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LOI CAM ON

Loi dau tién, toi xin kinh giri dén PGS.TS. Nguyén Anh Tuian 10i cam on siu sic vé
su tan tinh giup d& cua Thay ddi véi toi trong sudt qua trinh hoan thanh luan vin cling nhu
trong hoc tap.

Xin tran trong cam on Quy Thay Cé thudc khoa Toan cua truong Pai hoc Su pham
thanh phé HO Chi Minh da tan tinh truyén dat kién thirc va kinh nghiém quy bau cho t6i
trong sudt nhirg nam hoc tap.

Xin tran trong cam on Phong Sau Pai Hoc truong Pai hoc Su pham thanh phé HO Chi
Minh d4 tao moi diéu kién thuén loi cho t6i hoan tat chuong trinh hoc tap va thuc hién luan
van nay.

Cubi cung, toi xin gui 101 cam on dén gia dinh t6i, 1a chd dua cho t6i vé moi mit va da

tao moi diéu kién tdt nhat dé toi hoc tap va hoan thanh luin van nay.

Lé Thi Kim Anh
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DANH MUC CAC Ki HIEU

R Tap tat ca cac sb thuc, R, =[0,+].

R, =[0,+) Tap hop cac sb thuc khong am

R_ =(-o0,0] Tap hop cac sb thuc khong duong

C ([a, b]; R) Khong gian Banach cac ham s lién tuc u :[a,b] > R vai

chuén |ul|, = max{|u(t)| ra<t< b} .

C([abliR,) Tép cac ham {u e C([a,b];R):u(t)=0,te[a,b]}
C,([ab]iR) Tép cdc ham {u e ([a,b];R ):u(t,) =0}, vdi t, € [a,b]
C([a,b];D),véi DcR  Tép céc ham s6 lién tuc tuyét doi u:[a,b] —» D
L([a,b];R) Khong gian Banach cac ham kha tich Lebesgue

b
p:[a,b] > R véi chuén ||p||_ =j'|p(s)|ds

L([a,b];D),v6i DR  Tap cac ham kha tich Lebesgue p:[a,b]— D.

Mg, Tép cac ham do dugc 7:[a,b] —»[a,b]

L., Tép céc toan tir tuyén tinh bj chin manh
¢:C([a,b];R) - L([a,b;R)

Pas Tap cAc toan tir tuyén tinh /e L,
¢:C([a,bl;R,) > L([a,bl;R,)

Toan tir to — Volterra, v6i t, [a,b]
Tép cdc toan tir £ € L, sao cho véibatky a, e[at,],
b e[t,,b], a =b va VEC([a,b];R) néu
v(t)=0, Vte[a,b] thi £(v)(t)=0,Vte[a,b]

[, [, =5 {4+ x) = 3 x(sgnx+1)

gl [X] = (X x)=>x(san x-1)



MO DAU

Ly thuyét bai toan bién cho phuong trinh vi phan thuong (PTVPT) va phuong trinh
vi phan ham (PTVPH) ra doi tir thé ki 18, song dén nay van dugc nhiéu ngudi quan tim nhd
cac ung dung ctia né trong cac linh vuc vat ly, co hoc, kinh té, nong nghiép, ....

Tir quan diém dwong thoi, c6 thé noéi rang phuong phap giai tich ham va phuong
phap topo 1a nhiing phuong phap hitu dung nhat. Qua nhitng Gng dung c6 tinh hé thong cia
cac phuong phap ndy, co so 1y thuyét vé bai toan bién cho mét 16p rong PTVPH di duoc
xay dung.

Tuy nhién cho dén tan bay gid, thuc té bai toan bién cho PTVPH duoc nghién ciru
v6i nhitng két qua chua c6 tinh hé thdng. Viéc nghién ctiru vé PTVPH c6 hé théng luon gip
nhiéu khé khin ngay ca trong phuong trinh tuyén tinh. Vi du, cau hoi vé tinh giai dugc cia
bai toan bién don gian nhét (bai toan gié tri dau):

u'(t)=p(t)u(x(t))+a(t). u(a)=0,
(voi p,q:[a;b] > R 1a ham kha tich Lebesgue va t:[a;b] — [a;b] 1a ham do duoc), khong
bao gid trd nén tim thudng nhu véi phuong trinh vi phan thong thuong, c6 nghia 14 trong
truong hop t(t) =t,t e[a;b].

Vé phan PTVP thudng, mot vai két qua du manh di dugc xay dung cho bai toan gia
trj bién, st dung nhirng phrong phap ma co sd ctia né ndm trong giai tich toan hoc hién dai.
Viéc nay thé hién nhiing nd lyc dé diéu chinh cac phwong phap cta giai tich toan hoc trong
viéc nghién ctru PTVPH. Nhiing nim gan day nd lyc nay di thanh cong trong truong hop
mat vai bai toan bién cua PTVPH. Dac biét trong cac cong trinh cua [.Kiguradze, P.Buza,
R.Hakl... nhiing diéu kién phuc tap vé su ton tai va duy nhét nghiém cia mdt 16p rong bai
toan bién cho PTVPH c4 tuyén tinh 14n phi tuyén da duoc tim ra.

Chinh vi nhiing két qua nhan dugc trong cac nghién ciru ndy t6i quyét dinh sir dung
phuong phap giai tich toan hoc va céc nghién ctru vé bai toan bién ctia PTVP véi nhitng
diéu chinh pht hgp cho PTVPH. Phan 16n phwong phéap duoc st dung 13 4p dung cac ki
thuat vé bat dang thirc vi phan.

Trong ludn vin ndy t6i nghién ciru vé van dé ton tai nghiém khong am ciia bai toan
bién cho phuong trinh vi phan ham bac nhat tuyén tinh. Bai toan nhu sau:

Xét sy ton tai va duy nhat nghiém khéng am u cua phuong trinh :



u'(t)=£(u)(t)+a(t)
v6i diéu kién bién
u(a)=c (hodc, u(b)=c)
Trong d6 g € L([a,b];R+) (hodc qe L([a,b];R_)), ceR,varlel,.
Truong hop dic biét cua bai toan 13 phuong trinh vi phan véi dbi sé 1éch
u'(t)=p(t)u(z(t) -9 (t)u(x(t)+a(t)
voi p,g e L([a,b];R),q € L([a,b];]@, T, ueM,, .
Luan vin gdm 2 chuong:

Chuong I: N6i dung chinh caa chuong 1 1a xay dung céc diéu kién can va du dé mot
toan tir tuyén tinh ¢ e [, thuoc tap Sup(a) (hodc Sa(b)). Trong phan cudi cua chuong ta ap
dung cac két qua & trén cho phuong trinh vi phan ham véi cac doi s6 léch.

Chuong I1: Noi dung chinh cia chwong 2 1a xay dung cac tiéu chuan hiéu qua cho

cac diéu kién can va dii & chuong 1 dé mot todn tir ¢ e L, thudc tap S, (a) (hodc S, (b)).



CHUONG 1
VE CAC TAP S.,(a) VA Sa(b)

1.1 Giéi thi¢u bai toan

Xét bai toan t6n tai va duy nhit nghiém khong 4m u cta phuong trinh

u'(t)=2(u)(t)+q(t) (1.1)
voi diéu kién bién
u(a)=c (1.2)
hoac,
u(b)=c (1.3)

Trong d6 q e L([a,b];R, ) (hodc, geL([a,b];R_)), ceR, va feL,.
Nghiém ctia phuong trinh (1.1) 1a ham u e C([a,b];R) thda (1.1) hiu khép noi trén [a,b].
Truong hop riéng ciia phwong trinh (1.1) 14 phuong trinh vi phan véi d6i s6 1éch

' (t)= p(t)u(r (1) - g (Hulu(t) +a(t (14

Trongdo p, geL([ab]; R ), qeL([ab]; R), z, ueM,.

Cung v6i bai toan (1.1), (1.2) (hodc (1.3)) ta xét bai toan thuan nhit twong tng

u'(t)=2(u)(t) (1.1o)
v6i diéu kién bién thuan nhat
u(a)=0 (1.20)
hoac
u(b)=0 (1.30)

1.2 Két qua chuin bj

1.2.1 Dinhli

Bai toan (1.1), (1.2) ( hodc (1.1), (1.3)) ¢6 nghiém duy nhdt khi va chi khi bai todn thuan
nhat tuwong vmg (1.1o), (1.20) (hodc (1.1o), (1.20) chi ¢6 nghiém tam thuwong.

Chirng minh



bat B :C([a,b],R)xR la khéng gian Banach chtra cac phan tir v = (U, Co), trong d6
ue C([a,b],R), C, R va chuén ||V|| =||u||C +|CO|

Véitiy y v=(u,c,) cd dinh, t, € [a,b] ta dat

f(v)(t) —[c +u( j'é s)ds,c,—u(a )J

va dat

[Iq s)ds, CJ vte(a,b]
Khi d6 bai toan (1.1), (1.2) tr¢ thanh phuong trinh C4c toan tir trong B
v="f(v)+h
dov= (u, CO) la nghiém cta phuong trinh trén khi va chi khi ¢, =0 va u la nghiém cuia bai
toan (1.1), (1.2)
e f latoan tir compact. That vay :
Ta chimg minh f(M) 1a tap compact trong d6i néu M 12 mot tip bi chin trong B.
Pat M ={veB:|v| <K} voiK duong.

Do ¢ 1a toan tir tuyén tinh bi chin manh nén c6 7: [a,b] — R sao cho |€(u)(t)| < 77('[)||U||C,

Yvu eC([a,b],R), Vte[a,b] va voimoi ve M tacd

If (V) =2leo+ 2]l +

jf ds

< 2K + |ul, fn ds<2|<+Kj77

Suy ra f(M) bi chan déu.

Mt khac, véi t, s e[a,b] taco

I ()(0)- <v><s>||H [0

<u]

ATn(©)ag <k

Suy ra f(M) ddng lién tuc déu.

Theo dinh 1i Ascoli-Arzela f 1a toan tr compact.



e Ap dung luan phién Fredholm cho phwong trinh cac toan tir, phuong trinh
v=f(v)+h cé nghiém duy nhat khi va chi khi phuong trinh v = f (V) chi c¢6 nghiém tam

thuong, trong duong véi bai toan (1.1,), (1.2,) chi o nghiém tim thuong.

