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Méa dau

1. Li do chon dé tai:

Jensen 1a nguoi dau tien da dua ra dinh nghia ham 16i thong
qua bat dang thitc ham nhu sau:

Cho T la mot tap mé trén R. Mot ham f : I — R dugce goi 1a
16i (ntta 161) néu

f(z) + f(y)
2

r+vy
2

/(

) < Nr,y el

va f dugc goi 1 16m néu bat ding thitc ddi chiéu.

Y tudng nay 1a mot déng gop to 1én cia Jensen trong todn
hoc néi chung va trong 1i thuyét ham 16i néi rieng. Dac biét trong
linh vuc toan so cap bat dang thitc Jensen la cong cu rat manh
trong viéc ching minh cac bat dang thic todn hoc. Nhu ta da biét
phép ching minh quen thuoc clia cac bat dang thic c¢d dién nhu
AM-GM (bat dang thiic gitta trung binh cong va trung binh nhan),
Cauchy, Bunhiacowski...la phép ching minh qui nap. Tuy nhién,
phép chitng minh nay con kha dai dong va phtc tap. Bat déng thiic

Jensen that sy 1a mot cach giai quyét téi uu trong truong hop nay.



Thém vao d6 gan day trong cac bai bao khoa hoc [9] (2006), trong
tap chi JIPM: Journal for inequalities in applied mathemtics, J. L.
Diaz-Barrero da dua ra cac két qua veé ting dung clia bat dang thic
Jensen trong hinh hoc da cho ra cac bat dang thic lien quan dén
cac yéu t6 trong tam gidc rat tha vi va [8] (2006) P. G popescu va
J. L. Diaz-Barrero cac két qua vé bat dang thic s6 hoc dang rang
buoc va khong rang buodc ciing rat cé ¥ nghia.

Dé tai "Mot so vin dé vé bat dang thic Jensen va 4ng dung" sé
trinh bay o cac két qua trong [8], [9] dong thoi luan vin sé trinh
bay cac tinh chat ctia ham 15i, dic biet gidi thieu bat ding thic
Jensen dang tong quat cia né va quan trong hon ca la trinh bay
cac tng dung ciia bat dang thiic Jensen déi véi 16p ham 16i hai lan
kha vi mot cach hé thong.

Dé tai phu hop véi s6 thich ctia ban than, 14 mot trong nhiing
phuong phap quan trong dé chiing minh bat dang thic. N6 déng
g6p thiét thuc cho viéc day va hoc bat dang thic ¢ trudng pho
thong, dem lai niem dam mé va kich thich tu duy sang tao cho hoc

sinh.
2. Muc dich nghién citu:

Dé tai tap trung nghién citu ham 16i theo nghia Jensen, cac
tinh chat ctia ham 16i, bat dang thitc Jensen va cac tng dung cla

bat dang thiic Jensen déi véi 16p ham hai lan kha vi.



3. D6i tuong va pham vi nghién ciu:

- Khao sat 1y thuyét vé ham 16i, bat dang thic Jensen; mot sb
4p dung trong viéc ting dung ciia bat dang thic Jensen.

- Khéo sat 1y thuyét tong quat va dac biet ing dung trong
chuong trinh Toan hoc danh cho hoc sinh gidi thuoc cac doi tuyén

quoc gia, quoc té.
4. Phuong phap nghién cau:

- Phuong phéap nghién citu tu liéu: Cac tai liéu ma giao vién
huéng dan dua, trén cac trang web v cac bai bao khoa hoc gan
day co lien quan dén dé tai, sach gido khoa pho théng trung hoc,
cac tai lieu tham khéo danh cho gidgo vien, tap chi toan hoc tudi
tré, cac dé tai nghién ctu gido duc ¢6 lien quan...

- Phuong phép tiép can lich st: swu tam, phan tich, tong hop
tu liéu.

- Phuong phép tiép can hé thong.

