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LOI CAM ON

Toi giri cam on sau sic dén Thay TS. Tran Pinh Thanh da tan tinh hwéng
dan t6i trong sudt qua trinh thuc hién luan vin nay.

Toi xin chan thanh cam on qui Thay, C6 khoa Toan truong PHSP TP Hé
Chi Minh va trwong PHKHTN TP Hé Chi Minh da trang bi cho tdi nhiéu kién
thiec qui bau trong Toan hec ciing nhw trong cudc séng.

T6i xin cam on ban bé va nguoi than da dong vién gitp do téi trong quéa

trinh hoc tap va lam luan van.

Tp. HO Chi Minh, thang 10 nim 2011
Hoc vién

Pinh Cong Minh
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MO PAU
1. Ly do chon dé tai:

Ly thuyét phuong trinh trong khong gian c6 thir tu ra doi tir nhitng nam 1940,
duoc phét trién va hoan thién cho dén ngay nay. Ly thuyét nay tim duoc nhitng ¢ng
dung rong rdi trong viéc nghién ctu cac phuong trinh xuat phét tir khoa hoc Tu
nhién, Y hoc, Kinh té hoc.

Trong ly thuyét vé phuong trinh trong khong gian c6 tha ty thi 16p phuong
trinh vé&i anh xa 16i hodc 16m déng vai trd quan trong. B4i vai 16p phuong trinh voi
anh xa 16i hodc 16m ta cd thé ching minh su duy nhat cua nghiém, xay dung hai day
lap Picard 1a ddy ting hodc giam hoi tu vé nghiém; chang minh duoc tap gia tri riéng
la khoang,...

Vi su quan trong cua n6 nén Iop phuong trinh véi anh xa 156i dugc nhiéu nha
Toan hoc quan tdm nghién ciu. Mot s6 16p anh xa 16m hoic 16i méi duoc dua vao
nghién ciru va thu dugc cac dinh ly méi vé diém bat dong, vé xay dung day 1ap xap xi
nghiém,...

Viéc hé théng lai cac 16p anh xa 15i, 16m da dwoc nghién ctu, cac tinh chat cua
chiing, so sénh mdi lién hé gitra ching, ... 1a viéc 1am can thiét va cé y nghia.

Luan van chi trinh bay cac két qua ly thuyét. Sau khi thu thap tai liéu tir nhiéu
ngudn, ching tdi s& phan loai, tong hop céc tai liéu dé trinh bay cac két qua theo mot

hé théng hoan chinh, chi tiét.

2. N¢i dung luan van
Noi dung luan van gom c6 ba chuong:

Chuwong 1. Nhic lai cac khai niém, cac két qua duoc sir dung. Trong d6 gdm co
cac khai niém vé khong gian Banach voi thir tu sinh béi non; Nguyén Ii Entropy;
Dinh Ii diém bat dong cua anh xa ting.Cac két qua nay dugc trich dan tir cac tai lidu
tham khao.

Chuong 2. Trinh bay mot s6 két qua ctia mot s6 16p anh xa 16, 16m. Tinh chat cia
vécto riéng, gia tri rieng. Anh xa 16m t6 hop.

Chuong 3. Khao sat su ton tai diém bat dong cua anh xa 10m da tr1 .



3. Phwong phap nghién ctru
1. Sir dung cac tinh chat caa tha tu sinh bai ndn, nguyén 1i Entropy, dinh Ii diém

bat dong cua anh xa tang.

2. Phuong phép lap lién tiép.



Chwong 1: CAC KET QUA CHUAN BI

1.1 Khong gian banach cé thu tw
Dinh nghia 1.1.1

Tap K trong khdng gian Banach thuc X goi 1a nén néu

i) K latap dong, khac rong va K =6

i) K+KcK, AKcK Vv1>0.

i) KN (-K)={6}
Dinh nghia 1.1.2
Trong khéng gian Banach thuc X vaéinon K, ta xét quan hé <" sau:
vX,ye X, X<y y—-xekK
Khi d6 quan hé "<" c6 céc tinh chat:

1) Phanxa: Xx—x=0eK=x<X, VxeX.

2) Phanxang: Vx,ye X, néu x<y va y<xthi y—xeK va x-yeK
Doiii)taco: y—x=6 nén x=y

3) Biccau: Vx,y,ze X néu x<yvay<zthiy-xeKvaz-yeK
Doii)tacé: z—x=(y—-x)+(z—y)eK.Dodo x<z.

Vay "<" la mot quan hé thir tu trén X .

Moi x e K\{6} goi la duong.

Ménh dé 1.1.1
Cho X la khéng gian Banach thuc sinh bai non K . Khi do:

X+2<y+1z

1 VX,y,ze X, VA>20; x<y=
) y2€ y {;txgﬂy

2) Néu (xn <y (neN), limx =x, limy < y) thi x<y.
3) Néu {x,} laday tang, hituvé x thi x, <x VneN’
Chirng minh
1) Tacd x<y=>y—-xeK=Ay—-Ax=A(x-y)e K= Ax< Ay.

Tuong tu:

X<y=>y-XxeK=y-x=(y+2)-(x+2)eK=>x+z<y+1z



2) Dox, <y =vy,—x, €K
Do lim(y, -X,)=y-x va K déng nén y—xeK.Vithé x<y.

3) Giasuday {x,} lating. Vi mdi n tacé: X, <X,
Cho m — 4o, ta cé: x, <X, Vn.
Dinh nghia 1.1.3
i)  Non K trong X dugc goi la nébn miniheral manh néu moi tap M bi chan trén
trong X déu ton tai SUpM .
ii) Non K trong khong gian Banach X duoc goi 1a nén chuan néu
AN >0 sao cho Vx,y e X, x<y thi |X|<N|y|
(s6 N duoc goi 1a hang s6 chuan cua K)
iii) Non K trong X duoc goi 1a nén chinh qui néu moi ddy tang bi chan trén trong
X déu hoi tu.
iv) Non K trong X duoc goi 1a nén sinh néu Vxe X, Ju,veK: x=u-v
Ménh dé 1.1.2
Cho K 1a nén chuan trong X . Khi do:
1)  VuveX;u<vthi (uv)={xeX: u<x<v} latap dong va bi chan.

2) Néux <y <z,(n=12.)valimx =limz =x thi limy_ =x

T B P
3) Néu ddy don diéu (x,),co day con (x, ) hoi tuvé x thi (x,) hoi tu vé x
Chirng minh
1) (u,v) la tap dong.
Gia s X, €(u,v), Vn va limx, =x.
Taco: u<x, <v, Vn=>u<x<v=xe(u,v).
(u,v) bi chan:
vxe(u,v) thhusx<v=x-ueK,v-ueK va x-u<v-u
Do K 1a nén chuan nén |x—u|< N |v—ul= |x|-|u < N|v-ul

Vivay X< Nv—uf+]u]=M



2) Gidsu X, <y, <z,Vn=>60<y —-X <7 -V,
Do K 1a nén chuan nén 1Y, = %[ <Nz, = x| )
Ma limx, =limz,=x nén z, —x, > 6
n—o n—o

to (*) cho n>w thiy —x —>0

Dodo y, =(y,—x,)+X, > X (n— ).

3) Giasu(x,) laday ting co day con (Xnk )k hoi tu vé x

Taco: x, > X =>Ve>0, 3k,

X=X,

&
<—.

N
Ta lai co: X, <X, Vk va x, <X, nén x, <X, vn

Khido: vn>n, thi x, <X <X=>0<xXx—-X, <X—X,
0 ko k

0

Do do: [x—x,[< NHx—xnko <

Vay limx, =X.

n—o

Pinh i 1.1.1

Trong khong gian Banach X vai nén chuan K ton tai chudn || tuong duong

*

vGi chuan ban dau

|| saocho wx,ye X, §<x<y=] *§|

X

y
Chirng minh
Pt A=[B(0,)+K]N[B(0,1) - K]
Ta chiang minh: B(0,1) « Ac B(0,r), véi r >0 du lon.
+Do e KN(-K) nénB(0,1) = A
+ Chang minh Ac B(0;r), r>0.
That vy, néu trdi lai ta c6 thé xdy dyng day (x,) —A véi |x[=n va
y,,Z,€B(0,1); u,v,eK saocho x, =y +U, =2 -V,
Vi u, +v, =z, -V, nén |u, +v,[<2
ma K lanén chuan nén |u,||< N |u, +v,|<2N.