1.2.2 Dinh nghia
Ta néi mot todn tir £ € L, thugc vé tip S, (a) (hodc S, (b)) néu ( théa 2 diéu kién sau:
M Bai toan (1.1,), (1.20) (hodc (1.10), (1.30)) chi ¢é nghiém tam thieong.
(i)  Voimoi qe L([a,b],R+) (hodc q e L([a,b],R_)) va ce R, thi nghiém ciua bai
toan (1.1), (1.2) (hodac (1.1), (1.3)) Ia khong am.
Theo dinh 1i 1.2.1 ta thay néu (€S, (@) (hodc (€S, (b)) thi bai toan (1.1), (1.2) (hodc

(1.1), (1.3)) ¢6 nghiém duy nhét véi moi ce R, va geL([a,b],R,) (hodc moi ceR_va

qe L([a,b],R_))

1.2.3 Chay
Theo Dinh li 1.2.1 néu (€S, (a) ( twong img (€S, (b)) thi véi méi ceR, va

geL([ab],R,) (hodc qeL([a,b],R_)), bai toan (1.1), (1.2) (hodc (1.1), (1.3)) cb

nghiém duy nhat, khdng am.

1.24 Chay
Tir Dinh Ii 1.2.1 ta thdy teS,(a) (hogc (eS,(b)), néu va chi néu véi moi

u, veC([a,b],R) thda cdc bt ding thirc sau:
(i) u'(t)<e(u)(t)+aq(t), telab]
(i) v'(t)=¢(v)(t)+a(t), te[ab]
(iii) u(a)<v(a)(hodc u(b)=v(b))
thi u(t)<v(t)(hodc u(t)=v(t))
Chirng minh
e Diéu kién cin: Gia st /€S, (a) ta chimg minh ring véi moi u, ve C([a,b],R) théa

ba bat dang thire (i), (ii), (iii) thi u(t) <v(t). That vay:



bat w(t) = v(t)—u(t). Theo (i), (ii), (iii) ta co

w(t)>¢(w)(t), te[ab] va w(a)=0

Khi d6 dé dang thiy w(t) 1a nghiém cua bai toan sau:
w'(t)=¢(w)(t)+q(t) va w(a)=c

voi g(t)=w'(t)—¢(w)(t)>0vac=w(a)>0
Do d6 theo dinh nghia ctia ¢ € S, (@) bai toan trén c6 nghiém duy nhat w(t) khong am. T
d6 suy ra u(t)<v(t).
e Diéu kién di: Gid str ring voi moi u, veC([a,b],R) thoa ba bét dang thirc (i), (i), (iii)
thi u(t)<v(t), ta chimg minh ¢ €S, (a) theo Chay 1.2.3. That vay:

» Budc 1: Chirng minh bai toan (1.1), (1.2) c6 nghiém duy nhét

Gia stir u;, U, 1a hai nghi¢m cua bai toan (1.1), (1.2)
Dit u=uj, v=u,, thi u, v théa ba bat dang thirc (i), (ii), (iii) suy ra u, (t) <u, (t)
Dt u=u,, v=u,, thi u, v thoa ba bat dang thtc (i), (ii), (iii) suy ra u, (t) <u, (t)
Do d6 u, (t)=u,(t). Vay bai toan (1.1), (1.2) c¢6 nghiém duy nhat.
= Budéc 2: Gida st U, la nghiém cua bai toan (1.1), (1.2), ta ching minh
U, (t)>0, te[a,b].
Chon u(t)=0 vadat v(t)=uy(t)
Ta thdy u, v thoéa ba bat dang thirc (i), (i), (iii) suy ra u(t)<v(t), te[ab] hay
U, (t)>0, te[a,b]

Vay (€S, (a).

125 Chay
Néu 1 e P, (hodc —L € P, ) thi (€S, (a)(hodc (€S, (b)) khi va chi khi bai ton
u'(t) < e(u)(t), u(a)=0 (1.5)
hoac
u'(t)=¢(u)(t), u(b)=0 (1.6)

khéng cé nghiém khong &m khdc tam thwong.



Chirng minh
e Diéukién can: Gidsir /€S, (a) , ta chirng minh bai toan (1.5) khong c¢6 nghiém khong
am khac tam thuong. That vay:
Goi U 1a nghiém cua bai toan (1.5)
Ap dung Chu y 1.2.4 véi V(t) =0, q(t) =0 ta duoc u(t) <0véite [a,b].
e Piéu kién du: Gia st bai toan (1.5) khéng ¢ nghiém khong am khéac tim thuong. Ta
chirng minh /€S (a) theo dinh nghia 1.2.2. That vay:

= Budc 1: Goi u,la nghiém cta bai toan thuan nhat (1.1,), (1.2,). Ta chiing minh
Uy (t) =0

Ta co:

Mat khac, do
leP, = {EGUOD(U > 0(u,)(t)
€(|u0|)(t) > —0(uy)(t)

Nén ta co

lu,(a)|=0
Vi vay, |up| 12 nghiém cua bai todn (1.5). Nhu vay, |u,|=0 nghia 1a bai toan thuan nhat
(1.15), (1.2,) chi c6 nghiém tim thuong.
= Budc 2: Goi u la nghiém cua bai toan (1.1), (1.2) véi ge L([a,b];R,)va ceR,.

Ta chiing minh u(t)>0

Dit

Taco

Do /P, nén |v (t)<¢(|v])(t) (ching minh giéng & bude 1).

Do do ta co



()E(H)() v (1) =v' ()< (V) (1) - £(v)(t) = 2[v] " (t) < e(2]v] )(t
V() £(v)(t) = [ (t)-v' (1) < £(M) (1) - e (v)(t) = 2[v] (1)< £(2[v] )(1)

T do suy ra
[vn] <e(v1)(t), telab]
Mit khac tir diéu kién bién u(a)=c taco v(a)=0 hay [v] (a)=0
Nhu vy ta thiy [v]_ 14 nghiém cta bai toan (1.5)
Suyra[v] =0=|v(t)|=v(t), te[ab]
Ma u(t)=v(t)+c, te[a,b] nén u(t)>0, tefa,b].

Theo Pinh nghia 1.2.2 ta c6 toan tir £ € S, (a).

1.3  Cic két qua chinh
1.3.1 Pinhli
Gid sir (e P,. Khi d6 (€S, (a) néu va chi néu ton tai yeé([a,b],(0,+oo)) théa bat
dding thirc
r'(t)=L()(t),  telab] (.7)
Chirng minh
e Diéukiéndu
Gia sir ton tai ham sb 7eé<[a,b],(0,+oo)) thoa bat déng thic (1.7) ta chung minh
(€S, (a) theo Pinh nghia 1.2.2
» Budc 1: Ta chimg minh toan (1.1,), (1.2,) chi c6 nghiém tim thuong
Gia st U 12 nghiém khong tdm thudng cta bai toan (1.1o), (1.2,). Do /€ P, va tur

(1.19), (1.2p) tacd

ju'(t)=¢(u)(t)sgnu(t) < £(|u])(t), te[a,b] (1.8)
Do ;/(t) #0 suy ra |;E—3| 1a ham lién tuc nén ton tai t. e(a,b] sao cho %:L voi

= Mmax M €la
A= {y(t)'t [,b]}



Pit v(t) = Ay (t)-|u(t), te[a,b].R6 rang:
v(t)>0, te[ab], v(a)=4y(a)>0, v(t.)=0 (1.9)
Tir (1.7), (1.8) va (1.9) taco V'(t) = A.L(y)(t)—¢(|u])(t) = £(v)(t) =0, te[a,b] miu thudn

v6i (1.9). Vi vay bai toan (1.10), (1.2o) chi c6 nghiém tam thudng.

= Buéc 2: Gia st u, la nghiém cua bai toan (1.1), (1.2) voi ceR, va
qe L([a,b],[&). Ta s& chimg minh u,(t) >0, te[a,b]

Gid str réng [U,(t)] =0.Do (&P, va(l.1)taco
lu,(®)] :%(E(uo)(t)sgnuo (t)—((uo)(t))+%q(t)(sgnuo (-1 <e(lu] )©), e
€ [a,b] (1.10)

[uO(tO)l _ oi = max M- ela
7(t0) =, voi A, = { y(t) it [b]}

Dit v, ( )-[u,(t)] . te[ab].Ra rang:

Ta c6 thé chon t, € (a,b]sao cho

Vo(t)=0, te[ab], vy(a)=4r(a)>0, vy(t;)=0 (1.11)
Tur (1.7), (1.10) va (1.11) ta c6 vy (t) > ¢(v, )(t) = 0 hau khip noi trén [a, b], nhung diéu nay
mau thuin véi (1.11). Tl mau thuin nay ta chimg minh dugc [ u,(t)] =0.
Do d6 u,(t)>0, te[a,b].
Vay (€S, (a).L[

e Diéu kién can: Hién nhién

1.3.2 HE¢ qua
Gia sir { € Py, va thoa it nhdt mét trong ba diéu kién sau:
a) ¢ la mot toan tir a — Volterra.

b) Ton tai mot s6 nguyén khéng am k, mét so tw nhién m >k, mét sé o € (O,l) sao cho

Pn(t)<ap(t), te[a,b] (1.12)

Vo'l



def def t

po(t) =1 pa(t)= [£(p,)(s)ds. te[ab] (i=012,..)

c) Ton tai ( € P, sao cho

b

j?(l)(s)expﬁﬁ(l)(ﬁ)df}ds <1
va trén tap C, ([a,b],[&) CO bat dang thirc

(SOOI < L(V)(1),  te[ab]

t

S(V)(t)zié(v)(s)ds, tefa,b]

thi €S, (a).
Chirng minh
a) bat

ﬂozw%jag@mﬂ,tepm]

Ta co:

. yeé([a,b],(0,+oo)) (hién nhién)

e y(t)= exp@ﬁ(l)(s)ds}é(l)(t) >0(y)(1), tela,b]

Tudinhli1.3.1suyra €S, (a).[

b) Dt

Ta c0:
e yeC ([a, b],(0,+oo)) (hién nhién)

t

e Vi pM(t):J.E(pi)(s)ds nén (piﬂ(t))':f(pi)(t),suy ra

(1.13)

(1.14)

(1.15)



Do @6
kK m
Ur)()=1-a) X t(p,)1)+ X £p, (1)
j=0 j=k+1
k-1

—a) 2 (o))t +if( )(©)= () (1) +(1=a)(p)(0)+ £(pn) (1)

j=k

=7'(t)+£(pn) (1) = (1)

Vi £(p,)(t)—al(p,)(t) <0 (gia thiét)
Nén »'(t) > ¢(»)(t), te[a,b]
TuPinhli1.3.1suyra feS, (a).

