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PHAN MO DAU

Ké tir khi Sperner dua ra dinh 1y Sperner (1928) vé s6 cuc dai cac phan tir cia mot phan xich
trén poset cac tip con cua tap n-phan tir thi dinh Iy ndy d3 dugc cac nha toan hoc khac chimg minh lai,
tong quat hoa va mo rong dén 1y thuyét vé cac poset. Trong d6 c6 mdt ciu trac rat dep 1 cau tric xich
dbi xtng, dic biét 1a su phan hoach xich ddi xtimg trén cac poset va cac ing dung cta nd. Vi trong cac
dang poset, ta thudng quan tdm dén cac poset c6 hang va hiru han nén ¢ luan van nay ta chi cha ¥ d&én
cac poset dang d6, dic biét 1a poset P(S) cc tap con cua tip n-phan tir S, poset P(m) cac udc nguyén
dwong cua s6 nguyén m cho trudce va poset tich truc tiép cua chung.

Nam 1951, nha toan hoc de Bruijn di chtrng minh poset P(m) cac uéc nguyén duong cua sb
nguyén m cho trudc c6 mot phan hoach thanh cac xich ddi xtmg — tirc P(m) c6 thé biéu dién nhu hop
101 rac cac xich ddi xtmg. Két qua nay duoc xay dung nho vao phuwong phap quy nap theo sd cac ude
nguyén t6 phan biét ctia s6 m. Nhung khi m c6 kha nhiéu cac uwéc nguyén té thi phuong phap nay tré
nén phtrc tap. Vi vdy vao nam 1976, trong xu thé tim kiém cac phuwong phap phan hoach truc tiép cho
poset P(m), hai nha toan hoc Greene va Kleitman da dat dugc mot két qua kha dep ; ho dua ra duogc
mot phan hoach truc tiép xich dbi xtmg cho poset P(S) cac tip con ciia tip n — phan tir S. Két qua nay
1a 10 giai cho mat truong hop ddc biét (k; =k, =...=k, =1) cta bai toan phan hoach tryc tiép xich ddi
xung poset P(m) vo1 m= plk1 : p§2... pf," , nhung ddng thoi ciing 12 co s¢ dé ta giai quyét bai toan nay
trong trudng hop tong quat.

Trong ludn vin nay, t6i s& trinh bay ca hai phuong phap (quy nap va truc tiép) dé phan hoach
hai poset (P(S) va P(m)) thanh cac xich d6i xtmg va chi ra rang ca hai phuong phap nay déu nhu nhau.
Sau do, t6i s& di sdu vao ciu tric ctia mot phan hoach xich ddi xung xét vé khia canh s6 lugng xich ddi
xtng, size cua cac xich ddi ximg va sb cac xich dbi xtng c6 cung size i. Cudi cung, t6i dwa ra mot sd

mg dung ctia phuong phap phéan hoach tryc tiép xich ddi xtmg dé tinh s6 phan xich cua poset P(S).



CHUONG 1: KIEN THUC CHUAN BI

1.1.Quan hé thw tu:
Dinh nghia 1.1.1:
“< ” dugc goi 1a quan hé tht ty trén tip hop P néu Vx, y,z € P ta co:
1) x<x
1) x<y,y<x=>x=y
i) x<y,y<z=>x<z
Vi du 1.1.1: Céc quan h¢ sau 1a quan h¢ thu tu:
e (Quan h¢ bao ham trén tip cac tap con cua mdt tap hop S.
e Quan hé chia hét trén tip cac udc nguyén duong ctia mot sé nguyén m.
1.2. Tép sip thi tw bd phan (poset):
Dinh nghia 1.2.1:
Tap hop P v6i quan hé thur tu < duogc goi 1a mot tap sép thir tu bg phan, hay con goi 1a mot poset.
Vi du 1.2.1: Céc tap hop sau la cac poset:
e Tap cac tap con ciia mot tap hop S vdi1 quan hé bao ham.
e Tap cac udc nguyén duong cliia mot sé nguyén m véi quan hé chia hét.
1.3. Mt s6 khai niém co ban trén mét poset:
Trong mdt poset ( P,< ) ta c6 cac khai ni€ém co ban sau:
» Hai phén tor x,y e P dugc goi la so sanh dugc véi nhau néu x< y hodac y<x.
> Néu x<y va x#y thitaviét x<y.
> Néu x<y vakhong cd ze P:x<z<y thitandi y phu x.
> Néu c6 duy nhit ze P:z<x, Vxe P thita goi z 13 phan tr bé nhit cua P, ky hiéu 1a 0.
Vi du 1.3.1: +) Phan tir 0 ctia poset cac tap con cla tdp n phan tir S 1a tip &.
+) Phén tir 0 ctia poset cac wdc nguyén duong ciia mot s6 nguyén m 1a 1.
> xe P duge goi 1a phan tir tdi tiéu cua P néu khong c6 yeP:y<x.
> xeP duogc goi 1a phan tir tdi dai cia P néu khéng c6 yeP:x<y.
> Néu x, <x, <..<x, thitandi x,,x,,..,x, tao thanh mot xich.
» Xich x, <x,<..<x, théa x,, phu x,Vi<n dugc goi la mot xich bao hoa.

1.4. Ham hang, poset c6 hang:



Gia st (P,<) 1a poset co tinh chit (*): Vx, y e P,x < y thi tit ca nhimg xich bdo hoa tir x dén y
déu co cung luc lugng. Bac biét, Vx e P thi tat ca nhiing xich bao hoa tir 0 dén x cling s€ c6 cung luc
luong. Khi do néu ta dinh nghia do dai cia mdt xich 1a Iyc lugng cia xich do trir di 1 thi ta co thé dinh
nghia hang r(x) ctia mot phﬁn tr x la d6 dai cua mot xich bdo hoa tir 0 dén x.
Dinh nghia 1.4.1:

Cho (P,<) 1a poset c6 tinh chat (*) nhu trén. Khi d6 ham sé r: P — R*
x> r(x)

duoc goi 1a ham hang cua P, trong d6 r(x) 13 hang ctia phan tir x .
Mot poset c6 tinh chat (*) nhu trén dugc goi 13 poset c6 hang, véi ham hang 7.
Pé dé dang trong viéc sir dung ham hang ciia mot poset, ta tim cac trong dwong ctia né nhu sau:
Ménh dé 1.4.1: Cho poset ( P,<) véi ham hang r. Khi d6 ta co:

(i) r(x)el,VxeP va r(0)=0; trong d6 O 13 tap sb tu nhién.

(ii)) Néu x,ye P, x pha ythi r(x)=r(y)+1.
Chirng minh

(i) Vxe P thi luc lugng C cua tit ca cac xich bdo hoa tir 0 dén x théa C>1,Cel . Suyra do
dai ctia tat ca cac xich bdo hoa tir 0 dén x 13 r(x)=C-120,7(x) e[l . Ddc biét (0)=0.

(ii) Gia sir mot xich bdo hoatr 0 dényla: 0< y, <y, <...< Ve <V

= 0< y, < yy <...< y; <y <x 1a mot xich bao hoa tir 0 dén x.

, |rO)=k+2-1=k+1
Ta co: =r(x)=r(y)+1. m
r(x)=k+3-1=k+2

Vidu14.1:
e Poset P(S) cic tdp con cua tdp n-phan tr S 1a mot poset c¢6 hang, voi ham hang

r(d)=|4

,VAeP(S).
e Poset P(m) cac udc nguyén duong cia mot sé nguyén m 1a mot poset c¢6 hang, v6i ham hang
r(d) = sb cac thira s6 nguyén td trong phan tich cta d,vd e P(m).
Vidu: V6i m=100=225>,d =225 |m = r(d)=3
1.5. Xich ddi xing:
Dinh nghia 1.5.1:
Cho poset P v6i ham hang . Khi d6 ta néi cac phan tir x,,x,,...,x, tao thanh mot xich ddi xing néu:

1) x,, phu x,Vi<h



i) r(x,)+7(x,) = r(P), voi r(P) 1a hang 16n nhét trong P.
Vidu 1.5.1:
e Trong poset P(S) cac tip con cua tip n-phan tir S, A4,4,,....4, € P(S) lap thanh mot xich dbi
xtng néu:
i) 4 <A, va|d,|=|4|+1LVi<h.
ii) |4 |+|4,|=r(P(S)) =n.
e Trong poset P(m) cic uwéc nguyén duong ctia mot s nguyén m, d,,d,,....d, € P 1ap thanh mot

xich do1 xtng néu:

i+1

. cdy 1 A & A A g
i) d, |d, Vac;—ﬂ 1a mot sO nguyén to, Vi< h.

1

1) r(d)+r(d,)=r(P(m))=r(m).



CHUONG 2: MOT SO BAI TOAN PHAN HOACH XiCH POI
XUNG TREN CAC POSET CO HANG, HUU HAN

Trong chuong ndy, t6i s& trinh bay ca hai phuong phap (quy nap va truc tiép) dé phan hoach hai
poset (P(S) va P(m)) thanh céc xich d6i xtmg, chi ra rang ca hai phuwong phap ndy déu nhu nhau va dua
ra mot sO vi du minh hoa. Sau do, t6i s& di sdu vao cdu tric caa mot phan hoach xich dbi xuing xét vé
khia canh sé lugng xich dbi xtng, size ctia cac xich ddi xtmg va sb cac xich dbi xtng c6 cung size i.
Cubi cung, t6i dua ra mot sé tmg dung ciia phuwong phap phan hoach truc tiép xich ddi xting dé tinh sé
phan xich cua poset P(S).

Do tap n-phan tir S hitu han nén ta c6 thé danh sd tht tw cac phan tir cua S tir 1 dén n. Vi vay trong
toan by chuong nay ta co thé quy udc chon tap n-phén ter S la tap n s6 tu nhién khac 0 dau tién, tic
S :{1,2,...,11} .

2.1. MOT SO PINH NGHIiA:
Dinh nghia 2.1.1:

Mot poset P ¢6 hang, hitu han dugc goi 1a dugc phan hoach thanh céac xich d6i xtng néu nod duoc
biéu dién nhu hop roi rac cia mot s6 nao dé cac xich dbi xing (nghia 1a cac xich d6i ximg nay co giao
nhau bang rong va hop cua ching chinh bang poset P)

Dinh nghia 2.1.2:

Mot tap A cac tap con {4 clia tdp n-phan tr S duwoc goi 13 mot phan xich néu

sel,ik

4; ¢Aj, Vi j,i,jelk.
Dinh nghia 2.1.3:
Mot xich dbi xtmg trong poset P dugc goi 1a ¢6 size k néu no ¢o luc luong bang k.
2.2. PHAN HOACH XiCH POI XUNG BANG PHUONG PHAP QUY NAP:
2.2.1. Phan hoach xich ddi xirng cho poset P(S) céc tip con ciia tip n-phin tir S:
Pinh 1y 2.2.1.1: Poset P(S) cac tip con cia tip n-phan tir S ¢c6 mot phan hoach thanh cac xich d6i
xung.
Chirng minh:
Ta s& ching minh bang phuong phap quy nap theo n.
*Véin=1thi S={1} nén P(S)= {@,{1}}c6 moét xich d6i xting duy nhat: @ {1}, chira tat ca cac

phan tir caa P(S). Do d6 dinh 1y dung véin = 1.



* Gia st dinh ly dung voi n =k, nghia 1a v6i S, ={1,2,...,k} thi P(Sx) c6 mdt phan hoach thanh cac
xich ddi xtmg. Ta sé& chimg minh dinh 1y ding véin=k + 1.
Ly S, = {1,2,....k,k+1}, ta s& xdy dung mot phan hoach xich d6i xtmg cho P(S:1) tir phan hoach

xich d6i xtimg cua P(Sy) theo gia thiét quy nap.
Lay 4 c 4, —...c 4, 1a mot xich dbi ximg bat ky trong phan hoach xich d6i ximg cuiia P(Sy). Ta xét

hinh chir nhat sau:

Aulk+lfc 4, Ulk+l}c ..c 4, 1u{k+1} < A, Ui{k+1}

“Boc” 16p ngoai cung cua hinh chit nhat trén ta dugc xich:

Achc..cd,cd,ulk+1} (2.1)

Tacod:+) 4 C Ay, |4iy|=|4]+1 Vi<m va 4, c 4, V{k+1}, {k+1}]=|4,,|+1
+) |4 +|4, Uik +1}|=|4]+|4,]|+1=k+1

Do d6 xich (2.1) 1a mot xich di xtng trong P(Si:1).

Tuong tu 16p con lai cua hinh chit nhat trén cho ta xich :

Aulk+lfc 4, ulk+llc a4, Uik+1] (2.2)

Taco:+) 4 Ulk+1}c 4, U{k+1},Vi<m—1, va
|4y O{k+1)| = 4| +1=] 4]+ 141 =] 4, O {k + 1} +1
+) [y Ok +1|+| 4, Olk+ 1| =] 4]+ 1+]4, | +1=|4]+]4, [ +1=k+1

Nén (2.2) ciing 12 mot xich ddi xtng trong P(S:1).

Mit khéc: P(Sy,y) = P(S,) {4 U{k+1}|4 € P(S;)} nén khi tiép tyc qua trinh trén doi v6i tat ca cac
xich d6i xtmg cua P(Sy), ta s& tim duoc cac xich ddi xtng ctia P(Sy.;) ma chiing chira tit ca cac phan tur
cua P(Sk+1).

