld

Bx(t) =q(t) + Ioc(t) K(t,s)g(s,x(n(s)))ds ,tel

Vay thi bai toan tim nghiém cua FIE (1) la bai todn tim nghi€ém cua
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phuong trinh Ax(t) +Bx(t) =x(t), t €J hay Ax(t) + 4 Bx(t) =x(t),v6i 1
=1,can chirg minh 2 toan tir A,B thoa diéu kién dinh 1y 1.3.1

A 13 toan tir tuyén tinh bi chin voi chuan ”A” <V

That vay:

p(t)
”AX”BM = max|Ax(t)| = max jo v(t,s)x(0(s))ds

ted

1
<v[ I ds
0" "B™m

= V[x[g,,

= [Al<v

Tiép theo ta ching minh tdn tai P€ N sao cho AP 14 4nh Xa co.

vx,ye BM(J,R)
Ta co:
u(t)

v(t,s)x(e(s))ds—jO v(t,s)y(6(s))ds

~r(t)

o

[Aax(t-Ay(D)] =||

u(t)
= J‘O v(t,s) [x(6(s))-y(6(s)) ] ds

r(t)
< . IV (t,9)|[x(8(s))-y(6(s))| ds

!
< |, VIxYlgy s < Vix-ylg,,

suy ra [Ax-AY[,, < V[x-y];,,

Mat khac:
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9 9 u(t) u(s)
A2-a2y0) < [ V(| vl dods
t S
< J.O V(J-o |V(S’T)H|X_y”BMdT)dS

2
V
< 2!||X_y|||3|\/|

Tong quat ta co:

Vn
AMX(O-ATY ()] € T [x Vg,

n n % [
Hay HA X=A YHBM SW”X_YHBM , n‘eN

n VP

Vi lim nl 0 nén ton tai pe N sao cho 1 <l 4odo APIaann
n—o0 p:

xa co trén BM(J,R).

Chimng minh B 1a hoan toan lién tuyc.

Trude hét ta chimg minh B lién tyc:

Liy X, X € BM(J,R) sao cho X, — X ta can chirng minh dmg -

Hme—BxHBM <g vVmzm,

That vay do

Xm —> X = Ve > 0,3Imp VM = mg ta co’ Xm_XHBM <

o (t)
ta c0"[Bxn(D-Bx(0)| < [ k(9| xm(n(N)-glex ()] ds

ddivoi t el taco:
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t
Bxn(-Bx()] < K[ [a6xm(n(s)-g(s.xn(s)] s

Hon nira ton tai mot s6 L > 0sao cho:
xm®| <L, x| <L, Vel
Vi ham g lién tuc déu trén tap compact {(LX)EJXR’|X|SL } va

xm(ME)-X(M())| < 2L cho nén -

\Q(S’xm(n(S)))—g(s,x(n(s)))\ < %

Bxn(®)-BX(D)| <K 1 < &

nén HBXm—BXHBM <€ VM2My 4o d6 B lién tuc.

L4y {xn} bichin trong BM(J,R) sao cho ”Xn”BM <r, r>0 neN

ta can chirng minh {an, nEN} la tap compact tuong ddi ,that vay:

Theo gia thiét (H3) ta co:

t
[Bxall,,, < max]a(0) + max J. [kt laExatn(s]ds
(= (=

1
< ol + K, hr(s)ds = [l + Kl
Do do:
{an:neN} bi chan déu trong BM(J,R).

Tiép theo ta chirng minh {an:neN} 1a tap ddng lién tyc.
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Vt,teJtaco”
[Bxp(t)-Bx ()|

G (1)

o(t)
| K996 xanEds - [ K(es)gs xS

<

+|q(t)-a(z)|

« o (1) o(t)
<[ Kt xaEMds - [ T kesgtsxyn(s)ds

rO(1)

o (1)
#[ 7 kg x| k(g xS

+lg(t)-q(q)|

o(t)
+ IG(T) K(t,8)a(s, Xn(n(s)))ds

<

o(t)
| Ktk @)axa(n(s))ds +[av-a(o)

0

1
< || koK $)ds + K [p(-p()|+ a0-a()
1
=|lhrf2 _[0 Ik (t,5)-k(1,5)|ds + K [p(t)-p(z)| + |a(t)-a(z)|
o (t)
0=, he(s)ds
Vip,q.k 1a cac ham lién tuc déu do d6 ta co:

Bxp(t)~Bxn(1)| = 0 khi t — 7

suy ra {Bx, :ne N} 1atap dong lién tuc.
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Vay theo dinh Iy Azela-Ascoli tap {BX, ‘N € N} 1a tap compact
trong d6i nén B 13 hoan toan lién tuc trén BM(J,R) do d6 A,B thoa diéu kién
cua dinh Iy 1.3.1.

