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MO DAU

1.LY DO CHON DE TA|

Bét diang thrc 14 mbt trong nhirng chuyéndé quan tong nhit cia toan bc phd
théng.Pay 1a ndt chuyéndé dugc nhiu ngroi quan tamdén.

Trong chrong trinh toan bc ph théng, Wt ding thic dugc gioi thiéu trong
chuong trinhdai s6 10, day & chuyénié hay va 4t kho doi hoi ngudi hoc phai cé 6c tr
duy va sangab rat cao. Trong vai #m tro lai day chuy@ndé bit dang thirc d& dugc céac
nha toan hc trén tié gioi va trong mrée dau tr, tim hiéu rat nhiéu. Dac biét, & Viét
Nam Hit dang thirc trong thvi gian quada dugc khéng it cac thy gido, cac bn sinh
vién gidi d& tim héu va sangado ra cac phong phap cting minh ét hay,doc dao.

Véi mong mwn < tim hiéu va k¢ théng hod mt cachday da vé cac phrong
phép cltng minh Kt dang thic, nfam hoan thin cho minh mt ky nang ching minh
bit ding thrc. Quadd phic vu cho cdng tac gng chy sau nay. Chinh vi céc Iy do trén
t6i d& chon dé tai “* MQT SO PHUONG PHAP CHING MINH BAT DANG THUC ”.

Diéu kién dam bao cho véc hoan thanhié tai : Puoc thiy gido PGS. TSKH
Tran Quic Chién hedng din, cung ép tai liéu va fin tinh gilpds, dong thoi ban than
cb ging nghién au aru tp tai liéu dé dam bao hoan thanké tai.

2. MUC PICH NGHIEN C U'U
- K& théng va phan lai mot sd pheong phap ching minh it dang thic.
- Tim héu thém céac plrong phap ni vé ching minh Bt ding thrc va hoan
thién cac K nang da biét nhim phuc vu cho cdng tac gng cay sau nay.
-bé xuat mot sb dang quan teng trong cac k thi dai hoc, thi hoc sinh Gbi.
3.POI TUQNG VA PHAM VI NGHIEN C UU
3.1.Péi twong nghién aru

Khao sét ly thugt tong quat, cac ptong phap cting minh it dang thic dea
trén phrong phap dn bién, phrong phapduong thing tiép tuyén va cac Bt ding thic
AM — GM, Cauchy — Schwarz, Bernoulli, Chebyshev.



3.2. Plam vi nghién aru

Khao sat ly thugt tong quat vadic biét tng dung trong clvong trinh toan bc
phd théng va toan ¢t danh cho éc sinh gbi cacdsi tuyén quic gia.
4. PHUONG PHAP NGHIEN CUU
Dé tai nayda sr dung cac plrong phap nghiéniw sau:

- Phrong phap nghiénuw tr liéu gdm: Céac tai lu tham ko danh cho gido
vién, tap chi toan hc tuoi tré, cacdeé tai nghién éu cé lién quan...

- Plvong phap @p cin lich sr: Seu tim, phan tich vadhg hop tu liéu.

- Plvong phap #p cin e théng.

- Thre ngh&m ar pham ¢ truong pho théng.
5. Y NGHIA KHOA H QC VA THUC TIEN CUA PE TAI

-bé tai da ke théng va phan Iai mot sb phrong phap cting minh kit dang thic
giai quyét hang lat cac bai toan 4 ding thic khdo phd théng, gop pin cho hc sinh
va gido vién c6 thém & sd pheong phéap cting minh kit ding thrc.

- DBé tai duogc trinh bay mt cach logic, khoadt, rd rang va éhiéu.
6. CAU TRUC LUAN VAN

Mo dau:

Chuong 1: Kién thirc co so

Trong chrong nay néuiay du kién thirc co s& vé bat dang thirc nhr dinh ngha,
tinh cHit, ky thuit chon diém roi trong kit dang thic.

Churong 2: Mot b pheong phap cting minh lit dang thic

Trong chrong nay k& théng lai cAc phrong phap cting minh lit ding thrc dea
trén cac Bt dang thrc AM — GM, Cauchy — Schwarz, Bernoulli, Chebyshev cAc
phuong phap khac nhphrong phéap én bién, phrong phapduong thing tiép tuyén.

Chrong 3:Ung ding

Trong chrong nay trinh bay ning itng ding aia cac plrong phap cting minh
bat dang thirc d& ke thong & chrong 2.