5. Y nghia khoa hoc:

Luan vin véi dé tai "Mot s6 van dé vé bat dang thic Jensen va
ing dung” sé hé thong cac tinh chat ctia ham 10i, xay dyng tinh
chat cho 16p cac ham 16i hep hon nhu 16p cac ham 16i lién tuc, kha
vi, 2 1an kha vi. Day 1a 16p ham cé nhiéu ttng dung tha vi nhat 1a

trong linh vitc toan hoc ¢ bac THPT. Dac biét luan van sé trinh



bay va chiing minh bat ding thic Jensen, bat dang thic dac trung
cho ham 16i, rat quan trong trong toan hoc. Tiu d6 dua ra mot
s6 tng dung ctia bat dang thitc quan trong nay. Day la mot van
dé khoa hoc co ban mang nhiéu tng dung trong gidng day & cac
bac THPT, trong cac truong Cao dang, Dai hoc cho cac nganh su
pham toan va deé tai ciing 1a cong cu dé hoc sinh, sinh vien tham
khio trong qua trinh ti rén luyén trao doi kién thic toan hoc vé

linh vuc bat dang thrc.
6. Cau trac luan van:

Ngoai phan mé dau va két luan, luan van dugc chia thanh hai
chuong:

Chuong 1: Chung toi trinh bay cac kién thic co ban vé ham
161, cac tinh chat ctia ham 161, dic biet gidi thieu ve bat ding thic
Jensen, mo ta ¥ nghia hinh hoc cling nhu mot sé6 md rong cia no.

Chuong 2: Trong phan nay chung toi sé mot s6 ing dung cla

bat dang thiic Jensen trong dai s6, trong luong giac va hinh hoc.



Chuong 1

Ham 16i vA mot sé tinh
chat ctia Ham 16i. Bat
dang thitc Jensen

1.1 Ham 16i vA mét s6 tinh chat
1.1.1 Ham 16i
Dinh nghia 1.1 ([1]). Ham so f(x) dugc goi la ham o7 (101 dudi)

trén I(a;b) C R néu vdi moi x1, w0 € I va vdi moi cdp s6 duong

o, B co tong o+ B =1, ta déu cd

flaxy + Bxo) < af(x1) + Bf(x2). (1.1)

Néu dau "=" trong xdy ra khi va chi khi ©1 = x9, thi ta néi ham
so f(x) la 107 thuc su (chat) trong 1.
Ham s6 f(x) dugc goi la ham lom (10i trén) trén 1(a; b) C R néu

vdi moi x1,x2 € 1 va vdi moi cdp s6 duong o, B ¢6 tong a+ 3 =1,



ta déeu co

floxy + Bxo) > af (x1) + Bf(z2). (1.2)

Néu dau "=" trong xdy ra khi va chi khi ©1 = x9, thi ta néi ham

so f(x) la lom thuc su (chat) trong 1.

1.1.2 Mo ta hinh hoc
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f(x) 16i trén T khi v& chi khi v6i moi diém Mj, My thuoe do
thi (C) : y = f(x) déu c¢6 cung M7 M; ctia do thi (C) nam 6 phia
dudi ¢ doan thgﬂlg M7 Ms.

1.1.3 Mot s6 tinh chéat

Tinh chat 1.1 ([1]). Néu f(x) loi (Iom) trén L(a;b) thi g(z) =
cf(x) la ham lom (10i) trén I(a;b) khi c <0 (c > 0).

Tinh chat 1.2 ([1]). Tong hitu han cdic ham 107 trén 1(a; b) la mot

ham loi trén 1(a;b).



Tinh chat 1.3 ([1]). Néu f(z) la ham s6 lién tuc va 107 trén I(a; b)
va néu g(x) 101 va dong bién trén tap gid tri cia f(x) thh g(f(x))

la ham o7 trén 1(a;b).
Tinh chat 1.4 ([1]). Cho f(z) la ham s6 xdc dinh trén 1(a;b)

1. Néu f(x) la ham so6 lien tuc va lom trén I(a;b) va néu g(x)
10i va nghich bién trén trén tap gid tri cia f(x) thy g(f(x))

la ham loi trén I(a;b).