Bay gio ta chitng minh diéu kién ii) trong dinh 1y 1.3.1 khong xay ra ,ta xét

phuong trinh sau:

x() =2 + [ vt SO+ [ k(t.9gEx(ME)ds ted (%)

Néux la nghiém cua (*) thi:
x() =2q(t)+ [ vt S)x(O(E)ds + [ k(t,$)g(s x(n(s))ds,t I, 1 € (0,1)

Do do:

x| <fa]+ [ |vit.9)]x@E)]ds+ [ k(t.9)|[a x(mE)|ds t e

(1)

(1)
falg+ [ VixOls+ [ Kew(cnisHhes

0

DAt w(it) = max|x(s)|= [x(t)] , tre[0.]
s e (0]

suy ra
x(t)] < w(t) | tel

Tir bat dang thirc trén ta co:
% n(t)
w =[x <[d,, +jo V|x(0(s))| ds +

o (t*)
[ Ko wxmE))ds
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t* t*

< (Aflgy + ) Vw(s)ds + ) Kd(s)w(w(s))ds
ot t
<algy +V] wis)ds  + K lo],2 jow(w(s))ds

ot
<l w5 =mac v, |

bat : t
u(t) = ||q||BM+c_[o[w(s)+w(w(s)]ds .

Thi U(0) = HqHBM vaw(t) = u(t) tel

Ta co:

u'(t) =Clw(t) +y(w(t)] < Clu(t) +w(u(t)]

u'm ¢

u(t) +w(u(t))

Lay tich phén ta duoc :

jt us)ds thds <C
Cu(s)+y(u(s) -0

Doi bién tich phan ta c6 :

suy ra

J-u(t) ds £C<.[+w ds
lallew S+ (S) lallew S+ (S)

Nén t6n tai hang s6 M > 0 sao cho:
U(t) < M, véi t €
= X)) wil)<ul)s M, tel

= [x|= max(o]< M
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Néntip €={UeX:Au+ABu=U,L e (0,)}1a tap bj chin suyra két
ludn ii) ctia dinh 1y 1.3.1 khong thoa do d6 két luan i) cua dinh 1y 1.3.1 thoa
hay phuong trinh FIE(1) c6 nghiém trén J.
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CHUONG 2: MOT PINH LY PIEM BAT PONG LOAI
KRASNOSELS”KII TRONG KHONG GIAN FRECHET

Trong chuong nay ta st dung dinh 1y Schaefer trong mot khong
gian 10i dia phuong dic biét dé ching minh dinh 1y tong quat cua

Krasnosels”kii va irng dung vao chirng minh phuong trinh:
x®) =9 + [ vt s)x@@E)ds + [ k(t,8)g(s x(nE))ds 6 nghiém trén

R, = [0, +oo) _
2.1)Dinh nghia;

*Ho d¢ém duoc nira chuan Hn trén X goi 14 ho dii néu:
vxeX,x#0,3ne N* x| #0
*Mbi khong gian (X, ||.) v6iho dém duoc nira chuan da va métric d duogc

cho boi d(x,y) = Liony +|X_y|n Neu (X, || ) 1a khong gian day du véi

métric trén thi dugc goi la khong gian Frechet.
2.2) Cac dinh ly co ban
Hai két qua chinh cua dinh 1y diém bat dong ctia Schauder va Banach
da dugc Krasnoselskii( [7] [8] [9] [20]) két hop tao thanh cac két qua sau:
Pinh ly 2.2.1:
Cho M 14 khong gian 16i dong khac rdng ctia khong gian Banach

(X, |I-])- Gia s A, B 1a 2 anh xa tt M — X thoa :
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JAX+ By e M, VX, y e M

ii)A la lién tuc va AM chura trong 1 tdp compact.

iii)B 13 4nh xa co v6i hang sb coa < 1

Khi d6 ton tai x € M sao cho Ax + Bx = x

Chirng minh :

c6 anh xa I — B: M — (I — B)M 1a dong phdi, do d6 A +B c¢6 diém bat dong
khi toan tir U = (I-B)*A c6 diém bit dong.Ta thiy U thoa gia thiét cua dinh
Iy Schauder Vi vay U co6 diém bat dong hay PT Ax+Bx = x ¢6 nghiém trén
M.

Két qua cua dinh 1y trén c6 rat mot sd ung dung thu vi, tuy nhién theo
T.A.Burton [5] viéc kiém tra diéu kién i) cta dinh 1y 1a kho khin. Chinh vi
vay T.A .BurTon d thay diéu kién i) boi diéu kién i’) : (x = Bx + Ay, yeM)
= XeM.

Pic biét néu M = {xeX, |X|| < r} thi gia thiét i') dugc thoa néu dicu

kién sau : AM < M, |X|| < ||(1 - B)X|| ¥ X € M dugc thoa

Pé hoan thién gia thiét i) Burton va Kirk [6]d ching minh mot dang
bién d6i cua dinh 1y 2.2.1.

Pinh Iy 2.2.2:

Cho X la khéng gian Banach A, B: X — X. Trong d6 A 1a toan tr compact,

B 12 4nh xa co véi hang s6 a < 1 khi d6 ta co :
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i) x=| B(§)+ IAx c6 mot nghiém voi 1 = 1 hodc:

i)Tap hop € = {xeX,x=1B (%) + 1 AX, | €(0,1)} 1a tap khong bi chan.

