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MO DAU

1. Ly do chon dé tai:

Diém bit dong 1a ndt khai ném xuit hién rit ssm trong Toan bc. Cho not khéng
gian X Hit ky va mdt &nh x f tir X vao X ,hay & mot tp con aa X vao X..Mbt diém x thubc
X dugc goi 1a mot diém bit dong aia f réu x = f(x). Khi X 1a ndt khéng gian metrida va f la
anh » co tr X vao X thi nguyén ly &nhaxco dia Banach king dinh sr ton tai duy nhit
diém bt dong.

Nguyén ly anh x co c6 it nhiéu tng ding trong toan éc.N6 dungdé ching minh
sy ton tai va duy nlit nghiém cia: H¢ pheong trinh tugn tinh, plrong trinh tich phan,
phuong trinh vi phan,& pheong trinh vi phan, tim @i han cia day $...

Chinh vi E d6, tdi chon dé tai nghién ¢u “Nguyén ly anh x co. Mot vai ms rong va
rng ding*, nham codiéu kién tiép cin sau lon, lam phong pha thém cho baigg trén bp
cia minh.

2. Muc tiéu va nhiém vu nghién aru:

e Nghién cu diém bit dong dra trén nguyén ly anhaxco aia Banach.

e Nghién @&u cac ap dng aia nguyén ly anhaco.

e Nghién &ru anh x khong déan trén khéng gian Hilbert, khbng gian Rdna

3. Phrong phap nghién @u:

e Nghién @u ly thuyét thong qua tai 8u sin c6 va trén Internet.

4. Cau trc caa luan van:

Ngoai phin md dau, phin két luan, phin tai liéu tham kio, gom c6 3 clrong.

* Chuong 1:  Nguyén ly anhaxco aia Banach.

* Chuong 2:  Mbt sH bai toan ni rong.

* Chuong 3: Cac apuhg.

CHUONG 1: NGUYEN LY ANH X A CO CUA BANACH

1.1. Nguyén ly anh x co:
1.1.1 Anh » Lipschitz: Cho X, X ,1a 2 khéng gian metrict cAc metric trong tng lad, va
d,.Anh xa F : (X;,d1) — (X5,0,) thaa man d(F(x),F(y)) < M.dy(x,y), Véi M cb dinh va \6i
moi X,y LI Xy, duoc goi 1a &nh x Lipschitz. $ M nhé nhit thca man kit dang thic trén @i
la hing $ Lipschitz,ki héu 1a L(F) dia &nh x F.Di nhién L(F2 0.

* Néu L(F) < 1, thi Fduoc goi la anh x co.

* Néu L(F) < 1, thi Fduoc goi la &nh x khéng dan.

Anh xa Lipschitz 1a anh xlién tuc.
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1.1.2 D&y Cauchy Mot day diém (x,) trong khdng gian metric Xuoc goi [a mot day
Cauchy, u :
Mot day diém (x,) trong khdng gian metric Xluoc goi 1a mot day Cauchy, éu :
Oe>0,Un, :Onzny Jm= n= d(X, ,X X& (hay:nlinmwd(xm,xn)=0)
1.1.3 Khéng gian metriddy di: Mot khong gian metric (X,dfuoc goi la ddy di néu moi
day Cauchy trong Méu hoi tu trong X (cé gi han trong X theo metric d).
1.1.4 Beéc lgp ther n cia anh x¢ F : Cho Y 1a ép hop bat ki khac bng va anh xF : Y —
Y. Véiy U 'Y, tadinh ngha Py bing quy mp nhr sau : By)=y, F"'(y) = F(F"*(y)) va
goi F'(y) la budc lap tha n aaa yddi véi F. Tap {F'(y),yOY,n=0,1,2,...} @i la qu
dao oia yddi véi F.
1.1.5 Nguyén ly anhxco aia Banach :

