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LOI CAM TA

Luan vin dugc hoan thanh dudi sy huéng dan khoa hoc ctia PGS. TS Lé Anh Vi, nguoi
thay kinh yéu d nhiét tinh gitip tac gia tiép can vdi ly thuyét biéu dién nhém Lie, dai s6 Lie va
nhiéu kién thtrc quan trong khéc trong sudt qué trinh tac gia hoc cao hoc. T 40, tac gia di giai
quyét dugc bai toan clia minh dé hoan thanh luan vin tot nghiép. Tac gia xin chan thanh t6
1ong biét on siu sic dén thay, nguoi thay ludn tan tim va nghiém khac da gitip tac gia truong
thanh rat nhiéu vé mat tri thuc.

Téc gia cling xin chan thanh cam on:

Quy Thay trong hdi ddng phan bién da danh thoi gian doc luan vin va cho nhiéu nhan xét
hiru ich.

Quy Thay C6 khoa Toan Tin & trudng Pai hoc Su pham Thanh phé H6 Chi Minh di truyén
dat cho tac gia nhiing kién thirc quy bau, va can thiét dé tac gia ning cao trinh do chuyén mén,
phuong phéap lam viéc hi€u qua trong qua trinh hoc tap cling nhu giang day.

Quy Thﬁy Co6 ¢ Phong Khoa hoc Cong ngh¢ va Sau Pai hoc, Thu vién cia truong Pai hoc
Su pham Thanh phd H6 Chi Minh d3 giup d& va tao diéu kién thuan loi cho tac gia trong qua
trinh hoc tap va lam luan van tai truong.

Quy Thﬁy C6 khoa Tiéu hoc Mam non, khoa To4n hoc, Ban giam hi¢u truong Pai hoc
Déng Thép da tao diéu kién thuén loi cho tac gia di hoc, nghién ctru va lam luan van.

Céc tac gia cua cac tai liéu ma tac gia da tham khao.

Cubi cung, xin chan thanh cam on gia dinh, thay c6, d6ng nghiép va cac ban hoc vién cao
hoc da dong vién giup do tac gia trong thoi gian hoc tap va lam luan van.

TP. H6 Chi Minh, thang 8 niim 2010

Nguyén Thi Méng Tuyén
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DANH MUC CAC KY HIEU

Aut (V) : Nhém céc tu ddng cau trén khong gian vecto V.

Aut(-G): Nhém céc ty dang cau tuyén tinh trén G .

b(n, K'): Khong gian cic ma trén tam gidc trén truong K .

C: Trudng sb phurc.

C*(V): Khong gian cac ham kha vi vo han lan trén da tap V.

End (V): Khong gian cac dong cau trén da tap V.

exp: Anh xa mii exp.

G : Nhom Lie.

G’ : Khong gian ddi ngau cua dai s6 Lie G .

GL(n,R): Nhém tuyén tinh tong quat cap n hé sé thuc.

gl(V): Pai s Lie tuyén tinh tong quat.

gl(n, K ): Pai s6 Lie cac ma tran cap n trén K .

Lie(G): Pai s6 Lie ctia nhom Lie G.

Mat(n,R) : Tap hop cac ma tran vudng cip n hé sb thuc.

n(n, X ): Khong gian cic ma tran tam giac trén chit ché cp n trén truong K
sI(n, K ): Khong gian cic ma tran cip n c6 vét bang khong trén truong K .
R: Trudng sb thuc.

tr(A): Vét cia ma tran A.

Z(-g): Tam cua dai so Lie G .

Q. : Quy dao Kirillov qua F.



MO DAU

Van d& ma ching t6i quan tim c6 ngudn gdc tir bai toan md ta ciu truc cac C -
dai s6 bang phuong phap K-ham tir.

Niam 1943, 1. Gelfand va A. Naimark dua ra khai niém C -dgi s6. Cac C -dai s6
nhanh chéng tim thiy nhiéu ung dung trong Toan hoc ciing nhu trong Vat 1i, Co hoc.
Tuy nhién, chinh vin dé mé ta cau tric C -dai s6 trong trudng hop téng quat lai rat
phtrc tap va cho dén nay van con 13 bai todn md.

Nam 1974, D& Ngoc Diép da sir dung cac K-ham tr dong diéu Brown-Douglas-
Fillmore (con goi 1a K-ham tnir BDF) dé dic trung C -dai s6 C (AffR) cua nhoém céc
phép bién d6i Affine trén dudng thing thue R. Boi thé phuong phap mo ta ciu trac C -
dai s6 bang cac K-ham tr BDF con duoc goi 1a phuong phép ciia D6 Ngoc Diép. Nam
1975, J. Rosenberg dd st dung phuong phap ndy dé mé ta C-dai s6 C (AffC) cua
nhém cac phép bién ddi Affine trén duong thing phitc C va C'-dai sé cua mot vai
nhom Lie giai dugc khac. Nam 1977, P Ngoc Diép da cai tién phuong phap ctia minh
dé dac trung cac C'-dai s6 kiéu | bﬁng cac m¢ rong lap nhiéu tﬁng. Pén lac nay, cac K-
ham tir BDF duong nhu khong con thich hop véi viéc méd ta C'-dai s ctia cac nhom
Lie khac cling nhu céac C-dai 56 khac nira. Mot céach ty nhi€n ndy sinh hai van dé 16n.

- Vian @@ 1: Tong quat héa cac K-ham tir BDF theo cach nao d6 dé cé thé mo ta
dugc mot 16p rong hon cac C"-dai s6.

- VAn dé 2: bi tim 16p cac C’-dai s6 hodc 16p cac nhom Lie ma C'-dai s6 cla
chung c6 kha ning mé ta duoc bang cac K-ham tir mé rong.

Niam 1980, G. G. Kasparov da nghién ciru van dé thtr nhat va thanh cong trong
viéc tong quai hoa cac K-ham tir BDF thanh cac K-song ham tir todn tir (con goi la cac
KK-hdm ti¥) vira ddng diéu vira d6i dong diéu. Ngay sau do, Kasparov da sir dung cac
KK-ham tir ciia minh dé mé ta C -dai s6 C (H3) cua nhom Heisenberg Hs.

Van dé tht hai c6 lién quan mat thiét véi mot phuong phap ndi tiéng va dong vai
trd then chdt trong 1y thuyét biéu dién nhoém Lie — d6 1a phuong phap quy dao do
Kirillov khé1 xudng vao ndm 1962. Nam 1980, chinh phuong phidp quy dao cua
Kirillov da goi y dé P& Ngoc Diép dé nghi xét 16p cac MD-dai sé6 va MD-nhém. Lép
nay rat don gian vé phuong dién phan ting cac K-quy dao, nén néi chung C -dai sé cua

ching c6 thé mé ta duge nho cac KK-ham tit.



Gia st G 13 mot nhém Lie thuc giai duoc n chiéu (n 1a s ty nhién duong). G
dugc goi la moét MDn-nhém néu cac K-guy dao cua nd hoac khong chiéu hodc c6 sb
chiéu 12 mot hang sb k (chin) nao d6 khong vuot qua n. Khi k = n thi G con duoc goi 1a
mdt MDn -nhém. Pai s6 Lie(G) ctia mdi MDn-nhdm (twong tmg MDn -nhém) duoc goi
14 mot MDn-dai s6 (tuong mg MDn -dgi s6). RS rang 16p cac MD 1a con ctia MD. Bén
day, mot bai toan 16n dugc dat ra 1a phan loai cac MD-dai s6 déng thoi moé ta C -dai s6
ctia cac MD-nhém bang phuong phap  KK-hdm tit.

Nam 1984, Hd Hitu Viét da phan loai tri¢t dé cac MDn-dgi s6. Lép nay chi gém
cac dai sé Lie giao hoan R", dai sé Lie(AffR) va dai s6 Lie(AffC). Ngay sau d6, Ho
Hiru Viét d3 dung phuong phap KK-ham tir 3& mo ta C (AffC) ciia AffC, & d6 AffC 1a
pha phd dung ctua nhom AffC. Nhu vay, cing vdi cac két qua co trude cia DS Ngoc
Diép va Rosenberg, bai toan ddi v6i cac MD-dai s6 vd MD-nhém xem nhu d3 duoc
giai quyét triét dé.

Thé con cac MD-dai s6 va MD-nhém thi sao? Déng tiéc 1a d6i voi ching, vin dé
tr& nén phirc tap hon nhiéu. Cha ¥ rang moi nhém (twong tng dai sb) Lie thuc giai duoc
khéng quéa 3-chiéu déu 1a MD-nhém (twong tng, MD-dai s6), hon nita ching da duoc
liét ké hét tir 1au trong 1y thuyét dai sé Lie. B6i vay, chung ta chi can bat dau tir cac
MDn-nhém véin > 4.

Trong cac nim 2005 - 2007, Lé Anh Vi d3 phan loai (chinh x4c dén ding cau dai
s6 Lie) tat ca cac MD5-dai s6 v6i ideal dan xuét giao hoan ba va bon chiéu. Nam 2008,
Lé Anh Vil va Kar Ping Shum di phan loai tit ca cac MD5-dai so voi ideal din xuét
giao hoan chié¢u khong qua bén.

Ngoai ra, ching ta quan tdm nghién ctru cac MD-nhém va MD-dai s6 con do su
kién quan trong sau ddy: ddi v6i mdi MD-nhoém, ho cac K-quyp dao chiéu cuc dai cta né
tao thanh phan la do dugc theo nghia cua A. Connes. Cac phan 14 nay dugc goi la cac
MD-phan 14 lién két véi cac MD-nhom di xét. Phan 14 13 khai niém xuat xt tir 1y thuyét
céc phuong trinh vi phan nhung ké tir cong trinh ctia G. Reed nam 1952, ly thuyét cac
phan 14 da tré thanh mot nhanh thudc linh vuc Top6 — Hinh hoc va nhanh chong phat
trién. Nam 1982, nghién ctru cac da tap phan 14, A. Connes dua ra khai niém phan 14 do
duoc va gén moi phan 14 do dugc véi mot C'-dai s6 ma duge goi la C'-dai 56 cla phan

14 d6. Lap ttrc ndy sinh cAu hoi 1a liéu cac C -dai sé phan 14 c¢6 thich hop voi phuong



phap KK-ham tir hay khéng? Cau tra 1oi 1a khang dinh. Nam 1985, A. M. Torpe da
dung cac KK-ham tir & mo ta thanh céng C -dai so cua cac phan 14 Reed trén xuyén 2-
chiéu. Dén day, lai xuat hién thém bai toan mé ta C -dai s6 cia cac MD-phan Ia.

Pay la nhitng li do co ban dé chung t6i quan tdm nghién ctru 16p cac MD-dai s6 va MD-
nhom. Cu thé, trudc hét chiing toi s& tim hiéu vé 16p MD5-dgi 56 v6i ideal dan xuét giao
hoan ma Lé Anh Vi va Kar Ping Shum da phan loai roi dua vao k¥ thudt ctia ho va cai
tién (néu can), chung toi s& gidi thiu mot vai MD5-dai sé v6i ideal din xuit khong
giao hoan va xét cac MD5-nhém twong ng ciing mot sd van dé lién quan. Bai thé, dé
tai cua ching toi mang tén “I6p cac MD5-dai so véi ideal din xuit khong giao hoan
va cdc MD5-nhom twong trng”.

Noi dung cta luan vin bao gdm phan mé dau, ba chuong ndi dung va phan két
luan. Cu thé:

Phan m& dau: Néu xudt x&t ciia vin dé va dit bai toan nghién ciru.