Chirng minh_:
Ta str dung két qua co ban cua Shaefer [7].
Pinh Iy S

Cho E 1a mot khong gian 16i dia phuong tuyén tinh va H : B — B [a anh

xa compact khi dé ta ¢ :
a) Phuong trinh :x = IHx ¢c6 mot nghiém véi I = 1 hodc:
b) Tap hop {xeX, x=IHx, I€(0,1)} khong bi chan.
Vi B 1 nh xa co voi héng sécoa<l suyra 1B (1 € (0,1)) cling 1a &nh
xa co voi hang s6 coa < 1.

Tac()phu:orngtrinh:x=1B(%)+|AX<:> x=1(1-B)" Ax

Pit H= (I- B)™ A, ta c6 H 1a compact nén H thoa gia thiét dinh 1y S do d6
phuong trinh :x = IHx c¢6 nghiém véi 1 = 1 hoac tip hop € = { xeX /x = |
Hx, | € (0,1)} 1a tap khong bi chan .Vay dinh 1y 2.2.2 da dugc chirng minh.
B.C. Dhage d ching minh két qua sau :

Pinh ly 2.2.3

Cho (X, ||.||) 1a khong gian Banach, A ,B 1a 2 toan tu sao cho :

a)A 1a toan tir compact.
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b) B 1a tuyén tinh bi chin va ton tai PeN* sao cho ||B"x — B"y|| < ¢ (|x-yl|)
VX, yeX voi ¢ : Ry —R. 1a ham khong giam théa ¢ (r) <r, Vr > 0.
Khi do ta co :
1) Phuong trinh : IAx + Bx = x ¢c6 mdt nghiém vé1 1= 1 hodc:
i) Tap hop {xeX, IAX + Bx=x}, V1l€(0,1) khong bi chan.
Chirng minh_:

Tur gia thiét b)taco (1-B)™ ton tai va lién tuc.do B tuyén tinh nén
X ,
| B (=) =Bx do do:
A
IAX+ Bx=x< x=1(1-B)" Ax.
Pit U= (I- B)"A, d& thay U thoa gia thiét dinh Iy S nén phuong trinh :

x = lUx c6 nghiém véi 1 = 1 hodc tap hop

e={xeX/x=1Ux | e (0,1)} 1a tap khong bi chin suy ra diéu can ching

minh.
2.3. Vi ch y vé két qua cia Dhage_.

Ta thdy dinh ly 2.2.3 tong quat hon so véi dinh 1y 2.2.2.D¢é minh hoa
diéu nay BC.Dhage xét phuong trinh:

X®) = @+ [ vtox@OE)ds + [ k(t.S)IE xS, < 10,11 FIE(D)
Go1 X = { x: [0,1] > R 1a ham b1 chan va do duoc}

Vi chudn [jx|| = sup [x(1) (2.3.1)

te[0,1]

Toan tir A,B xac dinh béi :



22

A0 = [ k(t.9)E x((E))ds
(BX)(t) = jo““’v(t,s)x(e(s))ds (2.3.2)

Gia st v lién tuc trén tap {(s,t)0 <s<t<1}va m, 6 :[0,1] — [0,1] lién tuc

véi  m() <t 0 (1)<t (2.3.3)

Theo chirg minh & phan trude ta cé

Vé&iv=sup {|v(t,s) |, 0 <s<t<1}suyraB"la anh xa co v4in du lon

n n Vn
B'x - By < -y (2.3.4)

Ta cling c6 B 1a co nhung n6 khong co v6i chuan 2.3.1 ma chi co véi

chuan twong duong tirc 1a chuan :

Il = sup{Ix(t)[e™} 1> 0 (2.35)

tef[0,1]
That vay vi O(t) < tnén :
IX(O(t)) — YO ()™ < [x(0(t)) — y(O ()™
< %=yl

(BY® - BNOI < [v(t.5)[x(6s) - y(O(s)|ds

t
<V jo X(8(s)) - y(B(s))|e ™ &7ds
toasq.  V At
<Vix-ylh [ e ds=—lx-yl} (" ~1)

It
< —|x-yle

> <
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Nén [Bx(t) - By(t)e™ < %nx vl (te0] )

\Y
= [|Bx = Bylli < IIIX - Yl (2.3.6)

Chon 1>V suy ra B 1a co.
K¢ tiép ta s& chirng minh B 14 toan tir compact.

Do B 1a co ddi v6i chuan (2.3.5) nén B 1a lién tuc d6i véi chuin

(2.3.5) do @6 B lién tuc ddi v6i chuan (2.3.1).

