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I. Li do chon dé tai

Trong chuong trinh toan hoc phd thong, bat dang thic, bat
phuong trinh 13 nhing noi dung co ban va la chuyén dé thuoc loai
kho do6i véi hoc sinh ngay ca doi véi hoc sinh chuyén toan. Vi he
thong 1y thuyét, bai tap va phuong phap giai rat da dang nén viéc
day va hoc chuyén dé nay gap nhiéu khé khan. Do d6, viéc phan
loai va dua ra cac phuong phap cu thé cho timg dang 1a van dé ma
ching ta can quan tam. Trong d6, nhiéu bai todn vé ching minh
bat dang thic duge giai quyét kha gon ghé nho dua vao 16p bat
dang thiec sinh béi cac ham kha vi va tinh chat ctia ham kha vi.
I1. P6i tuong va pham vi nghién ciu

1. D61 tuong nghién ciiu

Khéo sat 1y thuyét ham s6 don diéu bac cho truée, cac 16p bat
dang thiic sinh bdi ham s6 kha vi va mot s phuong phap ching
minh bat dang thic dua trén cac 16p ham sinh béi ham s6 don
dicu kha vi.

2. Pham vi nghién cttu

Khao sat 1y thuyét tong quat, dac biét ing dung trong chuong
trinh Toan hoc phd thong va Toan hoc danh cho hoc sinh gidi
thuoc doi tuyen hoc sinh gioi.
III. Muc dich nghién ctu

Muc dich nghién citu clia tai lieu nay la trinh bay c6 hé théng
mot sO tinh chat ciia ham s6 don diéu tong quat. Sau d6, dua ra



mot s6 16p bai toan veé bat dang thitc va ap dung li thuyét da trinh
bay dé giai.
IV. Nhiém vu nghién citu
V.Y nghia khoa hoc

1. Dé tai 1a he thong kién thite vé mot s6 16p ham bat dang thic
sinh bdi tinh chat don diéu ciia ham s6, tac gia dua ra phuong phap
chiing minh bat dang thic, giai quyét nhiéu bai toan chting minh
bat dang thic ¢ pho thong, gép phan gitp cho gido vien va hoc
sinh c6 thém mot s6 phuong phap chiing minh bat dang thic.

2. Dé tai dugce trinh bay logic, khoa hoc, 16 rang va dé hiéu.
V1. Phuong phap nghién citu

Deé tai nay da st dung mot sd6 phuong phap nghién citu sau

1. Phuong phap nghién ctu tai lieu gom: sach gidgo khoa pho
thong trung hoc, cac tai lieu tham khao danh cho gido vién, tap
chi toan hoc tuoi tré. . .

2. Phuong phap tiép can lich st, suu tap, phan tich, tong hop
tu lieu va tiép can hé thong.
VII. CAu tric luan van

Ngoai phan md dau va két luan, luan van c6 3 chuong chinh sau

Chuong 1 trinh bay cac tinh chat co ban ciia cac ham don diéu.

Chuong 2 trinh bay cac tinh chat ctia ham don diéu bac hai .

Chuong 3 trinh bay mot s6 tinh chat ctia ham don diéu bac
(1,2).



Chuong 1

Mot s6 tinh chat ctia ham don diéu

1.1. Tinh chit chung ciia ham don diéu

Dinh nghia 1.1 (xem [3]). Ham s6 f(z) dugc goi la don diéu
tang (gidm) trén I(a,b) néu ing vdi moi x1, 2 € I(a,b) sao cho
r1 < 29, ta déu cé f(x1) < f(x2) (tuong ting f(x1) > f(x9)).
Dinh nghia 1.2 (xem [3]). Ham s6 f(z) zdc dinh va tang thuc
su trén I(a,b) néu ung véi moi x1,xs € I(a,b) sao cho x1 < w9,
ta deu co

flan) < fla)
va nguoc lai néu Vi, xe € I(a,b), 1 < x2 kéo theo f(z1) >
f(x2) thi f(x) la mot ham don diéu giam thuc su trén 1(a,b).
Dinh ly 1.1 (xem [1]). Ham f(z) xzdc dinh tréen RY la mot
ham so don diéu tang khi va chi khi vdi moi cap bo s6 duong

ai,as,...,an VA T1,T9, ..., Ty, ta déu co
n n n
k=1 k=1 k=1

Dinh 1y 1.2 (xem [1]). Dé bat dang thaic

S ) < f(ixk) (1.4)



dugc thoa man vor mot bo so duong x1,xo, ..., x,, dieu kién can

)

don diéu tang trén RT.

fz)

va du la ham g(x) ==

Hé qua 1.1. Gia st g(z) = la ham don diéu tang trén
[0, 4+00). Khi d6 v6i moi day s6 duong va giam z1,x9,...,z,, ta

deu co

n—1
flxy —xp) g flxg — 2py1).
—1

Tinh chéat 1.1. Cho ham s6 f(x) c6 dao ham trén khoang (a, b).
(i) Néu f'(x) > 0 v6i moi x € (a,b) thi ham so f(x) dong bién
trén khoang do.