Chuong 1: Gi6i thiéu cac khai niém co ban vé nhom Lie, dai sé Lie, K-biéu dién
ctia nhom Lie va 16p cac MD-nhém, MD-dai sd.

Chuong 2: Chuong nay trinh bay chi tiét vé dinh 1y phan loai cac MD5-dai s6 voi
ideal dan xuét giao hoan da duoc Lé Anh Vii va Kar Ping Shum trinh bay trong [Vu-Sh]
va ching minh mot cac twong minh dinh 1y nay.

Chuong 3: Pua ra ba MD5-dai s6 véi ideal dan xuét thir nhat khong giao hoan 3
chiéu va mo ta birc tranh hinh hoc cua cac MD5-dai s6 nay. Phan cudi cua chuong 1a
trinh bay ménh dé ching to réng khong tdn tai mot MD5-dai sd nao voi ideal dan xuit
thir nhat 4 chiéu khong giao hoan.

Phan két luan: Pua ra nhitng nhan xét va nhitng van dé md can phai tiép tuc

nghién ctru.



Chuong 1 :LOP CAC MDn-NHOM VA MDn-PAI SO

Chuong nay chu yéu dua ra nhitng co so 1y thuyét cho cac két qua nghién ctru & cac
chuong sau, trong d6 giéi thiéu déi tugng nghién ciru 1a 16p cac MD5-nhdém va MD5-dai s6
ma ching ta quan tim. Trudc hét, ching ta s& nhic lai cac khai niém co ban nhat vé nhém Lie
va dai s6 Lie (thuc). Nhiéu ménh dé, dinh 1y dugc phat biéu nhung khong chimg minh. Poc
gia nao quan tdm dén ching minh hodc muén tim hiéu sau vé cac khai niém xin xem cac tai

lidu [Bo], [Ki], [Ha-Sch].

1.1.Nhom Lie.

Pinh nghia 1.1. Tap hop G dugc goi 1a mot nhém Lie néu cac diéu kién sau thoa mén:
() G la mot nhom Lie.
(if) G 1a da tap kha vi.
(iii) Phép todn nhém GxG — G, (X, y) > xy™ kha vi.

Ta khong can chu y dén 16p kha vi cia da tap G, vi rang theo dinh 1y Gleason-
Montgomery-Zippin, trén moi nhom Lie 16p C° (tirc 1a da tap topd) c6 thé dua vao da tap 16p
C” tuong thich v6i cdu trac nhom.

Tuy vao da tap kha vi thuc hay phttc ma nhom Lie dugc goi 1a nhém Lie thyc hay phue.
Nhom Lie duoc G goi 1a giao hoan néu phép toan nhom giao hoan. Chiéu cta nhom Lie G
chinh 14 chiéu cta da tap kha vi G.

Vi nhém Lie vira c6 ciu triic nhom vira 13 da tap kha vi nén c6 thé dua nhiéu cong cu
cta dai sd, giai tich, topd, hinh hoc vi phan, ... dé nghién ctru ciu tric ctia nhoém Lie.

Vidu 1.1

a. Puong thang thyc R véi phép toan (+) thong thudng 1a mot nhom Lie giao hoan.

b. Puong tron don vi S* v6i phép toan (\) (co thé xem S* 1a tap hop cac sb phirc cO
modun bang 1) 1a mot nhém Lie giao hoan.

c. Tép hop GL(n,R) cic ma trén vudng cap n khong suy bién véi phép todn nhan ma
tran cling 14 mot nhom Lie (khong giao hoan khi n > 2). Bdc biét, khi n = 1 thi GL(n,R)=R".

d. Néu G,, G, la cac nhom Lie thi tich G,xG, ciing 1a mot nhém Lie. Tuong tu cho
tich ctia nhiéu nhom Lie. Nhiing truong hop dic biét thuong gip 1a cac nhom Lie v6i phép

cong R" =RxRx...xR, xuyén n-chiéu T" = S'x S*x...x S*.



e. Nhom céac phép bién d6i affine ciia duong thang thuc R v6i topd tu nhién chinh 1a
mdt nhoém Lie. Nhom ndy duoc ky hiéu la affR. Cu thé, nhom affR =

{(a,b)/aeR*,beR}.

1.2.Pai so Lie.
1.2.1.Khai niém co ban vé dai sé Lie.
Pinh nghia 1.2. M6t khong gian vecto .4 trén truong K duoc goi 1 mot dai s6 trén K (hay

K-dai s6) néu trén .4 c6 thém phép nhan

(¢):AxA—> A
(x,y) xy
sao cho C4c tién dé sau day thoa man:
(A1) Phép nhan két hop: (xy)z =x(yz), VX, y,ze .4
(A,) Phép nhan song tuyén tinh:
(X + 2%,) Y = 2 (%) + A (%)
X(AYs+4Y,) =24 (091) + 4 (49,
VOi YA, A4 €K, X,%,, Y, V5, X,y €A
Tuy vao truong K thuc hay phic ma dai s6 A4 dugc goi la dai s6 thuc hay phirc. Dai 6
A 13 giao hoan hay c6 don vi néu phép nhan giao hoan hay c6 don vi. S6 chiéu cua dai s6 4
1a s6 chiéu cua khong gian vecto A4 .
Pinh nghia 1.3. Gia st K 1a mot truong nao d6. Mot khdng gian vecto G trén truong K
dugc goi 1a mdt dai s6 Lie trén truong K (hay K -dai $6 Lie) néu trén ¢ da cho mot phép
nhan [.,.] (duoc goi 1a moc Lie),
[., ] gx4g—>qg
(xy) = [xy]
sao cho céc tién dé sau dugc thoa man:
(L1) Song tuyén tinh:
[A% + 2%, Y] = A [ %, Y]+ 2 [ X, V]
[X Ay +4Y, | = A% Y. ]+ 4 [X Y, ]
VA, A €K, x,%,,y,, X, Y4
(Lz) Phan ximg: [x,x]=0,Vxe g

(Ls) Thoéa man dong nhat thirc Jacobi:



[[x.yl.z] + [ly,z].x] + [[zx].y] =0, Vx,y,z€ G
S6 chiéu ciia dai s6 Lie 4 chinh 1a s6 chiéu ctia khong gian vecto . Khi truong K 12
truong s6 thuec R (hay phitc C) thi € duoc goi 1a dai sé Lie thyc (hay phirc).
Cho @ 12 mot khong gian hitu han chiéu trén trudng K . Gia st s6 chiéu cua G lan.
Cau tric dai s6 Lie trén g co thé dugc cho boi méc Lie cua tung cdp vecto thudc co so

{e,,e,,...e,} da chon trudc trén & nhu sau:

[ei,ej}:kzn_;cifek, 1<i<j<n.

Cac hé s6 ¢, 1<i< j<n duoc goi la cac hang sb cau trac cua dai s6 Lie € trong co

s& dugc chon.
Nhéan xét 1.1

(i) Néu truong K c6 dic sd khac 2 thi ta d& dang kiém tra dugc tién dé (L,) cta dinh
nghia 1.3 twong duong voi (L,’):

[xy]=-[yv.x], Vx,ye g

(ii)Néu [x,y]=0,VX,y € @, thi ta n6i méc Lie la tdm thuong va dai sb Lie 1a giao
hoan. Trén phép toan Lie néi chung phép nhan khong giao hoan va khong két hop.

Noi dung cua luan van chi dé cap va nghién ctru cac dai s6 Lie thuc nén néu khong so
nham 14n thi ta van dung thuat ngit dai s6 Lie dé chi dai sé Lie thuec.
Vidu 1.2.

a. Khong gian R" v6i moc Lie [x,y]=0 (tdm thuong) hién nhién la mot dai so Lie.
Pai s Lie ma moc Lie tim thuong, dugc goi 1a dai s6 Lie giao hoan.

b. Khong gian R? véi tich c6 huéng thong thudng 1a mot dai sé Lie thyuc 3 chiéu.

c. Cho .4 1a mot dai s trén truong K . V&i moi cip (x,y)e.A, ta dinh nghia

[X,y]=xy—yx, khi d6 .4 tr& thanh mot dai s6 Lie. Noi riéng, dai sé Lie Mat(n,K) cac ma

trin vudng cap n trén K 1a mot dai s Lie véi moc Lie [A,B]= AB-BA, VA BeMat(n,K)
, va dugc ki hi¢u la gl(n, K ).

d. Pic biét, xét dai s6 cac toan tir tuyén tinh End(V) trén K& -khdng gian vecto V . Khi
d6, End (V) tro thanh dai s6 Lie voi moc Lie duge xéc dinh nhu sau: [A,B]=AcB-BoA,

VA, B e End (V). Dai s6 Lie nay dugc goi la dai s0 Lie tuyén tinh tong quat va duoc ki hiéu 1a

gl(V).



e. Cho .4 1a mot dai sb trén truong K . Toan tir tuyén tinh ¢:.4 — .4 duoc goi 1a
toan tir vi phan trén .4 néu:
o(xy)=(x).y—xo(y)

Ki hiéu Der(.4) 1a tap hop tat cd cac toan tir vi phan trén .4 . Khi d6 Der(A) tré
thanh mot dai s6 trén K voi phép toan hop thanh 1a phép nhan énh xa. Der (.4) s& tré thanh
mot dai sb Lie trén K voi moc Lie duoc dinh nghia 1a:

o0, ]=000,— 0,00,

Der(.A) goi la dai sd Lie cac toan tir vi phan trén.

1.2.2.Pai so Lie con va ideal.

Dinh nghia 1.4.

(i) Khong gian con #/ cua dai s6 Lie 4 duoc goi 1a dai s6 Lie con cia 4, néu
[x,y]e & véimoi x,ye# .

(i) Khéng gian con Z cua dai s6 Lie G duoc goi 1a ideal cua G néu [X,y]e Z véi
moi Xeg vayeZ.
Vi du 1.3.

(i) Xét dai sd Lie gl(n, KX ), ki hiéu

sl (n,K)= {Az(aij)e gl (nK)ID a, = o}
i=1
1a khong gian cic ma tran vudng cp n co vét bang khong (trong d6 vét ciia ma tran vudng la

téng cia cac phan tir trén dudng chéo chinh) trong gl(n, X ).

b(n,K):{Az(aij)egl (nK)la; =01< j<i Sn}
la khong gian cac ma tran tam giac trén trong gl (n,KK).

n (n,K’):{A:(aij)egl (n,K)la; =01< j<i< n}
la khong gian cac ma tran tam giac trén chat ché€ trong gl(n, K).
Khi d6 sI(n, K ), b(n, X ) va n(n, K ) déu 1a cac dai sb Lie con caa gl(n, X ). Dic biét,
sl(n, K ) la mét ideal cua gl(n, X ) va n(n, K ) 1a mot ideal cua b(n, K ).

(i) Dai so Lie céc toan tir vi phan Der (.4) 1a dai s6 Lie con ctia gl (.A).



(iii) Ki hiéu Z(@) la thp hop tat ca cac phan tir giao hoan véi G, tic 1a
Z(g)={xe@g|[xy]=0,vye G| (dugc goi la tim ciia dai s6 Lic G ). RO rang Z(G) la
mdt ideal cia G .

Nhan xét 1.2. Tir (i) ctia nhan xét 1.1, ta khong can phan biét giita ideal trai va phai. VA rd

rang, mot ideal thi ludn 12 mot dai s6 con, nhung néi chung diéu nguoc lai thi khong ding.

1.2.3.Pong cu dai sb Lie.