Do @6 n<|x. || <[|y,[ +[lu <1+ 2N, wn  (diéunay vo i)



* Xét phiém ham Minkovski cia tap A:

||x||*:inf{}t>0:%eA} Xe A

* Vxe X, x=0,goi 4, ||x|| th| eB(Ol) va eA.

Theotréntacd: ——ec Ava — e B(0,r)

x|| va 1L

Do do:

<r

Suy ra

Khi x =0 thi dang thuc xay ra.
Do d6 chuan ||| tuong dwong véi chun ban dau ||
. ) Ly X
*Glase 0<x<y,taco: {A>0:=,c<A>0:—
A A
That vay, xét A4 sao cho %e A

Do x>0nén %EK2>0+%EB(O,1)+K

Do x<y nén 1< Y l—ieK

A A A A

Ma %e A nén theo dinh nghia A tacé %z u-v voeiueB(0,1)-K

Do dé e A
A

Pinh Ii 1.1.2
i) K 14 nén chinh qui khi va chi khi moi ddy don diéu giam bi chin dugi déu hoi
tu.

ii) K lanon chinh qui thi K 13 nén chuén.



Chirng minh
1) (=) Giast K lanon chinh qui.

Xétday x, =2 X,>...2X, >...2 X

Taco day (x, —x,), don di€u tang va bi chan trén boi X, — X nén hoi tu.
Vay day (x,), hoi tu.

(<) Xétday x, <X, <...<X, <...<X

Ta thay diy (x, — x_ ), don diéu giam va bi chin dudi nén hi tu.
Vay day (x,), hoi tu..
ii) Ta chimg minh bang phan chung.

Gia st K khong 1a non chuan. Khi do:

VN, 3, €K, Jy, €K, 0<x, <y, ma|x[|>N]y,|
Cho N =n*(n=12...) ta dugc cac diy (x,), < K, (y,), = K thoa

0<%, <Yy [ > 1%y

RO rang x, = 6. Xet cac day x, :H);—“”, Y, znz_n”
n n
Taco: 9<x <y, [X|[=1|Y; <% nén chudi iyh hoi tu.
n=1

Pat y=> y, thi y;+y, +...+y,<y (Vn)

n=1
Ta thdy diy z, = X, + X, +...+ X ting va bj chin trén boi y.
Ma K 1a non chinh qui nén (z,), hoitu. Dindén x, =z, -z, , — 6

bicu nay mau thuan véi di€u kién =1. Vay K 1a nén chuan.

X

Ménh dé 1.1.3

Néunén K trong X co diém trong u, thi
i) Ja >0 saocho Vxe X thi —a||x|u, < x < a||x|u,
i) K landn sinh.

Chirng minh



1)  u,eintK=3r>0:B(u,r)cK.

* véi x=6,taco u, + e B(u,,r) nén u, £ T|X”_6'

o || ||
, 2
Do d6 —?||x||u0 <x< F||x||u0

* Khi x =6 thi bat dang thirc trén van dung.
ii) theoi) Jar>0 sao cho Vxe X thi —a|x|u, < x < a|x|u,

a||X|u, + X a||X||u, — x

biat u= vavs= thiu>60, v>6, x=u-v

Dodd u,veK va x=u-v.
Vay K la non sinh.
Pinh li 1.1.3

Néu K 1a nén sinh thi ton tai hiang sb sao cho Vxe X, Ju,veK:

c=u—v,Jul <M [, <M

1.2 Nguyén Ii Entropy va Pinh li diém bat dong ciia 4nh xa ting.
1.2.1 Nguyén li Entropy

Gia su:

i) X 1a tap sdp tht tu sao cho mdi ddy don diéu ting trong X c6 can trén.

i) S:X —[-o0;+0) 1a mdt ham don diéu tang (U<v=>S(u)<S(v)) va bi
chan trén.
Khi d6 t6n tai phan tir u, € X c6 tinh chat:

Vue X,ux=u, = S(u)=S(u,)

Chirng minh

Lay tuy ¥ u, e X roi xdy dyng cac phan tir U, <u, <... nhu sau.

Giasirdaco u,,tadat M, ={ue X:u>u,}, B, =supS(u).
ueM,

*Néu B,=S(u,) thi u, can tim. Néu B, >S(u,) ta tim dugc u,,, thoa:

n+1



U, €M,
S (Un)> £, —5 (4~ 5(4,)
* Néu qua trinh trén vo han thi ta c6 ddy tang {u,} théa:
2S(u,,,)-S(u,)>B,  VneN"
Goi u, 1a mét cén trén cua {u,}, v6i u>u,, ta co:
ueM, vneN" (douxu,)
= S(u)< B, <25(u,.,)—S(u,)
=S(u)<limS(u,)

= S(u)<S(u,) hayS(u)=S(u,)

1.2.2 Pinh li diém bit dong ciia anh xa ting.

Pinh li

Gia st X 1a khong gian Banach dugc sip boi non K, M < X 1a tip dong va
F:M — X la anh xa tdng théa man:

) F(M)cM,  3x,eM:x <F(x)

ii) F bién mdi ddy ting thuoc M thanh diy hi tu.

Khi 6 F c¢6 diém bat dong trong M .
Chirng minh.
Pat My ={xeM:x<F(x)}, g(x)=sup{|F(y)-F(2)|:f.zeM,,y>z>x]
* Ta ap dung nguyén li Entropy cho tdp M, va ham (-g)

i) V{x,} =M, {x,} ting =3Ix=limF(x,), xeM .

X <X (do XnSF(Xn)SX)
:{XE M, (doF(x,)<F(x) va chon— o)
ii) Véi x,X, € M, gid stt X, <X, taco
{z,ye MO,yZZZXZ}C{Z,ye MO,yZZZX1}

Do do g(x,)<g(x).



Vi thé theo nguyén li Entropy ta co:
daeM,:VueM ,uza=gu)=g().

* Ta chung minh g(a)=0. Néu trai lai ga)>c>0 taco

F(y,) - F(y)|>c

dy,y,eM,:y, 2y 2a,

Do g(y,)=g(a)>c nén Jy,,y,eM :y,>y >y, F(y4)—F(y3)H>c,...

Tiép tuc nhu trén ta c6 day tang {yn} cM,||F(y, ) - F(yanl)H >C, ta gdp mau thuan
v6i gia thuyét ii) cua dinh 1.

*Do g(a)=0 nén F(y)=F(a),vy=a,yeM,.ViaeM nén a<F(a).

Vi thé F(F(a))=F(a) hay b:=F(a) la diém bt dong.

Vay dinh i dugc ching minh.
Tt dinh 1i trén ta ¢6 hai hé qua sau
H¢ qua 1.
Giasu F: <u,v> — X 1a anh xa tdng théa man:
) u<F@), F(v)<v
i) F (<u,v>) 1a tap compact twong d6i, K 12 nén chuan.
Khi d6 F c6 diém bat dong trong <u,v>.
Chirng minh
Ta ap dung dinh li cho tap M = <u,v>.
Tir gia thuyét i) ta c6: F ((u,v)) < (u.v),
Vi {Xn} - <u,v> la day tang ta co:
{F(Xn)} coday conhoity (vi F (<u,v>) 13 tdp compact tuong dbi )
= {F(Xn)} hoitu (do {F(Xn)} tang va K 1a nén chuan )

Theo dinh li trén thi F c6 diém bat dong trong <u,v>.



H¢ qua 2.
Giasu F: <u,v> — X 1a anh xa tang théa man:
u<F(u), F(v)<v
i) K la nén chinh qui
Khi @6 F c6 diém bat dong trong <u,v>.
Chirng minh
Ta 4p dung dinh li cho tap M = <u,v>.
T gia thuyét i) ta co: F (<u,v>) - <u,v>.
Véi {Xn} c <u,v> la day tang ta co {F(Xn)} la day tang va bi chan trén.
Do K 1& nén chinh qui nén {F(xn)} hoi tu.

Theo dinh li trén thi F c6 diém bat dong trong <u,v>.