Nhu vy ta d3 xay dung dugc mot phan hoach xich ddi xtng cta poset P(Sy,;). ®
Vi du 2.2.1.1: Xay dung mot phan hoach xich ddi xing cua poset P(Se), voi Ss =1{1,2,3,4,5,6}

Giai

Pé xay dung dugc mot phan hoach xich ddi xting cua P(S), ta phai xay dung lan lugt cac phan

hoach xich ddi ximg cua P(S;), P(Ss), P(S3), P(S4) va P(Ss).



e D0i v6i P(S): Ta co: P(S))={D,{1}} c6 mdt xich doi xing duy nhat 14@ < {1} nén P(S;) c6 mot
phén hoach xich ddi xtmg la: @< {1} .

e Di vai P(S,): Ta xét hinh chir nhat sau:

g < {1

2} i<y
“Boc” cac 16p cua hinh chit nhat trén ta dugc mot phan hoach xich doi xtng cua P(S;) nhu sau:

{2}
Bl

e D6i v6i P(S3): Ta xét 2 hinh chit nhat sau:

o< ) <12
Bhe (L3fic 12.3)
“Béc” cac 16p ciia 2 hinh chir nhat trén ta duge mot phan hoach xich dbi xémg ctia P(S;) nhu sau:
(2= (23)
3= {13}
G {l} <{1,2} ={1,2,3}
* D6i v6i P(S4): Ta xét 3 hinh chit nhat sau:

0l < {2.3)

(3,4} ic {1,3,4}
g c {1} {12} < {1,2,3}
{4}C{14}c{124} c {1,2,3,4}
“Béc” cac 16p cuia 3 hinh chir nhat trén ta dugc mot phan hoach xich dbi ximg ciia P(S,4) nhu sau:

(2.4

3.4



(2} {23} < {2,3,4)
(13} < {1.3,4)
(1,4} < {1,2,4}
ol c{1,2)c{1,2,3} = {1,2,3,4}

e D6i v6i P(Ss): Ta xét 6 hinh chir nhat sau:

2,4)

3} c {1,3} c {1,3,4}

J c {1} c {1,2} c {1,2,3} c {1,2,3,4}
(5} (1,5} {1,2,5) < {1,2,3,5} ! < {1,2,3,4,5)
“Béc” cac 16p cua 6 hinh chit nhat trén ta dugc mot phan hoach xich dbi xtng cua P(Ss) nhu sau:

(2,4} < {2,4,5)

02123} c{2,3,4) € {2,3,4,5)
3} {1,3} = {1,3,4} < {1,3,4,5)

(4} c{1,4) < {1,2,4) < {1,2,4,5)



{5} ={1,5} ={1,2,5} = {1,2,3,5}
Jc {1} C {1,2} c {1,2,3} c {1,2,3,4} c {1,2,3,4,5}

 D6i v6i P(Se): Ta xét 10 hinh chir nhat sau:
(2,4} < {2,4,5}

3,6} {1,3,6} ={13,4,6} i c {1,3,4,5,6}

4 < {14} < {1,240 < {1,2,4,5
4,6)  {1,4,6)  {1,2,4,6} i< {1,2,4,5,6)

50 < {15} < {1,2,5} < {1,2,3,5}

S i e 1)

g c {l} {12} < {1,2,3} < {1,2,3,4] < {1,2,3,4,5

{6} {16} ={1,2,6} ={1,2,3,6} ={1,2,3,4,6}: = {1,2,3,4,5,6}
“Boc” cac 16p cuia 10 hinh chit nhat trén ta duoc mot phan hoach xich dbi ximg cua P(S¢) nhu sau:
{2,4,6}

(3,4,6)
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1,2,5) ={1,2,3,5} = {1,2,3,5,6}
< {1,2,6} ={1,2,3,6} = {1,2,3,4,6}
S {lfc{1,2} ={1,2,3} ={1,2,3,4} = {1,2,3,4,5} = {1,2,3,4,5,6}

2.2.2.Phéan hoach xich ddi xing cho poset P(m) cic wéc nguyén dwong ciia sé6 nguyén m cho
trudce:

Pinh 1y 2.2.2.1: Poset P(m) cic udc nguyén duong cua sb nguyén m cho trudc c6 mot phan hoach
thanh céc xich di xtng.

Chirng minh:

Goi n 13 sb cac wdc nguyén té phan biét cia m. Ta s& chimg minh bang phuong phap quy nap theo

* Voin =1 thi m c6 dang m= p®. Khi d6 P(m) ={1,p,p2,...,p“} c6 mot xich d6i xing duy nhat:

1< p< p? <..< p%, chira tit ca cic phan tr cia P(m). Do d6 dinh 1y ding véin = 1.



* Gia sir dinh 1y dng v6i n = k, nghia 1a néu m c6 k u6c nguyén té phéan biét thi P(m) c6 mot phan
hoach thanh cac xich déi xing.

* Ta s& chirng minh dinh 1y dung v&i n =k +1. Xét s nguyén m c6 (k +1) udc nguyén tb phan biét,
trc m=m;p“, trong d6 m; c6 k udc nguyén t6 phan biét va s6 nguyén t6 p khong 13 uéc ciia m;. Ta s&
chi ra cach xay dung cac xich d6i xtng ctia P(m) tir cac xich d6i xtimg ctia P(m;).

Lay d, <d, <...<d, lamot xich dbi xtmg bat ky trong phan hoach xich dbi xtmg ctia P(m,) theo gia
thiét quy nap.

Xét tat ca cac ude cua m co dang d, PP, 1<i<h, 0<B<a vasip xép tat ca cac udc nay theo hinh chir

nhat sau:
d, < d, < <d,, < dj, < d,
dp  <dp < . <dp <dp | <dyp
0 < dp < o <dar < dpr < dyp?
T ey <y <
dlp“ < dyp §< §< d,_,p® I < d, p” i < d,p*

Ta “bdc” cac xich da duogc chi ra trén hinh chit nhat trén.
e Lop ngoai cung cua hinh chit nhat trén cho ta xich dau tién:

dl <d2 <"'<dh—2 <dh—1 <d/’l <dhp <dhp2 <...<dhpa (23)

’ d \ A A A A .
Ta co: +) d;|d,,,, 6’;1 1a mot s6 nguyén to, Vi<h.

1
- y dyp™! ~ \ A A LA
+) d,p' ‘dhp’”, dhppi = p cling la s0 nguyén t6, Vi< «.
h

H)r(d)+r(d,p®) = r(d)+r(d) +r(p®) = r(m) +r(p®) = r(m).

Vay (2.3) 1a mét xich ddi xtng ctia P(m).

e Tuong tu, 16p thr hai cta hinh chir nhat trén cho ta xich :
2
dp<d,p<..<d, p<d,p<d,p~<..<d,p“ (2.4)
cling 1a mot xich dbi xing cta P(m).
e Ctt tiép tuc nhu vdy, 2 16p cudi ciung cua hinh chit nhat trén cho ta 2 xich:

dip® <d,p® <d,p® va dp® ciing 1a cac xich d6i xtg ctia P(m).



e Do m=m;p? (p khong la udc ciia m;) nén P(m) = P(ml)u{dpj| deP(my), 1<j< a} .

Do d6, ctr tiép tuc qua trinh trén ddi voi tat ca cac xich d6i xtng trong phan hoach xich ddi xtimg cua
P(m,) thi ta dugc cac xich di xtmg roi nhau ctia P(m), ma ching chira tit ca cac phan tir ciia P(m).

Nhu vay, ta di xay dung duge mot phan hoach xich d6i xtmg cho poset P(m). "
Vi du 2.2.2.1: Xay dung mot phan hoach xich d6i ximg cho P(68600) = P(2°.5%.7°).
Giai
Pé xay dung mot phan hoach xich dbi xting cho P(2°.5%.7°), ta phai lan luot xay dung cac phan hoach
xich d6i xtmg cho P(2%) va P(23.5%)

e Dbiv6i P(2%) : Taco: P(23)= {l, 2, 22,23} nén ta dugc mot phan hoach xich ddi xtimg cua P(2°%)

la: 1<2<2% <23,

e Dbiv6i P(2°.5%) : Ta xét hinh chit nhat sau :

Sau khi “b6c¢” cac 16p cua hinh chit nhat trén ta duwgc mdt phan hoach xich ddi xung cua P(2%5%) 1a:
1.5% <2.5%
1.5<2.5<2%5<2%5?
1<2<2% <2’ <2%5<235?

e Dbiv6i P(2°5%7%) : Ta xét 3 hinh chir nhat sau :

: | < 257
15272 1 < 2527
| < 2,527

15 <25 <225 <225



1 <2 <22 <22 <225 <2357

17 <27 <227 <227 <2357 1< 235%7

1.7 < 277 < 2277 < 2272 < 23.5.725 < 235%27?
177 < 277 < 22731 < 2273 < 23.5.735 < 2357
Sau khi “b6c¢” cac 16p ctua 3 hinh chit nhat trén ta dugc mdt phan hoach xich dbi xirng cua P(2°.5%.7%)
nhu sau :
1.5.7°
1.5%27<1.5%27% <1.5%7°
1.5.72 <2.5.7% <2.5.7°
1.7°< 277 < 2277
1.5 <2.5% <2.5%7<2.5%7* <2527
1.5.7<2.5.7<2%57<2%57*<2*5.7°
172 <272 <2277 <2377 <237
1.5<2.5<2%5<225% <2%5%7<225%7% <2252 7°
1.7<27<2%27<237<235.7<235.77 <2357
1<2<22<2¥<235<2352 <23527<235%72 < 23527
2.2.3. Phan hoach xich doi xurng cho tich truc tiép cac poset:

Dinh nghia 2.2.3.1 :
Néu P, Q 1a nhiing poset c6 hang, véi ham hang twong tmg 1a r,7' thi tich tryc tiép cta P va Q, ky hiéu

p; < p, trong P

1a PxQ={(p,q)|peP,qe0}, 1a mdt poset v4i quan hé th ty : (plaQI)S(pZaQZ)Q{ :
g1 < q, trong Q

Poset tich truc tiép PxQ c6 ham hang p duoc dinh nghia boi p(p,q) = r(p)+7(q),¥(p,q) € PxQ

Vi du 2.2.3.1 : Cho P(S) 1 poset tat ca cac tap con clia tdp S ={1,2,3} va P(5*) la poset tit ca cic udc
nguyén duong cua s nguyén 5°.

Hay P(S)={2:{1}:{2}:{3}:{1,2}:{1,3}:{2.3}:{1,2.3}} va P(5”) = {155},

Khi d6 poset tich truc tiép ctia P(S) va P(5%) 1a

P(S)x P(5%) = {(@,1);(D,5):(2,5%); ({14, D ({13, 5): (413,52); (123,13 ({2}, 5): (42}, 5%);

(431,10 (431, 5): (431,570 (11,21, 15 (41,24, 5): (41,25, 57 )5 (41,31, D3 (11,3}, 5); (41,3}, 5%);



(12,31,1;(42,3}1,5);(42,31,57): ({1, 2,31, 1): ({1,2,3},5); ({1,2,3},5%)}
Trong d6 : p({2,3},5)=r({2,3})+r'(5)=2+1=3

p((1, ) =r({I)+r' (1) =1+0=1
(v6i r,r', p 1an luot 13 ham hang cua cac poset P(S), P(5%) va P(S)x P(5%))
Vi du 2.2.3.2: Cho P(3%) 1a poset tit ca cac udc nguyén duong cua sé nguyén m; =3° va P(7%) la
poset tit ca cac udc nguyén duong cia sb nguyeén m, = 72.
Hay P(33)={1,3,32,33} va P(72):{1,7,72}.
Khi d6 poset tich truc tiép cua P(3%) va P(7%) 1a: P(3*)x P(7%) = {(1,1);(1,7):(1,7°);
(3,D;3,7) 3,77 (3%, 1;(3%, 70 (3%, 77037, ;3,703 (3%, 7))
Trong 46 : p(3%,7)=r(3*)+r'(7)=2+1=3
p(L7H) =r()+r'(7*)=0+2=2
(r,r',p lan lugt 12 ham hang cua céc poset P(3%), P(7*) va P(3*)x P(7*) ).
Trong vi du 2.2.3.2 néu ta dong nhat (p,q) véi p.g thi d& thdy poset tich truc tiép P(3*)x P(7%)
chinh 14 poset P(3>.7%). Tir diu nay ta c6 ménh dé sau :
Ménh dé 2.2.3.1 : Cho p, q 13 hai s6 nguyén t6 phan biét. Vi k, h 13 hai sé nguyén duong bat ky thi
poset tich truc tiép P(p*)x P(¢") chinh 1a poset P( g™,
Tt ménh dé2.2.3.1 ta c6 thé mé rong ra ménh dé sau day :

Ménh dé 2.2.3.2 : Cho D1sPase Dy 12N sd nguyén té phan biét. Vi ki ky,....k, 1la n s6 nguyén duong

k

bat ky thi poset tich truc tiép P(p[1)x P(pi2)x...x P(p*

k1) chinh 1a poset P(p.pi2...pkn).
((3 day, poset tich truc tiép cua n poset dugc mé rong tir dinh nghia 2.2.3.1 nhu sau: Néu B.PR,...P, 1a
cac poset co6 ham hang tuong Ung 1a #,n,...,r, thi poset tich truc tiép cua B,P,...P,, ky hi¢u la
P xPx..xP, = {(pl,pz,...,pn)|pl- eP,Vi= 1,...,n} , 1a mot
poset vo1 quan hé thu tu nhu sau: (p, py,.. p,) < (P15 P50 P & p; < p'; trong PNi=1,2,....,n).
Poset P xPx..xP, cod ham hang p dugc dinh nghia la:
P(P1sPasess P) = 11(P) +12(P2) + o+ 1, (D), V(P15 P2y Py) € EX By XX E, )