Két luan va tai léu tham kiho.
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CHUONG 1: KIEN THUC CO SO
1.1.PINH NGHIA

Bat dang thirc 1a cac biu thic dugc ndi véi nhau i cac diu ">» v npm ngo

Céac nénhdé "A>B"; "A=B" "A<B"; "A<B" duoc i la cac lt ding thic

Trongdo A, B la cac kiu thre, A dugc goi [a vé trai va B 1a ¢ phai caa bit dang thre

Cac htding thic A>B; C>D (haic A<B; C<D)Ila2 htding thrc cung chiu

Cac lat dang thic A>B; C<D (haic A<B; C>D )Ia2 litdang thic trai chéu

Xét 2 hitdang thrc A>B & C <D

+ Néutac6A>B = C<D tanoi kit ding thrc C>D la h¢ qua cia kit dang
thac A >B

+ Néu A>B = C<D tandilit ding thic A>B & C >D la hai kit dang

thirc trong duong
1.2. CAC TiNH CHAT CUA BAT PANG THUC

1. A<B < B>A
A>B s
2. = A>C (tinh chit bac ciu )
B>C
3. A>B = A+C>B+C
A>B
4. = A+C>B+D
C>D
A>B
= AC>BC
5 C>0

A>B
= AC<BC
C<O0

A>B

6. = A-C>B-D
C<D
A>B>0

7. = AC>BD
C>D>0

8. A>B>0 = A">B" OnOZ"
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9. al A>B>0 = YA>UB (nOZ)
b/  A2*'>B2*! . A >B (DnDZ*)

o A™>B™ - JA|>B| (DnOZ)

10. <=

A>B>0 1 1
=
A<B<0 A B
1.3. KY THUAT CHON PIEM ROl TRONG BAT PANG THUTC :

Trong cac phong phap cling minh kit dang thicA =B ta throng ching minh theo

mét trong hai & d6 sau :
So dd 1 : Tao ra day cacdi dang thrc trung gian

A=A 2A,2.2A_2A >B

1=

So 46 2 : Tao ra céac Bt dang thirc bo phan

A=B A=2B=0
BLYT hac AzB2
A z B, A =B =0
= A=B

Dé tao ra céc Bt dang thic trung gian hac cac it ding thirc bd phin ta én cha y

rang :

Néu bit dang thic “ A =B ” xay ra tang thai “A =B tai tiéu chuin P naado thi ti
tiéu chuin P nay it ca cac lt dang thirc trung gian trongasdd 1 haic cac lt diang
thire bo phan trong & do 2 ding ddng thyi xay ra diu bing.

Muén tim duoc tiéu chidn P ta én chd y tinhddi xing aia bién £ vadiéu kién xay ra
dau bing trong cac ft ding thic o dién AM — GM, Cauchy — Schwarz, Bernoulli
hoic trong cac phong phap nii nhu : don bién (MV), duong thing tiép tuyén... Va
ngudi ta goi diém roi trong cac Bt dang thre trén [a gia frcac bén nhan dugc dé bat

dang thirc xay ra diu “ = ”.
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Do viéc du doandiéu kién trang thai “A =B” xay ra theo mt tiéu chidn naodo, dé
dinh hréng bién doi dai sb vadanh gia céac 4t ding thic trung gian hac b phan nén
c6 thé goi cac y trong nay la : “ K thuat kiém tra diéu kién xay ra diu bing ” hay
“K § thuat chon diém roi trong bit dang thic”.
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CHUONG 2: MOT SO PHUONG PHAP CHUNG MINH
BAT PANG THUC

2.1. BAT PANG THUC AM — GM

2.1.1. Bit ding thiec AM — GM

Pinh ly 2.1 (Bit dang thiec AM — GM). Vi moi sb thuc drong a,, a,,...,8, ta ¢ it
dang thrc:

e R >/a.a,...8,

n
bang thrc xay rakhia =a,=...= 8,20
2.1.2. Chua din : tén @i AM — GMIa viét tit caa thuit ngir tiéng AnhArithmetic mean

—Geometric meanéu lén Bn chit cua kit dang thic

ata+t.+g _ Oas 0
. >1a.a,..8,,03 2

CAc cn sach toan dt da xuit ban ¢ Viét Nam throng i bit dang thrc trén 1a @t
ding thrc Cauchy.Cach @i nay xuit phat tr viéc nha toan éc PhapCauchyla ngroi
dau tiénda chirng minh Kt dang thic nay.

