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‘ MO PAU
1. Ly do chyn de tai
Ta d& biét rang cac pbong trinh x> +1=0, x*+4=0 khéng co6
nghiém thec. Mot cach 6éng quat cac plong trinh Kc hai
Ax?+Bx+ C=0 véi hé sd thuc c6 bet thac A< 0 déu khéng cé
nghiém thuc.

Sy phét trén cia toan bc, khoa hc ddi hoi phai mo rong ép
hop céac é thuc thanh mt tap hop $ méi goi la tap hop cac é phic,
tréndd co cac phép toardrg va nhan &i cac tinh cht tuong tir phép
toan @éng va nhan&thuc sao cho cac plong trinh noi tréndéu co
nghiém. Mudn thé, ngroi ta dua ra 8 i sao cho binh plong aia |
bang —1. Khi d6 i la mbt nghiém oia phrong trinh x* +1=0 va 2i
la mot nghiém cia phrong trinh x* +4=0, con1+i la mdt nghiém
cia phrong trinh x> - 2x+ 2= 0.

Cac $ a+ib (a, bUR) goi la cac $ phic.

Tata biét biéu dién hinh ke cac é thuc boi cacdiém trén
mot truc . Pdi véi cac $ phic, ta hdy xét it phing a do Oxy.
Mai sb phirc z= a+ ib (a, bLIR) dugc biéu dién bsi diém M co ba do
(a; b). Naroc lai, rd rang mi diém M(a; b) béu dién mot sd phic [a
z=a+ib. Ta con vt M (a+ib) hay M(z). Mbi s6 phic M =a+ib
ciing c6 tkk ddng nHit vsi vecto OM c6 diém dau 1a dbc toa do O,
diém cubi 1a M. Do d6, gita $ phic voi hinh hyc phing c6 lién quan
mat thiét voi nhau. Véc ar dung $ phic trong nghién @u, khao sat
hinh hoc phing © ra c6 nhdu thuan loi, nhat 1a trong viéc xem xét cac
van dé lién quandén cac phép Bn hinh @a mat phing cing i hinh
hoc aia chang.
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\Gi mong mn tim hiéu va kho sat nat sd bai toan hinh ¢c
phing théng qua ngdn figsd phirc, ddng thdi dugc ar goi y cia: PGS.
TS TRAN DAO DONG, tbi clon dé tai “ Khdo sat nft so bai toan
hinh hgc phing hing ngén ngr sé phirc” lam d& tai nghién ¢u cho
luan van nay.
2. Muc tiéu va nji dung nghién aru
Muc tiéu dia dé tai la tim héu & phac vadac trung aia mot sb tinh
chét, dic diém hinh hc cia $ phic tir d6 tung ding dé khao sat nét
sb 16p bai toan hinhdt phing théng qua ngon igsd phac.
3. Phrong phap nghién déu
- Tham khio tai liéu va k¢ thong hda kén thic.
- Thé hién twong minh cac & qua nghién ¢u trongdé tai.
- Traodéi, thao luan voi gido vién lwéng din.
4.Po6ng gop Ga dé tai
- Gop phan lam rdtng dung aia $ phic trong hinh he phing.
- Thé hién ung ding aia $ phic trong véc giai mot sd bai toan ¢
hinh hyc phing.
5. Y nghia khoa hoc
Thé hién cac kén thic vé b phic, gop plan lam réing ding aia &
phic trong véc giai quyét cac bai toan&hinh hyc phing.
6. Cau tric caa luan vian
Ngoai phn mo dau, két luan, luan vian duoc chia thanh 3
chuong :
Chrong 1 trinh bay cac &n thic oo s vé s6 phic nhr dinh
nghia $ phic, dang dai s6, hinh e cia $ phic, cac phép toanéwsh
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phic. Cac i dung trong chrong nay co lién quadén viéc nghién
ciru céc clrong tiép theo.

Chrong 2 trinh bay & ung ding aia $ phic trong hinh hc
phing. Bé thuc hién duoc diéu nay, toéc hét ching téi mdd mot sd
khai ném aia hinh ¢ phing qua ngén nigsb phic nhr géc dinh
huéng, cac phép Bn hinh trong nit phing. Tiép d6, chang toi th
hién mot s dac treng trong hinh be phing qua ngdn rigsd phic nhr
phuong trinhduong thing, phrong trinhduong tron.Diéu kién ddng
quy, vudng goc, song songitly hang, giadiém hai cat tugn, giao
diém hai tép tuyén, chanduong vuéng géay day cung. Ba Vi cia
trong tam, tec tdm @a tam giac.