Cho (Y,d) la khéng gian metrity da va F : Y— Y la &nh x co. Licd6 : F c6 duy nht

diém bat dong ull Y va F'(y) — ukhin — o v6i y LI Y,

Ching minh Lay y tuy y thusc Y. Do F la anh x co nén :d(F(y),F (y))=
d[F(y),F(F(y)] < ad(y,F(y)). Suy ra : d(Ry),F"(y)) < a"d(y,F(y)). L4cdd, véi moi n
va Wi moi p >0, taco :

d(F'(y), F"" ()< d(F (y), F" () d(F* (v),F* (y)r = &"°{y),F" 1Y)
<(a"+a"™+. .+ a"PHd(F,F(y))
<((@"+a™+. o™ +a " P+ L)d(Fy,y)

n

a
1-a

d(y,Fy),do0O<sa<l1

Do:0<a <1, nénlima" =0.Suy ra:{Fn (y)} la mot day Cauchy.Khong gian (X,d) la

n- o

day di, nén on tai u LIY sao cholim F"(y) = u.Ham F la liénuc, nén ta co:

im F(F" (y)) = lim F*(y) = F(im F"(y))= F(u)
Do {F™(y)} 1a day con @a day {F(y)}, vi vay F(u) = u hay u laiém bit dong aia &nh x
F.
Vay : voi mdiy LI'Y, day {F'(y)} ton tai gidi han va F(y) — u,khin — o
« Tinh duy nfit : Gia st F ¢ 2diém bit dong X%, Yo, %o # Yo, F(X) = X0, F(6) = Yo.
Lucdo: d(%,Yo) = d(F(X,), F(Y0)) < O d(%o,Yo) < d(%,Yo) : VO ly

W Xo = Yo
1.2 CAc né réng cia nguyén ly anh » coda biét:
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1.2.1 Pinh ly 1: Cho (X,d) la nt khéng gian metrigtiy du va F : X— X l1a mdt anh x
(khdng @n phii lién tuc). Gia sir véi mdi & > 0, Bn tai 6 8(g) > 0 sao cho & mbi x thusc
X, d(x,F(x)) <8, thi F[B(xg)] LI B(x.e) .
GB(x, €) la qua ciu md tam x, ban kink).

Lac d6, réu d(F(u),F**(u)) — 0,khi n - oo, v6i u L X, thi day {F(u)} hoi tu téi diém

bit dong aia F.
* Chrng minh:

Cho ulJ X. Ta ki hteu F'(u) = u, va chtng minh {u} la ddy Cauchy. Cho tisc € > 0. Tur
d(F" (x),F"* (x)) » C,chon N du l6n ta cO: d(HUn+1) < d(€) voi moi n> N.
Tu:d(Uy, Un+1)<8(g) = d(u,, P u)= d(y, ,F(F(y )F d( ,F(u ¥ g(
= HB(uy,&)] 0 B(uy ,€). Vay: un. = F(uy )L B(uy,€)
Ta ching minh quy ap F*(u,)=u,, 0 B(y, £)0 k= C (1)

* Khi k = 0, hién nhién ta ¢ (u, )= u, 0 B(y, £)

* Gia sir (1) dang khi k = p=0,tec la: F°(uy )= uy,, 0 B(y, £)ladung.

* Ta chrng minh (1) lIaddng khi k = p +1
That vay:  Ta cOF”™*(u,)=F(Py, XJ B(y, £ ), do F°(u,)0B(u, £)

= 0k=20,uy,, OB(u, £)
Do u, w UB(uy,£),0k,s= N. Ta co d(yu) < d(usuy) + d(u,W) < 2
= {u,} la day Cauchy.
Do (X,d) laday di nénlimu =z X. Ta ching minh z ladiém bit dong aia F.

n - oo

Gia s nguoc lai rang z khdng phi 1a diém bat dong aia F, nghia 1a : d(z, Fz)= a> (

Ta c6 th chon mot u, DB(z,g) sao chod(u, ,un+1)<5§).Khi dé, theo gh thiét ta co:
FIB(u_,2)10B(u ,2).Vivay: F(z)OB(u, '% )*). Nhung diéu nay khong té duoc, bsi vi:
"3 "3

d(F(2),u, )= d(F(z),z} d(y ,32—;‘.Véy: F(2) DB(un,g)-DiéU nay vo ly wi (*).Vay F(2)
=z.