¢) Theo (1.14) ta co thé 1y & > 0sao cho

b

!7(1)(3)641@5(1)(§)d§]ds <1—eexp@£(1)(§)d§j

Dit
7(t)=gepr (1)( d§j+.[ exp[.t! ()(g)deds, tefa,b]
Khi d6:
y(t) geprﬁ §j+j?(l)(s)exp(v(t)—v(s))ds
UZ )+exp(v(t))i?(l)( Jexp(-v(s))ds
(0=

y’(t):gé(l)(t)exp@al)(g)ng+v exp j exp )ds+
exp(v(1)) (1) (t)exp v (1))
= gﬂ(l)(t)exp(jé(l)(f)df} + f(l)(t)j?(l)(s)exp(v(t) —v(s))ds +0(2)(t)



exp(j d§)+f (1)(s)exp(j’£(l)(§)d§]ds+Z(1)(t)
=0(1)(t)y(t)+¢(2 S
Hién nhién,
y eC([a,b].(0,4)), 7(t) <L tefa,b]
Vado 7e P, nén y(t)=£(1)(t)y(t)+ Z(1)(t) = £(1) ()7 (t)+ Z(¥)(t), te[ab]
Theo Pinh 1i 1.3.1 taco
reS,(a), (1.16)
Voi
7(v)(t) = £(1)()v(t)+ T (v)(t), te[ab] (1.17)
T Chii ¥ 1.2.5 diéu nay du dé chi ra rang bai toan u'(t)<¢(u)(t), u(a)=0 khdng co
nghiém khong tdm thudong khong 4m. That vay:
Gia st ham u e C([a,b],R, ) théa man (1.5) tirc 1a u'(t) < /(u)(t), u(a)=0
Dat
j (u)(s)ds, te[a,b] (1.18)
Hién nhién w'(t) =/(u)(t) véi te[a,b] va

0<u(t jz s)ds=w(t), w(a)=0 (1.19)

Mat khac tur (1.15) ta co:
((9(u))(t)-¢(@) (1) I(u)(t)
= ((w)(t)— (1) (t)w(t) < 7
Diéu nay két hop véi (1.18), (1.19), va diéu kién ¢
W () = £(u)(6) < £(w)(t) = (D) (D) w(t) + £(w) (1) ~ £ (1) (1) w(t)
<L(1)(t)w(t)+ £(u)(t)
Tuy nhién, ¢ e P, , néntir (1.17), (1.19) suy ra
W () < (1) (t)w(t) + 7(w)(t) =7(w)(t)

Tir day két hop véi (1.16), (1.19) va Chiiy 1.2.5tasuyra w=0, dod6 u=0.

< f(u)(t)
(u)(t)

e P, taco:



Tu Chay1.25suyra (€S, (a). ]

1.3.3 Chay
Tu Hé qua 1.3.2taco :

t
 NéuleP, va [¢(1)(s)ds<1thi £eS, (). That viy:
Chon k=0vam=1 thi cac diéu kién cua Hé qua 1.3.2 b) dugc thda mannén (€S, (a).

e Néu/reP

jé(l)(s)ds =1 va bai toan (1.1), (1.2o) chi c6 nghiém tim thudng thi ta

cling ¢6 £ €S, (a). That vay:

Néu (1.15), (1.2,) chi c¢6 nghiém tam thudng thi theo tinh chat Fredhom, bai toan
u'(t)=¢(u)(t), u(a)=1 (1.20)

c6 nghiém duy nhat u. Gia str U co gid tri am. Pat

m = max{-u(t):te[a,b]},

Vachon t, e [a,b] sao cho u(to) =—m. Ly tich phan hai vé cta (0.1,) tir a dén t, ta co:

m+1= —Ié(u)(s)ds < mi((l)(s)ds.

b
Do gid thiét [ ¢(1)(s)ds =1, ta din dén mau thudn m<m. Do d6 u(t)>0, tefa,b], vati

gia thiét /e P, (1.20) suy ra u(t) =0, t[a,b]. Vi vay theo Pinh 1i 1.3.1taco (€S, (a).
e Diéu kién o € (0,1) trong Hé qua 1.3.2b) 1a nghiém ngit, ta khong thé thay thé boi diéu
kién « €(0,1]. That vay:

Vidu 1:

Gidastr o =1

Liy peL([a,b].R,) thoa



Va ¢ e P, dugc dinh nghia

Vi ¢ dugc dinh nghia nhu vay ta co:

po(t)=1

(0= [1(p,)(5)ck -
)= [ () (s) -

p(s)p,(b)ds=

D C D) ey

p(5) 2 (b)ds =

Do d6 v6i moi s ty nhién k, m ta ¢ p, (t) = p, (t) nén diéu kién (1.12) dugc théa méan véi

a=1.
t
Tuy nhién khi d6 ham sb u(t) = J p(s)ds, te[a,b] la nghiém khong tm thuong cia bai

toan (1.1o), (1.2o). Vi vay theo Pinh nghia 1.2.2 (¢S (a).

e Hon nita, néu o =1+¢ v6i ¢ >0 nho tuy y thi Hé qua 1.3.2b) ciing khong dung. That
vay:

Vi du 2:

Gidsut a=1+¢,v6i € >0 nho tuy y

Lay pe L([a,b],R+) thoa

Va (¢ € P, dugc dinh nghia

t
Theo vi du 1 thi p, (t) :I p(s)ds véi moi s6 tu nhién m > 1 nén ldy m 1a mot s tw nhién

bat ky va k = m-1 thi diéu kién (1.12) dugc thoa man.



Khi d6 bai toan (1.15), (1.20) chi c6 nghiém tm thudng, that vay:
Taco
w(t)=£(u)(t) = u'(t) = p(t)u(b)
Léy tich phan hai vé u'(t)= p(t)u(b) tira dén b ta duoc
u(b)=(1+&)u(b) < u(b)=0 nén u'(t)=0véi Vt[a,b], két hop véi u(a)=0 suy ra
u=0
t

Tuy nhién u(t):l—ljp(s)ds 1a nghiém ctia bai toan u’(t)=/(u)(t), u(a)=1vai ¢

€3

duoc dinh nghia ¢ trén, va u(b) = L onens ¢S, (a).
g
e Bit dang thirc (1.14) trong Hé qua 1.3.2¢) 1a nghiém ngit, ta khong thé thay thé bai dang

b

thirc J'?(l)(s)expﬁf(l)(g)ngds =1. That vay:

a

Vi du 3:
Lay peL([a,b],R,) théa

Khi do
T (1) pls)es = ) r@)5)0s
i
(o) = [0z
Taco



b t b
jé s)ds—p jﬁ(v)(s)ds= p(t)jé(v)(s)ds= p(t)_[p(s).v(b)dss £(v)(t)
a a t
nén bat dang thirc (1.15) ciing duoc thoa man.
t
Tuy nhién ta thdy ham s6 u(t)= j p(s)ds, te[a,b] I nghiém khong tam thudng cua bai

toan (1.1o), (1.2o). Vi vay theo Pinh nghia 1.2.2 £ ¢S (a).

e Hon nira, bat dang thirc (1.14) trong Hé qua 1.3.2¢) ciing khong thé thay thé boi dang

b b
thirc j?(l)(s)exp[jf(l)(g)ngds =1+¢ vdi £ >0 nho tiy . That vay:

Vi du 4:
Lay peL([ab],R,) théa

b
jp(s)ds=l+g,vo'fi &>0 nho tuy y
a

Va ¢, ¢ e P, dugc dinh nghia ¢(v)(t) = p(t)v(b), £(v)(t)= p(t)_[ p(s)v(b)ds

Khi do
(1) = () p(5)ds = (O [ (s}
i
(o) frm)az
racs




Theo vi du 3 ta c6 bat dang thrc (1.15) ciing duoc thoéa méan va do d6 véi toan tir ¢ dugc
dinh nghia nhu vay thi bai toan (1.15), (1.2o) chi ¢6 nghiém tam thudng.
t

Tuy nhién u(t):l—ljp(s)ds 1a nghiém cuia bai toan u’(t)=/(u)(t), u(a)=1 vai ¢

€3

duoc dinh nghia ¢ trén, va u(b) = L onens ¢S, (a).
&

1.3.4 Dinhli

Gida sir —( € P, ( la mét todn tir a — Volterra, va ton tai mét ham y € C([a,b],[&) thoa
(t)>0, tefa,b] (1.21)
YO, tefab] (122

Thi /€S, (a).
Chirng minh
Ta biét ring néu ¢ 1a mot toan tir a — Volterra thi bai toan (1.1,), (1.2,) chi c6 nghiém tim
thuong (xem [4, Dinh 1i 1.2°]). Do d6, theo Pinh 1i 1.2.1, bai toan (1.1), (1.2) ¢6 nghiém duy
nhit.
Gid st U 1 nghiém cua bai toan (1.1), (1.2) véi g e L([a,b],R, ) va c e R, . Ta cin chimg
minh

u (t) >0, voi te [a,b] (1.23)
+Néu c=0va q# 0 thi u khong thé khong duong trén [a,b] , that vay:
Gia sir u(t) <0, voi te[a,b] thido —¢ € P, nén ¢(u)(t)=—¢(-u)(t)>0 suyra
u'(t)=¢(u)(t)+a(t)>0,vado u(a)=0tacé u(t)>0, véi t e[a,b] (mau thuan).
Vay bét ky trudong hop ndo ta cling ¢6 max{u (t):tela, b]} >0
Gid str (1.23) khong dung. Khi dé ton tai t, € (a,b) sao cho

u(t,)<0 (1.24)

vO1



/Izmax{%:te[a,to]}

Tuong ty nhu trén, vi ¢ 1a toan tir a — Volterra, -/ € P, max{u (t):te [a,to]} >0, va

0< A<+ nén ton tai t, [a,t,] sao cho v(t,)=0 (1.25)
Diéu nay rd rang la
v(t)=0, voi tefa,t,] (1.26)
Tu (1.1) va (1.22) ta co
V(1) =4y (t)-u'(t) = Ay (t) - £(u)(t) -a(t) < 2¢(7)(t) - £(u)(t) -a(t) = £(v)(t) —a(t)
voi te[a,b]
Do d6 tir (1.26), diéu kién —¢ € P, ¢ 1a mot toan tir a — \Volterra ta suy ra:
V'(t)<0,vai tefat,].
Tu (1.25) ta co:
v(t)<0,véi te[t,t,]
Nhung do (1.21) va (1.24) dén dén méu thuin 0<v(t,)<0.