Chrong 3 #p trung kho sat nét sb bai toan nir bai toan ching
minh dang thic va kit dang thic hinh tyc, bai toan gu tich, bai toan
chirng minh tinh vudng géc, tinhiahg hang, tinh song song, tidéing
quy, bai toan dng hinh, bai toan lién quaién cac phép Bn hinh
trong it phing.
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Chwong 1: KIEN THUC CO SO
Céc kién thic oo so vé s6 phirc duroc trinh bay trong chong

nay duwoc trich din tr tai lieu [2], [5], [6], [7], [10].
1.1.Pinh nghia & phic:

Trong mit phing ta clon mot hé toa do vudng goc, thi @i diém
Z cia mit phing dugc xacdinh theo da do (a, b)ddi véi hé toa do da
cho. Throng ngroi ta ky hiéu cip s thuc (a, b)ang Wi moét diém z
trén mit phing. Nhr vay, véi mot hé toa do cho tuoc thi &ip hop
nhitng diém trén mit phing va fip hop cac gp $ (a, b) 1a nt quan &
mot- mot. Mai diém trén nit phing trong tng Wi mot cap & thuc va
dva vaodo ta € xay drng mbt tap hop nhing $ phirc voi diém trén
mat phing. V6i muc dich dé, tadua vaodinh nghia cac phép toan trén
cac @p  thuc sao cho cadinh luit cia dai sb van conding nhr
trong trong hop $H thuc:

1. Haicip $ 2= (a, by) va 2= (&, b,) bing nhau Bu a = & va
b= b,

2. Néu hai @p & z,= (a, by) va 2= (a, by, thi thng aia ching z
=z+zlamtcip D z=(a, b) sao cho a 38 va
b=h+ b,

3. Néu cho hai @p & z = (a, b) va 2= (&, by) thi tich @a
ching z=zz goi la mt cip &5 z = (a, b) sao cho
a=aa-hbvab=ab+ah

Tap hop tit ca nhiing cip s thuc voi cac phép tinh quanéhang

nhau, phép &g va phép nhan nto trén @i la tap hop cac é phic,
ky hiéu C.

Nhr vay, cho ndt hé toa dd vudng goc trong &t phing thi &ip hop

cac $ phic c6 tié dong nHit véi nhixng diém trén nat phang nay.
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Bay gb, ta xét twong hyp dic biét 1a nhing diém ram trén toc
hoanh @a I toa do, hay la nking diém cé ding (a,0), vi a 1a $ thuc
bét ky.

Do (a, 0) + (a, 0) = (at&, 0) va (a 0)(&, 0) = (&, 0) nhr la phép
cong va phép nhan ming bado ¢ truc hoanhddi voi cacdiém nay. Vi
thé ta co tk ddng nhit cacdiém trén tuc hoanh i sb thuc. Tir d6,
thay vi phii viét (a, 0) ta chviét a (vi di:(0, 0) =0, (1,0) = 1,...).

Ta xét ndt s6 phic dic biét dang (0, 1). Tinh (0, 1)(0, 1) =(-1,0) =-1.
Nhu vay ton tai mot sb pmc binh plrong king bt b thuc. Ta ky
hiéu i = (0, 1). Khido, ta c6i® = -1.

1.2. Biéu dién dai sb cia & phic:

Tada thiy rang tip hop cac $ thuc duoc dong nhit voi tap hop
con dia $ phic dang (a, 0) = a, &i a la bt sd thue. S5 phire dic biet
i = (0, 1)duogc goi la don vi ao.

Xét tich @a ot sb thuc b = (b, 0) i don vi a0 i = (0, 1). Khid6
ta c6 bi = (b, 0)(0, 1) = (0, bpay la mdt diém ram trén toc tung \bi
tungdo bang b. T con ndt diém bit ky thi sao ? Datinh nghia phép
cong nén co thbiéu dién z = (a, 0) + (0, b). Suy ra= a+ ib.

Mot sb phic viét dudi dang z= a+ ib goi la dang dai sb cia $
phic. S thuc a @i 1a phan thuc cia z vaduoc ky hiéu Re(z), conéb
goi 1a phan ao aia z vaduoc ky hiéu Im(z). Mit phing chra toan b sb
phirc goi 1a mat phing phic.

1.3. Dang lwgng giac dia $ phic:

Trén mat phing cho & truc toa d6 vudng goc, s biéu dién &
phic theo niing diém trén it phéing cho ta 8 dang nghiénieu cac
phép toan trénésphac. Cho hai & phic dang dai s6 z,= & + iby,
2,= &+ ib,, d6 1a haidiém Z,, Z, trong 1§ toa do vudng goaing i
sb trén.Piém O 1a bado goc.
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Ta i diém Z,, Z, voi gbc O va xaatinh vect OZ;, OZ, . Saudo
dung hinh binh hanh QZZ,.

Nhu vay dinh thi tr z = (a+ &, by + b,) biéu dién toado cua $ phac
2.+ 2 nhu tdng aia hai $ phic da cho.

Dod6 tong hai $ phic co tie biéu dién hinh e nhr cong hai
vécb trong nit phang.

Boi vi mdi diém z trén nat phing trong g Wi mot véct ban
kinh OZ va ta thy ngay OZ, + OZ, = OZ, ta c6 nkin xét la khi xem
sb phac nhr 1a nhing diém trén nmat phing Wi hé toa do gbc O thi co
thé xem $ phic nhr I nhiing vect trong mit phing nay. Chinhtiéu
nhan xét nay cho phép ta amm duoc & phic vao ghi nhiing bai
toan trong hinh ¢t phing.