(ii) Néu f/(z) < 0 v6i moi x € (a,b) thi ham s6 f(x) nghich bién
trén khoang do.

Dinh nghia 1.3 (xem [1]). Ham f(x) dugc goi la ham 107 trén
I(a,b) néu vdi moi 1,2 € I(a,b) va vdi moi cap s6 duong a, 3
théa man dieu kién o+ B =1, ta déu cé

flaxy + o) < af(x1) + Bf(x2). (1.6)

Dinh nghia 1.4 (xem [1]). Ham f(z) dugc goi la ham lom trén
I(a,b) néu vdi moi x1,x2 € I(a,b) va vdi moi cap s6 duong o, 3
théa man dieu kién o+ B =1, ta déu cé

flaxy + Bxa) > af(x1) + Bf(x2). (1.7)

Chu y 1.1. Ham 16i con duge goi 1a ham dong bién bac hai, ham
16m con duge goi 1a ham nghich bién bac hai.

Nhan xét 1.1. Khi 21 < 29 thi 2 = azq + Sxo Vil cap s6 duong
a, Bty ¥ ¢ tong a + § = 1, déu thuoc (z1, x2) va
T — 1 T — T

a = 0= :
L2 — X1 T2 — I
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Tinh chat 1.2. Néu f(z) 16i (1om) trén I(a,b) thi g(z) := cf(x)
la ham 161 (16m) trén I(a,b) khi ¢ > 0.

Tinh chat 1.3. Néu f(x) 16i (16m) trén I(a,b) thi g(z) := cf (z)
I3 ham 16m (161) trén I(a,b) khi ¢ < 0.

Tinh chat 1.4. Néu f(z) la ham s6 lién tuc va 16i trén I(a, b) va
néu g(x) 1oi va dong bién trén tap gid tri cia f(x) thi g(f(z)) la
ham 101 trén I(a,b).

Tuong tu, ta ciing c6 cac tinh chat sau

Tinh chat 1.5. (i) Néu f(x) 1a ham s6 lien tuc va lom trén
I(a,b) va néu g(z) 10i va nghich bién trén tap gia tri cia
f(x) thi ham g(f(z)) 14 ham 1061 trén I(a,b).

(ii) Néu f(z) 1a ham 0 lien tuc va 1om trén I(a,b) va néu g(x)
16m va dong bién trén tap gid tri cia f(z) thi ham g(f(z)) 1a
ham 16m trén I(a,b).

(iii) Néu f(x) 1a ham s6 lién tuc va 1om trén I(a,b) va néu g(z)
16m va nghich bién trén tap gia tri cia f(z) thi ham g(f(z))
la ham 16m trén I(a,b).

Tinh chét 1.6. Néu f(z) Ia ham s6 kha vi tren I(a,b) thi f(2)

la ham 6 101 trén I(a,b) khi va chi khi f’(z) 1a ham s6 don diéu

tang tren I(a,b).

Tinh chat 1.7. Néu f(z) kha vi bac hai trén I(a,b) thi f(x) 10i

(1m) trén I(a,b) khi v chi khi /”(z) > 0 (f"(x) < 0) trén I(a, b).

Dinh 1y 1.3 (xem [1]). Néu f(z) loi trén (a,b) thi ton tai cdc

dao ham mot phia ' (x) va f'(x) vdi moi x € (a,b) va f'(x) <

fi(@).
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Nhan xét 1.2. Khi ham s6 f(z) 1a ham 18 tren I(a,b) thi f(z)
lién tuc trén (a,b).
Nhan xét 1.3. Ham 16i trén [a, b] c6 the khong lién tuc tai diém
dau mut cia doan [a, b).
Dinh 1y 1.4 (Jensen (xem [1])). Gid st ham so f(z) lién tuc
tren doan [a,b]. Khi do diéu kién can va di dé ham s6 f(z) 1o
trén I(a,b) la

f<a:1 +x2> < f(z1) + f(x2)

2 2

Dinh 1y 1.5 (xem [1]). Gid st f(x) c¢6 dao ham cap hai trong
(a,b). Khi doé diéu kien can va di dé ham so f(z) 107 trén (a,b)

la

, Vaxi,x9 € I(a,b). (1.12)

f"(x) >0, Vx € (a,b).