Theo ménh dé 2.2.3.1 va dinh 1y 2.2.2.1 : Néu p,q 14 hai s6 nguyén t6 phan biét va k, h 1a hai s6

nguyén duong bat ky thi cac poset P(p*),P(g") co phan hoach xich déi ximg va ta dé dang c6 duoc



phan hoach xich ddi xung cua poset P( pk)xP(qh) tor phan hoach xich dbi xung cua poset P( pk.qh).
Vén dé bay gio 1a : Liéu voi P,Q 1 hai poset tiiy y ¢6 phan hoach xich ddi xtmg thi poset tich truc tiép
PxQ c6 pohan hoach xich d6i xtrng khong ? Va néu c6 thi chung duoc xay dung nhu thé nao ?
Pinh 1y 2.2.3.1 : Néu P, Q 14 hai poset c6 ham hang twong tng 1a r,7' va déu c6 phan hoach xich d6i
xtng thi poset tich truc tiép PxQ voi ham hang p ciing c6 phan hoach xich d6i xtng.
Chirng minh :

Giase P=C,uC,u..uC,, va Q=D,uD,u..uD, lacac phan hoach xich dbi xtmg cta P va Q.
O day C;,i=1,...,m, 1a céc xich d6i xtmg trong P va D;, j =1,...,n, la cc xich d6i xtmg trong Q.
Lay bat ky hai xich d6i xang C,, D ; tuong ung trong P, Q nhu sau:

Ciico<c <..<¢p, V01 r(cy)=t, r(c,)=T, t+T =r(P), va

D;:dy<dy <..<d,, Vi r'(dy)=s, r'(d,) =S, s+S=r'(0).
Ta chimg minh tuong tu nhu dinh 1y 2.2.2.1: Xét hinh chit nhat sau:

Ey > (cg,dy) <(c.dy) <..<(cp_p,dy) <(cp_1.dy) <(cp,dy)

By = (pdy) <(edy) <o<(Gpdy) §<(Gdy) b <(6pdr)
Ejy = (Co5djy) < (01,d)1) 1< : <(Cpogsdp ) < (Cpdpy) 1<(cp,dpy)
Eh :—)(Co,dh) i<(cl’dh) i<"'i<(ck—2’dh) i<(ck—1’dh) E<(Ck,dh)

“Boc” céc 16p cua hinh chit nhat trén ta dugce (h + 1) xich E, E, E,,...,E,_;, E;, nhu dugc chi trong hinh

chit nhat trén. Ta s& ching minh (h + 1) xich nay 14 cac xich d6i xtmg trong poset tich truc tiép Px Q.

Xétxich E; :(cy,d ;) <(c,d;) <...<(ch_j»d ;) <(ch_j»rd j41) <. <(4_j»dp); j = 0,1, 0

Vj=0,l,..,4: Tadé th?iy cac xich E ; la cac xich bao hoa. Mat khac ta co:

plco.d;)+pleg_j.dy) =r(co)+r'(d;)+r(c_;)+r'(d,)=t+(s+j)+({t+k—j)+S
=t+s+({+k)+S=t+s+T+S=0t+T)+(s+S)

=r(P)+r'(Q)=p(Px0Q).

Vay cac E 2J=0,1,...h, 1a cac xich ddi xrng trong poset tich truc tiép PxQ.
Béng cach xét tung cdp xich doi xung C; va Dj(i =1...,m; j=1,...,n) nhu trén ta s€ c6 dugc mot

phan hoach xich d6i ximg cho poset tich truc tiép Px Q. u



Vi du 2.2.3.3 :Tim mdt phan hoach xich ddi xtmg cta poset tich truc tiép P(S)x P(2>.5%), trong d6 P(S)
la poset tAt ca cac tap con cua tap 4 phﬁn tr S= {1, 2,3, 4} va P(23.52 ) 1a poset tAt ca cac udc nguyén
duong cta s6 nguyén m =23.5%.

Giai

Theo vi du 2.2.1.1 va vi dy 2.2.2.1 ta c¢6 phan hoach xich ddi ximg cua poset P(S) va poset P(2°.5%)

nhu sau :

Phan hoach xich d6i xtmg cta P(S) : P(S)=C,UC, UC; UC, UCs UC,

C: (2,4)
Cy: (3,4}

Cs: 2} (2,3} c{2,3,4)

Ca: (3} {13} < {1.3,4}

Cs: (4} (1,4} < {1,2,4)

Ce: @ {1l c{1,2) < {1,2,3} < {1,2,3,4)

Phén hoach xich di xtmg ctia P(2>.5%) : P(23.5%) = D, D, UDs

D;: 1.52<2.5°
D,: 1.5<2.5<2%5<2%5%
D;: 1<2<22<2¥<235<235?

Ta xét cac hinh chit nhat hinh thanh tir cac cip xich dbi xung sau :

* Céc cap xich doi xung : (C;,D)),(Cy,D,),(Cy,Dy)

({2,4},1.5%)

| ({2.4},2.5%)
T (2,41,15)

1 ({2,4},2.5)

({2,4},2%5)

' ({2,4},225%)



T ({240
(12,4}.2)
(12,4},2%)
(12.41.2)
({2,4},2°.5)
({2,4},2°.5%)
* Cac cap xich ddi xtmg : (C,,D,),(Cy,D,),(Cy,Dy)
CH(3,45,15%)
({3,4},2.5%)
1 ({3,4}1,1.5)
' ({3,4},2.5)
({3,4},22.5)
({3,4},22.5%)
(844D
(13,4},2)
(13.4},2%)
(13,41.29)
({3,41,2°.5)
({3,4},2°.5%)
* Cac cap xich ddi xing : (C3,D)),(C3,D,),(Cy, D)
({21,1.5%) < ({2,3},1.5%) < ({2,3,4},1.5%)

(12),2.5%) < ({2,3},2.52) 1 < ({2,3,4},2.5%)

(124,1.5)  <({2,34,1.5)  <({2,3,4},1.5)

____________________________

({2},2.5)  <({2,3},2.5) 1<({2,3,4},2.5)

——————————

({2},22.5) 1 <({2,3},225) 1 <({2,3,4},2%5)

({2},22.52)§ <({2,3},22.52)§ <({2,3,4},2°.5%)



(12},1) <({2.35D)  <(i2,3,45.D

(21,2) <({2,32)  1<({2,3,4}.2)
_(_{_2_}_,_2_2_)_"5 <({2.31.2%) <({2.3,4,2%)
@) | <232 §<({2,3,4},23)
({2},23.5)5 <({2,3},2°5) §<({2,3,4},23.5)
({2},23.52)5 <({2,31,2°5%) <({2,3,4},2% 5%
* Cac cap xich ddi xtmg : (Cy,D,),(Cy,D,),(Cy,D3)
(3},1.5%) < ({1,3},1.5%) < ({1,3,4},1.5%)

________________________

({3},2.5%) < ({1,3},2.5%) 1 < ({1,3,4},2.5%)

({3},1.5) <({L,3},1.5) < ({L3,4},1.5)

____________________________

({31,2.5) <({1,3},2.5) ' <({1,3,4},2.5)

({31,225) 1 <({1,3},225) §<({1,3,4},22.5)

({31,2%.5%) <({1,3},22.5%) §<({1,3,4},22.52)

(31,0 <({L3pD  <({L3,451

(13},2) <({1,31,2)  1<({1,3,4},2)
_(_{_3_}_,_2_2_)_"5 <({1,3}.2%) §<<{1,3,4},22)
3.2 | <) §<<{1,3,4},23)
({3},2°.5) <({1,3},2°5) §<({1,3,4},23.5)
({3},23.52)5 <({1,3},2°5%) <({1,3,4},2°.5%)
* Cac cap xich ddi ximg : (Cs, D)), (Cs,D,),(Cs, Dy)
({41,1.55) < ({1,4},1.5%)  <({1,2,4},1.5%)

________________________

({4},2.52)<({1,4},2.52)E <({1,2,4},2.5%)

({4},1.5) <({,4},1.5) <({,2,4},1.5)

____________________________

——————————



({4},225%) <({1,4},2%5%) <({1,2,4},2%5%)

(145, <(iL4LD - <({,2,45D)

(14},2) <({l,4}.2)  1<({l,2,4},2)

(41,20 | <(L412Y)  <({1,2,41,2%)
(143,27) §<<{1,4},23) §<({1,2,4},23>
({4},23.5)5 <({1,4},2%5) §<({1,2,4},23.5)
({4},23.52)5 <({1,4},2°5%) <({1,2,4},2%5%)

* Cac cap xich ddi xing : (Cy,D)),(Cs, D), (C, Ds)

(D,1.5%) < ({1},1.5%) < (41,2},1.5%) < ({1,2,3},1.5%)  <({1,2,3,4},1.5%)

(2,2.5%) < ({1},2.5%) < ({1,2},2.5%) < ({1,2,3},2.5%) §<({1,2,3,4},2.52)

(D,1.5) <({1,1.5)  <({L24,1.5)  <({L,2,3},1.5) <({,2,3,4},1.5)

_______________________________________________________

(@,2.5) <({11,2.5)  <({L,25,25) <({1,2,3},2.5) | <({1,2,3,4},2.5)

(2,2%5) <({1},2%5)  <({1,2},2%5) §<({1,2,3},22.5) <({1,2,3,4},2%.5)

_______________________

(2,22.5%) < ({1},2°.5%) <({1,2},2°.5%) <({1,2,3},22.52)§ <({1,2,3,4},2°.5%)

(ZR)) <({1},D <({1,2},1) <({L2,3},1) <({L,2,3,4},1)

(9,2) <({1},2) <({1,2},2) <({1,2,3},2) 1< ({1,2,3,4},2)

(@,2%) <{11,2%)  <{1,23,2%) §<({1,2,3},22) §<({1,2,3,4},22)

@,2°)  <{13,2%) <({1,2},2%) <({1,2,3},2%) < (11,2,3,4},2%)
(@235) <({11,2°5) <({,2,2%5) <({1,2,31,2°.5) < (41,2,3,4},2°.5)
(@,2°.5%) < ({13,2°.5%) < ({1,2},2%.5%) < ({1,2,3},23.52)5 <({1,2,3,4},2°.5%)
Sau khi “boc” cac 16p cta cac hinh chit nhat trén ta dugc mot phan hoach xich dbi  xtng cua poset
tich truc tiép P(S)x P(2>.5%) 1a:
({2,4),1.5%) < ({2,4},2.5%)

({3,4},1.5%) < ({3,4},2.5%)



({2},2.5%) < ({2,3},2.5%)
(2},22.5) < ({2},2%.5%)
(3},2.5%) < ({1,3},2.5%)
({3},2%5) < ({3},22.5%)
({4},2.5%) < ({1,4},2.5%)
({4},22.5) < ({4},2°.5%)
(2,2%.5%) < ({1},22.5%)
(2,23.5)<(,2°.5%)
(12,4},1.5) < ({2,4},2.5) < ({2,4},22.5) < ({2,4},2%5%)
({3,4},1.5) < ({3,4},2.5) < ({3,4},2%.5) < ({3,4},2%.5%)
({2,1.5%) < ({2,3},1.5%) < ({2,3,4},1.5%) < ({2,3,4},2.5%)
(2},2.5) <({2,3},2.5) < ({2,3},2%.5) < ({2,3},2%5%)
(12,2%) <(12},2%) < ({2},2°5) < ({2},2°57)
(3},1.5%) < ({1,3},1.5%) < ({1,3,4},1.5%) < ({1,3,4},2.5%)
(3},2.5) < ({1,3},2.5) < ({1,3},22.5) < ({1,3},2%.5%)
(33,2 < ({31,27) < (13},2°.5) < ({3},2°5%)
({4},1.5%) < ({1,4},1.5%) < ({1,2,4},1.5%) < ({1,2,4},2.5%)
({4},2.5) < ({1,4},2.5) < ({1,4},2%.5) < ({1,4},2%5%)
(141,2%) < (141,27 < ({4},2°5) < ({4},2°57)
(2,2.5%) < ({1},2.5%) < ({1,2},2.5%) < ({1,2,3},2.5%)
(2,2%.5) < ({13,2%.5) < ({1,2},2°.5) < ({1,2},2%.5%)
(2,2°) < ({1},2%) < ({1}, 2%.5) < ({1},2°.5%)
(12,4},1) < ({2,4},2) < ({2,4},2%) < ({2,4},2°) < ({2,4},2°.5) < ({2,4},2° 57)
({3,41,1) < ({3,4},2) < ({3,4},2%) < ({3,4},2%) < ({3,4},2°.5) < ({3,4},2°.5%)
(2},1.5) < ({2,3},1.5) < ({2,3,4},1.5) < ({2,3,4},2.5) < ({2,3,4},22.5) < ({2,3,4},2%.5%)

({21,2) < ({2,3},2) < ({2,3},2%) < ({2,3},2°) < (2,3}, 2%.5) < ({2,3},2°.5%)



({3},1.5) < ({1,3},1.5) < ({1,3,4},1.5) < ({1,3,4},2.5) < ({1,3,4},22.5) < ({1,3,4},2°.5%)

({31,2) < ({1,3},2) < ({1,3},2%) < ({1,3},2%) < (41,3}, 2%.5) < ({1,3},2°.5%)

({43,1.5) < ({1,4},1.5) < ({1,2,4},1.5) < ({1,2,4},2.5) < ({1,2,4},22.5) < ({1,2,4},2%.5)

({4},2) < ({1,4},2) < ({1,4},2%) < ({1,4},2°) < ({1,4},2°.5) < ({1,4},2°.5%)

(2,1.5%) < ({1},1.5%) < ({1,2},1.5%) < ({1,2,3},1.5%) < ({1,2,3,4},1.5%) < ({1,2,3,4},2.5%)

(3,2.5) < ({1},2.5) < ({1,2},2.5) < ({1,2,3},2.5) < ({1,2,3},2%.5) < ({1,2,3},2%.5%)

(3,2%) < ({1},2%) < ({1,2},2%) < (41,2}, 2% ) < (41,2}, 2°.5) < ({1,2},2°.5%)
(25,1) < (12,3}1,1) < (12,3,43,1) < ({2,3,4},2) < ({2,3,4},27) < ({2,3,4},2°) < ({2,3,4},2°.5) < ({2,3,4},2° 57)
(31,1) < ({135, 1) < ({1,3,4}, 1) < ({1,3,4},2) < ({1,3,4},27) < ({1,3,4},2°) < ({1,3,4},2°.5) < ({1,3,4},2°.5%)
(141,1) < ({1, 44, 1) < ({1, 2,4}, 1) < ({1,2,4},2) < ({1,2,4},27) < ({1,2,4},2°) < ({1,2,4},2°.5) < ({1,2,4},2°.5%)
(2,1.5) < ({1},1.5) < ({1,2},1.5) < ({1,2,3},1.5) < ({1,2,3,4},1.5) < ({1,2,3,4},2.5) < ({1,2,3,4},22.5) < ({1,2,3,4},22.52)
(D,2) < ({1},2) < ({1,2},2) < ({1,2,3},2) < ({1, 2,3},22) < ({1, 2,3},23) < ({1,2,3},23.5) < ({1, 2,3},23.52)

(@.1) < ({111) < ((L25,1) < ((L2,3},1) < ({L,2,3,4},1) < (11,2,3,4},2) < ({1,2,3,4},2%) <
<(11,2,3,4,2°) < ({1,2,3,4},2°.5) < ({1,2,3,4},2°.5%)

Bang cach str dung dinh Iy 2.2.3.1 nhiéu 1an ta c6 hé qua sau :

Hé qua 2.2.3.1: Néu R, P,,...P, 1a cac poset c6 phan hoach xich ddi xtmg thi poset tich truc tiép
B x P, x...x P, ciing c6 phan hoach xich déi xing.

