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MO PAU

Ly thuyét vé sy xac dinh duy nhat cac ham phan hinh nghién ctru nhimg diéu kién ma ton tai duy nhat mot
ham phan hinh thoa méan cac diéu kién ndy. Ta da biét cac da thirc duoc xac dinh boi cac khong diém cia nd
( sai khéc mbt nhan tir hiang ), nhung dié u d6 khong dung di v6i ham ng uyén va ham phan hinh siéu vét.
Vi du nhu hai ham e* va e* nhan chung cac diém +1,0, . Do d6 viéc xac dinh duy nhit cic ham phan
hinh 1adé tai hap dan va phtc tap. Trong inh vuc nay, ly thuyét phan B gia tri duoc xdy dung boi
Nevanlinna tro thanh mot céng cu chinh cho viéc nghién ciru. Nevanlinna & chimg minh duoc rang ham
phan hinh khéc Hing c6 thé dugc xac dinh duy nhét boi 5 diém, nghia 1a néu hai ham phén hinh f va g
nhan cung 5 gia tri thi f =g. Chdc chan rang sd 5 trong dinh 1y cta Nevanlinna c6 thé giam xudng khi
chung ta thém vao diéu kién. Trong luin vin nay toi s& trinh bay mot sé két qua va phuong phap khac nhau
dé xac dinh duy nhit c&c ham phan hinh dudi nhitng diéu kién khéac nhau.
Luan vin nay chu yéu dya vao tai liéu “Uniqueness Theory of Meromorphic Functions” ctia Chung-Chun
Yang va Hong-Xun Yi, 1a quyén sach dau tién vé 1y thuyét xac dinh duy nhat cic ham phan hinh, tap hop
hau hét nhitng két qua méi nhit trong linh vuc nay nhimg nam gan day va cac bai bao lién quan.
NGi dung ludn vin gom 4 chwong:

» Chuong 1 trinh bay tém lugc mot s6 kién thtrc chuan bi.

= Chuong 2 trinh bay cadinh 1y lién quan &n t6 hop c&c ham phan hinh, ladc chudn bi cho viée
nghién ctru su xac dinh duy nhét cdc ham phéan hinh & chuong sau.

= Chuong 3 tiinh by céc két qua vé su xac dinh duy nht cac ham phan hinh kh i chdng chia nhau 5, 4, 3,
2, 1 giatri, va su xac dinh duy nhit nghiém cua phuong trinh vi phan.

= Chuong 4 trinh by sy x4c dinh duy nhat ctia cac ham phéan hinh chia giatri véi dao ham ciia né.
T6i xin chan thanh cam on Tién si Nguyén Vin Dong d tan tinh hudng dan toi hoan thanh tét luan van nay.

Tp. H6 Chi Minh — Thang 11 nim 2009



Chuong 1:
MOT SO KIEN THUC CHUAN BI
VE LY THUYET NEVANLINNA

Dinh 1y co ban cta dai sé noi rang mot da thirc bac p v6i bién s phic nhan mot gia tri nao d6 ding p
lan ké ca boi. Cac nhatodn hyc thé gidi c6 nhidu nd luc mé rong dinh 1y nay cho ham chinh hinh va ham
phéan hinh.

V&0 thé ki thir XIX, Picard [Picard 1897] d4 khai quét dinh 1y co ban ciia dai s6 bang cach chimg minh
rang mot ham nguyén siéu viét — mot dang cua da thirc bac vo han — phai nhan tit ca cc gia trj vO han lan
ngoai trir mQt gia tri phue. Chéng han ham nguyén e* nhan cac gia tri mot cach vo han lan nhung khong bao
gio nhan gia tri 0. Do vay, su khai quat “ngdy tho™ cua dinh 1y co ban ctia dai s6 ma ngudi ta ¢6 thé tuong
tugng 13 c¢6 thé khong ding cho ham nguyén. Ngoai ra cac ham siéu viét co thé nhan cac gia tri vo han lan,
nhung ta khong thé that su néi duge téng s6 1an ma ham s6 nhan mot gia tri. Vi ham phan hinh trén toan mat
phang phuc chi ¢é thé c6 qua 1m hitu han khong diém trong mot dia hiru han, nhitng gi chiing ta ¢é thé n6i
va s& n6i thay cho s6 1an nhan 1a tc d6 ma s6 cac khong diém trong mot dia ban kinh r tang khi r — oo.

Cho f la ham phan hinh va a el ly thugt Nevanlinna nghién ctru mbi lién hé giita ba ham sau:

N(r,%_a) m(r, f iaJ,T(r,f).

oHam N (r, : ] 13 “ham dém” vi n6 dém, nhu latrung binh loga, 5 1an f nhan gia tri a trén dia tron
—a
ban kinhr.
\ 1 Y Y A ” 3 A A 5 [ . \ A \ \ A ,
°c Him m| r, : la ham xap xi trung binh do d6 gan a cua gia tri ham f trén duong tron tam O ban
kinhr .

o Ham T (r, f ) la ham dac trung. Ham dac trung dong vai tro trong dinh 1y Nevanlinna nhu 1a bac cua da

thire trong dinh 1y co ban cua dai sb.

Vi m(r, : ! JZ OvaT (r,%] khong pha thuéc a nén dinh 1y co ban thi nhit nodi ring f co the
-~ ~a

nhan gia tri a khdng thé cao dén ndi ma N (r, f ! j tang nhanh hon T (r, f). Diéu nay tuong tu phat

biéu mot da thirc bac p nhan gia tri a téi da p lan.



Dinh Iy co ban thi nhat con ndi rang: tong N (r,%} + m{r, :
—a —a

) doc 1ap véi a. Do d6 ta co thé viét

T(r,f):N r, ! +mlr, 1 . Nhu ay néu f nhan gia tri a voi mot tan s6 du nho dé
f-a f-a

N(I’, . 1 J khong tang nhanh nhu T (r, f) thi ham m(r, : !
—a

J s3 bd sung theo nghia 1 anh cua f gan

Véi gia tri a vai nhitng cung du 16n trén duong tron 16n tam O. Nghia 1a mot ham phan hinh nhan mét gia
tri dic biét kém thudng xuyén hon mong doi thi né s& bu lai bang cach danh nhiéu l1an gan gié tri do.

Dinh 1y co ban tha nhét cho mot chan trén ( theo thuat ngir tding cua ham ) ) ma mQt ham phéan hinh c6 thé
thuong xuyén nhan moi gia tri. Didu nay tuong tu phat biéu mot da thirc bac p ¢6 thé nhan moi gia tri nhiéu

nhét p lan.

Dinh 1y co ban thtr hai cung cip mot can dudi cia tong hitu han cac ham dém N (r, J V61 ban kinh

f—aj

du lon tuy y.

Nhu vay cung v6i dinh 1y co ban tho nhat, dinh 1y co ban thur hai cho ta mgt khai quat dinh 1y co ban cua dai
0.

1.1 Céc dinh nghia

Pinh nghia 1.1: Cho f (z) Iaham phan hinh khéc hang trén [1 va a 1asb phtec.

« Cdc ham dém:

o n(r, f) 1a ham dém céc cuc diém cua f trong dia tron dong D(r) (ké ca boi ).

o n[r, f 1aJ 1a ham dém s6 khong diém cua f —a trong D(r) (ké cd boi ).

°nlr, f ! ] dém s6 khong diém cua f —a trong D(r) ( khdng ké boi ).
—a

° Ny [r, f 1 j dém s6 khong diém cua f —a trong D(r) maboi ciia khong diém khong 16n hon k va
—a

chi dém 1 1an; N (r,%} dém s6 khong diém trong D(r) ma boi ciia khong diém 16n hon k va chi
—a

dém 1 lan.

°n, (r, . 1 ] dém s6 khong diém cua f —a trong D(r) mabdi 16n hon p thi dugc dém p lan.
—a

o N|r, L =n| 0, L —a e dt
f—a f-a

.Iogr+£ "




L = 1 1 1 1 1 — 1
o Ham N|{r,—— |, n,|Fr,—— |, n r,——1|, N,|r,——1|, N r,——1|, No|r,——|,

N(m r,i y NI Ty ! duoc dinh nghia twong ung.
f-a f-a

_izn . 1
]_27:1[ %0 ‘f(re“’)—a‘dg

» Ham dac trung: T|r, ! =m r,i +N]|r, 1
f-a f-a f-a
[ 1

«Ham xdp xi: m|r,
f-a

1
m r,f aj N(r, a]
- S6 khuyét:  S(a, f)=li A _
o khuyer: 5(a, 1) = lim T(r.f) e T(r,f)
N(r,flaj
O(a, f)=1-lim—— =~
(8 1) =1-lIm—
— log*T(r, f log" T (r, f
« B VA bic dusi cia ham phan hinh: 4 =Tm 21 F) ﬂ=||m°g—(r)
= logr = logr

- Kihigu: S(r, f)=0(T(r,f)) (r >eo,reE), Elatip c6 do do tuyén tinh hitu han.

» Ham a(z) duoc goi la ham nho cua f () néuT (r.a)= O(T (r,f )) .

Pinh nghia 1.2: Cho f 1a ham phan hinh trén @t phang phirc va a |a gia ti hiru han. Néu f (z)-a
khong c6 khong diém thi a duoc goi la gia tri Picard cua f (Z) .

1.2 Mt sb két qua chuin bi

¢ Pinh 1y 1.1 ( Dinh 1y co ban thi nhat ): Cho f Iaham phan hinh trong |z| < R (<), va a 1asb phic tuy

y. Khido vai O<r <R taco

TU&J =T(r,f)+loglc,|+&(a,r)

trong d6 c, la hé s6 khac 0 dau tién trong khai trién Laurent cla

‘g(a,r)‘ <log" |a|+log2.
¢ Dinh ly 1.2 ( Dinh 1y co ban tht hai ): Cho f Ia ham phan hinh trén riit phang phic va  a,, a,, ..., a,

(q>3) lacac giatri phan biét trén mat phang phirc mé rong. Khi d6

(q-z).T(r,f)<§N(r, f fa_]-Nl(ms(r, f)



j
trong @6 N, (r)=2N(r,f)-N(r,f')+N [r,%j

No(r,%] 1a khong diém cta f' ma khong 1a khong diém cua f -, (] :J,_q)

va (q-2)T(r, f <iﬁ(r > J—No(r,%}ts(r,f)

¢ Dinh Iy 1.3: ( Dinh Iy co ban thir hai véi ham nhé ): Cho f (z) laham phén hinh siéu viét trén mat phang

phirc va a;(z) (i =1,2,..q) lacécham nho phan biét cua f (z). Khi do véi moi & >0 tacd

(q-l-g).r(r,f)<N(r,f)+i|\|{r,f_la_}s(r,f)

i=1
Hon thé, néu q > 3 thi tn tai s6 nguyén duong p sao cho

(q-2-¢) ZN( aj} S(r, f)

¢ Dinh Iy 1.4: Cho f (z) Iaham phan hinh khéc hing va a, (z) (i=1,2,3,4,5) lacac ham nhé phan biét cia
f(2). Khi 6

ZN[ ]+S(r, f)
¢ Dinh ly 1.5: Cho f(z), g(z) laha ham phan hinh trén & phing phic , A(f) labac cia f(z) va

#(g) labic dusi cua g(z). Néu A(f)<u(g) thi T(r,f)=0(T(r,g)) .(r—> ).
¢ Dinh ly 1.6 ( Dinh 1y Milloux ): Cho f (Z) |& ham phan hinh trén miit phang phtc va k 13 s6 nguyén

—a;

duong. Dat y (z Za z) trong d6 & (z)(i=1,2...k) lachchamnho cua f(z).Khi do6 ta co:
m(r,% =S(r, f)

va T(ry)<T(r, f)+kN(r, f)+S(r, f)<(k+1)T(r, f)+S(r,f)

va T(r,f)<N(r,f)+N[r,%}+ﬁ(r,%_lj—No(r,%}rs(r,f)

trong do N, (r,iJ 12 ham dém khong diém cta ' ma khong 1 khong diém cua w —1.
7

¢ Dinh 1y 1.7: Cho f (z) laham phan hinh siéu viét trén mét phang phirc va k 1a sé nguyén duong. Khi do,
véi & >0 ¢ dinh cho trude ta co

T(rf)< (1+%j.N (r,%j+(l+%j.N (r,f(%_l]— N [r,ﬁ}mﬂ (1. 1)+S(r 1)

¢ Dinh ly 1.8: Cho f (z) Iaham phan hinh khc Hing trén mit phang phirc. Néu 0, oo lagiatri Picard cia
f (z) thi ton tai ham nguyén khéc hing h(z) saocho f(z)= "™,

¢ Pinh 1y 1.9: Cho h(z) Iaham nguyén khéc hing va f (z)=¢""). Khi d6



i) T(r,h):o(T(r,f)) ,(r > ).
i) T(r,h")=S(r,f)
¢ Pinh 1y 1.10: b4t g;(z)(j=12,...,n) lacac ham nguyénva a;(z)(j=0,1...,n) lacéc ham phéan hinh

thoa T(r,aj ) = o(iT(r,egk )j (r—>w,reE)(j=12..,n).
k=1
Néu Zn:aj (2)€? =a,(z) thi tn tai céc hing s ¢, (j=12,..,n), it nhit mot trong s6 d6 khac hing, sao
=1

0.

cho Zn:cj a, (z).eg"(z)
j=1

¢ Pinh 1y 1.11: Cho h(z) laham nguyén khéc hing va f(z)=¢e"", 1 va u labac va bac dudi cia f(z).
Taco

(i)  Néu h(z)ladathtcbacpthi A=pu=p.

(i)  Néu h(z) laham nguyén siéu viét thi A = p=o0.

¢ Pinh Iy 1.12: Moi ham phan hinh trong mit phing phirc c¢6 nhidu nhat hai gia tri Picard.



Chuong 2:
CAC PINH LY LIEN QUAN DPEN
TO HQP CAC HAM PHAN HINH

Trong chuong nay ta € trinh bay cac dinh Iy vé t6 hop c&c ham phan hinh, bao gbm céc két qua thu duoc
boi Nevanlinna, Borel, Niiino — Ozawa...dong vai trd quan trong trong viéc xac dinh duy nhét cac ham phan
hinh.

¢ Pinh Iy 2.1: ( Dinh 1y Borel tong quat )
Giast f,(z),..., f,(z) lacac ham phan hinh doc lap tuyén tinh thoa > f, =1 (2.1)

j=1
Khi d6 véi 1< j<n taco

T(r,fj)szn:N[r,fi]JrN(r,fj)+N(r,D)—ZN(r,fk)—N(r,%jJrS(r) (2.2)
k=1 Kk
trongd6 D la dinh thirc Wronskian W (f ,..., f, ),

S(r)=0o(T(r)),(r >, rgE) Elatip co dd do tuyén tinh hiru han (2.3)

va T (r)=max{T(r, ) (24)
Chitng minh:
LAy dao ham hai vé (2.1) tacod Z f¥=0 (k=1..,n-1) (2.5)

j=1
Boi vi f,(z),..., f,(2z) doc 1ap tuyén tinh nén D #0. Tix (2.1), (25) tacd D=D; (j=1..,n) , trong do
D; ladinh thirc con cua D thu dugc bang cach bo hang 1, ¢t j ciia D. Vi thé

(2.6)

1 R | y -
f; f, f; % B
f; f, f, . . !
A= va A = : : : (2.7)

fl( n —l) f 2( n —l) fn( n 71)
fl f2 e fn

Tir (2.6), theo dinh 1y co ban thr nhit ta co

m(r,fl)gm(r,Al)+m(r,%]sm(r,Al)+m(r,A)+N(r,A)—N(r,

Boivi A :L taco
f.f,..f

N(r,A)-N (rij = Zn:N [rf—lk]—zn: N(r, f)+N(r,D)-N (r%) (2.9)

k=1 k=1



(k) _ -

Vi m[r,%J—S(r,fj)—S(r),j—ln,k—ln—l ( dinh 1y Milloux )
J

néntacé m(r,A,)+m(r,A)=S(r) (2.10)

Tur (2.8), (2.9), (2.10) ta duoc

T(r,f)=m(r,f)+N(r,f)
<ZN(rfij+N(rf)+N(r D)- iN(r,fk)_N(r%]+s(r) .

1 Kk k=1

¢ Pinh Iy 2.2: Vi gid thiét cua 2.1 vanéu Z N(r, f)=S(r) thi

k=1

Chitng minh:
Tacd N(r,D)= Zn:[ r,f)+(n-1)N (rf)}
k=2
Vithé N(r, £,)+N(r.D)= Y N(r, f,)= N(r,D)= Y N(r, )
k=1 k=2
<(n-1).3N(r f)<(n-1) 3 N(r. 1) (211)
k=2 k=1
" 1
Tu (2.11) va dinh 1y 2.1 ta dugc T(r f) N(rf—j—N[r —j+S(r) [
k=1 k

¢ Dinh 1y 2.3: Gia st f,(z),..., f, (z) (n>2) lacac ham phan hinh thoa c4c diéu kién:

vy g

(i) Zn:Cj.fj(z)EO trong d6 C, (j :ﬁ) |a céc hing sd.
-1

f;(2)
fi ()

(i) E(N(“ fj)+N(r’fijD:°(’(f)) - r(r)=£1ikr3“{T[r’:_:]}

khéc hing voi 1< j<k <n.