Pinh nghia 1.5. Cho G, G, 1a hai K -dai s6 Lie. Pong cau dai s6 Lie 1a 4nh xa K -tuyén

tinh ¢:.G, - G, sao cho ¢ bao toan moéc Lie, tuc la:

o([xy])=[e(x).0(y)] (Vxye@)

Néu ¢ 1a dang ciu tuyén tinh thi dong cdu dai s6 Lie ¢ duoc goi 1a dang ciu dai sb
Lie.

Ménh dé 1.1. Néu ¢: 4, —> g, lamot dong cau dai s6 Lie thi:

(i) Hatnhan Kergp ctia ¢ la mot ideal trong G;.

(i) Anh dong cdu Im¢ 13 mot dai sé Lie con cta G».

(i) G /Kerp=Img.

Nhéan xét 1.3.

(i) Cac dai s Lie trén truong K 1ap thanh mot pham trii v6i cac cdu xa chinh 1a cac
ddng cau dai sb Lie.

(i) Moi dong cau dai s6 Lie ¢:@, —>End(V) (End(V) 1a dai s6 Lie cac toan tir
tuyén tinh trén khong gian vecto V ) dugc goi la biéu dién tuyén tinh cia ¢, trong khong gian
vecto V . Pé don gian thi d6i khi nguoi ta ding thuat ngit “biéu dién” thay cho thuat ngit “biéu
dién tuyén tinh”. Khi ¢ 1a mot don cdu thi ¢ dugc goi 12 biéu dién khép.

Pinh ly 1.1 (dinh ly Ado)

Moi dai sé Lie hitu han chiéu déu c¢é it nhat mét biéu dién luyén tinh khop hiru han
chiéu.

Dinh 1y quan trong nay noi 1én rang, c6 thé quy tat ca cic phép chimg minh cta dai s6

Lie vé truong hop dai s6 Lie ma tran.



1.2.4.Biéu dién chinh quy cia dai s6 Lie
Cho @ 1a mjt dai so Lie. Vi mdi X € @, ki hiéu ad, 1a toan tir trong Der (@) dugc
xéc dinh boi: ad, (y)=[x,y]; Vye G.
Khi @6 ad, 1a mot anh xa tuyén tinh th G — @ va ta thu dugc biéu dién tuyén tinh
cua ¢ trong chinh g nhu sau:
ad: g — End(g)

X+ ad,
Biéu dién nay duoc goi 12 biéu dién chinh quy cta 4. Hat nhan caa biéu dién nay 13
Ker(ad)={xe@/ad, =0} chinh la tim cta G.
Vi du 1.4: Xét dai s6 Lie @ = R® v6i moc Lie 1a tich c6 hudng thong thuong. Khi d6 biéu

dién chinh quy ctia ¢ dugc cho bdi ma tran nhu sau:

0 c -b
ad=|-c 0 a
b -a 0

Dé thiy rang, tAm ciia G 1a tAm thudng, do d6 biéu dién ¢ day 1a khdp. Noi cach khac,
dai s6 Lie ¢ = R® véi moc Lie 1a tich ¢ hudng thong thuong dang cau voi dai sé Lie cac ma

tran thuc phan xtmg cap 3.

1.2.5.Pai so Lie giai dwoe va dai so Lie liiy linh.

Cho @ 1a K -dai sd Lie. Véi ne N, bat:
§°=4.g'=-(6.6.¢’=16".G".6"=| g, g""|
4,=-4.4,-146.4l,6,=[6.4.]...6,=[6.6,.] (nz2)

Ménh dé 1.2. Cac khang dinh sau day 1a dung:
(i) G, @g"lacacideal ciag (k=12,..)
(i) g0 '>2g°>..0G">..
N N

454 o54¢g,>..0g,D..
(iii)  Néu dim-g <+ thi 3ne N sao cho:

kh

etn :gnﬂ :---:gw



kh

9,-4,,=..=4,

Pinh nghia 1.6. Dai s0 Lie @ goi 1a giai dugc (twong tmg, lily linh) néu G~ ={0} (tuong
img, G, ={0}). Chi s6 n nho nhét dé céc dang thirc xdy ra dugc goi la hang cua dai s6 Lie gidi
duogc (twong ung, liy linh) G .
Vi du 1.5:

b(nK)= {Az(aij)e gl (n,K)/a;=01< j<i< n} (dai s6 cac ma tran tam giac trén)
1a mot dai s6 Lie giai duoc.

n(nK) ={A:(aij)e gl (n,K)/a;=01<j<i< n} (dai s6 Lie cac ma tran tam giac
trén ma cac phan tir trén dudng chéo chinh bang 0) 13 mot dai sd Lie liy linh.

Pinh Iy 1.2 (Dinh Iy Lie)

Cho ¢ la biéu dién tuyén tinh hitu han chiéu cia dai sé Lie gidi dwoc G trong khdng

gian vécto V trén truong déng dai s6 K. Khi dé ¢ twong dwong véi biéu dién tam gidc trén,

tic la p(X)=T(n,K),vxe g .
H¢ qua 1.1
Néu G la dai so Lie giai duoc thi G* =[G, G] la dai s Lie lily linh.
Dinh ly 1.3 (Pinh ly Engel)
Pai s6 Lie G la lily linh khi va chi khi véi moi VX € G , ad, la toan i lity linh (tirc la
ton tai ne N” sao cho (ad,)" =0).
Pai s6 Lie giai duoc mic du ¢ cdu trac khong qua phiic tap nhung cho dén nay thi viéc
phan loai chiung van 12 mot bai toan mé.
1.3.Sw lién hé giira nhém Lie va dai so Lie.
1.3.1.Pai s6 Lie twong wng véi mdt nhém Lie da cho.
Cho G 1a mot nhom Lie. Ta ky hiéu T,(G) la khong gian tiép xtc ciia G tai diém don vi
e e G. Khong gian nay thuong dugc ky hiéu 1a ¢ . Khi d6 G trd thanh mot dai sd Lie véi
moc Lie duoc xac dinh badi toan tir nhu sau:
[X,Y]: XY =YX, vVX,Y e g
Tuc la: [X,Y] f=X(Yf)-Y(Xf), ¥X,Y eg, Vf eC”(G)

Trong 46 C”(G) la dai s6 cac ham tron trén G nhén gié tri thuc.



Nhu vay, mdi nhom G sé& xac dinh duy nhit mot dai sé Lie G va G dugc goi 1a dai
sd Lie cua (hay tuong tmg voi) G.
Ngoai cach dinh nghia trén, ta con c6 thé xem dai s ¢ nhu la dai s6 Lie con cac
truong vecto bét bién trai trén G . Cach xay dung dai s6 G nhu sau:
Goi X (G) la dai sd Lie cac truong vecto kha vi trén G . Khi d6 véi moi X,Y € X (G),
ta co:
(X +Y)g =X, +Y,, Vg eG
(ﬁX)g =/1Xg, AeR,VgeG
[X,Y]f=X(Yf)-Y(Xf), VfeC”(G)
V6i moi geG. Pit L :G—>G,xr>gx la phép tinh tién trdi theo g,
R,:G — G,x> xg 1a phép tinh tién phai theo g, thi L, va R, la cac vi phdi trén G, dong
thoi cdm sinh thanh céc 4nh xa L. :T (G)>T(G), R.T (G) > T(G) trén khong gian tiép
xic T(G) cua G.
Dinh nghia 1.7.
(i) Truong vecto X duoc goi la bat bién trai néu L. (X)=X,vg €G. Piéu nay tuong

duong voi: Lg*(X)X:X vx,0eG .

ox!

(i) Truong vecto X duoc goi 12 bat bién phai néu R-(X)=X,vgeG. Piéu nay

vXx,0eG.

twrong duong véi: R. (X), =X,
Goi G ={ X € X(G) /X la truong vecto bat bién trdi}, thi G 1a dai sd Lie con cia

X (G) va goi la dai s6 Lie cia nhém Lie G, G =T,(G).

1.3.2.Nhém Lie lién thong don lién twong wng véi dai so Lie.
Vi cach xay dung nhu trén thi ta théy, mdi nhém Lie s& xac dinh dugc mot dai sb Lie
duy nhét. Nguoc lai thi ta c6 dinh 1y sau:
DPinh ly 1.4:
() Cho G la dai sé Lie thuc bat ki. Khi d6 luén ton tai duy nhdt nhém Lie lién thong
don lién G sao cho dai sé Lie cia G chinh 14 G ..

(i) Néu G la mét nhom Lie lién thong nhin G lam dai sé Lie thi ton tai nhém con

chudn téic roi rac D cia G sao cho G = %



Nhém Lie G duoc goi 1a giai dugc (twong tng, lity linh) néu dai s6 Lie € cua nd giai

duogc (twong ung, liy linh).

1.3.3.Anh xa mii exponent.
Cho G la nhém Lie, G = Lie(G) 1a dai s6 Lie cia G.
Ménh dé 1.3.
Véi méi X € G, ton tai duy nhdt nhém con {X(t)/t S R} trong G sao cho:
() x(0)=¢e4
(i) x(t+s)=x(t)+x(s), Vt,seR
(i) X'(O) =X (=X,)
va goi la nhom con 1-tham s6 xdc dinh trén G.
Khi do:
dn dn
0 exp(X) = x(1) € G, exp(tX) = x(t) € G
0 exp: G —> G, X — exp(X)
Pinh ly 1.5. (vé tinh chdt dnh xa exp)
()  Anh xa exp la vi phéi dia phwong.
(i) Anh xa exp c6 tinh tw nhién:

f (dong caunhomlLie)
G, >G,

exp T T exp  foexp=expof.
4, — 4,

Néu exp vi phoi (toan cuc) thi G goi 1a nhém exponential.

Hé qua 1.2. C6 mét song dnh giita tdp cdc biéu dién tuyén tinh hitu han chiéu cia cdc dai s6
Lie va cac nhom lién thong don lién.
1.4.Biéu dién phu hep va K-biéu dién Iép MD-nhoém va MD-dai so.

1.4.1.K-biéu dién ctia mét nhom Lie.

Cho G lanhém Lie tly y va G = Lie(G) 1a dai s6 Lie caa G. Ky hiéu " la khong
gian d6i ngiu cua dai s6 Lie4 . V6i mdi g €G, ta co ty dang cau: AYQ) :G > G dugc xéc
dinh nhu sau:

Axg)(x) =g.x0", VxeG.

Tu dang cau trén cam sinh anh xa sau:



Ao =(Lg.Rg_1) G > G
X Ay, (X) :=%[g.exp(tx)gq o
dugc goi l1a anh xa tiép xuc cua AYQ)'
Dinh nghia 1.8: Tac dong
Ad:G — Aut(g)
g Ad(9)= Ay =(L,R,. ).
dugc goi 12 biéu dién phu hop cia G trong G .
Pinh nghia 1.9: Tac dong (dugc cam sinh béi biéu dién phu hop Ad cua G trong G )
K:G— Aut(g")
g K(g):= Ko
sao cho

(KoF. X)=(F.Ad(g7)X); (Feq' X eg)
dugc goi 12 biéu dién ddi phu hop hay K-biéu dién cua G trong G .

O day (F,X), F €@ ,X €@ 1achi gia trj cia dang tuyén tinh F € g tai trudng vecto
(bat bién trai) X € G.

Pinh nghia 1.10: Mdi quy dao ciia K-biéu dién cta G trong G duogc goi 1a K-quy dao hay
quy dao Kirillov cua G (trong ).

Vay, mdi F € @, K-quy dao chia F dinh nghia trén duoc cho boi:

Qp :=(K,F/9eG)

Mdi K-quy dao ctia mot nhém Lie G tuy ¥ ludn 1a mot G -da tap vi phan thuan nhat véi
sO chidu chan va trén d6 co thé dua vao mot cau triic symplectric ty nhién twong thich véi tac
dong cua G.

