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MG DAU

1. LY DO CHON DE TAI

Phuong trinh va bat phuong trinh 1a noi dung co ban va quan trong cla
chuong trinh toan trung hoc pho thong. Day a4 mot chuyén dé rat rong va chita
nhiéu dang toan hay va kho. Dac biét, cac dang toan veé phuong trinh va bat
phuong trinh siéu viét (ma va logarit) cting la nhiing dang bai thuong gap trong
cac ky thi dai hoc va thi hoc sinh gidi quoc gia.

Viéc giai cac bai toan vé phuong trinh, bat phuong trinh mi va logarit doi
hoi phai nam ving phuong phép, cac kién thitc co ban vé ham s6 mii va ham
so logarit ciing nhu cac kién thic lién quan va phai biét van dung cac kién thic
mot cach hop 1y, ¢6 tinh tu duy. C6 nhiéu phuong phap dé giai phuong trinh,
bat phuong trinh mi va logarit, mdi bai toan ta phai biét nhan dang va ap dung
phuong phéap thich hop dé giai.

Chinh vi nhitng 1y do trén nén toi chon dé tai "Mot so phuong phdp gidi
phuong trinh va bat phuong trinh siéu viét” nham he thong mot s6 dang toan,
phuong phéap gidi phuong trinh, bat phuong trinh mi va logarit.

2. MUC PICH NGHIEN CcUU
Hé thong mot so6 dang toan, phuong phap giai phuong trinh va bat phuong
trinh mu va logarit.

3. POI TUONG VA PHAM VI NGHIEN CUU
Khao sat 16p cac ham s6 mi, logarit va cac dang phuong trinh va bat phuong

trinh siéu viét lién quan.

4. PHUONG PHAP NGHIEN CcUU

Tham khao, phan tich va tong hop cac tai lieu chuyeén de, sach gidao khoa, cac
tai lieu ctia gidao vién huéng dan, tai lieu trén mang.

Phuong phép thuc nghiém & truong pho thong va phuong phap théo luan,
trao doi qua ban be, dong nghiep.



5. Y NGHIA KHOA HOC VA THUC TIEN CUA DE TAI
Tao duge mot dé tai phut hop cho viéc giang day, boi dudng hoc sinh gioi toan
bac trung hoc pho thong.

6. CAU TRUC CUA LUAN VAN

Ngoai phan md dau, két luan va tai lieu tham khao, luan van gom 3 chuong
nhu sau:

Chuong 1. Tinh chat ctia ham s6 mii, ham s6 logarit va cac kién thic lién
quan.

Chuong 2. Phuong trinh va bat phuong trinh mi.

Chuong 3. Phuong trinh va bat phuong trinh logarit.



CHUONG 1

TINH CHAT CUA HAM SO MU, HAM SO

LOGARIT VA CAC KIEN THUC LIEN
QUAN

1.1 Tinh chat cia ham s6 mu va ham so6 logarit

1.1.1 Tinh chat ctia ham sé ma

1.1.2 Tinh chat ctia ham sé légarit

1.2 Dac trung ham ctua ham so miu va ham so
légarit

Bai toan 1.1 (Phuong trinh ham Cauchy dang mit). Xac dinh cac ham f(x)
lien tuc trén R thoa man dieu kién sau

fle+y) = f@)f(y), Yo,y € R.

Bai toan 1.2 (Phuong trinh ham Cauchy dang logarit). Xac dinh cdc ham
f(z) lien tuc tréen R thoa man dicu kién sau

flzy) = f(z) + f(y), Vz,y € RT.

1.3 Cac dinh ly bo tro
Dinh 1y 1.1 (Bat dang thic AM-GM, xem [9]). Gid st o1, 29, - - - , 2y, 1a cac s0
khong am. Khi do

T1+x2+ -+ Tp
n

> x1x9 - Ty

Dau "=" xdy ra khi va chi khi 1 = 29 = - - - = 2,.



Dinh ly 1.2 (Bat dang thiic AM-GM suy rong, xem [9]). Gia stt cho trude hai
cap day s6 duong x1,x9, - , Ty Va p1,p2, -+, Pp. Khi do
P1,.D2

.o pPn
Ty Ty ) <

(1?1291 + Top2 + - A xnpn)p1+pz+---+pn
pr+tp2+---+pp

Dau "=" xdy ra khi va chi khi 1 = 29 = --- = z,,.

Néu py +p2+ - +py = 1thi 2"z’ -2 < z1p1 + zopa + -+ + Tppn.

Dinh 1y 1.3 (Bat dang thiic Cauchy-Schwaz, xem [9]). Cho hai cap day s6 bat
ky ai,as, -+ ,a, va by, ba, -+, b, Khido

(a1by + agba 4 - + apbp)? < (a? + a3+ +a2) (b5 + b5+ +b2)
Dau bang xdy ra khi va chi khi 3k: a; = kb;.
Dinh 1y 1.4 (Bat dang thitc Bernoulli, xem [9]). Cho z > —1. Khi d¢

I+2)*<l4arkhio<a<l
I+2)*>14arkhia<0Va>1

Luu y. Khi thay x béi z — 1 ta ¢

« — < < a<
{x +(1—2)a<1lkhi0<a<l (x> 0).

4+ (1—z)a>1khia<0Va>1

Dinh 1y 1.5 (Dinh Iy Fermat, xem [11]). Néu ham s6 y = f(z) xac dinh va
lien tuc trén khoang (a,b), dat gia tri cyc tri tai mot diém xg € (a,b) va ton tai

f'(x0) thi f/(20) = 0.

Dinh ly 1.6 (Dinh ly Rolle, xem [11]). Néu ham s f(z) lién tuc trén doan [a, ]
va ¢6 dao ham trén khodng (a,b), dong thoi f(a) = f(b) thi ton tai ¢ € (a,b)
sao cho f'(c) = 0.