2. Néu f(x) la ham so6 lien tuc va lom trén I(a;b) va néu g(x)
1o6m va dong bién trén tap gid tri cia f(z) thi g(f(z)) la ham

lom trén 1(a;b).

8. Néu f(x) la ham so lién tuc va loi trén T(a;b) va néu g(x)
Iom va nghich bién trén tap gid tri cia f(x) th g(f(x)) la

ham lom trén 1(a;b).

Tinh chat 1.5 ([1]). Néu f(z) la ham s6 lién tuc va don diéu
(dong bién hodc nghich bién) trén I(a;b) va néu g(x) la ham ngugc

ctia f(x) thi ta c6 cdc két lugn sau:
1. f(x) lém, dong bién < g(x) loi, dong bién.
2. f(x) lom, nghich bién < g(x) lom, nghich bién.

3. f(x) loi, nghich bién < g(x) loi, nghich bién.



Tinh chat 1.6 ([1]). Néu f(z) la ham khd vi trén 1(a;b) thi f(z)
la ham 07 trén T(a;b) khi va chi khi f'(z) la don diéu tang trén
I(a;b).

Tinh chat 1.7 ([6]). Gid st f c6 dao ham trén khodng 1. Néu tiép
tuyén tai moi diem cia duong cong (C) :y = f(z) ndm phia dudi

ctia (C), thi f loi tren 1.

1.2 B4t dang thic Jensen

1.2.1 Cac dinh Ii

Dinh 1y 1.1 ([10]). Néu f(x) loi va lién tuc thi tai moi diem cia
duong cong y = f(x) cé it nhat mot duong thing di qua, duong
thang nay nam phia dudi duong cong hodc trén nd.

Dinh 1y 1.2 ([1]). Néu f(x) khd vi bac hai trén I(a;b) thi f(x) lo
(lom) trén 1(a;b) khi va chi khi f"(x) > 0(f(x) <0) trén I(a;b).
Dinh 1y 1.3 ([1]). Néu f(x) loi trén (a;b) thi ton tai cic dao ham
mot phia f' (x) va f(z) vdi moi x € (a;b) va fL(x) < fl(x).
Dinh 1y 1.4 ([1]). Néu f(z) la ham loi trén 1(a;b) thy f(z) lién
tuc trén (a;b).

Dinh 1y 1.5 ([2](Jensen)). Gid si f(x) lien tuc trén [a;b]. Khi do
diéu kien can va di dé ham s6 f(x) 10i tréen I(a;b) la

T +f132) < f(z1) + f(22)
2 2

f( Va1, o € I(a;b).



Dinh 1y 1.6 ([2]). Cho ham so f = f(x) zdc dinh trén 1(a;b),

f(x) khd vi hai lan va f"(x) > 0,Vx € 1, ta c6

f(z1) + f(22)

)< ST

1+ T2
2

A

1.2.2 Bat dang thic Jensen va mot sé mé rong cia
bat dang thiic Jensen

Dinh 1y 1.7 ([10]Bat dang thic Jensen). Gid st f la ham 10i

trén tap mo I va x1,x9,- - ,x, € 1. Khi do ta co
n n
Vdi moi ham 103 chat diang thic chi xdy ra khi x1 = 9 = - = Tp,.

Khi ham f(x) la ham lom trén tap md 1 thi ta c6 bat dang thitc
doi chiéu. Va vdi moi ham lom chat dau "=" xzdy ra khi va chi khi

L1 =T =+ = Tnp.