(i) f,(z)#0 (j=1n) va



Khidé C; =0 (j=1n).
Chitng minh: Tachtng minh bang quy nap.
» V6i n=2 tacod C,.f,(z)+C,.f,(z)=0. Néu mét trong hai gia trj C,,C, khac 0, gi st C, =0 taco

f(z N
1( ) = —& ( méu thuan véi (ii)). Do d6 C, =C, =0 nén dinh ly ding véi n=2.

f,(z) C,

= Gia str dinh 1y dung véi n > 2. Tachirmg minh dinh 1y dang véi n+1.

n+1

Thét vy, néu céc ham phan hinh f, (z)( j =1n+1) thod mén diéu kién cia dinh Iy, ta c6 )" C;.f;(z)=0

=1

(2.12)
Néu mot trong cac C, (J =1n +1) khéac 0. Ta § chimg minh tat ca C, déu khac 0. That vay néu trai lai,
khong mét tinh tong qudt, gid str C,,, =0. Tir (2.12)taco Y _C,.f,(z)=0,vado f(z)(j=1n) thoi man

j=1

céc gia thiét cia dinh 1y nén theo gia thuyét quy nap ta c6 C ;=0 (] :ﬁ) ( mau thiAn gia str ). Vay

C;#0 (j=Ln+1).

Pit g;(z)=- Cj'f"(z)),(hln) (2.13)

Coi-fra(z

n+1* "n+l

1.

Tu (2.12) tacod Zn:gj (z)
j=1

Néu g, (2) (J :ﬁ) phu thudc tuyén tinh thi tdn tai c4c hing s6 a, (j :ﬁ) ( mdt trong s chung khac 0)
seocho D a;.9,(z)=0.Dodo > a,C,.f(z)=0.

=1 =1
Theo gia thuyét quy nap tacd a;C;=0 (j :ﬁ) Boi vi mot trong céc a, (] :ﬁ) khac O, gia sir a, # 0
tasuy ra C, = 0 ( mau thuan vi C; =20 (j :ﬁ)) Do do6 g, (2) (j :ﬁ) doc lap tuyén tinh.

Pt T(r)=max{T (r,g,)} , Vj=1n tir (2.13) taco

I<k<l

N(r,gj)+N(r,giJ£ N(r, fj)+N(r,%]+N(r, fn+1)+N[r,

i j

1
fn+1

Te (i) ta cd N(r,gj)+N(r,i]:S(r), trong 46 S(r)=0(T(r)).(r—>o,reE). Viéth

n

SIN(r.g,)=5(r) vagN[r,i):s(r).

j=1 gJ



Apdung dinh 1y 2.2 taco T(r,g,) <S(r), (k=1n). Dodd T(r)<S(r) (voly).

Vithétdtea C;=0,(j=Ln+1).

Vay dinh ly dung véi n+1 =

¢ Pinh Iy 2.4: Gia st f,(z),..., f,(z), (n>2) lacéc ham phan hinh va g,(z).,...,9, (z) lacac ham nguyén
thoa cac diéu kién:

() > f(2)e" =0

=
(i) 9;(z)-9,(z) khdc hang véi 1< j<k <n.
(i) Véi1<j<n,ich<k<ntaco T(r,f)=o{T(re"%)},(r>w,reE).

Khido f;(z)=0,1<j<n.

Chitng minh:

Tachimg minh bang quy nap.

- Khi n=2: diéu kién (i) tro thanh f,(z)e*" + f,(z).e%" = 0. Néu mot trong f,(z), f,(z) khong dong

. f(z N
nhit 0, gia sir f,(z)#0 thi g% %) = - (2) . Do d6 theo diéu kién (iii) ta c6

f(2)

T (r,egng):T[r,:—ij <T(r,f)+T(r,f,)+0(1)= o{T (r,egl’gz )} (voly).

Vay dinh 1y déng véi n=2.

» Gia st dinh ly dang v6i n (> 2). Tachimg minh dinh ly dang v6i n+1.

Gia su fj(z), gj(z) (j :l,n+l) thoa man céac diéu kién cua dinh 1y va mot trong cac fj(z) (J :ZLn+1)

khong dong nhét 0. Tréi lai, khong mét tinh tong quét ta gia sir fm(z) =0, khi d6 Z f, (Z).egj(z) =0. Do
j=1

f; (Z) (] :ﬁ) thoa cac diéu kién cua dinh 1y nén theo gia thuyét quy nap ta c6 f, (Z) =0 (J :ﬁ) (méau

thuin gia sit ). Vay f;(z)#0 (j :Ln+1).

Pat Fi(z)=f,(2)e"™ , C =1 (j=1n+1) (2.14)

n+1

Tu(i)taco D C,.F(2)=0.
j=1



Tathy F,(z)#0 (1=Ln+1) va Fj(z) (1< j<k<n+1) khéc ting . Hon th v6i j=1n+1,
k

1<h<k<n+l,r—>owo,regkE tacod

j i

N(r.F)+N (rFiJ <N(r,f)+N [rfi] <2T(r,f,)+0(1) =0T (re" ™)} (2.15)

. .k f g A
Boivi - =—"e% % nén suyra

k k

T (r,egh—gk ) :T(r,:—:_i—:j <T(r, f)+T(r, fh)+T(r,%]+O(l)

k

:T[r,E—ZJ+o{T(r,e9hgk )} (r>oreE)

Vi thé T(r,egh’ng ) = O{T(r,%}}, (r—>o,reE) (2.16)

k

Tir (2.15), (2.16) ta dwoc N(r,F;)+N [rFi} = O{T[r,%j}, (r—>ow,reE)

j k

voi j=1n+1,1<h<k<n+1.
Nghia 1a F,(z) , j=1n+1 thoa cac diéu kién cia dinh ly 2.3, vitk C, =0 j=1Ln+1 ( mau thiin

(2.14)).Vay f,(2)=0 j=1n+1 »

¢ Pinh Iy 2.5: Néu f,(z) va g, (2) (j :ln) (n> 2) lacac ham phan hinh thoa mén céc diéu kién: (i)

> 1, (2)e” =0
j=1

(i) Baccua f; bé honbéc ciia e** véi 1< j<n,l<h<k<n.
thi f,(z)=0 (j=1n).
Chitng minh:
Tass ching minh diéu kién (ii) caa dinh 1y 2.5 &m chi diéu kién (ii), (iii) cua dinh 1y 2.4. Vi bic cta ham
nguyén lakhong &m nén tathiy bac cia e® % (h=k) Ién hon 0 vavi thé g,(z)-g,(z) , (h=k) khong

thé 1a hang. Vay diéu kién (ii) cua dinh 1y 2.4 thoa.



Tir dinh 1y 1.11 suy rabic va bac dudi ciia e® % bang nhau. Theo gia thiét (ii) trong dinh 1y ta cd bac cua

f; nho hon bac cua e * nén kic cia f; nhd hon bac dudi ctia e %. Do d6 & dinh 1y 1.5 ta dugc
T(r, fj)zo{T(r,eg"‘gk )} Vay didu kién (iii) cua dinh 1y 2.4 thoia man. Vay theo dinh 1y 2.4 ta co
f,(z)=0(j=1n) =

Heé qua: Giasu f,(z) (j:l,n+1) va g, (z) (j:Ln) (n = 1) lacac ham nguyén thoa diéu kién sau

(i) Z f(2)e" =1, (2)

(i) Bac cua f; nho hon béc cua e véi 1< j<n+1, 1<k <n.Hon thé, bdc  ciia f, nho hon

bac cua e* % v4i n>2,1< j<n+1,1<h<k<n.

Khido f(2)=0 (j=1n+1).

Chitng minh:

T tacs Y f (2)e"? - 1, (2)e% =0, e =0.
j=1

Tu (i) tathdy bac cua f; nho hon bac cia €% véi n>2, 1< j<n+1, 1<h<k <n+1 nén diéu kién (ii)

ciia dinh 1y 2.5 thoa mén d6i véi cac ham f,(2), g;(z) (i=Ln+1).Dodo f,(z)=0 (j=1n+1) =
B6 dé 2.1: Cho f,(z), f,(z) lacéc ham phan hinh khac hing trén mét phing phirc va ¢, ¢,, ¢, lacac hing

s6 khac 0. Néu ¢,.f, +c,.f, =c, thi

() <R r ko [n L foi(r )50 1)

1 2
Chitng minh: Theo dinh ly co ban thir hai ta c6

+N(r, f,)+S(r, f,) n

= 1) = 1
T(r,fl)<N[r,f—]+N —

1

w

1 Cl

¢ Pinh Iy 2.6: Cho f,(z), (j =12,3) lacac ham phan hinh, f,(z) khéc héng.

1 (2.17)

3
Néu Z fj (Z)
j=1



va ZE:N[r,fi]+2.Z3:N(r,fj)<(;t+0(l)).T(r) , (rel). (2.18) trong do A<1,

j=1

T(r):max{T(r f)} | = (0,0) c6dd do tuyén tinh v6 han.

Khi do fZ(Z) =1 hoac f3(z) =1.

Chitng minh:

i
=

°Néu f,(z)=0 hoac f,(z)=0,giast f,(z)=0,tr(217)tacod f,(z)+ f,(z)

Theo dinh 1y co ban thtr 2 ta c6

T(r, f1)<N[r,fil]+N[r, fll_ljm(r, £)+5(r 1)

=N[r,fi]+ﬁ[r,fij+ﬁ(r,f1)+S(r,f1)<(ﬁ+0(1)).T(r) (vo19)

1 2
Do dé f,(z)#0 va f,(z)#0.

> Néu f,, f,, f, doc 1ap tuyén tinh thi theo dinh 1y 2.1 taco

r,fijm(r, )+ N(r.D)-SN(r, fk)—N(r,%J+S(r)

k k=1

T(r,fl)<iN[

k=1

fl f2 f3
tongds D=|f, f, f|vas(r)=o(T(r)), T(r)=max{T(r. 1)}
" " " <)<
fl f2 f3
3
St f
j=1
‘ O £ A N L
Tu (2.17) ta duoc D=ij f, f,|= L= 1,0 = 1,1,
=1 fz fs
3
2

Vithé N(r, f)+N(r,D)=> N(r,f)=N(r,D)=N(r,f,)=N(r,f,)

k=1

<2.N(r, f,)+2.N(r, f,)

3 J— —
Tudotaco T(r,f)<D N [r,fij+2.N (r,f,)+2N(r, f,)+S(r) (2.19)



3 _ I
Tuong twtacd T(r,f, <ZN(r,ij+2.N(r, f)+2.N(r, f;)+S(r)

a f

=~

<§N(rf—lkj 2N (1, £,)+ 2N (1, f,)+5(r)

3

Vithe T(r)<> N [r —]+22N( i)+S(r)<(A+0(1)T(r) ,(rel) mauthudn, nghia la f, f,,

j=1

phu thudc tuyén tinh. Khi d6 ton tai 3 hang sd ¢, C,,C, ( it ntit mot trong ba sé khac 0 ) sao cho

3
Dc,.f, =0 (2.20)
j=1
Néu ¢, = 0 thi tir (2.20)tacd ¢, #0 , ¢, =0 va f, = —E—Z.fz (2.21)
3
Thay f, vao (2.17) taduoc f, +[1——j f,=1 (2.22)
C3

Tir (2.21), 222)tacd T (r,f,)=T(r, f,)+0(1)
T(r,f)=T(r,f,)+0(1)=T(r,f,)+0(1)

Vavithé T(r)=T(r, f,)+0(1) (2.23)

Bai vi ,(z) khéc hing nén tir (2.22) taco 1- 2 % 0.

Cs

T bd dé 2.1 va(2.22), (2.23) tacod

2 =1

T(r) <N[r,filj+ﬁ(r,fij+ﬁ(r, £)+S(r) <3N (r,fi]+223;ﬁ(r, f)+5(r)

<(2+0(1))T(r), (rel) (voly)

Viay ¢, #0.
\ A C, C;
Tu (2.20) taco f, =——=.f, ——.1, (2.24)
Cl Cl
Thay (2.24) vao (2.17) ta duogc (1—(:—} f, + {1——} f,=1 (2.25)
Cl Cl

Ta xét 3 truong hop sau:



c .. C
» Truong hop 1: 1--2#0 val--2#0.

C C
\ A C, —Cs C,
Tir (2.24), (2.25) taco f, = i, - (2.26)
€, — G, C,—C
Dods T(r,f,)=T(r, f,)+0(1), T(r,f,)=T(r, f,)+0(1) =T (r, f,)+O(1)
Vithé T(r)=T(r, f,)+0(2) (2.27)

Theo b6 dé 2.1 va (2.25), (2.27) tacd

T(r) <N(r,fijm£r,fij+ﬁ(r, £)4s(r) <3N (r,%}+2.gﬁ(r, f)+5(r)

<(A+0(1))T(r), (rel) (voly).

C
 Truong hop 2: 1-—2=0=¢, =¢C,.

1

G

T (2.25)tacd 1- 2 %0 va f, = (2.28)
G, C,—C
Tir (224), (228) ta duge f,+ 1, = —— C3C (2.29)
17 V3

Néu c, # 0, 8o dung bo dé 2.1 vao (2.29) ta co

T(r) <N[r,fij+ﬁ(r,fij+ﬁ(r, £)+S(r) <3N (r,fi]+223;ﬁ(r, f)+5(r)

1 2 =1
<(2+0(1))T(r), (rel) (voly)
Vay ¢, =0.Vithé f,(z)=1.
- Truomg hop 3: 1—2—3 _0.
:

Tuong ty truong hop 2 ta duge f,(z)=1 m

¢ Dinh 1y 2.7: ( Niino— Ozawa[5] ) Cho g, (z) (j=12...,p) lacac ham phan hinh khéc ting thoa diéu

j=1
p

>.5(0,9;)<p-1.

=1



Chitng minh:

Tachimg minh dinh 1y bang quy nap.
= Véi p=2,Vvi 8.9, +a,.9,=a, nén T(r,g,)=T(r,g9,)+0(1).

Vi ©(w,9;)=1 (j=1,2) néntirb6 dé 2.1 tachia2 ¥ ciia b6 dé cho T(r,g,) vachuyén qua gidi han ta
thu duge 6(0,9,)+6(0,9,) <1.Vay dinh ly dung véi p = 2.

* Gia st dinh 1y dng véi 2< p < (q ) ta chirng minh dinh 1y dang véi p=q+1.

> Néu g, (z) (j=12..,q+1) la c4c ham ddc 1ap tuyén tinh, tir diéu kién @(oo,gj)=1 (i=12,..,q+1)
taco N(r,g;)=0 ( (r.g )) (i=12..,q+1).

g+l

Dit T(r):ggl{T(r,gj)} ta dugc éN(r,gj):S(r):o(T(r)), r>o,rekE.
q+1
Vi —J E 2.30
£2a e
+1
tir dinh 1y 2.2 ta suy ra T(r,gj)<qZN(r,gi]+S(r) (i=12..0+1)
=1 j
gq+1
nén T( <ZN(rg—]+S r) (2.31)
j=1

Mat khac véi j=1,2,...,q+1taco

N (r,i] <[1-5(0,9;)+0(1)|T(r,g;)<[1-5(0.g;)+o(1) | T(r)

9,

gq+1

Vi thé qu[rg—] [q+1—§5(0,gj)+0(1)}.T(r) (2.32)

gq+1

Tir (2.31), (2.32) ta duge T (r) < {q +1->"5(0, gj)+0(l)}.T (r)+s(r)

j=1

gq+1

nghiala ) 5(0,9;)<
-1

= Néu g j (Z) (j =12,..,q +1) phu thudc tuyén tinh thi tn tai cac hing s ( it nhat mot trong sb ching
gq+1

khac0) ¢, (j=12..,g+1) saocho Zc .9,(z)=0 (2.33)



. . e c.
Khong mat tinh tong quat, gia st C,,, # 0, tir (2.32) ta ¢6 g,,, =—» ——.9;(z), thay vao (2.30) ta duc

q
> d;.9,(z)=1(trongdé d,,...,d, lacéc hingsd ). (2.34)

j=1
T (234) ta c6 it ahhai trong c&c d;(j=12..q) khac O, @ist d, =0(j=12..s) va

d; =0(j=s+1..,0)(2<s<q).Khid6 (2.34) c6 the viét lai idj.gj (z)=1 (235
j=1

Theo gia thuyét quy nap vatir (2.35)taco » 6(0,g.)<s—1.
J

j=1
. B g+1
Chayrang §(0,9;)<1 (j=s+1..,q+1) vithé > 5(0,q;)<q nghiala dinh Iy déngvéi p=q+1 m
j=1

Nhan xét: Truong hop g, (z) (j=12,...,p) lacichamnguyénva a; (j=12,...,p) lacéc hing sb khac

p r N
0 sao cho Zaj .9, (2) = a,. Khi do it nhat m¢t trong c&c ham g, (z) dong nhat hang.
j=1

¢ Pinh ly 2.8: (H.X.Yi [6] ) Cho f,(z), f,(2),..., f,(z) (n23) lacac ham phan hinh khac ling ( ngoai
trir f,(z))thoa 3 f, (2)=1. (2.36)
j=1
Néu f,(z)#0 va Zn:N(r,fiJ+(n—l).Zn:N(r, f;)<(A+0(D)T(r,f) (237
=1 i j=1
trong d6 r e |, | latap c6 d6 do tuyén tinh vo han; k =1,2,...,n-1va A <1.

thi f

n

1.

Chitng minh:
Tachirng minh dinh 1y 2.8 bang quy nap. Tt dinh 1y 2.6 ta suy ra dinh 1y 2.8 ding véi n = 3. Gia sir dinh 1y

dung voi moi s6 nguyén n (3 <n< I) , tachimg minh dinh 1y ding véi n=1+1.