Tt dinh 1y Rolle ta c6 hé qua sau:

Hé qua 1.1 (Hé qua cta dinh 1y Rolle). Néu ham s6 y = f(z) ¢6 f"(x) >
0, Vo € (a;b) hoac f"(x) < 0, Vo € (a;b) thi phuong trinh f(z) = 0 khong c¢6
qua hai nghiém phan bi¢t thuoc khoang (a;b).

Dinh ly 1.7 (Dinh Iy Lagrange, xem [11]). Néu ham s6 f(z) lién tuc trén doan
[a,b] va c6 dao ham trén khoang (a,b) thi ton tai ¢ € (a,b) sao cho

£(b) = f(a)

floy =221



CHUONG 2

PHUONG TRINH VA BAT PHUONG
TRINH MU

2.1 Phuong trinh, bat phuong trinh mii co ban

2.1.1 Phuong trinh mai co ban

2.1.2 BAat phuong trinh mia co ban

2.2 Phuong phap giai va bién luan phuong trinh,
bat phuong trinh mii

2.2.1 Cac phuong phap co ban

2.2.1.1 Phwong phdp dua vé cung co so

Cac dang thuong gap:

Dang 1
a=1
@) — 9@ o [ {o <atl
f(z) =g(x)
o o f@) — 9@ o JO>0
hoic @ e {<a —1)[f(z) — g(x)] = 0.
Dang 2
{a > 1
16) < o0®) o [ f(x) < g(x)
{O <a<l
f(x) > g(x)

a>0

(a = Df(z) —g(x)] <0.

hotc af®) < ¢9) & {

Dang 3




2.2.1.2 Phwong phdp ddat an phu

Muc dich chinh ctia phuong phap nay la chuyén cac phuong trinh va bat
phuong mi da cho vé cac phuong trinh va bat phuong trinh dai s6 quen thuoc.
Céc phép dat an phu thuong gap doéi véi phuong trinh mi:

Dang 1 Phuong trinh aga® + aj_1a* D% + .+ aya® + ag = 0.
Dat a® = ¢, dieu kien t>0, ta dugc phuong trinh

(k=1)

ozktk + ay_qt + ...+ ait+ag=0.

M6 rong. Khi thay 2 béi mot biéu thiic f(z). Dat af®) = ¢, tiy theo biéu thite
f(z) ma dat dieu kién cho ¢.
Dang 2 Phuong trinh a1a” + ab® + ag = 0 v6i ab=1.

1
bat a® =1t, t>0, suy ra b’ = o ta dugc phuong trinh
a9 2
a1t+7+063:0(:)041t + ast + as = 0.

M¢ rong. Khi thay 2 bdi mot biéu thic f(z). Dat a/®) = ¢, tiy theo biéu thitc
f(z) ma dat dieu kién cho ¢.
Dang 3 Phuong trinh aja®® + as(ab)® + azb®® = 0.
Khi dé chia hai vé phuong trinh cho b** > 0, ta dugc phuong trinh
a\ 2z a\ T

a1 (g) + (g) + as = 0.
Dat (%)x — ¢, dieu kien t>0, ta dudc phuong trinh aqt? + aot 4+ a3 = 0.
Luu . C6 the chia hai vé phuong trinh cho a?*, (ab)®.
Md rong. Thay x béi bieu thic f(z).
2.2.1.3 Phuong phap logarit hoéa

Cac dang thuong gap do6i véi phuong trinh mit: cho 0 <a # 1, b >0, ¢ > 0
Dang 1 a/®) =b < f(z) = log, b.
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Dang 2 a/®) = p9(*) < log, af @) = log, 19 < f(2) = g(x)log, b.

Dang 3 a/@p) = ¢ & f(z) + g(x)log, b = log, c.

Luu 4. C6 the lay mot s6 duong khac 1 bat ky lam co s6 khi lay 16garit hai vé
ciia phuong trinh khong nhat thiét phai 1a co s6 a.

Cac dang thuong gap doi véi bat phuong trinh mu:

Dang 1
f(z) a>1 O<axl
¢ <b(b>0)« {f(a:) < log, b {f(x) > log, b.
Dang 2
b>0 b>0
<
af(x)>b@{?‘(_)(zzénh’fa v<ia>1 Vv{i0<a<l1
v & f(z) >log,b f(z) < log, b.
Dang 3

af @) > p9®) o 1gaf @) > 1g b9 o f(2).1ga > g(z). 1gb.

2.2.1.4 Phwong phdp s& dung tinh don diéu cia ham sé

Stt dung tinh don di¢u ctia ham s6 dé giai phuong trinh va bat phuong trinh
mi ta su dung cac nhan xét sau:
1. Néu phuong trinh c6 nghiém g, mot vé ctia phuong trinh 1a ham s6 luon dong
bién, vé kia 1a ham s6 luon nghich bién (hodc 1a ham s6 héng) thi zg 1a nghiém
duy nhat.
2. Néu phuong trinh ¢6 dang f(u) = f(v), ma ham s6 y = f(¢) v6i tap xac dinh
la Dy, la ham s6 dong bién (hoac nghich bién) trén Dy thi f(u) = f(v) & u =
v, Vu,v € Dy.
3. D61 v6i bat phuong trinh ¢6 dang f(z) > k:
Bude 1: Xét ham s6 y = f(x) va c6 f(zo) = k. Ding lap luan khang dinh ham
s0 don diéu (gia stt dong bién).
Budc 2: Khi do f(z) > k < f(x) > f(x0) & = > xo.
4. D61 véi bat phuong trinh ¢6 dang f(u) < f(v):
Buéde 1: Xét ham s6 y = f(¢) v6i tap xac dinh la Dy. Dung lap luan khang dinh
ham s6 don diéu (gia stt dong bién) trén Dy.
Bude 2: Khi do f(u) < f(v) & u < v, Yu,v € Dy.