Chwong 2: MOT SO LOP ANH XA LOL LOM.
Trong chuong nay ta xét X 1a khong gian Banach v&i thir ty sinh béi non K
2.1 Anh xa u, —16m hoic u, —16i.
Dinh nghia 2.1.1
Anhxa A: K — K vau, > 6. Gia st
i) V&i modi x>0, Ja(x)>0,3(x) >0 sao cho
au, < AX< Bu, (2.1.1)
ii) V6i mdi x e K thoa ayu, < X< AU, (o(X)>0,4,(x)>0) va
mdi 0<t<1,ton tai s6 n=7(x,t) >0 sao cho
A(tx) > (1+ n)tAx (2.1.2)
Khi d6: Anh xa A duoc goi la u, 1om.
Néu ta thay diéu kién ii) boi ii”) nhu sau:
ii’) Véimdi xe K thod aqu, < X< BuU, (e (X)>0,5,(x)>0) va
mdi 0<t<1,ton tai sb n=7(x,t) >0 sao cho A(tx) < (1—7)tAx (2.1.3)
Khi d6 anh xa A goi 1a u, —16i.
2.1.1 Tinh chat
Pinh i 2.1.1

Anh xa A:K > K 1a ting va u,—I8m. Gia st A c6 diém bat dong duong

X" >0 va K 1a ndn chuin. Khi d6 ton tai cip sé R >r >0 sao cho:

Ax<x, VxeK, 0<|x|<r (2.1.4)
Axzx, VxeK, [x|>R (2.1.5)
Chirng minh
Trudc tién, ta chimg minh: X >6, AXS X=>X> X (2.1.6)

That vay, do A la u, — 16m nén ta co

2 Bu =2 Ax*:g* X" (v6i a,f">0)

B p

Dat tO:sup{t>O:x2tx*}, taco: 0<t, <o

X2 AX2au, =




Ta chimg minh t, >1.
Néu 0<t,<1thido A la u,— 16m va ting nén co sb 77, >0 sao cho
X > AX > AtyX ) = (L+ 7))t AX = L+ 775t X
Diéu nay mau thuan véi cach dat t,. Do d6 t, >1
Vay x>6, AX<X=X>X.
Tuong tu, tacd: x>0, AX>X= X >X (2.1.7)

* Pat r=inf
zeK

z+x*H.D0 X >0 néntacod r>0.

Véi cach dat nhu trén thi sé r thoa man (2.1.4)

That vay, néu 3xe K, 0<|x|<r ma Ax<x thi do (2.1.6) ta co:
X=2+X (Véi z=x-X >0)
= |x|=r (voli)
Vay Ax<x, VxeK, 0<|x|<r.

* Do K la nén chuan nén |:(9,X*] bi chan. Tadat R= sup

Ze|:9,X*:|

z.

Véi cach dat nhu trén thi s R thoa (2.1.5)

Thatvay, néu 3xeK, [x|>R ma Ax>x thido (2.1.7) taco: x< X
= Xe [Q,X*] = |x| <R (ta gap mau thuan)

Vay dinh li dugc chung minh.

2.1.2 Sy duy nhit ciia diém bat dong.
Pinh 1i 2.1.2
Néu anh xa A:K — K 13 ting va u, —16m thi A c6 nhiéu nhat mot diém bat
dong duong.
Chirng minh
Gia str x, > 6, X, > @ a hai diém bat dong duwong ctia A.

Do anh xa A la u, —16m nén ta co:



(04 o (04 , .
2 2 2
bat ty =sup{t>0:x >tx,}. Tacoé 0<ty <o

Ta can ching minh t, >1.

Néu trai 1ai0 <t, <1 thi do A Ia u, —16m va ting nén co sb 77, >0 sao cho

X = AX = AltoXp) 2 (L+770)t AX, = (1+770)tX,
= X, > (L+7,)t,X,  ( mau thuan véi dinh nghia cua t,)
Do do: X, > X,
Tuwong tu nhu trén, ta co:

a o (04 , .

B B A

bat t, =sup{t>0:x,>tx}. Tacé 0<t, <o

Ta can chimg minh t, >1.

Giasu O<t <1

Do A Ia u, —16m nén t6n tai s6 7, >0 sao cho:

Xp = A%y = At X)) = L+ 7 )5 Ax = (1+ 7))t %

= X, > (L+n)tx  ( mau thuin véi dinh nghia cua t,)
Do do: x, =2 X
To (*) va (**)taco: X =X,.

Vay dinh li dugc chimg minh.

2.1.3 Xay dung diy lap don diéu hdi tu vé diém bét dong.
Véi K 1a nén trong khong gian Banach thuc X va u, > 6. Pat
X,, ={xe X :321>0 dé —Au, < x < Au,}

va ||x||UO =inf {1>0: — Au; <x< Ay}, Vxe X,
Taco X,, 1a khong gian dinh chuan voi chuan |[[, .

Ta goi ||X||uo la u, —chuan cta phan tir X Xy -

(*)

(**)



Pinh Ii 1.5.1 [2]

V6i K 1a nén chuan thi X, 1a khong gian Banach véi u, —chuan va ton tai sb
M >0 sao cho ||| <M |x|| v&imdi xe X, .
Pinh Ii 2.1.3

V6i dnh xa A:K — K 1a u, —16m va ting. Gia sit A c6 diém bat dong dwong
X >6.V6i x, > 6 ban dau, ta xay dung diy x, = Ax,, (n=12,..).

Khi do: 50 (N> ) (2.1.8)

X —X
n Uo

Chirng minh
Gia s X >0 la diém bat dong duong cuia anh xa A.
*Bude 1: Voimdi 0<t, <1

Pit v, =tx, V,,=Av (n=0,1,2....)

n+1 n

Taco: tX =V, <V, <..<V <. <X (2.1.9)

bit p, :sup{t>0: tx*svn} thi ta co:

O<ti=py<p<p,<..5p,<...51 (2.1.10)

va  pXx <v, (n=012.) (2.1.11)

Ta chiing minh lim p, =1 (2.1.12)
N—o0

Néu trai lai lim Py=y7<1l(y=t>0) thi ton tai s6 7 >0 sao cho:
nN—oo
A(yX) = L+n)y A =([L+n)yx
Vivay khi 0<t<y<1thi AMX)=ACpx) =L AGX) > L+ )X
4 y
hay A(tx") > 1+ m)tx".
Dic bigt A(p,x)=1+7)p,xX  (n=0,12.) (2.1.13)
Tu (2.1.11) va (2.1.13) suy ra: v, = Av, > A(p,X )= (1+7)pX
Do d6 theo dinh nghia p, thi:  p.., > 1+7)p, (n=0,12..)

Bang qui nap ta co: p, > (1+7)".p, (n=012..).



Ma diéu nay mau thuan véi (2.1.10).

Vay lim p, =1.
n—o0
*Bwéc2. Voit, >1

Aw

n

Dit w, =t,X, @, = (n=012..)

*

Tach: LX =Wy 2@ >...2 @, >..> X (2.1.14)

Dit ¢, =inf {t >0 tX° Za)n} (n=0,1,2...) thi ta co:

t,>(>20,>28,>..>2(,>..>1 (2.1.15)

va X 2o (n=012.) (2.1.16)

Ta chimg minh lim¢, =1 (2.1.17)
nN—oo

Néu trai lai lim¢, =y, >1, thi khi d6 ton tai s6 77, >0 sao cho:
n—o0

X =AX = A(iyox*j > i(1+ Uo)A(Vox*)
7o 70

Suy ra: A( yox*) < 11—0770 X

Vithé khit>y, taco A(yX)= A(?.tx*) > ?A(tx*)

* t * t Y * t *
hay A(tx )< —A(yX |<—. 22X = X .
) ( ° ) vo 141, 1+,
Dit biét A(;nx*)gix* (n=0,1,2,...) (2.1.18)
(L+7)
Tir (2.1.16) va (2.1.18) suy ra: o, ,, = Am, < A(S, X)) < cn_y
L+7)
Vi thé ta cé: c;msL (n=0,12,..)
(L+7)

Qui nap ta duogc: &, SLH (n=012,..)
1+ 75)

Diéu nay mau thuan véi (2.1.15).



Vay lim¢, =1.