Néu cac ham f,(z), f,(z),..., f,1(2) doc 13p tuyén tinh, tir dinh Iy 2.1 ta suy ra

T(r, fl)sgN (r,%]+ N(r,f,)+N (r,D)—IJZjN (r.f;)-N (r,%}+s(r) (2.38)

]

Tuong tu nhu trong (2.11) dinh 1y 2.2 tacling c6

1+1 1+1

N(r, fl)+N(r,D)—ZN(r, fj)zl.ZN(r, f;) (2.39)



Két hop (2.37), (2.38), (239) ta c6 T(r,f,)<(A+0(1))T(r,f) (rel) (voly). Viethac ham

f, (Z) f, (Z) fi.. (Z) phu thudc tuyén tinh, khi d6 ton tai cac hﬁng s6 ( it nhat mot trong ) chung khac 0
1+1

)¢, (j=12..,1+1) seocho ch.fj (z)=0 (2.40)

Boi vi f, (j=12,..,1) lacé ham khéc Bing va f,,, #0 nén it kit mot trong ¢; (j=12..,1) khéc O,

, N 1+1 C.
khong mat tinh tong quat gia str ¢, # 0, tu (2.40) suy ra 2(1——’j.f j (z) =1

i=2 1

(2.41)

, , , C.
Tir bo dé 2.1 tathay it nhat ba trong 1-— (j=2,3,...,1 +1) khac 0.

G

. C ' C . .
Néu 1- =0, tr (2.41) ta duc Z[l——'].fj (z)=1. Theo gi thuyét quy nap it nhat mot trong
C, j=2 C,

C. \ . ~
(1——Jj.fj (z) (j=23..,1) dong nhat 1 ( mau thuan ). Vay 1-94 9,
Cl Cl

Tir (2.41) va theo gia thuyét quy nap ta dugc f, =c laham ling . Nbu c=1 thi fr (2.36) ta suy ra
|

Z;ﬁ'fi (z)=1. Vatr do theo gia thuyét quy nap ta c6 it nhat mot trong f, (i=12..1) laham hing (
j=

mau thuan ). Vay ¢ =1 nghiala f_, =1.

Do d6 dinh lydung véi n=1+1 =



Chuong 3:
SU XAC PINH DUY NHAT CUA
CAC HAM PHAN HINH CHIA GIA TRI

Nevanlinna d4 chimg minh duogc rang ham phan hinh khéac hang c6 thé duoc xac dinh duy nhat boi 5 diém,
nghia 1a néu hai ham phan hinh f va g nhan cung 5 gia tri thi f = g. Chic chin rang sé 5 trong dinh 1y

ctia Nevanlinna c6 thé dugc giam xudng khi chung ta thém vao diéu kién.

Trong chuong ndy ta s bo sung thém cac diéu kién dé xac dinh duy nhit cac ham phan hinh khi ching 1an
luot chia 5, 4, 3, 2 va 1 giati. Bao gdm cac két qua quan trong thu dugc boi Nevanlinna, L.Yang, H.X.Yi,
Brosch...
Pinh nghia 3.1: Cho f,g lahai ham phan hinh va s phic a.
= Goi Z, (n :1,2...) 1a khong diém ciia f —a. Néu z, (n :1,2...) ciing 14 khong diém cia g —a ( khéng
kéboi)taviét f=a = g=a.
» Goi v(n) laboi ciia khong diém z,. Néu z, (n=1,2...) ciing la khong diém boi nho nhat 1a v(n) cia
g-—ataviét f=a - g=a.
Dinh nghia:
() Néu f=a g=anghiala f-a va g—a co cung khong dém ( dém ca boi) vata noi
f,g chiaa CM.
(i) Néu f=a < g=anghiala f—a va g—a cb cung khong diém ( khong dém boi ) va ta noi
f,g chiaa IM.
(i) Néu f,g chia a IM sao cho khong diém ciia f —a va g—a cd boi khac nhau tanéi f,g chia
a DM.
Pinh nghia 3.2: Cho f,g laha ham phan hinh khéc hing va sé phuc a.

Kihiéu Ng(r,a) 1a ham dém quy gon nhing khong diém chung cia f —a va g—a véi boi bang nhau.
Ng (r,a) la ham dém quy gon c4c khong diém don chung cia f —a va g-a.
3.1 Ham phéan hinh chia 5 gié tri

3.1.1 Pinh Iy 5 diém ciia Nevanlinna:

Dinh 1y 5 diém 1a két qua quan trong ctua Nevanlinna trong viéc xac dinh duy nhat cac ham phan hinh.

¢ Dinh 1y 3.1: Cho f,g laha ham phan hinh khéc hing, a, ( j =E‘>) |25 giati phan biét trén mat phing

phttc mé rong. Néu f,g chia aj<j:E) IMthi f=g.



Chitng minh:
= Xét truong hop a, ( j= ZL_5) htru han.

Theo dinh 1y co ban tha 2 ta co:

+S(r,g) (3.2

3T(r,f)<jﬁ[r,f 1 J+S(r,f) (3.1)

gﬁ[r’ f }ajJ:gN[r'g—l&JgN(r’ f —g]
(1)<T

(r,f)+T(r,g)+0O(1) (3.3

Dodé 3[T(r,f)+T(r,g)]<2[T(r,f)+T(r,g)]+S(r,f)+S(r,g) (méauthuin)

Vay f =g.
» Xét truong hop mot trong cac gia tri a; vO han. Ta gia st a; =o.
£ e 1 _ 1
Ly a=a;(j=15), dat F(z):m : G(z)—g(z)_a
1 .
b, = (i=14) ; b=0

B a. —a
J

Khi d6 F,G chia bj(j :L_S) IM. Theo chitng minh tréntacé F=G nén f =g =m

Nhan xét: Diéu kién f,g chia 5 diém trong dinh 1y 3.1 khéng thé 1am yéu hon boi diéu kién f,g chia4

diém IM. That vy, xét f (z)=e¢’, g(z)=e*.Tathdy f,g chia 0,11 IMnhung f#g m

3.1.2 Mé rong dinh 1y 5 diém:

Pinh nghia 3.3: Cho f,g laha ham phan hinh khéc hiang, a 1asb phic tuy ¥.

Ki hiéu E(a f) latap cac khong diém cua f (z)-a, mbi khong diém duge dém 1 lan.
¢ Dinh 1y 3.2: (C.CYang[7])

Cho f,g lahai ham phan hinh khéc hang, a (j =],_5) |5 giatri phan biét.

(3.4)

Néu

va (3.5)




Chitng minh:
Tuong tu nhu trong chimg minh caa dinh 1y 3.1 taco thé gia sir a j ( j= ZL_5) htru han.

Theo dinh 1y co ban tha 2 ta thu dugc (3.1), (3.2).

5
Néu f g, do (3.4) ta duge ZN[r, 1 ]SN rt jsT(r,f)+T(r,g)+O(1)

=1

Két hop véi (3.1), (3.2) tacod

3.1.3 Tong quat hoa dinh 1y 5 diém bing viéc thay thé cac hing s6 béi cac ham nhé:

¢ Dinh ly 3.3: Cho f,g laha ham phan hinh khac hing, aj(z)(j :1_5) 125 ham nhd phan biét cia f,g
nghiala T (r,a;)=S(r,f), T(r,a;)=5(r,9) (j:E).

Néu f(z)-a,(z)=00 g(z)-a;(z)=0 (j:E) thi f=g.

Chitng minh:

Néu f #g,theodinhly 1.3, véi ¢ 1asd duong tuy ¥ cho trude ta co:

(3-6)T(r, f)<§N[r,f+a}+s(r, ) (36)

J+S(r,g) 3.7

# Pinh Iy 3.4: (Q.D. Zhang, 1993 [8] )



Cho f,g 1a ha ham phan hinh khéc fing, aj(z)(j =E‘>) |a 5 ham rihphan biét cia f,g. Nu
f(2)-a,(2)=0< g(z)-a;(z)=0 (j=15) vatit ci khong diém boi cia f(z)-a(z) 1 khong diém
boi cua g(z)-a;(z) thi f=g.

Chitng minh:

f—aj

Néu f #g, ki hu H*Lr, ] dém s6 khong diém cua f —a; trong |z|<r v&i boi I6n hon 1 va chi

1
f—aj

dugc dém 1 1an. N [r, ] 12 ham dém twong tmg.

Tir gia thiét cia dinh 1y ta co
S\ — 1 S\ —+ 1 1
>N r +> N |, <N|T, <T(r,f)+T(r,g)+0(1) (3.9)
=) -a; )] = f-a f-g

j

(s s e

]

<T(r,f)+T(r,g)+S(r,f) (3.10)

Tur dinh 1y 1.4 taco

2T (r 1)+ YN

]

i f-a
Két hop (3.10), (3.11) ta duoc

Twong ty ta duoc 2T(r,g)+zslﬁ*[r, 1 J<T(r,f)+T(r,g)+S(r,f) (3.11)

zT(r,f)+2T(r,g)+ng*[r, f _1a)<2T(r,f)+2T(r,g)+S(r,f)+S(r,g)
:iﬁ*(r,%a]:s(r, f)+S(r,g) va T(r,g)=T(r,f)+S(r,f) (3.12)

Ap dung dinh 1y 1.3 véi ¢ = % , ton tai s6 nguyén dwong p sao cho

gT(r,f)<in(r, L }s(r,f)iwr, ! }p.ﬁ*[r, : ]}s(r,f)

=) f —a, =t f-a
Két hop (3,9), (3.12) tach gT(r,f)<2T(r,f)+S(r,f) (voly).
Vay f =g ]

¢ Dinh ly 3.5: ( Q.D Zhang, 1993 [8] )

Cho f,g la hai ham phéan hinh khéc hng, a;(z)(j=16) la 6 ham mhphan bigt cia  f,g. Néu
f(z)-a,(z)=0<9(z)-a,(z)=0 (j:]?S) thi f=g.

Chitng minh:

6 __
Néu f#g,khido Y N, L SN(r, =
i=1 f f-g

JsT(r,f)+T(r,g)+O(l)



5 _
Tir dinh 1y 1.4 ta duge 2T (r,f)< Y N(r, 1 J+s(r,f) (k=16)

j=1, jk f- a;

S
Vi thé 12.T(r,f)<5.ZN£r,f 1

i1 -

]+S(r, f)<5T(r,f)+5T(r,g)+S(r,f)
Tuong ty 12T (r,g)<5T (r, f)+5T(r,g)+S(r,9)
Tudosuyra 2T (r, f)+2T(r,g)<S(r, f)+S(r,g) (voly).

Vay f=g =

3.2 Ham phéan hinh chia 4 gié tri

Niam 1929, Nevanlinna da chimg minh dinh 1y 4 diém CM, d6 la két qua quan trong trong viéc xac dinh duy
nhat cac ham phan hinh. Nam 1979 két qua dugc mé rong bai Gundersen cho truong hop 3CM + 1 1M = 4
CM va4IM = 4 CM vatdhng quat 1én truong hop 2 CM + 2 IM = 4 CM vao nim 1983. Nhung bai toan 1
CM + 3 IM =4 CM van la bai toan mé chua dugc giai quyét.

Trong chuwong niy t6i & trinh bay nhing két qua dugce ching minh boi Nevanlinna, Gudersen, Mues...

3.2.1 Ham phan hinh chia 4 gia tri CM

¢ DPinh 1y 3.6 ( Dinh 1y 4 diém ctia Nevanlinna ): Cho f,g lahai ham phan hinh khéc hing. Néu f,g chia

0,1,00,c CM (C # 0,1, oo) thi f,g c6 mot trong cac mbi lién hé sau:

0 f(z)=9(2)

(i) f(z)=-g(z) néu c=-1val-1lagiatriPicardcua f,g.
(iii) f(z)=2-g(z) néu c=2va0,2 lagiatrj Picard cua f,g.
(iv) f(z)=1-g(z) néu c== va 0,1 lagiatri Picard ciia f,g.

(V) f(z):ﬁz))_1 néu c == va =, lagiatri Picard cia f,g.
. 9y L 7
(vi) f(z)= néu ¢ =2 valoo lagiatri Picard cua f,g.
9(z)-1
(vii) f(z):i néu ¢ =—1 va 0, lagiatri Picard cua f,g.

9(2)
Dé chimg minh dinh 1y 3.6 taxét cac bd dé sau:
B6 dé 3.1: Cho f,g lacac ham nguyén va a,,a, 122 giatri hitu han phan biét. Gia sir f,g chia a, CM va
a, | gia tf Picard cia f,g. Néu f#g thi f(z)=eV+a ; g(z):(ai—az)z.e‘“(zua1 ( trong do6
a(z) laham nguyén khac hing ).

Chitng minh:



Tu dinh 1y 1.8 taco f(z):e“(z) +a, ; g(z):eﬂ(z) +a, (trong do «(z),p(z) lacéc ham nguyén khac

hing thoa e“? #e”®),
Do f,g lacac ham nguyén chia a, CM nén ton tai ham nguyén y(z)sao cho f-3 =e’ (e7 321).
g-a,

...z €e"4+a -—a
Vi thé #:M = e% +e’ —
€ +a1_a'2 az_a1 az_a1

e =1,

eF =1 (3.13)

Do e” £1 nén theo dinh 1y 2.6 suy ra —
-
Tir (3.13) tadugc e’ =(a,-a,) e =

B6 @& 3.2: Cho f,g laha ham phan hinh khéc Bng va a,,a, 1a cac gia ti hitu han phan biét. Néu f,g
chia o CM varéu a,a, lagiati Picard aia f,g thi f(z)=g(z) hodc ton tai ham nguyén khéc hing
a(z) sao0 cho

_ae g,

e@_a .
f(z):u va g(z) e _q

e“” -1
Chitng minh:
Gida stt f(z)#9(z), tir dinh ly 1.8, tn tai cc ham nguyén khéc hing «(z),5(z), e“® 2 e”¥ sap cho
a(z) _ Blz) _
f(Z)zal.e 8 ()=

e“®_1 ’ e’ 1
Vi f,g chiac CM va a lagiatri Picard cia f,g nén 0,00 lagiatri Picard cua f-a nén theo dinh dinh
g-a
ly 1.8 ton tai ham nguyén khac hang y sao cho f-a :e7,(e7 $1).
r eﬁ -1 B a a+
Dodo — l:e7 —e’+e"-e""" =1 (3.19)
e —

Vi e’ £1 nén theo dinh 1y 2.6 ta duoc —e“"7 =1. T (3.14) suyrae’ =e* =
Chirng minh dinh ly 3.6

Vi f,g chia 0,1,00,c CM nén tir dinh 1y 1.8 ton tai cac ham nguyén ¢,(z),4,(z),¢,(z) sao cho i=e¢’l ;
g

—
[
[EEN

—e”  — ~ —¢gh (3.15)
g-1 g-c

Giasu f(z)#g(z),khido e” $ZL(j =ZL_3) vae’™ £1 (1< j<i<3). Taxét 7 truong hop sau:
» Truong hop I: e* =k, (k = 0,1) |ahang so.

Khi d6 1 va c 1a gia Bicard cua f,g. Theo b dé3.2 ton tai ham nguyén khéc hing o sao cho
e”-c . e“—c

f _
e“ -1

e’ -1



Toe - k, tasuy ra(1-ck,)e“ =c—k, =>c=k =—1 (vi e” #const).
g
Vi thé (ii) trong dinh 1y 3.6 dung.

» Truong hop 2: e’ = K, ,(k2 7&0,1) Iélhéng $6.

Khido 0 vac la giaitiPicard cia  f,g. Do do tdn tai ham nguyén khac héng a saocho f = a_cl :
e -
g= —C
e -1
. f-1 .
Tu —_1:k2 ta suy ra[kz(c—1)+1]e =—c+1-k, =c=2,k,=-1.
Vi thé (iii) dang.
= Truong hop 3: €% =K, , (k, = 0,1) |ahang sd.
Khido6 0 val la giaitPicard cia  f,g. Do d6 on tai ham nguyén kha c I’ﬁng a sao cho f = a_ll X
e —
g= -1
e -1
. f-c u 1
Tu g—c:k3 tasuy ra [ ky(—c+1)+c]e“ =c—1-kg =c=" k=1

Vi thé (iv) dung.
= Truong hop 4: €% =Kk, ,(k4 # 0,1) |ahang sb.

f
f-1

Khi d6 .g—_1=k4. Vi thé ¢ va « lagiatri Picard cia f,g va f,g chia0 CM nén theo bb dé 3.1 tén
g

tai ham nguyén khac hiang « sao cho

f(z)=eW+c ; g(z)=c’e?+c.

. e"+c cle+c-1
Do do — — =k, tasuy ra
e“+c-1 ce“+c

[(c-1)-ck, |e* =c[(c-1)k,—c] = c:% k,=-1

Vi thé (v) dang.
= Truong hop 5: €% =kg , (Ks # 0,1) lahang sé.
Khi d6 1 va o lagiati Picaad caa f,g vado f,g chia 0 CM nén tuong ¢ truong hop 4 ta suy ra (vi)
dang.
= Truong hop 6: €% =k, (ks = 0,1) lahang so.
Khi d6 0 va oo lagiatri Picard cia f,g va f,g chia I CM nén tuong tu trudng hop 4 ta duogc (vii).
« Truong hop 7: €% ( j= 1_3) va e’ (1< j <i<3) khéc hing.
Tu (315) rdt f va g tathuduge —e*"% ™% +(1-c)e** +ce” ™ +(1-c)e” +ce” =1
1-c

Ap dung dinh 1y 2.8 tacd —e%™* % =1. Vi thé C—_l.eW’2 re?h T et o,
c c



Theo dinh Iy 2.6 suy ra —— 1- Cet =1 ma—e*"* % =1 néntir do ta co e* :—1 ( mau thuan gia thiét).
c

Vay dinh 1y dugc chiing minh =

Hé qua: Cho f,g la hai ham phan hinh khécihg. Néu  f,g chia 4 dém phan biét 0,1,00,c CM va
c;«t—L%,Zth‘l f(2)=0(2).

¢ Pinh 1y 3.7: Cho f,g lahai ham nguyén khéc hing, ¢ = 0,1, lahang s6. Néu f,g chia 0,1, ¢ CM thi
f, g cO Mot trong cac mdi lién hé sau:
0 f(z2)=9(2)

(v) f(z) g( ) néu C—1 va% lagiatri Picard cua f,g.

29(z)-1
(vi) f(z)= g(()) néu ¢ =2 vallagiatr Picard cua f,g.
(vii) f(z):ﬁ néu c=-1va 0 lagiatri Picard cua f,qg.