Sb phic z c6 tié viét:

Z=rcosp + irsip=r Cog + isig .
Mot sb phirc viét theo @ng trén ngoi ta gi 1a dang luong giac @a $
phac.

Cho hai & phic dusi dang lrong giac z = r,(cosg, + ising, va
z, = r,(cosg, + ising, ). Ta co tinh cht sau:

1. Néu z tring 2 thi matun aia ching Bng nhau va argumen
cua chingg,, ¢, khac nhau @t s nguyéndn 27.
2. Tich aia hai $ phac:
2=22= (5| ©s(@,+¢,)+ isin@,+¢,).
3. Nhu vay, tich z @a hai $ phirc viét dusi dang hrong giac
= r(cosg + isin¢) & d6 r la tich @a I, hai matun aia hai
thra $. z=—2 21 = l[oos(gzﬁ1 @,)+ ising, - ¢,).

z|_lz| z

Do do, va arg— = argg, — argz.
2| z,
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1.4. Cong thrc Moa-vro' (Moivre):
Cho nét sb phic bat ky dudi dang hrong giac z = r(cosg + ising ).
Khi d6, Wi n la mdt S5 nguyén dong kit ky, ta co:
Z" = r"(cosng + isinng).
Cong thirc trén mang téMoa-vro.
Cong thic trén condling Wi cac $ mi nguy@n am. Tt vay,
z'= 1
r (cosg + ising

) =r*(cosp - ising )= r"(costg ) isintg ).

Suy ra:

Z"=(Z")"=[r(os(¢)+isinC-¢))I = r"[cosE )+ isine B )].
1.5. Gin bac n aia $ phikc:

Cho $ nguyén 22 va $ phic a. Ta hdy tim & phic z sao
choz" =a, tuc la tim nghém aia phrong trinh 2" —a =0.

R® rang khia =0 thi z = 0 |a nglém duy nhit.

Khi a#0, ¢ la arga, ta c6 z phi khac 0 va

|z[=a |

ny =¢+k2mr

1zEYla |
9N ¢ kem

=24+ 228 koo
n n

Vay cac @an bic n aa a la:
z =Y|a |(cos@ +klr)+ isin@ +ki” Nk= 0 .
n n n n
1.6. Biéu dién hinh hoc cia $ phic:

Trong it phing wi hé toa dé vudng goc Oxy, @i diém M(a, b)
cho wong tng Wi sb phac z= a+ ib, trong tng nay la mMt song anh
tir tap cac 6 phac C 1én dp cacdiém trén nit phing Oxy.Diém M(a,
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b) hay M(z) (héic OM ) duoc goi la biéu dién hinh ke hay dng hinh
hoc cia $ phic z= a+ ib. Mat phing Oxy @i |a mit phing phic.

S phirc z= a+ ib tuongtng Wi diém M(z) duoc goi la toa Vi cia
diém M haic caa vec &t OM trong miit phing phic.

Néu z la badd vi cuadiém M thi maiun aia z 1a khéng cach
M dén gbc toadd O, nghia 1a|7] :‘m‘ = OM.

Tir day W sau, not diém trong nat phing < dugc ky higu 1a mbt
chir in hoa conda vi cia ndduoc ky hiéu 1a chr thuong, ching han £
phirc a la ba vi caadiém A.

Chwong 2: UNG DUNG CUA SO PHUC
TRONG HINH H OC PHANG

Trong chrong nay, tréc hét ching ti mdd mt s khai ném
cua hinh e phing qua ngdn ngg s phic nhr gocdinh heong, cac
phép bén hinh trong nit phing. Tép d6, ching toi th hién mt s6
dac trung trong hinh hc phing qua ngdn ng so phizc nhe phirong
trinh dwong thing, pheong trinh duwong tron, diéu kién dong qui,
vudng goc, song song,dig hang, giaafiém hai céat tuyn, giaodiém
hai tiép tuyen, chanduong vubng géaer day cung, da Vi cia trong
tam, tnec thm @a tam gidc. Cac khai ain va Kt qua thé hién trong
chuong nayduoc trich din tr tai liéu [2], [5], [6], [7].
2.1. M6 ta mét sb khai niém cia hinh hoc phing théng qua ngén
ngir sb phic :
2.1.1. Goadinh huéng:
2.1.2. M@ & cac phép lin hinh phing hing ngén ngr s phirc:
a) Phép @i hinh:

«  Phép Inh tiéen.

e Phép quay

«  Phépdoi ximng truc.
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b) Phép ¥ tu
2.2. Thé hién mét sé dic trung trong hinh hec phiing théng qua
ngdn ngir sb phirc:
2.2.1. Pheong trinh dwong thing
2.2.1.1. Plrong trinh ng quat

Trong phin truée ta thy diéu kién cin vadu dé 3 diém phan bit
Zo, 71, Z Nam trén ndt duong thing la géc gia hai vear Z,Z, va
Z,Z, bing 0 hac /7. Néi mot cach khacitsd don V(zo, z, 2) 1a
mot sd thuc. Do tinh cht cia $ phic ta co té biéu dién dudi dang
nhu sau :

2-%_3%"2

2-2 z-1

Tu dang thic trén ta thy ngay, nét duong thing di qua haidiém z, z
la tip hop cacdiém Z sao cho:  _  __

z—zzzz—;
2-% z-12
hoc 1a: (z-2)z-(2- 9 #2( 2z ,2%=0.