2.2.2 Cac phuong phap khac
2.2.2.1 Su dung dinh ly Rolle

. Ap dung dinh 1y Rolle dé giai phuong trinh mi, ta thue hien cac bude sau:
Buée 1: Gia st « la nghiém ctia phuong trinh.
Budc 2: Bién doi phuong trinh vé dang thich hop f(a) = f(b), tit d6 chi ra dugc
ham s6 f(t) lien tuc trén doan [a;b] va c6 dao ham trén khoang (a;b). Khi do
theo dinh 1y Rolle, 3¢ € (a;b) sao cho f'(¢) = 0.
Budée 3: Giai f'(¢) = 0 ta xac dinh duge a.
Buée 4: Thi lai.

. Tt hé qua cta dinh 1y Rolle ta rat ra phuong phap giai phuong trinh:
Gid st can giai phuong trinh f(z) = 0. Ta thuc hién theo céc bude sau:
Bude 1: Tim tap xac dinh D ctia phuong trinh.
Buée 2: Chi ra duge f”(z) > 0, Vo € D hodc f”(x) <0, Vax € D.
Bude 3: Vay phuong trinh f(z) = 0 néu c¢6 nghiem sé khong ¢6 qua 2 nghiém
phan biét trén D.
Ta can chi ra hai gia tri 21,22 € D sao cho f(x1) = f(z2) = 0.
Bude 4: Két luan.

2.2.2.2 Phuong phap danh gia

Dé danh gia hai vé ctia phuong trinh va bat phuong trinh mi ta thuong dua
vao: tinh don diéu ctia ham s6, tinh chat ham s6 mi, cac bat dang thic nhu
AM-GM, Cauchy-Schwaz, Bernoulli, tinh chat ctia gia tri tuyet doi....

2.2.2.3 Phuong phdp diéu kién can va du

Trong phan nay st dung phuong phap dicu kién can va du giai bai toan vé
tinh duy nhat nghiém, bai toan vé tap nghiém va bai toan vé hai phuong trinh
tuong duong.

Bai toan 2.3 (Bai toan ve tinh duy nhat nghiém). Tim diéu kién ctia tham s0
(gid stt 1a m) dé phuong trinh, bat phuong trinh f(z,m) > 0 (hodc f(z,m) < 0)
c6 nghiém duy nhat.

Phuong phap giai. Thuyc hién theo cac budc:

Bude 1: Dat dieu kien dé cac biéu thiic trong f(x,m) > 0 c6 nghia.

Bud6c 2: Dieu kién can: Gia st f(x,m) > 0 c6 nghiem 1a x = x¢, khi do:

a. Dua trén tinh chat déi xing clia cac biéu thiic giai tich trong f(x,m) > 0, ta
di khang dinh x = ¢(x¢) ciing 1a nghiem cta f(z,m) > 0.



b. Do d6 dé f(z,m) > 0 c6 nghiém duy nhat can c6 zg = ¢(z0) = gia tri cla
Q-

c¢. Thay gia tri clia zg vao f(x,m) > 0 ta xac dinh duge diéu kién can cho tham
som dé f(x,m) > 0 c6 nghiém duy nhat, gia stt m € D,,.

Budc 3: Dieu kién di: V6i m € D,,, ta di kiém tra lai tinh duy nhat nghiém
cho f(x,m) > 0.

Bude 4: Két hop ba bude trén ta tim duge dap so.

Bai toan 2.4 (Bai toan vé tap nghiém). Tim gid tri clia tham s6 m dé phuong
trinh, bat phuong trinh hosic hé nghiém diung véi moi x € D.

Phuong phap giai. Thuc hién theo cac buée:

Buée 1: Dat diéu kién dé cac biéu thic ctia phuong trinh, bat phuong trinh hosic
hé co6 nghia.

Budc 2: Diéu kién can: gia st phuong trinh, bat phuong trinh hodc hé nghiém
dung v6i moi x € D, suy ra né nghiém dang véi xg € D.

Gidi bai toan véi & = x¢p = suy ra gia tri clia tham s6 1a my.

Buée 3: Diéu kién di: thuc hién phép kiém tra véi m = mo.

Bai toan 2.5 (Bai toan vé hai phuong trinh tuong duong). Cho hai phuong
trinh f(z,m) = 0 va g(z,m) = 0. Tim diéu kién ctia tham s6 (gia sit 1a m) dé
hai phuong trinh tuong duong.
Phvwong phap giai. Thuc hién theo cac bude:
Buée 1: Diéu kién can
. Giai va tim nghiém x = xg cua f(z,m) = 0.
. Dé phuong trinh f(z,m) = 0 va g(z, m) = 0 tuong duong, trudc hét can z = xg
ciing la nghiém cua g(xz,m) = 0, tic la g(xg, m) = 0 = m = my.
. Vay m = myg chinh 1 diéu kién can.
Buée 2: Diéu kién di
. V61 m = my
f(x,m) =0< f(x,mp) =0 = nghiém cta f(x,m)=0.
g(x,m) =0 < g(xr,mp) = 0 = nghiém cta g(x,m) = 0.
. Két luan.

2.2.2.4 Phuong phap luong giac hoa

Dé lugng giac hoa cac phuong trinh va bat phuong trinh ta st dung cac nhan
xét sau:
1. Néu —1 < 2 < 1 thi ton tai a v § véi —ggagg,ogﬂgﬂsaocho

sina = x va cos 3 = x.
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2. NéuOSazglthiténtaiavaﬁvéiOgagg,ogﬁg sao cho sina = x

b |

va cos J = .
.0 X A X . S Z,* m T
3. V61 moi so thue  ton tai sO a vl —— < o < — sao cho x = tan a.
4. Néu cac s6 thuc z,y thoa man hé thic 22 + y> = 1 thi ton tai s6 o véi
0 <a <27 sao cho z =sina va y = cosa.