N—o0
* Bude 3. Trd lai chimg minh dinh 1i
V61 X, >0 cho trudc, ta xay dung day :
X, =Ax,;, (n=123.)
Do (2.1.1)tacld: oy <X =AX < By, oy <% =Ax <Bu, (2.1.19)

(V6i ay, By, ap, B, 12 céc s6 duong)

Suy ra:
a a B b,
—LX <L Bl = aglly < % < il = agly <X
Bo Bo 24 2
o7 * *
hay —Lx £x1£ﬁx :
0 2

Ta chon hai s6 t,,t, sao cho: 0<t, < min{l;%}, t, > max{ ﬁl}
0 %

Khidotaco: 0<t, <1, t,>1 Vv,=tX <x <tL,X =a,
Tur (2.1.11) va (2.1.16) ta co:
pX SV <X <o, <X (n=012.)
Do d6: —(1—p,) By < X..i — X <(& -DBu, (n=0,1,2..) (2.1.20)
Tur (2.1.20), (2.1.12) va (2.1.17) suy ra:

" —0 (N> x)
Vay dinh li dugc chiung minh.
H¢ qua:
Néu K 1a nén chuan va gia thuyét cua dinh li 2.1.3 thoa man thi

That vay, ap dung dinh 1i 1.5.1[2] ta suy ra ngay két qua.

2.1.4 Tinh chit cia vecto riéng, gia trj riéng.

Dinh li 2.1.4



Giasu A: K — K la anh xa u, —10m va tang. Khi do:
1) Néu x, = LAX, X, = L,Ax, (x e K\{O})va A <4, thi x <X,.
2) Gia st A c6 it nhat hai gia tri riéng thi tdp cac gia tri riéng cua A 1a mot
khoang trong cac truong hop sau:
a) K lanén chinh qui
b) K 14 nén chuan, A compact.
Chirng minh 1)
T gid thuyét ta c6 4,4, > 0.
bat t, :sup{t >0:X, thl} thitacot, >0.
Ta chirng minh t, >1. Gia st tréi lai t, <1 ta co
Ax e Ku,=3a,>0:au, < AX < Bu,
(Ku,={yeK:3a,f>0,au,<y<pu, ||
= Aau, <AAX <ABU, (do A >0)
= X, = A4AX e Ku,.
Li luan twong ty ta cling c6 X, = 4,AX, € Ku,
Do vay véi t€(0,1) do A la u, —16m nén ton tai 1, >0,n, >0 sao cho
A(tx) = 1+ )tAX, A(tx,) = (1+n,)tAX,
Do A tingnén tir X, >t X taco Ax, > A(t,x)
= AX, 2 (1+7, )t AX,

1 1
:>/1—X2 > (l+ 771)'[0.7)(1

2 1

=X, 2(1+ 771)'[0.%x1

1

x e . A
Ta gap mau thuan véi dinh nghia cua t; vi (1+ 771)72% >,
1

Véy phaico t 21 hay X <X,.



Chirng minh 2)
* Gia sit A c6 it nhat hai gia tri riéng a,,a, (a, <a)tuong (mg voi hai vecto riéng

X,, X, , nghia la:

AX =X < L AX =X (dit lﬁi)
al

AX, = a,X, & A,AX, =X, (dat 4, :i)
CXZ

Taco: a,<a, & A4 <A, =>x<x (dol)
* Ta chung minh: Va € [az;al] déu 1a gid tri riéng cua A
&S VAe [/11;/12}, AA ¢6 diém bat dong trong doan <X1, X2> .
Vi A tingva 2>0 nén AA:(x.x,)—> K la4nh xa ting.
Taco: x, <AAX (*)
That vay, voi Ae[4,4,]taco 4, <A
Suy ra 4, Ax, < AAx hay x <AAx (do L AX =X)

Taco: AAX, <X, (**)

90

That vay, v6i Ae[A,4,]tacd 1< 4,

Suy ra AAXx, <A,AX, hay AAx, <X, (do 4,AXx, =X,)
a) Do K 1a chinh qui nén tir (*),(**) ta thdy AA thoa cac gia thuyét cua hé qua 2 ciia
dinh 1i diém bat dong cua anh xa tang nén AA cé diém bat dong trong doan <X1, X2> .
b) Do K 13 nén chuan, A compact suy ra AA(<X1,X2>) 1a tap compact twong ddi. Két
hop voi (*¥),(**) ta thdy AA thoa cac gia thuyét ctia hé qua 1 cua dinh 1i diém bat
dong cua anh xa tang nén AA c6 diém bat dong trong doan <x1, x2> :

Vay dinh li dugc chimg minh.



2.2 Mt s6 anh xa 19i, 16m.
No6n K trong khdng gian Banach X goi 12 thé non néu K co chia diém trong.
2.2.1 Anh xa duéi tuyén tinh
Dinh nghia
Cho thé nén K va anh xa A: K — K . Khi dé:
Anh xa A goi la dudi tuyén tinh manh néu
A(tx) > tAx, Vx>60,0<t<1 (2.2.1)
Anh xa A goi la trén tuyén tinh manh néu
A(tx) < tAx, Vx>6,0<t<1l (2.2.2)
Pinh li 2.2.1

Cho thé nén K, Uy € P% va anh xa A: K — K. Khi d¢, ta co:
i) Néu A la du6i tuyén tinh manh thi A 1a u, —16m.
ii) Néu A 14 trén tuyén tinh manh thi A Ia u, —16i.
Chirng minh i)
+Voi x>0,tacd Ax= A(%.ij >>%A(2x)2<9 hay Ax e & :

Do d6 ton tai s6 duong o dil nho sao cho Ax—au, € K ( nghiala Ax>au,)

Tuong tu, do u, € |2 nén ta co thé chon sé A duong du 1on dé Ax < Pu,.
Vay véi x> 6, Ja=a(x)>0,4=p(x)>0 sao cho au, < Ax< fu,
+Véi x>0, 0<t<1. Vi A(tx)>tAx nén ta co thé chon s6 duong 7 du nhé
sao cho:
A(tx) —tAX —ntAx e K
hay A(tx)=(1+ 7)tAx
Vay anh xa A la uy, —16m.
chirng minh ii)

0
Voi x>60,tacd Ax= A(%.ZX) > 2A(2x)2= 6 hay AxeK .



Do d6 ton tai s6 duong e, dt nho sao cho:

AXx—ayu, € K (nghiala Ax 2> agu,)

0 2 4
Do u, € K nén ta cé thé chon so S, duong du 16n sao cho Ax < Syu,.

Vay véi x> 6, Ja,=0ay(X) >0, 5, =,(X) >0 sao cho a,u, < Ax < Su,

0 :
V6i x>0, 0<t<1. Vi A(tx)<tAx (hay tAx—A(tx)e K ) nén ta c6 thé chon
s6 duong 7, di nhé sao cho:
tAX — A(tx) —77,tAx € K (hay A(tx) < (L+17,)tAX)

Vay 4nh xa A 13 u, —16i.

2.2.2 Anh xa U, —don diéu.
Dinh nghia:
V61 uy >80, anh xa A: K = K duogc goi 1a u, —tiang néu
0<x<y,Ja(x;y)>0saocho Ay-Ax=au,
Vo1 uy >80, anh xa A: K - K duogce goi 1a u, —giam néu
O0<x<y,Ja(x;y)>0saocho Ay — Ax<au,
Pinh Ii 2.2.2
Néu anh xa A:K — K 1a u, —16i va u, —tang thi A khong thé c6 hai diém bt
doéng duong so sanh dugc vai nhau.
Chirng minh
Gia str % > 60, X, >0 la hai diém bat dong duong ciia A ma chidng so sanh dugc
Véi nhau, ta cd thé coi x, < X,.
Do A 4 u, —tang nén ton tai s6 o >0 sao cho: x, — %, = Ax, — Ax > aU,
Do A la u, —16i, ta c6
Uy <X, = AX, < BUy, (e, >0, B, >0)

v LA a (04 o

ﬂZ /82 2



hay X s(l—ﬂgsz. (2.2.3)

2

Pit t, =inf{t>0: x, <tx,}. Tir (2.2.3), taco 0 <ty <l——<1, X, <t;X,
2

Ma A Ia u, —16i nén ton tai s6 duong 7 sao cho

Ta gip mau thuan véi dinh nghia cua t,.Vay dinh Ii duoc chang minh.
2.2.3 Anh xa a —10i, a —16m.
Dinh nghia 2.2.3