Ta chimg minh {Bx, : neN} 1 tdp compact twong d6i véi {x,} 1dy bi

chan, ||xp|| <1

Ta co: B = sup {IBxn()]} < sup [} v(t) [ x,06) | s

1
V[ I, l1ds

<Vr
Suy ra {BX, : neN} bi chin déu.
Vit e[01]taco: |Bxy(t)— Bxn(t))]

< ‘ (M v, (0@)]ds - [ vt ), (e(s)|ds‘

0

< [M1v(ts) vt 9) 11, (8() | ds + ‘ j:((tf)’v(t',s) X, (0(3)) | dS‘ (2.3.7)

<r j:|v(t,s) —v(t',s)|ds + vr|u(t) - u(t)|

Do ham v va m 1a lién tuc dé€u nén :
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Ve>0,3d=d(), VX Yn.|[X:| <1, [lynl[Sr, VT, " €[0,1] (2.3.8)
[t-t'] < d =|(Bxn) (1) - (Bxn)(U')| < &
Suy ra {Bx,:neN} ddng lién tyc.
Nén {Bx,: neN} 1a tap compact tuong dbi.
Vay theo dinh ly Ascoli — Arzela B 1a compact trén tap {xel,|[x|| < r}.

Vi A B la toan tr compact bang cach sir dung béc topo ta co két qua dinh 1y
2.2.3

Gid st ham g, k, o, n va A la compact,Dhage da chirng minh dugc

ton tai s6 r sao cho néu x thoa phuong trinh :

x=Bx+AAx véil € (0,1) thi|x||<T. (2.3.9)
Xét trong X tip m& va bi chainQ={xeX, ||x||< 2r},dinh nghia trén  Qx[0,1]
toan tu :

H(x, )= Bx+ A Ax thi H(x, 1) 1a dong luan,ta co:

x #H(x, 1), xeoQ,l € (0,1) v6i 0Q bién cua Q. (2.3.10)

Néu x=H(x,1) thi x 12 nghiém cta phuong trinh FIE(1), do d6 ta chi nghién

ctru trong truong hop x # H(x,1) ,xe0 Q.

Ta lai c6 x=H(x,0) khi x=0 vay ta ludn co:

x #H(x, 1), xeoQ,l €[0,1] (2.3.11)
st dung tinh chat bat bién cua bac topd dbi voi phép dong luan ta co:
deg(l-H(.,1), ©.,0)= deg(l-H(.,0),2,0) (2.3.12)

nhung deg(I-H(.,1), ©,0)=deg(I-B,2,0)= + 1
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Vi B tuyén tinh,compact ,don anh va 0e Q,tur tinh chit cua béc t6 po

va(3.12) ta co:
deg(l-H(.,1), Q,0) # 0 tir 46 suy ra H(.,1) c6 it nhat mot diém bat dong va

x =H(x,1) 1a nghi€m ctia phuong trinh FIE(1)
2.4. Mot dinh 1y bat dong loai Krasnoselskii

Néu chng ta quan tm vé& sy ton tai nghiém trn 1 khoang khong
compact thi ching ta sé khong dung dinh 1y 2.2.1, 2.2.2 va 2.2.3 vi khong
gian cc hm lin tuc trn khoang khong compact khong c6 cau triic nhu khong
gian Banach bat budc ching ta phai dung khong gian tong quat hon khong

gian Banach vi dy khong gian Frechet.

Pinh 1y 2.2.1, 2.2.2, 2.2.3 ¢6 thé mé rong khi X 1a khong gian
Frechet.Bay gio ta m¢ rong dinh 1y 2.2.2 trong truong hop X 1a khong gian
Frechet.

Pinh Iy 2.4.1:
Cho X la khéng gian Frechet va A, B : X — X 1a 2 toan tu,
dat Upx = 1 B(x/l) + IAX
Gia su:
1) A 1a toan tir compact.
ii)B 13 toan ttr co dbi voi ho nira chuan ||.||, ( ho ||.||, twong dwong vdi ho |.|)
iii)Tap hop {xeX, x =Ux, | € (0,1)} 1a bi chan.
Khi d6 ton tai xeX sao cho x = Ax + Bx.

Chirng minh:
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Theo gia thiét B 1a co nén (I- B)'1 tdn tai va lién tuc. dat H : X —» X voi
Hx = (1 - B)*Ax vi A compact, (I-B)™ lién tuc suy ra H compact.
Ap dung dinh 1y S ta 6 :
a) Phuong trinh x = Hx c6 nghi€ém hoac:
b) Tap hop {xeX, x =IHx, l€(0,1)} khong bi chan.

Theo gia thiét iii) tap {xeX, X = U;x, 1€(0,1)} 1a bi chin do d6 két luan
b) khong xay ra. Vay x = Hx c6 nghiém hay Ax + Bx = x c6 nghiém.
2.5 Sy ton tai nghiém

V&1 ham v(t, s), k(t, s) lién tuc trén {(s,t) : 0 <s <t <o} va ma trdn
vudng d xd, hamg: R, x R* > R% gq: R, »> R? lién tuc va cac ham m,
0, o, h: R: > R; lién tuc thoa m(t) <t, ¢ (t) <t, h(t) <t, vt>0, Ry =
[0,+00).

Ung dung dinh 1y 2.4.1 ta chirng minh sy ton tai nghiém cta phuong trinh:
u(t) G(t)
x(t) = q(t) + jo v(t,9)x(0(s))ds + jo k(t,s)g(s,x(M(s)))ds , t e R, (2.5.1)

Dinh ly 2.5.1
Gia sir gia thiét sau dugc thoa:
i) J9(t) <j®) w(X)) teRs,xeRWVGij:R: — Ry lalién tuc.

va Y :R.— (0, + ) lalién tuc va khong giam.