Dé xac dinh s6 chiéu cuia cac K-quy dao Q. véi mdi F € G, ta xét dang song tuyén
tinh phan xtmg B_ trén G .

B (X.Y):=(F.[X,Y]);¥vX,Ye g

Ky hiéu cdi 6n dinh cua F trén biéu dién d6i phu hop cua G trong G  l1a Ge va

Gy = Lie(Gy), tic1a G ={g e G| K F =F|.

Khi d6 ta c6 két qua sau



Ménh dé 1.4. Hat nhdn cua Br va s6 chiéu ciia Q; duoc cho boi hé thirc sau:
KerB. =g, va dimQ=dimg -dimg_.
Ky hiéu O(G) 1a tap hop cac K-quy dao ciia G va trang bi trén do topd thuong cua topo

tu nhién trong . N6i chung thi t6po thu duoc kha “x4u”, né co thé khong tach tham chi

khong ntra tach.

1.4.2.Cac MDn-nhém va MDn-dai so.
Gia sit G 13 mot nhom Lie thuc giai duoc, € 1a dai s6 Lie cia G va g~ 1a khong
gian d6i ngiu cta G .
Pinh nghia 1.11. (Xem [Di], chuong 4, dinh nghia 1.1) Mot MDn-nhom la mot nhom Lie thuc
giai duoc n-chiéu sao cho cdc K-quy dao cua no hodac la khong chiéu hodc la ¢é s6 chiéu cuc
dai. Dai 56 Lie ciia MDn-nhém duoc goi la MDn-dai $0.
Ménh dé sau day la diéu kién can dé mot dai sd Lie thuc giai dugc la mot MD-dai $6.

Ménh d& 1.5. (Xem [So-Vi], dinh 1y 4) Gia st G la mét MD-dai sé. Khi do

g’ = [[Q,Q],[@,@H la dai s6 con giao hodn trong G .

Chu ¥ rang diéu kién can néu trén khong 1a diéu kién di. Tuy nhién, dé phan loai cic
MD-dai s6 ta chi can xét cac dai s6 Lie giai dugc voi G2 giao hoan. Noi riéng, co thé xét 16p
con cac dai s6 Lie giai dugc voi 2 triét tiéu, tirc 13 ideal dan xuét thir nhat giao hoan.

Nhu da noi ¢ phﬁn mé dau, toan bd 16p cac MD4-dai sb da dugc liét ké dﬁy du vao nam
1984 boi Pao Van Tra (xem[Tra]), tuy nhién cac tac gia chi moi dung lai ¢ liét ké thé ma
khong xét dén tinh dang cau gitta cac dai s6 Lie. Nam 1990, Lé Anh Vi liét ké triét dé (chinh
xéac dén dang ciu dai sé Lie) cac MD4-dai s6 d6 (xem[Vu] ). Noi mot cach vén tat 1a bai toan
liét ké va phan loai cac MD4-dai s coi nhu di giai quyét tron ven.

Tuy nhién khi n = 5 thi moi tinh toan déu tr& nén phirc tap hon nhiéu. Dé don gian thi
Lé Anh Vil chi xét 16p con cac MD5-dai s c6 ideal dan xudt giao hoan k chiéu (véi k < 5) va
da dat duoc nhiéu két qua quan trong. Tir nam 2003 dén nam 2006, Lé Anh Vi da liét ké va
phan loai cc 16p con cia cic MD5-dai s6 bat kha phan c6 ideal din xuat giao hoan véi sb
chiéu bé hon hoic bang 4.

Trong cac chuong sau, chdng toi sé gigi thiéu lai cac MD5-dai s6 bat kha phan ¢ ideal
dan xuat giao hoan véi s6 chidu bé hon hodc bang 4, dong thoi dua ra mot vai vi du vé cac

MD5-dai s6 c6 ideal dan xuat khong giao hodn véi s6 mot chiéu c6 dinh.



CHUONG 2 : LOP CAC MD5-PAI SO VOI IDEAL DAN XUAT GIAO HOAN

2.1.Pinh Iy vé sy phan loai.
Pinh ly 2.1. (Xem [Vu-Sh], dinh 1y 3.1) Gid st G 1a mot MD5-dai s0 v6i G' =[G ,G] giao
hoan. Khi d6 cac khang dinh sau 1a ding.

(i) Néu @ kha phan, thi @' =% ®R, ¢ diy # la MD4-dai sb.

(ii)Néu @ bat kha phan, thi ta c6 thé chon modt co s& thich hop (X, X,, X;, X,, X;) cua
G sao cho @ dang cau v6i mot va chi mot trong cac dai s6 Lie sau:

1. g'=RX.=R.

G, [ X1, X,]=[X;, X, ]=X; con cac méc Lie khéc 1a tam thudng.
2. G'=R.X,®R.X, =R%
G, [ X, X, ]=X,, [X,, X;]=Xg; con cac moc Lie khéc 1a tam thuong.

3.G'=RX,®RX,®8RX, =R’ ad, =0, ad, End(g")=Mat,(R); [X,,X,]=X,

3.1 Gy,
ﬂl
ad, =|0 A, A, eR\ }/1172/127&0.
3.2. 6‘5,3,2(/1)
1
ad, =|0 ﬁeR\ 01
0
3.3. 6‘5,3,3(4):
A
ad, =|0 ﬁeR\ 01
0
34. G,
100
ady =0 1 0.
0 01



11 2eR\{1}.

110
ad, =0 1 0, 2eR\{0,1}.
{ 10

cosgp -sing 0
ad, =|sing cosp 0| AeR\{0},pe(0,x).
0 0 A

4. G'=RX,ORX,®R.X,®RX,=R*, ad, End(g')=Mat,(R).

4.1. 6514’%22’%) :

4000
ad, =0 207 A R\{0,1}, 4, # A
= ; Aoy g € Loy F A, FAF AL
x=lo 0 4 0 A Ay Ay h#Eh#h#4
0001
4.2. Gy 1)
4000
0400
ady, =| o 02 Lol A2y e RO}, A, # 4,
0001
4.3. 65,4,3(/1)
A000
0400
ady =0 5 1 ol AeR\{0,1}.
0001
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L Gy,

4.12. 6‘5412/140

4.13. 6‘54131(/;

4.14. 65,4,14(/1,/1,(/7) :

ad

cosep —sing
smgo Cos@

0 0

0 0
cosp -—sing
Sln(p Cos@

0 0

0 0
cosp -—sing
Sln(p CoS@

0 0

0 0
cosep —sSing
_|sing  cosg

“lo 0

0 0

0 O
0 0|
Ao
0 4,
0 O
0 0
A0
0 A
0 O
0 0
A1
0 A
0 O
0 0]
A —ul
u A

Pé chimg minh dinh 1y 2.1 ta cin mot s bo dé sau:

2.2.M#t s6 bo de.

B6 dé 2.1. Cho X,Yeg\G' X =Y,
ad, cad, =ad,

oad, .

ad, ,ad,

A, A, eR\{O},ﬂl;tﬂ ,pe(0,7)

: ﬂeR\{O},ﬂlii,goe(O,ﬂ).

: ﬂeR\{O},ﬂlii,goe(O,ﬂ).

ﬂ,,ueR\{O},,u>0, ¢<(0,7)

1a cac toan tr trong G'. Khi do

Chimg minh. Str dung ddng nhat thirc Jacobi dbi véi X,Y va phantartuy y Z € G*, ta co
[ [v 2o [¥ [z X ]+ [z [x.Y]] -

e[ X,[v.z]]-]Y.[X.z]]=0
< ad, cad, (Z)=ad, cad, (Z);VZ € G

< ad, cad, =ad,

oad, .



B6 dé 2.2. (Xem 8.[Di], chuong 2, ménh dé 2.1) Cho ¢ 1a mot MD-dai sé voi F € G khong
triét tiéu hoan toan trong G ,tic 13, ton tai U e G sao cho <F U > # 0. Khi d6 K-quy dao Q.
c6 sb chiéu cuc dai.
Ching minh. Gia st Q. khong phai 1a mét K-quy dao co s6 chiéu cuc dai, nghia 1a,
dimQ, =0. Khi do6 ta c6
dimg,. =dimg -dimQ_ =dimg

Vi vay, KerB. = G, = G > G' va F triét tiéu trong G'. Diéu nay mau thuin véi gia

thuyét ctia b dé. Do do, Q. phai 1a K-quy dao s6 chiéu cuc dai.
[

B6 dé 2.3. Lay F 1a mot phan tr thy ¥ cia @ . Khi d6, dimQ. =rank(B), & do
B= (bij )5 = (<F,[X 0 X ]>),1S i,J <5 1a ma tran cua dang song tuyén tinh d6i ximg B_ trong

coso (X, X,, X5, X, X5) cua G .
Ching minh. Ly U = aX, +bX, +cX, +dX, +eX, € g, ta ludn co
G =KerB. ={U e G/(F,[U,X])=0;i=1234,5|

Bang tinh toan don gian, ta c6

a 0
b 0
UeG. < Bjc |=|0
d 0
e 0
Do do, dimQ. =dim g -dim g, =rank(B). O

B @é 2.4. Néu @G 1a mot dai s6 Lie thuc giai dugc 5 chiéu c6 ideal dan xuét tha nhat G* =R’
thi G 1a MD5-dai sb.

Chung minh. Lay ¢ 1a mot dai sd Lie thuc giai duoc 5 chiéu sao cho G' 1a dai s Lie giao
hoan 4 chiéu. Khong mat tinh téng quat, ta c6 thé gia st rang

G'=RX,®RX,®RX,®RX, =R*,ad, =(a;), eEnd(G')=Mat,(R); a; R,

ij

1<i,j<4.



Lay F =X +a,X + X + o, X+ X = (o, 2,05, 0,,0) 1a mot phan tir thy y
trong G ; a,,0,,a5,a,,0, € R. Khi do, ma tran B cua dang song tuyén tinh B. trong co s&

(X, X5, X5, X4, X ) ciia G 12

0 - ZiS:Z %o ?:2 Qs — ?:2 A ?:2 s
?:2 a,0; 0 0 0 0
B=| > a., 0 0 0 0
Zi , &4, 0 0 0 0
Zi , &5 0 0 0 0

RO rang, rank(B)e{0,2}. Do d6, theo b6 dé 2.3, Q. 1a quy dao c6 so chiéu 0 hoic 2,
tac 14, G 1a MD5-dai s6. O

Bay gio ta ching minh dinh 1y phén loai.

2.3.Chirng minh dinh ly 2.1.

R rang khang dinh (i) cta dinh 1y 2.1 1a ding. Chung ta chi can ching minh khang
dinh (ii). Gia st @ la mot MDS5-dai s6 bat kha phan voi co s (X;, X,, X;, X,, X)) va ideal
dén xuat the nhat G* 12 giao hoan. Khi d6 dim-g" {1,2,3,4}.