Chitng minh:

Vi f,g laham nguyén nén « lagiatri Picard cia f,g.Do f,g chia4 giatri 0,1,00,c CM nén tir dinh ly
36 suyra f,g c6 7 mdi lién hé trong dinh Iy. Ta thiy rang cac truong hop (i), (iii), (iv) trong dinh 1y
khong thé xay ra vi khi d6 f,g s3c6 3 gid tri Picard (vOly) m

H¢ qua: Cho f,g laha ham nguyén khéc hing va a, (j=13) |23 giati hiru han phan biét. Néu f,g

chiaa, (j=13) CM va%%,z—l thi f(z)=g(2).
Chitng minh:

5 2785 o & -8,
Pit L(z)= thi L(a,)=1, L(a,)=0, L(a,)=2"% .
M L(2)= 0 i L(2,) =1, L(2) =0, L(a)=*—2=c

Boivi f,g chiaa, (j =J§) nén F(z)=L(f(z)) vaG(z)=L(g(z)) chia0,1,c CM,vavi c¢—1%,2

nén theo dinh 1y 3.7 ta duoc F(z)=G(z) vivdy f(z)=g(z) =

¢ Dinh ly 3.8: ( R. Nevanlinna)

Cho f,g lahai ham phan hinh khéc hing phan biét va a, ( j =]71) |24 giatri phan biét. Néu f,g chia
a, (j = ]71) CMthi f(z)=T (g (Z)) (trong d6 T 1a dang bién ddi phan tuyén tinh ) sao cho 2 diém 1a

diém cb dinh cua T, 2 diém con lai 1a gia tri Picard cia f,g.

Chitng minh:



Taco L(a,)=1, L(a)=0, L(a)=oo, L(a)=a"% %78

aQ-a, a-q
F(z)=L(f(2)), 6(z)=L(9(2))
Vi f(z)#9(z) nén F(2)£G(z).
Mt khac, do f,g chiaa; (j=14) CMnén F,G chia L(a;) (j=14) CM, nghiala F,G chia 0,1,%0,C

=C

CM. Theo dinh 1y 3.6tasuyra F,G céltrong6méi lién hé sau:
° F(z)+G(2)=0 néu c=-1 va1-1lagiati Picard cia F,G; nghiala L(f(z))+L(g(z))=0 néu
L(a,)=-1vaa,,a, lagiatri Picard cia f,g.

(a3+a4)'g _2a3'a4 :T(g).
29 —(a,+2a,)

Vi L(f(z))+L(g(z))=0suyra f=

Vadodd T (a;)=a,;T(a,)=2,.
° F(2)+G(z)=2 néu c=2 va 0,2 lagiati Picard cia F,G; nghia la L(f(z))+L(g(z))=2 néu

L(a,)=2 va a,a, lagiatri Picard cua f,g.

(a,+a,).0-2a,.a,
29-(a, +a,)

Vi L(f(z))+L(g(z))=2suyra f= =T(9).
Vadodo T(a,)=a,;T(a,)=a,.

> F(z)+G(z)=1 néu c:% va 0,1 la gid tf Picard cia F,G; nghia 1a L(f(z))+L(g(z))=1 néu
L(al):% va a,,a, lagiatri Picard cua f,g.

2 2 2
(2,8,-27).9+a,a; +a,a} -2a,8,8,

ViL(f(z))+L(g(z))=1suyra f = g).

( ()) ( ()) (a,+a,-2a,)g +a; —a,a, (9)

Vadods T(a)=2a,;T(a,)=a,.

° 2.F(Z).G(Z)=F(Z)+G(Z) néu C:% va %,oo la giai tPicard cua F,G; nghia la

2.L(f(z)).L(9(2))=L(f(z))+L(g(z)) néu L(al):% va a,,a, lagiatri Picard ciia f,g.

(a,+a,).0-2a,a,
29 _(az +a3)

Vi 2L(f(z)).L(g9(z))=L(f(z))+L(g(z)) suyra f =

Vadodo T(a,)=a,;T(a;)=a,.
o F(z)G(z)=F(2)+G(z) néu c=2 va l,oo |a giai tPicard cua F,G; nghia la

=T(9).

L(f(z))L(9(z))=L(f(2))+L(g(z)) néu L(a)=2 va a,a, la giditrPicard cia  f,g. Vi
L(f(z)).L(9(z))=L(f(2))+L(g(z)) suyra
(al+ai-a,8,-8,8,).0+8,(28,8,—a,8,—a;

)
e e ) =T(9)

Vatacd T(a)=a,;T (a;)=a,.
° F(2)G(z)=1 néu c=-1 va O,» la gid tf Picard cia F,G; nghia la L(f(z)).L(g(z))=1 néu
L(a,)=-1vaa;a, lagiatr Picard ciia ,g.Vi L(f(z)).L(g(z))=1suyra



- (a,(a,-a,) :a4.(a2—a32) ]g+[a§-(a2—?3) —a§-(a2—:14) LT(Q).
[(az—a4) —(a,—a) }g+a4.(a2—a3) -a;.(a,—2a,)

Vataco T(a,)=2a,;T(a,)=4a,.

Tir 6 truong hop ta suy ra két luan cua dinh 1y =

3.2.2 Ham phéan hinh chia 4 gié tri IM

B6 dé 3.3:

Cho f Iaham phan hinh khéc hing va P(f)=a,.f°+a.f " +..+ a, ,(a,#0) ladathuccia f véibac

pvatesé a, ,(j:Fp) & hing s6. Gia su b, ,(j =®)(q> p) 1a céc gia ti hitu han phan biét. Khi dé

m|r P(f).f' str
( ’(fbl)(sz),__(qu)J s(r, f).

Chitng minh:

Ton tai cac hang sd A (j =m) sao cho =Z f j

Theo dinh 1y 1.6 tacd
P(f).f" Y R PR NN U L TN
m[r’(f—bl)(f—bz)...(f—bq)Jer’;f—ij; [’f—ij O[W)=5(r.7)

¢ Dinh Iy 3.9: Cho f,g lahai ham phan hinh khéc ting chia4 giati a, (j :ﬂ) IM. Néu f(z)#9(z),
khi do:
@ T(r.f)=T(r,9)+S(r,f) ; T(r,g)=T(r,f)+S(r,9)
a_
(ii) ZN(r, = ]:2.T(r,f)+s(r,f)
j=1

f—aj

1bj=T<r,f>+s<r,f> : W(f’

(iii) N(r,f
trong do b;taj ,(j=]7f).
(iv) No(r,%jzs(r,f) ; No(r,

cua f'makhong la khong diém cua f—aj ,( =1,4).

ibj:T(r,g)JrS(r,g)

j:S(r,g) , trong d6 No(r,%j 12 ham d&ém khong diém

4
v) DN (r,aj): S(r,f) , trong d6 N’ (r,aj) 1a ham @&m nhiing khong diém boi chung cia
i1

f —a; va g—a; ma dém boi tmg v6i bdi nho hon.
Chitng minh:
> Theo dinh 1y co ban thir hai ta c6



2T(r,f)<éﬁ(r, f _1a)+8(r,f)s N(r, f fg}s(r, )
<T(r, f)+T(r,9)+S(r, )
Tuong tu 2T (r,g)<T(r,f)+T(r,9)+S(r.9)

Tur d6 ta thu duogc (i), (ii).
> Theo dinh 1y co ban thir hai:

<Z4:N£r, !
=l f-

<3T(r,f)+S(r,f)

Vi thé N(r

,ibjﬂ(r,ms(r,f).

Tuong tu ta cling c6 N[r,ﬁj=T(r,g)+S(r,g)

> Theo dinh 1y co ban tht hai:
]—No(r,%j+s(r, f)=2T(r, f)—No(r,%j+S(r, f)
l

27 (r, f) ZN(
Do d6 No(r,%j=s(r,f) Tuong ty N ( ;j S(r.g).

o P& ching minh (v), bang cdng tiic bién d6i phan tuyén tinh ta c6 thé gia s ring

a=c,a,=0,a,=1,a,=o.

frg'(f —g)2
(f-1)(f-c)9(g-1)(9-c)

f(f-
Gia su f(ZO) 0 ( hay 1,c,0 ) Wi bdi p va g( ) 0 ( hay 1,c,00 ) Wi bdi q. Tr (3.16) ta dwc

bat y = (3.16)
2m|n (p.q)-
) (3.17)

Vithé w laham nguyén. Tir bo dé 3.3 ta duoc

T(r.y)=m(r,y)

Tir (3.17) ta duoc ZN*(r,aj)g N [r,i}sT(r,y/)m(l):s(r, f) m
74

j=1

Tur (v) cua dinh 1y ta ¢6 h¢ qua sau:



H¢ qua: Cho f,g la ha ham phan hinh khdng  chia 4 gid ti phan biét a, (j =171) IM. Nu

f(z)#9g(z) thivei j=1,4 taco NE(r,aj)z N,lz)(r,aj)+8(r,f).

? L.Rubel d&dat ra cau hoi C6 thé thay thé CM bai IM trong dinh 1y 3.8 ma Vin c6 két luan tuong tu
khong?

Gudersen [14] d& dua ra vi du dé chimg minh 4 IM # 4 CM nhu sau:

2

s . e +b | (e" +b)
Xét hai ham phan hinh: f (z)=—— vag(z)=——"—
) 9(2) 8’ (" ~b)

]
1

trong d6 h(z) laham nguyén khéc hing va b0 lagiatri hitu han. Ta thay f,g chia4 giatri O’w’%"g

IM nhung khong CM. Hon nita ta thiy f,g chia 0,00,%,—8—1) DM. Rdrang f khdng ladang bién d6i phan

tuyén tinh ciia g |

3.2.3 Ham phén hinh chia3CM + 1 IM =4 CM:

¢ Dinh 1y 3.10: Cho f,g lahai ham phan hinh kh&c hing phan biét va a, ( j= 171) |a cAc giatri phan biét.
Néu f,g chiaa,a,,a, CMvaa, IMthi f,g chia a, CM vavi thé két qua cia dinh ly 3.8 van dung.
Chitng minh:

Bang cong thiic bién d6i phan tuyén tinh, ta co thé gia str a, =1,a,=0,a,=,a, =C.

Pit F(z)= f(f-c) g(g=¢) (3.19)

f(f-1) 9(9-1)
°Néu F(z)=0thi f,g chiac CM va do d¢ két luan cta dinh 1y 3.8 van ding.

°Néu F(z)#0, theobo d¢ 3.3 vadinh Iy 3.9 tacd m(r,F)=S(r, f).
Vi f,g chia 0,100 CM nén F(z) khong co cyc diémsuyra T(r,F)=m(r,F)=S(r,f).
Vi f,g chiacIM néntu (3.18) taco

N(r,L]:N(r 1 jg N(r,%jST(r,F)m(l):s(r, £)

f-c ‘g-c
Khéng mit tinh tong quat, vi f,g khéngthé co 3 gia tri Picard nén ta c6 thé gia sir 1 khong 1a gia tri Picard

cua f,g; nghiala N(r’filji S(r,f) (3.19)

it G(z)= ‘;'((ff _—C))_ 3 ((;J_—Cl)) (3.20)

Néu G(z)=0 thi f,g chiac CM nén taigit =~ G(z)#0. Theo & d¢ 33 va ihh Iy 3.9 ta co

m(r,G)=S(r,f).



Vi f,g chia 0,00 CM nén khong diém va cuc diém cua f,g khdng thé 1a cuc diém cua G. Vi thé cuc diém

cia G chi c6 thé 1a khong diém cia f-c va G thed thé c6 cuc diém don, do do:

N (r,G)sN(r,%_CJ:S(r, f).Vithe T(r,G)=S(r,f).

Mat khac f,g chial CM nénrt (3.19), (3.20) va do 1 khéng la gia Ricard cua f,g nén taco
N[r,filjs N(r,éjsT(r,G)JrO(l):S(r,f) ( mau thudn véi (3.19) )
Vay f,g chiac CM va do d6 két luan cta dinh 1y 3.8 van dung »

3.2.4 Ham phéan hinh chia 4 “CM” =4 CM

Pinh nghia 3.4: Cho f,g lahai ham phan hinh khacdng, a la < phuc. Gia st f,g chia a IM. Néu

N(r, f faj_ Ng (r,a)=S(r,f) va N(r,%a]—NE(r,a):s(r,g)

g

thitanoi f,g chiaa “CM”.
¢ Pinh Iy 3.11: Cho f,g lahai ham phan hinh khac img phan bigt chia 4 gid ti phan biét a, (j 2171)
“CM”.Khido f,g chiaa, (j :171) CM vavi thé két luan cua dinh 1y 3.8 vin dung.
Chitng minh:
Khong nit tinh tong quat ta c6 thé gia st a =0,a,=1,a,=w,a,=C VA N(r,%}ts(r,f) :
N(r, f)=S(r,f) (3.21)
Vi f,g chia 0,1,00,c “CM” nén tir hé qua cua dinh 1y 3.9 ta co
Ng (r,0)=Ng (r,0)+S(r, f)
vatu (iv), (v) trong dinh 1y 3.9 suy ra N(z(r f)+N ( ,9)=S(r, f)

@ S ul o i

pat Hel -9 (3.23)
f' g’
Tathay cuc diém chung cung bdi cua f,g khong thé 1a cuc diém cua H.

Theo dinh 1y 1.6 ta cd m(r,H)=S(r, f). Mt khac vi H chi c6 thé c6 cuc diém don nén
N(rH)<N(r, f)—NE(r,oo)+ﬁ(r,g)—NE(r,w)+ﬁ(r,%}+ﬁ[r,$j:8(r, f)

SuyraT(r,H)=S(r,f).

Gia st z, lacuc diém don cua f,g, trongl&n can z, tacod

F(2) =2 i, by (2-2,) 4.

-1,




0(2)=—2—+c,+¢y(2-20)+..
z-1,
Bang tinh toan don gian ta c6 z, 1a khong diém ciia H. Tir (3.22) taco
N(r, f)<Ne(r, £)+Na (r. )< N[r,%}+s(r,f)sT(r,H)+S(r,f)=S(r,f)
D6d6 N(r,f)=S(r,f) mauthuin voi (3.22).
Vithé H(z)=0,suyra f(z)=Ag(z)+B (A=0,B lahingsd). (3.24)
Vi N(r,%}ts(r,f) nén B=0 = f(z)=Ag(2) (3.25)
Vi f(z)#9(z) nén A=1.Bdivi A=0 néntr (3.25) tathiy 1, c, A, Ac la gia tri Picard cua f,g vado
d6 A=c,Ac=1 =c=-1.
Suyra f(z)=-g(z) nén f,g chia0,0 CMval,-1lagiatri Picardcua f,g.
Vay f,g chia 0,0,1,—-1 CM ]

¢ Dinh Iy 3.12:

Cho f,g lahai ham phan hinh khéc hing phan biét va a, (j =J71) |a c&c giatri phan biét. Néu f,g chia

a, (j=171) IM va néu N[r, j:S(r,f) (i:],_z) thi f,g chiaa, (j=171) CM va do d6 Kt luan

f-a

clia dinh 1y 3.8 van dung.
Chitng minh:

Khong mét tinh téng quat, gidstr 8, =0,a,=o,a,=1,a, =cC.

Khi d6 N[r,%jzs(r,f) , N(r,f)=S(r,f) nén f,g chia 0,0 CM.

Tacdé N r,i =N1) r,i +N(z r,i va N(2 r,i SEN(z r’i
f-1 f-1 -1 f-1) 2 f-1

f
Dods N[ r—2o | =28y [t e 2y [t e 2y =t
f1) 2 f-1) 2 f-1) 2 f1

<;N1)( %J 1 T(r,f)+s(r,f)
=T(r,f) <N1)( ! ] (r,f)+S(r,f)
=T rty T ()



Matkhac Ny [rij sﬁ[r,—J <T(r,f)+0(1)

~ — 1 — 1 . = 1
nén N(r,f—1 1)(r,f—_1j+s(r,f) va N(z(r,f—_1j=8(r,f)

Tuong tu ta co N(z r,

N(r,fi_ljz N2 (r,1)> Ny (r,fi_lj—ﬁ(z[r,gi_ljzﬁ(r,fi_lj+8(r, f)
=N Né)(r,l):ﬁ(r,fi_J+S(r, f)

Theo hé qua dinh 1y 3.9 suy ra NE(r,l):N[r,fiJ+S(r, f) nghiala f,g chial“CM".
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Do d6 ta co

Tuong tu ta cling thu dugc f,g chiac“CM”.

Theo dinh 1y 3.11 f,g chia 0,1,¢c,.0 CM va do d6 két luan cta dinh 1y 3.8 Vﬁndﬁng ]

3.2.5 Ham phéan hinhchia2CM +2 IM =4 CM

Bo dé 3.4: Cho f,g laha ham phan hinh khac hang chia4 giatri phan biét 0,1,¢,c0 IM, dat
a= L 2fI+ fl+ LS 2g'+ gl+ g
fr f f-1 f-c g' g g-1 g-c
ﬂzf__f+f_2f _g__g+g_29
f f-1 f-c f g'" \g-1 g-¢c g

Néu @ #0,8#0, f(z)£g(z) thi

T(r,e)<N(r, f)-N, (r,oo)+ﬁ(r,

]—NE(r,O)+S(r, f)

T(r,ﬂ)sﬁ(r,f)—NE(r,oo)+N(r, j—NE(r,O)+S(r,f)

Chitng minh:

RO rang m(r,a)=S(r, f).

Giasir z, 1a khong diém ciia f (z)-1 hay f(z)—c.Tronglan can cua z, tacod
f(z)=a+b,(z-2) +b.,(2-2)" +... (b, %0)

g(z)=a+c,(z-2)" +b,,(z-2)"" +... (c, #0)
trong d6 a=1 hoac a=c.