Vay u(t)>0, véi te[a,b]. Suyra €S, (a).

1.3.5 Pinhli
Gia sir =0 € P, { la mot toan tir a —Volterra, va

T|z(1)(s)|ds <1 (1.27)

a
Thi (€S, (a).
Chirng minh
Ta biét rang néu ¢ 1a mot toan tir a — Volterra thi bai toan (1.1), (1.20) chi c6 nghiém tam
thuong (xem [4, Dinh 1i 1.2°]). Do d6, theo Pinh 1i 1.2.1, bai toan (1.1), (1.2) ¢6 nghiém duy

nhit.
Gia sir U 1a nghiém cua bai toan (1.1), (1.2) véi g e L([a,b],l&) va ce R, . Ta can chimg
minh u(t) >0, voi Vte [a,b]. That vay:

Gid str nguoc lai 1a ton tai t. € (a,b]thoa



u(t.)<0. (1.28)
Tuong ty chimg minh cta Dinh 1i 1.3.4 ta ¢6
max{u(t):tefat.]} >0 (1.29)
Chon t” €[a,t.] sao cho:
u(t*):max{u(t) ‘tela,t]) (1.30)
Lay tich phan hai vé cua (1.1) tir t* dén t., két hop véi (1.27), (1.29), (1.30), gia thiét

~(eP,, geL([a,b],R,) va ¢ la mot toan tir a — Volterra ta suy ra:

£|£(u)(s)|ds < u(t*)£|€(1)(s)|ds <u(t’).

Suyra: u(t.)>0

Diéu nay mau thuin voi (1.28) nén u(t) >0, voi te [a,b]. Vay (€S, (a) O

1.3.6 HE qua
Giad sir —0 € P, { la m¢t toan tir a — Volterra, va

b s

[ ‘E(l)(s)‘epr|€(l)(§)|dgjds <1 (1.31)
voi

Thi /e Sab(a).

Chirng minh

Ta biét ring néu ¢ 1a mot toan tir a — Volterra thi bai toan (1.1,), (1.2,) chi ¢6 nghiém tim
thuong (xem [4, Dinh 1i 1.2°]). Do d6, theo Pinh 1i 1.2.1, bai toan (1.1), (1.2) ¢6 nghiém duy

nhét.



Gid sir U 1a nghiém cua bai toan (1.1), (1.2) véi e L([a,b],R, ) va ceR,. Ta cn chimng
minh u(t)>0, v6i Vte[a,b]. That vay:

Tu (1.1) taco: u'(t) = £(1)(t)u(t)+¢(u)(t)—¢(1)(t)u(t)+a(t), véi te[a,b] (1.32)

Mit khac 14y tich phan hai vé cua (1.1) tir a dén t va do (1.2) ta c6:

u(t):C+j€(u)(s)ds+jq(s)ds,Véi te[a,b] (1.33)

Tur (1.32) ta co:

t

u(t)= c+j£(u)(s)ds+_t[q(s)ds =q (t)+0(u)(t)

vii

t t

H(V)(t)zlé(v)(s)ds, q*(t)=c+£q(s)ds, tefa,b]
Nén
e(u)(t)=2(a")(t)+£(o(u))(t) = £(O(u))(t)=£(u)(t)-£(a")(t) (134)

Tir (1.32), (1.33), (1.34) suy ra

:ﬁ(l)(t)u(t)—ﬁ(l)(t){c+iq(s)ds}—E(l)(t)jf(u)(s)ds+£(u)(t)+q(t)

=((@Q)(t)u(t) - £(@)(t)a (1) -(@)(t)o(u)(t) + £(u)(t) +a(t)

= 1(@)(©)u(0)~ (1) o)) +[2(a) )~ @O0 ) (1) +a(t)] - £(a)(0)+ £(u) (D)

= () (t)u(t) = (D) (1)(u)(t) +ay (t) +] (u)(t) ~¢(q")(t) ]

= 0(1)(t)u(t)+L(O(u))(t)— (@) (t)O(u)(t)+a,(t), te[a,b] (1.35)
A (t)=£(a")(t)-(Q)(t)a"(t)+q(t), te[ab], (1.36)

T diéu kién —/ € P, va ¢ 1a mot toan tir a — Volterra ta c6 :
(a7)(t) - £(1)(t)a"(t) 20 véi te[a,b].
Do d6 véi qeL([a,b],R,) taco:

9, (t)=0, tefa,b] (1.37)



Pit

t

w(t) = u(t)exp(—jf(l)(s)ds}, te[a,b] (1.38)

Thi W(a) =cC,vatu (1.35) tasuyra

= exp{—j((l)(s)ds}?(w)(t) +4(t), te[a,b] (1.39)

vii

G(t) =, (t)exp[—jﬁ(l)(s)ds], te[a,b]. (1.40)

D& dang thiy ring —/ € P, , 7 1a mot toan tir a — Volterra. That véy:
+Do —( &P, ¢ lato4n tira - Volterra nén ldy ve C([a,b],R, ) thi
7(t)>0, Vte[a,b]=8(v)(t)<0, Vte[a,b]

Suyra

7(v)(t)= E(é(v))(t)—£(1)(t)67(v)(t) <0, Vte[a,b]
+ Do ¢ 1a toan tir a - Volterra nén 7 1a mot toan tir a — Volterra.
Suy ra Ve —P, . 7 12 toan tir a-Vollterra
voi

7(v)(t) :exp@|f(1)(s)|dsjz(v)(t).

Tir diéu nay cung véi (1.37), (1.39), (1.40) ta c6



w (1) = 2(w)(t)+d(t), w(a)=c
voi 2€—Pab, ? la toan tir a-Vollterra, C](t)e L([a,b],ﬂ&)

Mat khac tur (1.31) ta co

D ey T

%(1)(3)‘ds<1

Nén theo Pinh 1i 1.3.5 ta c6 W(t)ZO, te[a,b]. Do d6 theo (1.38) ta co u(t)ZO, voi

te[ab]. Vay feS,(a).0

1.3.7 Chay

e Diéu kién (1.21) trong Pinh 1i 1.3.4 khong thé thay thé duoc boi diéu kién
7(t)>0, te[ab) voi b e(a,b). That véy:

Vidu 1:

Gid st b, €(a,b) va £(0,2). Ldy g e L([a,b],R, ) thoa

Tg(s)ds:%, kEg(s)ds=1+%.

a

Vatoan tu / dugc dinh nghia

(v)(t)=-g(t)v((1))
Hién nhién, toan tr ¢ duoc dinh nghia nhu trén théa man tat ca cac gia thiét cua Dinh i

1.3.4 ngoai trir diéu kién (1.21) dugc thay bang diéu kién y(t)>0, Vte[a,b) véi
ble(a,b)

Mait khac, vi ¢ la toan tir a — Volterra, nén ham



u(t)=

1a nghiém duy nhét cta bai toan u’(t)=¢(u)(t), u(a)=1va u(b)= —%(1—%) <0.Do

do, 1S, (a).

e Diéu kién (1.27) trong Pinh 1i 1.3.5 khong thé thay thé duoc boi diéu kién
b

[le(@)(s)|ds <1+ véi & >0 tuy y. That vay:

a

Vi du 2:
Giase €>0

Lay geL([a,b],R,) théa

Vatoan tr ¢ dugc dinh nghia

D@ dang thiy rang toan tr ¢ dugc dinh nghia & trén thda méan

Jkl|£(1)(s)ds|£1+g

a
Hién nhién, vi ¢ 13 toan tir a — Volterra, nén ham
t

u(t):l—jg(s)ds, tefa,b]

a



1a nghiém duy nhat cua bai toan u'(t)=¢(u)(t), u(a)=1. Mat khac, u(b)=-£<0. Vi
vay, (¢S, (a).

e Vidu 2 ciing cho ta thay diéu kién (1.31) trong Hé qua 1.3.6 ciing khong thé thay thé boi

diéu kién ﬂz(l)(s)\ exp[j|£(1)(§)|d§j ds <1+evoi &>0 tyy.

1.3.8 Pinh li
Gid sir £ =0y, v6i Uyl e Py, £, €S, (a),~1, €S, (a) thi LS, (a).
Chirng minh
Dé chitng minh ¢ € S (a) ta can chimg minh nghiém cua bai toan (1.1), (1.2) khong
am va bai toan thuan nhat (1.1,), (1.2o) chi ¢6 nghiém tam thudng.
e Budc 1: Chirng minh nghiém cua bai toan (1.1), (1.2) khéng am
Gid str U la nghiém cua bai toan (1.1), (1.2) véi geL([a,b],R,), ceR, va v la nghiém
cua bai toan
V'(t) ==, (v)(t) = Lo ([u] )(t), v(a)=0 (1.41)
Vi —(, €S, (a) va £, € P, nén
v(t)<0, tela,b] (1.42)
Hon nita, tir cac gia thiét g e L([a,b],R, ), ¢, € P,, va (1.41) suy ra
V(1) <=0, (V) (D) + L (U)(t)+a(t), tel[ab].
Vi vy theo Chu y 1.2.4 va gia thiét -/, € S,,(a) ta co:
v(t)<u(t), telab] (1.43)
Do (1.42) va (1.43) dan dén
v(t)<-[u(t)] . te[ab] (1.44)
Mt khéc, do (1.41), (1.44), va diéu kién ¢, € P, taco
V()= Lo (v)(t) -4 (v)(t), te[ab].
Vivéy, do ¢, € P, , (1.42), Chly 1.1.4va (, €S, () ta thiy

V(t)ZO, te [a,b],



Tur (1.43) suy ra u(t)>0, véi Vte[a,b].
e Budc 2: Ching minh bai toan thuan nht (1.1,), (1.20) chi c6 nghiém tam thuong. That
vay, gia st U la nghiém cua bai toan (1.1¢), (1.2¢). VI —u ciing l1a nghiém cua (1.1o), (1.20)
nén cung véi két qua trén ta co:

u(t)>0, -u(t)>0 tela,b]
Vivay u=0.
Vay theo dinh nghia thi /€S, (a). [

1.3.9 Céacchuy

1.3.9.1 Chay

e Gia thiét ¢, €S, (a),—(, €S, (a) trong Dinh 1i 1.3.8 khong thé thay thé béi gia thiét
(1-¢)l,eS,(a),~¢, €S, (a) voi &>0 tyy. That vay:

Vidu 1:
Giase €>0

Lay p,g e L([a,b],[&) thoéa

Tp(s)ds =1+¢, Tg(s)ds <1

Va

Hién nhién
(1-&)l,eS,(a) va -4, €S, (a).