Tinh chat 1.8 (Dang noi suy (xem [1]). Ham s6 f(z) dong bién
tren I(a,b) khi va chi khi v6i moi cip s6 phan biét x1, x5 € I(a,b),
flx1) | flxa)

+
1 —x2 T2 — 21

Tinh chat 1.9 (Dang noi suy (xem [1]). Ham s6 f(x) loi trén
I(a,b) khi va chi khi véi moi bo ba s6 phan biét xg, 21, 2 € I(a,b)

ta deu co

> 0. (1.16)

ta co

f(z0) N f(z1) N f(x2) >0

(w0 — 21) (w0 —22) (21— 20) (21 —22) (32 — w0) (22 — 71)

(1.17)
Tinh chat 1.10 (xem [1]). Ham f(z) 10i trén I(a,b) khi va chi
khi vdi moi cdp x1,x2 € I(a,b), x1 < x2, ta déu co

fz) < fxn) + f(2) (1.18)

xr9 — I xro — I
khi x1 < x < x9.

rT9 — X r—x
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Dinh nghia 1.5 (xem [1]). Ham so f(z) dugc goi la n-10i trén
I(a,b) khi tng vdi moi bo n+1 so phan biét trong I(a,b), ta déu
co

flwo,on, o aa) =) j/((zj.)) >0 (1.19)
j=0

trong do w(x) = [] (& — xx).
k=0

Dinh nghia 1.6 (xem [1]). Ham s6 f(x) dugc goi la n-lom trén
I(a,b) khi 1ing vdi moi bo n+1 s6 phan biét trong I(a,b) ta déu

7/

Cco

CU/

flro, x1,. .., xy) = Z f((zj)) <0 (1.20)
j=0 "

n
trong do w(zx) = [] (v — xp).
k=0
Tinh chéat 1.11. Ham s6 f(x) c6 dao ham bac n trén I(a,b) la
n-16i trén I(a, b) khi va chi khi

F(z) >0, Va € I(a,b). (1.21)

Dinh 1y 1.6 (xem [1]). Néu ham so f(z) la n-loi trén [a,b] thi
ton tai ham so g(x) va da thic P(x) bac khong qud n — 1, sao

cho
X

T — n—1
F(x) = Pla) + / %gu)mﬂ

a
1.2. Biéu dién ham don diéu

Dinh 1y 1.7 (xem [3]). Gid st n € N* la mot s6 chan va f(x)
dong bién bac n tréen I(a,b) thi vdi moi cdp xo,x € I(a,b), ta



" n—1 T
A 0)($—5’70)+"'+Jzn—(1;}!)

f(z) = max [f(xo)+ ",

r—X
zo€l(a,b) 1! ( O)

(1.22)
Dinh 1y 1.8 (xem [3]). Gid st n € N* la mot s6 16 va f(x) dong
bién bac n trén I(a,b) thi vdi moi cip xo,x € I(a,b), ta déu cé

(QZ—SUO)f(SU) = max [f(xo)(x_x0)+f’($0) fn_l(fL‘o)

zoel(a,b) 1! (n—1)!
(1.23)

(z—x0)* 4 -+

(x—x0)"].

Dinh 1y 1.9 (xem [3]). Gid st n € N* la mot s6 chan va f(x)
nghich bién bac n trén I(a,b) thi vdi moi cdp xo,x € I(a,b), ta
deu cé

/

f@)= min [f(eg)+ L)

xo€l(a,b) 1!

fn_1<$0)
(n—1)!

n—1].

(x—x0)+-- -+ (x —x0)

(1.24)

Dinh 1y 1.10 (xem [3]). Gid st n € N* la mot s6 Ié va f(x)
nghich bién bac n trén I(a,b) thi vdi moi cdp xo,x € I(a,b), ta

déu co

F0) (g2 .+]E::(f§) :

(1.25)

(z=x0)f(x) = min [f(zo)(z—w0)+ (—20)"].

xo€l(a,b) 1!