, 0 0
Cho thé nén K, anhxa A: K - K . V61 0< a <1, ta dinh nghia:

Anh xa A goila o —10m néu

0
A(tx)>t*Ax, Vxe K,0<t<1 (2.2.4)
Anh xa A goila o —10i néu
0
A(tx)stian, vxe K,0<t<1 (2.2.5)
Theo dinh nghia trén ta c6 :
0
Ala a—16m < A(sx)<s*Ax, Vxe K,s>1 (2.2.6)
. 3 1 0
Ala a-1oi < A(sx)>—Ax,VxeK,s>1 (2.2.7)
S
Pinh 1i 2.2.3

, 0 o o
V6i K 1a non chuan, anh xa A: K > K la @ —16m va tang ( hoac « 101 va
giam) Khi do:
, 2 . , o« 0 . 0 \
Anh xa A c6 diém bat dong duy nhat X € K .Hon ntta, vo1 X, € K ban dau, ta

xdy dung day X, = Ax,; (n=12,3...)thi

xn—x*H—>o (n— o) (2.2.8)



va toc do hoi tu la

X, — X*H = 0(1— a )

(v6i 0< y <1 va doc lap v6i phan tir X, ban dau )
Chirng minh
TH 1 Gia st anh xa A la o —10m va tang.

0

Véi x, € K cho trude, chon t, va s, sao cho:

0<ty<1l<s,, ty*X, < Ax, <S5 X,
bat uy, =tyX,, Vo =SpX, thi uy <v, va

Aug > t5 AXy 2 toX, =Uy, AV, <S5 AX) < SpXp =V,
batu,=Au,,, v,=Av,; (n=123..). Tu(2.2.10) ta co:

Uy <U; <...<u, <. <V <<y <Y

Ta thay rang Uy =¥V, VOI 7/:t—°, O<y<l
So

Bang qui nap ta cé: U, > ;/“nvn (n=012..)
Tu (2.2.11) va (2.2.12) suy ra

O<Uy,—U, <V, —U, <V, —y“nvn :(1—7/"‘n )vn s(l—y“n)vo

Tir (2.2.13) ta cd O<u,,, —U, < (1—7“” )vo

Vi K 13 non chuin nén ton tai s6 N >0 sao cho

u, —u

n+p

<N(1=7 ) v | —=>0

Suy ra {u,} laday Cauchy trong khong gian Banach X nén hoi ty.

Do d6 ton tai u” e X sao cho u_hoitu vé u’
Tuong tu ta cling ¢6 v, hoi tu ve Vv eX.

Do (2.2.11)tacé u, <u"<v <v.  (n=0,1,2...)
Suyra u,,=Au <AU <AV <AV, =V,

Chon—o,tadugc U <AU <AV <V

(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)

(2.2.14)

(2.2.15)



Tir (2.2.13) va (2.2.14) suy ra; <V’ —u"<v, —u_ < (1— o )vo

Dan dén u” =v" va do do, tir (2.2.15) suy ra

* * * *

u=Au =Av =v (2.2.16)

* * * 4 * N =2 A A 0 0
bat x =u =v tathay x ladiem bat dong cua A trong K .
Ma u, <X, <V, nén u, <x,<v, (n=123..)

Do (2.2.13) va (2.2.14) ta co

Hxn - X*H <%, —u, |+

u, —X*HSZN A —unHSZNZ(l—y“n)

Vo
(trong ¢4 N 14 hang s6 chuan cua K)

Vay ta cé

xn—x*H—>0 (n > wx) va

X, — X*H = O.(l— y ) .
7 2 7 r O
*  Tiep theo ta chitng minh &nh xa A c6 diém bat dong duy nhat trong K .

Ta ding phan ching. Gia sir X e po( |a diém bat dong khac cua A.
Dat tl:sup{t >0:72tx*}, tacod O<t, <oo.
Ta chirng minh t >1.
That vay, néu 0<t, <1 thi X=AX> A(tx") 2t AX" =t7x’
( mau thuan dinh nghia t, Vi t >1,)
Dodd t;>1vax>x.
Tuong tu ta cling ¢c6 X <X
Vay anh xa A c6 diém bat dong duy nhat trong & :
TH2. Gia st A 12 o —16i va giam.
Khi d6 ta co A®: |0( — Iz la a® —16m va ting.
Thét vay,

Do anh xa A giam nén A’ la ting

0
Vé6i x e K, te(0,1)do anh xa A la a —10i nén ta co



1
ra

A(tx)S Ax

Suyra 1“A(tx)<Ax

Do anh xa A giam nén ta c6 A(A()) > A(t“A(tx)) > A’x

a

()
Suy ra A%(rx) > 1% A’x
Do d6: Anh xa A” 1a ® —10m va ting.
3 4 y * 0
Theo ching minh trén thi A? c6 diém bat dong duy nhat x € K .
. \ 0 \ 2 *
Vi phan to z, € K ban dau, ta c6 z, = A<z, — x

va

z, —x*H:o(l—y“Z”) (véi 0<y<1) (2.2.17)
Do A?(AX")= A(A*X")= AX" va tinh duy nhat cia X" nén Ax"=x".

Chon z, =X, va z,= Ax, trong (2.2.17), ta co

A2 n+1

2n * *
Xon = AT Xy = X, Xopy = Xo = X

a2n+l

2n

1
va HXZn—x*Hzo(l—yf’zn), szm—X*H:O(l—?/g )=0 1—[75"

(voi 0<y, <1, O<y,<1)

1

Chon y =min {yl,(j/z)a} thi (2.2.9) duoc thoa man.

Vay dinh li dugc chiung minh.
Pinh li 2.2.4

. 0 0
Vé6i K 1a non chuan, anh xa A: K > K la a—16m va tiang, phuong trinh

i 0
Ax = Ax c6 nghiém duy nhat trong K la x;. Khi do:

X, giammanh (nghiala 0< 4, <4, =X, > X, )

X, lién tuc (nghiala 4 — 4, (4, >0) = HX/1 _XﬂoH_)O)



va  lim [x,[=0, lim

A—+0 1—0"

X, | =+e0 (2.2.18)

Chirng minh
Theo dinh 1i 2.2.3 thi phuong trinh Ax=Ax (A>0) c6 nghiém duy nhat

0
X, eK.
Vo6i 0< 4, < 4,, dat tO:sup{t>O:xﬂ12txﬂz} thi 0<t, <+o.
Ta chang minh t, >1.
That vay, néu 0<t, <1 thi ta co:

1 1 ty A v
Xy, :ZAXji 2ZA(toxﬂz)ZZAxﬂ/2 :Zt0 Xy,

(ta gdp mau thuan véi dinh nghia cia t, Vi %tg‘ >1,)
Suyraty=1vax, >X, .
Do d¢ —1A >1A _ 2 v 0 2.2.19
0do xﬁi_z x]i_z xﬂz_sz»xw <A <A (2.2.19)

Vay x, giam manh.

+ Chon 4, =1, 4, =4 trong (2.2.19), taco: x > Ax,, VA>1.
Suy ra: HXAHS%HXJ‘, VA>1 (véi N lahang sb chuan cia K) (2.2.20)
Do do: ||x,||— 0 khi 1 — +o0.

+ Tuong tu, chon 4 =4, 4, =1trong (2.2.19), ta co: X, z%xl, (V0< 1<)

1
Suy ra: |x,|<AN|x,| (hay Hxﬂuzﬂv—NHxlu, V0<A<1)

Do do: ||x, | — +o0 khi 2 —07.
Cudi cling, ta chitng minh tinh lién tuc cta x, .
Véi Ay >0 cho trude, tir (2.2.19) ta c6
X, <X, VA> A (2.2.21)



bit y, :sup{t>0:xi 2txﬂo} (A>4,),taco: O<y, <1.

Khi d6 Ax, = Ax, = A(y,%, )2 75 A(X;, )2 75 AoXy,

1
Theo dinh nghia ctia y, ta co %-72’ <y, (hay y, > (%jl‘“ )

1

vi thé xiz(%jl‘“ Xy VA> g (2.2.22)

T (2.2.21) va (2.2.22) suy ra:

1
g N[22 |0 ki 2 55

Tuong tu ta cling co: HX/1 —X%H — 0 khi 21— 4.