2.2.3 Xay dung phuong trinh va bat phuong trinh mi

2.2.3.1 Xay dung phuwong trinh va bat phwong trinh md dua vao
phuwong phdp ddat an phu

Vi du 2.31. Xét mot phuong trinh bac hai 2t — 9t +4 = 0.

Léy t = 27" ~% ta dugc 2.(28°%)2 — 9.97°~% 4 4 — (.

Chia hai vé phuong trinh cho 4, ta duge 22" —2e-1 _ g 27°~2=2 4 1 — (),
Nhan hai vé phuong trinh v6i 22772, ta c6 bai toan sau

Bai toan 2.6. Giai phuong trinh

Vi du 2.32. Xét mot phuong trinh bac ba t3 — 1 = 0.

. 2 2\3
Layt:2x—2—$,tadu’Qc <2*”3—2—x> —1=0.

, 3
Khai trien (2‘75 — 2_96') trong phuong trinh trén ta dugc bai toan sau

Bai toan 2.7. Giai phuong trinh

1 12
3z T _
262 — =1

Vi du 2.33. Xét phuong trinh bac bon t* + 263 —t —2 = 0.

Do t = 0 khong phai 1a nghiém clia phuong trinh nén chia hai vé phuong trinh
2

cho ¢ ta dugc 3 + 2t2 — 7 1 =0. Thay t = (2 +/3)" ta dugc bai toan sau

Bai toan 2.8. Giai phuong trinh
(26 4+ 15v/3)% + 2(7 + 4V3)" — 2(2 — V3)* = 1.

Nhan xét 2.4. . Tu cac phuong trinh 6 cac bai toan 2.6, 2.7, 2.8 néu thay dau
"="héi dau ">, <, <, >" ta dugc cac bat phuong trinh mi tuong ting.
. Viéc xay dung bat phuong mi tuong ty phuong trinh mil.
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uw?> =v+6

Vi du 2.34. Xét hé phuong trinh doi xing loai hai {v2 w46

U2:U+6 92 2 92
Ta co 2 = w6 = (u"—6)=u+6=u"—6=+u+6.

2\ ° N .
Thay u = <§) vao phuong trinh trén va quy dong ta duge bai toan sau

Bai toan 2.9. Giai phuong trinh
4% — 6.9" = /54% + 6.817.
3
- . N N £ . . u’ +2=3v
Vi du 2.35. Xét hé phuong trinh doi xtng loai hai {v?’ 49— 3

3 —
Ta co u3—|—2—3v = ud +2 = 3y/3u — 2.
v’ + 2 = 3u

4\ * N .
Thay u = <§> vao phuong trinh trén va quy dong ta dugc bai toan sau

Bai toan 2.10. Giai phuong trinh

647 + 2.27% = 32¢+1/3 367 — 2977

2.2.3.2 Xay dung phuwong trinh va bat phwong trinh md dua vao
tinh don diéu cia ham sb.

Vi du 2.36. Xét ham s6 f(t) = t3 + ¢ dong bién trén R,
Cho f(2% 4+ x) = f(1) ta dugc phuong trinh (2% 4 z)3 + 2% + 2 = 2.
Khai trién vé trai ciia phuong trinh trén ta duge bai toan sau

Bai toan 2.11. Giai phuong trinh sau
2? + 2% 4 32.2% 4 (1+32%).2" +2 -2 =0,

) 1. .
Vi du 2.37. Xét ham s6 f(t) = (V2 +1)F + §t dong bien trén R.

Cho f (1 —a:2> =f <1 —22x)7 ta dugc
x X

122 11— 22 e 1 (1-2x

(V2+1)=2 +§< " ) (V2+1)= +§( 5 )

& (VI+D)F - (VE-1)E =2

Ta ¢o bai toan sau

Bai toan 2.12. Giai phuong trinh
1—2? 201 1 1
(V2+1) 2 —(V2—-1)2 == ——,
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e V6i ham s6 f(t) = (V2 + 1) + %t. Cho f((z —1)%) = f((z + 1)?), ta dugc
phuong trinh
(ﬂ+1)<fv—1>2+%( 1)? = (V2+ 1)@ 4

Bién doi phuong trinh trén ta duge bai toan sau

(z + 1)

Bai toan 2.13. Giai phuong trinh

(V2 - 1)27L _ (V24 1)2+ = 2p(v/2 4 1)
e V6i ham s6 f(t) = (V2+1)1 + %t. Cho f(sin?z —sinx) = f(sinz — 1), ta dugc
phuong trinh (\/§—|—1)Sinz x_smx—l—%(sinz r—sinz) = (\/§—|—1)Si”_1—|—%(sinx—1).
Bién doi phuong trinh trén ta dudce bai toan sau
Bai toan 2.14. Giai phuong trinh

(\/§+ 1)sin2x—sinaz . (\/5 . 1)1—sinx _ —28iﬂ4 (g . %)

Vi du 2.38. Xét ham 86 f(t) = 2! + 5! + ¢ dong bién trén R.
Cho f(2%) = f(z + 1), ta dugc 22" + 52" 4+ 2% = 2oL 4 52+l 4 o 4 1.
Gidn udce 2% hai vé ctia phuong trinh, ta c6 bai toan sau

Bai toan 2.15. Giai phuong trinh 22" + 52" =27 4+ 5%+ 4 2 4+ 1.
e V6i ham s6 f(t) = 2t +5' +¢. Cho f(sin?2) = f(cos®z), ta dugc phuong trinh
25in2x + 5Sin2:): +gin2z = 2COS2(L‘ n 50082x + cos? z.