Vi nhan @a #it ca cacdiém trénduong thing thva man chding thic
trén, nén ta cé thgoi d6 1a phrong trinhdudng thing.

2.2.1.2. Plrong trinh tham &:
Badiém Z, Z, Z, nam trén not duong thing khi va ch khi ty sb

don V(z, 2, ) =2-% 1a mpt 5 thuc. Do d6 v6i mdi s thuc A,
z-2

thi & phic z=2z+A(z- 2)=A z+(-A) z l1a mjt nhan @a mot
diém trénduong thing di qua ZZ, va ngroc lai.
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Nhr vay, khi A chay trén fip hop & thuc thi phrong trinh
z=2+A(Z2- 2)=A z+(L1-A) z goi la phrong trinh tham & cia
duong thing di qua ZZ,.

2.2.2. Phrong trinh dwong tron:

Chung tasstim diéu kién cin vadu dé 4 diém Zo, Z,, Z», Zs nam
trén not duong tron. Nu Zo, Z1,Z,,Zs nam trénduong tron thi hdu
gita géedinh hrong Z,Z,Z, va ZZsZ, 14 0 hac +77. Suy rat s

V(%.3.23)_ %~ £._ 6 45 mot s thuc.
V(2,33 22 Z 7

Nguoc lai, néu ti s M la mit s thue, thi Z, Z, 2, Z1a

V(% 3, 2)
nhan @a nhirng diém trénduong tron hac duong thing. Khido gia ti
V(%, 3, 3) N S
W(z,,2,,2,,3)=———=- duoc i la ti 5 kép aa 4
° V(2 3, 3)

diemz,, Z, 2, Z (theo thi tw nay).
Nhu vay: Piéu kién cin vadu cho 4diém Zo, Zy, Z», Zs nam trén
duong thing haic duong tron la i sb kép

V(%2.3)_ 3~ 2. ¢ 3
V(%,2.3) -2 7 2

la mot sb thuc haic la; 2~ 2. %~ 8 8~ ¢ & 3

2-% 3-% 2-% 3~ 3

Tu phuong trinh tréndé mot diém Z ram trénduong tron ngai tiép

W(z,,2,,2,,2)= ctanhdn g z 2, z3

tam giac 4Z,Zs la phrong trinh sau tha man

2-3 . 2-3 _z _; z-
2-% %2-% -2 3%-

oNl"Nl
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Ta c6 tit goi day la phrong trinhduong tron xaadinh ki 3 diém Z,,
Z,, Zs.
Kha mau $ ta nHin duoc:

(-2) =3z A2 3= H 2 ¢ 2 M 2 )=0
Truong hyp dac biét, tam @ia duong tron tring bi diém goc toado va
ban kinh 1a 1, thi plong trinhdudng tron ¢ dng zz=1. Puong

tron nay @i la duong trondon vi.
2.2.3.Piéu kién vudng géc, song song:

C6 fit nhiéu bai toan lién quadén dudong tron khi ta chn toa do
vudng goc i gbc chinh 1a tamduong trondé va coiduong tron 1a
duong trondon vi. Khi d6 cac cong tic tinh toan & néndon gian,
nhé va ap dngduoc trong cac bai toandhé.

Nhr tada biét, s vubng géc hac song songi@ haidoan thing
Z.Z, va U U, duoc biéu dién bing cong tc:

(z-2)(u-y)+(u-y)f 2= g=0,

va (z-2z){u-u)=(u-u(z- 3.
Trong tuong hop 23, Z,, U, U, déu nam trénduong trondon vi, thi
1111

nhiing $ phac lién hop zl z2 q q co té thay ng —,—,—,—.
4 %5 4 4

Khi d6:(z, - %)[u—lz—&}( Y- Q)[—l-—l}o-

L 4

Suy ra 4Z, va UU, vudng goc @i nhau khi va ch khi

zz+4yu=0.
Tuong tr diéu kién cn va du dé hai doan trén song song la
4% =Yu.