Do do6 X, liéntuc tai 4 =4;.

Vay dinh li dugc chiung minh.

Vi x, € |2 théa 0< x| <1, tadinh nghia K(x,) ={xeK: x=|x|x,}.
Ta c6 dinh 1i sau:
Dinh Ii 2.2.5

Véi K 13 nén chuan, ta c6 cac két qua sau:
, 0 0
a) Neu A: K > K la a—16m va tang thi 3R >r >0 sao cho:
_ 0
AX<x, Vxe K, 0<|x|<r (2.2.23)
_ 0
Axzx, Vxe K, [x|>R (2.2.24)
, o o :
b) Neéu A: K —» K la a-16i va giam, khi do
0
Véi X, € K ma 0<|x,] <1 thi 3R >r>0 sao cho

Ax> X, VX e & 0<|x|<r (2.2.25)



AX < X, VxeK(x), [X|>R (2.2.26)
( R phu thudc vao x,, r doc lap voi X, )
Chirng minh a)
Theo dinh 1i 2.2.3 thi A c6 diém bat dong duy nhat X" e K.
Trudc tién ta chimg minh:

0 *
xe K, AX<X= X>X (*)

0
V6i xe K thoa x> Ax. Ta xay dyng ddy {x,} nhu sau:
bat x, =AX; x,=Ax,, (n=234,..)
Do A la anh xa tang nén ta co:

X2 X 2Ky 22X >

Theo dinh 1i 2.2.3 ta c6:

X, —X*H—>O
Do d6: x> X

O *
Vaytaco: xe K, AXSX=> X=X .

Tuong tu nhu trén ta cling co:

O *
Xe K, AX2X= X<X (**)
Tr& lai chiing minh dinh 1i.

bat r =inf

zeK

‘z+x*H.Tacé r>0.

, — 0
Vi cach dit trén thi so r théa: Ax<x, Vxe K, 0<|x|<r

That vy, néu ton tai x € |2 thoa 0< HXH <r ma Ax<x thido (*) ta co:
X=Z+X VoI Z=X—X
= |x|>r (mau thudn véi 0<|x|<r)
Vay Ax<x, Vxe & o<|x|<r.

Do K 1a nén chuin nén [6’; X*J bi chan.



Dt R= sup |z] thisé R théa Ax>x, Vxe |2 Ix|>R-.
k[&;xﬂ

That vay
Néu ton tai X e K thoéa |x|>R ma Ax=x thido (**) ta co:
X<X.
Suyra xe| 0;X" |
Suy ra HXH <R (mau thuan véi cach chon x)
Vay a) dugc ching minh..
Chirng minh b)
Theo dinh Ii 2.2.3 thi A ¢6 diém bat dong duy nhit X" e }0( .

, . 0 0
+ Tacothé chon r>0saocho X —xe K, Vxe K, 0<|x|<r  (2.2.27)
Khi d6 s6 r thoa man (2.2.25).
That vay
0 *
Véi xe K ma 0<||x|[<r suyra x<x

vadodo Ax> AX =X > X

. 0 . , X 0
+ Voi xy € K ma 0<|[x[ <1 cho truge. Tachon R>r sao cho X~ € K.

Khi d6 sé R thoa (2.2.26).

That vay, x € K(X,) ma HXH >R, taco

;
ol ”Uxu uxuj | ”[“ Rj»@

Do do: Ax< AX =X < X

Vay dinh li dugc chiung minh.



2.3 Anh xa u, —16m t6 hop
2.3.1 Anh xa don di¢u t6 hop
Cho X 1la khong gian Banach thyc véi thir ty sinh boi nén chinh qui K va cac
ho anh xa P:X — X,iel,Q =E—-P (véi E:X — X la 4nh xa dong nhat) théa man
dieukién X,y e (u;v)= P(x)+Q (y)e(u;v) Viel.
Choho anhxa R : X =G, i el thoa diéu kién
xzy=3Jiel:R(x)=R(y)

vaénhxa J:Dc[[G — X thoa man diéu kién

iel

X €(uVv),{R(x):iel}eD=1] [{Ri(xi)}]e@,v}, J [{RiPi(xi)}]:x.
Dinh nghia 2.3.1.1
Anhxa T goi 1a don di€u to hop néu Yu,ve X thoa

{RT(Pu+Qv)}eD @

va x'2x,y'<y thi

I[RT(Rx+Qy )} ]2 I[{RT (Rx+Qy)}] @
Nhan xét

Gid str tap chi s6 | chi mot phan tirva {P:iel}={P},R =E,GX =X, J=E (E la
anh xa dong nhat) thi (2) c6 dang

T(Px+Qy')>T(Px+Qy).
Néu P=E tacd T la anh xa ting, néu P(x)=6 hay Q=E thi T la 4nh xa giam.
Pinh li 2.3.1.1
Gia st T :(u°,v") - (u°,v°) 1a 4nh xa don di¢u t6 hop. Ta xdy dung céc ddy truy hdi
{u”},{v”} nhu sau

u = 3({RT(Ru"+Qv")}), um =3({RT(Rv"+Qu")}),n=01,... (3)

Khi @6 ton tai cac giéi han limu" =u”, limv" =v" va

n—oo n—o0

*

uw<ur<...<u"<..<uT SV <L <V vy



T({u"v)) e (uv) 4)

Ngoai ra, néu x° e <u°,v°>, X" =T (X”) (5)
thitaco u"<x"<v" ,n>0. (6)
Chirng minh

Déu tién ta kiém tra u° <u'<v'<v°. Taco
Qo). () < o)
=T (Pu"+Qv°) e (u°v°)
=u = 3({RT(Pu"+QVv°)}) e (u®v")
Tuong tw v' € (u°,v°) vado (2) tacod u' <v".
Tiép theo ta chimg minh T ((u',v*)) = (u",v*). Véi x e (u',v') taco
ut=3({RT(Pu*+Qv°)}) < 3 ({RT(Ru'+Quv")}) <
<J({RT(Px+Qx)}) =T (x) < I ({RT (v +Qu)}) <
SJ({RiT(PiVO +Qiu°)}):v1

Do K chinh qui ta ¢ limu",limv" ton tai va ding qui nap ta chimg minh (4) ding.
Cubi cung ta chimg minh (6). Hién nhién (6) dung cho n=0, gia sir (6) da dung
cho n. Tacé

i = 3({RT (Ru"+Qv")}) < I({RT (RX" +Qx")}) = x™* <

<J({RT(Rv"+Qu")})=v""

Vay (6) dang cho n+1. Dinh li dugc chimg minh,
Hé qua
Néu T :(u®,v*) — (u°,v°) 1a don diéu t6 hop va c6 diém bt dong X thi u" <x" <v".

Chtng minh. Ta chi can chon X° =x".

Pinh nghia 2.3.1.2



Tandi ho {P},{R;} c6 tinh chit lién tuc néu
1) T limx" = x, limy" = yta luén co
Iim(Pixn +Qiy“): Px+Qy. Viel

2) Tu limx' =x, Viel vé(Ri(x{‘))eD vn>0 thi

lim3({R(x)})= 3 ({R (x)}).
Pinh 1i 2.3.1.2
Gia sir ho {P},{R}c6 tinh chat lién tuc, T:(u°,v°)—>(u°,v°) 1a lién tyc, don

diéu to hop va c6 duy nhat diém bat dong x T : <u°,v°>. Gia st hé phuong trinh

u=J({RT(Pu+Qv)}) )
v=J({RT(Pv+Qu)})

c6 duy nhat nghiém trong tap {(u,v):u<v}. Khi d6 day lap (5)hoi tu vé X" voi moi
cach chon x° e <u°,v°>.

Chirng minh

Cho n—oo trong (3) va sir dung tinh lién tuc ciia ho {R},{R}ta co (u",v") la
nghi¢m cta h¢ (7). Nhung (X",X") la nghiém cia (7) va la nghiém duy nhét nén

* *

u=v=x.Tu (6)Vé K 13 nén chuin ta co limx" = x".