Bién doi phuong trinh trén ta dudgce bai toan sau
Bai toan 2.16. Giai phuong trinh
(23in2x + 5sin2x) . (200s2x + 5(:03295) — cos 2.

Nhan xét 2.5. . Viéc xay dung bat phuong trinh mi dya vao tinh don diéu
clia ham so6 cling tuong tu phuong trinh ma.

. T cac phuong trinh & cac bai toan 2.12, 2.13 thay dau "=" bdi cac dau ">,
<, <,>" ta duoc cac bat phuong trinh mi tuong tng.

2.2.3.3 Xay dung bdt phuong trinh ma dua vao ham phéan thic
chinh quy

Bai toan 2.17. Cho 2 bo s6 duong aq,as,...,a, va by, bo, ..., b, thoa man
diéu kien a1 lnb; + aslnbs + -+ -+ a,Inb, = 0.
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Xét ham s6 f(z) = a1b + aghy + -+ + apbl, x € R.

Chting minh rang f(x) > a1 +as + -+ + an, Vo € R.

Tit bai toan 2.17 ta ¢6 thé xay dung duge mot so6 phuong trinh va bat phuong
trinh md.

1 P
Vidu 2.39. Choa; =3,a3 =2,b; = 3,by = ”ﬁ' Ta dugce bat phuong trinh

1\z
3.3% + 2<\ / ﬁ) > 5 nghiém dung véi moi z.

Bién doi bat phuong trinh trén ta duge bai toan sau

L T\o
Bai toan 2.18. Gii bt phuong trinh 371 + 2(, / ﬁ) > 5.

1 .
Vi du 2.40. Cho a1 = 2,a0 = 2,a3 = 1,by = 2,bp = 3,b3 = 36 Ta duge bat

1Nz
phuong trinh 2.2% + 2.3% 4+ (%) > 5 nghiém dung véi moi .

Bién doi bat phuong trinh trén ta cé bai toan sau

Bai toan 2.19. Giai bat phuong trinh 2.72% 4 2.108% — 5.36% + 1 > 0.

2.2.4 Cac bai toan lién quan

C6 nhiéu dang toan vé phuong trinh va bat phuong trinh mi ¢6 chita tham
s6. O day, tac gia chi x6t hai dang do 1a: xac dinh tham s6 dé phuong trinh ¢6
nghiém duy nhat, ching minh phuong trinh ¢6 nghiém duy nhat va xac dinh
tham s6 dé bat phuong trinh nghiém ding véi moi bién z thuoc khoang da cho.

2.2.4.1 Xdc dinh tham sé dé phuong trinh cé nghiém duy nhdt va
ching minh phuong trinh cé nghiém duy nhat

Bai toan 2.20. Tim a > 0 dé phuong trinh a® = 1 4+ 2 ¢6 nghiém duy nhat.
Bai toan 2.21. Gii sii a, b 1 hai s6 duong va a < b.
a® +b"\: . 0
Cho ham s6 f(z) = < 9 ) neu r # . Tim m dé phuong trinh
Vab néu z =0

f(z) = m c6 nghiem duy nhat.

Bai toan 2.22. Ching minh rang phuong trinh z.a® = 1 ¢6 nghiém duy nhat
v6l moi a > 1.
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2.2.4.2 Xdc dinh tham sé dé bat phuong trinh nghiém ding vdi moi
x thudéc mot khoang da cho

Bai toan 2.23. Xac dinh a > 0 dé bat phuong trinh a® > 1 + & nghiém ding
v6l moi x € R.

Nhan xét 2.6. Tit bai toan 2.23 ta c6 bat dang thic e® > 1+ z, Vz € R.
Dau "=" xdy ra khi z = 0.

2
Bai toan 2.24. Xac dinh a > 0 dé bat phuong trinh a® > 1+ 2 + % nghiem

dang v6i moi x > 0.

P
Nhan xét 2.7. Tu bai toan 2.24 ta c6 bat dang thic e > 14z + %, Yz > 0.

Dau "=" xdy ra khi z = 0.

2.3 Heé phuong trinh mu

Céac phuong phap giai phuong trinh mi déu duge ap dung vao dé giai he
phuong trinh mii. O day téc gid chi cho cac vi du la dung cac phép bién déi
chuyén ve hé dai s va stt dung tinh don diéu ctia ham sé dé giai hé phuong trinh
mu.

2.3.1 Phép chuyén ve hé dai sb
2.3.2 Phuong phap st dung tinh don diéu ctia ham sé
2.4 Mot so dang toan lién quan

2.4.1 Cac bai toan cuc tri

Trong phan nay, tac gid dua ra mot so6 bai toan cuc tri ¢6 lien quan dén ham
s6 mil va viéc giai phuong trinh mi. T cac bai toan cuc tri ta c6 duge cac bai
toan veé phuong trinh mi va hé phuong trinh ma tuong ting.

Bai toan 2.25. Tim gia tri nhé nhat clia ham s6
y=(2+V3) + (2 V3™ = 8[(2+V3)" + (2 - V3)"].

Nhan xét 2.8. Tu bai toan 2.25 ta c¢6 duge bai toan sau:
Giai phuong trinh

(T4 4V3)" + (T — 4v3)* = 8[(2+V3)" + (2 — V3)*] + 18 = 0.

Nghiém cta phuong trinh: z = —1 va z = 1.
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Bai toan 2.26. Cho z,y théa 3y +x > 2 — log, 3. Tim gia tri nhé nhat cua
T =47ty=1 4 34271,

Nhan xét 2.9. Tu bai toan 2.26 ta c¢6 duge bai toan sau:

o X gr+y=1 4 3 42y-1 _ 9
Gial h¢ phuong trinh {33/ +x =2 —log, 3.