Bing tinh todn ta duoe a(z){ - +o(1)}{ -1 +o(1)}:o(1)




Vi thé khong diém cua f(z)-1 va f(z)-c khéng la arc diém cia «(z). RS rang ec diém va khong

diém cia f,g voi bdi bang nhau ciing khong thé 1 cuc diém cta o . Do d6 theo dinh 1y 3.9 taco

N(r,a)<N(r, )= N (r,) +N( j N, rO+N[ fllj+N0(r,$j
(1) e (re) 8 1.2 N (.0) 5, 1)
Dodétacd T(r,a)<N(r, f)-Ng(r, oo)+ﬁ(, ~Ng (r,0)+S(r, f)
1
f

1
f
Tuongtwtacod T(r,B)<N(r,f) )+ (r, —Ng (r,0)+S(r, f) m

B6 dé 3.5: Cho f,g laha ham phan hinh khéc hang chia nhau 4 gia tri 0,1,¢,00 IM va

_9'(f-9) . _ f(f-g)
“Te(r-D(g-9) T f(e-9(i-o)
__9'(f-9) . _ f(f-g)
“Te(e-n(f-o) T (f-D(g-0)
Néu f(z)#g(z) thi T(r,Fl)sT(r,f)—ﬁ(r,%l}rs(r,f)
T(r,G,)<T(r,g)-N rgi—lj s(r,9)
T(RE)<T(r f)-N r,fic}rs(r,f)
T(r,G,)<T(r,g)-N r,gicj+s(r,g)
Chitng minh:
(oo 1 ¢’ g ), ¢
Tathay Fl_f—l(g(g—c) g—c] g(g—C)

Theo b6 d¢3.3tacd m(r,F)< m[r,fil]+s(r, f).
g
g-c¢

z. khong la cuc diém ciia F,. Tuong tu ta c6 khong diém cta f ciing khéng la cuc diém cua F,.

va 1a khong diém cua f —g vavi thé

Gia st z, la khong diém cua f —c thi z, lacuc diém don cua

Gia st z° lacuc diém cia f voi boi p va 13 cuc diém cua g voi boi q. Khi d6 z° lacuc diém cia f —g véi
boi max{p,q}. Do do

F (Z) _ O|:(Z _ )(p+2q)—(q+1+max{pYQ}):| -0 [(Z S )p+q—1—max{p,q}j|

nén z° khong thé la cuc diém cua F,.



Gia str z, 1a khong diém ciia f —1 vé6i boi p thi z, 1a khong diém cia f —g. Vithé z, lacuc diém cua F,

ot
Vi thé T(r,Fl)Sm(r,fi_l}rN(r,%l —N[r,—_l}rs(r,f)
. (r,f)_ﬁ[r,ﬁ}s(r,f)

Twong tu cho cac bat ding thirc con lai =

Vv6i boi t6i thiéu 1a (p — 1) . Suy ra

-

Bo dé 3.6: Cho f,g lahai ham phan hinh khéc hang chia 4 gia tri 0,1,¢,00 IM va
y:az—(1+c)2.y/ ; 5:,82—(1+c)2.://
frg'(f —g)2
F(f-1)(f-c)g(g-1)(g-c)

Gid st z, la khong dém don chung ciia f(z) va g(z), z, lacrc diém don chung cua f(z) va g(z).

trong d6 «,  dugc dinh nghia & b6 dé 3.4.

W:

Khido y(z,)=0 , &(z,)=0 va

Chitng minh:
> Trong lan cén cua z, tacod f(z):ai(z—zo)+a2(z—zo)2+... (a, #0)
g<z>=b1<z—zo> b(z—z . (5,0
Béng tinh toén ta thu dugc v (z,) l(a1 [1 j
c?

Dodo y(z,)=[e(z)] ~(1+c) v(z )

o Trong lan can cua z, tacd f(z)=

+¢,+0(z-2,) (¢, #0)

1—-17,
g(z):zdz +d,+0(z-2,) (d, #0)
2
Bing tinh toan ta thu duoc W(Zw):(l—iJ : ﬂ(zw):(1+c)£i_iJ
¢, d, ¢, d
Vithé 6(z,)=[B(z,)] ~(1+c) w(z,)=0.

Béng tinh toan twong tu ta co

1
F(2)=C(z)= Fc(ZO):Gc(ZO):E(ai_bl)
1 1
F(z2,)=G,(z,)=F.(z,)=G,(z,)=——-=— m
Cl dl
Niam 1983, Gundersen [9] d4 cai tién dinh Iy 3.10 va thu duoc két qua sau:



¢ Dinh Iy 3.13: Cho f,g lahai ham phan hinh khéc fing phan biét, a (j =171) |a c&c giati khac nhau.
Néu f,g chiaa,a, CM vachiaa,, a, IMthi f,g chia a,,a, CM vavi tré két qua caa dinh 1y 3.10 vin
dang.

Chitng minh:

Khong mat tinh tong quat ta gid st &, =0, a, =0, a, =1, a, = C. Xét 4 trudng hop sau:

» Truong hop I: y#0;,0 %0

Boivi f,g chia 0,00 CM néntheobd dé 3.4 va 3.6 taco

Ng (r,0) < N(r,ljsT(r,y)JrO(l):T(r,az—(1+c)2.1//)
v
<2T(r,a)+T(r,y)+0(1)=S(r, )
(do f,g chia 0,c0 CM néntheo b6 d& 3.4 ta dugc T(r,a)=S(r, f) vaduya vao ching minh cta dinh Iy
39taco T(r,y)=S(r,f))

Vi f,g chia0 CM néntheo hé¢ qua cua dinh 1y 3.9 tacd

N(r,%j: N, (r,0)=N? (r,0)=S(r. f).
Twong tu theo bd dé 3.4, 3.6 vahé qua cia dinh 1y 3.9 ta suy ra
N(r,f):ﬁl)(r,f)+ﬁ(2(r,f)sN(r%j+8(r,f):T(r,5)+S(r,f):S(r,f)

(do f,g chiaw CM)
Vay theo dinh 1y 3.12tacd f,g chia 0,1,c,.c CM.

= Truong hop 2: y #0; 06 =0.
Boi vi 7 # 0 nén tuong tu truong hop 1 ta c6 N(r,%j =S(r, f) (3.26)

° Trudc tién ta gid sir ¢ # —1.
. f'(f-1 (g-1 .
Néu F =6, thi U =Y _ 97D e ¢ o chia0tco0 M,
f(f-c) g(g-c)

Néu F =G, thituong tutaco f,g chia 0,1,¢c,0 CM.

c

Tagiast F #G, ; F, #G,.

Vi F, #G, nénitnhét 1 trong 2 ham g —(1+¢)F, ; B —(1+¢)G, khong dong nhat 0.

Tathy néu z, laare diém don ciia f thi theo bo dé 3.6 tathly z, la khong dém cia B—(1+C)F, va
B—(1+¢)G,. Néu z, lacuc diém béi ciia f thi theo chimg minh ctia b6 dé 3.4, 3.5 ta suy ra z, lakhong
diém cta B, F,, G,. Do d6 tir dinh 1y 3.5 ta c6

N(r.f)< N[r,m1+s(r, £)<T(r,f)+T(rE)+S(r.f)



gT(nf)—N(n?EEJ+SU,U

Tuong tw vi F, #G, nén N(r, f)ST(r,f)—N(r,

Tir (3.27), (3.28) v (ii) cia dinh 1y 3.9 taco

2N (r, f)<2r(r, f)—ﬁ(r,fi_lj—ﬁ(r, f 1

=N(r, f)+ﬁ(r,%j+s(r, f)

= N(rf) r%]+8(rf) S(r,f)

fcj+s(nf)

Tu (3.26), (3.29) vadp dung dinh 1y 3.12 taco f,g chia 0,1,¢c,co0 CM.

o Xét truong hop ¢ =-1.

Vi 6=0nén =0 nghiala %—(f + f —ijzg__

f-1 f-c f g

1 g2

99

(A;tO lahing s6)
_1 g —

L4y tich phan ta duoc 2

|

g, ¢

(3.27)

(3.28)

j+8(r,f)

(3.29)

g-1 g-c

Néu ca 1 va —1 déu la gia tri Picard cia f (z) thi f,g chia0,1,-10 CM.

Khong mat tinhtongqu4 gia s 1 khogla gid tri Picard cia f(z). Khi doon tai

f(z,)=9(z)=1.Tronglan cin cua z, taco

f(z)=1+b,(z-2)" +b,,,(z- l)p+1+

q+1

9(z)=1+c, (z- z) +C,a(2-17,)

1 g2 12
Tir (3:30) ta thu duge A= vithé ~ ' P 99
q -1 q'g°-
2
pit 1o 1 _PO¢
f2-1 q g°-1

2 12
Néu A=0 thi J1 P99
f?2 1qg—

T (3.31),(3.33)tacd f°=g° suyra f =B.g

+ ...

. (bp # 0)
(c, #0)

_29')
g

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

z, sa0 cho

trong 6 B 1a hing s6 thoa B®=1.Boivi f #g nén B =1 vi thé B:exp{%”i} hoic B:exp{%”i}.ﬂr

(3.34)tacd 1,-1,B,—B lagiatri Picard cua f(z) (voly).
Vay 1#0.Theobo dé3.3taco m(r,2)=S(r,f).

R6 rang auc diém cua f khénglaaye diém ciia 4. Gia st z° 1a khong diém ciia f —1 va g —1. Trong lan

cancua z taco

f(Z)=1+bm(Z—Z*)m +bm+1(z—z*)

m+1

+... (b, #0)

g(z)=1+c, (z—z*)n +cn+1(z—z*)n+1+... (c, #0)



Tr33Ntacd =P Tr(332) suyra
n q
A2)=| —2 4o |- 2| — —+o()|=0(1)
2(2—2) q 2(2—2)
nén z° khong lacyc diém cua A .
Tuong tu ta ciing c6 khong diém cia f +1 va g +1 ciing khong 1a cuc diém cia A.
Vithé N(r,ft)sﬁ[r,%}= S(r, ) (docycdiémcua A chi c thé la cuc diém don ).
nénT(r,A)=S(r,f).
Goi z” lacyc diém cua f va g voi boit. Tir (3.32) suy ra z~ 13 khong diém ciia A véi boi it nhat ( 2t —
1). Ta duge N(r, )< N (r,%)sT(r,ﬁ,HO(l): s(r,1)
Vithé 0,1,-1,00 lagiatri chia CM cia f,g theo dinh ly 3.12.
» Truong hop 3: y=0;0%0
Vi & #0 nén tuong tu truomg hop 1 tacd N(r, f)=S(r, f) (3.35)
o Xét truong hop ¢ = —1.
Néu F, =G,, F, =G, thi tuong tu trudng hop 2 ta co f(z),9(z) chia0,1c,c0 CM.
Gidst F, £G,, F, #G,. Vi F, #G, nén it nhit mot trong hai ham « —(1+c)F,, a —(1+¢)G, khong dong
nhét 0.
Néu z, 1a khong diém don cua f thi Z, la khong diém cua a—(1+ C) F Véla—(l+ C)Gl (theo bd d@é 3.6).
Néu z, 1a khong diém bgi cua f thi z, 1a khong diém cua F,, G,, @ néntheo bo dé 3.4, 3.5, 3.6 tacod
Nir <Nt |es(rf)=T(ra)+T(rF)+S(r.f)
f a—(1+c)F
<T(r, f)-N[r,fil}s(r, f)

va N[r,%]<N(r,m}s(r,f):T(r,a)+T(r,el)+s(r,f)

g(r,f)-ﬁ(r,fil}s(r,f) (3.36)

J— 1 J—
T tw N|r,—=|<T(r,f)=N|r,
one ( fj (r.f) ( f-c

]+S(r, f) (3.37)

Tir (3.36), (3.37) va (ii) cia dinh 1y 3.9 tacéd




N (r, f)+ﬁ[r,%j+s(r, f)
:N(r,%)<ﬁ(r,f)+s(r,f)

T (3.35) suy ra N(r,%}=s(r,f) (3.39)
Tur (3.35), (3.38) vadinh Iy 3.12tacd f,g chia 0,1,¢c,0 CM.

o Xét truong hop ¢ =-1.

Boivi y =0 nén o =0 tac la %—[Zf f + f jzg——(29+ 9 . 9 j

+
f f-1 f-c g' g g9g-1 g-c

T A ' g’ Ay £

Lay tich phan ta duoc =A (A =0 lahang so) (3.39)

f2(f2-1)  g¢*(g*-1

< f'f g'g
bat u= - A 3.40
it p=— 01 (3.40)
2 o frf g'g

N =0 thi = A 341
eu u R (341)

Tir (3.39), (3.41) tacd f* =g>. Tuong tu truong hop 2 ta c¢6 diéu mau thuin. Vi thé 1 # 0. Theo bo d& 3.3
tasuy ram(r,u)=S(r, f).

Twong ty trudng hop 2 va (3.39), (3.40) ta thu dwe khong diém cia f —1, f +1 khong la arc diém cua
1. Vithé N(r,,u)SN(r, f).

Tur (3.35) ddndén N(r,u)=S(r,f) nén T(r,u)=S(r,f).

RG rang khdng diém cua f 13 khong diém cua u vi thé

N(r,%j <N (r,lj <T(r,u)+0(1)=5(r, f) (3.42)
y7i

Do do tur (3.35), (3.42) vadinh 1y 3.12tacd f,g chia0,1,—1,0c CM.

= Truong hop 41 y=0;6=0=y-5=0 hay a’-p°=(a-p)(a+p)=0

S a-pf=0hay a+ p=0.

-4f' 49' C>f_

+——=
g f

Lay tich phan ta dugc f(z)=Ag(z) (A#0,1lahingsd)

sNéu - =0

_9
g

Vi A=0 nén1vacla2giatiPicard cia f,g. Mat khic A va Ac ciing 1a gia tri Picard cua f,g, vi the

A=c,Ac=1= A=c=-1suyra f(z)=-g(z) nén 0,1c,» lagiatri chiaCMcua f,g.

Néua+B=0 o |2 o[ T, T ]| |9 ol 9", 9
f f-1 f-c g' g-1 g-c

0




I A ' g
Lay tich phan ta duoc = A
(F-3(f-¢c) (9-1)(g-¢)
Néu ca 1 va ¢ @u la gia trj Picard coa f (Z) thi f (Z) va g(z) chia 0,1,¢c,c0 CM. Khéng it tinh tong
quét gid sir ton tai z, sa0 cho f(z,)=g(z) =1, khi d6 trong lan can cia z, taco
f(z)=1+b,(z-2)" +b,,(z2-2)"" +... (b, #0)
a(

g9(z)=1+c,(z-2) +c,.(z2-2)" +.. (cq #0)

Tir (3.43) ta duge A=L vithé P-9

q (f-1)(f—¢) (9-2)(gc)

q P
L4y tich phén ta dugc (%} = B(g—_lJ (B %0 lahing sb) (3.44)
-c g-c
= qT(r,f)=pT(r,g)+0(1)
f-1

Theo (i) cua dinh 1y 3.9 suy rap = g. Vi thé : _c9-1 (C #0 lahing ) nén f,g chial, c CM. Vay
g-c

(A =0 lahing sd) (3.43)

f,g chia0,1,c,c0 CM.
Vay két qua ctia dinh 1y 3.8 van diing |

3.3 Ham phén hinh chia 3 gia tri
3.3.1 Pinh 1y 3 diém ciia Nevanlinna
Cho f,g lahai ham phan hinh khéc hang chia 3 gia tri phan biét a,,a,,a, CM.
f(z)- - Z)- -
pat F(z)= WA &8 g,y 0(0)7a 2 -a,
f(z)-3 a,-3 9(2)-a; a, -4

Khi d6 F,G chia 0,1, CM

Do d6 khong mat tinh téng quat ta gia sir a=0,a,=1a=mo.

¢ Pinh ly 3.14: Cho f,g la ha ham phan hinh khdmghchia 3 gia tri a,,a,,a; IM. Khi do
T(r,f)<3T(r,g)+S(r,f) va T(r,g)<3T(r,f)+S(r,9)

Chitng minh:
Tu dinh Iy 1.2tacd

T(r,f)<gﬁ(r,f_la) S(r, f =23:N{r,g - j+S(r,f)s3.T(r,g)+S(r,f)

i =1

|
¢ Pinh ly 3.15: ( R. Nevanlinna, 1989 ) Cho f,g la hai ham phan hinh khéc Hing chia 0,1, 0 CM. Néu

f(z)#g(z) thi



(i) Ton tai hai ham nguyén S(z), y(z) thoa e’ 21 ™21, /Y e saocho
A(2) -(2)
e -1 e -1
)=S0 902 .

(i)  T(r.g)=0(T(r,f)), T(re’)=0(T(r,f)),T(r.e")=0(T(r, 1))

(r—>oo reE)

(3.45)

Chitng minh:
Vi f,g chia 0,1, .0 CM nén ton tai 2 ham nguyén a(z), B(z) seocho

f(2) _ ote ; f(2)-1_ s (3.46)
9(2) 9(z)-1
Vi f(z)#g(z) néne ™ £1, e 21, "0 21,
: ] /W1 e”® 1
Tu (346) taco f (Z):m , g(Z):m (347)
bat y = f— «a ta thu dugc (3.45).
Theo dinh 1y 3.14taco T (r,g) <3T(r, f)+S(r, f) (3.48)

Tir (346)taco T(r,e”)<T(r,f)+T(r,g)+0(1)<4T(r, f)+S(r,f)
T(re”)<T(r,f)+T(r,g)+0(1)<4T(r, f)+S(r,f)
= T(r,e")=T(re’)<T(r.e”)+T(r,e”)+0(1)<8T(r,f)+S(r,f)
Tu do6 ta thu duogc (i) cia dinh ly =
Chuy:
1) Céchamnguyén S(z), y(z) trong dinh Iy la tuy Y.
2) Tahoan toan khdng tim duoc mbi lién hé gitra hai ham f,g trong dinh Iy du ching chia nhau 3 gia
tri CM. Do d6 khi f,g chianhau 3 giatt CM matadn tim mbi lién he giita chung thi phai can

thém diéu kién. Muc dich cia chuong nay 1a trinh bay mot s6 két qua nghién ciru vé van dé nay.

