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Q)7

Mo dau

1. Ly do chon dé tai

Tt khi Euler thiét lap bat dang thic R > 2r vio nam 1765, nhitng bat
dang thitc hinh hoc liéen quan dén cac yéu t6 R,r,p da thu hit su quan
tam nghién cifu ctia nhiéu nha toan hoc.

Vao nam 1851, Rouché da dua ra bat dang thiic

2R% + 10Rr — > — 2(R — 2r)v/R? — 2Rr
< p? <2R*+10Rr — r> + 2(R — 2r)V/ R2 — 2Rr.

Chiing ta da biét rang bat dang thiic nay dua ra dicu kién can va du dé
ton tai mot tam giac theo cac yéu to R, r, p, va n6 duge goi 1a "bat dang
thitc co ban trong tam giac". Day 1a mot trong nhitng bat dang thic
quan trong nhat trong 16p cac bat dang thic hinh hoc trong tam giac.
Dén nay da c6 rat nhiéu bai béao nghién cttu vé cac phuong phap ching
minh, tng dung bat dang thic nay dé thiét lap cac bat dang thitc hinh
hoc cho tam giac.

Trong bai béo [7] (2008), Shan-He Wu da dua ra mot dang "chat" cta
bat dang thic co ban nhu sau:

2R? + 10Rr — % — 2(R — 2r)\/ R? — 2Rrcos¢
< p? < 2R? +10Rr — r? + 2(R — 2r)\/ R? — 2Rrcoso,

voigp=min{|A—-B|,|B-C|,|A-C|}.
Sau do, vao nam 2009, Shan-He Wu cung Mihaly Benzce da dua ra mot
dang tuong duong ctia bat dang thiic co ban trong bai bao [8].

Luan van "Mot s6 dang bat dang thic co ban trong tam giac va cac

ting dung" sé trinh bay mot cach chi tiét nhiing két qua trong hai bai bao



trén cling cac ing dung clia né. Hon nita, ching toi st dung bat dang
thiic co ban dé thiét lap cac bat dang thic lien he gitta (R, r, p) va cac
yéu to khac trong tam giac.

Dé tai phit hop véi sé thich ctia ban than, 1a mot trong nhiing noi
dung quan trong trong chuong trinh mon Toan trung hoc pho thong. N6
c6 dong gép thiét thuce cho viee day va hoc bat dang thic trong tam giac
G truong pho thong, dem lai niem dam mé va kich thich tu duy sang tao

cua hoc sinh.

2. Muc dich nghién ctitu

Trinh bay chi tiét cac kién thtc vé bat dang thiic co ban trong tam
giac, tit do thiét lap 16p cac bat dang thic theo (R, r, p) trong tam giéc.

He théng cac dang clia bat dang thic co ban trong tam giac, dic biét
trinh bay chi tiét dang "chat", dang tuong duong méi cuing cac ing dung
ctia no.

Nang cao nang luc tu duy cho hoc sinh trong viéc nhan dang, chiing
minh vi sang tac cac bat dang thiic mdi trong tam giac tit bat dang thic

co ban trong tam giac va cac dang tuong duong cta no.

3. D6i tuong va pham vi nghién ciu

Bat dang thic co ban trong tam giac, dang " chit ", cac dang tuong

duong va cac ing dung cta ching.

4. Phuong phap nghién cttu

Phan tich, tong hop, hé théng kién thic tit cac tai lieu clia gido vien
huéng dan, ciia cac ban hoc vién trong 16p cung cap; cac tai liéu suu tam
duogc trén cac trang web Toan hoc; cac bai bao va sach cé lien quan dén

bat dang thiic co ban trong tam gic.



5. Y nghia khoa hoc va thuc tién cta dé tai

Dé tai nghién ctu vé mot s6 dang bat dang thiic co ban trong tam giac
va cac ting dung cua ching, 1a mot trong nhitng ndi dung quan trong clia
bat dang thiic trong tam gidc, mot phan khong thé thiéu trong chuong
trinh Toan trung hoc phod thong, cac cuoc thi hoc sinh gidi trong nude va
quoc té. Dé tai sé 1a mot tai lieu tham khao bo ich cho gidgo vien va hoc
sinh ¢ bac pho thong trung hoc, dac biét 1a déi véi hoc sinh khéi chuyen

toan.

6. Cau trac luan van

Ngoai phan md dau va két luan, luan van dude chia lam ba chuong.
Chuong 1. Phuong trinh bac ba va cac hé thic trong tam
giac.

Trong chuong nay, ching toi néu Dinh 1y Viete va mot s6 tinh chat
nghiém ciia phuong trinh bac ba. Dong thoi, ching toi xay dung cac
phuong trinh bac ba nhan cac biéu thic theo (R,r,p) lam hé s6 va
nhan cac bo ba (a,b,c), (sinA, sinB, sinC), (hg, hy, he), ... lam nghiém.
Van dung Dinh 1y Viete dbi véi cac phuong trinh nay ching toi dua ra
hé thong cac dang thic trong tam gidc. Cac dang thic nay sé duge si
dung trong viéc thiét lap cac bat dang thic trong tam giac 6 Chuong 3.
Chuong 2. Mot sd6 dang bat dang thiic cd ban trong tam
giac.