Véi (,, ¢, dugc dinh nghia nhu trén bai toan (1.1¢), (1.2p) chi c6 nghi¢ém tam thuong. That

vay, lay tich phan hai vé (1.1,) tir a téi b ta co:



Do do,

cung voi u(a)=0 taco u=0.
Suy ra bai toan u’(t)=¢(u)(t), u(a)=1véi £ =¢, ¢, c6 nghiém duy nhat1a u.

Mit khac, tich phan hai vé u'(t)=/(u)(t)tratéibtaco:

j’u (t)dt:iﬁ(u)(t)
= u(t)] = [ (£ (0) (1), (0) (1))t



Suyra u(b)<0.Vay (¢S, (a).
e Hon nira, gia thiét ¢, €S, (a),~¢, €S, (a) trong Dinh 1i 1.3.8 ciing khong thé thay thé
boi gia thiét ¢, €S, (a),—(1-¢)¢, €S, (a) véi &>0 tuy y. That vay:

Vidu2:
Giase €>0

Liy p,g e L([a,b],[&) thoéa

Va

Hién nhién,

lyeS,(a)va—(1-¢)l, €S, (a).
Theo Vidu 1.3.9.2 véi /,, ¢, dugc dinh nghia nhu trén bai toan (1.1,), (1.2¢) chi co
nghiém tdm thudng. Nén bai toan u’(t)=¢(u)(t), u(a)=1 c6 nghiém duy nhét la u.

Mit khac, tich phan hai vé u'(t)=/¢(u)(t) tir a téi b ta co:



b

Vi [ p(s)ds<1nén u(b)<0.Vay, (¢S, (a).

1.3.9.2 Chay

Giast (e, . Dat
1) =-v (L)),
voi y :L([a,b],R) - L([a,b],R) Ia ton tir dugc dinh nghia z//(v)(t)d:v(a+ b-t)
va ¢ 1a mot thu hep ciia toén tir y trong khong gian C([a,b],R).
Nghia I3, néu u e C([a,b];R) thoa bét dang thirc
UO)<e(u)(t) (W)= e(u)(t)), tefab] (1.45)

thi ham so

v(t)=ge(u)(t), te[a,b]

thoa bat dang thirc
V()2 I(v)()  (V(O)<iv)(1),  te[ab] (1.46)
Véi cach dinh nghia ham ¢ nhu trén ta d& dang thay néu v(t)=ge(u)(t), te[a,b] thi

u(t)=e(v)(t), tefa,b].



Hon nita, néu v e é([a,b],R) thoa bat dang thire (1.46) thi ham u(t)=g(v)(t), te[a,b]
thoa bat dang thuc (1.45) va u(a)=0 thi v(b)=0 nén theo Chl y 1.25 ta c6

(€8,(a) (£€8,(b)) khiva chikhi ZeS, (b) (7S, (a)).

1.3.10 Dinh i
Gid sir —( € P,,. Thi (€S, (b) néu va chi néu ton 1i y € C([a,b],(0,+%))thda bt ding
thure
Y (1)< L(y)(t) véite[a,b]

Chirng minh
e Diéu kién dit
Theo Chiy 1.3.9.2 ta c0:

v(t)=p(u)(t)=u(a+b-t), te[a,b]

nén

((V)(O)=—w (£(e(v)))(t)==£(p(v))(a+b-t)=—¢(u)(a+hb—t)=—£(v)(t) véi te[a,b]
(1.47)
Ma —¢eP, nén /P,

Dit
thi

Theo (1.45), (1.46) thi o'(t)>7(a)(t)
TuPinh li 1.3.1suyra ¢S, (a). Theo Chiiy 1.3.9.2suy ra £ €S, (b). [

e Dicu kién can: hién nhién

1.3.11 H¢ qua
Gia sir —( € P, va théa it nhdt mét trong ba diéu sau:

a) ( la toan twr b —Volterra



b) Ton tai mét sé nguyén khéng dm k, moét so tw nhién m>k, va mot sé thuc o € (0,1) sao
cho

Pn(t)<ap(t), telab]

def def D

2o (1) =1p., (1) =—J.£(,0i)(s)ds, te[ab] (i=01..)

t

¢) Ton tai sao cho

D Sy T

?(l)(s)exp[j|€(l)(§)|dé}ds<1 (1.48)

va trén tap C, ([a, b], R+) c6 bat dang thirc

(@) 8(v)(1)-(9(V)) (1) < T(V)(t), te[ab] (1.49)

S(V)(t)z—fﬁ(v)(s)ds, tefa,b]

t
Thi ¢S, (b).

Chirng minh

Trude hét ta chimg minh néu ¢ 13 mot toan tir a — Volterra thi ¢ 1a toan tir b — Volterra.

Lay bat ky a e[ab), ta cin chimg minh v6i bat ky ham veC([a,b],R,) thoa
v(t)=0, Vte[a,b] thi 7(v)(t)=0, Vte[a,b]. That vay:

Do ¢ 1a mot toan tir a — Volterranén ¢(v)(t)=0, Vte[a,b]

Nén theo (1.47)

~

L)) =w (£(p(v)))(t)=—(v)(t)=0

Vay / 1a toan tir b — Volterra.

Twong tu ta ciing c6 néu ¢ 1a toan tir b — Volterra thi ¢ 1a toan tir a — Volterra.

a) Vi ¢ 1a toan tir b — Volterra nén theo chimg minh trén ¢ 1 toan tir a — Volterra.
Mit khac tir (1.47) tacé —( € P, thi e P,

Do 6 tir H¢ qua 1.3.2 suyra /€S, (a)

Viy theo Chtiy 1.3.9.2 £ S, (b).



b) Pt

Ta co:

A= (NZ([a b].(0, +oo)) (hién nhién)

¢ Vip, If s)ds nén (p..(t)) =¢(p,)(t), suyra
t)=(1- al:zzf( ) +12:f( )
Do do6
((y)(t)=(1- ajzk;z( ) +J$l€( p;)(t)
= (1-0) 3 1(2,) 0+ S (2,) (O~ (P ) () + (- (2 ) O+ () (V)

j=0 j=k

=7 (O)+(pn) (1)~ (A1)
Vi-lteP, va p,(t)<ap(t), te[a,b]nén ¢(p,)(t)-al(p)(t)=0

Suyra

y'(t)<L(r)(t), Vtela,b]
Tu Pinh1i 1.3.10suyra £ €S, (b). [

¢) Theo (1.48) ta co thé 1dy & > 0sao cho

b

[@(e)os o))z s <1- oo o))

Dit

b

y(t)= gexp[j|£(1)(§)|d§}+ j.?(l)(s)exp@|£(l)(§)|dg} ds, te[a,b]

t
Khi do:

b

y(t)= gexp(—jé(l)(g)dfj +j ((1)(s)exp(v(t)—v(s))ds

t
= gexp(—

F*'—.U

f(l)(cf)dﬁ} + exp(v(t))i?(l)(s)exp(—v(s))ds

voi



Hién nhién, y € C([a,b],(0,+x)), 7(t)<1, te[a,b]
Vado 7eP, nén y/(t)=£(1)(t)y (1) = 2(Q)(t) < £(1)(t) ¥ (t) = Z(»)(t), te[ab]
Dit
7(v)(t) = (1) ()v(t) =7 (v)(t), te[ab] (1.50)
thido ¢eP,, 7eP, nén /P,
Theo Dinh 1i 1.3.10
reS,(b), (1.51)
T Chii ¥ 1.2.5 diéu nay du dé chi ra rang bai toan u'(t)>¢(u)(t), u(b)=0 khdng c6
nghiém khong tim thuong khong 4m. That vay:
Gia stt ham u e C([a,b],R, ) thoa man (1.6) tirc 1a u'(t)>¢(u)(t), u(h)=0
Dt
j ¢(u)(s)ds, te[ab] (1.52)
Hién nhién w'(t) =/(u)(t) véi te[a,b] va

O<u(t ju ds<—j€ s)ds=w(t), w(b)=0 (1.53)

Mat khac tur (1.49) ta co:



(D)(8)4(u)(t)=¢((u))(t) < 7(u)(t)
= L(1)(t)w(t)—£(w)(t) < £(u)(t)
Diéu nay két hop véi (1.52), (1.53), va diéu kién —¢ € P, ta co:
W (1) = £(u)(t) 2 £(w)(t) = () () w(t)+ £(w) ()~ £ (D) () w(t)
2 (1)(t)w(t) = F(u)(t)
Tuy nhién, ¢ e P, , nén tir (1.50), (1.53) suy ra
W ()2 (1) (0)w(t) = F(w)(t) = 7(w)(t)
Tir day két hop véi (1.51), (1.53) vaChiiy 1.2.5tasuyra w=0, dodo u=0.
Tw Chuy 1.25suyra £eS, (b).

1.3.12 Pinh li

Gid sir (€ P, { latodn tir b— Volterra, va ton tai mot ham y € C ([a,b],R+)sao cho

y(t)>0, telab]
—7'(t)=4(7)(t), te[ab]
Thi £eS,, (b).
Chirng minh
Vi/leP

ab?

¢ 1a toan ti b — Volterra nén —/ e P, va 7 13 todn tir a — Volterra.
Mit khac, theo gia thiét ta co :

y(t)>0, telab]

7 () ==()(O=(7)(1)., te[ab]
Nén theo Binh li 1.3.4 thi /€S, (). Do do theo Chuy 1.3.9.2 £ €S, (b). [

1.3.13 Pinh li
Giasw (eP

ab?

( la toan tr b —\Volterra, va

b

jﬁ(l)(s)ds <1

Thi /€S, (b).

Chirng minh

Vi (eP,, ¢ latoan tir b—Volterrava J'f s)ds <1



Nén —/ e Py 7 1a todn tir a — Volterra va

?(1)(3)‘ds=.[| (s)|ds = Iﬁ s)ds <1

Do d6 theo Pinh i 1.3.5thi /€S, (a).

Vi vy theo Chiy 1.3.9.2 £ €S, (b).