3.3.2 Nhitng dinh 1y duy nhét
B6 dé 3.7: Gia st f(z),g(z), h(z)eA, trong d6 A |a bp cac ham phan hinh f(z) trong [ thoa

N(r, f)+ﬁ(r,%} =s(r,f).
Néu f (z),9(z),h(z) chialIM thi it nhat hai trong ba ham nay dong nhat.
Chitng minh: xem [1].
¢ Dinh ly 3.16: ( R. Nevanlinna, 1989 )
CO thi da hai ham phan hinh khac hing phan biét chia nhau 3 giatrj CM.
Chitng minh:



Khong mit tinh tong quat gia st chia 3 gia tri 0,1, 0. Néu 3.16 khong dung th %n tai 3 ham phan hinh
f,g,h chia0,L,0 CMva f(z)#9(z), f(z)£h(z), 9(z)£h(z).

Néu hai trong 0,1, 0 lagiatr Picard cua f (Z) (gia sir 0, 0). Theo bd dé 3.7 thi it nhit hai trong ba ham
f,g,h ddéng nhit nhau ( mau thuén gia thiét ). Vi thé it nhét hai trong 0,1, oo (gia sir 0, o) khdng la giath
Picard cia f(z).Dod6 f(z) c6khong diém va cyc diém.

Vi f,g chia 0,1, 00 CM nén theo dinh 1y 3.15 tdn tai hai ham nguyén S , 7, thoa e/t £ const, e £ const

e -1 eh-1
e £e" saocho f = , g= 3.49
e" -1 : e -1 (.49
. : A e’ —1 |
Tuongtuvi f,h chia0,1, 00 CM nén f = , 0=— (3.50)
g2 -1 e’ -1

(trong d6 B, , y, lacac ham nguyén thoa e’ # const , e’z # const , e’ #e’2).
ei-1 e-1
e -1 e2-1
oNéu e =e”» = e =e” do d6 tir (3.49) tacd g = h ( mau thudn gia thiét ). Vay e #e’

Tur (3.49), (350) taco f(z)= (351)

> Néu e’ =c(const = 0,1) thi tir (3.51) ta suy ra khong diém cua f phai la khong diém ciia e —1 vala
khong diém ctua e’ —1=ce? —1. Pidu nay khong xay ra vi e —1 va ce’ —1 khong thé c6 khong diém
chung. Vi thé e”% =« const .

Tuong ty ta cd €27 # const .

Tu (3.51) ta thu duge e’z —ef2™nA L efeh L onh gk = (3.52)

Ap dung dinh 1y 2.7 ta duoc it nhat mot trong e”27+74 | e/ e”2"/ |3hang, Ta xét 3 trudng hop sau:

~ Truong hop 1. Gh sit e =k, (k, #0,1 la Bing ). Khi d6 e =k e*, thay véo (3.52) ta dwc

e —k e +e A —e i =1-k, (3.53)

Ap dung dinh 1y 2.7 vé6i (3.53) ta dugc €2 =c, (¢, lahing s6). Suy ra €27 =L = const ( mau thun ).

x|.p

=

Vi thé e’z = const .
« Truong hop 2: €% =k, (k, # 0 lahing) suy ra e”2 = k,.e”, thay vao (3.52) ta dugc

k, &% —efn A efh L enh =14k, (3.54)
o Néu 1+k, =0, tir (3.54) tadugc A7 ye7 e =1 (3.55)
Ap dung dinh 1y 2.6 vao (3.55) ta dugc —e2A 7% =1 = e = —¢ /> = e*""A) =1 (mau thudn ).
= Néu 1+k, #0, & dng dinh ly 2.7 dbi véi (3.54) ta dwe e’ * =c, (c, #0 |a hng). Thay
e =c, " vao (3.54) ta duogc k,.e* +e” 4 +c,e2 =1+k, +c, (3.56)

Ap dung dinh 1y 2.7 ta dugc 1+k, +¢, =0 va do d6 tir (3.56) suy ra



—k, 8% —c, @A =1 (3.57)
Tir dinh 1y 2.7 tathdy ca hai ham e*4™% va %% déu 1a ham hang nén e’ va e’ |ahing (méu thuin).
Vay e’2% £ const .
~ Truong hop 3. e”h =k, (k,#=0 la Bng) suy ra e” " =k,e”. Thay vao (3.52) ta dwc
e + ke +e A —e A =14k,
Ap dung dinh 1y 2.7 ta dugc k, = —1. Vi thé phuong trinh trén tro thanh

et e pene =] (3.58)
Ap dung dinh 1y 2.6 vao (3.58) ta dugec —e” 7172 =1 va et = "2 Do @6 e”2 = -1 (mau thuan ).
Vay gia su la khong diing. Do do ta c6 dpecm [
Nhan xét: Chia3 giatri CM trong dinh ly 3.16 la hop ly. That vy vao nam 1991, Jack-Terglane da dua ra
e e? e’

direr v e o

trong d6 4 laham nguyén khéc hang.

Vi du sau: f =

Ré rang f,g,h chia 0,00 CM va chia 1 IM nhung f,g,h la d6i mot khac nhau. Hon nita nam 1990, Jack-
Terglane [10] d4 ching minh két qua sau:

¢ Pinh 1y 3.17: ( Sy duy nhit ctia 4 ham phén hinh )

Cho f,g,h,k lacac ham phan hinh khéc ling va a,,a,,a, 1a 3 giati phan biét trong mit phang phirc mg
rong. Néu f,g,h,k chia a,a, CM va a, IM thi it nhit hai trong f,g,h,k dong nhat.

Chieng minh:

Khong mat tinh tong quét gid st a, =0, a, = o, a; =1.

Gia stt dinh Iy khong ding, nghia 1 f,g,h,k khéc nhau doi mot. Theo dinh 1§ 3.14 ta cd
S(r,f)=S(r,g)=S(r.,h)=S(r.k)=5(r).
Pé thuan tién ta ki hiéu N(r,0)=ﬁ(r,%j ; N(r,0)=N(r,f); N(r,1)=ﬁ(r,fi_l).
Néu hai trong N(r,O), N(r,oo), N(r,l) bang S(r) thi theo dinh 1y 1.12 ta co it nhit hai trong ba ham
f,g,h ddng nhat ( mau thuan ). Vi thé it nhét hai trong N(r,O), N(r,oo), N(r,l) khac S(r).
Khong mat tinh tong quat gia sit N(r,0)=S(r), N(r,1)=S(r) (3.59)
Vi f,g,h,k chia 0,0 CM nén ton tai cac ham nguyén «, 3,7 sao cho

—=e” ; —=¢f ; —=¢ (3.60)

Néu « =c =const thi tir (3.59), (3.60) taco e* =1 (vi réu e” £1 thi f,g khong chial IM ) vavi ti¢

f =g (mauthuin ). Do 6 a # const.



Tuong tw B,7,a — B,a—y, 8 —y khéc hang.

pgt |+ toa - flg s Tl ¢ (3.61)
g-1 h-1 k—
. NS A . % A A B, . e
trong d6 A, B, C la cac ham phan Inh. Tr  (3.59) tathay A, B, C, B'c'C khéc hang. Giai g tur (3.60),
(3.61) taco
A-1 -1 -1
g= L g=—BA ef s g= A e (3.62)
A—ea B p-a C y—a
——e ——e
A A

Tt ba phuong trinh trén ta co6:

_e“(B-A)+(A-AB)

o e"(C-A)+(A-AC)

B- AB (363 e = C-AC
eﬂ_a:eﬁ(A—B)+(B—AB) (365) - e7_a=e7(A—c:)+(c:—Ac:)
A—- AB ' ’ A—AC

Tu (3.63), (3.65) tacd e va e’ chiallM.
Tur (3.64), (3.66) tacO e” va e’ chiallM.

(3.64)

(3.66)

Bai vi 0,00 lagiatri Picard ciia e, e”, e’ néntheo dinh 1y 1.12 tacd 2 trong e“, e”, e’ ddng nhat ( mau
thuan ). Vay ta c6 dpcm m
Nhén xét:

Tathéy diéu kién chia 2 diém CM va 1 diém IM la cdn thiét. That vy, xét f =2e" -1; f =e™(2e“ 1) ;
h= (Ze“ —1)2 trong d6 o laham nguyén khéc hing. RS rang f,g,h,k chia co CM va chia 0, 1 IM nhung

f,g,h,k d6i mot khac nhau.

Nam 1985, H.X.Yi da chitng minh dinh ly sau:
¢ Dinh ly 3.18: Cho f,g laha ham phan hinh chianhau bagiatri 0,1, o CM.

Néu N(z(r,%j+ N(z[r,fi_l} Ne (r, f)=S(r, f)

thi f=g.

Chitng minh:
p_ 5 _

Gidst f . Theodinh Iy 3.15tacs: f=o —+ ; g= —1 (3.67)
e’ -1 e’ -1

trong d6 B,y lacachamnguyénthoi e” £1, ¢’ 21, e’ £’ vaT(r,e”)=0(T(r, 1)),

T(r.e’)=0(T(r,f)), vithé T(r,e’”)=0(T(r,f)) (3.68)

. F-1=0
o R0 rang khong diém boi cua f (z) thoa {; 0 (3.69)



Néu S = const thi N(z(r,%}o

Néu S #const thi tr (3.69) va do khong dim boi cua e’ —1 ciing 13 khong diém boi cua S’ ta cd
1 1 :

N(z[r,?]SZN (r,Fj<2.T(r,ﬁ )+0(1)

Tirdinh 1y 1.9taco T(r, ") =S(r.e”).

Két hop v6i (3.68) tacd T (r, 8) = S(r, T ). Do 6 N(,{r,%J =s(r.f) (3.70)

> R& rang cuc diém boi cua f (z) thoa {j :::)= 0

Tuong tw nhu trén ta cling c6 N, (r, f)=S(r, f) (3.71)

oTacd f-1= e’ ¢ nén khong dém boi cia f —1 thoa { e’ -’ =0 = { e =0 . Do d6
e’ -1 p'e’ —ye =0 (B-7)'=0

twong tu ta co N(Z(r,%—j=8(r,f) (3.72)

. . 1 1 A X . X A
Tu (3.70), (3.71), (3.72) ta cod N(z[r,?}r N(z(r,a}r N (r, f)=S(r,f) mau thihn gia thiet. Vay
f=g =
¢ Dinh ly 3.19: Cho f,g laha ham phan hinh chia0, 1 CM vachia « IM.

Kihiéu N’ (r,oo) 12 ham dém cyc diém boi cia f va g va dém theo boi nho hon.

Néu  N"(r,o0)=S(r,f) (373
thi f=g.

Chitng minh:

< frof g’ g —f! g’

pit f=| ——— || 2 - = 3.74
W/ [f f—lJ (g 9—1} f(f-1) 9(o-1) &7

Néu B#0 thi m(r,8)=S(r, f).

Do f,g chia 0, I CM nén khong dém cua f va f —1 khéng la arc diém cua . Tir (3.74) tasuy ra arc
diém cua f ciing khong thé 1 cuc diém cua B.Vithé B 1a ham nguyén. Do dé T (r,8)=S(r, f).

Gia sir z, la arc diém cia f voi boi p(Z 2) valaarc diém coa g véi boi q(Z 1). Tu (3.74) taco z, la

khong diém cia B vé6i boi 16n hon hodc bang mi n{ P, q} —1. Do d6

N’ (r,o0)<2.N [r%) <2T(r,8)+0(1)=S(r,f) (méuthuan (3.73))

Vay p=0.

=C = f -9 trong d6 ¢ = 0 |ahang.

Tir (3.74) ta duoc -9
f-1 g-1 (c-1)g+1



Két hop voi (3.73) tasuy rac=1 (vinéu c =1 thi f,g khdngchia o IM)

Turdotaco f=g =

(2ez—1)2
a(et -1
Tatly f,g chia 0, 1 CM va chia © IM va N'(r,0)=0 ( do g ¢hcé cuc diém don ),

(2¢° —1)2

Nhén xét: bat f(z)= o
—€

o 9(2)=

N, (r,%j * S(r, f ) va f (Z) 0 (Z) Do d6 diéu kién f,g chia 0,1, 00 CM” trong dinh ly 3.17 va diéu
kién N*(r,0)# S(r, f) trong dinh 1y 3.18 |acan thiét.

3.3.3 Sur duy nhét nghié¢m ciia phwong trinh vi phén:

¢ Dinh ly 3.20: ( Jank-Volkmann, 1985 )

Giast f laham phan hinh thoa phuong trinh vi phan
() =ay(z)+a(z).f +..+a, (2).f" =P(z,f) (3.75)

2n
trong d6 n 1a s6 nguyén duong va a,,a,,...,a,, (#0) lacac ham phan hinh thoa ZT(r,aj ) =S(r,f)
=0
(3.76)
Khido m(r,f)=S(r,f)

. 1
va mir,

Chitng minh:

S(r, f) trong d6 « lagiatri hitu han sao cho P(Z,a)io.

. 1"
Vi a,, #0, chia2vé (3.75) cho a,,.f** tacd f = L (1) G _ %

T g 2n-1 eon1
a2n f a2n f a'2n
1 [t Ja a
Do do véi [f|>1nénsuyra |f|<——.|—| +|[=>|+..+ 22
|a2n| f a2n a‘2n

Vi thé tir dinh nghia ham m(r, f) vadinhly 1.6 tacé m(r, f)=S(r,f).
Dit g=f -o,tr(3.75) taco (g')" =a,,.9”" +b, .9 " +..+b.g+P(z,a) (3.77)

va Zji_llT(r,bj)+T(r,P(z,a)): S(r,g)=S(r,f)

Vi P(z,a)#0, chia2vé (3.77) cho P(z,a).g taco

izﬁ.gM—lﬁ_ b2n—l .an—Z +m+ﬁ_(gl)n

g P P P g
Véi |g|<1taco Lo 1n , tr (3.77) ta dugc i‘gi.‘g—' ML LS. 5‘
ol gl gl [Pl1gl [P [P P




Vi th theo dnh nghia ham m(r,lj va dnh ly 1.6 ta ¢6 m(r,l)zs(r,g):s(r,f) hay
g g
1
m{r,——|[=S(r,f
ot )sen

¢ Pinh 1y 3.21 ( EMues, 1987 ): Cho f la ham phan hinh khécimg thoa man phuong trinh Riccati:
f'=a+b.f+c.f? (3.78) trong do ab,c(¥0) la c& ham phan ahinh tho
T(r,a)+T(r,b)+T(r,c)=S(r,f).

Hon nita p laham phan hinhthoa T (r, p) =S(r, f).

()  Néu p thoa phuong trinh (3.78) thi N(r, f 1
—p

j:S(r,f)
j:T(r,f)+S(r,f)

(i)  Néu p khong thoa phuong trinh (3.78) thi N (r, f fp
Chitng minh:

Pit g =c.f thi pheong tinh (3.78) c6 thé viét dudi dang phuong trinh Riccati g'= A+B.g+g? (3.79)
voi T(r,A)+T(r,B)=S(r,f).

o D& thiy néu p thoa phuong trinh (3.78) thi 7 = c.p thoa phuong trinh (3.79)

Dit h= g -, phuong trinh (3.79) c6 thé viét lai 1a h'=h.(B +2r +h) (3.80)

Ap dung dinh 1y 3.20 ta dugc m(r, h) =S (r, h) =S (r, f ) . (3.80)

M3t khac tir (3.80) ta duoc h:%—B—Zr dodo N(r,h)=N(r,h)+S(r,f) (382

Tir (3.80), (3.81), (3.82) ta duoc
T(r,h)=T(r,B+2c+h)+S(r,f)

:T(r,%}rs(r,f): N(r,EjJrS(r, f)

Dodé S(r, f):N(r,%):N{r,c(f—l_p)J:N(r, f ip]JrS(r, f)

Vi thé N(r, 1
f-p
« Néu p khong thoa phuong trinh (3.78) thi h = g — 7 thoa phuong trinh Riccati

) =S(r, f). Tir do ta thu duoc (i) cua dinh 1.

h'=A+Br+7?—7'+(B+2r)h+h*=P(z,h)



Vi 7 khong thoa (3.79) nén P(z,0)# 0. Theo dinh Iy 3.20 tacd m(r,%jzs(r, f).
Vithe T(r,f)=T(r,f-p)+S(r,f)

=N|r,

+mir,

=N]|r,

+m|r,

+m r,%)+8(r,f):N(r, . L
]:T(r,f)+8(r,f) m

1
f-p

Do do6 N(r,

¢ Pinh 1y 3.22 : ( Brosch 1989 ) Cho f,g lahai ham phan hinh khéc fng chia nhau 3 gia tri phan biét

C,,C,,C; CM. Gh st f thod phuong trinh vi phan ()" =a,(z)+a,(2).f +...+a,(z).f*" =P(z,f)
- 2n

(3.83) trong d6 n 1a& nguyén duong va a, ,(j =o,2n) la ham phan hinh the  >"T(r,a;)=S(r,f) |
j=0

a,, #0.

Néu P(z,¢;)#0(j=123) thi f(z)=g(z).