Chuong 2
Mot sb6 tinh chat ctia ham don diéu bac hai

2.1. Biéu dién ham don diéu bac hai

Dinh nghia 2.1 (xem [3]). Ham f(z) dugc goi la loi trén I(a,b)
khi va chi khi ton tai ham g(x) don diéu tang trong I(a,b) va
so ¢ € (a,b) sao cho
1) = 0+ [ gtoy.
Dinh 1y 2.1 (xem [3]).
a) Néu f(zx) khd vi bac hai loi trén I(a,b) thi vdi moi cdp
ro,x € I(a,b), ta déu cé

f(x) = f(zo) + f'(wo)(x — x0). (2.1)

b) Néu f(x) khd vi bac hai lom trén I(a,b) thi vdi moi cdp
zo, 7 € I(a,b), ta déu cé

flx) < fxo) + f'(z0)(z — x0). (2.2)

Nhan xét 2.1. Ta thay rang dang thitc trong (2.1) xay ra khi
x = xo va do vay, ta c6 thé viét (2.1) dudi dang sau
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f(z) = min [f(zo) + f'(z0)(z — z0)].

zo€l(a,b)

va nhu vay, ta c6 thé bicu dién duge ham f () qua cyc tri cia ham
bac nhat chita tham bién.

2.2. Mot sb ap dung trong cac bai toan cuc tri va bat ding
thic

Bai toan 2.1. Chiing minh cac bat dang thic sau
a) z > In(1 4 x) véi moi x > 0.
b) e® > 1+ In(1 + z) véi moi = > 0.

Bai toan 2.2. Chiing minh rang v6i moi s6 nguyen duong n, ta
deu co .
L (2.2)

2n
1 _\n
(1+-)

Bai toan 2.3. Chiing minh réng

. 3
(sm x) > cosz ,0 < |z| < z (2.9)

T 2

Bai toan 2.4. Cho z,y € (1, +00), ching minh rang

lnx;y > +/Inzny.

Bai toan 2.5. Cho cac s6 z,y, a,b duong, chiing minh rang

xlng+yln% > (ijy)ani?Z'

Bai toan 2.6. Ching minh bat dang thic

2 - 2

(2.12)

voimoixz >0,y > 0,n > 1.
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Bai toan 2.7. Ching minh rang néu n 1a s6 nguyén duong thi

a)

sinx] +sinaxg + -+ +sinx, <sinx1+x2+'”+x”

n N n
V x1,x9,. .., 2y € [0;7].
b)
COSIT] + COSxo + -+ COSTy 1+ a9 + 0+ 2y,
< cos
n n
T
YV x1,x0,...,0p € {—5,5} .
Bai toan 2.8. Cho n s6 duong x1, 29, . .., z,. Cac s0
r1t+x2+---+ap
My =
n

Mg = {/T1.22...2%p

| 1 1
Ty X9 T,

Theo thtt ty la trung binh cong, trung binh nhan, trung binh toan
phuong va trung binh diéu hoa ctia n 86 da cho. Chitng minh rang
mp, < mg <mg < mgy

Khi nao c6 dang thic xay ra ?

Bai toan 2.9. Chiing minh réng

néu « € (0;1) thi 2% < ax + 1 — a v6i moi .

Bai toan 2.10. Cho a, b, ¢ 1a cac s6 thuc khong am théa a+b+c =
3. Ching minh

a? n b? N 2
+1 A2+1 a?2+1

>

DO | Lo
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Bai toan 2.11. Xét ti dien ABCD c6 cac cap canh doi bang
nhau va c¢6 sd6 do goc nhi nhién canh BC,CA, AB tuong tng la
o, 3,7 deu nhon. Tim gia tri ciia biéu thiic

1 1
2011 2011 2011 2011
T = \/cos a+ o0, + cos?Vg 4 052011

1
cos201ly

Bai toan 2.12. Cho a,b,c la cac s6 thuc duong thoa man diéu
kién a@ + b+ ¢ = 3. Tim gia tri 16n nhat, nhé nhat ctia biéu thic

T=(a+V1+a®"+ O+ V1+0) + (c+ 1+ )"

Bai toan 2.13. . Cho a,b,¢ > 0 va a® + b + ¢ = 3. Chitng minh

rang
1 1 1

+ + > 1
V1+8 V148 V1+8
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Chuong 3
Ham don diéu bac (1,2) va ap dung

3.1. Tinh chit cac ham s6 don diéu bac (1,2)

Dinh nghia 3.1 ( xem [3]). Néu ham f(x) dong thoi c¢é dao
ham bac nhat va bac hai duong trong khodng dang zét thi ta noés
ham so dé dong bién lién tiép bac (1,2) trong khodng da cho.