2.2. BAT PANG THUC CAUCHY — SCHWARZ

Pinh ly 2.2 (Bat diing thirc Cauchy — schwarz)

Véi hai day é thuc tiy y a,, a,,....,a, &R, b,..., |y ta ludn co6 Bt dang thic
(a?+a’+..+3°)(*+ b2+ .+ h)=>(ab+ ab+.+ ap’

Ping thic xay ra khi va chikhi %:

Hé qua 1 (Bit ding thiec Schwarz).
Véi hai day 6 (a,a,,....8,) &(h, B,....R) ;b= 00 i= Lrta co:

iz+ a? +...+a“2 g (a,+a,+..+ %)2
b b b, b+b+.+h
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Hé qua 2. Vi moi day $ thuc (a,,a,,...,3,) ta co

(a,+a,+..+3q) < n( Q'+ a’+..+ qz)

2.3. BAT PANG THUC BERNOULLI
Pinh ly 2.3 (Bat diing thirc Bernoulli)

a) Ox>-1,0a0[0;] ta cO(L+x)” < 1+ax

b)Ox >-1,0a O(-c0;0] O Li+e0) ta cé: (1+X)" = 1+ ax
bing thic xay ra khi va ctikhi: =0 hoic a =1
2.4. BAT PANG THUC CHEBYSHEV
2.4.1. Bit ding thiec Chebyshev
Pinh ly 2.4 (Bat diing thirc Chebyshev)Véi hai day $ thuc don diéu ting
a,a,...4 &b ,h,... ftaco:

1
ab+ab+ .+ q.pzﬁ( a- o £ A b p o+ X
Dang thic xay ra khiva chikhi: a, =a,=..=a; b= h= .= ¢
2.4.2. Mt sb dang hay dip cia bt ding thiec Chebyshev
Dang 1: Chang minhXx,y, +X,y,+...+ X,y,2 0.
Ta c6 tit chang minh
Y Y2 Yn
x,a) 22+ (x,8) 22+ .+( x3)2> |
(x2) Lo xa) Lo o 5.a)l
Véi a,,a, ,...,a la cac 6 thuc ma ta phi tim sao cho

(L Y2 hj &(%,a,,%8, ,....,% @) la cac b sb don di¢u cung chiu.

a'a g
Khi @6 viéc ching minh ft ding thrc bandiu quy & ching minh

L+ﬁ+...+ﬁ2 0

4 & %
X+ X,a,+ ..+ X g2 (

Dang 2: Ching minhﬁ+ﬁ+...+ﬁz 0
Yi Y Ya

Ta co tié chaing minh
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1 1
X, ) - + : + ..+ > |
(ax,) -~ (ax,) oy, (ax) oy

Véi a,,a,,...,a la cac 6 thuc ma ta phi tim sao cho

1 1
ay, &Y, &
Khi d6 bat ding thrc bandiu quy & ching minh

X+t &%+ .+ g %2 0

1+ 1+...+ 120

ay, &Y, & Yn

ax+tax+.+gx%x=0
Cha y i gia thiét co thé suy radugc | 1 R S S
ay, &Y, a, Yn
2.5. MOT SO PHUONG PHAP KHAC CH UNG MINH B AT PANG THUC
2.5.1. Phrong phap don bién ( MV-MIXING VARIABLE )

bic diém aia nhiu bat dang thirc, dic biét 1a cac 1t diang thic dai s6 [a diu bing

(3%, 8% ,....8 X) 8{ j la cac 16 don di¢u cung chiu.

xay ra khi it ca hoic mot vai bién bing nhau.

Phrong phap an bién dya vaodic diém naydé lam gam < bién s caa bit ding
thirc, dua it dang thrc vé dang don gian hon c6 thé ching minh tire tiép bing céach
khao sat ham&mot bién haic ching minh ing quy rp.

Pé ching minh kit dang thic

f (%, %, %)= C *)

Ta c6 tit chang minh

+ +
f(xi,xz,...,>§1)2f(x1 % A XZ)g)gj

2 2 (%)
Hoic  f(x,%,....% )= f(J)g.xZﬂ/ )g)g)gg() (++%)
2 2 2 2
Hoic  f (X, X,.... %)= f[\/x1 ;XZ \/Xl ;Xz )S)SJ (i