Trong chuong nay, ching toi sé phat biéu, ching minh va mo ta hinh
hoc bat dang thic co ban trong tam giac. Ngoai ra, ching toi sé xay
dung mot 16p cac bat dang thic rat quan trong trong tam giac co dang
M(R,7) < K(p) < N(R,r). Chang toi trinh bay dang "chat" cua bat
dang thitc co ban trong tam gidc duge dé cap trong bai béo [7] ctia Shan-
He Wu. Phan cudi ciia chuong, ching toi sé trinh bay cac dang tuong
duong ctia bat dang thic co ban, trong dé ching toi sé dac biét cha v
dén mot dang tuong duong da duge Shan-He Wu v Mihély Benzce trinh



bay trong bai béo [§].
Chuong 3. Mot s6 tng dung.

Tt he thong cac dang thiic trong tam gidc ¢ Chuong 1, st dung bat
dang thiic co ban trong tam giac va cac bat dang thitc dang M(R,r) <
K(p) < N(R,r) da dugc thiét 1ap trong Chuong 2, ching toi trinh bay
hang loat cac bat dang thiic theo (R, r,p) va cac yéu to trong tam gidc
nht (a, b, ¢), (sind, sinB, sinC), (hq, hy, he)... thé hién viec hinh thanh va
sang tao cac bat dang thite trong tam giac thong qua cac vi du tieu bieu
cho timg dang cu thé. Bén canh do, ching toi ciing trinh bay mot 16p
cac bat dang thtec lien quan gitta cac duong phan gidc va cac canh cla
tam giac ap dung bat dang thiic co ban trong tam giac. Hon nita, ching
toi trinh bay chiing minh ctia bat dang thiic Garfunkel - Bankoff va phat
tricn bat dang thitc Leuenberger ap dung dang tuong duong ctia bat dang
thiic co ban duge Shan-He Wu va Mihaly Benzce trinh bay trong bai bao

8],



Chuong 1

Phuong trinh bac ba va cac hé thiic
trong tam giac

Trong chuong nay, chung toi néu Dinh 1y Viete va mot s6 tinh chat
nghiém cua phuong trinh bac ba. Van dung Dinh 1y Viete, chung t6i xay
dung hé thong cac dang thiic trong tam giac ([2],[6]). Céc kién thic nay
duge st dung 6 nhing chuong sau.

1.1 Phuong trinh bac ba va mot sé6 tinh chat nghiém

1.1.1 DPinh Iy Viete vé nghiém ctia phuong trinh bac ba

1.1.2 Mot sé tinh chit nghiém ctia phuong trinh bac ba

1.2 Phuong trinh bac ba vi mot s6 hé thic trong tam
giac

1.2.1 Phuong trinh bac ba véi cac nghiém la bo ba theo
do6 dai cac canh cuia mot tam giac

Dinh ly 1.2.1. ([2],[6]) Cdc canh a,b,c cia tam giagc ABC la ba
nghiém cua phuong trinh

2® — 2px® + (p> +r? + 4Rr)x — 4pRr = 0. (1.6)



Dinh 1y 1.2.3. ([2],[6]) Cho tam giic ABC, ta cé p—a,p—>b,p—c la
cac nghiém ciua phuong trinh
2® — pa? + r(4R + 1)z — pr? = 0. (1.8)
1.2.2 Phuong trinh bac ba véi cac nghiém 14 bd ba theo sb
do cac goéc cuia mot tam giac
Dinh ly 1.2.5. ([2],[6]) Cho tam gidc ABC, ta cé sinA, sinB, sinC' la
ba nghiém cua phuong trinh
AR?x3 — ARpx* 4 (p* + r* + 4Rr)x — 2pr = 0. (1.10)
Dinh ly 1.2.7. ([2],[6]) Cho tam giac ABC, ta c¢6 cosA,cosB, cosC la
ba nghiém cua phuong trinh
4R%*2% —AR(R+7)a* + (p* + 1% — 4Rz + 2R +7r)* —p* =0. (1.12)
Dinh 1y 1.2.9. ([2],[6]) Cho tam gidc ABC, ta cé sin®4, sinL, sin?S
la ba nghiém cua phuong trinh
16R?2® — 8R(2R — r)a? + (p* +r* — 8Rr)x — r* = 0. (1.14)
Dinh 1y 1.2.11. ([2],[6]) Cho tam gidc ABC, ta c6 cos*4,cos*E, cos®S
la ba nghiém cua phuong trinh
16R?2® — 8R(4R + r)a* 4 [p* + (4R +r)*]x — p* = 0. (1.16)
Dinh 1y 1.2.13. ([2],[6]) Cho tam gidc ABC, ta c6 cotA, cotB,cotC' la
ba nghiém cua phuong trinh
2pra’® — (p® — r* — ARr)a® 4+ 2pra + (2R +7)? — p? = 0. (1.18)
Dinh 1y 1.2.14. ([2],[6]) Cho tam gidc ABC, ta c6 tanA,tanB,tanC
la ba nghiém cua phuong trinh
[p* — (2R + r)?)2® — 2pra’® + (p? — 4Rr — r¥)x — 2pr = 0. (1.19)
Dinh ly 1.2.15. ([2],[6]) Cho tam gidc ABC, tany,tans tan$ la ba
nghiém cua phuong trinh

pr® — (4R +r)x* + pr —r = 0. (1.20)
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Dinh 1y 1.2.16. ([2],[6]) Cho tam gidgc ABC, cot#,cotZ, cot§ la ba
nghiém ciua phuong trinh

ra — pz® + (AR + 1)z —p = 0. (1.21)