1.3.14 H¢ qua

Gia sir (€ P, { latodn tir b —\Volterra, va

jz(l)(s)eXpﬁﬁ(l)(f)déjds31

VO

Thi £eS,(b).

Chirng minh

Pinh nghfa toan tir ¢ nhu Cha ¥ 1.3.9.2 thi bai toén (1.1), (1.3) tuong duong v6i bi toan
V'(t)= ?(v)(t)+ q(t), v(a)=0 vdi v(t)=¢(u)(t)=u(a+b-t), Vte[a,b]

va (P, , ¢ latoan tr b— Volterra thi —le Py 7 1a todn tir a — Volterra.
. b B b
Mat khac khi 6 gia thiét | z(l)(s)exp[ | f(l)(ﬁ)dfjds <1 twong duong Vi

S

2(1)(5)‘exp[ /(1

a

gﬂdg}dsgl
vol

H)H=2(00))0)- 1MW), te[ab]
.[E s)ds, ¥( t)exp@é(l)(s)ds}, te[a,b]

Do d6 theo Hé qua 1.3.6 thi 7 S, (a). Suy ratheo Chiy 1.3.9.2 ¢S, (b).C



1.3.15 Pinh i
Gid sir (=L, —0, Vv6i Ly,0, Py, L, €S, (b),—¢, €S, (b)thi €S, (b). Thi £eS, (b).
Chirng minh

Dinh nghia 7,,/, twong ty ¢/ & Chu ¥ 1.3.9.2

Tir gia thiét va (L.47) tacod ¢ =—(o—(~¢,) hay £ =0y —1,.

Vi ¢,€S,(b),~¢, €S, (b) nén 7, €S, (a),~/, €S, (a)

Theo Pinh 1i 1.3.10 thi 7€ S, (a).

Vivay theo Chu y 1.3.9.2 (€S, (b). T

1.3.16 Chay

Ta ciing c¢6 chi ¥ cho cac diéu kién trong cac Pinh li 1.3.12, 1.3.13, 13..15 va Hé qua
1.3.11, 1.3.14 tuong tu cac Chu y 1.3.3.1, 1.3.7.1, 1.3.9.1, 1.3.9.2 cho céc diéu kién trong
cac Binh 1i 1.3.4,1.3.5, 1..3.8 va H¢ qua 1.3.2, 1.3.6.

1.3.17 Phwong trinh vi phan ham véi cac doi so 1éch.
Ap dung cac Pinh li 1.3.1 - 1.3.15 cho phwong trinh vi phan véi cac dbi sb léch ta c6 két

qua sau.

1.3.17.1 Pinh li

Gia suw pe L([a,b],R+),r e M, va théa it nhdt mét trong ba diéu kién sau:

a)
j p(s)rffs) p(&)déds < aj p(s)ds,te[a,b] (1.54)
véi ae(0,1)
b)
t 7(s) b
Ip(s)a(s)(f p(f)dfdsjexp{fp(n)dn}l, (1.55)

VoI



a(t):%(usgn(r(t)—t)), te[a,b]

c) jp(s)ds:«sO va

a

z(t
ess sup{j p(s)ds:tefa, b]} (1.56)
t

Vo'

A =sup lIn X+ :x>0¢,

" =ess sup{r(t) ‘te [a,b]}.
Thi toan twr ! dwoc dinh nghia
((v)(1) = p(t)v(z(1)) (157)
thuoc tip S, (a)

Chirng minh
a) Theo (1.54) va (1.57) taco

VOi

r(s

p(s) [ p(¢) déds:jé(pl)(s)ds, te[a,b].

m!—.;—p

Nhu vay v6i m =2, k =1 diéu kién (1.12) trong Hé qua 1.3.2 b) duoc thoa mén.
Dodé (€S, (a).[
b) Gia sir ¢ 1a toan tir dwgc dinh nghia

(0
Z(v)(t)=p(t)o(t) 't[ p(s)v(z(s))ds. (1.58)

Hién nhién, /e P, va véibatky veC,([a,b],R,),



S(V)(t):jé(v)(s)ds, tefa,b]

Mit khac, tir (1.55) suy ra bat dang thirc (1.14) 1a ding. Do d6 cac gia thiét ciia Hé qua
1.3.2 ¢) duoc thoa man. Vivay (€S, (a). ]

¢) Theo (1.56), ton tai & >0 sao cho
7(t)
jp s)ds<A —¢, te[ab]. (1.59)
t

Chon xo > 0va & €(0,1) sao cho

X—In X, + T*XO(l_é) >A ¢, (1.60)
° EXp[xo [ p(s)dsj—(l—&)
Va dat
y(t) exp(xoj[p(s)dsJ—H&, te[a,b].
Khi d6

y'(t)= exp{ I p(s ]
Kiém tra tir (1.59) va (1.60) ta thiy bat dang thuc (1.7) ding. Do d6 theo Dinh 1y 1.2 thi
teS,(a).O



1.3.17.2 Chay

e Diéu kién a e (0,1) trong Dinh 1i 1.3.17.1a) 1a nghi€ém ngat, dinh 1i s& khong con dung

khi & =1 hay a =1+¢ véi £ >0 nho tuy y. Pé thiy duoc diéu nay ta c6 thé xem cac vi du

1 vavidu2 & Chiy1.3.3véi ¢ 1a toan tir duge dinh nghia ¢(v)(t)

p(t)v(z(t)).

e Bit dang thirc (1.55) trong Pinh 1i 1.3.17.1b) khong thé thay thé bsi dang thuc

7(s) b

dang

thirc

jp(s)a(s) Ip(g)dgds exp Ip(n)dﬂ =1 hay

t 7(s) :b :

jp(s)a(s) jp(g)dgds exp jp(n)dn =1+¢ v6i £ >0 nhé tuy . Pé thdy duoc didu
nay ta c6 thé xem céc vi du 3 Ve‘; vi duy 4 c’r_Chﬁ ¥ 1.3.3 v6i ¢, 7 1a toan tir dugc dinh nghia
{0 POV (V). 7)) p)o(t) | pE(r

t

a(t)=%(l+sgn(r(t)—t))

1.3.17.3 Dinh li
Giasir g e L([a,b],R.), peM,, u(t)<t, te[a,b] vathia

[o(s)ds<1
hodac a
Jjg(S)( j‘s)g(‘f)ex{ Lg(ﬂ)dn}déjds <1,
hodc g £ 0 va

VoI

t))ds,

(1.61)

(1.62)

(1.63)

voi



7" =sup 1In X+ :x>0¢.

Thi toan tw ! dwoc dinh nghia

L(v)(t)==g(t)v(u(t)) (1.64)
thugc tdp S, (a).
Chirng minh
e R3 rang néu (1.61) dung thi toan tir ¢ dugc dinh nghia ¢ (1.64) thoa man diéu kién
(1.27) . Do d6 theo Pinh 1i 1.3.5 thi £ €S, (a).
e R® rang néu (1.62) dung thi toan tir ¢ dugc dinh nghia ¢ (1.64) théa man diéu kién
(1.31), véi ¢ duoc dinh nghia & Hé qua 1.3.6. Do d6 theo Hé qua 1.3.6 thi /e S, (a)
e Gia st ta c6 bat dang thic (1.63), khi d6 ton tai & >0 sao cho

j g(s)ds<n -¢, telab] (1.65)
w(t)

Chon x, >0 va & €(0,1) sao cho

>n —¢, (1.66)

Va dit
exp[ '[g ds)—1+5 tefa,b].
Tir (1.65) va (1.66) ta thdy cac bat dang thire (1.21) va (1.22) dugc théa man. Do d6 theo

Pinh 1y 1.3.4thi £eS, (a).[

1.3.17.4 Chay
e Diéu kién (1.61) trong Dinh li 1.3.17.3 khong thé thay thé bai diéu kién



b
Ig(s)d331+g

a
e Diéu kién (1.62) trong Dinh li 1.3.17.3 khong thé thay thé boi diéu kién
b S S
jg(s) g(&)exp j g(n)dn [d& |ds<1+e¢,
a u(s) (&)
voi € >0 tuyy.
Pé thay duoc diéu nay ta c6 thé xem vidu 2 & Chay 1.3.7 véi ¢ 14 toan tir duwoc dinh nghia

V() =-g(O)v(x(1).

1.3.17.5 Dinh li

Gia su p,ge L([a,b],RJ, T, ueM,, ,u(t)ét, te[a,b] va ham p, rthoa it nhat mot

trong cdc diéu kién a), b), ¢) trong Pinh 1y 1.3.17.1,con ham g, u théa (1.61)
hoac (1.62) hodc (1.63) trong Dinh i 1.3.17.3. Thi toan tw { dwoc dinh nghia

def

() Z o) ((1) -0 (0)v(u() (167)
thugc tdp S, (a).

Chirng minh

Ta dinh nghia hai toan tir ¢, ¢, nhu sau:

Khidé £=10,—1,.
Tur gia thiét va theo Pinh 1i 1.3.17.1tac6 ¢, € S, (a).
Tir gia thiét va theo Pinh 1i 1.3.17.3tac6 ¢, € S, ().

Do d6 theo Pinh 1 1.3.8 /€S, (a). [

1.3.17.6 Dinh li
Gia su g € L([a, b],R+), peM,, vdthéa it nhdt mot trong ba diéu sau:

a)

~—

0(s) |
(s

L

g(f)dfdsgaj'g(s)ds, telab], véi a €(0,1);
) t



b)
Tg(s)a(s)( j)g(f)deeXpﬁg(n)dn}ds <1,
o(t)=2(1+san(t- (1)) te[ab];

C) jg(s)ds;&O va

t

g(s)ds:te[a,b]}<19*,

t
ess sup{ j
w(t

)

VO

. X
3 =sups=In| x+ x>0,

exp[xig(s)dsl}
L. =ess inf {y(t):t e [a,b]}.

Thi toan tir ¢ digc dinh nghia 6 (1.64) thuge tdp S, (b).

Chirng minh
Dinh li nay duoc suy ra tir BPinh 1i 1.3.17.1 va Chay 1.3.9.2.