2.2.4. Giaadiém hai cét tuyn:
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Diéu kién dé badiém A, B va U am trén ngt duong thing cho
bai phuong trinh:

c |
o |

u-a_u-s
-a b-a
Néu A va B la niirng diém nim trénduong trondon vi thi a -1
a
b= 1
b’

Khi d6 phrong trinh trén co thviét dusi dang a+b= u+ abu.
Day ding ladiéu kién cin vadi dé U nam trénduong thing AB.
Néu Z,Z, va U,U,1a hai cung sa duong trondon vi cit nhau thi

Z+2=St 77 ¢

giaodiém S @a chiing cho i hé: _
U+Uu,=S+yuys

Tir d6 ta c6 cong tic tinh nhan si@ giaodiém :
(zrz)uu-(uty) 22
uu, - 2%

Do 7,7, va UU, khéng song song nénu, — zz #0.
2.2.5. Giaadiém hai tiép tuyén:
Bay gi, cho haidiém Z, U trénduong trondon vi véi diéu kién ching
khéng rm trén cungiuong kinh. Drng haiduong thing tiép xuc \6i
duong tron ti hai diém d6 va ching @ nhau 4i S. Ta tim cach Bu
dién nhan s bi z va u @a haidiém Z va U. Do SZ vudng goasvOZ
va SU vubng gocdi OU ta c6

z-s, - s Uu-s u-s

2+ Csova——+—=0.
4 Z u u

Hay ( % z0va(u-s)u (_u—_s) u=0.
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Suy ra Sz+ zss2 vasu+ us=2.
Ny p 2zu
Tu do tacod s= .
zZ+ U

2.2.6. Chanduwong vubng goéar day cung:
Tadi tim cong thirc cho nhan chaduong vuéng goc Séatir mot diém
M xubng dudng thing AB, Wi haidiém A, B rim trénduong trondon
Vi.
Nhr cac pln truée ta c6 cong tic a+b= s+ abs.
Mat khac, do MS vubéng goaWAB, ta co:
_(m— s)(_a—_t) +(__m—_§;( a p=0

Tir d6 suy ras= m—-(m- $ al, thé s vaoa+b= s+ abs.

Hay s=%(a+ b+ m- ab_rj\.

2.2.7. Tpa dp Vi ciia trong tadm, tuec tdm aia tam giac:

Chwong 3: CAC BAI TOAN UNG DUNG

Trong chrong nay ching t6i kio sat nat s6 bai toan hinh hc
phing thé hién qua ngdn ng si phic. CAc bai toan nayieec tuyen
chon va phan lai tir cac tai ligu [1], [2], [41, [5], [8], [9], [10].
3.1. Bai toan chirng minh déing thirc va bit ding thirc hinh hoc.
Bai toan 1:
Cho tam giac ABC c6 éng tam G. Cting minh i moi diém M ta c6
MA® + MB* + MC* =3MG’+ GX+ GB'+ GC.
Vi gia tri nao @adiém M thi tng MA? + MB? + MC? c6 gia ti nho
nhat.
Bai toan 2:
Gia sir diém D ram trén @anh BC @a tam giac ABC. Gimg minh
réng: AB>.DC+ AC.BD- AD.BC= BC DC BI.
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Bai toan 3:
Chang minh &ng tich caaluong chéocua tir giac rdi tiép bang Hng
cua tich cac enh déi.
Bai toan 4:
Hai duong tron ban kinh R va rép xc ngoai %i nhau ai diém A.
Qua A K hai cat tugn vudng goc & nhau MAM;, NAN,. Ching
minh MM 2 + NNZ khongddi.
3.2. Bai toan qy tich.
Bai toan 5:
Cho dudng tron tdm O béan kinh R, BC 1a day curigdinh, diém A
chuyén dong trén cungdn BC. Tim q tich tpng thm G éa tam giac
ABC.
Bai toan 6:
Cho hinh thang ABCD ( AB// CD)ach AB & dinh, AD =m, DC = n:
khongddi, G 1a giaodiém haiduong chéo. Tim g tich cacdiém D,
C, G.
Bai toan 7:
Cho tam giaatéu ABC anh 2x. Tim g tichdiém M sao cho:
a) MA?*+ MB®+ MC*=8X.
b) ‘m+ ZW:‘ =‘2W+W51.
Bai toan 8:
Cho tam giac vudéng OAB c6 hairth géc vubng OA=2x, OB= x.
a) Xacdinhdiém K thoa mandiéu kien : KO - 2KA+ 3KB= 0.
b) Tim tap hop diém M sao cho:
MO -2MA+ BW = Z‘W\—m

Bai toan 9:
Cho hinh binh hanh ABCD.
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a) Chang minh &ng: (MA2 + MCZ)—(MBZ+ MDZ) la hing $,
khéng phu thudc vi tri diém M.
b) Tim tap hop diém M sao cho:
MA? + MB? + MC?+ MD? = k?( k 1a $ thuc).