1. dim @' =1. Khong mét tinh tong quat, ta gia st G =R.X, = R. Khi d6 ta c6 2 truong hop
Sau:

1.1. Gia st ton tai i€ {1,2,3,4} sao cho [X;,X,]#0, khong mét tinh tong quat, ta c6 thé
gia st [ X,, X;]=aX;(aeR\{0})
Dit x;=§x4,tacc’> [ X, X |= X,
Bay gio, dat [X;, Xs]=a X, [X;, X,]=bX;, 1=1,2,3 va ta thay doi
X=X, —aX,+hbX,
Khi do | X;, X, |=0;[ X;,X,]=0
Do d6, ngay tir dau ta c6 thé gid sir [ X;, X,]=[X;, X5]=0,i=12,3
Cudi cung, dit [Xi, Xj] =C;X;, C; € R, 1<i< <3, s dung dong nhat thirc Jacobi ta

co



[ ’ 4}{ X X“’ ]+[[X4,Xi],XJ:0
X,]=0

[x,,x

¢ [Xs:X,]=0

<:>cin5:O

4

©c; =0 (1<i< j<3)
Khido [ X;,X;|=0,  (l1<i<]j<3)
Piéu nay chimg t6 € kha phan, mau thuin véi gia thiét.
Vay truong hop nay khong xay ra.
1.2. Gia st [X;, Xs]=0, i=12,34
Khi d6 ton tai [ X;,X;|#0, i,je{1,2,3,4},i# j, khong mét tinh tong quat ta gia

s rang [ Xy, X, ] =¢5,Xs.

Tathay X, =X, ta duoc [ XX, =X,

34
Nén tir dau ta c6 thé gia st [ X, X, ] = X,
Bay gio, gia stir [Xi,X3]=aiX5, [Xi,X4]:biX5, a,beR, 1=12
Pat X, =X, +aX,-bX,
Khido | X;,X;]|=0;[ X;,X,]=0
Vi thé ta o thé gia st [ X, X,;|=[X;, X,]=0,i=12
Vay, ta phai co [X;, X,]=c,X;, ¢, eR’
Tom lai, ta ¢ thé gia sir
G, [ XL X, ]=[X5 X, ]= X [ X, X, ] =[ X, X,]=0,i=12
Khids G = G,
2. dimg'=2, khong mat tinh tong quat, ta gia st G'=R.X,®R.X,=R?
ad, ,ad, ,ad, eEnd(g')=Mat,(R).
2.1 [ X, X;|=0, 1<i,j<3
Néu ton tai ad, =0, thi g kha phan diéu ndy méu thudn. Do d6 ad, =0,i=12,3.

Bay gio, chimg t6 rang bang cach thay doi co so thich hop, ta duoc ad X, =



a b

That vay, gia su ad, :(
"\ d

00 . .
j;t[o Oj’ 1=1,2,3. Dau tién, gia st rang a, #0. Dat

. | 0b 7 0b 7
X, =X, —2X,,khid6 ad  =| ' |,dodétacéthégiasiad, =| ' | i=12.Theobd
a; " e d "G

d¢ 2.1 ta co ad, oad, =ad, oad,, kéo theo ad, =kad, ,keR". Ta thay doi

X, =X,—kX,, ta dugc ad,. =0. Do d6 ta c6 thé gia su ad, =0 (v Ii), nén a,=0. Tiép

2

theo, néu d,#0, béng cach 1dp luan tuong ty ta thu duogc diéu vo li. Cubi cung, gia su réing

a,=d, =0, bi+c}#0, theo bo dé 2.1 thi ad, oad, =ad, oad,,(i=12), kéo theo
10 . foin K, . :
ady =k 01 ,kieR',i1=12. Noi riéng, ad,_ :k.adxl,k:k—. Ta lai thay X, =X, -k X,,
2

thi ad,. =0 (v0 li). Do do truong hop 2.1 khong thé xay ra.
2.2. Gia st rang ton tai | X;,X; |#0, 1<i,j<3vaad, =0,i=123
Khi d6 G" = ([X,, X, ].[ X5, X;].[ X5, X, ]), vado rank {[X,, X, ].[ X, X;].[ X, X, ]} 1a

2, khong mét tinh tong quat, ta gia sir ring {[Xl, XZ],[XZ, Xs]} 1a co s cia G'.

ab
bat [X,, X,]=aX, +bX;, [X,, X;]=cX, +dX; voi D::det[c d}to

Bang cach thay dbi co s¢ nhu sau:
x4=i(dx;—bx;),x5=i(—cx;1+x;)
D D
Ta thu duge: [X;,X,]=X, [X,,X;]=X_. Do do, ta ¢6 the gia st [X,,X,]=X,,
[XZ'Xa]:XS
Bay gio, ta dit [X,, X,]=aX, + BX; va doi co s¢ nhu sau:
X, =X, = BX,, X, =X, Xy =—aX, + X,
Taduoe [ X, X |=X,[ X, X |=0[ X, X |=X,
Vay, ta co thé gia sir
Ys,,: [Xl,XZ]:X4,[X1,X3]:O,[X2,X3]:X5
Bay gio, ta ching minh g = g ,,
Lay F =aX:+ﬂX:+7/X:+5X:+0X:e€L*, a,B,y,0,0eR

vaU =aX, +bX, +cX,+dX,+eX; € g, a,b,c,d,eeR



Nhic lai ring G =KerB, ={U e g |(F.,[U,X;])=0,i=1234,5|

Khido U € g, < (F,[U,X,])=0,i=123,4,5

a 0
b 0
< Blc |=|0
d 0
e 0

Bang tinh toan truc tiép ta thu dugc ma tran B cta dang song tuyén tinh B: nhu sau:

0-6 000
o 0-000
B=|0 0 000
0O 0 00O
0 0 00O
0, khios=0c=0

RO rang rankB :{ , suy ra dimQ_ =rankB

2, khi 8 +0°#0
Vay G=4g;,,.
2.3. Gia sir ring ton tai [ X;,X;|#0,va ady =0,1<i# j<3 1<k <3. Khong mét tinh
tong quat, ta gia sir rang ad, #0.khidé ad, thudc mot trong cac dang Jordan sau:

e ad, c6 dang duong chéo, nghia la

0
ad, =(ﬂl ] A, €R, A2+ 22 %0
3 0/12 1 2

. , . . 10
khong mat tinh tong quat, gid st A #0, ta doi co s& X, :%X3 ta duoc adx. :(O }J,

i=le.

A

e Ma trén ad, khong cé dang dudng chéo, nhung ¢ duy nhat gia trj riéng thuc A (bdi

2).

. . 00
- Neéu 2=0 thi ad, :(10)

. . 11
- Néu 4 #0, tadat ngix3 ta dugc ad, = :
A * (01



e Ma trén ad, c6 dang dudong chéo nhung co gia tri riéng phuc. Trong trudong hop nay,
n6 cé hai gid tri riéng phuc lién hop véi nhau, nghia la dEt(adxs) >0. Khi d6 ta thay doi

X:',) = ; X, ta dugc det(adx. ) =1. Suy ra dang chinh tdc Jordan thuc cua adx. la:

/det(ad, ) ’
Cose -Sifg 1
adX.3 :(sinqp CONZ(D 0 e(0,7), (thc 13 adx.3 e SO(2,R))..

Noi chung, ta c6 thé thay d6i co s& cua 4" sao cho toan tir ad, co ma tran bi€u dién 1a

mdt trong cac dang ma trén sau:
00) (10 11) (cose -sin
; ; S v v , AeR, pe(0,7).
10 04 01) (sing cose

. 00
23a. Gia su rang ad, :(10) Lap luan twong ty truong hop 2.1 , ta thu duoc

ad, =ad, =0.Ap dung dong nhat thirc Jacobi, ta duge [ X, X,]=aX;,aeR.

Mat khac, dat [X;, X;]=a,X, +bX,, a.b R, i=12.

Néu a =0, bang cach thay d6i X, = X, +h.X, ta thu dugc [Xi',Xa}:aiXM i=12.Do
d6 ta c6 thé gid st rang [X,, X;|=a,X,,i=12; a +a; # 0. Khong mét tinh tong quat, ta gia

str a, = 0. Bay gio, ta thay d6i co s¢ nhu sau:

. a : 1
X, =X, +—=2X,, X, =—X
1 1 a 2 2 a 2

2 2
thi [ X, X, |=0,[ X;, X, |=X,, suy ra @ kha phan, diéu ndy mau thun. Do d6, a 0.
Bang cach lap luan tuong tu, ta thu dugc

G [X0 X0 ] = [X5 X, ] = X0, [X5, X3 ] = 2X,,0 % A € R.
Nhung g, , ) khéng 1a MD5-dai sd, by gio ta chimg minh diéu nay.
Lay F :aX:+ﬁX:+7/X:+§X:+GX:€€¢*, a,B,y,0,0eR
vaU =aX, +bX, +cX,+dX,+eX; € g, a,b,c,d,eeR
Nhic lai ring G, = KerB. ={U e g |(F,[U,X;])=0,i=1,2,3,4,5|

Khids Ueg, < (F[U X])=0i=12345



o8

® o O T o
I

O O o o o

Bang tinh toan truc tiép ta thu dugc ma tran B cta dang song tuyén tinh B: nhu sau:

0O-c 0 00
c 0-41c 00
B=|0 406 0 -0 O
0 0 o 00O
0O 0 0 00O

0, khio=0=0
Dé thay rankB =<2, khic=0,6#0
4, khi =0

Theo bo dé 2.3 thi dimQ, =rankB, suy ra G, ;) khong la MD5-dai s6.

s 10
2.3b. Gia strrang ad, = AeR

(04

Bang cach lap luan tuong tu ta ciing c¢6 ad x, =ad, =0.

e Néu A#0, 4p dung dOng nhét thuc Jacobi ta duge [X,,X,]=0. Gia su
[X,,X,]=aX,+bX,, a,beR,i=12. Pat X =X, +aix4+%x5, ta thu dugc
[X.,X,]=0,i=12.Khi d6 G kha phan, diéu nay mau thuén.

. 00 . o
eNeu 41=0, adX3 = 10 Bang cach lap luan tuong ty 2.3a ta thu dugc

Ys, s [X1’ Xz] = X5,[X3, X4] =X,
Theo bd dé 2.3, 2.4 va bang tinh toan tryc tiép ta chimg t6 dugc rang g, ,, khong la

MD5-dai s6. Vay trudng hop nay khong xay ra.

s 11) (cose -sing . . .
2.3c. Gia st rang ad, e Ao ;qpe(O,ﬂ) . Ta lap luan tuong tu nhu trén
’ 01){sing cose

truong hop nay ciing khong xay ra.
3. dimg'=3. Ta luon c6 thé chon dwoc mot co s& thich hop dé

G'=RX,®RX,®RX,=R’, ad,,ad, End(g')=Mat,(R). R6 rang ad, ad,,



khong ddng thoi triét tiéu boi vi @' = R?, khong mét tinh tong quat ta c6 thé gia sir rang

adx2 # 0. Khi d6 ma tran biéu dién ad X, la mot trong cac dang Jordan sau.