1.3.17.7 Dinh li
Giasir pelL([a,b].R,),reM,,z(t)<t, te[a,b] va théa

p(s)ds<1 (1.68)

D ey T

hoac

ip(s)[rf)p(f)exp{rf)p(n)dn}dg]ds <1 (1.69)

hodc g #0va



z(t
ess sup{j p(s)ds:tefa, b]} (1.70)
t

VOl

. 1
K =sups—=In| x+ - :x>0¢.
X

exp[xj ds 1]

Thi toan tur ¢ dwoc dinh nghia o (1.57) thudc tdp S, (b)

Chirng minh
Dinh 1i nay duoc suy ra tir BPinh 1i 1.3.17.3 va Chi y 1.3.9.2.

1.3.17.8 Dinh li

Gid sir p,g e L([a,b],R ) T, ueM,,t (t)Zt, te[a,b], va cac ham g, i théa man it nhdt
mét trong cdc diéu kién a), b), c) trong Pinh i 1.3.17.6, trong d6 cic ham p,t théa (1.68)
hodc (1.69), hodac (1.70) trong Dinh li 1.3.17.7. Thi toan tw { dwoc dinh nghia o (1.67)
thuge tap S, (b).

Chirng minh

Dinh li nay dugc suy ra tir Pinh 1i 1.3.17.5va Chiy 1.3.9.2.



CHUONG II
CAC TIEU CHUAN HIEU QUA

Trong chuong 2 nay chung ta s€ xét cac ti€u chuan hiéu qua cho cac di€u ki¢n can va du &

chuong 1 dé mét todn tir ¢ e L, thudc tap S, (a) (hodc S, (b)).

2.1 K&t qua chuin bj
2.1.1 Pinh nghia
Ta néi rang mét todn tir { € L, thudc tdp S, , néu phiong trinh thuan nhat (1.10) ¢6 it nhat

mot nghiém dwong.

2.1.2Chuy

Gia sir { € L, la mgt todn tir t,- Volterra, vi t, e [a,b] va (e S,,. Hién nhién, véi bdt ky
a e[at,] va b e[t,,b],a #b, thi ket lugn ( e §a1q ciing dung.

Chirng minh

Vi (€S, nén (el va phuong trinh thudn nhdt u'(t)=/(u)(t) tn tai nghiém
u(t)=0, vte[ab]. Trdosuyra ¢eL,, va u(t) la nghiém phuong trinh u'(t)=¢(u)(t)

théa u(t)>0, Vte[a,b]. Vay (eS,, .

2.2 Cic két qua chinh
2.2.1 Céac ménh dé
2.2.1.1 Ménh dé

P, NS, =Py NSy, (a).
Chirng minh.

e Giast £eP,NS, (a)va u langhiém cua
u'(t)=2(u)(t), u(a)=1 (2.1)
Vi (eS,(a) nén ta c6 u(t)>0, te[ab]. Mat khiac (eP

al

b, nén tu (2.1) ta co

u'(t)>0, tefa,b],dodo u(t)>0, te[a,b]. Vivay, P, NS, (a)c P, NS, .



e Giastr LeP,N §ab theo Pinh nghia 2.1.1 phuong trinh (0.19) ¢6 mdt nghiém duong y .
Khi d6 theo Pinh li 1.3.1suyra £ €S, (). Vivay P, NS, <P, NS,(a).

Vay P, N §ab =P S, (a)

2.2.1.2 Ménh dé
Gia str 0 la toan tir b—\Volterra, £ e P, NS, . Thi £€S, (b).

Chirng minh.
Vi ¢ 1a toan tir b — Volterra, nén bai toan (1.1,), (1.3¢) chi c6 nghiém tam thuong nén bai
toan (1.1), (1.3) co nghiém duy nhit. Gia st u 1i nghiém cta (L.1), (1.3) véi
ceR,,qe L([a,b],R_) . bat:
v, =¢+u(t), telab], (2.2)
v6i &> 0, ta thay:
v,(t)>0, te[a,b] (2.3)
That vy, néu (2.3) khong dung, vi v, (b) >0, ton tai t, € [a,b)sao cho:
v,(t)>0, telab], v.(t,)=0 (2.4)
Hién nhién,
V() =u'(t)=L(u)(t)+q(t)=£4(-e+V,)(t)+q(t)=2¢(v,)(t)+q(t)—ef(1)(t), véi
tefa,b]

va tir gia thiét g e /([a,b],R_), L P,

al

T(t)<t(v,)(t), teab] (2.5)

y,&>0 suyra
v

T (2.4), (2.5) ta co {Vg (t)=(v.)(t

nén v, la nghiém bai toan
v (1)=0 {

u(t)=0

w(t) < £(u)(t)

Ma theo Chi'y 1.25tacd £ €S, ,(a) khi va chi khi bai toan { khong c6

nghi¢m khong am khac tam thuong. Ma v, (t)>0, te[a,b] nén £¢S,(a). Do d6 theo
Ménh dé 2.3.1 suy ra /¢ S~t€b. Tir d6 theo Chti y 2.1.2 diéu ndy méu thudn véi gia thiét

leS,.



Vivay, voi £ >0 tuy y, tir (2.2) va (2.3) suy ra
u(t)ZO, te[a,b]

Vay (€S, (b).L

2.2.1.3 Ménh aé
(=Pw)NSs = (=Py, )N S, (b), véi —P, ={te [, :~(eP,}.

Chirng minh.
Ménh d& nay duoc suy ra tir Ménh dé 2.2.1.1 va Cha y 1.3.9.2.

2.2.1.4 Ménh dé
Gia st { la todn tir a —Volterra, £ €(~P,)NS,,. Thi £eS, ().

Chirng minh.
Ménh d& nay duoc suy ra tir Ménh dé 2.2.1.2 va Chl y 1.3.9.2

2.2.1.5 Ménh aé
Gid sir 0 la toan tir a b - \Volterra, (e P, NS, (a). Thi £eS, (b).

Chirng minh.
Ménh dé nay duoc suy ra tir Ménh dé 2.2.1.1 va Ménh dé 2.2.1.2.

2.2.1.6 Ménh dé
Gid sir ( la toan tir a —Volterra, ¢ e (—P,)NS,,(b). Thi €S, (a).

Chirng minh.
Ménh d& nay duoc suy ra tir Ménh dé 2.2.1.3 va Ménh dé 2.2.1.4.

2.2.2 Bo de
Gid sir (=10y—0,, v6i Ly,(, &Py, va ton tai a,feC([a,b],R,) théa man bdt dang thirc
a(t)< p(t) véi te[ab] va
p(t)=
a'(t) <

o(B)(t)=Li(@)(t)+a(t), tefab]
o(@)(t)=4(A) (1) +a(t), tefab]

(2.6)

twong ung.



(2.7)

()= -£,(a)(t)+ 4, (B)(t)+a(t), te[ab]

a)] twong ung Ce [a(b),ﬂ(b)], bai toan (1.1) c6 it nhat mot

B (t)<-L(B)(t)+ L (a)(t)+a(t), te[ab]
a'(t)=>—/
(

Thi véi méi ¢ el a(a),B(
nghiém U théa man diéu kién dau (1.2), twong irng (1.3), va

a(t)<u(t)<p(t), telab] (2.8)
Chirng minh.
Pinh nghia toan tir 7:C([a,b],R)— C([a,b],R)

Z()(O) = (VO -] () - O]+ () + 5(V) (2.9)
Ta co,
——\ )= (v(t)=B(t)+a(t)+A(t) < 2(v)(1)
< 2f(v(t)-a(v)-(vt )\ a(t)+A(t) (2.10)
©a<t><z< ><>s <>, tefab], vec(jan]®)
DétT:C([a,b] ) ( R) 4 toan tr dugc dinh nghia nhu sau
)ds+jq (2.11)
Tuong Ung,
T(v)(t)d:c—Ef(%o(v)(s)—@l(v)(s))ds—j:q(s)ds (2.12)

DW= (2O, B4 W)).

Do (2.10), va cac gia thiét /,,/, € P, ta c6 mdi veC([a,b],R), ham T(v) thudc tap

C([a,b],R) va

T (v)(t) <M, tefa,b], (2.13)
(2.14)

vOi



b

M =1l + (o (el +B1)(5) + £ 1+ 8) () +]a(s)) os

a
Theo (2.13), (2.14), va b dé Arzela Ascoli, r rang toan tir T di tir khong gian C([a,b],R)
vao tap con compact tuong dbi ctia nd. Vi vy, theo dinh 1y diém bat dong Schauder, ton tai

ue C([a,b],R) sao cho

u(t)=T(u)(t), telab]. (2.15)
Hién nhién, ueC([a,b],R) va u(a)=c tuong img u(b)=c néntheo 2.8 ta c6
u(a)- B(a)<0 tuong tmg u(b)- A(b)<0 (2.16)
Tir (2.14), (2.15) va (2.16) ta 6

d

(u(t)-B(1) =51 (W) =A(t) <L (B) (1)~ tu(a)(t) +a(t) - F'(t) <0, voi te[ab]
tuong Ung,
()= B0 = ST @O-F/(0)2 £ (@)(O) - (A D)+ () - /(1) 20, v6i te[ab]

Vi viy tr (2.16) ta c6 u(t)<p(t), te[ab]. Tuong tr ta c6 thé ching minh

u (t) > a(t), te [a, b], vi vay (2.8) dugc thoa

Theo (2.8), (2.9) va (2.11), tuong tmg (2.12), tir (2.15) suy ra
t

u(t)= c+j(ﬁo(u)(s)—fl(u)(s))ds+j'q(s)ds, véi te[a,b]

a

tuong ung,
b b

u(t)= c—J'(ﬁo(u)(s)—él(u)(s))ds—jq(s)ds, véi te[a,b]

t t

Tuac 14, u la nghiém cua (1.1) thoa (1.3), twong ung (1.4). [



2.2.3 Pinhly
Gid sir £ =10y—0, v6i Ly, 0, Py, v6i L, €S, (a),~¢, €S, (b)va ¢, la todn nr a — Volterra
thi (€S, .

Chirng minh.

Theo gia thiét ta c6 —¢, €S, (b), —¢, e-P, nén —¢, €S, (b)N-P,,. Mit khic ¢, 1a toan
tir a — Volterra nén theo Ménh d¢ 2.2.1.6 —¢, € S, (@) va theo Dinh 1y 1.3.8 thi €S, (a).

Do Pinh nghia 1.2.2, bai toan thuan nhét (1.1,), (1.20) chi c6 nghiém tdm thudng, do d6 bai
todn (2.1) c6 nghiém duy nht.