2.3.2 Anh xa U, —16m t6 hgp.
Dinh nghia 2.3.2.1
Cho u, e K\{#}. Anh xa T:K — K goi la u, —16m t6 hgp néu né 1a don diéu to hop
va
i)VxeK\{#}3c,d>0: cu, <T(x)<du,.

i) Vx e K(uo)z{x\ﬂa >0,x2auo},V[a,b]c(O,l) Je=¢(xa,b)>0:



) {RiT(e(tx)mtijj} > (1+6)tT (x)

GERIRTC) | En

Giasir T 1a u, — 16m t6 hop, X € K(u,).Ja,b]<=[0,1] va £>0 1a s6 tuong mg trong

Vte[a,b]:>

—~ |

Bo dé

dinh nghia. Khi d6 véi t,s €[a,b] taco

) ({RiT[R(txHQi GXDDz(1+g)min{t,s}T(x)

Chirng minh

Coit<s taco

() o o))

> (1+&)tT (x) = (1+ &) min{t,s} T (x)

Dinh 1i 2.3.2.1
Gid stt T 1a énh xa u, — 1dm t0 hop trén K va c6 diém bat dong X € K \{6}. Khi d6
X" la diem bat dong duy nhat cua T trong K \{#} va day lap (5) hoi tu téi X~ véi
moi cach chon x° e K(u,).

Chirng minh

C6 dinh t € (0,1)va xét ddy 1ap (3) véi u® =tx", v° :%x*.

Ta kiém tra T(<u°,v°>)c<u°,v°> . Véi XE<UO,V0> taco

T(x)=J({RT(Px+Qx)})=1J [{RiT(R(tx*)+Qi GXD}] 21T (x) =tx’

T(x)<J [{RiT(F’ti*j+Qi (tx*)]})s%T (x) :%x*.



Ap dung hé qua va dinh i 2.3.1.1, ta c6 (4) Goi t la s6 16n nhét thoa u" Ztnx* va

\ A J4 A 9 1 * 7
S, 1a sO bé nhat thoa v, <—x taco
S

n

IA

O<t=t <t <.<t<..<1

- n
O<t=s,<s5 <..5t <..<1

Suy ra ton tai limt, =t'<1, lims, =s'<1. Ta s€ ching minh t'=s"'=1. That vay, néu

t'#1 hoac s'zlthi r=min{t,s'}<1l. Xét s6 & thoa 0<S<r thi do

limmin{t,,s,} =min{t' s’} =r, ta tim dugc s6 N sao cho

1
n— n n

vn>N=d<min{t,,s,}<r

Tl dinh nghia ctia t_,s, va bo dé, ta co
. 1 .
" =J({RT(Pu"+QVv"){)>J|JRT| P(t | — >
R |
2[1+g(x*,é,r)]min{tn,sn}x*
Do d6 t"" > (1+¢)d; tuong tw s"* >(1+ &) . Dung qui nap ta dugc
tya > (1+ g)k 8, Sy = (1+ 5)k5. Piéu ndy mau thudn véi tinh bi chin cua

{t.}.{s,}. Vay t'=s'=1.

\ * 1 * \ 7 A 9 J4 7z = *
Tu tx <u"<x"<v"<—x vatinh chuan cianén K taco limx" =x".
S

n

2.3.3 Mot sb trng dung
2.3.3.1 Truong hop khong gian hiru han chiéu
Cho cac ham f:R" >R, iel={1.m}, f,(x)=f,(x,...x,) don diéu (c thé khong
ngit) theo ting bién.
Pit G, ={jel: f; ting theo bién x;}, H, =1\G,.
Gia st P:R™ > R™ la anh xa tuyén tinh cho béi ma tran (pijk) voi pj =1 néu

jeG,, pijk = 0trong cac truong hop con lai.



Goi R:R™ — R 1a phép chiéu x=(x)>x va J:R™ —>R" la anh xa dong nhat.

Trong R™ ta xét nén K ={x (%)% >0,i :L_m} va xét 4nh xa
F:R" > R", F(x)=(f,(x),-.. f,(x))
Véi x'>x,y'<ytaco
RF(Px+Qy")=f(Px+Qy")= f,(Px+Qy)=RF(Px+Qy)
Do d6 J({RF(Px+Qy")})=J({RF(Px+Qy)}). Vay F la don diéu t6 hop.
Gia str cac ham f, thoa man thém cac gia thuyét sau
1) f,(x)>0Vie IntRT; f, khavi

2) Viel,Vxe IntRT taco

of 1)), o, |
?ﬁ[e(tlx)+Qi[t1 XD x, (P.(t X)+Q, [tz D VjeG,0<t, <t,

) Viel,vxeIntR taco
of,
P (X)) +
axj['( ¥ Q(z D‘

o el

VieH,, 0<t <t, <1.

t
Dinh 1i 2.3.3.1
Néu cac ham f, thoa man cac diéu kién néu trén thi F 1a 4nh xa u, —16m t6 hop.

Chirng minh
Ta lay u, =(1..1). Sir dung céc gia thuyét 2), 3) néu trén ta c6

(ol g3l
e CERIE
Do do %E f (Pi(tx)+Qi me <0

Vay Vxe IntR", V[a,b] < (0,1)sé ton tai & >0 sao cho



%f{Pi(tx)+QiGXn> fi(x)+e

< . & N v A Ay T . o 7 ~ 2
bt € =min—'— thi ¢ 1a so can tim noéi trong dinh nghia 4nh xa u, —10m t6 hop.

it f. (X)

2.3.3.2 Toan tir tich phan Urysohn.

Xét dnh xa A:L*(Q) - L*(Q), AX(t)

[K(t.s,x(s))ds

o
trong d6 Q < R" 1a tép do duoc, bi chan, K(t,s,u)>0Vt,seQ,vYu>0.
Ham K(t,s,u) goi la don diéu suy rong néu dbi v6i hau hét (s,t)e QxQ thi ham
u K(t,s,u) don diéu.
Véi teQ, dit G ={seQui>K(t,s,u)tang}; Xét anh xa B:LP > L° nhu sau:
R () =1 x
Voi moi teQ ki hiéu R, 13 4nh xa tir R? vao R, dinh boi R (x)=x(t). Ki hiéu J
12 4nh xa x4c dinh trén L°, coi nhu 13 tp con cia R® (xét nhur 1a tap hop cac ham tir
tir Q vao R)va J(x)=Xx.
Pinh 1i 2.3.3.2
1) Gia st K(t,s,u) 1a ham don di€u suy rong theo bién u va théa min diéu kién
Caratheodory, nghia la Vu >0thi ham (t,s)~ K(t,s,u) 1a do dugc va v6i hau hét
(t,s) e QO xQ thi ham (t,s) (BN K(t,s,u) lién tuc. Khi d6 anh xa Urysohn 1a don diéu
t6 hop trén nén cac ham khong am.
2) Gia st K(t,5,u) thoa méin cac diéu kién trong 1) va

i)Vt e Q va v6i hau hét s e G thi u— K (t,s,u) 1aham Idm.

ii) Vt € Q va voi hau hét s e Q\ G, thi
1

oK(, 1 1lek(, 1
SIS s, S | > 5 = t,s,—u
t2loul 't ) tlaul 't

Khi d6 4nh xa Urysohn la u, — 16m t6 hop véi u, (t) =1

vol 0<t <t, <1




Chuong 3: MOT SO LOP ANH XA LOM PA TRI

Trong chuong ndy chung ta khao sat su ton tai diém bat dong cua anh xa da tri

U, —1om déu. Trude tién ta nhic lai vai két qua c6 trong don tri.
Cho X la khong gian Banach véi thir tu sinh bdi nén K.

bat P=[u,v]={xe X :u<x<v}

3.1 Su ton tai diém bét dong ciia anh xa u —1om déu don trj

Dinh nghia 3.1.1
Cho u,>6. Anhxa A:P — P goila u, —16m déu trén P néu:
1) A dondiéutrén P,
i) VxeP,3a,f:au, < AX< U,
iii) V[a,b]=(0,1),37 >0 sao cho ¥xe P,vte(a,b) thi
A(tx) > (1+7)tAx
Pinh 1i 3.1.1
Gia st
i) K 1a n6n chuan.
ii) A:P — P la 4nh xa u, —10m déu trén P.
i) u< Au; Av<v.
Khi d6 A c6 diém bat dong trén P.
Chirng minh
Do K 1a nén chuin nén P dong va bi chan.
Do d6: Tén tai s6 duong N sao cho Vx,y e K; x<y thi |X|<N|y]
Tén tai s6 duong M sao cho Vx e P thi x| <M