2.3. PHAN HOACH XiCH POI XUNG BANG PHUONG PHAP TRUC TIEP :

2.3.1. Phén hoach true tiép xich ddi xirng cho poset P(S) céc tip con ciia tip n-phin tir S:

Nhu lac du ta quy udc tip n-phan tir S 13 tip n s6 ty nhién khac 0 du tién nén trong phan nay ta
luon ngém dinh 1a trén S, cling nhu moi tap con A cua tap s6 tu nhién N luon duge trang bi thu tu tu
nhién, cdm sinh tr tap sb tu nhién N.

Nhu trong chuong 1 ta da trinh bay, poset P(S) la mdt poset cd6 hang, voi ham hang

r(A) :|A ,VAe P(S). Va céc tap con cua tap n-phﬁn te S, 4,,4,,....,4, € P(S) 1ap thanh mdt xich dbi

xung néu:
1) A4 <A, va |4, =|4]+LVi<h.

ii) |4y +|4;]| = r(P(S)=n.



Nho thi tu ty nhién trén S nén ta c6 thé dua thém vao khai niém xich dbi xung tang, nhdm tao thuan

lg1 cho vi¢c chiing minh sau nay.

Dinh nghia 2.3.1.1:

Mot xich ddi xing 4 c A, c...c 4,,(h=3) trong S dugc goi la tang néu diy cac phan tir sai biét cta
hai thanh vién lién tiép trong xich a;=A\A,_,Vi=2,..,h 1a mot day tdng trong S. Xich dbi xtng co it
hon 3 thanh vién ta quy uéc 1a xich d6i xtmg ting.

Vi du 2.3.1.1: {5} c{1,5} = {1,2,5} ={1,2,3,5} = {1,2,3,5,6} la mot xich dbi xtmg ting trong poset
P(Sg), V6i S =1{1,2,3,4,5,6}.

Pinh nghia 2.3.1.2: Cho cic tip con cta tip sb ty nhién: AcT.

* Phan tir k e 4 dugc goi 1a phan tir co sé ctia A trong T, ddi lap voi phan tir 16 hong <k, IeT\ A4
néu trong T: hodc khoang (/,k) =@, hoic khoang (/,k) chi bao gdm cac phan tir co s ctia A trong T va
cac phr;in tir 16 héng ddi 1ap cua chung, da dugc xac dinh & céc budc trude do. Néu / 1a phén tr 16 héng
d6i 1ap voi phan tir co s6 ke A thita viét [ =k.

* Téap tat ca cac phan tir co s& clia A trong T duoc goi 1a phan goc cua A trong T, ky hiéu 1a 4; .
Tap tt ca cac phan tr 16 hong cia A trong T duoc goi 1a phan khuyét cua A trong T, ky hiéu 1a
Ap =k [k e 47}

* Tap con D S théa D =D" duoc goi la tip so cap.
Vi du 2.3.1.2: Tim phan gbc va phan khuyét cua tdp con A= {4,5,10,11,18,22,23,25} trong tap
T = {2,4,5,7,8,10,1 1,14,17,18,20,22,23,25, 26} .
Giai
Theo dinh ngha, ta thay:
4 1a phan tir co sé cua A trong T, d6i l4p véi phan tir 16 hong 2
10 13 phan tir co s ctia A trong T, ddi 1ap véi phan tir 16 hong 8
11 13 phan tir co s& cua A trong T, d6i 14p v6i phan tir 16 hong 7
18 13 phan tir co sé cua A trong T, ddi 1ap v6i phan tir 15 hong 17
22 13 phan tir co s cua A trong T, ddi 1ap véi phan tir 16 hong 20
23 13 phan tir co s6 cua A trong T, ddi 1ap véi phan tir 15 hong 14

Vay: Phan gdc clia A trong T 1a 47 ={4,10,11,18,22,23}

Phéan khuyét ciia A trong T 1a 47 =1{2,7,8,14,17,20}



Tir cach dinh nghia phan tir co s& va phan tir 16 hong cia tdp con AT trong tap T, ta thiy ring
néu k e Af voi phan tir 16 héng &~ e 47 thi mdi phan tir co s¢ clia 4\ {k} trong T \{k,k_} ciing 1 phan
tir co s ctia A trong T. Tong quat két qua nay ta dugc ménh dé sau :

M¢énh dé 2.3.1.1 : Cho céc tip con cia tap sb ty nhién: 4 =T, voi phan goc 47 #@. Cho B 47 va
B = {k‘ € A;| ke B} . Khi @6 mdi phén tr co s& cua A\B trong T\{B uB_} cling la phﬁn tr co s& cua A
trong T.

Ménh dé 2.3.1.2 : Cho cac tp con cua tdp sd ty nhién: 4cT. Khi d6 néu ton tai cic phan tu
k,seT,s<k,ked, seA thi phan gc 4f O .

Chirng minh

Goi reT 14 phan tir 16n nhit trong cac phan tir /e T\ A4 va [ <k . Dong thdi chon i e 4 1a phén tir
bé nhét trong cac phan tir /e 4 va [>t¢. Ta dé thay khoang (1,h) = T 1a rdng. That vay, gia str khoang
(t,h) =T 1a khong rong. Khi d6 ton tai geT, t<g<h sao cho hodc ge 4 hodc geT\A4.Néu ge 4
thi mau thuin véi viéc chon h. Néu geT\A thi mau thudn voi viée chon t. Vay khoang (¢,h)cT la
rong, suy ra he 4y, hay A =& .
|

Tt ménh dé nay ta c6 hé qua sau:

Hé¢ qua 2.3.1.1: Cho céac tap con cua tap sb tu nhién: 4 T. Khi d6 A7 =@ khi va chi khi A 1la mot
doan dau cua T (nghia 14 ton tai phan tir s € T sao cho A = {t € T| t< s} ).

Chirng minh

(<)Ta cb6: A la mdt doan dau cia T =3seT:A={treT:1<s}=khong ton tai phan tir
leT\A:1<t,Vte A= A7 = (theo dinh nghia)

(=)Tacd: Af =&, ap dung ménh dé 2.3.1.2 ta suy ra

Vk,seT, s>k, Vke A, Vseg A :EIseT:A:{keT:kSS}.

Hay A 12 mot doan dau cia T. u

Quay lai v6i tap n-phan tir S ={1,2,..,n}, véi tdp con Ac S, ta ky hiéu phan gbc va phéan khuyét
ctia A trong S don gian 1a 4" va 4. Tirhé qua 2.3.1.1, néu 4" =@ thi A 13 mot doan dau trong S. Do

cac doan dau trong mot tap sap tot thi so sanh dugc voi nhau nén ho tat ca cac tap con cua S ¢6 chung



phén géc r5ng lap thanh mdot xich, va chinh xidc 1a xich dbi xing tang sau:
Jc {1} c {1,2} c..C {1,2,...,11—1} c {1,2,...,n} .

Két qua ndy dugc mé rdng cho ho cac tap con cua S c6 chung phﬁn géc khac rSng. b6 chinh 1a ménh
dé sau :

Ménh dé 2.3.1.3 : Néu hai tdp con 4,B e P(S) c¢6 chung phan gbc A" = B* = D thi ching so sanh dugc
v6i nhau. Hon nita, ho tit ca cic tip con cua S ¢6 chung phan goc D lap thanh mot xich ddi xting ting
trong poset P(S) .

Chirng minh

biat 4'=A4\4", B'=B\B" va D~ :{k_ -k eD} 1a tap cac 16 hong chung ctia A va B. Theo ménh dé
2.3.1.1 thi mdi phn tir co s ctia tdp A'= A\ A" trong S\(DuD‘)déu 1a phan tir co sé cua tap A trong
S. Ma moi phan tir co s cia tip A trong S déu thudc phan gbc A" nén phan gdc cua tdp A' trong
S\(DUD_) 1a rdng. Tuong ty, phan gbc cua B' trong S\(DUD_) ciing 13 rong. Theo hé qua 2.3.1.2
thi 4',B' 1a cic doan dau trong S \(DUD_) nén chung so sanh dugc voi nhau. Vi vdy A=Du 4' va

B=DUB' cling so sanh dugc v4i nhau.

Twr céc 1ap luan trén ta théy réng, ho tat ca cac tap con c6 chung phﬁn géc D trong S dugc hinh thanh

bing cach bo sung vao D cac doan dau cia S\(DuD‘). Néu [D|=m thi ‘S\(DUD_)‘ =n—2m va sd
cac doan dau trong S\(DUD_) 1a (n—2m+1), nén sb cac tip con c6 chung phan gdc D trong S 1a
(n—2m+1) . Do S\(DuD_) cling 13 tap sap tot nén cac doan dau cua nd so sanh duoc véi nhau va ta
sap xép chung theo thtr tu ting dan bat du boi tap rong va cudi cung 1a S \(DUD_). Vi vay khi bd

sung lan luot vao D céac doan dau cua S\(D uD‘) theo thir tu tang dan tur tap & dén tap S\(D uD_)

ta dugc ho tit ca cac tap con c6 chung phan gdc D trong S, va theo thir ty d6 chiing 1ap thanh mot xich
d6i xtmg tang trong P(S) mé dau boi tap D va két thuc boi tap S\D™.
"
Hién nhién 1a hai xich d6i xtng dugc hinh thanh nhu trén véi cac phan gdc 1a cac tip so cp khac

nhau thi roi nhau ; dong thoi mdi tdp con 4 S phai thude vao mot xich ddi xtng ting ciia P(S) bao

gdm cac tip c6 chung phan gbc 4*.



Két hop ménh dé 2.3.1.3 va 1ap ludn trén déy ta c6 dinh Iy sau :
Pinh 1y 2.3.1.1: Ton tai mot phan hoach xich dbi xtmg ting cho poset P(S)céac tip con cla tap
S={1,2,..,n} ma mo dau mdi xich trong phan hoach 1a mét tip so cap va cac thanh vién cta xich 13 cac
tap con ctia S ¢ chung phan gc 13 tap so cap do.

Tir dinh 1y 2.3.1.1 ta dua ra phuong phap phan hoach truc tiép xich d6i xang cho poset P(S) nhu
sau :

% Phwong phap phan hoach truc tiép xich ddi xirng cho poset P(S) véi S 1a tap n-phén tir :

Buwéc 1 : Dua vao dinh nghia phan tir co s& cia mot tip A< S trong S, ta tim ra tit ca s; tap

so cip hang i : {A,-j} ., v6ii=0,1,..,[n/2].