Ap dung K thuat trén, ta dn dén cac éng quat hoa nguyén ly anh go saufay :
1.2.2 Pinh ly 2 : Cho (X,d) & khéng gian metriddy du va F : X — X thoa man
d(F(x),F(y)) < ¢[d(x,y)], & day ¢ : R* ~ R* la &nh % khong gam (khdng én phai lién

tuc), thas méanlim ¢"(t) =0,t > 0.

Lucdé : F codiém bét dong duy nfat u valimE"(x) = u,x0 X .
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* Chirng mirh : Ta chi xét ¢(t) <t (1), wi moi t > 0.Vi réu ngroc lai thi t< ¢(t) véi t >
0. Do tinh khéng gim cia hame néno(t) < o[e(t)] = ¢*() = t< ?(t). Bing quy np, ta
co:t<¢"(t),0n>0= t< 0: VO ly.
Chung ta&ching minh &ng : d[F(x),F™* (x)] < ¢"[d(x,F(x))]

Tt vay, tir d[F(x),FyEe[d(x,y)] = d[F(x),F* ()] <e[d(x,F(x))]
= d(F(x),F(x)) <o[d(F(x),F(x))]<¢d(x,F(x))]

= d(F'(x),F"(x)) < ¢"Td(x,F(x)]
:IXiErld(F” (x),F"*(x))=0
Choe > 0, clon 8(g) = & — () >0 ,do (L) . Nu d(x,F(x)) <5() thi Dz B(X,€), ta c6:
d(F(z),x)=s d(F(z), F(x)}r d(F(x),xx¢ [d(z,x)}} 0 & ¥ ¢(g) +€~P(€)
= F(z)J B(x,e)
Theodinh ly 1, F c&diém bét dong u valimF"(x) = u,x0 X
1.2.3Pinh Iy 3: Cho (X,d) la 1 khéng gian metridly di va F : X— X thoa mandiéu kién
d(F(x),F(y))<a (x,y)d(x,y), VoI a:X*-R" cO tinh clat : V& bat ki doan
[a,b]0 R \{0}:sup{a(x,y)/a< d(x,y)< b}=A(a,b)< 1thi F c6 duy nfit diém bit dong
udXvalimF"(x) =u,xOX.

Chrng mirh : Xét day y = d(F'(x),F""{(x)) véi mot x ndodo thue X.
Taco:
Upey = d(F™ (X), F"2 (x))= d[F(F (x),F(F* )Ea (F (x),F " R.d(F(x),F" (x))
< d(F'x,F"*x)=y,
voi a< d(F x,F" x)x b,[a,bp] R\{0 {u, }la day $ giam.
Hon nira, 0 U, :>!1irr;|0un =p=0.

Ta phii chang minh &ng p = 0. Nu ngroc lai thi d(F" (x), ™ (x))D [p, p+ 1 véi n di l6n.
Ta ching minh quy ap p< d(F** (x), F"*" (x)) ¢ d(F (x),F* (x) v6i c=A(p,p+ 1)
*Khik=0:p<d(Fx,F'x)< pt+ -

* Gia sir bat dang thirc ding Wi k > 0, tirc :
p< d(F™ (x), F*™* (x))< ¢ d(F (x),F! (0K & (B 1L0cdo:
p< d(F™ (x), F2 (x))= d[F(F"* (x), F(F** ())k cd(P* (xF" " {x))
<cdd(P (x),F (k& (pr 1
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Vay bat dang thirc trénding wi moi k > 0. Do 0 < ¢ < 1 nédiéu nay mau thin, ngha la
p=0.My: limu_ =limd(F"(x),F"*(x))=0(1)

Bay gb, cho tréc € >0.Ki hiéu )\z)\(i,gJ va clon 6:min{§’g(1—)\)}. Gia sr :
2
d(F(x),x)<d,x0 X. Ta ching minh F[B(x,€)] U B(x,€).
ChozOB(x,e)= d(z,x)<e. Ta ching minh d(F(z),x) <€.

Ta co :d(F(z),x)< d(F(z), F(x)* d(F(x),x).(2
Ta chia ra hai trong hyp sau :

“KNi d(z,0< - LGed0 : d(F(2).0< d(F(@).2F d(zxpd+=<s+S=e

= F(z)O B(x,g).
*Khi%sd(x,s)<e,th‘|d(F(z),x)su(z,x)d(z,x)l- d(F(x),xxAe+ (XA 9=¢

= F(z)O B(x,)

Vay : F[B(x,£)] OB(x,g) (3)
Két hop (2) va (3) va thedinh Iy 1 (2.1) ta kiing dinh ring F codiém bit dong u va
Li[r;F“(x) =u,ul X.