1.2.3 Phuong trinh bac ba véi cac nghiém la bo ba theo

yéu to khac cuiia mot tam giac

Dinh ly 1.2.17. ([2],[6]) Cho tam gidac ABC, ta c6 rq,mp,7rc ld ba
nghiém cua phuong trinh

2% — (4R + r)a® + p*x — p*r = 0. (1.22)

Dinh 1y 1.2.19. ([2],[6]) Cho tam giac ABC, ta c¢6 hg,hy, he la ba
nghiém cua phuong trinh

2Rz — (p? + 12 + 4Rr)x? + 4p*ra — 4p*r? = 0. (1.24)

Két luan ciia Chuong 1: Ching t6i da xay dung dudc cac phuong
trinh bac ba nhan cac bo ba theo canh, goc, duong cao,... lam nghiém va
cac biéu thiic theo (R, 7, p) lam hé s6. Bang cach 4p dung Dinh ly Viete
va cac tinh chat nghiém ctia phuong trinh bac ba, ta c¢6 thé sang tac
(dong thoi ciing 1a phuong phap chiing minh) hang loat cac dang thiic
trong tam giac. Cac dang thitc nay thé hién méi quan hé cia (a,b, c),
(sinA, sinB, sinC'), (hq, hy, he), ... VOL (R, 7, p).



Chuong 2

Mot sb dang bat dang thic co ban
trong tam giac

Trong Chuong 1, ching toi da chi ra rang tat cd cac yéu to cua tam
gidc 1a nghiém ctia phuong trinh bac ba véi cac hé s6 chi chita ba yéu to
(R,7,p). Lop cac bat dang thiic lien quan dén cac yéu t6 nay da thu hit
duge su quan tam nghién ctu ctia nhiéu nha toan hoc. Bat dang thic
duge xem 1a mot trong cac bat dang thiic lam nén mong ctia 16p cac bat
dang thiic hinh hoc trong tam giac da duge Rouché dua ra vao nam 1851,
va dude goi 1a bat dang thitc co ban trong tam gidc. Trong chuong nay,
ching toi sé trinh bay bat dang thitc co ban trong tam giac, dang "chat"

va mot s6 dang tuong duong clia no.

2.1 BAat dang thitc co ban trong tam giic

2.1.1 B4t dang thiic cd ban trong tam giic

Dinh ly 2.1.1. ([6])(Bat dang thtic co ban trong tam gidc) Dieu kién

can va di dé ton tai mot tam gidc theo cac yéu to (R,r,p) ld

2R? +10Rr — r? — 2(R — 2r)V/ R? — 2Rr
<p? <2R*+10Rr —r* +2(R—2r)V/R2 —2Rr.  (2.1)

Ddu "=" zdy ra tai moi bat dang thic cia (2.1) khi va chi khi tam
giac can.
Ddu "="zdy ra tai cd hai bat dang thic cia (2.1) khi va chi khi tam

giac deéu.



Nhan xét 2.1.

Trong [6], Bludon da khang dinh rang bat dang thiic manh nhat c6
thé clia dang bat dang thtc

f(R,r) <p? < F(R,r)

(f(R,r) va F(R,r) la cac ham thyc thuan nhat bac hai véi R,r > 0)
chinh 1 bat dang thitc co ban (2.1). Khi do

f(R,r)=2R*+ 10Rr —r? — 2(R — 2r)\/R? — 2Rr,
F(R,7) = 2R* 4+ 10Rr — r* + 2(R — 2r)\/ R2 — 2Rr.

Dinh ly 2.1.2. ([6])(Bat dang thic Gerretsen) Cho tam gidc ABC, ta

co

16Rr — 512 < p2 < 4R? + 4Ry + 3r2. (2.3)
Déau "=" tai mdi bat diang thiic trén zdy ra khi va chi khi tam gidc
ABC déu.

Nhan xét 2.2.

Nhin vao bat dang thitc (2.3) ta thay 16p bat dang thiic vé trai clia no
c6 dang
p2 > ARZ + wRr + vr?, (2.5)

Dau "=" xdy ra trong truong hop tam giac deu, khi do ta co
R:r:p=2:1:3V3.
T do suy ra
AN+ 2p+v = 27.
Khi d6 (2.5) tré thanh

27 — 4\ —
P> > AR? + ! 2)\ “Rr + vk, (2.6)
Tuong ty, 16p bat dang thitc vé phai clia (2.3) c6 dang
2 . 4 I
p* < NR*+ ! 2)\ ~ Rr + /2. (2.7)

Khi d6 ta ¢6 dinh 11 sau.
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Dinh ly 2.1.3. ([5]) Bat dang thitc (2.6) zdy ra trong tam gidc bat
ki khi
(a) v>—=bwva <0,

hodc

(v +5)2
4(v+1)

Bat dang thite (2.7) xdy ra trong tam gidc bat ki khi

(b) v<—=bwva\<

(¢) V' <3 wva N >4,

hodc

/+5)2
d / PN > WD)
(d) v >3 va Z S )

Nhan xét 2.3.