4,00
ead, =|0 4,0 ;4 eR A, LeR , A #4L = #4
0 04
200
Ta thay X'Z:%XZ, ta duge ad,. =0 2010 A4,4LeRV,4#4#0, véi
0 01
- A
,11:&’,12:_2_
Ze s
4,00
ead, =|0 4,0 ;4,4 R, 4 #4,
004,
100 5
Ta thay X'Z:ixz,taduch ad, =|01 0;4="2,2eR\{0,1}
A 004
4,00
ead, =|0 4,0 [ L,eR 4L eR", 4 #4,
0 04,
400
Ta thay X;:%Xz,taduqc ad, ={010 ;lzﬁ,/le]R{\{l}
? 001
4200
ead, =|0 2 0|, A1eR’
00 4
. 100
Ta thay Xézixz,taduqc ad,. =/01 0]
001

Bang cach lam tuong tu ta co,
2,00

ead, =|0 L, 14, 4LeR A4 #4,#0
0 04,



A00
Suy ra ad,. =|01 1 ;l:ﬁ,/leR\{l}

2

001 ?
410
ead, =|0 4, 0; 4,4, R, 4 #4,
0 04,
100
Suy ra ad,. =|01 1 ;ﬂ,z%,/leR\{O,l}
00 4 ?
A10
'adx2= 04 1| AeR
00 4
110
Suy ra ad,. =|01 1
001
a-b 0
ead, =|b a 0|, abeRb>0,1eR’
0 0 4
cosp —sing 0
Ta thay X;:%Xz, ta duoc ad . =|sing cosp O |,
a“+b 0 0 4
. A .
A =———=——=¢ecR ", p=arcosac(0,7).
Ja® +b’
Tom lai, néu thay doi co s¢ phi hop thi ma tran biéu dién ad, 1a mot trong cac dang
Jordan sau:
400
ead, ={0 4,0 4,4 cR\{1}, L #14,%0
0 01
100 ;
ead, =|01 0;A="%,1eR\{0,1}
004 €
A00
ead, =010 ;/1:£,/1ER\{1}
001 %




100
ead, ={01 0
001

[ ]

@

o
ke

I

o

|

1 ;Z:%,ﬂ,eR\{l}
001 ?

[ ]
%)
o
|

N = O

Lt
;A="1,1eR\{0,1

|

cosp —sing 0 ,
sinp cosep O|; A= 4

0 0 4 va’+b’

Gid sir rang [ X, X, | =mX; +nX, + pXg; m,n,pe R
400

eNéuad, =0 4,0|; 4,4 eR\{1},4,#4,#0

001

b e @

[ ]

@

Q
ke

I

eR",p=arcosae(0,7).

Ta thay Xl':X1+/1£X4+pX5, bang tinh toan tryc tiép ta duoc
2

[ XX, |=mX, meR.

100 ;
eNéuad, =|01 0;2A="2,2eR\{0,1}
004

Tathay X, = x1+nx4+§x5, ta duge [ X', X, ]=mX,, meR

A00
eNéuad, ={01 0 ;z:ﬁ,zeR\{l}
001

Tathay X, = X, +nX, + pX,, taduge [ X, X, [=mX,, meR



100
eNéuad, =|01 0
001

Tathay X, = X, +nX, + pX,, taduge [ X, X, [=mX,, meR

200
eNéuad, =|01 1 ;Zz%,leR\{l}
001 ?

Tathay X, =X, +(n-p)X,+ pX,, ta dugc [X;,Xz]szS, meR

100
eNéuad, ={01 1 ;/1:%,/16]1%\{0,1}
002 ?

Tathay X, = Xl—nX3+nX4+§X5, ta duge [ X, X, ]=mX,, meR

110
eNéuad, =|01 1
001

Tathay X, =X,+(p-n)X,+(n—-p)X,+ pX;, ta duoc [X;,XZ]:mXS’, meR

cosgp —sing 0
e Néu ad, =|sing cosp 0|; 1eR",pe(0,7)
0 0 4

Tathay X, = Xl+nsin¢)X3+nc03¢>X4+§X5, ta duoc [X;,XZ]:mxg, meR.

Tom lai, ta c6 thé chon co s¢ phu hop dé [X, X,]=mX;, meR
Ta ¢6 3 truong hop v6i mdi ma tran biéu dién ad, .
3.1 [X,,X,]=0 (tic1a m=0) va ad, =0
Thi G =% ®R.X,, % ladai s concia @G sinh bsi {X,,X,,X,, X}, tec 1a G kha
phan. Do d6 truong hop nay khong xay ra.

3.2. [X,,X,]=0 (tic la m=0) va ad, #0

400
3.2a. Giasitad, =|0 4,0 [; 4,4, e R\{L}, 4 %4, %0
001



Theo bd d& 3.1 va tinh toan truc

w0, E e R\{L}, p? +0* + &2 #0
Néu £ =0, dit X, = X, —&X, ta dugc
1 00
adx;: 0 v 0f; u=pu—E,0=0-E,
000
Do d6, ta co thé gia sir rang

u0 0
ady =|0 v 0 [, pveR,u*+0*#0
00O

Theo bd dé 2.2, 2.3 va 1ap ludn twong tu trudng hop 2.3a ta ciing ching t6 duoc G khong 14

MD5-dai s6. Vay trudng hop nay khong xay ra.

3.2b. Lép luén truong ty cho cdc gia tri con lai cua ad, , ta cling thdy rang truong hop

3.2b ciing khong xay ra.
3.3. [Xl,Xz];tO (m=#=0)

Tathay X, =—X,, ta duoc [ X,X,]=X,. Do d6, ta c6 thé gia rang [X,, X,]= X,. Lap
m 1

luén twong tu nhu truong hop 3.2a, truong hop ad, # 0 la khong xdy ra. Do d6 ad, =0. Vi

vay viéc phan loai dai sb Lie ¢ phu thudc vao gia tri cua adx2 . Do d6 g phai déng cu véi

mot trong cac dai so Lie sau:

) 65@1(41%2)’ Ay € R\{1}1/11 A, #0

G0 AeR\{0,1}

-G, o AERV(0
-G,

- Gy ARV
"Gy A€ R\{0,1}

- g5,3,7

tiép

ta

duoc

ad,

u 00
Oov 0
0 0¢



-65,3,8(1@) , AeR\ {0},(D € (0,7[)
Do céc gia tri ad, la khac nhau nén cac dai sd Lie khong dang cau véi nhau.

Bay gio, ta chimg minh céac dai s6 Lie trén 1a MD5-dai sd.
® Gosussyr Ak ERVL 474, 20

Lap luan twong tu trudng hop 2.2 va bang tinh toan tryc tiép ta thu duoc ma tran B cua

dang song tuyén tinh B: nhu sau:

-y 0 0 0
0 Ay 40 -0
Ay 0 0 0
Lo 0 0 0
o O 0 0

o
Il
O O O R O

., 0, khio=oc=y=0
D¢ thay rankB = oy w
2, khiy*+0°+0°#0

Theo bo de 2.3 thi dimQ, =rankB, suy ra G, .\, 44 eR\{1},4#4,20 la
MD5-dai sb.
o gmzw, Ale R\{O,l}

Lap luan tuong tu trén va bang tinh toan truc tiép ta thu duoc ma tran B Ia:

0O - O 0 O
y 0 -y -0 -Ao

B={0 » O 0 O
0 o O 0 O
0 1o O 0 O

0, khnio=c=y=0

D& thay rankB =
4 {2, khi > +0°+06°#0

Theo bo dé 2.3 thi dimQ, =rankB, suy ra g ,,,, 4<€R\{0,1} la MD5-dai so.
4. dimg'=4, khong mat tinh tong quit ta c6 thé gia sa rang
G' =RX,®RX,®R.X,®R X, =R*, ad, End(g')=Mat,(R).

Theo bd dé 2.4 va cach 1am tuong tu trudng hop (3) dbi voi cac dang chuén tic cia ma

tran ad x,» ta ¢ thé ddi co sé mot cach thich hop dé duoc 14 dang chuan tic khac nhau cta
ad x, hhu da liét ké ¢ dinh Ii 2.1. Hon nira, cdc dang chuén tic cua ad X, la khac nhau, nén cac

dai sO tuong Umg voi cac ma trdn biéu dien cia ad, cling khong dang cau vdi nhau.



Cubi cing theo bo dé 2.3 va bang tinh toan truc tiép thi tat ca cac dai sé Lie liét ké ¢
dinh 1i 2.1 1a MD5-dai so.

Dinh li dugc chung minh. O
* Nhan xét:

Nhé lai rang mdi dai sé Lie thuc 4 xéac dinh duy nhat mot nhém G lién thong, don
lién sao cho Lie(G) =g . Do d6 ta thu dugc 24 ho MD5-nhom lién thong, don lién tuong (mg
v6i cac MD5-dai s6 bat kha phan trong dinh 1y 2.1. Dé thuan tién, ta dung ki higu cac chi s6 dé
phan loai cac MD5-dai s6 cho chinh MD5-nhém tuong mg, vi du Gs a10) & MD5-nhém lién

thong, don lién tuong ung voi 651311( )" Tat ca cac nhom nay diéu 1a MD5-nhom bat kha

phan.



CHUONG 3: MD5-PAI SO VOI IDEAL DAN XUAT KHONG GIAO HOAN
Trong chuong 2, chiing toi di phat biéu va chtirng minh mét cach twong minh dinh 1y
“Lép cac MD5-dai s6 voi ideal dan xuét giao hoan” cia Lé Anh Vil va Kar Ping Shum. Pé
huéng dén viéc hoan thanh phan loai 16p cac MD5-dai s6, chiing toi di tim va dua ra mot vai
vi du vé cac MD5-dai s6 voi ideal dan xuit khong giao hoan 3 chiéu, mé ta buc tranh hinh hoc
ctia ching va chimg minh dugc rang khong ton tai mot MD5-dai sé nao véi ideal dan xuét

khong giao hoan 4 chiéu. Trudc tién, chung ta xét mot s6 bo dé sau:

3.1. Mt vai bo dé.

B6 dé 3.1. Cho dai s Lie G . Néu Z e g’ thi trace(ad, ) =0

chimg minh. Do Z € @’ nén Z 13 t hop tuyén tinh cta cdc moc Lie [X,Y] véi X,Y € G .
Do d6 dé chimg minh trace(ad, ) =0, ta chi cn chimg minh trace(ad[X‘Y]) =0.

Tacod

trace(ad[X,Y]) =trace([ad, ,ad, |)
=trace(ad, .ad, —ad,.ad, )
=0
Bo dé 3.2. Cho G 14 dai s6 Lie 5 chiéu, ¢* 14 ideal dan xuat thir nhat hai chiéu cia G thi
G' giao hoan.
Chimg minh. Cho G = (X, X,, X3, X,, X;) 1a dai s0 Lie 5-chiéu, G" 13 ideal dan xuét thu
nhat 2-chiéu, khong mat tinh tong quat ta c6 thé gia sir G = <X 4 X5> .
Gia st
[X4,X5]:aX4+ﬂX5, a,feR
Khi dé
00000O0
00000O0
ady ={0 0 0 0 0| (*1acacphan tukhong can quan tdm dén)

***Oa

***Oﬂ

Theo bd dé 3.1 ta ¢ trace(ad, )=0,suyra #=0

Tuong tu



00000
00000
ad, =/0 0000
* x *_ ()

* * *—,BO

Theo b6 dé 3.1 ta 6 trace(ad, ) =0, suy ra @ =0. Do d6 [X,Y]=0,suy ra G giao
hoan. O
Hé qua 3.1. Néu G 13 MD5-dai sb c6 ideal dan xuat thir nhat " khong giao hoan, thi sd
chiéu ciia G* 1a 3 hoic 4.
B6 dé3.3. (g’ |c g’
Chimg minh. Gia sit Ze|[g*,§ |, Z 1a t6 hop tuyén tinh cua cic méc Lie [X,Y] voi
X €@’ Y eg. D¢ ching minh Z e g* ta can ching minh [X,Y]e @° e[&l,gl] do
X €. nén X 1a to hop tuyén tinh cia cac phan tir dang [X;, X,], X,, X, eG". Vi vay ta
can chimg minh [[Xl, Xz],Y] € G°. Ap dung dong nhat thtic Jacobi d6i véi X, X,,Y ta co
két qua can chirg minh. O
Bo6 dé 3.4. Cho G la MD5-dai s6. Néu G c6 ideal dan xuat thir nhat 4-chiéu khong giao

0 .
hoan thi dimQF:{ ) VFeg

Chung minh. Gia sit ¢ 1a MD5-dai s6, ' 14 ideal dan xuat 4 chiéu khong giao hoan khong
mit tinh tong quat, ta gid st G =(X,X,, X5, X, Xg), G =(X,, X5, X, Xg),
G* =(X;,X,,Xs). Theo ménh @ 1.5 thi G* giao hoan.