Ta xét hai day 1ap sau: X, = AX,; Y., = Ay, VGi X, =U;y, =V



Do A don diéu va x, <y, nén
Xy S X S SX .Sy <<V S Y,
Suyra {x,} laday tang, {y,} ladaygiamva x, <y,,Vn
Ta chimg minh day {x,} vaday {y | hoitu. Vi X la khong gian Banach nén ta chi
can chimg minh {x } , {y,} laday Cauchy.
Chon 4 €(0;1) sao cho x, > 4y,

Chon & du nho sao cho A4 <1—i
MN

Do anh xa A la u, 16m déu nén 35 >0 sao cho Vxe P, Vt e{i;l—ﬁ}

taco Atx>(1+0)tAx

N0—1 &

A(1+5)
Chon s6 tu nhién N, théa diéu kién
A(1+ 5)N° >1-——
MN
Bang cach giam & ta cd thé xem A(1+ )™ <1.
Taco: x, > 1y,
Suy ra Ax, >(1+68)AAy, hay x, >(1+5)Ay,

Tiép tuc nhu trén ta dwoc X, >(1+ 5)" Yy, (1——) Yn, -

MN
A £
Do x, < nen <y, — Xy, <——
No yN0 yNO Ng MN yNg
Khido Vn=N, tacd <X, ,—X, <Y, =X, <Yy — X, yNo
Do do6 ||X,,, = X, [ < N——M=¢
MN
Tuong tu taclingcd <y, -V, <Y, —X, <—y,\IO
£
n_yn+p SNWHyNO <N WM_‘C"




Vay {X,} ., { ¥}, 1a cac day Cauchy nén héi tu.

Gia st limx =x; limy =y’
n—o0

nN—o0

Do <X

nep — Xn SYa— X, Sﬁy'\lo nen ”y” a Xn“ SﬁHyNO

Chon—otacd X =y Vay limx, =limy, =x".
n—o0

n—oo
Do x,<x <y nén x ,<AX <y ,
Cho n— o tacod x" = Ax" hay x™ 1 diém bat dong ciia A trén P.

Vay dinh li dugc chimg minh.

3.2 Sw ton tai diém bét dong ciia anh xa 16m déu da tri.
Dinh nghia 3.2.1

Voéi ABc X tadinh nghia A<B< Vae A;dbeB:a<b.
Anhxa F: X —2* goilating néu x<y thi Fx<Fy.
AA={lajae A}

Dinh nghia 3.2.2

Cho u,>6. Anhxa A: P — 2" goila u, —16m déu trén P néu
1) A dondiéutrén P.

i) VxeP,da,f:{au,} < AX<{pu,}.

iii) Vv[a;b]=(0;1),36 >0 sao cho VxeP,Vte(a,b) thi Atx>(1+5)tAx
Pinh i 3.2.1

Gia su

i) K lanén chuan.

ii) A:P—P laanhxa u,—1om déutrén P.

i) {u} <Au; Av<iv}

iv) sup Ax ton tai va thuoc Ax VxeP

Khi d6 A c6 diém bat dong trén P.

Chirng minh



Xét anh xa don tri f:P — P dinh boi f(x)=sup Ax. R& rang f dugc dinh nghia tbt
vanéu X~ 1a diém bat dong ctia f thi no ciing 1a diém bat dong cua A. Ta kiém tra f
thoa cac diéu kién ctia dinh 1 3.1.1
Do A latangnéntacod f ciing tang.
vxeP,Ja,B:{au,} < Ax<{Bu,} suyra au, < f(x) < Bu,
V[a;b]=(0;1),36 >0 sao cho VxeP,Vte(a,b) thi Atx>(1+5)tAx
Do do f(tx)>(1+5)tfx
Vay theo dinh 1 3.1.1 thi f ¢o diém bat dong X ciling 1a diém bat dong cua A.
Trong dinh 1i 3.2.1 ta c6 thé giam bt gia thuyét sup AX ton tai va thudc
Ax VxeP néutrén X taxétthd tu manh hon theo dinh nghia sau
Dinh nghia 3.2.3
Vo6i A,Bc X tadinhnghia A<B< Vae AvVbeB:a<b.
Anhxa F: X — 2% goilating néu x<y thi Fx<Fy.
Dinh nghia 3.2.4
Cho u,>6. Anh xa A:P — 27 goi l1a u, —15m déu trén P néu
1) A dondiéutrén P.
i) VxeP,3a,p:{au,}<Ax=<{Bu,}
iii) V[a;b]<=(0,1),36>0 sao cho ¥xeP,Vte(a,b) thi Atx>(1+5)tAx
Pinh i 3.2.2
Gia st
i) K 13 nén chuan.
ii)A:P — P la 4nh xa u, —16m déu trén P.
iii) {uj=<Au; Av<{v}
Khi d6 A c6 diém bat dong trén P.
Chirng minh
Do K 1anén chuan nén P déng va bi chan.

Do d6: Tén tai s6 duong N sao cho Vx,y e K; x<y thi |x|<N|y]



Tén tai s6 duong M sao cho Vx e P thi [|x|<M
Ta xét hai day 1ap sau: X, = AX; Y,., =AYy, V01 X, =U;Y, =V
Do A dondi¢uva x, <y, nén x, <x <..<x <...<y <.y, <Y,
Suy ra {Xn}n la day tang, {yn}n la day giam va x, <y,,Vn
Ta chimg minh day {Xn}n va day {yn}n hoi tu. Vi X la khéng gian Banach nén ta chi

can chimg minh {Xn}n : {yn}n la day Cauchy.

Chon 1 €(0;1) sao cho X, > Ay,. Chon & du nho sao cho A <1—ﬁ

Do anh xa A la u, —10m déunén 35 >0 saocho VxeP,Vte [ﬂ;l—ﬁ}

taco Atx>-(1+5)tAx

AL+6)" <12

Chon s6 tu nhién N, théa didu kién MN
A(1+6)™ >1--—2

MN
Bang cach giam & ta cd thé xem A(1+ )™ <1.
Tacod x,>A1y,. Suy ra Ax,>(1+5) 1Ay,

Do do x, >(1+6)Ay,

Tiép tuc nhu trén ta dugc Xy, > (1+ 5) "AYy, 2 (1——) Y, -

MN

Do x, <y, nén <y, —X <iy

N, = YN, = YN, NO—MN N,
Khido Vn>N;tacd <x , —X <Y, =X <y — Xy ﬁym

/4 g 8 f—
Do do6 Xer—Xn SNWHyNU < WM =&
Tuong tytaciingcod O<y -y, <Y, —X SﬁyNO

&g g
n_yn+p < —NHyNO < wM =&




Vay {X,} ., { ¥}, 1a cac day Cauchy nén héi tu.

Gia st limx =x; limy =y’
n—o0

nN—o0

Do 0<X,., %, <Y, ~% Sy, nén [y, —x <=,

Chon—otacd X =y . Vay limx, =limy, = X .
Do x, <X <y nén Ax <AX <Ay,

Suyra {X,,}<AX'=<{y, ..}

Dodb X, <X<y ., VxeAX

Chon—ow tacd x=x",Vxe AX hay {x*}:Ax*

Vay dinh li dugc chimg minh.




KET LUAN

Trong luan van nay, ching toi hé thong lai cac két qua Ii thuyét vé mot so 16p
anh xa 161, 16m da duoc nghién cau, anh xa 16m t6 hop, khao sét su ton tai diém bat
déng cua anh xa 16m da trj ting. Tuy nhién ching tdi chua c6 diéu kién trinh bay cac
ing dung cua két qua trén vao céc 16p phuong trinh cu thé.

Mbt s6 hudng c6 thé phét trién cua luan van 1a

1) Tim céc ang dung cua két qua Ii thuyét vao 16p phuong trinh cu thé.

2) Nghién ctu sy ton tai diém bat dong cua anh xa 16i da trj.

3) Lam giam nhe cac diéu kién cua céc két qua trinh bay trong luan van.
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