Trong [4], Bludon da khang dinh rang bat dang thic Gerretsen la
manh nhat trong 16p cac bat dang thiic ¢(R,7) < p? < Q(R, ), trong do
q(R,7), Q(R,7) la cac dang toan phuong theo R,r > 0 v6i cac hé s6 thuc.
Tit Dinh 1y 2.1.3, ta thay r6 rang phat bieu ctia Bludon 1a sai. That vay,
gid st tu (2.6) lay A = —0,1,v = —6, ta o

p* > —0,1R*+ 16, 7TRr — 6%, (2.8)

Néu R > 5r thi vé tréi ciia bat dang thitc Gerretsen (2.3) manh hon (2.8)
nhung néu 2r < R < 5r thi (2.8) manh hon. Ngoai ra, ta c6 the xét tam
giac vuong c¢o cac canh 6,8,10. Khi d6 R=5,r =2,p =12 va (2.8) sé tr6
thanh p? > 140, 5 manh hon vé trai cua (2.3) p* > 140.

Tuong t, tit (2.7) lay X = 4,75, = 7 ta dugce bat dang thiic

p? <4, 75R*+0,5Rr + Tr. (2.9)

Bat dang thtic (2.9) yéu hon vé phéi cia bat dang thitc Gerretsen (2.3)
khi R > & nhung néu 2r < R < % thi (2.9) manh hon.
Tt Dinh 1y 2.1.3, ta c6 thé dé dang suy ra dinh 1y sau
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Dinh 1y 2.1.4. ([6]) a) Mot bdt dang thitc ciia (2.6) zdy ra trong tam

gidc bat ki khi né cé dang

p* > (1—w?) 4w R? +4(4+w—w?)Rr — (54 8w+ 3w?)r?] —er(R — 2r),
(2.10)

trong do 0 <w <1 va e > 0.

b) Mot bat dang thic cia (2.7) wdy ra trong tam gidc bat ki khi né

co dang
P’ < (1-60%)"Y4R*+4(1—0—46%)Rr+ (3+80450%)r% +-er(R—2r), (2.11)

trong do 0 <6 <1 vae>0.

Hé qua 2.1.1. Cho ABC la tam giac tuy . Ta cé

3V3r < p< 2R+ (3V3—4)r, (2.12)

dau "=" tai moi bat dang thic trén xzdy ra khi va chi khi tam gidc

ABC déu.
Nhan xét 2.4.

Bat dang thiic (2.12) 1a manh nhat ctia 16p cac bat dang thiic tuyén
tinh thuan nhat MR + p/r < p < AR + pr. Viéc chiing minh sé duge the
hién trong phan mo ta hinh hoc.

Thay § = w = ¢ = 0 vao (2.10) va (2.11) ta dugc bat dang thic
Gerretsen. Dinh 1y 2.1.4 dugc goi la dang tong quat héa ctia bat dang
thitc Gerretsen.

Thay cac gia tri clia 6, w, e thich hgp vao cac bat dang thic (2.10),
(2.11) ctia Dinh Iy 2.1.4 ta thu dugce nhiéu bat dang thiic dep theo (R, 7, p).
He qua dudi day thé hien mot s6 bat dang thic tiéu bicu theo (R,r,p)
thuong dugc sit dung trong viée sang tac bat dang thic trong tam giac.
Hé qua nay ciing c6 thé suy ra tit bat dang thitc Gerretsen va bat dang
thic Euler.
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Hé qua 2.1.2. Cho tam giac ABC tuy 4. Ta co
2
27r% < 11r* + 8Rr < gr(r +2R) < 3r% + 12Rr < r(Tr + 10R) <
27
< ?Rr < 14Rr — = < 16Rr — 512 < p2 < 4R? + 4Rr + 3r° <

9
§4R2—|—r2—|—5Rr§§R2—|—r2—|—4Rr§5R2—I—2RT+3r2§

4R)? 2
5Bt dARr g2 < AR g g2 Z7R2 <
< 8R* —1* —2Rr <9R* —1* — 4Rr. (2.13)
Déau "=" tai moi bat dang thic trén xdy ra khi va chi khi ABC la

tam giac deu.

2.1.2 M6 ta hinh hoc

< (3v3 —4)x +2

B

1
2

Hinh 2.3: M6 t4 hinh hoc ctia bat déng thitc co ban trong tam giac

2.2 Dang "chat" ciia bat dang thic co ban trong tam
giac

Tt Nhan xét 2.1, chiing ta biét rang bat dang thic co ban la t6t nhat
trong 16p cac bat dang thic f(R,r) < p?> < F(R,r), véi f(R,r), F(R,r)
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la cdc ham thuc thuan nhat bac hai theo R,r > 0 cho truée. Vay, liéu
c6 dang "chit" nao khéc ctia (2.1) néu ta khong xét véi 16p ham thuan
nhat khong? Cau hdi nay da duge Shan-He Wu tra 101 trong bai bao [7].
Ong da dua ra mot dang "chat " ciia bat dang thitc co ban (2.1) bang
cach dua them tham s6 vao cac biéu thic theo R, r clia né. Day ciing la
noi dung ching toi trinh bay trong muc nay. Dé cho gon khi trinh bay,
chiing toi sé st dung ki hiéu [ dé chi tich tuan hoan, chang han nhu
[1/(A) = f(A)f(B)f(C).
Trude tién, ta xét bo dé sau.
Bo dé 2.1. ([7]) Cho tam gidc ABC bat ki. Néu A> B > C thi ta co
cdc bat dang thic sau
2R* + 10Rr — r> — 2(R — 2r)V/ R2 — 2Rrcos(B — C)
< p? <2R? +10Rr — r? + 2(R — 2r)\/R? — 2Rrcos(A — B). (2.16)
Déau "=" ciia bat dang thic bén trdi tdy ra khi va chi khi B = C.
Déau "=" cia bat dang thic bén phdi xdy ra khi va chi khi A = B.
Dinh 1y 2.2.1. ([7]) Cho 6 = min{| A= B|,|B—C|,| A—C|}. Khi
dé vdi tam giac ABC bat ki, ta co
2R% 4+ 10Rr — > — 2(R — 2r)\/ R?2 — 2Rrcos¢
< p? <2R* +10Rr — r* + 2(R — 2r)v/ R% — 2Rrcos¢. (2.24)
Dau "="trong (2.24) zdy ra khi va chi khi tam gidc ABC déu.
Nhan xét 2.6.
Tit bat dang thic Euler R — 2r > 0 va bat dang thtic cos¢ < 1 da chi
ra rang bat dang thic (2.24) 1a mot dang "chat" clia bat dang thic co
ban trong tam giac (2.1).