V6i F=aX + X +yX +6X +0X €g
Xét cac truong hop sau:

e y=0=0=0

Vi[G'g'|= g’ nen (F[X,X;])=0,1i,je{2345)

5

D Cix (i< j)

1=2

Bay gid, gié su [xi,xj]

Suy ra ma tran cta dang song tuyén tinh B, la:



| 0 - IB C122 - ﬂ C123 - ﬂ C124 - :8 C125 |
-BCL 0 0 0 0
B=|-pC5 O 0 0 0
-BCL 0 0 0 0
-pC; 0 0 0 0
Trong d6 C2,C2,C2,C. khong dong thoi bang 0, vi néu C2 =CZ =C2 =C2 =0 thi

[Xi,Xj] €.G?, Vi, j. Trong truong hop nay néu B =0 thi rankB = 2.

e F =0, dé thiy rankB =0

Vi g la MD5-dai s6 nén dimQ_ =rankB=0v 2, VF € G". 0
* Sau day 1a mot s6 nhan xét 6 lién quan:
Nhén xét 3.1. Mot ma tran vudng thuc, phan xtmg c6 hang chén.

Nhan xét 3.2. V6i A, B,C,E,F lacac sb thuc, ma tran phan xtng T nhu sau:

0 —A -B -C
A 0 —-E -F
|B E 0 -G
CF G 0

Khi do6 ta c6 detT =0« AG+CE =BF .
Nhéan xét 3.3. Phép ddi co so bién mot dai s6 Lie hiru han chiéu thanh mét dai sb Lie déng ciu
voi no.
3.2. MD5-dai sé véi ideal din xuat khéng giao hoan

Ta biét rﬁng, dai sb Lie mot chiéu 1a giao hoan, do d6 theo m¢nh dé 1.5 va hé qua 3.1 ta
chi can xét cac dai s6 Lie co ideal din xuat thir nhat khong giao hoan 3-chiéu, 4-chiéu va ideal
dan xuét tht hai giao hoén.

3.2.1. Mgt vai vi du vé MD5-dai so véi ideal dan xuat thir nhat khong giao hoan 3-

chieu.
Ménh dé 3.1. Cac dai s6 Lie v6i ideal dan xuét th nhat @' khdng giao hoan 3-chiéu va ideal

dan xuat thir hai .G° giao hoan 1-chiéu sau day déu la cac MD5-dai sb:

(i) Gy
[X,. X;]=X,
[XZ’X4]: Xs
[XS’X4]: Xs



(i) Gs .,

[XZ,X3]:X4
[XZ,X4]:—X3
[X3,X4]=X5

(i) Gs g5
[Xl,X3]:X3, [XZ,X3]:X4
[Xl’x4]:X4’ [XZ,X4]=—X3
[Xl,X5]=2X5, [X3,X4]:X5

Chirng minh:
() Ldy F=aX +fX +yX +6X +oX e G, , a.fy.6,0€R
va U =aX, +bX, +cX, +dX, +eX, € G, ,,, a,b,c,d,eeR
Nhic lai rang
G, = KerB, ={u € Gy | (F.[U.X])=0,i :1,2,3,4,5}

Khido Uegs,, < (F[U,X])=0i=12345

a 0
b 0
< Blc|=|0
d 0
e 0

Bang tinh toan truc tiép ta thu dugc ma tran B cta dang song tuyén tinh B: nhu sau:

00 0 00
0 0-5-y0
B=/0 6§ 0 -5 0
0y o 00
00 0 00O

0, khiy=06=0=0

, suy ra dimQ. =rankB
2, khi > +5°+0°#0 y F

RG rang rankB = {

Viy G, ,, 1a MD5-dai .
(ii) Lap luan tuong tu ta s€ chimg minh dugc é5,,3,2 , é&m la cac MD5-dai sb.

[]



3.2.2. MD5-dai s6 véi ideal dan xuat khéng giao hoan 4 chiéu.
Ménh @2 3.2. Khong t6n tai MD5-dai s6 c¢6 ideal din xuat khong giao hoan 4 chiéu.
Chung minh. Gia sir ¢ 1a MD5-dai s6 5 chiéu véi ideal din xuat thir nhat G* khdng giao
hoan 4 chiéu, khong mat tinh téng quat ta co thé giast g = <X1, X, X5, Xy, X5> va
g'= <X2, X3, X, X5> . Ta xét cac truong hop cta ideal din xuét thtr hai nhu sau:
1. dimg? =1. Khong mat tinh tong quét, ta gia sir G° = <X5>

Xeét cac moéc Lie sau:

5
[ X, X,]=>aX,,  [X,X;]=eXs,  [Xs5 X,]=hXs

i=2

5

[ X, X =D 0X,  [X,, X, ]= X5 [Xq Xs]=15X,
i=2
5

[Xl’x4]:ZCiXi’ [XZ,X5]=95X5, [X4,X5]:k5X5
i=2
5

[xl,xs]:Zdixi,

|
N

Do X,,X,, X, € G", theo bd dé 3.1 taco
trace(ad,, ) =trace(ad, )=trace(ad, )=0
=k, =g,=0

Mt khéc, ap dung b6 d& 3.3,tacé d, =d, =d, =0

Lay
U =aX, +bX, +cX,; +dX, + fX,

F=aX +BX,+yX;+0X,+0X,
Tanhé lai ring, G, = KerB ={U eG|(F,[U,X,])=0,i=12,345},
(B la dang song tuyén tinh trén G )

Khi d6

Ueg, < (F.[UX])=0, i=12345

o

- O O T 9
Il
o

Bang tinh toan truc tiép ta thu dugc ma tran B nhu sau



0 -A -B -C -D
A0 -E-F 0
B=|B E 0 -G 0
CF G 0 0
DO 0 0 0

vl
A=a,f+ay+a,0 +a.0
B=b,f+b,y+b,0+b.oc
C=c,f+Cy+Co+COo
D=d.0, E=¢e0,F=fo0,G=ho
Dya vao bo dé 3.4 va nhan xét 2, ta ¢6
AG+CE =BF < ah,+ce, =bf, 1=234
a, a, a,
Domatran | b, b, b, | kha nghich, suy ra h, =e, = f, =0 diéu nay mau thuan vi
C, C C,

dimg? =1. Vay trudng hop niy khong xay ra
2. dim@g? = 2, khong mét tinh tong quat ta gia st G> = <X4, X5> =~ R®

Xeét cac moc Lie sau:

5
[ X0, X,]=>a X, [X, X ]=e,X, +e&Xq, [X5 X, ]=h,X, +hX,

N

5
[ X0, X =D b X0, [ X, X, ] = £.X, + X5, [ X, X ] =1, X, + 15X,
i=2
5
[Xl’ X4] = Zcixi ' [X21 Xs] =0,X,+095X;
i=2
5
[xl,xs]:Zolixi

I
N

Theo b6 dé 3.3, tacé c,=c,=d,=d, =0

Tuong tu truong hop 1, bang cach tinh toan tryc tiép ma tran ctia dang song tuyén tinh
B: trén g nhu sau:
'0 -A -B -C -D]
A 0 -E -F -G
B={B E 0 -H -L
C F H 0 O
D G L 0 O

vOl1



A=a,f+ay+a,0+a.c
B=b,f+by+b,6+bo
C=coo+co, G=9g,0+0.0
D=d,0+d,0,H=hJ+ho
E=ed+eo,L=l0+lo
F=10+fo

Xét ma tran B, theo bd dé 3.2 va nhan xét 2 bo dong 5 va cdt 5 ta duogc

a,h, =b,f,
ah =b f
AH+CE=BF ¢ 2° *?°
a;h, =b,f,
ah =D, f,

a
Do ma tran (bz ESJ kha nghich (*), suyra h, =h, = f, = f. =0

2 3

Tuong tu bé dong 4, cot 4 ctia ma tran B, ta co

a2|4 = b294
al.=b
AL+DE=BG <{ °° 295,
a3|4 = b394
a3|5 = bsgs

vate (*)suyral, =l,=9,=9,=0
Diéu nay mau thuin, vi G? = R?. Vay trudong hop nay khong xdy ra
3. dim@g? = 3, khong mét tinh tong quat ta gia st G> = <X3, X4 X5> =~R°®

Xeét cac moéc Lie sau:

5
[X0. X,]=>a X, [X,, X;]=eX;+e,X, +eX,

i=2

5

[ X, X =D 0 X0, [X,, X, ]= X+ f,X, + X,
i=2
5

[X0 X ]= 26X [Xa X = 0.5+ 9, X, +gs X,
i=2
5

[xl,xs]:Zolixi

||
N

Theo b6 dé3.3,tacod b,=c,=d, =0
Do X,, X; c¢ vai tro nhu nhau, nén bang phép bién d6i co sé thich hop ta co thé gia sir
ngay tirdau g, =0.Do G' =(X,, X;, X,, X;) nén a, # 0. Bang cach doi co s¢ thich hop, ta

thu dugc a, =l,a,=a, =a, =0.



Khi d6 ma trin B ctia dang song tuyén tinh B trén G la

0 -A -B —C -D]
A0 -E-F -G
B=|B E 0 0 0
CF 0 0 0
DG 0 0 0

vl
A=a,p, E=ey+e0+e0
B=b,y+b,0+bo, F=fy+fo+fo
C=cy+c,0+cC.o, G=9,0+0.0
D=d,y+d,0+d,o

3.1.Néu f, #0, bang cach ddi co so thich hop c6 thé xem f,=1,f, = f, =0

Tathay X, = X, —¢;X, thi [ X;,X, |=¢,X, +¢;X,, nén tir dAu ta c6 thé gid sir

[ X, X, [=6,X, +¢X, tie ¢, =0.

Bay gio, xét ma tran B. Theo nhan xét 2 va bo dé 3.4 thi
b,=0
b, =C,e,
b. =c.e
BF=CE<4{ > °°
e,c,=0
c.e,+ce =0

c.e, =0
Ap dung ddng nhat thie Jacobi cho X,, X,, X,, ta duge X, =0 mau thudn. Vay trudng
hop nay khong xay ra.

3.2.Néu f,=0=>¢,#0

Tathay X, :ix3, X, = X, ~b,X, ta dugc | X,, X; | = X, +€,X, +e,Xs,

3
[ X0 X5 ] =0, X, +b,X,
Nén tr dau ta c6 the gia st [X,, X,]= X, +€,X, +&X,,[X,, X;] =0, X, +bX;
tic e, =1, b, =0

Xét ma tran B ciia song tuyén tinh B_ trén ¢ , ta c6



c,=0

c,=0
b41:4:(3494 ’
b,f, =0
b5f5=0585
BF =CE & = b5f5=0

T P
54 4'5 —

ce,+ce, =0
4%3 T V3% C,=¢,=¢, =0

C.e, +Ce, =0
=C,=C,=C,=b,=b,=0

Ap dung ddng nhat thie Jacobi véi X, X, X, ta duoc

f.d, =0

d, =0
f4 = f5d4 @{dS _1
f5: f5d5

Ap dung ddng nhat thie Jacobi véi X, X,, X, ta dugc X, + A(X,, X;) =0 (trong d6
A(X,, X;) 1a biéu thirc cia X, va X;) mau thudn vi {X,, X,, X} doc 1ap tuyén tinh, truong
hop nay khong xay ra.