Va con At nhiéu dang khac tuy théc vaodac diém aia bai toan

Saudo chuyén viéc ching minh(*) vé ching minh tt dang thrc sau

f(t,t,XS ..... )§1): g(t,)% _____ )ﬂ)z 0 (*****)
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Tuc 1a mot bat ding thre co it bén hon.
2.5.2. Phrong phap dwong thing tiép tuyén
Buwéc 1: Tir bit dang thic xacdinh ham é tuonging y =f (x)
Bwéc 2: Xacdinh diu bing aia ding thrc xay ra khi nao. Gi st tai x =X,
Bwéc 3: Viét phrong trinh tép tuyén cia do thi tai diém c6 hoanhio x = x,
y=9(x) ="(x,)(x=%,) + ¥,
Buwéc 4: V& do thi ham ¢ y =f (x) va phrong trinh tép tuyén tai diem (X,;Y,)
Tr d6 xa&cdinh tiép tuyén ram trén hay am du6i do thi ham $
< Néu tiép tuyén ram trén tadi chirng minh
g(x)=1(x)
< Néu tiép tuyén rim duéi ta di chirng minh
f(x)zg(x)
Bwéc 5: Tir d6 rat ra lt dang thrc cin ching minh ladang.
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CHUONG 3: UNG DUNG

3.1.UNG DUNG BAT PANG THUC AM — GM PE CHUNG MINH B AT PANG
THUC VA TIM GTLN - GTNN

3.1.1.Ky thuét chon diém roi trong bét ding thiec AM - GM

a,b,c>0

. Chirtng minh &ng:
a+b+c<l J J

Bai toan.Cho a, b, ¢ thbmén{

2 2 2
A:a_+£+£+i+_1+_1228
b ¢ a ab bc ca

Dinh heang loi giai:
Vi bit ding thrc da cho ladéi xang Wi a, b, ¢ nén taw doan diu bing xay ra khi

1

a=b=c¢c=—
3

Khi d6 ta ap dng kit dang thrc AM-GM cho cac &

@r S 1 1 1
b'c a'agababca c:
Véi o 1a he sb ta din thém vaadé diu “ = ” bat dang thirc dat duoc tai cac gia ti cua

bién ma tada dr doan
Péi vai bat dang thic AM-GM diu bang xay ra khi

a b ¢ 1 1 1
b ¢ a aab abc ace

Maa:b:c:% = o= 27

Gidi:
2 2 2

Tir dinh heéng Wi gigitaco: A= +2 +C4o7 L 4oz 1 o7 L

cC a 27ab 27bc 27ce

Ap dung hit diang thrc AM-GM ta c6
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A>848 a_zgziz( 1 j27( 1 J27( 1 427:8/I 1
" \'b ¢ al27ab) (27bg | 27c 7‘.3\‘/2781(abc)53

a+b+ cj53'3 1

Ma (abc)53s( 3 < %3

84 84

;/ .1 3
2?-@

Vay bat dang thirc d& chodé dugc chrng minh.

= A2 =28

Nhan xét : Xét [t dang thic AM — GM

a1+a2:]-...+ % >0/a.8,...9,,0a,8,...,a= C

Trong ¢ phai cia bit ding thic trén trc 1a béu thirc GM c6 $ cAc thra $ trong

cin thirc ding king cH sb can thirc (cting Bing n). Dodd, khi gip bit ding thic ma ¢
phai cua kit dang thirc c6 chira cin thirc va $ céc thira $ & trong én thirc nh hon chi
sb can thic thi ta @n nhan thém cacihg $ thich hyp dé sb cac thira $ trong @n thac
bang ch sb cua ain thic. Dé xac dinh dugc céac ting $ thich yp ching ta phi du
doanduogc diu bing aia kit ding thrc. [10, tr. 29]

a,bc>0

Bai toan. Cho a, b, c thbman )
a+b+c=3

Tim gia ti 16n nhit caa biéu thac :

S=yabr29+Ifer2a+J ¢a2h
Dy dodn va tiniém roi cua Max S:

Vi S la mdt biéu thirc di xang wi a,b,c nén Max Sat tai diéu kién

a=b=c 3a=3b=3c3
= a=b=c=1-
at+2b=b+t2c ¢+ 2a& <

Giai :
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3fa(b+20) = sé 3a(b+ 20).3< s—; At (bg x)+ 3

Jbcra) = - ab(cr 23 as L 2+ 123

m = 3é 3 3c(at 2b).3$§/:; _33+ (a; )+ 3

1 .6(a+ b+ c)+ 9_ 39

:>S:§/8(b+20+<°’/bf‘3"23+\3/(:&2bsg 3

Véia=b=c=1, Max S 833.
3.1.2. Ky thuat tach ghép va phan nhom

Phin nay ta 4p ehg bit ding thrc pha sau

X2 +y2 >(X+yj2

2 2

1 1 4
4+ >

X Yy X+y

Bai toan. Cho a, b, ¢ la cac $ thuc duong. Ching minh &ng:

3 3 3
& _, b, c 2£(a+b+c)

Dinh heang loi giai:
Do bit ding thirc d& cho 1addi xing Wi cac bén nén ta ¢ doan diu “=" xay ra khi cac
bién bing nhau. Tic laa= b= c

3 b3 CB

Khi d6 —2— =2a. Tuong iy ta c6 _=2D; _=2c
(b+c) (c+a) (a+b)
3
Tir d6 ta nghi tsi ghép (ba ? v6i cac $ sao cho sau khi &midg hit ding thic
+C

AM - GM ta dugc mot biéu thirc theo a.
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3
Tir d6 ta 4p dng AM-GM véi cac $ sau (bSL)Z; b+c b+ c. S5 8 xuit hién la dé
+c
dam bao diu “=" trong bt ding thrc AM-GM.
Giai:
Tir dinh hréng Wi giai
Ap dung kit dang thic AM-GM ta co:

8a’
(b+c)

8b*
(c+a)’

+(b+c)+(b+g=6a

2

+(c+a)+(c+ a=6h

8C3
(a+b)’

+(a+b)+(a+b=6¢

Cong V theo \é cac lt diang thic trén ta co:

a’ b c

8 + + +4(a+b+c)= 6 at+ bt
(b+C)2 (C+ @2 (a+ t)Z ( ) 6( ()
S S AR -+ >1(a+ b+ ¢)

(b+¢)" (c+d” (arBh” 4
Vay bét ding thrc tréndd duoc ching minh.
3.1.3. Phrong phap can king hé sb

Trong not sd bit dang thrc, diém roi c6 thé dugc de dodn ndt cach trc giac
(dU dbi xitng hay khongtdi xirng). Tuy nhién ¥i cac kit ding thrc madiém roi khdng
la cac § nguyén dong thim chi [a cac & vo ty thi khong tié du doanduoc bing trc
giac. Khido, chang ta 4n phii dua thém cac thambgyia dinh ©i méi sir dung bit dang
thic AM — GM. Viéc xac hp diéu kién cacdang thrc xay ra € dan dén heé diéu kien dé
tim tham 8. Vi thé pheong phap nay cé térog Phrong phap canimg h sb.

. . . |abc=0
Bai toan. Cho ba 6 thuc a, b, c théa man .
ab+ bc+ ca=1

Ching minh éing : S=10& +106 + 2> 4
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Dinh heang loi giai:
Pé ap ding dugc gia thuyét ab+ bc+ ca= . ta én phii tach $ 10 ra thanhdng
cia 2 $ dé co th 4p ding kit dang thrc AM-GM cho trng cip $ tir d6 xut hién
céc tich 8 ab, bc, ce
Giai:
Taco
2 2
S=10& +106 + ¢ =(10-a)( &+ 6)+(a §+%J+(a 6+%J Oa 0(0,10)
Ap dung kit dang thic AM-GM ta c6
(10-a)(a? +b%) 2 2(10-a) ab
2
qa? +< > 2\/§.ac: V2o .ac
2 2
2
ab’ +E> 2\/7 bc=+/ 20 bc

Cong V theo \é cac hat ding thic trén ta co
S22(10-a) ab+v 27 ( ber ag
Chon @ sao cho2(10-a)=V2r - a=8
(chon o nhu vay dé tadat nhan & chung tr d6 sr dung duoc gia thuyét )
Khi do: 2(10-a) =V =14
= S=z4(abt+ ber ca=4
Vay bét ding thrc da chodd duoc ching minh.
3.1.4. Tim gia ti l6n nhat va gié tri nhé nhat

Bai toan. Cho Hn 9 thuc a, b, ¢, d théa méana, b, ¢, d> 0.