1
‘ r == +log, V3
Nghiém ctia hé la %

y:§—log4\/§.

Bai toan 2.27. Cho hai s6 duong x,y va  +y = 1. Tim gia tri nho nhat clia
biéu thic A = 3°t1 + 9¥.

Nhan xét 2.10. Tu bai toan 2.27 ta c6 dugce bai toan sau:

‘ gol 4 gu — 27 .
Giai hé phuong trinh /36  voi dieu kién: z,y > 0.
r+y=1
1
r = —logs 6
Nghiém ctia hé la 3 1
Yy = ]_ — g 10g3 6

Bai toan 2.28. Tim gia tri nhé nhat cta ham s6: y = 4/smel 4 olcos|,

Nhan xét 2.11. Tu bai toan 2.28 ta c6 duge bai toan sau:
Giai phuong trinh 4/sinel 4 olcosz| — 3,
Nghiém cta phuong trinh x = kn, k € Z.

Bai toan 2.29. Tim gia tri 16n nhat, nhé nhat ctia ham so:
y = 2\sinx! + 2[0059;\.

Nhan xét 2.12. Tu bai toan 2.29 ta c6 duge hai bai toan sau:
1. Giai phuong trinh 2/sinel 4 olcosz| — 3,

v ==+ kn
Nghiém ctia phuong trinh la 2 (keZ).

x=km
2. Giai phuong trinh 2/smel 4 olcosz| — 2.9%.
Nghiém ctia phuong trinh la z = % + k:g (keZ).

2.4.2 CAac bai toan vé day sb

Céc bai toan vé day s6 c¢6 noi dung kha da dang. O day tac gia chi quan tam
dén mot dang d6 1a: cac bai toan ching minh day s6 c¢6 chita ham s6 mi ¢6 giéi
han hitu han (hay hoi tu) va tim gi6éi han cua day so.
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. . . 1\Zn
Bai toan 2.30. Cho day so0 (x,) dugc xac dinh béi: x1 = 0, xp41 = (ﬁ)
v6i moi n € N*. Chiing minh rang day s6 (x,,) c¢6 gidi han hitu han va tim gidi
han do.

Bai toan 2.31. Cho day s6 (z,,) xac dinh béi: z1 = V2, 2,41 = (V2)% véi
moi n € N*. Ching minh rang day s6 () ¢6 gidi han hitu han va tim giéi han
do.

Bai toan 2.32. Cho a > 1 va day s6 (z,,) duge xac dinh bdi 21 = a, 41 = a®

v6i moi n € N*. Hay xac dinh tat ca cac gia tri clia a dé day (z,) hoi tu.
r1=a

Bai toan 2.33. Cho day s6 (xy,) xac dinh bdi 27 (2, In2 — 1) + 1

Tp+1 =
| 22 In2 — 1
Vn € N*. Xac dinh a dé day c6 giéi han hitu han khéc 0.

2.4.3 Mot sb bai toan vé phuong trinh ham lién quan dén
ham mu

Cac dang toan vé phuong trinh ham kha da dang, 6 day tac gia chi trinh bay
mot vai bai toan vé phuong trinh ham c6 lien quan dén dac trung ham ctia ham
sO mil va ting dung clia viéc gial phuong trinh mi vao cac bai toan vé phuong
trinh ham.

Bai toan 2.34. Tim tat ca cdc ham f(x) thoa diéu kién
flz+1)=3f(z)+ 2, Vz € R.
Bai toan 2.35. Tim tat ca cac ham f: R — R thoa dieu kién
fla+y) = f(@)e!W1 va yeR.

Bai toan 2.36. Cho b 1a mot s6 duong. Hay xac dinh tat ca cac ham s6 f xéc
dinh trén tap s6 R, lay gia tri trong R va thda man phuong trinh

Flz+y) = fz).3" W= L pr @+ W=1 _ ) vy e R
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CHUONG 3

PHUONG TI}iNH VA BAT PHUOGNG
TRINH LOGARIT

3.1 Phuong trinh, bat phuong trinh légarit co
ban

3.1.1 Phuong trinh lé6garit co ban

3.1.2 Bat phuong trinh 16garit co ban

3.2 Phuong phap giai va bién luan phuong trinh,
bat phuong trinh 16garit

3.2.1 Cac phuong phap co ban
3.2.1.1 Phwong phdp dua vé cung cd s
Cac dang thuong gap:

Dang 1 log, f(r) = b < {?v(j;)aja%.
0<a#1
Dang 2 log, f(z) = log, g(z) < {f(x) = g(x) > 0.

Luw 9. Dat dieu kien cho f(x) > 0 hay g(x) > 0 tuy thuoc vao do phiic tap cla

f(@), g(x).
Dang 3

a>1
log, f(x) <log, g(r) & { }8 z Z:(i:)1< g(z)

f(x) > g(x) >0
Hodac
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0<a#1
log, /(2) < log ) 4 112 =0
(a = D[f(z) —g(z)] <0
Dang 4
{a > 1
(z)
loga f() 8z£<1<ag
{ ) > a9
Dang 5
{a > 1
log, f(@) [ 0< a,><ai
{O < f(x) < a9@

Luu 1. D61 v6i ba dang 3, 4, 5 khi thay dau "<, >" bang dau "<, >" thi cach
giai tuong tur.