Tinh duy nht : Gia sir F c6 2diém bit dong u,up, tc t, = F(w) va b = F(W).

Ldcdo:  d(u,u,)= d(F(y ).F(y )ka (y.y )d(u b9 du L

Diéu nay vé ly. \ay F c6 duy nht diém bit dong.
1.2.4.Pinh ly 4: Cho (X,d) Ia khéng gian metritiy di va ¢ : X — R* 1a ham 6 khong
am hit ki (khéng @n phai lién tuc).
Gia st :inf{¢(x) +§(y)/d(x,y) =a,0x,y0X} =@) > 0,0a> O(**). Lac do, mdi day
{Xn} trong X ma¢(x,) - O thi x, - uX.

Ching mirh : bat A ={x OX/ ¢X) <¢(x )} . Ta co A, z0 vi x,0X va
d(x) < d(x,), véi moi n, va Wi moi ho hiru han c6 giao khac éng. Ta cling minhdudng

kinh (A ) caa A, dan t6i 0.

Cho toéc €>0, do ¢(X,) — O nén clon N du I6n dé ¢(x,) s%p(e) vGi moi N> N.
Lac d6: Voi moi n = N va Wi moi x, y thupe vé A, taco:

(x) S 9(x,) .0 S (x,), nén: d(x)+d(y) <20(x,) <H(E) = d(x,y)<e. Vi

vay 8(A,) - 0. Vi 3(A ) =3A ) - 0.. Theo nguyén ly Cantordwday hinh &u déng c6

duong kinh ttt din, ta c( ) A, ={u} , u duy nfit. Do x, DA | véi mdi n, nénx, — u.

nON
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Véi bat ky day{y,} thoa mand(y,) - 0, ta co:¢(x,) +d(y,) — 0.Theo gi thiét (**) ta
co: d(x,,y,) - O.
binh ly sau 1a rat hé qua hién nhién:
1.2.5.Pinh ly 5: Cho (X,d) la 1 khoéng gian metridy di va F : X— X |a lién uc. Gia s
ring ham 8 ¢(x) =d(x,F(x)) c6 tinh clat(**) trong dinh ly 4(2.4) vaixrmlf(d(x, F(x))= 0.

Thi F ¢6 duy nht diém bit dong .
CHUONG 2: MOT SO BAI TOAN M O RONG

m Bai toanl: Cho (X,d) la khéng gian metriiy du va F : X— X 14 anh x thca man
FN: X — X la anh x co (Wi N 1a 1 $ tu nhién naaid, F khong én lién 1ic). Chrng minh
ring F c6 duy nfit diém bat dong u va day {Fx} hoi tu vé u véi x OX .

Chang minh :

* Do X ddy da va P : X — X 1& anh x co nén F cé diém bit dong duy nlat u, tic 1a
F" (u)=uO X.

T FY(u) =u= F(F' (u))= F(u)= F (F(u)F F(u

= F(u) ladiém kit dong aia P.

Do tinh duy nht vé diém bt dong ddi véi mot &nh xa co nén F(u) = u (*) hay diém bt
dong aia F.

*Day Fx —» u:

Dit g(x)= FY (x). Do F* cé diém bit dong u nén §(x) — u(n - «).Véi moi xO X, ta

chang minh day B (x) hoi tu vé u.
Pat: x, = F*(x),v6i k=0,n-1
Do: ngn(x) =Uu nénta cé:l[‘img”(xk) =u, ngha la:
Oe>0,0M, L /On>M, =>d[g"(x,),ul<e
Chon M = ma{ M,k =0,n=7 , thi On > M = d[g" (x, ), u] <& (*).

Chon: A = N(M+1) O .Ta viét: n = p.N + k , k < N. La@6: Véi moi n > A ta co: p.N +k
> NM+1)=>p.N+k>NM+N= (p-M)N>N-k>0. Suyra: p> M.