Tim gid ti nhé nhit cia béu thac S= (1+§j(1+2—bj(1+2j(1+ﬁj
3b 3c 3d 3a

Giai:
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Ap dung hit ding thrc AM-GM ta co:

2

2c 111 c c ({I(cjz_i(cjs
I+ =244+~ +—>55| = | | = | == =
3d 3 3 3 3 I 3 d

2d 1.1 1 d d (1j3(dj2_5(dJ5
1+—="+"+"+—+—>55|=| | —| ==| =
3a 3 3 3 & 3a 3) 1) 3la

Cong W theo é cac lit dang thic ta co

S
bcda

2
>625 §9£95:625
81 81

Vay MinS:@c a=b=c d>0
81
3.2. UNG DUNG BAT PANG THUC CAUCHY — SCHWARZ PE CHUNG
MINH B AT PANG THUC VA TIM GTLN - GTNN
3.2.1. Ky thuat chon diém roi va can hing hé sb trong bét ding thiec Cauchy-
Schwarz

Bai toan.[Poland Second Round 2007]

Cho a,b,c,d> 0 thoa man 1+—1+—1+—1=4
a b c d

3 3 3 3 3 3 3 3
Chirng minh ﬁng:s\/a ;b +3\/b ;C +3\/C ;d +3\/d era <2(@+b+c+d)-4

3 3 2 2
BG dé: véi moi X, y >0 ta c6 Bt ding thic saus/> ;y <X :y
Xty

Chizng minh 16 d@é: bat dang thirc

o styss(xj(:;/z] o (x—y)4(x2+ Xy+ );)ZO,DX)

Giai:
Ap dung kb dé trén ta co:
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Pi/a3+b3 \/b3+c3 \/c3+d3 \/d3+a3 a’+b?> b?+c® c?+d? d?+a’?
+3 +3 +3 < + + +
2 2 2 2 a+b b+c c+d d+a

a’+b®> b?*+c® c*+d? d*+a’
+ + +

<2(a+b+c+d)-4
a+b b+c c+d d+a

Ta € ching minh :

2 2

ty _2xy _ 2

xty x+y 1.1

That vay, srdung x+y -

va bit dang thrc Cauchy - Schwarz ta co:

2 2 2 2 2 2 2 2
2(a+b+c+d)—(a +b” b7+c” c"+d”  d +aj

a+b b+c c+d d+a

1 1 1 1 42 32
= > =
2 1+1 1+1 * 22
+—- —+

1 1
= = = =4
b b c c d d

1
a

Ping thic xay ra < a=b=c=d =1.
3.2.2. Ky thuat tach va ghép 1§ sb
Phin nay ap dng kit dang thrc phy sau

(a+b+9°> q abr be cf
Baitodn. Chox, ythda manx, y>0vax’+y > x+ y
Chang minh Bng: x>+ y* < X*+ < x+ y<2
Giai:
Ap dung bit dang thic Cauchy - Schwarz ta c6
3 3
Ry =i s yoye R g % g T W E §(d
Ap dung kit ding thrc AM-GM ta c6
Sy [ Pty 2e ) @

Tr (D&(2) tacd xX*+y’ <X+ y

Ap dung bt ding thrc Cauchy - Schwarz ta co

3

X2+ y? = 2. x2+ y2 S X+ Y Y R+ P % (3)

Ap dung kit ding thrc AM - GM ta c6
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X+ YA x+ ys%( X+ P+ X ))
Tr (3)&(4) taco X +y < x+y
Ap dung kit ding thic Cauchy - Schwarz ta c6

x+ys [+ + ¥) <2 x+ )

= (x+ y)zsz(x+ y)
= X+y<2

Vay bét ding thrc da choda duoc ching minh.

3.2.3. S dung cac phép bén ddi va ing dung cac 1€ qua ciaa bit ding thiec

Cauchy - Schwarz

Bai toan. Cho a, b, ¢> 0 va a+ b+ ¢=3. Ching minh &ng:

Giai:

a’ b? c?
+ + 21
a+2bh> b+2¢ c+2&

2 N b2 N C2 _ a4 N b4 N C4
a+2b® b+2¢ c+t2d d+28B B+2Bé & 28¢

Ap dung kit dang thrc Cauchy - Schwarz

Ta co:

a’ N b* . c* S (a2 +b® + c2)2
ad+2a’ b+ 203 €+2c?af_a3+b3+c3+2(a2b2+ k7 G+ éé)

Ta € ching minh:(a2+b2+cz)22 a+ b+ 03+Z( &+ I c+ a?ca
- a‘+b'+c'za+ P+ C
- a‘'+b*+ 042(a3+ b+ @)—(a+§+ 9
- 3la'+b'+c)2(a+ B+ C)(a br §
o 2a'+20'+2c*> b+ o Ba Be Ea T

- @(a-b)+B(b- 4+ B(b p+ Yo P { a)e % <)