3.2.1.2 Phuong phdp ddt an phu

3.2.1.3 Phuong phdp s& dung tinh don diéu ham sb

3.2.2 Cac phuong phap khac

3.2.2.1 S« dung dinh ly Rolle

3.2.2.2 Phuong phap danh giad

3.2.2.3 Phuong phdp diéu kién can va du

3.2.3 Xay dung phuong trinh va bat phuong trinh 16garit

3.2.3.1 Xay dung phuong trinh va bat phwong trinh logarit dua vao
phwong phdp ddt an phu

Vi du 3.27. Xét phuong trinh bac hai t? + ¢ — 2 = 0. Lay t = logy(3* — 1) ta
duge phuong trinh log3 (3% — 1) 4 logy (3% — 1) =2 =0.
Bién doi phuong trinh trén ta duge bai toan sau

Bai toan 3.1. Giai phuong trinh
logs (3" — 1).logy(2.3" — 2) = 2.

Vi du 3.28. Xét phuong trinh bac ba ¢34+ 3t — 4 = 0 ¢6 nghiém ¢ = 1.

Lay t = ¢/log, , ta duge ({/logs )3 +3¢/logeyz —4 =10

Bién doi phuong trinh trén ta dudgce bai toan sau



19

., . 4
Bai toan 3.2. Giai phuong trinh logy /z + ¥/logs x = 3
Nhan xét 3.1. Tu cac phuong trinh 6 cac bai toan 3.1, 3.2 néu thay dau "="
béi cac dau ">, <, >, <" ta dugc cac bat phuong trinh logarit tuong ng.

1 —3sinz

Vi du 3.29. Xét phuong trinh logy (3t — 1) + 2t — 1 =2'. Lay t = SR

ta dugc bal toan sau
Bai toan 3.3. Giai phuong trinh
V21=3sinz 4 1 4 3ginz = logy (1 — 9sinz).

Vi du 3.30. Xét phuong trinh logogyq(t + 1) + 1 = 20117,
Lay ¢ = 20112sina] 4 gleoszl _ 5 ¢4 duge bai toan sau

Bai toan 3.4. Giai phuong trinh

logagyy (2011215807l 4 gleosel _ g) — 9o (ROHI™HHA5) g
3.2.3.2 Xay dung phuong trinh va bat phwong trinh logarit dua vao
tinh don diéu cia ham sé

Vi du 3.31. Xét ham s6 f(t) = logygy t + ¢ dong bién trén khodng (0; +00).
Cho f(2® + 2?4+ 1) = f(42? + 2), ta dugc:
logagyy (20 + 22 + 1) + 20 + 22 + 1 = logygyy (422 4 2) + 422 + 2
o ] 4a% + 2 6 _ 9,2 1
0 — =% — 32 —
82011 6 2 g

Ta c6 bal toan sau
Bai toan 3.5. Giai phuong trinh

422 + 2

_ .6 2
i B

logan11

e V6i ham 86 f(t) = logggy t +1t. Cho f(2011%) = f(2010x + 1), ta dugc phuong
trinh 10g2011 2011:6 + 2011$ = 10g2011(2010$ + 1) + 201037 + 1.
Bién doi phuong trinh trén ta cé bai toan sau

Bai toan 3.6. Giai phuong trinh
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, 1 . |
Vi du 3.32. Xét ham s6 f(t) = t[(t+ 1)In (1 + 2) ~ 1} dong bién tren khodng
(0; 4+00).

Cho f(2?) = f(2*) véi 2 > 0, ta dugc:

1 1
2 [(:ﬂ +1)In (1 + P) - 1] x4[(x4+ 1)In (1 + F) ~ 1]
1\1+:2 1\ 1+
& xQIn(l—l——2> ’ —:c61n<1—|——4) T =1-2%
X X

Ta ¢o bal toan sau

Bai toan 3.7. Giai phuong trinh

1\1+3 1\ 1+
$21n(1—|——2) ’ +:L‘2::z:61n(1+—4) T4 1(véix>0).
T T
] e In” ¢ L
Vi du 3.33. Xét ham so f(t) = )] nghich bien trén khoang (0;1).
n
Cho f(sinz) = f(cosz), ta duge
In? sin x In? cos =

In(1 + sinz) - In(1 + cos x)
o (1 + cos x)logcowsmm _ (1 + sin x)logsimcosm

Ta c6 bai toan sau
Bai toan 3.8. Giai phuong trinh
(1 + cos x)logwsismx _ (1 + sin x)logsimcosx.

Vi du 3.34. Xét ham 6 f(t) = logy(2+1)+¢ dong bién trén khoang (—2; +00).
Cho f(2011% 4 2013"%) = f(2.2012%), ta dugc phuong trinh

logy(2 -+ 20117 + 2013%) + 20117 + 2013” = logy(2 + 2.20127) + 2.20127,

Bién doi phuong trinh trén ta duge bai toan sau

Bai toan 3.9. Giai phuong trinh

1
logy V2 + 20117 + 20137 — logy /1 + 20127 = 20127 — (20117 + 2013” — 1).

Nhan xét 3.2. Xay dung bat phuong trinh logarit dya vao tinh don diéu cua
ham s6 tuong ti nhu phuong trinh logarit.
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3.2.4 Cac bai toan lién quan

3.2.4.1 Xdc dinh tham sé dé phuong trinh cé nghiém duy nhét va
ching minh phuong trinh c6 nghiém duy nhat

Bai toan 3.10. Tim 0 < a # 1 dé phuong trinh = = 1 + log, z ¢6 nghiém duy
nhat.

Bai toan 3.11. Ching minh rang phuong trinh zlog, z = 1 ¢6 nghiém duy
nhat véi moi a > 1.

3.2.4.2 Xdc dinh tham sé dé bat phuong trinh nghiém ding vdi moi
x thudéc mot khoang da cho

Bai toan 3.12. Tim 0 < a # 1 dé bat phuong trinh = > 1 + log,  nghiém
dung v6i moi x > 0.