Vay ca 3 trudng hop diéu khong théa méan. Suy ra khong ton tai MDS-dai s6 nao c6

ideal dan xuat thir nhat khong giao hoan 4 chiéu. O

3.3. Burc tranh hinh hoc cac K-quy dao caa cac MD5-nhdm twong wng véi cac MD5-dai
s6 da xét.

3.3.1. Phwong phap moé ta cac K-quy dao.
3.3.1.1. Khéi niém K-quy dao cua nhom Lie.

Cho G 1a mot nhém Lie lién thong don lién va G 1a dai s6 Lie cuand, 4" 1a khong

gian d6i ngdu cua dai s6 Lie G . Thi K-biéu dién cia G trong G~ duoc cho bai
<K(g)F, x> =(F,Ad(g7)X); (Y9G, VFe g ¥X c G)
Khi d6, ing véi mdi F trong G, K-quy dao Q. cua G di qua F dugc xéc dinh béi:
Q; ={K,F/geG]|

Pbi voi mdi nhoém Lie G, chung ta quan tim dén bai todn mé ta cac K-quy dao Q; cua
G, VF € @ . Nhu da biét, luat nhém ciia G chua duoc cho mot cach tuong minh ma chi biét
18 cdu tric cia dai s6 Lie 4G cua G nén ta gip rat nhiéu khé khan trong qua trinh nghién ciru
nhém Lie G. Trong khi d6 anh xa mil exp, : ¢ — G va tinh chat tw nhién ctia n6 lai rat c6 ich

cho chiing ta trong qua trinh nghién ctru nhém Lie.



Ky hi¢u exp, : G — G la anh xa mii cua G va exp, : End, ¢ — Aut, ¢ 1a anh xa mil
cua nhom Lie Aut,€¢ céc ty dang cdu R-tuyén tinh ctia G .
Nhic lai rang vi phan Ad, =ad : G — End,@g cua biéu dién phu hop ciia G trong G
dugc xac dinh boi cong thurc don gian:
adU(X)z[U,X], vU, X e g
Tinh ty nhién ctia 4nh xa mii dugc thé hién boi hinh vudng giao hoan sau:

G— 5 Aut, g
expe T T exp Ad.exp, =exp.ad
g—25End, g

V6imdi U € G, vamdi F e G, ta hdy xac dinh phan tir trong G ky hiéu 1a F, nhu
Sau.

(Fy.X)=(F.exp(ady)X),vX € G.

3.3.1.2. Mgt s6 bé dé.
B6 dé 3.5. Néu goi Q. 1a K-quy dao ctia G qua F thi ta luon c6 bao ham thirc:
Q. >{FR,/Uecg)
Dic biét, néu exp; la toan anh thi dang thirc xay ra.

Chimng minh. Véimdi U € @, dat g =exp, (-U ) e G . Khi d6 ta co:

<FU,X>:<F,exp(adu)x>:<F,Ad(eXpG (U ))X>
=(F.Ad(g7)x)= (K F.X),7X c G

Do d6, F, =K, F vandiriéng F, e Q.. Tucla {F, /U e G} c Q.

)
Néu gia thiét thém exp, 1a toan dnh. Theo tinh chat toan 4nh ta c6: V6imdi g € G

luén ton tai U, € @, dé g~ =exp, (U, ). Khi dé

(Kg)F X )=(F,Ad(g™) X ) = (F, Ad (expg (U,)) X )
= (F.exp(ady, ) X)=(F, . X),¥X ¢ g

Do dé K, F =F, Vva {F, /U € g} >Q,, nghia la 6 dang thirc

)
Q. ={F,/Uecg}. 5
D¢ tién cho viéc sir dung trong phan sau, ta s& ky hiéu Q. (G ) thay cho tap

{F, /U € @}. Nhu vy bao ham thirc trén c6 the duoc viét la:



Q. (G)=Q. VFeg’

Mot diéu kién du dé dang thiic xay ra la exp, : G — G 14 toan anh. Thuc ra, trong
nhiéu trudng hop mot diéu kién yéu hon tinh toan 4nh cua exp, cling la du dé co dang thirc
Q; =Q(@). Cuthé la:

Bo dé 3.6. Gia str G lién thong. Néu ho cac Q. (@), VF € @" lap thanh mt phan hoach
cia G vamoi Q_ (&), VF e g ditu cing mé hodc cing dong (twong doi) trong Q) ,
VF e g .Khido, Q. (G)=Q.,VF cqg .
Ménh dé 3.3. Giasit G 1a nhom Lie thuc giai duoc, don lién, hitu han chiéu va @ 1a dai sd
Lie ctia n6. Khi d6 cac khang dinh sau day 1a twong duong;

(i) Anhxa exp, : G — G 1a vi phoi gidi tich (hay G 1a nhém exponential).

(i) V6i VX € G, ad, khong c6 gid tri riéng phiic (trong C) thuan a0 nao.
Hé qua 3.2. Néu G 1a nhom Lie thuc giai duoc, lién thong hitu han chiéu vé6i dai sd Lie g

ctia n c6 tinh chat (ii) trong ménh @& 3.3 thi anh xa mii exp, : ¢ — G la toan anh.

3.3.2. Burc tranh hinh hoc cac K-quy dao ciua cdc MD5-nhém lién thong don lién ma
cac MD5-dai so6 twong rng c6 ideal din xuat thir nhat khong giao hoan 3 chiéu.

Gid st G 1a mot trong cac nhom és,,&l’ émz , és,,s,s- Ky hiéu @ 1a dai s6 Lie ciia
nhom G va @ 1a khong gian d6i nglu ctia dai s Lie G . Mdi U € @ c6 toa dd (a,b,c,d,e)
trong co s& ( X;, X,, X5, X,, Xg) vamdi F € @ cotoadd (o, B,7,5,0) trong co sé doi ngdu
(X7 X0 X2, XT, X7 ctia (X, X5, X5, X4, X ) - Cubi cing ta kg higu Q12 K-quy dao chira
F cua G trong G =R>.

Ménh dé 3.4. K-quy dao Q. chira F ctia nhéom G = (N35,3,1 duoc mo ta nhu sau:
(i) NéuA=6=0=0thi Q ={F(x,A.0,0,0)}: quy dao la 0-chiéu.
(i) Néu A1=6=00#0thi Q. ={F(a,B,2t,0)}: quy dao la 2-chiéu.
(i) Néu 1=0,6%0,0=0 thi Q. ={F(a,y,2,5,0)}: quy dao la 2-chiéu.
(iv) Néu 1#0,6=0=0thi Q. ={F(a,y,7.t,0)}: quy dao la 2-chiéu.
(V)  Néu 1#0,6=0,0=0thi Q. ={F(a,y,21,0)}: quy dao la 2-chiéu.
(vi) Néu 2°+8%#0,0 %0 thi Q_ ={F(a,y,2,t,0)}: quy dao la 2-chiéu.

Chimng minh. Gia sir v6i mdi U ¢6 toa dd (a,b,c,d,e)e @, tacd



>

0.

1

—dX, -cX,.

[ ] , 2

° ,X4

[U.X]=

[U.X.]=

* [U.X,]=bX, -

[U, X,]=bX;+cX,.
I=

e [U,X,]=0.

Suy ra ma trén cua anh xa ad, la:

ad,

[l
o o o o o
o6 & o o
QT o o o
0O O g o o

0
0
0
0
0

Ma tran ad,, chi c6 gia tri riéng 1a 0 (b6i 5). Tur d6 ta dugc

1 0 000
0 1 00O
exp(ad,)={0-d 1 b O
0O-c b 1 0
0 0-d ¢ 1
Do vay, toa d0 F, € g nhu sau:
X=a
=pf—-dy—co
Zz=y+bo-do
t=by+d+co
S=o
Theo bo dé 3.5 va hé qua 3.2, ta suy ra diéu phai chimg minh. 0

Bang tinh toan va 1ap ludn tuong tu, ta hoan toan c6 thé mo ta buc tranh cac K-quy dao

cua cac MD5-nhoém con lai. Do @6, ta c6 cac ménh dé sau:

Ménh
(i)
(i)

dé 3.4. K-quy dao Q. chira F cta nhéom G = (N35,3,2 duoc mo ta nhu sau:
Néu 1=6=0=0 thi Q. ={F(a,$,0,0,0)}: quy dao la 0-chiéu.

Néu 21=6=0,0 =0 thi Q_ ={F(a,8,2,t,0)}: quy dao 1a 2-chiéu.

(i) Néu 1=0,6%0,0=0 thi Q. ={F(a,y,2,5,0)}: quy dao la 2-chiéu.

(iv)

Néu 2#0,6 =0=0 thi Q_ ={F(a,Y,7,1,0)}: quy dao la 2-chiéu.



(V)  Néu 1#0,6=0,0=0thi Q. ={F(a,y,21,0)}: quy dao la 2-chiéu.

(vi) Néu 2°+8%#0,0 %0 thi Q. ={F(a,y,2,t,0)}: quy dao la 2-chiéu.
Ménh dé 3.5. K-quy dao Q. chtra F ciia nhom G = Gsas duoc mo ta nhu sau:

(i) Néu1=6=0=0thi Q ={F(x,A.0,0,0)}: quy dao la 0-chiéu.

(i)  Néu 2°+5%#0,0=0 thi Q_ ={F(x,y,21,0)}: quy dao la 4-chiéu.

(i)  Néu o =0 thi Q. ={F(X,y,7.t,5)}: quy dao la 4-chiéu.



KET LUAN

Trudc hét ta khang dinh rang, cac MD5-dai s6 dd dugc phén loai triét dé (chinh xac dén
d'fmg cau dai s6 Lie), va két qua nhan dugc 24 ho MD5-dai s6 voi ideal dan xuét giao hoan va
3 ho MD5-dai sé véi ideal dan xudt khong giao hoan. Pong thoi, btic tranh hinh hoc cac K-
quy dao cta 27 hg MD5-nhom lién thong don lién tuwong tng cling dugc mo ta mdt cach tuong
minh. Qua do, ta nhan dugc 24 ho MD5-phan 1a do duoc.

Trong ludn vin nay, tac gia di trinh bay lai chi tiét dinh 1y phéan loai ciia Lé Anh Vii va
Kar Ping Shum va chirmg minh mét cach twong minh dinh 1y nay. Pong thoi, luan vin con dua
ra 3 ho MD5 dai s6 véi ideal dan xuat 3 chiéu khong giao hoan, mé ta buic tranh hinh hoc cua
chung va chimg minh rang khong ton mot MD5-dai s6 ndo véi ideal din xuét 4 chiéu khong
giao hoén.

Dua trén cac phuong phap da str dung va cac két qua néu trén, goi cho ta cac hudng can
nghién ctru tiép sau nay.

e Phén loai topd cac MD5-phan 14 con lai. Mo ta kiéu to pd phan 14 va cac C”-dai sd
lién két v6i cac MD5-phan Ia.

e Ciing v&i hudng nghién ctru trén, nhung d6i véi cac MDn-nhém va MDn-dai s6 voi
n>6.

Sau cung, do han ché vé kién thtc, thoi gian, ... nén ndi dung cta luan van da ding lai
trong khuon khé nhét dinh. Tac gia rat hy vong s& duogc tiép tuc nghién ctru cac van dé trén.
Mic du da ¢6 gang nhiéu trong soan thao, nhung nhitng thiéu sot 1a khong tranh khoi, tac gia

rat mong nhan dugc sy gdp ¥ cua quy thy cb va ban doc.
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