Dinh nghia 3.2 (xem [3]). Néu ham f(x) dong thoi c6 dao
ham bac nhat va bac hai am trong khodng dang xét thi ta nos
ham s6 dé nghich bién lién tiép bac (1,2) trong khodng da cho.
Dinh 1y 3.1 (Bat dang thitc Jensen suy rong (xem [6])). Gid su
f(z) la ham loi trén I(a,b). Khi dé, vdi x; € 1(a,b),i=1,2,...,n

n
va a; >0: > a; =1, ta luon co
i=1

f (2; @i$i> < Zaif(xi)- (3.1)
i= i=1

Cha y 3.1. Ta thuong hay dung truong hop dac biét cia bat
dang thic Jensen khi a1 = ap = a3 = -+ = o, = —, khi do ta
n

co ket qua sau
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Néu f(x) loi trén I(a,b) th moi x1,x2,...,2, € I(a,b), ta cé
bat dang thic sau

f(x1+x2+~--+xn
n

) < %[f(a:l) + f(wa) + -+ flza)].

Dinh 1y 3.2 (Bat dang thic Karamata (xem [1])). Cho hai day
$0
{zp,yp € I(a,b), k=1,2,...,n}

thoa man cac diéu kién

va
T 2>y
r1+x2 > Y1+ Yo
......... (3.5)
T+ T2+ U1 2 Y1+ Y2+t Yned
rt+rot+---+rp=y1+y2+--+yYn

Khi doé, ing vdi moi ham loi thuce su f(z)(f"(z) > 0) trén I(a,b),
ta deu co

o) + f(@2) + -+ flzn) > fyr) + fly2) + -+ fya). (3.6)

Nhan xét 3.1. Bat dang thiic Jensen la mot truong hop dac biét

clia bat dang thitc Karamata.
Dinh 1y 3.3 (T.Popoviciu (xem [1])). Vdi moi ham f loi trén
I(a,b) va vdi moi x,y, z € I(a,b), ta déu cé bat ding thitc

y+z Z+x
)

(3:10)

Tr+vy
2

rT+y+z
3

) = 2[f(

f@)+f(y)+f(2)+3/( )+/(

Nhan xét 3.2. Dinh Ii trén 1a md rong thuc sy trén cac két qua
quen biét (Bat dang thitc Jensen) vé ham 10i.
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That vay, theo bat dang thitc Jensen, thi

F@)+ F) + 1) = 1D + 1) + 1)
) < i+ i D + 1D

Do vay, dinh 1i T.Popoviciu cho ta thuyc hién duge phép cong trai
chieu.

Hé qua 3.1. V6i moi ham 161 trén I(a,b) va v6i moi z,y,z €

I(a,b),
0 < a < 3, ta déu c6 bat dang thic
P I+ raf () > D)D)+ )

Dinh 1y 3.4. V§i moi bo s6 duong p,q,r va vdi moi x,y,z €

I(a,b), ta déu cé bat dang thic

pr+qy +rz
p+q+r

pf(x)+aqf(y) +rf(2)+@+q+7)f( )

>+ )2 1 (g4 ) + (S,

(3.14)
Dinh ly 3.5 (Vasile Cirtoaje (xem [1])). Moi ham f(x) 107 trén
I(a,b) va ay,as, ... a, € I(a,b), ta déu cé bat dang thic sau
ap+az+---+ap
flar) + flaz) + -+ flan) + n(n = 2)f (= )

> (n—1)[f(b1) + g(ba) + - - + f(bn)] (3.15)

p 1 o
trong do b = —— > a; vdi moi i.
n J—

JF
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Nhan xét 3.3. Bat dang thic T.Popoviciu la mot truong hop
dac biet ctia bat dang thic Vasile Cirtoaje. That vay, khi n = 3
thi bat dang thic (3.15) trd thanh

F@+ )+ +3 (D) 2 2 () )+ 1)
(3.23)

day chinh 1a bat dang thic T.Popoviciu.

Dinh 1y 3.6 (Vasile Cirtoaje (xem [1])). Vdi moi ham f(x) loi
tren I(a,b) va a1,as,...,an € I(a,b), ta déu cé bat dang thic
sau

(n—2) (f(ar) + flaz) + - + flag)) +nf(PT 2T T

n

>2 3 ) (3.24)

1<i<ji<n

)

Dinh 1y 3.7 (xem [3]). Cho hai diy so6 {zy,yr € I(a,b), k =
1,2,...,n} théa man cac dieu kién vy +xo+ -+, = y1 +y2 +
oo+ yp. Khi dé, tng vdi moi ham fi(t), f2(t),...., fn(t) dong
thoi dong bién hodc nghich bién lién tiép bac (1,2) trén I(a,b),
ta deu co

fi(z1) | fo(wo) folon) _ filyr) | fa(ye) fn(yn)
f'(n) N [ (y2) T [ (yn) - f'(n) ’ [ (y2) T ) f%?()y )>