Jels;

Buéce 2: Ung voi mdi tip so cdp hang 1:4;,

i=0,1..[n/2], j=12,.,s, ta tim tap
S\(4; © 4;) va (n—2i+1) doan dau cua né theo thir tu ting dan. Sau d6 ta lap ra 1 xich déi

xtng ting bang cach 1an luot bd sung (n—2i+1) doan dau caa S\ (4; U 4;) theo thir tu trén

vao 4; .
7 R k] , ,
Bude 3 : Tong hop tat ca s, xich doi xtng tang trén ta dwoc mot phan hoach xich do6i
i=0

cho poset P(S).
Vi du 2.3.1.3 : Phan hoach tryc tiép xich dbi xtmg cho poset P(S), voi S ={1,2,3,4,5,6} .
Giai :
* Mot tap so cap duy nhét c6 hang 0 13 &
= 1 xich d6i ximg tang bat dau boi tap & 1a :
@l {1,2) < {1,2,3} = {1,2,3,4} = {1,2,3,4,5) = {1,2,3,4,5,6}
* Céc tap so cAp c6 hang 114 : {2}.{3}.{4}.{5}.{6}
+) Déi voi tap so cép {2} : Tap S\({Z}u{z}_) ={3,4,5,6} va 5 doan dau theo tht ty ting dan
cia tp {3,4,5,6} 1a: @,{3},{3,4}.{3,4,5}.{3,4,5,6)
= 1 xich d6i xtng tang bt dau boi {2} 1a: {2} < {2,3} = {2,3,4} ={2,3,4,5} = {2,3,4,5,6)
+) Doi véi tap so cap {3} : Téap S\({3} u{3}_) ={1,4,5,6) va 5 doan dau theo thir ty ting dan clia

tap {1,4,5,6} 1a: &,{1},{1,4},{1,4,5},{1,4,5,6}



= 1 xich d6i xtng tang bét dau boi {3} 1a: {3} < {1,3} < {1,3,4} < {1,3,4,5} = {1,3,4,5,6}

+) Doi voi tap so cap {4} : Tap S\({4}u{4}_) ={1,2,5,6} va 5 doan dau theo thtr tu ting dan
cua tap {1,2,5,6} la: &,{1},{1,2},{1,2,5},{1,2,5,6}
= 1 xich ddi xtmg tang bat dau boi {4} 1a: {4} < {1,4} < {1,2,4) = {1,2,4,5} = {1,2,4,5,6)

+) DOi véi tap so cap {5} : Tép S\({S} u{S}_) ={1,2,3,6} va 5 doan dau theo thir ty ting dan clia
tap {1,2,3,6) 1a: @,{1},{1,2},{1,2,3},{1,2,3,6}
= 1 xich d6i xtmg tang bat ddu bsi {5} 1a: {5} < {1,5) = {1,2,5) = {1,2,3,5} = {1,2,3,5,6)

+) Ddi véi tap so cap {6} : Tap S\({6} U {6}_) ={1,2,3,4} va 5 doan dau theo th ty ting dan cua
tap {1,2,3,4} 1a: @,{1},{1,2},{1,2,3},{1,2,3,4}
= 1 xich doi xtmg tang bat dau bsi {6} 1a: {6} < {1,6} = {1,2,6} = {1,2,3,6} = {1,2,3,4,6)

* Céc tap so cp c6 hang 2 1a: {2,4},{2,5}.{2,6}.,{3,4},{3,5}.{3,6}, {4,5}.{4,6}.{5,6}

+) Pdi voi tap so cap {2,4}: Tap S\({2,4} u{2,4}_) ={5,6} va 3 doan dau theo thr ty ting dan
cua tap {5,6} la: &,{5},{5,6}
= 1 xich d6i xtmg tang bat dau bsi {2,4} 1a: {2,4} < {2,4,5} = {2,4,5,6)

+) Déi voi tap so cép {2,5) : Tap S\({2,5} u{Z,S}_) ={3,6} va 3 doan dau theo thr ty ting dan
cua tap {3,6} la: &,{3},{3,6}
= 1 xich doi xtmg tang bat dau bsi {2,5) 1a: {2,5} ={2,3,5} ={2,3,5,6}

+) Déi voi tap so cap {2,6} : Tap S\({Z, 6} U{2, 6}_) ={3,4} va 3 doan dau theo th{r tu ting dan
cua tap {3,4} la: &,{3},{3,4}
= 1 xich d6i xtng tang bét dau boi {2,6} 1a: {2,6} = {2,3,6} = {2,3,4,6)

+) Déi voi tap so cép {3,4} : Téap S\({3, 4} u{3,4}_) ={5,6} va 3 doan dau theo tht ty ting dan
cua tap {5,6} la: &,{5},{5,6}

= 1 xich ddi xtmg tang bit dau béi (3,4} 1a: (3,4} < {3,4,5) = {3,4,5,6)



+) Déi véi tap so cap {3,5} : Tap S\({S,S} u{3,5}_) ={1,6} va 3 doan dau theo thir ty ting dan
cua tap {16} la: &,{1},{1,6}
= 1 xich doi xtmg tang bat dau bsi {3,5} 1a: {3,5) < {1,3,5) = {1,3,5,6}

+) Déi v6i tap so cap {3,6} : Tap S\({3,6} u{3,6}_) ={1,4} va 3 doan dau theo th{r ty ting dan
cua tap {1,4} la: &,{1},{1,4}
= 1 xich d6i x{mg tang bat dau boi {3,6) 1a: {3,6) = {1,3,6}  {1,3,4,6}

+) Déi véi tap so cap {4,5) : Tap S\({4,5} u{4,5}_) ={1,6} va 3 doan dau theo tht tu ting dan
cua tap {1,6} la: &,{1},{1,6}
= 1 xich ddi xtmg tang bat dau bsi {4,5) 1a: {4,5) = {1,4,5) = {1,4,5,6)

+) Pdi véi tap so cap {4,6} : Tap S \({4, 6} U{4, 6}_) ={1,2} va 3 doan dau theo thr ty ting dan
cua tap {1,2} la: &,{1},{1,2}
= 1 xich ddi xtmg tang bat dau boi {4,6} 1a: {4,6} = {1,4,6} < {1,2,4,6)

+) Déi véi tap so cp {5,6} : Tap S\({5,6} U {5, 6}_) ={1,2} va 3 doan d4u theo tht tu ting dan
cua tap {1,2} la: &,{1},{1,2}
= 1 xich doi xtmg tang bat dau bsi {5,6} 1a: {5,6} = {1,5,6} = {1,2,5,6}

* Céc tap so cp c6 hang 3 1a: {2,4,6},{2,5,6},{3,4,6},{3,5,6},{4,5,6}

+) Pbi vai tap so cap {2,4,6} : Tap S\({2,4,6}u{2,4,6}_) =@ valdoandaucuatip @ la: &
= 1 xich dbi xtmg tang bat dau boi {2,4,6} 1a: {2,4,6}

+) Tuong tu 4 xich ddi xtng ting bat dau boi cac tap so cap : {2,5,6},{3,4,6},{3,5,6},{4,5,6} la:

(2,5,6}.,{3,4,6},{3,5,6}.{4,5,6)
Vay phén hoach truc tiép cho poset P(S) gom 20 xich dbi xing sau:

{2,4,6)
{2,5,6)

(3,4,6}
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1,2,5) = {1,2,3,5) = {1,2,3,5,6}

{
< {1,2,6} = {1,2,3,6} = {1,2,3,4,6}

@ {1} (1,2} ={1,2,3} = {1,2,3,4) < {1,2,3,4,5} = {1,2,3,4,5,6)

Sau khi dua ra 2 phuong phap phan hoach xich ddi xtmg cho poset P(S) va qua vi du ta thiy ring
cac xich ddi xtimg trong phan hoach bang phuong phap quy nap (ciing 14 cac xich d6i xing ting) ciing
nhu phwong phap tric tiép hoan toan gidng nhau. Sau day ta s& khang dinh diéu d6 qua dinh 1y sau:
Pinh ly 2.3.1.2: Xay dung phan hoach xich ddi ximg cho poset P(S,) bang phwong phap quy nap ciing
nhu phuong phap truc tiép déu gidng nhau.

Chirng minh:
Ta chimg minh bang lap luan quy nap theo sb phan tir n caa S, nhu sau:
* n=1:8, = {1} : Theo phuong phap quy nap ta c6 1 xich déi xtmg duy nhat cho P(S)) la: @< {1}.

Con theo phwong phap truc tiép thi 1 xich ddi xtmg duy nhat bat dau bai 1 tap so cap duy nhat hang 0



la: @< {1}. Vay xay dung phan hoach xich d6i xtmg cua ca 2 phuong phap 1a giéng nhau nén dinh 1y
ding véin = 1.

* Gia st dinh 1y ding voi n =k, nghia 13 tit ca cac xich dbi xtmg ting cta P(S;) trong 2 phuong
phap phan hoach 14 giéng nhau. Ta s& ching minh dinh 1y dung v6éi n=k +1.
Goi 4, c 4, c...c 4, (2.5)
1a mot xich ddi xung ting trong phuong phap phan hoach quy nap cua P(Sy) .
Theo phuong phap quy nap ta cé hinh chir nhét sau:

Al C A2 cC...C A/’l—l (e Ah

Aulk+lycdyulk+l}c..c 4, Uik+1} ) <4, U{k+1}
“Boc” cac 16p cua hinh chir nhat trén ta duoc 2 xich d6i xtng ting cta P(S;.;) theo phuong phap quy
nap la:

Achc..cdcdulk+]} (2.6)

A Vlk+l}c 4 Uik+1l} c..c 4, Uik +1} (2.7)
Ta sé& chi ra ring bang phuong phap phan hoach truc tiép thi P(S,;) cling co chira 2 xich dbi xung
tang (2.6) va (2.7).

e DPbi voi xich dbi xtmg ting (2.6): Theo gia thiét quy nap thi (2.5) 12 mot xich dbi xting ting
trong phan hoach tryc tiép cua P(S,), nén A, 4,,..., 4, co chung phan gbc 1a 4,. Trong P(S,,,), cic
phén tir c6 chung phan goc 4, 1a: 4, 4y,..., 4, V& 4, U{k+1}.

(Cha y: 4, U{k+1} co phan gdc 4, vi 4, c6 phan géc 4, va (k+1) khong la phan tir co s& cla

A, U{k+1} trong S,,,. That vy, do 4, chi chira 4 va céc phan tir thudc S, \(A1 A ) nén tat ca

nhitng phan tir /€ S,,, thoa /<k+1, [ A4, U{k+1}1a nhitng phan t&r thuc 4 , do d6 khong ton tai
phan tr 16 hong nao d6i lap voi(k +1))
Hién nhién ta c6 mot xich ddi ximg ting cua P(S,,) tr {AI,Az,...,Ah,Ah u{k+1}} la:
A c Ay c..c 4,4, 0{k+1}. Hay (2.6) la mot xich d6i xtng ting nim trong phan hoach xich déi
xung cua P(S;,;) bang phuong phap truc tiép.

e D6i voi xich ddi xtmg (2.7): Do xich d6i ximg (2.7) chi ton tai khi 2>2 nén véi h>2 ta
chtrng minh xich d6i xtmg (2.7) ndm trong phan hoach truc tiép cta P(Si4)-

> Ta c: 4 U{k+1}1a mot tap so cap trong S



That vay: Do 4, 1a mot tap so cap trong S, nén ta chi can chting minh rang (k+1) 12 phan tir co s
cua 4 U{k+1} trong S; ;.

+)Néu k ¢ 4, thi hién nhién (k+1) 1a phén tir co s¢ clia 4 U{k+1} trong S, .

+) Néu k e 4; thi ludn c6 mot phan tir / 1a phan tir ding lién trude phan tir nhé nhat thude phan
khuyét 4 thoa (I,k+1) chichtra 4 va 4 nén (k+1) la phan tir co s¢ cia 4 U{k+1} trong S,

> Tuong tu chimg minh trén ta ciing c6 (k+1) 1a mot phan tr co sé cua

Ay Ok +1} oy 4y O{k+1) trong S, Mit khic 4, 4,..,4,, c6 chung phin gbc 4 nén
Ay Uk +1},..., 4, U {k+1} cling c6 chung phan goc 1a 4 U {k+1}.
Hién nhién ta c6 modt xich doi xing ting cua P(Si,y) tr {4 U{k+1},..4, U{k+1}} la:
Ay Uik +1}c 430k +1} c...c 4, U{k+1}. Hay (2.7) la mdt xich doi xting ting ndm trong phan
hoach xich ddi xing cua P(S,,,) bang phuong phap truc tiép.
Lan luot 14y tit ca cac xich ddi xtmg trong P(S;)ta s& xay dung dugc phan hoach xich dbi xtmg cho
P(Si41) bang phuong phap quy nap va céac xich d6i xrng ndy nam hoan toan trong phan hoach xich ddi
xtng bang phuong phép truc tiép ciia P(S,,,). Hay cac xich dbi xing trong phan hoach xich ddi xtng

bang phuong phap quy nap va phuong phap truc tiép 14 nhu nhau.

|
2.3.2. Phén hoach truc tiép xich d6i xirng cho poset P(m) cic wée nguyén dwong ciia sé nguyén m
cho trudec:
Véi m= plk1 .pécz...pﬁ” ydat sy =1ls, =l+kpsgs, =1+k+..+k, val=k+k, +..+k,.
Vé6iSlatap / phanti, S= {1,2,...,1}, ta xdy dyng anh xa sau:
@:P(m)— P(S)
dit twong tmg mdi udc nguyén duong d = pl.pZ..pl clia m v&i mot tap con A e P(S), chi gdm cac
phan tir dugc x4c dinh theo mdi #; # 0 14 s,,5, +1,...,s; + £, —1; con cac phan tir khac thi khong thudc A.
Ta d& thdy ¢ 12 mot don anh, bao toan thu ty:
+) Ta co: p(d)=(p.p2..p1)=D=1;=0,Vi=1,...,n=>d =1
= Kerp = {d = plt1 .péz...p;” € P(m):p(d) = Op(gy = @} =1=0Op()

= ¢ la mgt don anh



+) Mit khac: Vd.d'e P(m);d <d'= op(d)=Ac B=¢(d").
That vay: voi d,d'e P(m);d <d'
=d= plt1 .p? ...p,ﬁ” ,d'= pltl'.péz'...pﬁfy,(o <t <t,'<k;,Vi=1,...,n)
=1ng v&i mdi ¢, #0 thi s;,5, +1,...,s; +£;,—1 e B(do #, <t,'). Do d6: Ac B.
= ¢ bao toan thr tu.
Vi ¢ 1la mot don anh, bao toan thir tu nén ¢ nhung poset P(m) vao poset P(S) nhu la mdt poset con.
Khi d6ng nhat anh @(P(m)) véi P(m) trong poset P(S) ta c6 quyén xem P(m) < P(S).

'+ clia m nhu 1a tip 4 =p(d) € P(S). Ung voi moi t; #0 néu

Xét uéc nguyén duong d = pj'.p?...p
phan tir 5;,+ge 4 (voi 0<g<t,) 1a phan tir co sé clia A trong S thi do cach dinh nghia phan tir co s&
trong dinh nghia 2.3.1.2 budc cac phan tir S;,8; +1,...,s; +¢q phai la phan tir co so clia A trong S. Két qua
nay cho ta ménh dé sau:

Ménh dé 2.3.2.1: Véi mdi tdp 4 e P(m) thi phan gbc 4S5 € P(m).