Bai toan 10:
Cho tam giac ABC c6 halinh B, C & dinh, diém A thayddi sao cho
trung tuyn BM c6do dai khdngdsi x. Tim quy tichdinh A.
3.3. Bai toan drng hinh:
Bai toan 11:
Choduong tron tam O, ban kinh R va hai day cung AB, Cn diém
X trénduong tron sao choXA’ + XB = XC + XD.
Bai toan 12:
Cho tam giac ABC. Hay uhg tam giac AB,Co sao cho tam giac
AoBoC, BsCoA va GAB la nhiing tam giaaiéu cung lwéng drong.
3.4. Bai toan ching minh tinh vuéng géc, tinh thing hang, tinh
song song, tinkddng qui:
Bai toan 13:
Cho tam gidc ABC, @hg phia ngoai tam giac ABC cac tam giac
vudng can LAB, KAC (vudngat L va K). Ké hinh binh hanh LBCM.
Trén tiaddi cua tia AL Ky diém N sao cho AN = AL. Gimg minh
rang tam giac KMN vuéng can.
Bai toan 14:
Cho tam giac ABC. Trongua mit phing by AB chira diém C, ding
hinh vuéng ABCD. Trongira mit phing by BC chra diém A, dung
hinh vubng BCFG. Ging minh GA vudng gocdéi CD va GA = CD.
Bai toan 15:
Cho tam giac ABC, whg phia ngoai tam giac ABC cac hinh binh hanh
ABDE, ACFG. Goi H, K, L lan luot la trungdiém oia BE, BC, CG.
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a) Chang minh ng tam giac HKL vudng can.
b) Co nhin xét gi ¢ vi tri dinh thr 4 aia hinh vuéng c6 8inh H,
K,L?

Bai toan 16:
Cho duong tron (O) vadiém M bit ky ¢ trong duong tron. Qua M
dung hai day cung AMB va CMD vubdng gééiwnhau. Gi N la trung
diém oia BD. Ching minh MN [J AC.
Bai toan 17:
Vé phia ngoai @a tr gidc ABCD drng cac hinh vudng ABEF, BCGH,
CDKL, DAMN. Goi P, Q, R, S4n Iluot la tm @a céac hinh vuéng
trén. Chirng minh: PR = QS v®R 0O QS.
Bai toan 18:
Tu dinh A aia hinh vudng ABCD, ta&hai tia Ax, Aydi qua mén
trong dia hinh vuéngié. Gia sir cacdiém M, K 1a hinh chéu aia B va
D lén Ax; N, L wrong tng la hinh cHu cia B va D lén Ay. Chng
minh ring cacdoan thing KL, MN vuéng goc ¥i nhau va Bng nhau.
Bai toan 19:
Cho hinh vuéng ABCDDiém M la trungdiém ocia CD,diém P ram
trén duong chéo AC sao choPC=3AP. Ching minh &ng:
BMP=90".
Bai toan 20: ‘
Cho ba hinh vuéngang nhau ABCD, BEFC, EPQF. €hg minh

rmm:ECD+@FD+@QD=g.

Bai toan 21:
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Trén cac enh AB va AC @a tam giaatéu ABC liy cacdiém E va D

|AD| _|BE _1

tuong thg sao cho— ='—1 == Ching minh &ng, réu P la giao
uong trng |DC| |EA[ > g g, g

didm cua BD va CE thiAPC=90".

Bai toan 22:

Cho B, va B, lan luot 1a chanduong cao h tir dinh A, va A, xudng
cac anh dbi dién trong tam giac M Az Goi O la tamdudng tron
ngaai tiép tam giac AA,A;. Ching minh &ng BB, vudng goc i
OA:.

Bai toan 23: 7 ‘

Cho hinh vuébng ABCDbiém M va N ram twong trng trén caduong

chéo BD va genh BC sao chdBM =§ BD va BN =% BC. Ching

minh ring AMN =90°.

Bai toan 24:

Cho hinh cir nhat ABCD. Tir mot diém K bt ky trén duong tron
ngaai tiép hinh clir nhat ha nhirng duong thing vuéng goc xéng AB,
CD, AD va BC va &t cac anh nay in luot tai P, Q, R, S. Ciing
minh ring PR vudng gocdi QS va PS vudng goéaiQR.

Bai toan 25:

Cho tam giac ABC(@AC;t 600), & mién ngoai @a tam giac ABC &
cac tam gidaéu ABD va ACE. Ding hinh binh hanh AEFD. Ghg
minh tam giac BFC |&éu.

Bai toan 26:

Néu AB va CD la haitoan thing cit nhau va P, Q la mimg trungdiém
tuong tng aia cacdoan thang trén. Cling minh &ng, réu AB la phan
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giac @ia géc CPD vaPA’ = PB’ =| PQ.| PD thi CD |a phan giacia

g6c AQB vaQC? = QD =| QA| QB.

Bai toan 27:

Cho M la tong tdm tam giac ABC, P la ch@oong cao h tor A, con
Q la giaodiém aia duong tron ngai tiép tam giac ABC vatuong
thang di qua Adong thyi song song &i BC.

Jom|
[MP[

Chang minh &ngdiém M nam tréndoan PQ val—'

Bai toan 28:

Chirng minh &ng cac trungtiém cia haiday aia mdt hinh thang, giao
diém cua haiduong chéo va giadiém cia hai anh bén kéo dai img
hang.