)L) S+‘P(s)

khi d6 phuong trinh (2.5.1) C6 nghiém .
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Chirng minh
Pit X =Cc={x:R, > R? ,xlién tuc}

X 1a khong gian c6 ho dém dugc nira chuan du

‘x‘n = tes[l(l)gl]{‘x(t)‘} (2.5.2)
Véix=(x)i eR%, ield, |x|=max{xi| icl,d}

Taco (Cc, | . |n) 1a khong gian Frechet , ma tran vuéng d x d

d
C=(Ciy)i,jeid tadat:|C|= max X fej

iel,d j=1

A, Bla2toan tor : C, — C, dinh

nghia bai :

o(t)

Ax®=q) + [ k(tLo)g(sx(m(s))ds

Bx() = [ v(t.)x(0(s))ds

bat K, =sup {|k(t,s),0<s<t<n}
V. =sup {v(t,s)],0<s<t<n}
Pau tién ta chimg minh B 14 4nh xa co, xét trong C ho ntra chuan :
IX||n = sup {|x(t)|e'hnt, te [0,n], h, > 0} (2.5.3)
Ta ¢6 ho nira chudn ||.||, twong duong véiho ||
Vie™ M o <[IXlln < [Xln ¥ X €Ce, n>1

Tuong tu nhu chirng minh ¢ trén ta co :

VII
IBX = Bylln < =[x~ (25.4)

n
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Chon h, > V,, suy ra B 13 4nh xa co ddi v6i ho ntra chuén |||, va (I — B)™

ton tai va lién tuc.

Tiép theo ta phai chung minh todn tir A : C; — C. 1a todn tir compact.
Chiing minh A lién tuc :

Léy Xm, X € C¢, 520 cho X, — X ta phai chirng minh  |Axy, - AX|, <€,
Y m=>mg

That vay :

Xm —> X Nén :V n>1 Ve>0, I3mg(e, n), VMm=>mg | Xy -X|p<e
(2.5.5)

Taco:

G(t)

Axm () = AXO) < [ [k(t9)]|a(s,x,, () — (s, x(n(s)))| ds
Pbi voi te[0, n] ta co :

|Ax,, (- Ax(®)] <K, |, |ets.x, () - g(s.x(m(s)]ds (25.6)

{Xm} 1dy hoi tu nén {xn} bi chan do d6 3 L, >0 sao cho :
Xm(t)] £ Ln, X()| <L, Vt€[0,n] n>1
Mat khac ham g lién tuc déu trén tap compact
{tx) e R. xR, te[on], x| <Ln}

Ma [Xm(n(.)) = X(h()] < Xm(.) = x()|

Do d6 - |g(t, xm(h(1))) — 9(t, x (h(1))) | < i vm > mg

n
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:>|Axm-Ax|nsKn%:eszmo:AliéntuC
n

n

Churng minh A compact
Lay M c C, bi chin, ta cAn chimg minh: A(M) 14 tap compact tuong dbi

M bi chan nén : V neN ,3r,>0,Vx € M, IX|n < 1n

= |Ax(D)| < sup [q(®)] + nK, Gy, t e [0,n]

te[0,n]
V6i G, = sup{ [9(t.x) |, te[o,n], x| <ro}
= |AX|n <nK, Gy +sup {lq(®)[, t € [0, n]}

= {AX, X eM} bi chin déu

Vvt, t" € [0,n]tacd:

G(t)
[ ks xmemas

IAX(t) — AX(t")| <
[Tk 9. xmE) s +a® - q(t)

[Tkt ~k(.)]g.xmeNds| +

0

S ‘

+

j;itj k(t',s) ‘g(S, x(n(s))ds

+la®-q(t)

< G, Ioc(t)|k(t,s)—k(t',s)

ds + GnK, (o (t’) - o (1)) + |qt)—q(0)|

Vi o, k, q lién tuc déu nén |Ax(t) - Ax(t")| < e khit —t'
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Suy ra {Ax, xeM} ddng lién tuc do d6 {Ax, xeM} 1a tAp compact twong

d6i theo dinh 1y Ascoli nén A 1a compact.

Pé ap dung dinh 1y 2.4.1 ta cin phai kiém tra diéu kién (iii) cua dinh Iy
2.4.1 dugc thda that vay :

Xeét xeCc sao cho :

x(®) = lq(® + [ v(t.9x©O)ds + 1" k(t.9)g(.x(n(s)) ds | (0,1) (25.7)

x(®) < Q+V, [ [x(@E)ds +K b, [ w(x(n©)ds (258)

0
te[0, n] v6i Qq = sup {la(®)l, te[0,n 1}, ¢, = sup {j(®)., t € [0, n]}

Ta dit Wa(t) = sup {|x(s)|, 0 <s <t<n}

= [x(t) [<Wa()  Vte[O, n] (2.5.9)
Mit khac ton tai t* e [0, t] sao cho :