Gid str U la nghiém cua (2.1). Vidiukién (€S, (a) taco
u(t)=0, veéi tea,b] (2.17)
Vi vay, tir gia thiét /, € P, , ta co

U (t)2 ¢, (u)(1), te[ab] (2.18)

Vi ¢, 1a toan tir a — Volterra, tir (2.17), (2.18), Chl y 1.2.5 va Ménh d 2.2.1.3 suy ra
~(, ¢S, . Nhung theo Chli y 2.1.2 diéu nay mau thuan véi gia thiét —/, € S,,. Do d6 u la
mot nghiém duong cua (1.1p), tucla £ € §ab O
Chay
Trong dinh 1i 2.2.3 gia thiét
lyeS,(a), — 1, €S, (b)

khong thé thay thé boi gia thiét

(1-¢e)l,eSy(a), -1, €S,(b)
hoic gia thiét

1y €5,(a), —(1-£)t, €S, (b)



voimoi ¢ >0.

Dé thiy rd didu nay ta c6 thé xem cac vidu 1 vavidu2 ¢ Chay 1.3.9.1.

2.2.4 Pinhly

Gid stk 0 ={,—{, v6i Lo,{, € Py va ton tgi cic ham a, C([a,b];R.) tha cdc bt ding

thire
B(t)<—t,(B)(t)+ L, (x)(t), te[ab], (2.19)
a'(t)=—( (a)(t)+£,(B)(t), te[ab], (2.20)
a(t)<p(t), telab]. (2.21)
Hon nita, néu mét trong cdc diéu kién sau ding:
a(t)>0, tela,b]; (2.22)
a(t)>0, te(ab], a(a)=0, ¢,€S,(a) (2.23)
a(t)>0, telab), a(b)=0, -7, S,(b) (2.24)
Thi /€S, .
Chirng minh.

T (2.19), (2.21), B6 dé 2.2.2 suy ra (1.1o) c6 nghiém u thoa man diéu kién dau

u(t)>ea(t), voi tefa,b] (2.25)

e Gia st (2.22) la dang thi tir (2.25) suy ra u la mot nghiém duong cia (1.1y), do do
reS,(a).

e Gia str (2.23), twong rng (2.24) 1a dung thi tir (2.25) suy ra
u(t)>0, veéi te(a,b], tuong tng te[a,b) (2.26)

Do (2.26), diéu kién ¢, € P

ab

twong tng diéu kién £, e P, , tir (1.1o) ta cé

u'(t)< 4o (u)(t), twong tng u'(t)> ¢, (u)(t) voi te[a,b].



Do /,€S,(a), twong tmg —¢, €S, (b), va Chi y 1.2.5, ta c6 u(a)=0, tuong lng

u(b)=0. Vi vay tir (2.26) ta 6 U la mot nghiém duong cua (1.1o), dodé ¢ €S, . [

225 Hé qua

Gia sit (=1{,—0, voi {,,0, €P, va ton tai mgt ham ﬂeé([a,b];(0,+oo)) théa cdc bait

dding thirc
p()=-4(A)(1). telab] (2.27)
B(a)] £5(1)(s)ds < B(b). (2.28)
thi /e §ab.
Chirng minh.

Theo 2.28 tdn tai & >0 sao cho

b

&+ B(a) [ £,(1)(s)ds < B(b). (2.29)

a

t

a(t)= g+ﬁ(a)'[€0(1)(s)ds <p(b), te[ab]

a

Tu (2.27) suy ra S khong tang, tic 1a,

p(b)<p(t)<B(a), te[ab]. (2.30)
Do d6, hién nhién cac bat dang thire (2.19), (2.20) va (2.22) ding.

Mit khéc, (2.29) va (2.30) ta c6
b

a(t)<e+B(a)[£,(1)(s)ds < A(b) < A(t), te[ab]

nén (2.21) duogc thoa.

Vi vay cac gia thiét cuia Pinh 1i 2.2.4 duoc thoa mén, nén £ e §ab O



2.2.6 Pinhly
Gia sir (=10,—0, véi (0, ePy, véi { €S, (a),~l, €S, (b) va ¢, la mét toan tir b-
Volterrathi /€S, .

Chirng minh.
Dinh 1y nay dugc suy ra tir Pinh 1y 2.2.3 va Chay 1.3.9.2.

2.2.7 Pinhly
Gid stk (= {,—(, v6i Ly,(, € Py va ton tgi cac ham o, B C([a,b];R. ) thda cAc bdt ding
thire (2.21) va
B(t)2 4o (B) ()= Li(a)(t), tefab],
a'(t)<lo(a)(t)-4,(B)(t), te[ab]
Homn nita, néu c6 it nhdt mét trong cdc diéu kién (2.22), (2.23), (2.24) duwoc théa thi 1 €S, .

Chirng minh .
Dinh 1y nay dugc suy ra tir Pinh 1y 2.2.4 va Chi y 1.3.9.2.

2.2.8 HE qua
Gia stk 0 =0y—{, véi £y, (,€P, va ton tai mot ham ﬂeé([a,b];(0,+oo)) théa cdc bait

ddang thirc

b

B>, (B)(1), te[ab], ﬂ(b)fﬁl(l)(s)ds<ﬂ(a).

a
Thi /e §ab.

Chirng minh .

Hé qua nay duoc suy ra tr Hé qua 2.2.5va Chiy 1.3.9.2.

2.2.9 Phuwong trinh vi phan véi cac doi s6 1éch

Ap dung cac dinh 1y trén cho phuong trinh vi phan véi dbi s6 léch ta c6 két qua sau.

2.2.9.1 Pinhly



Gia sir p,g € L([a,b],I&),r,,u eM,,, u(t)<t, te[a,b] va cac ham p,z théa mét trong
cdc diéu kién a), b), ¢) trong Pinh 1y 1.3.17.1 va c&c ham g, i théa mét trong cdc diéu kién
a), b), c) trong Dinh Iy 1.3.17.6 thi todn tu { duoc dinh nghia o (1.67) thudc tap §ab .

Chirng minh .
Dinh 1y nay duoc suy ra tr Binh 1y 1.3.17.1; 1.3.17.6 va 2.2.3.

2.2.9.2 Pinh ly
Gia st p,g € L([a,b],R+),r,ye M, cac ham g, uthoa a) (twong ing c)) trong Dinh ly
1.3.17.6, va

b

{(l—a)[l+ig(s)ds}+ig(s) _b[ g(cf)d;‘ds]jp s)ds <1-a,

a u(s) a

(o]

véi X, >0 va & €(0,1) sao cho

twong ung

p(s)ds <4,

D ey T

% (1-9)
exp( _[g ds}—l 5)

Thi todn tir ¢ duwoc dinh nghia o (1.67) thugc tdp S, .

t
I g(s)ds<i X, + tela,b].
w(t

) Xo

Chirng minh. Dat

B(t) =(1—a)[1+jjg(s)ds}+jg(s) .T g(&)deds

4(s)

tuong rng.

,B(t):exp[xojg(s)dsJ—l+5



D@ dang thiy rang ham £ thoa man cac gia thiét ciia Hé qua 2.2.5.

2.2.9.3 Pinh ly

Gia st p,Q € L([a,b],R+),r,ye Mab,r(t)zt, te[a,b] va cac ham p,z thoa mot trong
cdc diéu kién a), b), ¢) trong Pinh ly 1.3.17.1, va cac ham g, u thoa mét trong cdc diéu kién
a), b), c) trong Dinh Iy 1.3.17.6 thi todan tu { duoc dinh nghia o (1.67) thudc tap §ab .

Chirng minh .
Dinh 1y nay dugc suy ra tr Binh ly 1.3.17.1; 1.3.17.6 va 2.2.6.

2.2.9.4 Pinh ly
Gia sw p, g € L([a,b],R+), 7, €M, cac ham p, rthoa a) (twong ng c)) trong Dinh Iy
1.3.17.1,va

b b 7(s) b
[(1—a)[1+]p(s)ds}+ p(s) I p(g)dgds}_[g(s)ds <l-a,
tuong ung

({xoip(s)dsJ—l+5jig(s)ds<5,

a

vdi X, >0 va & €(0,1) sao cho

X, (1-5)

exp[xoi p(s)ds}—(l—&)

(t) 1
I p(s)ds<—| x, + tela,b].
t

Xo

Thi toan twe { dwoc dinh nghia ¢ (1.67) thudc tdp §ab .

Chirng minh .
Dinh 1y nay dugc suy ra tu Dinh 1y 2.2.9.2 va Chu y 1.3.9.2.



KET LUAN VA KIEN NGHI

Muc dich cta luan vin 1 nghién ctru cac diéu kién can va du dé bai toan bién cho
phuong trinh vi phan ham bac nhét tuyén tinh (1.1), (1.2) c6 duy nhat mot nghiém khong 4m
va phuong trinh vi phan thuan nhat (1.1,) ton tai nghiém duong. Noi dung chinh cta luan
vin gdm 2 chuong:

Chuong 1. Chiing ta xay dung diéu kién can va du dé mot toan tir /e L, trong bai
toan (1.1), (1.2) (hodc (1.1), (1.3)) thudc vé tap S,, (a) (hodc S,, (b)). Két qua chinh 1a cac
Chiy1.23-1.25,cacbinhli1.3.1;1.3.4;1.3.5; 1.3.8, va cac Hé qua 1.3.2, 1.3.6.

Chuong 2. Chiing ta dua ra cac tiéu chuan hiéu qua dé mot toan tir ¢ e L, thudc vé
tap S, (@) (hodc S, (b)). Cu thé ta xét mdi quan h¢ cta cic tép S,,(a), S, (b) voitap S, .
Két qua chinh 1a cac Ménh dé 2.2.1.1 —2.2.1.6 vé cac Pinh 1y 2.2.3; 2.2.4.

Tu nhitng van d€ dua ra trong luan van, mot cau hoi dat ra 1a cac két qua trén con
ding hay khong cho phuong trinh vi phan ham bac cao hay bai todn bién nhiéu diém cho
phuong trinh vi phan ham. Hon nita d61 vo1 cac bai todn trén chiing to6i con chua nghién ctru

tinh xap xi nghiém ctia n6 do thoi gian ¢6 han.

Chinh vi vay thong qua cac két qua da dat dugc trong ludn van nay, tac gia mong
muodn dugc mé rong va tiép tuc nghién ctru cac van dé néu trén. Tuy nhién, vdi sy hiéu biét
han ché cua ban than, tac gia rat mong hoc hoi tir s gép ¥ va chi bao cua Quy Thay, Co

trong va ngoai Ho1 dong.
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