Dinh 1y 1.8 ([10]B4t ding thiic Jensen téng quat). Cho f la
ham lién tuc va 103 tréen 1. Néu x1,zo, -+ ,xp € Lvaty, ty, -+ 1, €

(0;1) sao choty +ta+---+t, =1. Khi do
f(tix1+toxat - Htpx,) < tif(z1)+taf(z2)+ - +inf(xn). (1.4)

Vdi moi ham 103 chat dang thic chi xdy ra khi x1 = 9 = - - = Tp,.
Khi ham f(x) la ham lom trén tap md 1 thi ta cé bat dang thite
n_—_1n

doi chieu. Va vdi moi ham lom chat dau "= xay ra khi va chi khi

1 =T =" "= Tp.
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Hé qua 1.1. Cho ham so f(x) lién tuc va loi trén T. Khi dé ta cé

rif(z1) +rof(xe) + - +rpf(zn)
.

rix1 +roxro + -+ rnwn>

> f(
(8T A’ R o )

Néu f lom ta c6 chiéu ngudc lai cia bat dang thic vdi cic x; €

IVr; € RY,i =1,n.

Hé qua 1.2. Cho ham sé f(x) lién tuc va 107 trén 1, khi dé Vx; €

ILVr; € R, i=1,n ta cé

Flaon) + fla) + -+ fla) = (OSBRI

rox1 +1r3x2 + -+ 1 rnT1+ -+ rp—1T
+f(21 32 1n>+“.+f(n1 n1n>.
retret rotTre oty

Vé phdi la n s6 hang f(---) va néu ham lom thi ta cé bat ding
thic doi chiéu.
Dinh ly 1.9 ([1]). Gid st f(x) zdc dinh trong khodng (a;b) kha

vi hai lan va f"(x) > 0 va x1, 12 € (a;b) sao cho x1 < xo. Khi do
L2 — I
2

f(z1) + f(22) > f(x1 + @) + f(2a — ).

vdi moi a € [0; | ta déu cé

Dinh 1y 1.10 ([5]). Cho hai day {zx},{yx} thod diéu kién

X1 2T 2> 2 Tp, Y1 2 Y22+ 2 Yn
va )
r1 >N
1+ T2 2> y1+ Yo
r1+ T2+ a3 2>2Y1+Y2+ Y3
T1+ T2+ A+ T 2 Y1 T Y2+t Ynot
(L1t X2+t Tp=Y1t Y2+ -+ Yn
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Khi dé, vdi moi ham s6 f(z) loi, tic la (f"(x) > 0) trén R, ta deu

co

flxr) + f(wa) + -+ f(wn) > flyr) + fly2) + -+ fyn)-

Tuong tu, vdi moi ham so f(x) lom, tic la (f"(x) < 0) trén R, ta

déu co

flx1) + flx2) + -+ flzn) < flyr) + fly2) + -+ fyn)-

Déu dang thite zdy ra khi x; = y;,i = 1,2, ,n.
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Chuong 2

Mot s6 ting dung ctia bat
dang thitc Jensen

2.1 Mot s6 ting dung trong dai sb6

2.1.1 Chitng minh cic bat ding thic cbé dién

Dinh ly 2.1 ([7]). Cho a;j; >0 vdii=1,m,j=1,n va

1,00, 0y > 0 v g + g + - -+ = 1. Chiing minh rang:

a
&1 Qo (675 a1 (o (07
CLHCL21"'am1+"'+ﬁlna2n"'amnS(CL11+“'—|—CL1n) .

[87°%
(am1++amn) .

Hé qua 2.1 (Bat dang thic AM-GM). Cho aq,as, - ,a, >0

khi do
a1 +ag+ -+ ap
n

> aijas - Q.

Hé qua 2.2 ([7)Bat dang thitc Holder). Cho a1,as, - ,Gp;
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1 1 .
bi,ba, -+ b, >0;p,qg >0 va —+ —= 1. Ching minh rang:
p g

1

(ah+ah -+ ah)” (B +bg 4 +0)" >

> a1b1 + asby + - - - + ayby,.