2.3 Mot sé6 dang tuong duong cuia bat dang thic co
ban trong tam giac

Trong muc 2.1, ta da ¢6 (2.2) va (2.14) la cac dang tuong duong cia
bat dang thiic co ban (2.1). Bang cac phép bién doi don gidn véi (2.1)
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va stt dung cong thiic S = pr, ta c6 duge mot so6 dang tuong duong khac
ctia bat dang thiic co ban trong tam giac.
Dinh 1y 2.3.1. ([6]) Cho tam gidc ABC bat ki, ta cé
pt —2(2R? + 10Rr — r?)p* + r(4R+r)3 < 0. (2.25)
Dau "=" trong (2.25) zdy ra khi va chi khi tam gidc can.
Dinh 1y 2.3.2. ([6]) Cho tam gidc ABC bat ki, ta cé
(r? + p?)? + 12Rr® — 20Rrp® + 48R%*r? — AR?p> + 64R%r < 0. (2.26)
Dau "=" trong (2.26) zdy ra khi va chi khi tam gidc can.
Dinh 1y 2.3.3. ([6]) Cho tam gidc ABC bat ki, ta cé
St —2r2(2R? + 10Rr — r?)S? + r°(4R + )3 < 0. (2.27)
Dau "=" trong (2.27) zdy ra khi va chi khi tam gidc can.

Dinh 1y 2.3.4. ([6]) Cho tam gidc ABC bat ki, ta cé

2
p* —2(2R? + 10 S 5—2)p2 + §(4R + 5)3 < 0. (2.28)
p p p p

Dau "=" trong (2.28) zdy ra khi va chi khi tam gidc can.
Dinh 1y 2.3.5. ([6]) Cho tam gidc ABC bat ki, ta cé

r[2R% + 10Rr — 12 — 2(R — 2r)V/R2 — 2Rr]?

< S <r2R2+10Rr —r2+2(R—2r)V/R2 — 2Rr]2.  (2.29)
Déu "=" trong moi bat dang thic cia (2.29) zdy ra khi va chi khi

"

tam gidc can. Dau "=" trong cd hai bat dang thitc ciia (2.29) xdy ra

khi va chi khi tam gidc déu.

Dinh 1y 2.3.6. ([6]) Cho tam gidc ABC bat ki, ta cé
AR(R— =) > (p° + = — 2R — ——)*. (2.30)

Dau "="trong (2.30) zdy ra khi va chi khi tam gidc can.
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Tiép theo chung t6i sé trinh bay mot dang tuong duong nita clia bat
dang thitc co ban. Bat dang thiic nay c6 rat nhiéu tng dung trong viéc
chimg minh mot sé bat dang thiic quen thuoc sé duge trinh bay ¢ chuong

sau.

Dinh ly 2.3.7. ([8]) Cho tam gidc ABC bat ki, ta c6

15(4—5)3 < s < 1(2—5)(2+5)3 (2.31)
1 =R -1 ! |
trong do 6 =1 — — 2. Dau "="zdy ra ¢ moi bat dang thic khi va

chi khi tam gidac can.

Két luan ctia Chuong 2: Trong chuong nay ching toi da phat
biéu, chiing minh va mo ta hinh hoc ciia bat dang thiic co ban trong tam
giac. Hon nita, tit bat dang thiic co ban trong tam giac ching toi da xay
dung dugc 16p cac bat dang thic dang M(R,r) < K(p) < N(R,r). Noi
dung chinh clia chuong nay 1a trinh bay dang "chat" ciia bat dang thic
co ban (2.1) duge dua ra béi tac gia Shan-He Wu trong bai bao [7] va
dang tuong duong ciia bat dang thiic co ban (2.1) duge dua ra béi cac
tac gia Shan-He Wu va Mihaly Bencze trong bai bao [§].
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Chuong 3

Mot s6 ting dung

Bang cac phép bién doi dai so so cap két hop véi cac hé thiic trong
tam giac da trinh bay trong Chuong 1, ching ta c6 theé thiét lap cac dang
thitc tong quat nhu sau

F(f1(uy, v, w1), fa(ug, v2,w2), ..., fr(tn, vn, wn)) = G(R, 1, p), (3.1)

trong do6 f;(ui, vi,w;), (i = 1,...,n) 1a cac bicu thitc déi xting theo cac bo ba
(a,b,¢), (ha, by, he), (sinA, sinB, sinC), ... con G(R,r,p) la bicu thiic theo
(R,7,p).