Wy (t) = [X(t*)| va wp(t) 1a ham tang trén [0, n]

Ta co: [x(6(s))] < wn (8), [x(h(s))] < wi (5)

p(t* )

Do d6: wn(t) = [X(t¥)| < Qn + Vi j w_(8)ds +k, 0, fow )‘P(Wn(s))ds

0

<Q, +C, Iot[wn(s) +W(w,(s)) |ds V§i Cy = max {vn, Kn 0, }

Pitun() = Qn + Co [ [W,(8)+¥(w,(s)]ds tefo, n] (2.5.10)

Ta ¢l : wp(t) < up(t) Vvt € [0, n]

Va ul (t) = Ca[wn (5) + Y(Wn (5))] < Ch [un (1) + Y (un(D))]
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A r IO N J““(”L
Cho nén: 0 un(s)+‘P(un(S)) u(0) S+lP(S) < Cn, te [0, n] (2511)

Viuy(0)=Qnnéntaco:

u (D g
IQH s+¥(s) =Cn te[0, n] (2.5.12)

o t ds
Xétham: Fy(t) =

Q s+ ¥(s) t>Qntaco Fy(t)la ham ting

vi Fp ([Qn, +0)) =[0, + ) nén 3! r, >0

Sao cho F,(r,) = C, do Fj, 1a ham tang nén :

J~un(t) ds - J-un(t) ds < J'rn ds

<C <
Q s+W¥(s) ° & s+W¥W(s) ‘A&s+YP(s)

< Up(t) <y
Ma [x(t)] < wi(t) < un(t)
= [x(t)| < r, ,te[0, n]

= [X|n <fp,n>1.Do d6 diéu kién iii) ctia dinh 1y 2.4.1 dugc thoéa mn.Ap

dung dinh 1y 2.4.1 phuong trinh x = Ax +Bx c6 nghiém hay phuong trinh

x® = a@) +[" vtsx@eNds + [ k(Lgs xMENds, t eR. c6

nghiém.
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CHUONG 3: PINH LY PIEM BAT PONG CHO MOT DANG
ANH XA CO TRONG KHONG GIAN HAM LIEN TUC

Trong chuong nay cho X 13 khong gian Banach véi chuén |.|, xét khong
gian cac ham lién tuc C ([0, T], X) (T > 0) v&1 topd thong thuong va M

C([0,T], X) 1a tap dong, toan tir A : M — M thoa diéu kién:

(AX)(0) = (AY) (O] < B[x(v(D) — y(v(D)|+ tﬁ [ [x(o(s) - y(o(s))|ds

vxy € M, vt € [0, T].

Trong dé a,b € [0,1) k>0vav, o : [0, T] - [0, T] 1a ham lién tuc sao cho

v(t) <t, o(t) <t,Vt € [0, T]. Ta s& ching minh A c6 duy nhat diém bat dong
trong M va két qua duoc mo rong trong C(R+, X) véi R, = [0, +00) :
3.1 Céc két qua
3.1.1. Két qua thir 1
Xét khong gian C([0,T],X) voi (X, |.|n) 1a khéng gian Banach, T >0,
Léyg e [0, T], 1>0.

x & C([0, T1,X) dinh nghia : [Ix|| = [/l + Xl

Vi |||y = ts[lép]{\X(t)\} il = sup £e™ 7 x®}
€lvy

te[y,T]

Tacé .|| 14 1 chuan trén C ([0, T], X) .

Pinh 1y 3.1.1
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Cho M 14 tap dong cua C ([0, T], X) va A : M — M 1a 1 toan tir. Néu ton tai
a,b e]0,1), k>0saocho Vx,y € Mva Vte[0, T]:

(AX)() = (Ay) (1)] < b [X(V(D) = y(v()] + t% [ [x(a() - y(ats)ds @.1.1)
Véiv, o 1 [0, T] = [0, T] lién tuc va v(t) < t, o(t) <t
Wt €[0, T] khi d6 -
A c6 diém bat dong duy nhét trong M.
Chirng minh :

Ta 4p dung nguyén 1y nh xa co Banach. Can ching minh A 13 4nh xa

co nghia la chirng minh:
dde[0,1),sao cho V x,yeM tacd ||Ax—-Ay|<d|x -yl

Layt e [0,g] taco :
[(AX)(t) = (Ay)(D)] < b [x(v(t) — y(v(D))] + t%f; [x(c(s) - y(o(s))|ds

< bx-Yllg +t" K [x-Yllq
< (b + kg"?) [Ix - yll,
Do do:
IAX = Ayllg< (b + kg™®) [IX-Yll, (3.1.2)
Lay te[g, T]taco:

(AX)(0) = (AY)(®)] < b [x(v(D) - y(v(D)] +

+ tﬁ[ [ [x(a(s)—y(o(s)| ds + j]x(o(s))—y(o(s))\e‘“"(”‘”.e“"(”‘”ds}
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< b [x(v(t)) - y(v(D)] + %YHX - YHy +x - YH Lt ewwds}

k[ € s
<b v) -yl + | vx =], ey f e as|

e?»(t—y)
A

Do d6 [(Ax)(t) ~ (Ay) D"V < b [x(v(t) - y(v(D)le""