Hé qua 2.3 ([7]). Cho

T1, T2, 5 Tm > 05 Y1,Y2, -+ s Ym > 0. Khi do

1 1
m

(x1x2~-a?m>m+(y1yz---ym)m < (x1+y1)m+(x2+yz> +

1
m

et ()

Dinh 1y 2.2 ([7]). Ching minh rdng vdi

L1, X2, 3y Tm; Y1,Y2," s Ym > 0 va Ué’ZpZ 1. Ta co

DN =

((m +zo+ )’ + (n +yz+---+ym)p) < (@B 4 4F)v+

(4 g+ ()

Hé qua 2.4 ([7)Bat dang thitc Minkowski). Cho

1,22, Tm > 05 Y1, Y2, - s Ym > 0 vap > 1. Chitng minh rang:

SHE
Ll

(xff+x§+---+:z:f;n) +(y7f+y§+---+y£1> > [(m1+y1)p+

1

+(x2+y2)p+---+(:tm+ym)p}p.
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2.1.2 Chitng minh cic bat dang thdc thudng gap
khac

Vi du 2.1 (Bat dang thitc AM-GM (suy rong)). Cho

al,ag, .- ,CLn>0 U&pl,pg,“' s Pn > 0. Kht do

aip1 +azp2 + -+ anpn)P1+P2+“'+Pn

affla?---aﬁ"s( DL Pt
n

Dau = zdy ra khi va chi khi a1 = as = -+ = an,.

Vi du 2.2. Cho ai,as, -+ ,a, > 0. Chitng minh rang:

a1 +ag + - -+ ap\ w1 tazttan
aclllaCQLQ_”agLn 2 ( n) .
n
Dau "=" xdy ra khi va chi khi a1 = ag = - = a,,.

Vidu 2.3 ([2]). Cho a > 1 va cdcay,as, -+ ,a, > 0. Ching minh

rang:

af +a§+---+ay <a1+a2+---+an)a

n n

Vi du 2.4 ([5]). Cho n s6 duong x1,z2,- -+ ,x,. Cdc so:

T+ To+ o+ Tp

Mg = ;Mg = VI1T2 "+ T,

n
i +ai 4+ n
Mg = =

n e T 1

I o ITn
Theo thi tu got la trung binh cong, trung binh nhan, trung binh
toan phuong, trung binh diéu hoa cia n so da cho. Ching minh
rang:

mp < Mg < Mg < My
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Khi nao c6 dang thic?

Vi du 2.5 ([10]Bat dang thitc trung binh liy thira). Cho

ai,a, -+ ,a, >0 va s <t, néu:
T T T 1
a;tay,+---+a,\
Sr=< 1T o n)T’
n
Khi do, S, < S;. Dau "="zdy ra khi va chi khia; = as = -+ = a,.

Vi du 2.6 ([5|Bat ding thic Young). Cho hai s6 thiuc p >

1 1 . )

1,g > 1 sao cho —4+ — = 1. Chiing minh rang vdi har so khong am
p q

bat ki a,b ta co:

alP bl
ab < — 4+ —.
p q

Dang thite zdy ra khi va chi khi P = bq.

Vi du 2.7 ([5]). Chitng minh cdc bit dang thic sau:

(a+b)3 - agJFbg,Va,bZ 0

2 2
(a+b+0)3< a® + b + 3
3 - 3

,Va,b,c > 0.

Vi du 2.8 ([5]). Chiing minh bat dang thic:

n n n
(“y) <Y e y>0m>1.

2 2
Vi du 2.9 ([5]). Chitng minh rang vdi moi s6 nguyén duong k va

vt moi so khong am x1,x2,- -+ ,xy, ta déu co

(71 4+ 29+ -+ 2n)?F <@ 4 23F 4+ a2,
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Vi du 2.10 ([5|Bat dang thitc Nesbitt). Ching minh ring vdi
moi so thuc khong am a,b, c ta cé

a b c
+ +
b+c c+a a+b

3
2

2.1.3 Cac bat dang thic sdé hoc dang khong rang
budc va rang budc

Dinh 1y 2.3 ([9]). Cho cdc ag, a1, ,an la cdc s6 thic khong am.