= (a-b)*(&+ab+ B)+(b- §°( B+ be §+( & K( & ac %:dlng

a’ b? ¢
+ + >1
a+2b” b+2¢ c+2d
Vay bat dang thrc d& chodé dugc chrng minh.
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3.2.4. Tim gia ti 16n nhat va gia tri nhé nhat
Bai toan. Cho a, b, ¢ tha mana®+b*+ =4 va xD(O,g)
Tim gia ti Ion nhit va nd nhit caa biéu thic: y = a+ by/2 sin x+ csin 2x
Giai:
St dung kit dang thrc Cauchy — Schwarz ta c6:
y> < (a®+ b?+ )1+ 2sin® x+ si® 2X)=  y¥< 4(F 2siA ¥ SiA X
Goi f(X)=1+2sirf x+ sirf X= }* 2siAx+ 4sihx @ shx

Pt t =sin”*x0 (0,1)0x0 (O— thi f(x) = g(t) = -4t +6t+1—%3— 4(t——)2<i43

Khi d6: Maxf(x) = Maxg(t) :%3. Tir d6 suy ray” <13.

> . 3
bang thrc xay ra khi va chkhi sin® x =Z al - \/S'nx Vsin 2x

a b C
e Tofo ] vl R afeaf2
3 2 a 2b 2c 2 2
Két hop V6i diéu kién a®+b*+c?=4 tasuyraa=+
P Y JE
Két Luan :
. . 4 26 z/_s _m
Miny = —J/13 xdy rakhia=————:b=-5":¢=
Y Y N RN VLT
) 4 2\/_6 2\/_3 _
Max y = +/13 xay ra khia=—;
NI N

3.3. UNG DUNG BAT PANG THUC BERNOULLI PE CHUNG MINH B AT
PANG THUC
Bai toan. Cho tam giac ABC. Ging minh &ng:

2 22 a2
AY B C 5
tg—| +|tg—=| +|tg—=| =377
(gzj (gzj (gzj
Giai:

Ap dung bit dang thic Bernoulli ta co:
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Jag j +zfz-mr{f:sg§j

[
(VB2 +zfz-mfz(f:sg§j
(x/g’thJ +2/2- J_zfz(ﬁg j

Cong \ theo \é cac it dang thic trén ta co:
22 2/2 a/2
32 [(tgg‘j +(tg—2j +(tggj }Gﬁ— 3> 2[3/_2( tgi;‘+ tg—2+ tg%j

. A B C
Ma tg—-+tg—+tg—=+3
gZ g2 g2 V3

o A 22 B 22 C a/2 ‘

22 22 a2 ]
- PP (tgg +(tg—z> +(tg%) >3

V2 /2 /2
AV B C i
tg—| +|tg=| +|tg=| =322
- (92) gzj gzj

Vay bét diang thrc da choda duoc ching minh.
3.4. UNG DUNG BAT PANG THUC CHEBYSHEV PE CHUNG MINH B AT
PANG THUC

] yrery > 0 . N
Bai toan. Cho {al %o d . Chirtng minh &ng:
ata+.+a=:

P SR S
2-a, 2-a 2 a 22m»

Giai:
Vi bat ding thrc d& choddi xtirng Vi tat ca cac bén nén ta gi sir
a=2a 2.2 g.Khidd

1 1 1
> > ..>

2-3 2-a 23
Ap dung bit dang thirc Chebyshev ta c6
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a ., 3 G _Jrg 1 1
2—81+2—32+m+ > qz a+a+ .+ q)( 5 1a+ 3 Za+ t—

= VT 21 ! + ! +...+ 1
nl2-a 2-3 2 a
Ap dung hit dang thirc Schwarz ta cé

1 1 1 (1+1+ ..+ 9° o~
+ +...+ > =
2-a 2-a 23 2r(a 2 + 34 2n
—~ VTz—"
2n-1

Vay bit dang thrc da choda duoc chirng minh
Bai toan [PSFJIMO28 — Cuba 1987]Cho a,b, c> 0, n{J[l "