Trong phan hoach poset P(S) thanh céc xich d6i xing tang, 1dy mot xich ddi xing v6i thanh vién
dau tién 12 tip so cAp 4 e P(m). Khi d6 d& dang thay rang cac thanh vién con lai cta xich ddi xtng trén
déu 1a cac tap thudc P(m). Do mdi xich ddi xtng ting gom céc tap thudc P(m) trong poset P(S) 1a mot
xich d6i xtimg ting trong chinh P(m) nén tong hop cac két qua trén ta dugc dinh 1y sau:

Pinh 1y 2.3.2.1: Ton tai mot phan hoach truc tiép poset P(m) thanh cac xich d6i xtng ting, trong do,
mdi xich bao gom céc tip c6 chung phan gbc 1a mot tip so cip A e P(m).

* Nhan xét: Néu tdp @ = A e P(m) < P(S) thi A c6 nhing tinh chét sau:

+) Ans), 55,08, D

+) Véi i=1,...,n thi Am{s~ s-+1,...,sl-+kl-—l}=
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{si,sl- +1,...,8; +j},j <k -1
Dua vao cac tinh chit cua tip A e P(m) < P(S) ta c6 vi du sau:

Vi du 2.3.4: Phan hoach tryc tiép poset P(22.5%.7°) thanh céac xich d6i xtng ting.

Giai:

Taco: m=2527 =5 =1,5,=4, 53=6, [ =8, §={1,2,3,4,5,6,7,8}

Ap dung nhan xét trén, néu @ = 4 e P(2>.5%7°) thi A c6 céc tinh chét sau:

+) An{1,4,6} =D



; hodc An{4,5} = ; hodc

+) Am{l,2,3}={®

{1}v{1,2}v{1,2,3} {4} v {4,5}

%)
An{6,7,8} = {{6} v{6,7}v1{6,7,8}

Tir cac tinh chit trén, ta s& tim ra tat ca cc tap so cép thuoc P(2°.5%.7%) nhu sau:
* Mot tap so cdp duy nhét hang 0: &
— 1 xich d6i xtmg ting trong P(2°.5%.7%) bit dau boi tap @ 1a :
{1y c{1,2} < {1,2,3} = {1,2,3,4} = {1,2,3,4,5} = {1,2,3,4,5,6} = {1,2,3,4,5,6,7} = {1,2,3,4,5,6,7,8}
* Céc tap so cap hang 1: {4},{6)
+) Pbi vai tap so cap {4}: Tap S\({4} u{4}_) ={1,2,5,6,7,8} va 7 doan dau theo thir tu tang dan
cua tap {1,2,5,6,7,8} la: &,{1},{1,2},{1,2,5},{1,2,5,6},{1,2,5,6,7},{1,2,5,6,7,8}
= 1 xich ddi xtmg tang bét dau bsi {4} 1a:
4y (1,4} < {1,2,4) < {1,2,4,5} < {1,2,4,5,6) < {1,2,4,5,6,7} = {1,2,4,5,6,7,8)
+) Pbi véi tap so cap {6} : Tap S\({6} u{6}_) ={1,2,3,4,7,8} va 7 doan dau theo thir tu ting dan
cia tp {1,2,3,4,7,8} 1a: @,{1},{1,2},{1,2,3},{1,2,3,4},{1,2,3,4,7},{1,2,3,4,7,8)
= 1 xich ddi xtmg tang bét dau bsi {6} 1a:
{6} ={1,6} ={1,2,6} ={1,2,3,6} ={1,2,3,4,6} = {1,2,3,4,6,7} = {1,2,3,4,6,7,8}
* Céc tap so cAp hang 2 : {4,5},{4,6},{6,7}
+) P6i v6i tap so cap {4,5} : Tap S\({4,5} u{4,5}_) ={1,6,7,8} va 5 doan dau theo thir ty ting
dan cta tép {1,6,7,8} 1a: &,{1},{1,6},{1,6,7},{1,6,7,8)
= 1 xich ddi xtmg tang bt dau bsi {4,5} 1a:
{4,5) < {1,4,5} = {1,4,5,6} = {1,4,5,6,7} = {1,4,5,6,7,8}
+) Péi v6i tap so cip {4,6} : Tap S\({4,6} u{4,6}_) ={1,2,7,8} va 5 doan dau theo thr tu ting
dan cua tap {1,2,7,8) 1a: @,{1},{1,2},{1,2,7},{1,2,7,8}
= 1 xich ddi xtmg tang bét dau bsi {4,6) 14

{4,6) < {1,4,6)  {1,2,4,6} = {1,2,4,6,7} = {1,2,4,6,7,8



+) Béi v6i tap so cip {6,7} : Tap S\({6,7}u{6,7}_) ={1,2,3,8} va 5 doan dau theo tht ti ting
dan cua tap {1,2,3,8} 1a: @,{1},{1,2},{1,2,3},{1,2,3,8}
= 1 xich ddi xtmg tang bt dau bsi {6,7) 1a:
(6,7} = {1,6,7} = {1,2,6,7} = {1,2,3,6,7} = {1,2,3,6,7,8}
* Céc tap so cap hang 3: {4,5,6},{4,6,7},{6,7,8}
+) Di v6i tap so cp {4,5,6} : Tap S\({4, 5,6} u{4,5,6}_) ={7,8} va 3 doan dau theo thir ty ting
dan cua tap {78} 1a: &,{7},{7,8}
= 1 xich dbi xtmg tang bat dau boi {4,5,6} 1a: {4,5,6} ={4,5,6,7} = {4,5,6,7,8}
+) Ddi v6i tap so cp {4,6,7} : Tap S\({4, 6,7} U{4, 6,7}_) ={1,8} va 3 doan dau theo thir ty ting
dan cta tap {1,8} 1a: &,{1},{1,8}
= 1 xich ddi xtmg tang bat dau bsi {4,6,7) 1a: {4,6,7}  {1,4,6,7}  {1,4,6,7,8)
+) P6i v6i tap so cap {6,7,8} : Tap S\({6,7,8} u{6,7,8}_) ={1,2} va 3 doan dau theo thtr tu tang
dan cua tap {1,2} 1a: &,{1},{1,2}
= 1 xich ddi xtmg tang bat dau bsi {6,7,8} 1a: {6,7,8}  {1,6,7,8} = {1,2,6,7,8)
* Cac tap so cap hang 4: {4,6,7,8}
+) Di voi tap so cip {4,6,7.8} : Tap $\({4.6,7.8}0{4.6,7.8) )=
= 1 xich d6i xtmg tang bt dau béi {4,6,7,8} 1a: {4,6,7,8)
Vay phén hoach truc tiép xich d6i ximg ting cua poset P(2°.5%.7°) gom 10 xich d6i xtg tang sau:
(4,6,7,8)
(4,56} < {4,5,6,7) < {4,5,6,7,8)
{4,6,7} = {1,4,6,7} = {1,4,6,7,8}
(6,78} = {1,6,7,8} = {1,2,6,7,8}
(4,5} < {1,4,5} = {1,4,5,6} = {1,4,5,6,7} = {1,4,5,6,7,8}
(4,6} < {1,4,6) = {1,2,4,6} = {1,2,4,6,7} = {1,2,4,6,7,8)

(6,7} < {1,6,7} {1,2,6,7} = {1,2,3,6,7} < {1,2,3,6,7,8)



(4} (1,4} < {1,2,4} < {1,2,4,5) < {1,2,4,5,6) = {1,2,4,5,6,7} = {1,2,4,5,6,7,8}
{6} < {1,6) = {1,2,6} ={1,2,3,6} = {1,2,3,4,6} = {1,2,3,4,6,7} = {1,2,3,4,6,7,8)
{1} c{1,2} < {1,2,3} = {1,2,3,4} = {1,2,3,4,5} < {1,2,3,4,5,6} = {1,2,3,4,5,6,7} = {1,2,3,4,5,6,7,8}
Ta viét lai phan hoach tryc tiép xich ddi xung ting ndy dudi dang cic wéc nguyén duong cia
m =257 nhu sau :
5.7°
527 <5577 <5077
57%<257* <257
<2< 227
57 <25 <25°7<25%7 <2507
57<25.7<2%57<2%5.7% <2257
72 <277 <227 <227 <27
5<2.5<2%5<2%5% <2252 7< 225272 < 225073
7<2.7<2%7<227<2357<2°5.7% <2’ 5.7
1<2<2? <23 <235<2352 < 22527 <22 5277 <23 52 7°

Va céac xich dbi ximg ting ndy hoan toan gidng véi cac xich dbi xing trong phan hoach xich ddi xtng
ctia poset P(2°.5%.7%) bang phuong phap quy nap & vi du 2.2.2.1.
2.4. SO LUQNG VA SIZE CUA XiCH POI XUNG TRONG MOT PHAN HOACH XiCH POI
XUNG:

Cho P 13 mot poset c6 ham hang r. Gia st P ¢6 mot phan hoach xich ddi xémg. Do dinh nghia cta

r(P)

xich d6i xtmg nén mdi xich d6i ximg ctia P phai chtra ding mot phan tir c6 hang 1a [T} Do d6 sb

r(P)

xich d6i xtmg trong phan hoach xich d6i xting cua P chinh bang s phan tir c6 hang {T} trong P.

Néu goi N, 1a s6 phan tir c6 hang o trong P thi s6 xich d6i xting trong phan hoach xich dbi ximg ciia

Pla Np,p)- Tu diéu nay ta c6 ménh dé sau:
&
Ménh dé 2.4.1: Néu poset P, v6i ham hang r, c6 mot phan hoach xich d6i xtng thi trong phan hoach
xich d6i xtmg d6 c6 dung N{m} xich déi xtimg.
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Pdi v6i poset P(S), v6i S 1a tap n-phdn tir, thi #(P(S))=n va sé phan tir c6 hang [n/2] 1a CI"'*] nén

sd xich ddi xtng trong phan hoach xich ddi xtng cua P(S) 13 N[n /2] = C,[f/ 2l Dodétaco ménh dé sau:
Ménh dé 2.4.2: S xich d6i xing trong phan hoach xich dbi xtng ctia poset P(S), v6i S 1a tip n-phan
tir, 1a ¢l

Tuong tu poset P(S), ta ciing tim sd xich d6i xtng trong phan hoach xich d6i xtmg ciia poset P(m)
tat ca cac udc nguyén duong cua sd nguyén m, v4i m= plk1 : pé‘z... pkn (trong @6 cac p;(i=1,...,n) 1a cac
sd nguyén tb phan biét, ke Z*(j=1,..,n)). Ta c6 ménh dé sau:
Ménh dé 2.4.3: S xich ddi xtmg trong phan hoach xich d6i xtmg cuia poset P(m), voi m = plk1 : p§2 p,’f" ,

la:

n
1 1 1 el
Ny =Chin1— {Z Cau(k+1ytn-1 = Y. Colthisk 2yant Tt (CD)TCo ﬂ+n)+nl}

Jj=1 1<i<j<n

Trong d6 S =r(m) =k +ky +..+k, va a:{r(;ﬂ)}:{kﬁkfr..ﬁkn]

2

Dé chimg minh ménh dé 2.4.3 ta can cac bo dé sau:
B6 dé 2.4.1: S6 nghiém nguyén duong ctia phuong trinh: X+ Xyt X, =m (2.8)
,VOi moneZt, m>n,la C*7.
Ching minh:

V& m ngdi sao trén mot dong. Sau d6 ta dung (n—1) vach thang dung “” dé ngin m ngdi sao trén
“«

thanh n ngan sao cho mdi ngin c6 it nhat mot ngdi sao. Vi cb tat ca (m—1) vach thang dimg *|” dé ngan

m ngoi sao trén thanh m ngin ma mdi ngin c¢6 ding mot ngdi sao nén sé nghiém nguyén duong cta
phuong trinh (2.8) chinh 14 sb cach chon (n—1) vach thang dimg “” trong (m—1) vach thang dtimg “|”
trén dé ngan m ngdi sao thanh n ngan. Hay sd nghiém nguyén duong cta phuong trinh (2.8) 13 crl
Khi d6 thanh phan th i, x,, trong bo nghiém (x,,...,x;,..,x,) clia phuong trinh (2.8) chinh 1a s ngbi
sa0 nam trong ngan thir nhat tinh tir trai sang phai. =

Vi du 2.4.1: S6 nghiém nguyén duong ctia phuong trinh x; +x, + x; +x, + x5 =8 1a C; =35. Ta tim mot
nghiém trong 35 nghiém cta phuong trinh trén bang cach dung 4 vach thang dting “” dé ngin 8 ngdi
sao trén thanh 5 ngin sao cho mdi ngin c6 it nhat mot ngdi sao, chang han vdi cach ngin: * | ** | *#* |

*|*, ta c6 mot nghiém nguyén duong cua phuong trinh trén 1 (x,x,,x3,x4,%5) =(1,2,3,1,1).