Khi do, ta co:

exp{i(z)a_ﬂ %{i() (O 2H n (i)(lJrak)r.

k=0 =0 (1 + ak) k=0

Dinh 1y 2.4 ([9]). Cho p1,p2, -+ ,pn la cdc so thic khong am théa
man Zizl = Pj. Néu ay,az,- -+ ,ay, la cic so thuc duong khi do:
1

[H(ak+\/1+ak) } HSE;M%#— 1+(Fn;pkak>-

k=1

Hé qua 2.5 ([9]). Cho ay,as, - ,ay la tap hop cdc so thic duong.
Khi do:

1 n n

]ﬁ(ak+\/1+ai)5§ %(Za;ﬁ n2+( ak>2>.

Hé qua 2.6 ([9]). Vi moin > 1, ta co:
1

n

——
I1 (Tk+\/1+T,3>n < E(Tnﬂﬂ/nuTgH).
k=1

n(n + 1)‘

O day Ty, lo s6 tam gidc thit n, va Ty, = 5
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Dinh 1y 2.5 ([9]). Cho n la mét s6 nguyén duong va I la so nguyén
bat ki. Khi do

1 1
Fi *

1
-t 1_4} > F’I%FT%—FI

Fl+Fl+...+Fl + ..
(1 2 n) F2l_4 Fn

0 day, Fy, la s6 Fibonacci thi n duge zdc dinh bdi Fy =0, F) =1

va vot moin > 2, F, = F,_1 + Fj,_o.

Dinh 1y 2.6 ([9]). Cho cdc p1,p2, -+ ,pn € [0;1) la tap hop cac

so thuc théa man Z£:1pkz = P;. Néu cdac x1, 2, -,y la cdc sO
1 1 1
thuc duong sao cho —+ —+ -+ — =1, khi do:
I Io In
n n 1
> P2,
(i) (3 2e) = B3
k=1 k=1""k
Heé qua 2.7 ([9]). Néuxq,z2, -,y la cdc so thuc duong sao cho
1 1
—+ —+-+—=1
1 Io In
Khi do

Dinh 1y 2.7 ([9]). Cho a,b,c la cic s6 thic duong
thoa man a+b+c=1. Khi dé ta co

aa(a—i—2b) ) bb(b—|—2c) ) Cc(c—{—Za) >

W | =

Dinh 1y 2.8 ([9]). Cho a,b,c la cic s6 duong

sao cho ab + be + ca = abe. Khi do

Vavb/cla+ b+ c¢) > abe.
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2.1.4 Mot sb6 ing dung khac

Vi du 2.11 ([10]). Cho a,b,c > 0 va
a+b+c=1,

Khi dé hay tim gid tri nhé nhat cia

(a+%)10+ (b+ %)er (c+%)10.

Vi du 2.12 ([3]). Cho cic sb thuc duong x1,22, - , 2, c6 tong
bang 1. Hay tim GTNN ciia

142 12 1\2
S:(£B1+—> +<JL‘2+—) —I—"-—i—(zEn—l——).
x1 ) n

Vi du 2.13 ([4]). Cho a,b,c,d > 0 théa man a+b+c+d = 1.

Chitng minh rang:

1
6(a3+b3—|—c3—|—d3> Za2+b2—|—02—|—d2—|—§.