Nhan xét 3.3. Tu bai toan 3.12 ta c6 bat dang thic z > 1+ Inx, Vo > 0.
Dau "=" xdy ra khi z = 1.

l‘2

Bai toan 3.13. Tim 0 < a # 1 dé bat phuong trinh log, (1 +2) > x — 5
nghiém dang véi moi z > 0.

5132

Nhan xét 3.4. T bai toan 3.13 ta c6 bat dang thiic In(1+z) > T YV > 0.

Dau "=" xdy ra khi z = 0.
2

Nhu vay phuong trinh In(1 + z) = x — % c6 nghiéem duy nhat 1a x = 0.

Bai toan 3.14. Tim 0 < a # 1 dé bat phuong trinh sau nghiem ding véi moi

x>0
1 T+ 2 1 r+1

Nhan xét 3.5. Tit bai toan 3.14 ta c6 bat dang thiic sau

1 2 1 1
—lnx+ > ln$+ , Vo > 0.
r x+1 z+1 T

3.3 Heé phuong trinh Logarit

Céc phuong phap giai phuong trinh logarit déu duge ap dung vao dé giai he
phuong trinh logarit. o) day téc gia chi cho cac vi du la dung cac phép bién doi
dé chuyén ve hé dai s6 va stt dung tinh don diéu ctia ham s6 dé giai hé phuong
trinh 16garit.
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3.3.1 Phép chuyén ve hé dai sb
3.3.2 Su dung tinh don diéu ctia ham sé
3.4 Mot s6 dang toan lién quan

3.4.1 Cac bai toan cuc tri

Trong phan nay, tac gia dua ra mot sd bai toan cyc tri ¢6 lien quan dén ham
logarit va viéc giai phuong trinh logarit. T cac bai toan cuc tri ta ¢6 duge céac
bai toan vé phuong trinh, bat phuong trinh va hé phuong trinh logarit tuong
ung.

Bai toan 3.16. Trén micn gia tri clia cac bién x, y, z, t xac dinh bdi

1 ) TR
1 < x,y,z,t < 1. Hay tim gia tri nho nhat ctia ham

1 1 1 1

Bai toan 3.17. Cho z,y,~ > 1. Tim gia tri nhé nhat cta

log, = N log, y n logmz>.
r+y y+z z+zx

T=(z+y+2)(

Bai toan 3.18. Tim gia tri 16n nhat clia ham s6

y=+vV1+z?—zIn(z+V1+22).
Nhan xét 3.6. Tu bai toan 3.18 ta c¢6 duge hai bai toan sau:
1. Gidi phuong trinh v1 + 22 — z.In(z + V1 4+ 22) — 1 = 0.
Nghiém ctuia phuong trinh la z = 0.
2. Giai bat phuong trinh z. In(z + V1 +22) +1 > V1 + 22,
Bat phuong trinh nghiém ding véi moi z.
Bai toan 3.19 (Dai hoc Khoi B 2004). Tim gia tri 16n nhat va gia tri nho nhat

In2z 3]‘

clla ham s6 y = tren doan [1;e

Bai toan 3.20. Tim gia tri nhoé nhat ciia ham s6 y = 2%, v6i x > 0.

Bai toan 3.21. Cho hai s6 z,y € (0;1) théa man z +y = 1. Tim gia tri nho
nhat ctia ham s6 f(z,y) = 2% + 3¥.

Nhan xét 3.7. Tu bai toan 3.21 ta c¢6 duge bai toan sau

. =1
Giai hé phuong trinh {ix—:yyy _

11
Nghiém ctia hé phuong trinh (x;y) = (5, 5)

voi dieu kien z,y € (0;1).
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3.4.2 Cac bai toan ve day sb

Céc bai toan vé day sb ¢6 noi dung kha da dang. O day tac gid chi quan tam
dén mot dang dé 1a: cac bai toan ching minh day s6 c6 chita ham so6 logarit ¢
gidi han hitu han (hay hoi tu) va tim giéi han ctia day 6.

Bai toan 3.22. Cho s6 thuyc a > 1. Xét day s6 (z,,) duge xac dinh bdi:
2

r1=aVva Tpy1 = 1+1In < ), Vn € N*. Chitng minh rang day so trén c6

T
1+Inax,
gi6i han htu han va tim giéi han do.

T =a
Bai toan 3.23. Cho day so (z,,) xdc dinh bdi

2:1:n+3)

$n+1:xn+ln(
Ty — 1

Vn € N*. Tuy theo a xét tinh hoi tu cua day (x,).

r1=a €R

Bai toan 3.24. Cho day so (xy,) xéc dinh bdi {$n+1 —n(1+22)} — 2011

Vn € N*. Ching minh day (x;) hoi tu.
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KET LUAN

Céc két qua chinh ctia luan van "Moot s6 phuong phdp gidi phuong trinh va
bat phuong trinh siéu viét" da dat duge:

e Heé thong mot so phuong phap gidi phuong trinh, bat phuong trinh ma va
logarit.

e Xay dung mot so6 phuong trinh, bat phuong trinh mi va logarit diua vao
phuong phap dit an phu va tinh don diéu ctia ham s6.

e Dua vao cac phuong phéap gidi phuong trinh, bat phuong trinh mi va logarit
di gidi mot s6 hé phuong trinh ma va logarit tuong ng.

e T mot s6 két qua ve bien luan bat phuong trinh mi va logarit trén mot
khoang da cho thu dugc cac bat dang thic vé mil va légarit tuong tng.
Nguoce lai, tit mot s6 dang bat dang thic da ching minh ta xay dung 16p
cac phuong trinh va bat phuong trinh dang mi va logarit mai.

e Trinh bay mot s6 dang toan lién quan dén viéc giai phuong trinh mi va
l6garit: cac bai toan cuc tri, cac bai toan tim giéi han clia day s6 va cac bai
toan veé phuong trinh ham lién quan dén ham ma va logarit.