Dinh 1y 3.8 (xem [3]). Cho hai diy so {zy,yr € I(a,b), k =
1,2,...,n} théa man cac dieu kién vy +xo+ -+, = y1 +y2 +
<+ yn. Khi do, ing véi moi ham fi(t), fa(t),...., fu(t) lom va
c6 dao ham bac nhat la cac so dUO’ng trén 1(a,b), ta déu cé

(3.26)




17

Dinh 1y 3.9 (xem [3]). Cho hai diy so {zy,yr € I(a,b), k =
1,2,...,n} théa man cac dieu kién vy +xo+ -+, = y1 +y2 +
<o dyn. Khi d6, tng vdi moi ham fi(t), f2(t),. ..., fa(t) 107 va cé
dao ham bac nhat la cdc s6 am trén I(a,b), ta déu cé

zn: 1) < zn: fk:(yk:) (3.27>
k=1 k=1

Ji(
— f'(yx) — “~— fi.(ur)
3.2. Mot s6 bai toan ap dung dbi véi luong giac

Bai toan 3.1. Cho tam giac nhon AgByCy. Chiing minh rang véi
moi tam giac nhon ABC ta deu co6

sin A sin B sin C'

< tan Ap tan By tan Cj. 3.28
cosA0+cosB0 cosCy o tall Zotan o ( )

Bai toan 3.2. Cho tam gidc AgByCy. Chitng minh rang véi moi
tam gidc ABC ta déu co

A B C
COS — COS — COS —
9 A By Co
< _ - _ -
. A0+ . B()+ — < cot 5 + cot 5 + cot 5 (3.32)
SlIl? Sln7 Sll’l7

Bai toan 3.3. Cho tam gidc nhon AygByCy. Chiing minh rang véi
moi tam giac nhon ABC ta déu c6

tan A tan B tan C

+ + = 2sin Ag sin By sin Cy.
1+tan?Ay 1+tan?2By 1+ tan?C) - 0 0 !

(3.37)

., 2 . PN R 2 2
Bai toan 3.4. Cho tam giac ABC c6 mot goc khong nho hon g
Chiing minh rang

A B
tan§+tan§+tan§ 24—\/§.
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Bai toan 3.5. Cho n s6 thuc 1,29, ..., 2, thuoc khodng (O;g )
thoa
tanx1 + tanxg + --- + tanz, > n.

Chitng minh rang

. X ) 1
SInxysinxy...slnx, < \/2_n
3.3. Mot s6 dang toan cuc tri
Bai toan 3.6. Cho aq,as,as, ..., a, 1a cac s6 duong voi
aias...a, = 1.
Chiing minh rang
1 1 1
At ral et d = 2) > (- 1)(—+ — ... ).
ap  as an
Bai toan 3.7. Néu ay, a9, as, ..., a, & cac sO duong va
1 .
b; = — Zaj, Vi=1,2,...,n.
JF#i
Thi b ,
al a a

R (3.42)

a; a9 a, b1 by bn
Bai toan 3.8. Néu 1,2, ..., 2, 1a cac s6 duong thi

1
(n—1)(z? +a54---+a2)+n(zfas. .. a2)n > (21 + 22+ +2,)°
(3.44)

Nhan xét 3.4. Néu ham s6 f(¢) dong bién (nghich bién) lien tiép
bac (1,2) trén I(a,b) thi véi moi

veS{f(z),xellab)},

phuong trinh f’(z) = v luon luon ¢6 nghiém duy nhat ( ki hiéu
(f)~Y(v) thuoc I(a,b)).
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Bai toan 3.9. Cho cac ham fi(t), fo(t),. .., fu(t) dong thoi dong
bién (nghich bién) lién tiép bac (1,2) tren I(a,b). Gia st day so

{UkES{f,g(a:),xGI(a,b)}, k:1,2,...,n}.

minzn:fk(xk)
—~ v

Ung véi moi day s6 {zy € I(a,b), k=1,2,...,n} co tong

214 xg+ -z = ()7 01) + (f)Hw2) + -+ () H o)
cho trudée.

Tim

Nhan xét 3.5. Néu ham s6 f(¢) 161 (1om) va ¢6 dao ham bac
nhat 1a cac ham s6 am (duong) trén khoang I(a,b) thi v6i moi
v e {f'(z),z € I(a,b)} phuong trinh f'(x) = v ludn c6 nghiém
duy nhat ( ky hieu 1a (f')~!(v) thuoc I(a,b)).