Gia st rang G(R,r,p) = g(H(R,7), K(p)), trong d6 ¢g 1a ham khong
giam theo bién thit hai. Tt bat dang thic co ban trong tam giac ta
da thiét lap duge cac bat dang thic M(R,r) < K(p) < N(R,r) trong
Chuong 2. Nhu vay ta sé co duge

g(H(R,r), M(R,7)) < G(R,7,p) < g(H(R,7), N(R,7)).

Thay cac bat dang thic nay vao dang thic (3.1) ta thu duge bat dang
thic

g(H(R,r), M(R,r)) < F(f1(u1,vi,w1), fo(uz,v2,w2), ..., fru(tn, vn, wy))
<g(H(R,r),N(R,T)).

Trong chuong nay, ching toi sé trinh bay cac tng dung ciia bat dang
thitc co ban trong tam giac 1a cac bat dang thic c6 dang nhu trén. Bén
canh do, tit dang tuong duong (2.31) ctia bat dang thitc co ban duge

trinh bay ¢ muc 2.3, ching ta sé tim hicu cac ting dung ctia né trong viec
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chiing minh bat dang thitc quen thuoc nhu Garfunkel - Bankoff va phat
trién bat dang thiic Leuenberger.

3.1 Mot sb ting dung ctia bat ding thiic co ban trong
tam giac

Ap dung bat déng thic co ban (2.1) két hop véi cac bat ddng thic
(2.12), (2.13) va bat dang thitc Euler thay vao cac dang thiic trong tam
giac da trinh bay trong Chuong 1 ta thu dudgc hang loat cac bat dang
thiic trong tam gidc the hién moi lien hé gitta (R, r,p) va cac yéu to cia
tam giac. Trong méi dang cu thé, ching toi chi trinh bay céac vi du tieu
bicu.

Trong phan nay, dau "=" cla cac bat dang thic trong cac vi du
xay ra khi va chi khi tam gidc ABC déu. Dé cho gon khi trinh bay,
ching toi sé khong nhac lai dieu nay. Dong thaoi, ching toi sé st dung
cdc ki hieu J] va 3 dé chi tich va tong tuan hoan, chang han nhu

Hf(a7 b) - f(aab)f(ba C)f(co a)?Zf(aab) = f(aab) + f(b7 C) + f(C, CL).

3.1.1 Mot sb6 bat dang thitc lién hé gita (R, r,p) va cac canh

cua tam giac
Vi du 3.1. Cho tam gidgc ABC, chiing minh rang

36r* < 18Rr <127(2R — 1) <4 |R*+ 3Ry —r* — (R—2r)V/R? — 2Rr| <

§a2+b2+c2§4[R2+3R7“—7’2+(R—2r)\/R2—2Rr} <
< 8R*+4r% < 9R%.

Nhan xét 3.1.

Néu ching ta st dung Dinh 1y 2.1.4 dé tim cac bat dang thic tong

quat hoa cua dang

a? + 0% + & < uR*+ vRr + wr*(u,v,w € R)
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a? + 0>+ >R+ Rr + w'r (W, v, w' € R).
Ta dugc cac két qua sau

a? + 0% + 2 <4(1 — %) 7 2R? — 2Rr0(1 + 36) + r2(1 + 46 + 36?)]
+er(R—2r) (0<6<1,e>0),

a? + 02 + 2 >4(1 — w20’ R* + 2Rr (3 + w) — 733 + 4w + w?)]
—er(R—2r) (0<w<1,e>0).

Tt két qua nay ta co the dua ra hang loat bat dang thic c6 dang trén
ing véi ting gia tri w, 0, e cu the. Tuong tu, ta c6 thé ap dung Dinh ly
2.1.4 cho cac dang thic trong Chuong 1 dé dua ra hang loat bat dang

thitc v6i mdi dang cu the.

Vi du 3.2. Cho tam gidc ABC va so thuc k,(0 < k < 9). Tam gidc
ABC théa dieu kién o® + b? + 2 = kR? dugc goi la k— tam gidgc. Khi
do, ching minh rang: "Diéu kién can va du dé ton tai k— tam gidc
theo cic yéu to (R, r, p) la p* = r* +4Rr + 3kR* vdi 0 < k <9". Hon
nta, tam giac ABC' la tam gidc tu khi va chi khi 0 < k < 8, vuong khi
va chi khi k = 8, nhon khi va chi khi 8 < k < 9 va déu khi va chi khi
k=29.

Nhan xét 3.2.

Tu Vi du trén chung toi da phan loai cac tam giac tu, vuong, nhon
hozic tam giac déu tity theo k € (0;9]. Ngoai ra, ta con c6 the rut ra duge
nhan xét sau: "Tam gidac ABC khong tu (tam giac khong ¢6 géc nao 16n
hon %) khi va chi khi p > 2R+ r; tam giac ABC khong nhon (tam giac co
mot goc 16n hon hodc bang %) khi va chi khi p < 2R +r. Dau "=" trong
cac bat dang thiic trén xay ra khi va chi khi tam giac ABC vuong." Dua,

vao cac két qua nay va cac dang thiic trong Chuong 1 ta c6 the sang tac
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hang loat bat dang thic cho tam giac ti1, vuong, nhon, déu.