B6 dé 2.4.2: SO nghiém nguyén khong am cua phuong trinh: X +X+.t+x,=m (2.9), vo1
neZt*meZ,m=>0,1a c"}
Chirng minh:

bat y, =x,+1, i=1,...,n, thi khi d6 ta c6 sy tuong tng 1 — 1 gitra cac bd nghi¢m nguyén khong am
{(x1,X,,...,x,)} clia phuong trinh (2.9) véi cac bd nghiém nguyén dwong {(»,»,....»,)} cua phuong
trinh: y,+y, +...4+y, =m+n. Do do sd nghiém nguyén khong 4m cua phuong trinh (2.9) chinh bang s6
nghiém nguyén duong cia phuong trinh y, +y, +..+y, =m+n. Ap dung bd dé 2.4.1 ta c6: S6 nghiém
nguyén khong 4m ctia phuong trinh (2.9) 1a ¢} . =
Bo dé 2.4.3: Cho phuong trinh: x, +x, +otx,=m (2.10)
VOi myneZ. Khi do, voi r=1,...,n thi sd nghiém nguyén khong am (x;,x,,...,x,) cua phuong trinh
(2.10) thoéa x; > k; € Z*,i=1,...,r; ky +ky +...+k, <m,1a C)_ (k1+k2+ kYl
Ching minh:

yi=x;,Vi=r+l,..,n

thi ta ¢ sy tuong ing 1 — 1 gitra cac bd nghi€ém nguyén khong am
{(x1,%y,...x,)} thoa x; >k; € Z",i=1,..,r; ky +ky +...+ k., <m cla phuong trinh (2.10) véi cac b nghiém
nguyén khong am ctia phuong trinh: y, + y, +...+ y, =m—(k; +k, +..+k.). Ap dung bd dé 2.4.2 ta co:
S6 nghiém nguyén khong 4am coa phuong trinh  y 4y, +..4y, =m—(k +ky+..+k) 12
Co (k1 thyttk)en—t - HaY s6 nghiém nguyén khong 4m (x;,x,,..,x,) cla phuong trinh (2.10) thoa

+ - .
xl-Zkl-eZ ,l:1,...,7", kl+k2+...+k <m, laC (k1+k2+ Ak )+n—1 - u

B6 dé 2.4.4: Cho cic tap hop 4, 4,.,..., 4,. Khi d6 ta co:

-l

n
ﬂAj .
Jj=1

1<1<]<n

Chirng minh:
Ta s& chirg minh bang phuong phap quy nap theo n.
* n=1:|4|=|4|-0=|4]. Vay b6 dé ding véi n=1.

k
4

j=1

k
U4

J=1

k
* Gia st bd dé dang voi n =k, nghia la : =Z‘Aj‘_ > ‘AimAj‘+...+(—1)k_1
=1

I<i<j<k

Ta s& ching minh bd dé dung véi n=k+1.



k+1 k k
Ta co: || J4,|= [UAJ-}UA;HI =IUJ 4, +|Ak+1|—[UAjJﬂAk+l
j=! j=1 j=1 j=!
k k
= U 4|+ Al =|U (4 0 4e)
j=l j=1
k k i k+1
=4+ =124 0 |- X A0y o |+ DN 4
Jj=1 Jj=1 I<i<j<k j=1
k . k k
=D4- X Ao GO A+ Aa] = D[4y A |+
j=1 1<i<j<k j=1 j=1
k+1
+ A Ay O A |+ D) 4
1<i<j<k j=1
k+1 k+1
=ll- X |4nal+ X 40404 -DF N4
j=1 1<i< j<k+1 1<i< j<i<k+1 j=1

Chirng minh ménh dé 2.4.3:

Trong poset P(m) véi m = plk1 : p§2 p,’f" ta co:

N, :‘{plxl.pgz...p;” |x1 +X) +..+x, =0;0<x;, < k;, x; eZ,‘v’i:I,...,n}
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{(xl,xz,...,xn)eZ"|xl +Xy .t x, =a;0< x; Skl-,Vi:I,...,n}

Dét:A:{(xl,xz,...,xn) eZ" |x1 +X) 4.t x, =a;0< x; Skl-,Vizl,...,n}

4; ={(x1,x2,...,xn)eZ"‘xl +Xy ot X, =a3x; 20,Vi# fix; >kj;Vi=1,...,n;Vj=l,...,n}

* .
A :{(xl,xz,...,x,,) eZ"|x1 + Xyt tx, =a;x; 20,Vi :1,...,n}

Cs=

J

Ta co: AA*\(
J

A J Ap dung bd dé 2.4.4 ta co:

Il
—

N, =|4|=|4"

Jj=1 I<i< j<n

{Z‘Aj‘ > ‘Al-mAj‘+...+(1)”1|AlmAzm...mAn|}



Véi r=1,..,n; j e{l,Z,...,n},‘v’l =1,...,r taco:

n
4; ﬁ...mAjr‘z {(xl,xz,...,xn)eZ” in =a; x; 20,Vi=1,..,n; x; >kj1,VI=1,...,r}

n
= {(xl,xz,...,xn)eZn in =a; x; 20,Vi=1,..,n; X, ijl +1,Vl:1,...,r}

.
Ta thay, néu Zk +r>q thi Zx ijl +r>a,nén 4; Nn..n4; =2, hay ‘Ajl m...mAjr‘z
I=1 I=1

yl. :xi,Vig{jls"ﬂjr}

) ta co:
yj[ :xj[ _k][ —I,VI :1,...,7'

Nguoc lai, néu ijl +r<a thi 4p dung bd dé 2.4.3 (véi cach dt {
I=1

A M.. ﬁA‘ Ca(k+k++k +r)+n1

a+n —-1-

Ap dung b dé 2.4.2 ta co: ‘ ‘ C,.

n—1
Vay ta co: N, =Ci\ {an R > Ci (kg +2)+n-t Tt (1) Ciy —(B+n)+n— 1} .

1<l<j<n
Vi du 2.4.2: Tinh s6 xich d6i xtng trong phan hoach xich dbi ximg ciia poset P = P(2°.5%.7°).
Giai
Ta c6: n=3,r(P)=8,a =4,k =3 =ky,ky, =2 nén s6 xich ddi ximg trong phan hoach xich d6i xing cia
P=P(2’5%7%) la: N, = Cé - (C22 + C32 + C22) =15—(1+3+1)=10. Va trong phan hoach xich déi xirng cua
poset P=P(2%5%7%) di dugc xay dung trong vi du 2.2.2.1, ta ciing c6 tat ca 1a 10 xich dbi ximg.
Ménh dé 2.4.4: Cho B, P,,..., P, la cac poset c6 cac ham hang twong Gmg 13 #,7,...,7,; VA B,P,,..., P, ¢0
phan hoach xich ddi xtng. Khi d6, sd xich ddi xtng trong phan hoach xich dbi ximg cua poset tich truc
tiép B x P, x...x P, v&i ham hang p la: N, = > Ny Ny Ny
o+ ta,=a
0<q;<r;(P),i=l,...,n

Tron d6 N, 1a s hidn t¢ han ao;  tron oset P,i=1,..,n va
g o p g i g P i

o :[P(Pl x P X"'Xpn):|:|:VI(PI)+F2(I)2)+“'+Vn(})n)}'
2 2

Chirng minh
Dit A 13 tap tat ca cac phan tir c6 hang o trong poset B x P, x...x P,.

Gid st x =(py, pyse.n pp) € A thi p(X)=1(p)+1(py)+...+1,(p,) =0



Dat o, =r(p;), i=L..,n thi o+, +..+a, =a, 0<a, <r(P),Vi=1,..,n.
Khi d6, véi mdi bd (e, a,,...,a,) nhu trén ta co: Ny Ng,--Ng, phan tir ¢6 hang « trong B xPx..xP,.
Vay N, =|4|= > Ny Ny, Ny - =
o+ Ay =a
0<a; <r(P,),i=l,....n
Vi du 2.4.3: Tinh sb xich dbi xtmg trong phin hoach xich dbi xtimg cta poset tich truc tiép
P(S)x P(2°.5%), v6i S 1a tap 4 phan tu.
Giai
Goi n,r,p lan luot 12 cac ham hang cua cac poset P(S), P(2°.5%), P(S)x P(2°.5%).
Ta co: /(P(S)) =4, (P2’ 5%))=5, p(P(S)x P(2>.5*))=4+5=9,0 =4 nén
Ny= > N,.N, =NoN4+NN;+N,N,+N3N, + NN,
a+ay=4

Oﬁaz <5

=Ny +4N3;+6N, +4N;+ Ny =2+43+63+42+1=41.

Trong d6: N, =2= ‘{23.5,22.52}

Ny=3= ‘{2.52,22.5,23}

Ny =3= ‘{2.5,22,52}‘

N =2=[{2,5}

»No :1:‘{1}"
Va trong phan hoach xich d6i ximg ctia poset tich truc tiép P(S)x P(22.5%) da dugc xay dung & vi du
2.2.3.3 ciing c¢6 dung 41 xich ddi xtng.
Ménh dé 2.4.5: Cho poset P vi ham hang r c6 mot phan hoach xich d6i ximg. Khi d6:
+) Néu r(P) 1a sb chén thi size ctia cac xich d6i xtimg trong P déu 1a s6 1¢.
+) Néu r(P) 1a b 1¢ thi size cua cac xich ddi xing trong P déu 1a s6 chén.
Ching minh
Gia st ¢; <c, <..<c, 1a mot xich ddi ximg c6 size n bat ky trong poset P. Khi d6 theo dinh nghia
cua xich d6i xtng ta co: r(e))+r(c,)=r(P)=r(c)+r(c)+n—-1=r(P) = 2r(¢)+n—-1=r(P)
(2.11)
Tu (2.11) ta co:
+) Néu r(P) 12 s6 chén thi (n—1) 1a s6 chin, nén n phai 1a s6 1¢, hay size cta cac xich dbi xtung
trong P déu 1a s6 1é.
+) Néu r(P) 1a s 1& thi (n—1) 13 s6 1&, nén n phai 1 sé chén, hay size cua cac xich dbi xtng

trong P déu 1a so6 chan. "



Ménh dé 2.4.6: Néu P 13 mét poset véi ham hang r, P ¢6 mot phan hoach xich déi xtmg va r+(P)=n thi
size clia cac xich ddi xtng trong phan hoach xich ddi xtng ctia P ¢6 dang: n+1-2k, k = 0,1,...[n/2].
Chirng minh

Do tinh chat ddi xtmg cua xich d6i xtmg nén véi k=0,1,...,[n/2] thi mot xich doi xtng bat dau béi
mot phan tir hang k phai két thic boi phan tr hang (n—k), toc xich d6i xtng nay cé dang:
Uy <ty <..<u, ,V6i r(u) =k, r(u, ,)=n—k.Khidé size cua xich ddi ximg nay 1a (n+1-2k).

Nguoc lai, mot xich ddi xtng c6 size (n+1-2k), k= 0,1,...,[n/2], thi xich dbi xtmg nay phai bat dau
boi phan tir hang k. Vi néu xich d6i xtmg nay bat dau boi phan tir hang t thi né phai két thuc boi phan
tor hang: t+(n+1-2k)—1=n+t—-2k. Matkhactaco: t+n+t-2k=n=2t=2k=>t=k.

Viy trong phan hoach xich ddi xtmg ctia P, mot xich d6i xtng co size (n+1-2k), k=0, L...[n/2],
khi va chi khi xich dbi xtng nay bat dau boi phan tir hang k. Do dé ta co: size cua cac xich dbi xung
trong phan hoach xich déi xtmg cta P ¢6 dang: n+1-2k, k=0,1,...[n/2].

]
Tir ménh dé 2.4.7 ta c6 ngay hé qua sau:
Hé qua 2.4.1: Cho P 1a mét poset v6i ham hang r, P ¢6 mot phan hoach xich di xtmg va »(P) =n . Khi
do:
(a) Néu n 1a sd chin thi size cua cac xich dbi xtGng trong P 1a cac sd 1& co dang:
n+l, n-1, n-3,..., 1.
(b) Néu n 1a sd 1¢ thi size cua cac xich ddi xtimg trong P 1a cac sb chin co6 dang:
n+l, n-1, n-3,..., 2.
Ménh dé 2.4.7: S xich dbi xtmg c6 size (n+1-2k), k=0, ,...,[n/2] trong mdt phan hoach xich dbi
xtng cua poset Pla N, —N,_,.
Chirng minh

Theo ménh dé 2.4.7 ta c6: V&i k = 0,1,...,[n/2] thi mét xich dbi xtmg c6 size (n+1-2k) khi va chi
khi né bat dau boi phan tir hang k. Nén sb xich ddi xtmg co size (n+1-2k) chinh bang sb xich ddi
xtng bat dau boi mot phan tir hang k. Mit khéc, s6 xich d6i ximg bit dau boi mot phan tir hang k lai
bang s6 xich dbi ximg chira mot phan tir hang k trir di sé xich dbi xémg chira mot phan tir hang k nhung

khong bat dau bai phﬁn to hang k d6. Ma trong P c6 N, phﬁn tor hang k, va mot phﬁn tor hang



(k—1) ludn nam trong mot xich ddi xung ¢ chira 1 phan tir hang k dimg lién sau nd. Do d6, sd xich ddi
ximg bat dau boi mot phan tir hang k 14 N, - N, . =
Dic biét, néu poset P=P(S), voi S la tap n—phﬁn tir thi ta 6 ménh dé sau:

Ménh dé 2.4.8: S6 xich dbi xtmg size i trong mot phan hoach xich d6i xtng cua poset P(S) la:

n+i-1 n+i+1}

a~l_an

Ching minh

Ta co: i:n—(n—z'):n+1—(n—i+1):n+1—2(n_2l+lj.

Vi trong P(S), xich dbi xing c6 size 16n nhat 1a (n+1), 1 xich bat dau boi tap & va két thic boi tap S
nén i <n+1. Mit khac theo hé qua 2.4.1 ta ¢6 : néu n 1 sd chin thi size cua cac xich dbi xtng trong
P(S) déu 1a sb 1, va néu n 1a sb 1é thi size cta cac xich dbi xtng trong P(S) déu 13 sd chin, nén

n—i+l .. n A A
1a s6 nguyén khong am.