Bai toan 3.10. Cho cac ham fi(t), f2(t), ..., fn(t) dong thoi 1oi
(Iom) va ¢6 dao ham bac nhat la cdc ham s6 am (duong) trén
khoang I(a,b).

Gid sit day 56 {vy € S{fL(2),z € I(a,b), k=1,2,...n}.

Tim
“~ fu(xp)
maxkg_l o

Ung v6i moi day s6 {zy € I(a,b), k=1,2,...,n} cotong z1+zs+
et = ()M o) + ()M (w2) e (7)) cho trude.
Hé qua 3.2. Cho ham s6 f(t) dong bién (nghich bién) lien tiép
bac (1,2) trén I(a,b). Gid st day s6 {v, € S{f'(z),x € I(a,b), k=
1,2, ..n}. Khi do

N~ ) N )
;::1 Uk ;f’(uk)'
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Ung v6i moi day s6 {xj € I(a,b), k=1,2,...,n} c6 tong x1 +
zo 4+ ap =ur +ug+ -+ up. Trong d6 uy, = (f) " Hoy), k=
1,2,....n.

Heé qua 3.3. Cho ham 6 f(¢) 161 (1om) va ¢6 dao ham bac nhat 1a
cac ham s6 am(duong) trén I(a, b).Gia st day s6 {v; € S{f}.(2),z €
I(a,b), k=1,2,...n} . Khido

n n
Ji(@k) S (ug)
max = .
2 =2
Ung v6i moi day s6 {xj € I(a,b), k=1,2,...,n} c¢6 tong x1 +

To 44Ty =up +us + - +uy. Trong d6 ug, = (F) "L (vp), k=
1,2,...,n.

Bai toan 3.11. Cho a,b,c, o, 8 1a cac s6 duong, a > 3. Ching

minh rang
b+c a+<c+a)a+ a+b a> b+ c B+(c+a>5+ a+b
2a 2b 2c - 2a 2b 2c

Bai toan 3.12. Cho a,b, ¢ la ba canh cia mot tam giac va o >

3 > 1. Chiing minh rang

( 3a >O‘+ 3b a+( 3¢ )0‘
2b+2¢c—a 2c+2a — b 2a +2b — ¢

34 8 3b P 3¢ 8
() () )
2b+2c —a 2c+2a—0b 20+ 2b— ¢

Bai toan 3.13. Cho z,y > 0 v6i 2 + y = 2. Chiing minh rang

:132y2(x2 4 y2) <2

)ﬁ.
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Bai toan 3.14. Cho f(r) = az® +b2? + cx +d, (a # 0), thoa man
diéu kien b2 — 3ac > 0. Chitng minh rang

n n

3 2 3 2
ax;y + bxi + cxi + d auy + bui 4+ cuy +d
inz k . k k Z k S k k
3auj + 2buy + ¢ 3auj. + 2buy + ¢

k=1

Vo € (x1, —3%) U (22, +00).

Trong do 1, x2 la nghiém cta phuong trinh f/'(z) = 0, (21 < x9)
ting voi moi day s6 {z, € I(a,b);k =1,2,...,n} c6 tong x1 + x2 +
et T U ug o+ Uy

Bai toan 3.15. Cho f(z) = az® +b2? +cx +d, (a # 0), thda man
dicu kien b2 — 3ac > 0.

Chiing minh rang

n 3 2 n 3 2
axy + bry + cxp +d auy, + buy + cuy +d
maxg i 5 K i :E i 5 k i
— 3auy + 2buy + ¢ — 3auy + 2buy + ¢

b
Vo € (—oo,x1) U (— 3—@,:62).

Trong do x1, z9 la nghiém cua phuong trinh f/(z) = 0(x1 < 2),
ting voi moi day s6 {z, € I(a,b);k =1,2,...,n} c6 tong x1 + x2 +
ot xp SupFu2 o+ up.

Bai toan 3.16. Cho ham s6 f(z) = az?* D 4 bz4¢,a #£ 0,k > 0.
Chiing minh rang

n 2(k+1) 2(k+1)

minz ary +bxk+c:zn:auk + buy + ¢ vz > .
— 2(k + 1)auikJrl +b 2k + 1)auik+1 +b

trong do z¢ la nghiém cua phuong trinh f'(z) = 0, tng v6i moi
day s6 {z, € I(a,b);k =1,2,...,n} c6 tong x1 + x9 + -+ + z,, >
Ul 4+ ug + -+ Up.
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Bai toan 3.17. Cho ham s6 f(z) = a2 D 4 bz4¢,a #£ 0,k > 0.
Chiing minh rang

n 2(k+1 2(k+1

) n )
ar + bxp + ¢ au + bug + ¢
maxE : : 2l<:+k1 - 2 : : 2k:+k1 , VT < 2o,
— 2(k+ Daw +b = 2(k+ Daw" +b

trong do z¢ la nghiém cua phuong trinh f'(z) = 0, tng v6i moi
day s6 {x € I(a,b);k=1,2,...,n} c6 tong o1 + 2 + -+ + 2, <
up t+ug + -+ uUp.