Vi du 2.14 ([4]). Cho a,b,c > 0. Chitng minh rang

(2a+b+c)?  (2b+c+a)®  (2c+a+b)?
<8.
202+ (b+c¢)? 202+ (c+a)?> 22+ (a+0)?—

Vi du 2.15 ([4]). Cho a,b,c > 0. Chitng minh rang

(b+c—a)* (c+a—10b)? (a+b—c)2>§
b+c)2+a? (c+a)+b> (a+b2+c2~ 5

Vi du 2.16. Gid st cdc so thuc duong x1,x9,--- , T, bang 1.
Chatng minh ring:

n

1 o Ln
Vrirg + 22 \/rows + 22 Ve + a2 V2

T
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Vi du 2.17. Cho x,y,z > 0 . Chitng minh ring:
2 2 2
x z
2P 4P <ad /—+y5 [ 2
yz 2T xy
Vi du 2.18. Néu a,b,c,d > 0 va
¢ +d* = (a® + %),

Khi do:

Vi du 2.19. Cho cic s6 m,n,p € RT. Ching minh rang:
(ma + nb)? + (na + mb)? < (m? + n?)(a® + b?).
(ma + nb+ pc)? + (na + pb 4+ me)? + (pa + mb + nc)?
< 3(m? 4+ n* +p?)(a® +b* + ).
Vi du 2.20. Cho cdic s6 m,n,a,b € RT. Chitng minh rang:

(m + n)?ab < (ma + nb)(na + mb).
2.2 Mot s6 tdng dung trong hinh hoc va
lugng giac
2.2.1 Mot sbd tng dung trong tam giac

Dinh 1y 2.9 ([8]). Cho ABC' la mot tam gidc nhon, khi do:

A2 1 B2 2
7TSiIl\/ + +C > Asin VA + BsinvVB + CsinVC.

v
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Hé qua 2.8 ([8]). Trong tam gidc nhon bat ki ABC | khi do:

A BA B
Wsin\/ C+ ¢ ZAsin\/5+Bsin\/Z+Csin\/§.

7

Dinh 1y 2.10 ([8]). Cho a,b,c la cic canh cia tam gidc ABC va

s la nita chu vi cua tam gidc, khi do:

(a+1)%0b+1)°(c+1)° > (28 i 3)8.

Dinh 1y 2.11 ([8]). Cho a,b,c la cdc canh cia tam giagc ABC va
z,y, 2 la cic s6 duong. Khi do:
ad b 3 8s3
>

r y z 3x+y+=2)

J day s la nia chu vi cua tam gidc.

Hé qua 2.9 ([8]). Trong tam gidac ABC bat ki vdi cic ki hiéu
thong thuong, ta co:
a’ n v’ N 3 S 833.
sinA  sinB  sinC — 3R
Hé qua 2.10 ([8]). Trong bat ki tam giagc ABC, vdi cdic ki hiéu

thong thuong ta co:

a3+b3+c3>88
12 lg 12— 3

2.2.2 Mot s6 dang lién quan dén ludgng giac

Vi du 2.21 ([5]). Chitng minh trong mot tam gidc bat ki ta luon
co :

33
sinA+sinB+sinC < T\/_
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sin P) -+ sin bl -+ sin

cos A+ cos B+ cosC <

RS

. A . B . C
sm—-sm—-sm5§

1
2 2 8

Vi du 2.22 ([5]). Chiing minh rang diéu kién can va di dé AABC
la mot tam gidc déu la cdc goc cia né théa man hé thic

A B C
COS — COS — COS —
2 2 2__ V3.

1—|—COSA+1—|—COSB+ 1—|—COSC:

Vi du 2.23 ([5]). Chiing minh ring trong NABC' bat ki ta c6

A+3B .

B+3C . C+3A
sin .

4 S11 1 .

sinA-sin B -sinC < sin

Vi du 2.24. Cho tam gidc ABC bat ki. Chiing minh

A+ B B+ C C+A
) + cos( ) + cos( 1 ).

sin A + sin B + sin C' < cos(

A B C
sin A +sin B +sin C' < cos(§+ 10) + cos(§ +10) + cos(g + 10).