< bIx(v(1) - (V)] + y%[vnx =y, +[x-v

kK o
+kgIx =yl 2T Ix= vl

Cho nén:

IAX - Ay[l < b s(up){IX(V(t)) - y(v(t)le" 9}
te(y, T
1 + E e
+kg P x=yllg" 2" Ix=yll (3.1.3)

kK o
<b sup {x(v(1)) - YOVl e 1+ kg Ix = yllg " 3T Ik =l

te(y,T)

kK
<+37 )Ix=yli+kg™lIx-ylg

Tur (1.2) va (1.3) ta dugc :

IAX = Ayl < (b + kg™ )lIx = yllg + (b + %v" I X - Yl kg™ [Ix = Yllg

< (b+ 2kg™® ) [Ix = yllg + ( b+§y—a)n X -yl (3.1.4)

1

Vib e[0,1), ge(O, (%)H) suyra:b+ogye <1
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Va d6i véi 1> %y“ ta suy rab + %ﬁ“ <1

Pit d = max {b+ 2kg™? b + ;Y-a Mhi d<1

Tu (3.1.4) = [[Ax-Ay[[ <d (X = yllg+ X = yli) = d [|x = y|
SuyraAlaco

Theo nguyén 1y 4nh xa co Banach ta c6 A c¢6 duy nhat 1 diém bat dong

trén M.
3.1.2 Két qua thir 2
Xét khong gian C(R., X) va voi mdi neN™ 1y g, (0, n), I, > 0, dinh nghia

ho dém duoc nira chuan {””n} voi ||X||n = |Xllgn + [[X]lin, VX € C(R+, X) .

neN”
[[X[|gn = sup {‘X(t)‘} . Xl = sup {e_l(t_yn)|x(t)|}
te[0,y, ] tely,,T]

Ta c6 C(R+, X ) v6i ho dém dugc nia chuan nhu trén 1a 1 khong gian

Frechet va mé tric c6 thé duoc dinh nghia nhu sau:

n

=1 X-y
dxy) = 2. ol

S Loy 0V E CRUX)

n

Pinh 1y 3.1.2

Cho M tip dong M < C (Ry, X) va A: M — M 1a 1 toan tr. Néu
vneN’, tdn taia,, b, € [0, 1), k, > 0 sao cho Vx, y €M, Vt € [0, n] :

(AX)(®) = (AY)®) < by [X(V(O)- YD)+ tk [[ (o) - y(ots))] ds.(3.1.2.1)

V6iv, 5 1R, — R, liéntuc va v(t) <t, o (1) <t, VteR., khidé :
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A c6 diém bat dong duy nhat trén M.
Chirng minh :

Theo ching minh dinh 1y 3.1.1 chon tuy y r,e(0,n) va I,> 0 , ton tai d,

€[0, 1) sao cho:
IAX = Ay|ln < dn[IX = Y|ln » VXY €M ,¥neN’ (3.1.2.2)
Chirng minh tuong tu nhu nguyén 1y nh xa Co cua Banach.
Xy dung dy mot dy 1ap Xm+1 = AXm VM eN, vi xg eM ty y.
LiyneN tuy y ta cé:
| Xm+1 = Xm [ln = IAXm = AXmalln < dn [[Xm = Xmalln , YMeN*
Do do :
[Xme1 = Xmlln < 85" [[X1 = Xolln vmeN
Tuong tu ta co :

||Xm+p — Xm|ln < (SEHP + ...+ 0.) [[X1 = Xol|n

< fa X1 = Xolls  VYmeN, peN”

n

bitx, = llimx_eM

X—>00

Theo (3.1.2.2) ta c6 AXy — AX» hay Xpm —>AXx
Do d6 A x. = X. nén A c6 diém bat dong trén M.,
Gia sir A ¢6 1 diém bat dong khac trén M ta goi 1a X..

Khi do :
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[ X -Xu]ln = IAX-AX. b dn [ X=X ]
=X -X.|ln(1-dy) <0 V¥neN
Do d,e[0,1) =X = X.
Vay A c6 diém bat dong duy nhit trén M.

nhin xét :

Trong chimg minh cua dinh 1y 3.1.2 ta c6 diém bat dong cua A 1a gidi
han cta dy lap. Ch y rang diém bat dong cia A co6 thé 1a gidi han cua 1 dy
khc.

Vidu:

Xét khong gian C([0,n],X) va dat M, = {x/[0,n], x eM}la tap hop cac

ham thu hep cta x trén [0,n], V n eN*.

Liy neN" ty ¥, ta ¢ AM,  M,, ung dung dinh Iy 3.1.1 A c6 diém bat

dong duy nhat x, € M, ta c6 thé mé rong:

Xn - R+ = X béi su lién tuc, chéng han ta dat :

— X (t) néute[0,n]
Xn (t) = " ,
X, (n) n€ut>n

Thi Xn € C(R+, X). Do tinh chat duy nhit cta diém bat dong nén ta o :
Xn(t) = Xm(t), Ym<n, ¥ te[0,m] (3.1.2.3)

Diéu d6 cho ta két luan { xn }nen~ hoi tu trong khong gian C (R, X) dén

ham X" : R, — X dugc cho boi : X () =xa(t),Vt [0, n] (3.1.2.4)

(X" duoc dinh nghia dung do (3.1.2.3))
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Liy tty y €R., ton tai ng eN” sao cho t [0, no].