Chitng minh:
» Trudc tién ta gia stt ¢, =0,¢,=1,c,=00. Béivi f,g chia 0,1, c0 CM nén tn tai cic ham nguyén «, B
sa0cho = , Tl (3.84)
g g-1
Giast f(z)#9(z).Tase chung minh e’ #const.
That vay néu e/ =c (¢ # 0 lahang) thi f i.%:c (3.85)
g_

Ap whg dinh 1y 320 d6i v6i phuong trinh (3.83) ta co6 m(r,f)=S(r,f). Viéth
T(r,f)=N(r,f)+S(r,f) nghiala f phaico cuc diém, ta goi z, lacyc diém cia f . Thay cyc diém nay
vao (3.85) ta dugc c =1 (vi f,g chia o CM) vadodo f(z)=g(z) (mauthudn ). Vay e’ #const. Tur

ef -1
384)tacdH f=—
(384) efr 1

Tir (3.83), (3.86) ta dugc
[—[)".eﬂ +(f-a')e’ ™ +a '.ezﬂ’”’}n = iak (eﬂ —1)k (eﬂ’“ —1)2n_k (3.87)

(3.86)

k=0
2n  k 2n-k . . . . 2n 2n
Chd y vé phai cua (387) 12> Y a, (1)’ cicl " =33 C, e’ (3.89)
k=0 I=0 j=0 u=0v=uy

trong d6 C, , laham phan hinhthoa T(r,C, ,)=S(r, ), C,, =a,, 0.



Vé trai cua (3.87) Y n—!(_ﬂ'eﬂ )”1 (B—a')" e (o) eH2)

nenamyen, Ny 1N, LN !

= T Y (B (e

nemrng+n, My 1N, 10, !

= Z i D, " (3.89)

u=0v=n

trong d6 D, , 1aham phan hinhthoa T (r,D, ) =S(r, f), D,,,=0.

Pit A, =C,,, tir (3.87), (3.88), (3.89) tacod

n 2n 2n  2n 2n 2n 2n(2n+1)
A =Coo=>.>.D, 7 -5 > C, e"* =>E, e’ = Ae% (3.90)
u=0v=n pu=0v=p,v>1 u=0 v=1 k=1
tong d6 E,,,A 1a cic ham nguggn tho T(r,E)=S(r,f), T(r,A)=S(r.f) va

Eono=Dono—Chro=—8,, #0.

Chi y fing g, -9, =VB+ua Véi j,q=12,.., 2n(2n+1), j=q , v,u lack $ nguyén va it nhat mot
trong hai lakhac 0.

Tasg chimg minh T (r,e”"*)>T (r, f)+S(r, f) (3.91)

Theo thh Iy 1.1 ta chcan xét 2 truon ghp v>0,x>0 va v<0,u>0. ¥ didu kién

j:S(r,f)

P(z,cj)séo(j =1,2,3) vadp dung dinh 1y 3.20 ta duoc m(r, f )+ m(r,%}+m(r,fi

(3.92)
o Trueong hop 1: v>0, u>0vav+u>0
Tur (3.84), (3.92) tacod

T () - m{r,[éjﬂ (;__ﬂ]_ m(r,m}s(r, )

:T(r,g“(g—l)v)— N Lr,;v}ts(r, f)

9“(9-1)

(+v)T(r,g)—uN {r,%j—v.N (r,fi_l}ts(r, f)
(+v)[T(r,g)=T(r, F)]+8(r, F)=(u+v)m(r,g)+S(r, )
>m(r,g)+S(r, f):m(r,%j+8(r, f):T(r,%J+S(r, f)

1
?_1 +S(r,f)zN(r,f—l}rs(r,f):T(r,f)+S(r,f)

o Trueong hop 2: V<0, u>0 vait nhit mot trong v, u khéc 0. Tach



S r[éj(?—ij}_ m[r,(gg—ﬂl)vJ+S(r, f)
=T r,MJ—N [r,(ff—j)v}s(r, f)

ax(y,—v).T(r,g)—N(r,%}—max(o,—v—y).N(r,f)+S(r,f)
(vi (g-1)" va g* 14 cac da thirc clia g)
= max ( 4, )T(r,g) yT(r f)—max(0,—v—p)T(r,f)+S(r, f)
=max (u,~v).[T(r,g)-T(r,f)]+S(r.f)
’ = max ( 4, )m(r,g)+S(r f)y>m(r,g)+S(r,f)=T(r,f)+S(r, f)
Vi thé (3.91) dung.

T(nA) _ T(rA)
T(re”* ) T(r, f)+s(r,f)’

Do do Mat khac ta c6 T(r,A)=S(r,f) nén suy ra

T(r,A)=o(T(r,e”*)). Cac ham A (k=01..,2n(2n+1)) thoa diéu kign cita dinh ly 2.4 nén ta co

A =0,(k=01...2n(2n+1)) (mauthudn véi E, ,#0). Vay f(z)=g(z).

= Xét truong hop tong quat, dit T(z) = 276G &6 (3.93)
z-¢, C,—C
Taco T(c,)=0,T(c,)=1,T(c;)=00
Pt F=Tof , G=Tog (3.94)
Tacd F,Gchia0,1,c0c CM.
Tu (3.93) ta duyc Til(z):a'ZJr’B trong 46 a =¢,(c,—¢,), f=¢/(c;—¢,), y=C,—C, §=C,—C, va

y.Z+0

A=ad— By 0. Tir (3.94) ta duge f =2 7
y.F+0

(3.95)
Khéng mat tinh tong quat gia sir ¢, %00 vavithe T (co)=c,= % Thay (3.95) vao phuong tinh (3.83) ta
4

n i
duge A( _z (a.FJr,BJ
(7 F+§ o \rF+o

Vithé (F?) :—n.Zaj.(a.F+ﬁ)j.( F+5)"" =P(2,F)

2n
= (Zak Ky kj F2”+...+A—1n(2ak.ﬁk.§2”kJ (3.96)

k=0
Hé sé cia F2" trong vé phai cua (3.96) 1a
2n 2n

a .oyt - .a 2nznac 7/ P(z,c;)#0 (3.97)
p - )

k=0 4




Tu (3.96), (397) ta thy F thoa phwong trinh Zb F'=P(z,F) trong d6 b, #0,

2n

> T(r.by)=5(r,F).

=0

2n 2n i 2n
Tur (3.96) tacéd P,(z,0)= 5n Zaj.(gj =5An P(z,c)£0 (Vi §=C1)-

j=0

2n

2n
Z 0{+,B 7+5)2nfi :(%_A—:l)_P(z’cz)io , Pl(Z,OO)io.
j=0

Do d6 theo chimg minh tréntacé F=G vadodo f =g [

Hé qué: Cho f (z) laham phan hinh khac hing, c;,c,,c, labasb phirc phan biét thod ¢; = +i ;(j=1,2,3).
Néu f(z) vatan(z) chiac,,c,,c, CM thi f(z)=tan(z).

Chitng minh:

bit g(z)=tan(z). Tathdy g(z) thoa phuong trinh Riccati g'=g*+1=(g+i)(g-i)
Theodinhly3.22taco f(z)=g(z) =

Nh4n xét: Biéu kién P(z,c;)#0(j=1,2,3) trong dinh Iy 3.22 12 chn thiét.

That vay, xét f (Z) =

Tathdy f thoa phuong trinh f'=—f(f+1) va f,g chia —:L—%,O,oo CMnhung f #£g.Lydolavi-1va

0khong thoa diéu kién P(z,c;)#0(j=123) =

3.4 Ham phéan hinh chia 2 gia tri va 1 gia tri

¢ Pinh Iy 3.23: ( H.X Yi, 1995 ) Cho f,g la ha ham phan hinh khang chia 1,0 CM. Nu
NZLr,%]+ Nz[r%]+2.ﬁ(r, f)<(u+0(1))T(r) (rel) (3.98)

trong d6 4 <1, T(r)=max{T(r,f),T(r,g)}, (0, ) latip c6 do do tuyén tinh hiru han. Khi d6 f =g

hoac f.g=1.
Nhan xét: Diéu kién (3.98) trong dinh 1y 3.23 |a can thiét. That vay, xét

1
f =2e"(1-2¢° ; =—e’(2-e7").
e'(1-2¢') 1 g=jet(2-e7)
Tathiy f,g chial, oo CM va Nz{r,%}r Nz(r,%}rz.ﬁ(r,f):(1+o(1)).T(r).
Nhung f #g va f.g#1.

Dé chimg minh dinh 1y 3.23 taxét 2 b dé sau:



B6 dé 3.8: Cho f |a ham phan hinh khécihg, va g |a ding bién d6i phan tuyén tinh cia f. Néu
N(r,%}+ﬁ(r, f)+N(r,1J+N(r,g)<(/1+o(1)).T(r, f) (rel); trong &6 A<1, vadn tai z, se0
g

cho f(z,)=9(z)=1.Khido f =g hoic f.g=1.
Chitng minh:

a.f +b
c.f +d

Boi vi g ladang bién doi phan tuyén tinh cua f . Pat g = trong d6 a,b,c,d lacéc hing s sao cho

ad —bc # 0. Ta xét ba truong hop sau:
= Truong hop I: a#0,c#0.

Boi vi ad —bc = 0 nén it nkit mot trong b va d khac 0. Khong mét tinh tong quat gia st b = 0. Khi d6

N[r,1]=ﬁ r, 1b Vi thé
g f+7
a

N(r,%)+ﬁ(r,f)+ﬁ - ib sﬁ[r,%)+ﬁ(r,f)+ﬁ(r%}+ﬁ(r,g)

mau thuan dinh 1y co ban thir hai.

= Truong hop 2: ¢=0.

Khidé ad #0 vagzi.f+R.Néu b=0thi N r,i =N r,L
a

Tuong tu nhu trén ta c6 diéu méau thudn. Do dé f =g vadodéd g =%.f . Cho z = z,, ta thu dugc %=1 Vi
thé f=g.
» Truong hop 3: a=0.

Khido bc=0vag= Néu d =0 thi N(r,g)= r,L , Vi thé

c.f+d i d
C
Nir 2N )N r -2 <N e 2 e N(r £+ N[ 2 |+ N(r.g)
f ; d f g
+7
C
<(A+o()T(r,f)  (rel)
mau thuan dinh 1y co ban tht hai. Vay d =0va f g—% Cho z=1z, tathuduoc%—l vitht fg=1 =



Bé d&3.9: Cho f,g lahai ham phan hinh khéc hing chia 1 CM.

Dit H = (ﬂ _2-_f'J _ {9_" _ﬂj _ (3.99)
fr f-1 g' g-1

Néu H £ 0 thi N_l)[r,filjgN(r,H)+S(r,f)+S(r,g).

Chitng minh:

Theo dinh 1y 1.6 taco m(r,H)=S(r, f)+S(r,9).

Gia str z, la khong diém don ciia f —1, trong |&n can z, taco
f(z):1+a1.(z—zo)+a2(z—zo)2+O((z—zo)3) ; (8, #0)
9(2) =1+b.(2-2) +b, (2-2,) +O((2-2,)") : (b #0)

T (3.99)tacé H(z)=0(z-12,) nghia la z, 1a khong diém cua H.

Vi thé N_l)(rfi_l}s N(r,%)gT(r,HﬁO(l)s N(r,H)+S(r, f)+S(r,g) m

Chirng minh dinh ly 3.23:

Tur b dé 3.9 tacod Nl)ir,fiJs N(r,H)+S(r,f)+S(r,9).

Baivi f,g chial o CM tathdy H chi c6 thé ¢ cuc diém don va khong diém don cua f,g khdng thé 1a

cuc diém cua H, do d6 ta duoc

Vi thé

| Jonfn
ot Dl (el
|

Vi thé ta ¢o
1

T(r, f)+T(r,g)< Nz(r,%}r Nz(r,%J+2N(r, f)+N [r,f—_l}ts(r, f)+S(r,g)

(3.100)
1

jsT(r, f)+0(1) va N (rf—lj =N (r,gi_JgT(r,gﬁO(l)

Baoi vi N(r, fl



Vi thé tir (3.100) ta 6 (1-0(1))T(r) < Nz(r,%j+ Nz(r,%j+2.ﬁ(r, f) (rel)

(3.101)
Tir gia thiét (3.98) ta co (1-0(1))T(r)<(u+0(1))T(r) (rel) (mauthuan).
Vithé H =0, tir (3.99) ta c6 g la dang bién d6i phan tuyén tinh cta f . Tir dinh 1y co ban tht hai va (3.98)

tasuy ra 1 khong tié 1a gia tri Picard ctia f , vi thé ton tai z, sao cho f(z,)=9(z,)=1. Tr b d& 3.8 ta
thudugc f =g hoac f.g=1 =
¢ Pinh 1y 3.24: Cho f,g laha ham phan hinh khéc hiang chia 0,1 CM. Néu

N, (r, f)+ Nz(r,g)+2N(r,%j<(y+o(l)).T(r) (rel) (3.102)

trong d6 <1, T(r)=max{T (r,f),T(r,g)}.Khidé f =g hogc f.g=1.

Chitng minh:
bat F = % G :i, Khi d6 F, G thoa cac gia thiét cua dinh ly3.23nén F=G hoic FG=1.Dod6 f=g
g

hoic f.g=1 =



Chuong 4:
SU XAC PINH DUY NHAT CUA HAM PHAN HINH
CHIA GIA TRI VOI PAO HAM CUA NO

Bai todn ham phan hinh chia giati v6i dao ham cua né 1a trudng hop dic biét cta su xac dinh duy nhét cac
ham phan hinh. Mic dich chinh cta chuong nay 13 chirng minh ham phan hinh khac hang chia hai gia t ri
htru han CM hoac ba gia tri hittu han IM véi f® thi f=f%. Gdm cac két qua thu dugc boi Frank,

Ohlenroth, Weissenborn, Schwick, Mues-Reinder...

4.1 Ham nguyén chia gia tri véi dao ham caa né
4.1.1 Ham nguyén chia hai gia tri CM v¢éi dao ham ciia né
¢ Dinh 1y 4.1: ( Rubel — Yang, 1977 [11] )
Cho f laham nguyén khéc hing. Néu f va f'chiaa,b CMthi f=f".
Chitng minh:
= Néu chi mét trong a,b bing 0, ta gia st a=0,b = 0. Khi d6 0 phii 1a gia tri Picard cia f va f'. Theo

dinh 1y 1.8 ton tai cac ham nguyén khac hing «, 8 saocho f(z) =e”? va f (z)= e/t

(4.1)
Khi d6 e”” =a'(z) e (4.2)
. e . f-Db s R
Vi f va f' chiab CM nén W:eV ( 7 laham nguyén) (4.3)
<\ 1 a 1 L+
Tu (4.1), (4.3) ta duogc E.e +e’ —B.e =1 (4.9

Tathiy cac ham %.e" , €, —%.eﬂ” 1a cac ham nguyén khong c6 khong d&&m va %.e“ khéc hing nén thoa

diéu kién cua dinh 1y 2.6, do d6 suy ra e’ =1 hoic —%.eﬂ” =1
oNéu e’ =1thi f=f".

2
o Néu —%.eﬂ”sl thi e/ =—be” =b’e*. T (42 ta suy ra ez‘”:b—l ( mau thén vi
[94

T(r.a')=s(r.e)).

- By gio ta gia st a=0,b=0. Khi do ta cént tai cac ham nguyén «,f s cho — S —g“
~a

feb

LI 45

f—b (49)

Giastw f=f'.Giai f va f'tu(4.5) taduogc
B a _ a p _ f+a
f:b.e ae’+a-b VA f':b'e ae’ +(a-b)e
e/ —e* e’ —¢f
Vithé ae®” +be® +(a-b)e*” —(a—b)e”? +{(b—a)(B'-a')-(a+b)je"”

(4.6)



+(a-b).8'e’ —-(a-b).a'e* =0 (4.7)
Tir (4.6)taco T(r, f) < 2T (r,e”)+2T(r,e”)+0() (4.8)
Giasir e =c (c# 0,1 lahing) , tir (4.8) taco e’ # const .
Tu (4.7) suy ra Ae?” + Be” +bc®* =0 (4.9)
trongdé A=a—(a-b)c; B=(a-b)c*+{(b—a)p'~(a+b)}c+(a-b)s
Do d6 theo dinh 1y 1.9 ta duge T (r,B) = S(r,e” ). Mat khic tir (4.9) taco T (r,B) = 2T (r,e”)+0(1) (Vo

ly). Vay e“ # const.

Tuong tu ta c6 e e« ef2* e?/

# const .
Chia (4.7) cho e’ ta duoc
ae’ +be’’ +(a-b)e* —(a-b)e”” +{(b-a)(p'-a')-(a+hb)}e
—(a-b)a'e” =-(a-h).p (4.10)
Ap dung dinh 1y 1.11 d6i v6i (4.10) ton tai céc hing s khong ddng thai bing 0 c, ( j= 175) sa0 cho
c e’ +¢, % +c 0™ +c, e +c.{(b-a)(B-a')-(a+h)le” +c,a'e”” =0
(4.11)
Chia (4.11) cho e” ta duoc
e’ +c, e’ +cie” +c, e’ +cpa'e” =—c.{(b—a)(f-a')-(a+b)]
Ap dung dinh 1y 1.11 ton tai cac hing s khong ddng thoi bang 0 d; ( j= ],_5) sao cho
d.e“+d, e’ +d,e“ +d, e’ +d.a'e”’ =0
Suyra d, ¥ +d,e” +d, e’ +d, e =-d,.a'

Lai ap dung dinh 1y 111 ta duge t,€”™ +t,6° +t,e*” +1,€ =0 (t; (j=14) la c& ting s6 khong
dong thoi bang 0 ).
e b

Khong mat tinh tong quat gia sir t, # 0 ta dugc —t—.e’“ e :
4 4 4

t
e« -2l =1,

Tathay e*,e*”,e* % khéc hang nén mau thuan v6i dinh 1y 2.6. Vay f=f' =

Niam 1992, Zeng — Wang d& cai tién dinh 1y 4.1 bang cach thay cac hang s6 boi cac ham nho va thu duoc két
qua sau bang phwong phép ching minh twong ty.

¢ Dinh 1y 4.2: ( Zeng — Wang, 1992 [12] ) Cho f |aham nguyén khac ting, a(z),b(z) lacac ham phan
hinh phan bi¢t thoa T (r,a)+T (r,b)=o(T(r, f)).