Bai toan 29:

Cho tam giac ABC i tiép duong tron (O). CAc ép tuyén aia (O) ti
A, B, C theo th tw gap cacduong thing BC, CA, AB i 3 diém P, Q,
R. Ching minh P, Q, R ting hang.

Bai toan 30:

Cho tam giac ABC, qua céinh A, B, C & badudng thing song song
v6i nhau, @t duong tron ngai tiép tam giacdn luot tai cacdiém tha
hai D, E, F. Cling minh tiuc tdm cac tam giac ABF, BCD, CAEéﬂg
hang.

Bai toan 31:

Tu dinh A aia mbt tor giac ABCD i tiép trénduong tron, drng cac
duong vudng goc & cac anh AB va AD hn luot cit cac @anh CD va
BC tai M va N. Ching minh &ng M, N rim trénduodng thing di qua
tam dia duong tron ngai tiép tir giac ABCD.



21
Bai toan 32:
Tu cacdinh aia hinh binh hanh ABCDahcacduong vudng goc AE,
BF, CG va DH xdng cacdudong chéo. Chng minh EF // GH.
Bai toan 33:
Cho tam gidc ABC &i diém D trén anh BC, ndt diém M tréndoan
AD. Goi L, K lan luot |& trungdiém cia MB, MC. Tia DL &t AB tai
diém P; tia DK &t AC tai diém Q. Ching minh PQ // LK.
Bai toan 34:
Cho ndi giac ABCDE, @i K, L, M, N lan luot & trungdiém ocia cac
canh AB, CD, BC, DE. ly P,Q hn luot la trungdiém oia KL va MN.
Ching minh &ng : PQ // AE va PQ=%.
Bai toan 35:
Cho ABCD la ndt ta giac mi tiép trongduong tron (O). Tr M, N, P,
Q 1an luot l& trungdiém aia cac anh AB, BC, CD, DA ta & cac
duong thing vudng goc & cac anh dbi dién trong tng. Ching minh
cacduong thing naydong quy.
Bai toan 36:
Cho tam giac ABC, cadiém A, B,, C, 1a trungdiém cac anh BC,
CA, AB. Goi M la diém tuy y trong tam giacay M, M, Ms lan luot
la cacdiém dbi xirng aia M qua cadiém A,, B;, C;. Ching minh &ng
cacduong thing AM;, BM,, CM; dong quy.
Bai toan 37:
Cho ndt tir giac kit ky, chaing minh &ng haidoan thing ri lién cac
trung diém caa cac anh dbi nhau @a tr giac vadoan thing rbi lién
trungdiém cia haiduong chéadong quy hi mot diém.
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Bai toan 38:
Cho tr gi4c ngai tiép duong tron (O). Cling minh &ng nhirng dudng
ndi nhitng diém tiép xtc @a cac anh dbi dién va cacduong chéo
giac it nhau 4i mot diém.
Bai toan 39:
Cho tam giac ABC, g O la diém bét ky trong tam giac, @ D, E, F
lan luot & trungdiém cia BC, AC, AB, @i L, M, N lan luot & cac
trungdiém cia AO, BO, CO. Cting minh &ng DL, EM, FNdéng quy
tai mot diém.
Bai toan 40:
Cho tam giac ABC trc tdm H, & duong tronduong kinh CH, &t cac
canh BC va AC 4i P va Q. Cling minh &ng nhing tiép tuyén tai
diém P va Qddi voi duong tron ét nhau i diém giira aia AB.
Bai toan 41:
Cho hinh binh hanh ABCD va AB:D; vdi B; thuoc aanh AB, D,
thuoc canh AD. Ching minh cacdudong thing DB,, BD,, CC, ddng
quy.
Bai toan 42:
Cho hai hinh vudng cungring OABC va OAB;C, c6 not diém
chung O. Cting minh &ng cacduong thing AA,;, BB, va CG di qua
mot diém.
3.5. Bai toan @ gdc va khéing cach:
Bai toan 43:
Qua trungdiém C aia mpt day cung tly y AB &a mbt duong tron ta
dung hai day cung KL va MN tly y ( K va M cung phiatdi voi AB
), Q la giaadiém cia AB va KN, P |a giadiém cia AB va ML.
Chang minh &ing QC = CP.
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Bai toan 44:
Cho tam giac ABC, @ M |a trungdiém cia anh BC. Trén enh AB
ldy diém D sao cho BD = 2AD. Céadoan thing AM va CD @t nhau
tai diém 1. Ching minh #&ng;

a) |la trungdiém oiadoan thing AM.

b) CI=3Dl.
Bai toan 45:
Cho diém M va N la trungdiém cia cac enh AB va BC trén hinh
vudng ABCD.Poan thing CM va DN ét nhau 4i P. Ching minh
rang doan AP cAdé dai king anh hinh vuéng.
Bai toan 46: ‘
Trén anh aia mjt tam giac ABC dng nhing tam gidcdéu BCA',
ACB’, ABC’ sao cho A’, B’, C, C’ am v mét phiaddi véi dudng
thang AB. Ching minh &ng réu diém M |a tong tdm @a tam giac

/4
ABC’ thi tam giac A’'MB’ la can va g66 dinh M hing ? :

Bai toan 47:

Cho r giac ABCD, AD = BC, M va N la trundiém oia AB va CD.
Goi E, F kn luot la giaodiém cia BC va AD i duong thing MN.
Chang minh: AEM = BFM .