3.1.2 Mot sé bat dang thiic lién hé giita (R, r,p) va cac goc

cua tam giac

Vi du 3.9. Cho tam giac ABC, chiing minh rang

15 r?  5R?>—3Rr+1r?>—(R—2r)VR?2 —2Rr
— <2 < <
8 2R2 2R?
B, 5R?—3Rr+r*+(R—2r)VR2—2Rr
4
< E sint—= —I—cos 5) < SR <

2
§3(1—%+2T—R2> <3
3.1.3 Mot sé bat dang thic lién hé gita (a,b,¢), (4, B,C) va
(R, p)
Vi du 3.11. Cho tam giac ABC, chiing minh rang
r R? 4+ 7Rr — (R —2r)vVR? — 2Rr

9r < 10r(1 — SR) < 7 < asinB+
2 —9 2 —9 2 2
© bsinC + csind < R* + 7Rr + (RR VR Rr < (R;— ) < 92R.

3.1.4 Mot sb bat dang thitc lién hé gita (R, r,p) va cac yéu

t6 khac ctia tam giac

Vi du 3.16. Cho tam giac ABC, chiing minh rang

32Rr? < 4r*(9R — 2r) < 24Rr* + 4R*r — 4r(R — 2r)\/ R2 — 2Rr <
< (r471a)(r+ 1) (r+ 1) < 24Rr? + AR%*r + 4r(R — 2r)\/R? — 2Rr
< 47(2R* 4+ 3Rr 4 2r%) < 8R°.

3.1.5 Mot 16p cac bat dang thiic lién quan dén dudng phan

giac cua cac goc va cac canh cua tam giac

Dinh ly 3.1.1. ([9]) Trong tam gidc ABC bat ki, bat dang thitc sau

luon xdy ra

%( +\f)§zl3 g(rmf 3v3). (3.9)
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Déu "=" trong (3.9) zdy ra khi va chi khi tam gidgc ABC déu. Hon
nia, 5 va \f la cdc hé so tot nhat trong (3.9).

Nhan xét 3.4.

Tir bat dang thitc tong quét ctia (3.9)
A<p+\/_—3\f><2<k< +f—3f> (A< %l{:zg)

két hop véi cac bat dang thitc dang M(R,r) < K(p) < N(R,r) (trong
Chuong 2) ta sé thu duge hang loat cac bat dang thiic trong tam gidc.

Hé qua 3.1.1. ([9]) Trong tam giac ABC bat ki, ta luon cé
3
— - — — < — — .
2\/§+2(1 ) § l 2f+2f< 1) (3.20)

Dau "="trong (3.20) zdy ra khi va chi khi tam gidc ABC déu. Hon
nita, 2v/2 la hé sé tot nhat trong vé phdi cia bat dang thic (3.20).

3.2 Mot sé ting dung cuia dang tuong duong ctia bat
diang thiic co ban trong tam giac

Trong muc nay, ching toi sé trinh bay mot s6 ting dung cia dang
tuong duong (2.31) clia bat dang thiic co ban trong tam gidc da dugc
Shan-He Wu va Mihaly Bencze néu ra trong bai béao [§].

3.2.1 Mot chiing minh mdéi ctia bat dang thitc Garfunkel -
Bankoff

Dinh 1y 3.2.1. ([8])(Bat dang thiic Garfunkel - Bankoff) Cho tam gidc
ABC bat ki, ta c6

A o B 5 C A B C
tanQE + tan’ = 3 + tan® 5 2 > 2 — 8sin— 5 sinismi (3.23)

Dau "=" trong (3.23) zdy ra khi va chi khi tam gidc ABC déu.
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3.2.2 Mot su phat trién ctia bat dang thiic Leuenberger

Dinh 1y 3.2.2. ([4])(Bat dang thiic Leuenberger) Cho tam gidc ABC
bat ki, bat dang thic sau luon ding

1 1 1 3
> I
a+b+c_ R

Dau "=" xdy ra khi va chi khi tam gidc ABC déu.

(3.24)

Bat dang thic nay da duge nhicu nha toan hoc quan tam va phéat
trien, Steinig da dua ra bat dang thiic chat hon sau (xem [4])

o> (3.25)

Mitrinovic cling dita ra mot bat dang thic chat khac ctia (3.24) (xem [6])
1 1 1 SR —1r

+ - > :
b ¢ 2R?+4+ (3V3—4)Rr

(3.26)

Trong dinh 1y dudi day, ching to6i sé trinh bay mot dang phét trien méi
clia cac bat dang thitc (3.25) va (3.26) do Shan-He Wu va Mihély Bencze
dua ra.

Dinh 1y 3.2.3. ([8]) Vdi tam gidc ABC bat ki, bat dang thitc sau luon

ding
1 1 1>\/25RT—2T2

a b ¢ ARr
Dau "=" xdy ra khi va chi khi tam gidc ABC déu.

(3.27)

Nhan xét 3.5.