Giai:
Ta & chang minh ing phrong phap quy #p toan hc :
b C
+ +
b +c cta atb

ak bk Ck (a+ b+ Qk—l

Véi n = 1 thi it dang thic Nesbit quen b

\Y;
N w

Gia sr bt diang thrc ding Wi n = k: b+c+ ot a+ . b> 5 32

Ta € chang minh it diang thrc dang win = k + 1
as<bsc
Khéng nit tinh Hng quat, gi st 0<asbsc=< g b _
b+c c+a atb
Str dung bit ding thrc Chebyshev cho 2 délyyn diéu cung chu ta co:

k k K k
3@ ar P @ g d %(a+ b+ 9
b+c c+ a at b bt ¢ & a &
(a+b+ 0" _(a+ bt 9"
>~ 7 (a+b+Q="—"——"_~
gz @rbrO=T
ak+l bk+l . (a+ b+()

b+c c+a a+b 2.37
Theo nguyén ly quyap suy ra (1)3ddng OnO Z".
Dau bing xay ra khia=b = ¢ > 0.
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3.5.UNG DUNG MOQT SO PHUONG PHAP KHAC CH UNG MINH B AT PANG THUC
3.5.1. Phrong phap ddn bién
Bai toan 1.Ching minh &ng réu x, y, z> 0 thix+ y+ z=3¥ xyz (1)
Giai:
@) - (x+y+2)°=227xy:
Xéthamé f(x,y,2)=(x+ y+ ¥ —27 xy
Vi bit dang thirc d& cho I&ddng bic nén king cach chin héa ta c6 thgia sir
x+y+z=1 (*).

Khi d6 f(x,Y,2) =1-27xyz Dit t :ﬂzy

Didu kién (*) tré thanht +t+z=1- 2t+z=1
Ta € chirng minh
f(xy.2z f(tta (¥
o 1-2Txyz-(1- 278 2> C
- t’z-xyz=0

2
- tzz—(&zyj z>0

- t?z-t*z=0: dlng
Vi vy ta ch can ching minh f (x,t,t)=0  (**)
- 1-27°z=20
= 1-27*(1-2)=C
~ (1+&)(1-3)"2 G ding Ot >0
Tir (*)& (* ) ta codpem.
3.5.2. Phrong phap dwong thing tiép tuyén
Bai toan. [USA, 2003]Cho a,b,c> (. Ching minh &ng:

(2a+b+ Q" (2bra } (2 b )a2<8
2a+(b+d° 2B8+(a ¥ 2t+( b B




Giai:
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Vi bit dang thirc d& cho laddng bic vaddi xang nén ta c6 thchuin hda
Giasra+tb+c=1 = a,b,&( 0f
Khi d6 bit dang thic tré thanh

(a+rd (09 ()
282 +(1-9° 2B+(x B 2&+(2 )

(X+1)2 _ XP+2x+1
2x% +(1- x)2 3% -2x+1

Xétham 6 f (x) = véi x0(0,1)

Khi d6 bit dang thic cin ching minh té thanh
f(a)+f(b)+f(c)<8

Ta nhin thiy dau bing bit dang thrc xay ra khia= b= c:%.
Vi vay ta viét phuong trinh tép tuyén aia ham 8 tai diém c6 hoanhto
ol y 210

0 0 3

3
. . ez 1.16)
Phrong trinh tép tuyen tai diem M(L_%;Ej c6 cing

MO
y=f'l=|x—-—=|+—
3 3) 3
_12x+ 4

3
Ve dd thi ham ¢ f (x) va tiép tuyén trén cling &truc toa do ta nkin thay do thi

ham $ niam phia i tiép tuyén nén ta & chirng minh
¢ (x) < 12x+ 4
3
X?+2x+1 _12x+ 4
3x*-2x+1 3
= 36X -15X - 2x+ > (

- (3x—1)2(4x+ )= C dang Ox 0(0;1)

12(a+ b+ 9+ 12_
3
Vay bét diang thrc da choda duoc ching minh.

Vi vay ta cof (a) +f(b) +f(c) < 8
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KET LUAN

Luan vin da he thdng dugc cac plrong phapdién hinh cling minh ft dang
thirc trong clrong trinh toan b ¢ trudng phd théng va toan danh chedisinh trong
cacdoi tuyén toan. Hinh thanh va khg dinh duoc mot sd co so, dinh hréng cho hc
sinh trong qua trinh gi todn it dang thrc. Gia thuyét khoa hyc aia luan van 1a co ti

chip nhin duoc. Muc dich va nhém wu nghién ¢u da hoan thanh.

Tuy nhién, plrong phap cting minh Kt dang thrc rit da cang va phong ph,
cha yéu dya vaodic thu riéng da tirng bai va do c6 6t sd pheong phap nii duoc tiép
can lan dau tién va trinhdo con hin ché nén khong th tranhduoc nhing sai s6t. Mong

nhan duoc y kién dong goépdé luan van dugc hoan thin hon.

Mong raing ludn van nay § 1a mot tai liéu nhd dé cac em he sinh cé th tham
khao tir d6 co the hoc tot hon chuyéndé bat dang thic nay.