0<(n+1-i) 1a sb chin va do d6

Ap dung ménh dé 2.4.8 ta c6: S6 xich d6i ximg size i trong mot phan hoach xich d6i xting ctia poset

P(S) la: Nn+1—i _Nn+1—i | TVl T AV g1 T Cr[n;l_l} - C,[n_zl_l] = CLIH;I] — CL"Z“}

2 2 2 2

Vi du 2.4.4: Theo vi du 2.2.1.1 ta c6 mot phan hoach xich déi ximg cua poset P(S), véi §=11,2,3,4},
la:

2.4}

2 xich dbi xtmg ¢6 size 1
(3.4} } ¢

{2} <{2,3} ={2,3,4}
{3} ={1,3} = {1,3,4} 3 xich d6i xtmg c6 size 3
{4} = {1,4} = {1,2,4}

@c{ljc{l,2}c{1,2,3}={1,2,3,4) |} 1 xichdbi ximg c6 size 5
Ta thiy r(P(S))=4 13 s6 chin nén cac xich dbi xtng trong phan hoach xich ddi xtmg ctia poset P(S)
déu cosize 1asb 1é: 1, 3, 5.
Va sb xich ddi xtng size 1 1a: C; —C; =6—4=2; sb xich ddi xtng size 3 1a: C; —-C =4-1=3.
Vi du 2.4.5: Theo vi du 2.2.2.1 ta c6 mot phan hoach xich ddi xtmg cua poset P(23.5%) 1a:

1.5 <2.5 } 1 xich ddi xtmg c6 size 2



1.5<2.5<225< 2252 } 1 xich déi xtng c6 size 4
1<2<22<2*<235<2352 } 1 xich d6i xtng c6 size 6
Ta thidy r(P(2°.5%))=5 1a sb 1é nén cac xich d6i xtng trong phan hoach xich dbi xtmg cta poset
P(23.5%) déu co size 1a sd chin : 2, 6, 8.
2.5.MOT SO UNG DUNG :

Dinh ly 2.5.1 : Cho 4, c 4, c...c 4, 1a mot xich dbi xtng trong phan hoach xich déi xtmg cua poset

P(S). Khiddtaco:
(a) Sb cac phan tir co s& trong mdi 4, i=12,..,r 1a %(n+1—r)

(b) V&i mdi i, co mot tap B, € P(S) sao cho 4, < B,  4;,,, trong &6 B, nam trong mot xich doi
xtng c6 size ngan hon cua P(S).
Chirng minh
(a) Trong phuong phap phan hoach truc tiép xich d6i xtng cho poset P(S) cac tip con cia tap n-
phan tir S, ta di biét mé dau cta mdi xich dbi xtng trong phan hoach 1a mét tip so cip va cac thanh
vién con lai ctia xich déu c6 chung phan gdc 1a tip so cip d6. Do 4 c A4, c...c 4, 1a mot xich dbi
xtng trong phan hoach xich di xtmg cta poset P(S) nén cac 4, i=12,..,r déu c6 chung phan gbc 1a
tap so cdp 4, hay céc 4;, i=1,2,..,r déu c6 chung sb phan tir co s¢ 1a |4|.
Mit khéc ta ¢6: |4]+|4.|=n (Vi 4 c4, c..c 4, la mdt xich d6i xtng trong phan hoach xich dbi
xung cua poset P(S))
=|4|+|4|+r—1=n
=2|4|=n+1-r

:>|A1|=l(n+1—r)
2
Vay $b phén tr co s trong moi 4;,i=1,2,..,r chinhla %(l’l-ﬁ-l—l’).

(b) Tap S\(A1 uAl_) ¢6 n—(n+1-r)=r—1 phan tir. Ta xép (r—1) phan tr d6 theo thir ty ting dan

la: ¢ <gy<...<q,;.
Theo phuong phap phan hoach truc tiép xich d6i xtmg cho poset P(S) cac tip con cua tdp n-phan tir
Sthivoii=2,...,n—1,taco:

*Téap A4_; c6 dugc bﬁng cach bd sung vao 4, (i—2) phén t 91,95, G -



* Tap 4; c6 dugc bang cich bd sung vao 4, (i—1) phan t q;,¢y.s @i 25 qi 1 -
* Tap 4, c6 dugc bang cach bo sung vao 4, i phan to g,,qy,....q; 2,1, ;-
Taxéttdp B; = 4 U{q.92....q;_2.q;} thitd rang B, € P(S) va 4_ c B, 4.
Mit khac : +) Néu g;i—1¢B, =¢q; la phan tir co s& cua B; trong S, img v&1 phan tir 16 hong g;—1. Do
d6 B, c6 nhiéu phan tir co s hon 4, .
+) Néu ¢, —1€B, = ¢, —le 4 (vinéu ¢,—1e {91:92,-+4;_5.4;} thi do cach xép theo thr tyr
tang dan cila cac ¢; nén g, —1=gq, , <q; ; <q; (VO 1y))= ¢, 1a phan tir co s& cia B, trong
S, g véi phan tir 16 héng ¢; ;. Do d6 B, c6 nhiéu phan tir co s hon 4; .

Gia st B, nam trong xich déi xing B, € B, c...c B,cua P(S) thi theo (a) s6 phan tir co sd cla B la:
1 1
E(n+1—s)>§(n+l—r):>n+1—s>n+l—r:>s<r.

Vay B; nam trong xich do1 xirmg c6 size ngan hon xich doi xting chua 4; . "

n/2
Pinh Iy 2.5.2 : (Sperner) : Néu A la mot phan xich c4c tap con cua tap n-phan tir S thi |A| < C "

n
Chirng minh :

Phén hoach poset P(S) tat ca cac tip con cia tdp n-phan tir thanh cac xich dbi ximg.

Do dinh nghia ctia xich d6i xtrng nén mdi xich ddi xémg trong P(S) s& chira dung mot tdp con hang

n/2
[n/2] ctiaS.Macd C, ~ tap con hang [n/2] clia S nén so xich doi xtng trong phan hoach cta P(S) 1a

n/2
. Vi A 1a mdt phan xich nén A c6 thé chira t6i da mgt phan tur trong moi xich doi xtng cua P(S).

C

n

n/2}
Dodo |A] < C, . =

Dinh Iy 2.5.3 : S5 phan xich trong P(S) chinh bang s6 anh xa ting tir P(S) — {0,1}.
Chirng minh :
O day, mot dnh xa f: P(S) — {0,1} dugc goi 1a ting néu f(X)< f(Y),VX CY; X,Y € P(S).
Dit A(S) : tap tat ca phan xich trong P(S).
F(S): tap tat ca 4nh xa ting tir P(S) —>{0,1)
Ta xay dung anh xa ¢: A(S) - F(S)
A BHoA)=f

Véi f: P(S)—{0,1}

I



B> f(B)= 0 néu B nam trong mot thanh vién cta phan xich A
1 néu B khong nam trong bat ky thanh vién nio ciia phan xich A
Kiém tra f ting: Dé ching minh f ting ta cin chi ra ring : néu Bc D ;B,D e P(S) va f(D)=0 thi
£(B)=0.(Vinbu f(D)=1thi f(B)=0 hay f(B)=1 van thoa f(B)< f(D))
That vay : Néu f(D)=0 thi 34e A:DcA=Bc Ae A= f(B)=0.
Tir chirng minh trén ta thdy rang cac thanh vién trong phan xich A chinh 1a cc phan tir tdi dai cta P(S)
ma f tac dong 1én bang 0.
Xét y: F(S)—> A(S)
few(H=A
Trong d6 w(f)=A 1a tap tat ca cac phan tir t6i dai ciia P(S) ma f tic dong 1én bang 0. Do d6 A lap
thanh mot phan xich. That vy, néu c6 2 phan tir toi dai B, C cta P(S) théa f(B)=f(C)=0 thi B« C
va C¢ B(vinéu B C thi mau thuin véi tinh t6i dai cia B va néu C ¢ B thi mau thuln véi tinh tbi
dai cua C)
(Cha y: Néu f(B)=1,VBeP(S)thi f 1 anh xa ting va w(f)=@- dugc xem nhu mot phan xich
rong.)
Ta thiy y 1a anh xa ngugce clia ¢ nén ¢ 1a song anh. Do d6 |A(S)|=|F(S)|. n
* Xuat phat tir dinh 1y 2.5.3 ta nghi dén bai toan : C6 thé xay dung duogc t6i da bao nhiéu anh xa
ting f:P(S) — {0,1}, hay s0 phan xich trong P(S)tdi da la bao nhiéu ? D4p 4n cua bai toan nay chinh

1a nd1 dung cua dinh 1y sau :

4 / n/2
Pinh Iy 2.5.4 : S6 phan xich trong P(S) tdi da la s

Chirng minh

Gia st chung ta d3 phan hoach poset P(S) thanh céac xich d6i xtmg va ¢ ging xay dung 4nh xa ting
f boi viée dinh nghia no trén cac tip trong mot xich d6i ximg ctia P(S). Ta ching minh quy nap theo
size ctia cac xich ddi xtng trong P(S).
Gia str d3 dinh nghia thanh céng mot anh xa ting f khong c6 mau thuln trén tat ca cac xich ddi xtimg
size bé hon k cta P(S). Bay gio ta s&¢ mo rong dinh nghia ctia f cho mdt xich ddi xtmg co size k cho
trude cua P(S).

* Néu k =2 thi bit ky xich dbi xung size k nao cling c6 dang X Y. Pé mo rong dinh nghia 4nh xa

f, ta c6 toi da 3 su lwa chon c6 thé dbi véi gid tri cua f(X), f(¥Y) nhu sau:



F(X)=f(¥)=0; f(X)=f(¥)=1 hay f(X)=0 va f(¥)=1.Do tinh chit ting ctia f nén sy lwa chon
f(X)=1va f(Y)=0 la khong thé.
Vay trudong hop ndy ta c6 tdi da 3 kha ning dé mo rong dinh nghia anh xa £ .
* Néu & >2 thi ta xét bat ky hai tap X,Y trong mét xich ddi xtmg cua P(S) thoa |¥|=|X|+2. Khi d6
tdn tai Z e P(S) saocho X cZ Y.
Ap dung phén (b) cta dinh 1y 2.4.1, ta c6 mét tdp U e P(S) sao cho X cU <Y, v6i U nim trong mot
xich doi xung co size ngén hon xich ddi xtng chtra X, Y ; vado d6 f(U) da dugc dinh nghia rOi.
Véi suy luan trén, néu ta xét mot xich ddi ximg size k trong P(S) ¢6 dang : X, c X, —...c X, thi véi
mdi i =2,3,...k—1, s& co mot tap U, € P(S) sao cho X, , cU, c X,,,, va f(U;) da dugc dinh nghia roi.
e Néu fU)=0,Vi=23,....,k—1 thi ta co f(X,_;)=0,Vi<k-1 (do tinh chat ting cta anh xa f).
Do d6 ta c6 thé tu do dinh nghia / trén X, , va X, . Gibng nhu truong hop k=2, ta ciing c6
t6i da 3 su lwa chon co thé vé gid tri cia f(X;_;) va f(X;). Vay talai co t6i da 3 cach dé mo
rong f .
eNéu f(U;)=1,Vi=23,.,k—1 thi ta cO f(X,,;)=1Vi>2 (do tinh chat ting cua anh xa f).
Tuong tu nhu trén ta cling co thé tu do lwa chon gia tri cho f(X;) va f(X,). Vay mot 14n nita
ta c6 toi da 3 cach dé mo rong .
e Cubi cung, néu f khéng nhan gia tri hang trén cac U, thi ta chon ; 1a chi s6 i dau tién ma tai
dé f(U;)=1.Khidotacod f(X;)=0,Vi<j—-1va f(X;)=LVi>j.Do @6 ta cling cd thé tu do
dinh nghia f trén X, | va X.
Gidng nhu trén ta ciing c6 t6i da 3 cach mo rong 1.
Khi mdi xich d6i xtg dugc xét luan phién thi ta c6 t6i da 3 cach mo rong dinh nghia cia / khong

cd mau thuan dén mot xich doi xtrng khac. Ma so xich do1 xting trong phan hoach xich doi xtrng cua

n/2
2 x 2 [r/2] C . A 1
P(S) 1a C,  nén ta c6 tong s6 anh xa ting / c6 thé 1a 3% . Ap dung dinh 1y 2.5.3 ta c6 sb phan

/ n/2
xich trong P(S) to1idala 3C'[1 ].

4 r 5 n/
Dinh ly 2.5.5 : SO phan xich trong P(S) t6i thiéu 1a 2C*[1 ! .

Chirng minh

[n/Z} |

Ta ¢6 : S cc tap con hang [7/2] trong P(S) 1a m=C,



Do dinh nghia ctia phan xich nén véi 0<r<m thi bat ky r tdp con phan biét hang [n/2] trong P(S)

cling 1ap nén mot phan xich trong P(S). Va sb phan xich nhu thé 1a Z C' =(1+1)" =2™ . Do d6 sb phan
r=0

, - nl/2
xich trong P(S) t6i thiéu 1a 20" =

* Két hop dinh 1y 2.5.4 va dinh Iy 2.5.5 ta c¢6 hé qua sau:

n/2]

r r n/2
HE¢ qua 2.5.1 : Néu M 1a s6 cac phan xich trong P(S) thi 2C'[1 | <M < 3C'[1



PHAN KET LUAN

Lu4n van ndy di dua ra hai phuong phap phan hoach xich dbi xtmg (phuong phap quy nap va
phuong phap truc tiép) cho hai poset c6 hang va hiru han: Poset P(S) tit ca cac tap con cua tdp n - phan
tir S va poset P(m) tit ca cac udc nguyén duong cia sb nguyén m cho trude. O mdi phuwong phap déu
c¢6 nhitng vi du cu thé cho timg poset. Sau d6 ta ciing chimg minh dugc hai phuong phap phan hoach
xich ddi xtmg nay déu nhu nhau, nghia 1a du sir dung phuong phap nao ta ciing c6 cing mot két qua.
Tiép theo ta di sau vao size va sb luong ciia cac xich ddi ximg trong mot phan hoach xich dbi xung.

Sau cung ta dua ra mdt vai ing dung ctia cac van de trén.
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