Bat dang thitc (3.27) manh hon céc bat dang thic (3.24), (3.25) va
(3.26) vi theo bat dang thiic Euler R > 2r ta dé dang kiém tra dugc cac
bat dang thitc sau ding cho tam giac bat ki

L 1, 1 V2R —27 5R—r L V3

a b ¢~ 4Rr T2R?2+ (3V3—4)Rr — R’

va

. 2
1+1+12\/25Rr o . 3v3 2\/5.
a b ¢ 4Rr 2(0R+r) — R
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Két luan ctia Chuong 3: Tit he thong cac dang thiic trong tam giac
¢ Chuong 1, stt dung bat dang thiic co ban trong tam giac va cac bat dang
thic dang M(R,r) < K(p) < N(R,r) da dugc thiét 1ap trong Chuong 2
chiing toi da xay dung dugc hang loat cac bat dang thiic theo (R,r,p)
va cac yéu to trong tam gidc nhu (a, b, ¢), (sinA, sinB, sinC), (hq, by, he). ..
Bén canh d6, ching toi ciing trinh bay mot 16p cac bat dang thic lien
quan gitta cac duong phan giac va cac canh cla tam gidc ap dung bat
dang thitc co ban (2.1). Hon nita, ching toi trinh bay mot chitng minh
mdi ciia bat dang thitc Garfunkel - Bankoff va phat trien bat dang thiic
Leuenberger ap dung dang tuong duong (2.31) ciia bat dang thiic co ban
dugce trinh bay ¢ muc 2.3.
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Két luan

Luan van da tap trung nghién ctiu dude cac van dé sau:

1.

Chting minh diéu kién can va du dé mot phuong trinh bac ba c6 ba
nghiém 1a ba canh ctia mot tam giac (Tinh chat 1.1.1, 1.1.2, 1.1.3).
St dung Dinh ly Viete ddoi véi phuong trinh bac ba, chung toi da
xay dung mot hé thong cac hé thic trong tam giac.

. Phat biéu, chimg minh va mo6 ta hinh hoc bat dang thic co ban

trong tam gidc (Dinh ly 2.1.1, muc 2.1.2), chiing minh bat dang
thitc co ban (2.1) 1a bat dang thitc manh nhat clia dang bat dang
thic f(R,7) <p? < F(R,7) (f(R,r), F(R,7) la cic ham thyc thuan
nhat bac hai v6i R,r > 0) (Nhan xét 2.1),

. Tt bat dang thiic co ban, ching toi xay dung 16p cac bat dang thic

dang M(R,r) < K(p) < N(R,r) (Dinh Iy 2.1.2, Dinh ly 2.1.4), dua
ra mot s6 bat dang thic thuoc dang trén thuong sit dung cho viéc
sang tac cac bat dang thic trong tam giac (He qua 2.1.1, He qua
2.1.2).

. Trinh bay dang "chat" ctia bat dang thiic co ban trong tam giac khi

dua them tham sé vao cac bieu thic theo R, r cia né dude deé cap
trong bai bao [7] cua Shan-He Wu (Dinh 1y 2.2.1).

. Béing cac phép bién doi don gidn véi bat dang thitc (2.1), ching toi

dua ra mot s6 dang tuong duong ctia bat dang thic co ban trong
tam giac (cac dinh ly 2.3.1, 2.3.2, 2.3.3, 2.3.4, 2.3.5, 2.3.6) bén canh
cac dang tuong duong (2.2) va (2.14). Ngoai ra, chiing toi cting trinh
bay mot dang tuong duong clia bat dang thic co ban duge Shan-He



24

Wu va Mihély Bencze dua ra trong bai bao [8] (Dinh 1y 2.3.7).

6. Tu he thong cac dang thiic trong Chuong 1, ap dung bat dang thiic
co ban va cac bat dang thiic dang M(R,r) < K(p) < N(R,r) dugc
xay dung ¢ Chuong 2, chung t6i trinh bay viéc hinh thanh va sang
tac cac bat dang thitc mdi trong tam giac lién quan gitta (R, r, p) va
cac yéu to (a, b, c), (sinA, sinB, sinC), (ha, hy, he), ... thong qua cac vi
du cho timg dang cu thé (céc vi du trong cac muc 3.1.1, 3.1.2, 3.1.3,
3.1.4). Trong cac vi du nay, ching ta bat gap lai cac bat dang thiic
trong tam giac thuong c6 mat trong cac tai liéu on thi dai hoc va
on thi hoc sinh giéi. Khong nhiing thé, Luan vin con md rong va
lam manh hon cac bat dang thic nay. Ngoai ra, ching toi trinh bay
mot 16p cac bat dang thic lien quan gitta cac duong phan giac va
cac canh clia tam gidc ap dung bat dang thitc co ban (2.1) (Dinh ly
3.1.1).

7. St dung dang tuong duong (2.31) ciia bat dang thiic co ban trong
tam giac (Dinh 1y 2.3.7), chung toi trinh bay mot chting minh méi
ctia bat dang thitc Garfunkel - Bankoff (Dinh 1y 3.2.1) va phét trién
bat dang thitc Leuenberger (Dinh 1y 3.2.3).

Trong quéa trinh thuc hién dé tai, ching toi con nhan thay mot so

huéng md can nghién citu tiép nhu sau:

e Nghién cttu bat dang thic co ban trong tam giac trong hinh hoc phi
FEuclide.

e Dung nguyén ly tam giac can - PIT va cac tinh chat cuc tri toan
cuc trong Giai tich dé thiét lap bat dang thiic co ban trong tam giac

theo mot cach hoan toan méi.

Trong thoi gian t6i, ching toi sé tap trung tim hiéu ki ludng va sau
sac hon vé nhitng van dé nay. Chiung toi hy vong luan van sé la tai liéu
tham khéo bo ich cho gido vién, hoc sinh ciing nhu nhiing ai quan tam

dén bat dang thic co ban trong tam giac va cac van dé lien quan.