Bai toan 48:

Cho badiém A, B, C thing hang theo thty d6. Dung cac tam giac
déu ABE, BCF thic cling rira mit phing by AC, goi M, N 1 trung
diém cia AF, CE. Cling minh tam giac BMN |a tam giaiéu.

Bai toan 49:
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Trén céc enh aia mbt tam giac Bt ky ABC vé phia ngoai dng nhing
tam giacdéu ABC’, BCA’ va CAB’. Chiing minh &ng tlong tdm G,
B, va A, cia nhing tam giac mi dung ladinh aia npt tam giaodéu.
Bai toan 50: (IMO 1977)

Cho hinh vudng ABCD. Bng \é phia trong hinh vuéng cac tam giac
déu ABK, BCL, CDM va DAN. Ching minh &ng trungdiém céac
doan tr‘éng KL, LM, MN, NK, BK, BL, CL, DM, DN va NA ladinh
caa ot thap nhi giacdéu.

3.6. Bai toan lién quandén cac phép bén hinh trong mit phing
Bai toan 51:

Cho ABCD, BNMK la hai hinh vudng khéng giao nhau)aEtrung
diém cia AN. Goi F 1a chanduong vudng goc it B xuéng duong
thang CK. Ching minh &ng cacdiém E, F, B tling hang.

Bai toan 52:(IMO 17, 1975)

V¢ phia ngoai ¢a tam giac ABC,dn luot dung cac tam giac ABR,
BCP, CAQ sao ch®BC=¢AQ=45", BcP=dcA=30,
ABR=RAB=15".

Chirng minh &ing: ORP=90" va RQ = RP.

Bai toan 53: (IMO 1986)

Trong miit phing cho tam giac M,A; vadiém R. Voi mdi s=4 ta
dat A = A_,. Dung daydiém R, P, ...sao chafiém R, la anh dia

P. voi phép quay tam A, (k=0,1,2,...) ndt goc 120° theo chéu kim
ddéng M. Chiing minh &ng réu Pggs = P, thi tam gidc AALA; 1a tam

giacdéu.
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KET LUAN

Mdi phuong phap gii bai tip chi that sy manh wi mot 16p bai
to4an naalo. Lop bai toanda xét trong lan van ching minh ing cach
khac c6 th dé hon haic khé fon cach cling minhé day. Trong cling
minh king phrong phap th hién qua ngén ny sb phic ta phi ludn
chon mot hé toa do cho thudn tién tinh toan va nku khi trong cliing
minh aing dung cach phéan tich ma tadhg dungda hoc.

Trong qua trinh &n dung, ching tdida két hop Véi phuong
phap da do va phrong phap veet. Chinhdiéu két hop nayda giap
cho viéc ching minh céac bai toan hinted phing dugc thuan loi hon.

Luan van: “ Khdo sat ngt s3 bai toan hinh e phing hing
ngbn ng# si phirc” da thudugc cac Kt qua sau:

1) Nghién &u van dung cac kén thic vé sb phirc vao véc giai
mot sd 16p bai toan trong hinhde phing, chi yéu tp trung vao cac
dang sau:

a) Baitoan cling minhding thrc va kit dang thrc hinh hyc.

b) Baitoan g tich, bai toan gng hinh.

c) Baitoan cking minh tinh vuéng goc, tinhihg hang, tinh

song song,
tinhdong quy.

d) Bai toan lién quandén cac phép Bn hinh trong it

phéing.

Qua vEc van dung $ phirc dé giai |6p cac bai toan hinhol
phing, nbt b bai toandugc ching minhdon gian va ngn gon hon
cac phlrong phap khada cé trdc dé.
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2) Luan van con c6 y ngta thyc tién 14 c6 tié 1am tai liu
tham kto cho gido vién, ¢t sinh khi dy hoc £ phic va hinh bc
phang.

Chung tdi hy wng ring cac Kt qua buéc dau vé phuong phap
giai cac bai toan hinhde phing qua ngén rigsd phirc dugc trinh bay
trong ILAn van nay § con tép tuc dugc Mo rong hon nira dé co thé
giai dugc nhidu 16p bai toan khac nhau trong hindctphing.

Mic duda ht sic od gang va nghiém tic trong qué trinbch
tap va nghién ¢u khoa k¢ nhrng do thyi gian va ki nang con fan
ché nén tac gi rait mong nln duoc y kién déng gép éa quy thy
gi4o, cd gido va caah ddng nghép dé luan van duoc hoan thén hon.