Vi du 2.25 ([2]). Cho n géc ay,ag,--- ,q, thoéa cic dieu kién

a; € (0; g), Vie{1,2,---,n} va Y, a; =m. Ching minh rang

n n
21
(n — Z tan? ozi> = (n + Z tan? ai) < cos o
i=1 i=1

Dang thic zdy ra khi nao?
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Két luan

Qua mot thoi gian tim hiéu, tiép can va nghién ctu vé I
thuyét ham 16i, bat dang thiic Jensen, cac hé qui clia bat dang
thitc Jensen luan van da hoan thanh va dat dugc muc tiéu nghién
cttu ctia dé tai v6i nhitng két qud chinh ctia luan van "Moot so van
de vé bat dang thic Jensen va dng dung”

Trong chuong 1 luan van da thu dugc cac két qua sau:

- Trinh bay khai niém ham 16i,16m theo nghia Jensen, mo
ta ¥ nghia hinh hoc clia né dong thaoi hé théng cac tinh chat cla
ham 161, 16m.

- Trinh bay céc dinh li co ban va dic biét 1a bat dang thiic
Jensen, dang tong quat clia bat dang thitc Jensen, cac hé qua cla
né va mot sé6 ma rong ciia bat dang thiic Jensen.

Trong chuong 2 luan van tac gid trinh bay mot s6 ng dung
clia bat dang thitc Jensen cho 16p cac ham 16i 2 lan kha vi quen
thuoc trong chuong trinh toan phd théng nhu cac ham néu 6 cac

vi du 1.1, 1.2 va ciing thu dudc cac két qua:
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- Ung dung clia bat ddng thic Jensen trong dai s6. Cu thé
luan vin da ching minh céc bat dang thic co dien nhu bat dang
thitc Holder, Cauchy, Bunhiacowski, AM-GM. Chung la hé qua cua
cac dinh 11 2.1, 2.2. Ma phép chiing minh cta cac dinh 1i nay hoan
toan st dung bat ding thic Jensen cho cac ham 16i 2 lan kha vi
quen thudc nhu da trinh bay trong luan van, bén canh dé luan van
ciing chiing minh mot s6 bat dang thic quan trong khac nhu cac
bat dang thic Young, trung binh liy thita, Nesbitt, cic ting dung
khac nhu tim gia tri 16n nhat, gia tri nhé nhat. Va dac biét luan
van da lam 1o cac két qua vé cac bat dang thitc s6 hoc rang budc
va khong rang budc trong bai bao [9].

- Ung dung ctia bat déng thitc Jensen trong hinh hoc. Trong
phan nay luan van trinh bay va lam 1o cac két qua gan day cla
viec ting dung bat ding thic Jensen trong tam gidc da thu dugc
cac bat dang thitc vé cac yéu t6 trong tam giac nhu cac géc trong
tam giac dinh 1i 2.10, gitta cac canh va chu vi dinh 1i 2.11, dac biét
gitta cac canh va cac s6 duong bat ki dinh 1f 2.12 va do d6 cac sb
duong bat ki nay c6 thé thay thé bang cac yéu t6 khac clia tam
giac nhu dudng phan giac, sin cua cac goéc trong tam giac, chu vi,
ban kinh dudng tron ngoai tiép....

- Ung dung ctia bat ding thic Jensen trong luong giéc.
Trong phan nay luan vin ciing da hé thong mot s6 bat dang thiic

lugng giac co ban vé cac goc trong tam gidc, sit dung bat dang
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thitc Jensen dé ching minh khong ding nhiéu dén cac phép bién
doi lugng giac phiic tap dac biet 1a vi du 2.24.

Va dic biet luan vin cling ggi mé mot s6 van dé dé c¢é thé dao
sau trong tuong lai. Chang han nhu viéc st dung bat dang thtc
Jensen doi v6i 16p ham 106i néi chung khong nhat thiét phai lien
tuc. Hoac 1a viéc stt dung cac dieu kién rang budc ban dau clia cac
bién trong gia thiét ban dau ctia bat dang thic sé cho nhidu két
qua khac. Hay ciing c6 thé nghién cttu cho 16p cac ham 16i kha vi

n lan véi n > 2...