Bai toan 3.18. Cho ham s6 f(z) = a2+ 4 bah+2 4 ca? 4+ do +

e, (a #0)

thoa man dieu kien (k%2 +3k+2)2b? —16(2k%>+3k+1)ac < 0,Vk > 1.
Chiing minh rang

, n axz(kﬂ) + bx £+2 + cxi +dx; + e
min Z

2(k + 1)auzk+1 + (k + 2)()’124rl + 2cuy +d
k:+1)

k=1
— buk+2 — cui + duy, + e

; 2(k + 1 auszrl (k + 2)bl,§+1 + 2cuy + d

, Vx> xp.

Trong d6, zp la nghiém cta phuong trinh f/(z) = 0, ung véi moi
day s6 {x € I(a,b);k=1,2,...,n} c6 tong o1 4+ x9 + -+ + x, >
up + u2 + -+ Up.

Bai toan 3.19. Cho ham s6 f(z) = a2+ 4 bah+2 4 ca? 4+ do +
e, (a # 0) thoa man dicu kien (k2 +3k+2)%% —16(2k> +3k+1)ac <
0,Vk > 1. Chiing minh riang

(kH) + bxk+2 + cx% +dx; +e€
max Z 2k+1 k+1
auk + (b +2)by 7 + 2cuy, +d

, Vo < xp.

Z )+buk+2+cu%+duk+e
2(k+1 aquH + (k+2)bj ™ + 2cuy, +d
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Trong d6, zp la nghiém cta phuong trinh f/(z) = 0, ung véi moi
day s6 {z € I(a,b);k=1,2,...,n} c6 tong o1 4+ x2 + -+ + 2, <
up + ug + -+ Up.

Bai toan 3.20. Cho ham 6 f(z) = In(ax+b), (a < 0), Vz < —é.
a

Chiing minh rang
in Z (auy + b) In(axy + b) _ Z (auy + 0) In(auy, + b)

a a
k=1 k=1

ing v6i moi day s6 {x1, € I(a,b);k =1,2,...,n} c6 tong

1 +x2+ -+ Ty > U U2+ A+ Uy

Bai toan 3.21. Cho ham s6 f(z) = In(az+b), (a < 0), Vo > —é.
a

Chiing minh rang
n n
1 1
i Z (auy + b) In(axy + b) _ Z (auy + b) In(aug, + b)

a a
k=1 k=1

ting véi moi day s6 {x;, € I(a,b);k =1,2,...,n} co tong

r1+ T2+t 2y SurFuz s+ Up.
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Két luan

Bat diang thitc 1a mot mang chuyén dé toan hoc rong 16n va co
rat nhiéu cach giai quyét mot bai toan bat dang thic. Muc tiéu
clia luan van la van dung 1y thuyét ham s6 don dieu de giai cac
bai toan vé bat dang thitc. Luan van da dat duge mot s6 két qua
sall

- Hé thong cac kién thitc co ban vé ham don diéu bac 1, ham
don diéu bac (1,2) trén mot khoang va ham don diéu bac tuy ¥.

- Van dung tinh dong bién, nghich bién da gidi quyét dugc mot
s6 16p bat dang thic, tit d6 chitng minh dude mot s6 bai toan trong
cac ki thi hoc sinh giéi va ki thi dai hoc, cao dang.

- Nho van dung cac bat dang thic Jensen, bat dang thic Kara-
mata da chitng minh duge bat dang thiic Popoviciu, bat dang thic
Vasile Cirtoaje, ...t d6 dua ra mot s6 md rong va ting dung ctia
bat dang thic nay.

- Nho van dung Ii thuyét vé ham don diéu bac 1, ham don diéu
bac (1,2) da mo ta duge 16p ham théa man cac rang buoc bat dang
thiic quen biét trong tam giac.

- Nho van dung ly thuyét ham don diéu bac (1,2) trén mot
khoang va ham don diéu bac tiy v da dua ra mot s 16p bat dang
thitc ham da thiic.