Néu f-a=00 f'-a=0 va f-b=00 f'-b=0 thi f=f"

* Nhan xét:

Tathay diéu kién f va f' chiahal giatri CM trong dinh 1y 1a can thiét. That vay, xét

f(z)=¢" IOZ e (1—e')dt. Tathiy ]]:

_]1_=eZ nghiala f va f'chial CMnhung f #f' =

4.1.2 Ham nguyén chia hai gia tri IM véi dao ham cia né

Niam 1979, Mues — Steinmetz d& cai tién dinh 1y 4.1 va ching minh két qua sau:



¢ Pinh Iy 4.3: Cho f |aham nguyén khéc ling, a,b lahai giati hiru han phan biét. Néu f va f' chia

a,b IMthi f=f".
Chitng minh:
Ta xét hai truong hop:

» Truong hop 1: ab #0.
Boivi f va f' chiaa,b IMvado ab=0 nén khong diém caa f —a va f —b chi co thé 1a khong diém

don. Giasu f(z)# f'(z). Taco:

N(r,f}fIJST(r,f—f')+O(1):m(r,f(1—%j]+o(l)
<m(r, f)+S(r,f)=T(r,f)+S(r, f).
Tathiy: i) log"a+log"b>log" ab

. 21 21 L1 . C
i) log"=+log"—<log"=+log" —
a b C ab
. 1 1 1
Dodd N|r,——|+N]|r, <N|T, <T(r,f)+S(r,f) (4.12)
f_a f b ff
m[r, . ia}tm[r, f {bjg m(r,%}+m(r,(f _a;(lf _b)]:m(r,%J+S(r, f)
Vi thé 2.T(r,f)sT(r,f)+m(r,%j+s(r,f) (4.12)
Matkhie N|r—>|+N|r-2t |<n[r-2 <T(r,f)+S(r, f)
f'-a f'—b f—f"
vado  N[r—2 |-N[r—t len|r—t ]-N[r-t ]<n|[rl
f'-a f'-a f'—b f'—b f"
suyra  N|r, 1 +N|r, ! <T(r,f)+N r,i +S(r, f) (4.13)
f-a f'-b fr

Tir i), ii) va dinh 1y 1.6 ta duoc

m(r,%}+m(r, : 'l_aj+m(r, . ll_b]s m(r,%}+8(r, f)

Két hop voi (4.13) ta duoc
m(r,%)+2.T(r, FY<T(r £)+T(r £7)+5(r. )

<T(r,f)+m(r,f ')+m[r,%)+s(r,f)
ST(r £)+T(r, )+ 5(r, f)gm(r,%J+T(r, £945(r,f)
SuyraT(r,f')=S(r,f)

Do d6 tir (4.12) taco T(r, f)<T(r,f")+S(r,f)=S(r,f) hay T(r,f)=S(r,f) (voly).Vay f="f".

= Truong hop 2: ab =0. Khdng mat tinh tong quat gia st a=0,b=1.



Do f va f'chia0, 1 IM nén tatiy boi cac khong diém caa f phai 16n hon 1 va khong diém cua f —1

, fr(f-f
phai 12 khong diém don. Gia s f = f'. Dat g = -1 (4.14)

F(f-1)

Boivi f va f'chia0, 1IM nén glaham nguyénva

ot (-l o

Hon nita tir (4.14) tacd (f')" - f.f —g(f?- ) (4.16)
L4y dao ham 2 1an ta dugc: 2f '.f° —(f )2 (fz—f)+g (2f.f'- 1) (417)
va 2.(f") +2f L fm-3frf o ff g( ) +29 (2ff—f)

{ ) 2f g f } (4.18)

Goi z, lakhong diém cia f —1.Khidé f(z)=f'(z)=1.Tu (4 17), (4.18) tacd
f"(z)=1+9(z) (4.19)
f"(z,)=29"(z)-9%(z)+29(z)+1 (4.20)
Pit ¢=% (4.22)

L2 :

”_ f"—(2g —fg_1+g+1).f @22

Boivi f —1 chi co khong diém don va két hop véi (4.19), (4.20) tathdy ¢, laham nguyén. Vi thé
T(r,¢):m(r,¢)£m(r,ff—"1j+m[r,ff—llj+m(r,g)+0(1):S(r, f)
Tuong tw T (r,y)=S(r,f).

Tir (4.21), (4.22) taco '.(29° —g'+¢)=(f -1)[y —¢'-(1+9) 4] (4.23)
= Néu 2g° —g'+¢£0.Do f va f'chia0,1IM néntr (4.23) taco

el e

va N(r,%}s N[r,w_¢'_%1+g)'¢]:8(r,f)

Theo dnh Iy 1.2 ta c6 T(r,f)<N(r,%j+N{r,filj+s(r,f)=s(r,f) (v ly ). Do dé

20°-g'+¢=0 (4.24)
Goi z, la khong dém cua f(z), tr (4.18), (4.21) tacod 2.f"(z,)=-9(z,) va f"(z,)=—¢(z,). Suy ra

#(2,) =%.g(20).

Tur (4.24) ta duoc  2.9%(2,) +%.g (25)-9'(z)=0 (4.25)

s Néu 2.g2 +%.g —g'#0. T (4.15), (4.25) taco



292+;g g
Do dé
(gt J 1[r Jrow=n(r T en [ Jrow
‘N( ij )=S(r,f) (do f va f'chia0IM)

Theo dinh 1y co ban thir hai ta c6
T(r, f)<N£r,%j+N(r,fiJ+s(r, f)=s(r,f) (voly)

Do dé g'=2.g° +%.g (4.26)
Néu g laham nguyén khéc hing, tir dinh 1y 3.19tacd T(r,g)=S(r,g) (v61y). Vay g laham hing. Tir
(4.26) tathiy g =0 hoic g E—%. Boivi f=f'néng E—%.Tfr (4.14) ta duge (2= f)' = f .

Path=2f'—f thi f =h? = f'=2hh".Vithé h —hzl (4.27)

1
Gidi (4.27) ta dugc h(z) = Ae* -1 (A=0 lahang).

Chon 7' =4rzi-4logA  suy ra  h(z')=-2, h'(z*):—%. Viéth f(2)=h*(z)=4 va

f'(z*):Zh(z*).h'(z*):l(vﬁlyv‘l f,f' chial).
Vay f=f' =

4.1.3 Ham nguyén chia hai gié tri véi dao ham bic k ciia né
Niam 1990, L.Z.Yang [13] cai tién dinh 1y 4.1 va chimg minh két qua sau:

¢ Pinh 1y 4.4: Cho f laham nguyén khéc hing, k 1a sé nguyén duong, a,b lahai giatri hitu han phan biét.
Néu f va f* chiaa,b CMthi f=f®

Chitng minh:

Theo dinh 1y 4.1 ta chi can xét k > 2. Xét 2 truong hop sau:

» Truong hop 1. ab #0.

Do f va f* chiaa, b CM néntdn tai hai ham nguyén «, 8 sao cho

f-a , . f-b

f(")—a_e va f(")—b_e (4.28)
Dodo T(re*)+T(r.e”)=0(T(r,f)) (reE) (4.29)

Giasir f# f® tir(4.28) taduoc e #1,¢” £1.




> Néu e*=c ( c#01 lahing ), rfu b la gidti Picard cia f va f® thi theo dinh ly 1.7 ta c6
T(r,f)<eT(r,f)+S(r,f) (vOly)nénb khonglagiat Picard cia f va f*. Do d6 on tai z, sa0

cho f(z,)=1%(z)=b (4.30)

—8 _ e taduge c=1 (VOIY).

Thay VA :ZO Va0 m

Vay e” #const. Tuong tu ta co e’ #const.Vithé a'£0, 8'£0.

f ' f(k+1)
Tu (4.28) tacd a'= -

. a fr f (<
va = -
b (1-a)(f-B) (19 a](f b)
1 ( f f! f 1 gD gl
_b—a(f—b_f—aj_f—b'; f0 g 0
Do d6 m[r, o =S(r,f).
f-b
Tu (429 tacd mir, 1 <mr, o +m(r,i]£T(r,a')+S(r,f)=S(r,f)
f-b f-b a'
va N r,flbj:T(r,f)JrS(r,f) (431)
Tuong tu ta duoc N{r, f 1aj:T(r, f)+S(r,f) (4.32)

Mit khacvi f va f chiaa,b CM nén

N[r, f faj+N(r, f ibjg N[r, f _1f(k)]£T(r,f— f)+0(1)
:m{r, f [1_ f;k) D+0(1)s m(r, £)+5(r, f)

=T(r,f)+S(r,f) (4.33)
Tir (4.31), (4.32), (4.33) taduge T(r,f)=S(r,f) (voly).Vay f =,

= Truong hop 2: ab=0.Tagidst a=0,b=0.

Do f va f® chiaa, 0 CM nén tdn tai cac ham nguyén «, B sa0 cho f]:k)_a =e” va f](ck) =e’
—a
(4.34)
Taco T(re”)+T(re’)=0(T(r,f)) (reE) (4.35)

Giast f =" tir(434)tacd e” #1,¢e” #1.
» Néu e’ =¢, (¢, # 0,1 lahing), theo dinh Iy 1.7 ta suy ra a khéng la giati Picard ciia f va . Do

d6 ton tai z, saocho f(z,)= f(*) (z,) =a. Thay vao (4.34) ta dugc ¢, =1 (v ly). Vay e’ # const .



> Néu 0 1a gia tri Picard ciia f va f*) thi f(z)=e""® (A»0 vaBlacéchingsd ). vi f va f® chia
a CM nén ®n tai z, sao cho a=e"™® = A — A“—1hay f=f® (vdly). Do d6 0 khong la
giatri Picard cia f va f*) nénton tai z, saocho f(z,)= f(k)(zz):O
(4.37)
= Néu e“=c, (c,#0,1 la fing), tir (4.34), (4.37) ta c6 c,=1 (v ly) nén e” #const. Vi th
a'#0, p'#0.

T (4.34) tadugc a'= —

Vi thé m(r,%‘j: S(r,f).

Tu (4.35) tacod m(r,%jgm[r,%’j+m(r,iljsT(r,a')+S(r,f):S(r,f)

(04
Do d6 N( ):T )+S(r, ) (4.38)
Tuong tur N(r, . _a):T(r, f)+S(r,f) (4.39)

Mit khic tuong tu (4.33) tacd N (r,%]+ N (r, : jST (r,f)+S(r,f) (4.40)
—-a
Tur (4.38), (4.39), (4.40) ta duge T (r, f)=S(r,f) (voly).
Vay f=f® =
4.2 Ham phéan hinh chia gia tri véi dao ham cia no
¢ Dinh 1y 4.5: ( Gundersen, 1980 ) Cho f Ia ham phan hinh khéc hing, b(#0) lagiati hitu han. Néu f
va f'chiaOvabCMthi f =f".
Chitng minh:

Giasua f # f'. Trudce tién ta chung minh
Nl)(r,f)gﬁ(z(r,f)+ﬁ( fllj+N [ fl) s(r, f)
trong do No[r,%j dém khong diém cua f " ma khong 13 khong diém cua f '-1.

L@l
(-1

That vay, dat g



a

Néu z, lacyc diém don cua f thi trong1an cin clia z, taco f(z)=
-1
0

@) (1) (trong d6 a = 0). Vi thé

1—f'(z)=(z_azo)2 +0(1)_(Z_""Z ; {1+0(z-2,)}
f'

(2)=

Tur d6 ta dugc g(z):g.{1+0(z_zo)2}

2a

(z-1,)

- .{1+O(z - 20)3}

Do d6 z, khong la khong dfm va cuc diém cia g, nhung Z, 1a khong diém cia g'. Theo dinh 1y co ban

thir nhat ta c6 N(r,g) N(r g—j<m( ,g—lj+0(1):s(r,f)

9 g g

o (121wl ) ol
N[N 2 SN (rg) = N 1 |- N r 2 - (rg)
g g g g

trong d6 N, [r,ilj 12 ham dém khong diém cua g' ma khong 1a khong diém cua g.
g

Vithé Ny(r,f)< No{r,il)sﬁ(r,1j+ﬁ(r,g)+s(r,f)
g g
Tathdy chi cuc diém boi cia f va khong diém cua f'—1 méi co thé 1a khong diém va cuc diém cua g, va

khong diém ciia f " khong thé 1a khong diém cua f'—1. Vi thé ta co

S GO A P I (=

Vay ta co Ny (r, f)gﬁ(z(r, f )+N[r,flilj+ No(r,%]+ S(r,f).

Vi f,f'chia0CM nénOlagiatrPicard cia f va f'. Do f,f"' chia co IM nén theo dnh ly 3.14 ta co

T(r,f)=0(T(r,f"),reE.

Tur dinh 1y co ban thir hai, do O la gi&tri Picard cia f ' néntaco

T(rf)<N r,%}tﬁ(r,ﬁ}rﬁ(r,f')+S(r,f')

N(r,f)+S(r,f) (do f,f'chiabCM)

ij f)+8(r,f)= ( ,%}W(r,f%s(r'f')

n
zl7 <

<2 r,f) S(rf)<T(rf')+S(r,f') (do f,f' chiaco IM)
Tirdosuyra 2N(r, ) =T(r, f)+S(r, ")
N( b) V+S(r, f) (4.41)



Mat khac taco T(r, f")<N [r,%}rﬁ(r,ﬁ}rﬁ(r, f)-N [r,%}Ls(r, )
) 1 ,
Nén N[r,Fj=S(r,f )

Theo chitng minh trén ta co
Ny (r, f)<Ny(r,f+2)<Ne(r,f+2)+ N(r fi]+ N (r,%)+s(r, f+2)

<Ne(r, f)+s(r, ) (4.42)
Tir (4.41), (442) taduge N (r,f)=S(r,f), Ny(r,f)=S(r,f)

nen N(r,#9)=N(r,f)=8(rf).

Tu (441) suyraT(r, f')=S(r,f") (voly).
Vay f=f".
¢ Pinh ly 4.6: ( Mues — Steinmetz and Gundersen ) Cho f Iaham phan hinh khéc hang, a,, a,, a, labagia

tri hitu han phan biét. Néu f va f' chiaa,a,,a, IMthi f=f".

Chitng minh:
Giasu f # f'. Khido

N(r,f_lf'JéT(r,f—f')+O(1)=N(r,f')+ [ 1__J

<SN(r, f)+N(r, f)+m(r, f)+S(r, f)=T )+ N(r, f)+S(r, )
(4.43)
Mit khéc ta co im[r, fiaJSm(r,%J+S(r,f) (4.44)

- Gia st a.a,a,#20. Bi vi a,a, a, la gia chia IMac f va f' nén khong ém don cua

f—a ,(i=123) chico thé 1a khong diém don. Vi thé tir (4.43) taco

iN(r,ffajsN(r,f_lf] T(rf)«N(r,f)+S(rf) (445

i-1 i

Tir (4.44), (4.45) taco 3T (r, f)<T(r, f)+N(r, f)+m{r,%j+s(r, f)

hay 2T (r,f)<N(r, f)+m(r,%j+s(r, f) (4.46)
> Néu a,.a,.a, =0. Khéng mit tinh tong quét ta gid st &, = 0. Khi d6 khong dém cua f —a ,(i=12) la

khong diém don va khong diém caa f 1a khong diém boi. Vi thé

2ol Jli( _M D)oo

<T(r, £)+N(r, f)+N(r,%j+S(r,f) (4.47)

Tir (4.43) tacod Z N[



Két hop (4.44), (4.47) ta thu dugc 2T (r, f)< N(r, f)+T(r, f')+S(r, f)

Tuong tu ta cling co 2T (r, ') SN(F, f)+T(r, f)+S(r,f) (4.48)

Mat khac do a,, a,, a, va o lagiatri chiaIM cia f va f' nén theo dinh ly 3.9taco
T(r,f)=T(r,f)+S(r,f) (4.49)

Tir (4.46), (4.48), (4.49)tacd T(r,f)<N(r,f)+S(r,f)

Vithé T(r, f)=N(r, f)+N(r,f)+m(r, f)>2N(r, f)>2T(r,f)+S(r,f)

Két hop (4.49) tasuy ra T (r, f)=S(r,f) (voly)

Vay f=f' =



KET LUAN

Ly thuyét Nevalinnalaly thuyt tuong dbi hién dai va|a mpt trong nhimg hudng phat trién ciia Toan
hoc hién nay. Trong d6 Iy thuyét Nevanlinna vé su xac dinh duy nhat cac ham phan hinh dang mé ra mot
hudng phét trién méi.

Luan vin dd tong hop mot cach c6 hé thdng cac két qua thu dwoc vé su xac dinh duy nhit cic ham
phan hinh khi ching chia 5, 4, 3, 2, 1 giati va trinh bay mot s6 tng dung trong phuong trinh vi phan. Dng
thoi dua ra mot sd nhan xét quan trong sau moi dinh 1y.

Tuy nhién con nhiéu van dé quan trong cta 1y thuyét Nevanlinna chwa dugc dé cap trong luan van nhu:
ly thuyét vé tap xac dinh duy nhat, Iy thuyét p -adic ... 1a nimg nhanh phat trién khac cua ly thuyét
Nevanlinna. Téi hi vong sé tiép tuc nghién ciru sdu hon vé dé tai nay.

Luan vin nay cha yéu dwa vao tai liu “Uniqueness Theory of Meromorphic Functions” ctia Chung-
Chun Yang va Hong-Xun Yi, |a quyén sach dau tién vé 1y thuyét xac dinh duy nhét cac ham phén hinh, tap
hop hau hét nhitng két qua mai nhat trong linh vuc nay nhimg nim gan day va cac bai bao lién quan.

Mot 1an nita t6i xin chan thanh cam on Tién si Nguyén Vin Dong da tan tinh hudng dan t6i hoan thanh
t6t luan vin ndy.

Tp. HO Chi Minh — Thang 11 nam 2009
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