Nhung :
X'(0) = Xa, (1) = (AXn, )= (A)O) = X (1) = (A)(W)
Vittyy € Ry nénx = AX do d6 x la diém bat dong va x 14 giéi han cua dy
{Xn Fnens
3.2 Sy ton tai nghiém

Xét phuong trinh tinh phn dang :

1
tcx(t)

x(t) = F(t, x(v(1)+

L:K(t,s,x(c(s)))ds (3.2.1)

voiae[0,1)vaF:Jx R"N5RY, K:D > R"
a:J—[0,1) lién tuc,Trong do:

J =[0, TJ hoic J =R, D= {(t;s,X)/ t, s€J, 0 < s <t, xeR"}
Vav, o :J—Jliéntucthoa v(t)<t, o (f) <t, Viel

Xét ham lién tuc b:J — [0, 1), k: J > R, néu:

IF(t, X) — F(t, y)| < b(t) [x - y|, VX, y eRY, t €J.

IK(t, s, X) = K(t, s, y)| < k() [x-y]| V(L s, X), (t,s,y) €D.
Thi phuong trinh (3.2.1) ¢6 duy nhat 1 nghiém.

Chirng minh :

*Truong hop J = [0, T]

1 ¢t
(0 ,[0 K(t,s,x(c(s))ds V1el

bat Ax(t) = F (t, x(v(t))) + "
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Ta can ching minh phuong trinh: Ax(t) = x(t) c6 nghiém duy nhat hay A co
diém bat dong duy nhit trén M v6i M < C ([0, T], R™)
Taco:

((A)®)- (Ay)OI < [FEx(v(D))- FLy(v(D))l

+

toc(t)

k(t
< b (1) x(v(t) - y(v(®)] + a(m)j | x(c(s)) —y(a(s))|ds

Patb= sup {B(D)} , k= sup{k(t)},a= mf {oc(t)}

te[0,T] te[0,T]

Thi B €[01) k> 0,

k t
(AX)O- (A)OI< B X(VD) -y + o .[ o [X(a(s))—y(c(s))|ds
Khi d6 A thoa gia thiét cia dinh 1y 3.1.1.vay A c6 diém bat dong duy nhat
trén M hay phuong trinh Ax(t) = x(t) c6 nghiém duy nhat V te [0, T]
*Xét truong hop J =R
Liy neN’ ta co:

((A)D)- (AY)OI < [Ex(v(D)- FELy (VD)

1
toc(t) I

+

s,y(os)|ds , te [O,n]

k(t
< b (t) x(v(t) - y(v(O)] + a(m) I |x(a(s)) —y(a(s))|ds
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bat b, = sup{B(t)}, Ky = sup {k(1)}, a, = ti[%f]{oc(t)},th‘l an, by €[0, 1)va

te[0,n] te[0,n]
ko, >0 nén:
k et
(AX)(®) = (AY)(D] < bn (VD)= YD == [ (o) =¥(o(s))] ds te [0, n]

A thod gia thiét dinh 1y 3.1.2 nén A c¢6 duy nhat diém bat dong trén M hay
phuong trinh Ax(t) = x(t) c6 nghiém duy nhat V teR,

Vay phuong trinh 3.2.1 ¢6 nghiém duy nhat.



41

KET LUAN VA KIEN NGHI

Luan van da trinh bay mt s6 két qua sau:

Trong chuong I chung toi di trinh bay mot s6 dinh 1y dé tir d6 phat biéu
va ching minh chi tiét mot dinh 1y bat dong loai Krasnosel’skii ,sau d6

chung t6i chirng minh chi tiét sy ton tai nghiém cua phuong trinh tich phan.

Trong chuong II chung t6i ciing trinh bay mot sé dinh 1y sau d6 trinh bay
va ching minh chi tiét mot dinh 1y bat dong tong quat loai Krasnosel’skii
trong khong gian Frechet, ching t6i m& rong su ton tai nghiém cua phuong

trinh tich phan dbi v&i chuong 1.

Trong chuong III ching t6i trinh bay va ching minh 2 dinh 1y bat dong
cua mot dang anh xa co trong khong gian ham lién tuc va Ung dung vao

phuong trinh tich phan dang tong quat.

Qua trinh thuc hién luin vin gitp t6i budc dau 1dm quen nghién ctu
khoa hoc co ban va tiép can v&i nhitng hudng phét trién cia toan hoc hién
dai,déng thoi giup toi biét van dung nhirng kién thire d3 hoc duogc vao viéc
nghién ctru mot van dé cu thé.Toi ciing hy vong sé& tiép tuc nghién ctru va

phat trién dé tai ndy trong tuong lai.
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