Ta co: F' (x) = PN (x)= PN[F (x)]= PPN (%, )= g°(X,).
Tur két qua p > M va ap dng (*) ta c6:d[g’ (X, ),u]<e = d[F" (x),u]<e.
Tuc déy{ F" (x)} hoi tu vé u.
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m Bai to4dn2: Cho (X,d) la khdng gian metritiy di va F, : X — X la day cac ham lién
tuc. Gia St rang mdi F, codiém bat dong x,.
(a) Cho F— F déu trén X. Cling minh :
i) Néu X, — X hay réu F(x,) — Xo thi X thi X1a diém bit dong aia F.
i) Néu F 1a &nh x co thi x, hoi tu dén diém bat dong duy nlat caa F.
(b) Cho F— F theo tng diém, véi mdi F, la anh x Lipschitz vaL(F,) < M <+, Véi
moi n.
Hay cleng minh :
i) F 1& &nh x Lipschitz Wi L(F) < M.
i) Néu X, — Xo thi % l& diém bt dong ddi voi F.
iii) Néu M < 1 thi {x,} hoi tu dén diém bit dong duy nfit cua F.

Loi giai :
Cau (a)

e Khi X,—Xo:
). Tacod d(F¥Xo) < d(Fxo,Xn) + d(%,Xo)
= d(5EXn) + d(¥%,Xo) (do F, codiém bit dong X, )

< d(FXn,FXa) + d(Fx,FX) + d(%,X0)

Do F,"F nén F ligngc = De>0:>§> 0,0N, /Onz N, thi d(Fx, ,Fx, )<§ .
DoF,"Fnéen[N,/Onz N, :d(F.x_,Fx )<%.

Do X, - X,= [N,/On= N3:d(xn,x0)<§.

Chon N = max{N;,N2,Nz}. Lac d6, On= N= d(Fx,,%, )<& hay % la diém bit dong
cua F.
e KhiF(x,) — Xo:
Taco d(F,Xx,,X,)< d(F, X, ,Fx ¥ d(Fx, ,%

Oe>0,0N, :0n= N,= d(F x. ,Fx )<§ (doF,"F)

[e>0,0N, :0On= N, = d(Fx, ,>§))<§ (doF(x,) - X,)

Chon N = max{N;,N,}. Luc do6 :

[e>0,0n= N tacé :d(F, X, ,X,)<€ hayd(x,,X,)<E.
Theo cltng minh trén thi xla diém bit dong aia F.

i) Ta co :d(x,,X,)=d[F, (X,), F(x,)]
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< d[F, (x,), F(x,)1+ d[F(x,), F(X, )]
<d[F, (x,), F(x,)]I+ ad(x,,X,)
= (1= a)d(x,, %)< d[F, (x,), F(x,)]
DoF ~“F=0Oe>00N/On= N:dF (% ),F(x )ke (ta (0<a<1l).
=d(X,,X,)SE=> X, - X,.
Céau (b) :
i) F 1& &nh x Lipschitz Wi L(F) <M
Ta c6 :d[F(x), F(y)]l= d[F(x), E (x)]+ d[F, (x),E (y)it d[E §), F(x)]
Do F, la anh x Lipschitz, nén :
d[F(x), F(y)]= d[F(x),F (x)+ Md(x,y)*+ d[E (y),F(]
Lai do F, hoi tu diém dén F, nén chudn qua gi han hai \é taduoc :
d[F(x), F(y)l= Md(x,y)
hay f la anh x Lipschitz.

il)Néu x, — Xo thi x, la diém bat dong aia F
Ta c6 :d[FX,, X,] < d[FX,, F,X,]+ d[F. x,, F.x, ]+ d[F X, X,
=d[Fx,,F X, ]+ d[F.X,, F X, ]+ d(X,,X,)
Do F, la &nh x Lipschitz = F, 1a ham 8§ lién tuc.
\ay khi X, — Xg thi Fx, — FXo.

Do F, hoi tu vé F theo trng diém nén Fxq — Fx.

Chuyén qua gbi han hai \é, taduoc Fx, = X hay % la diém bit dong aia F
iii) Néu M < 1 thi % — Xo va % la diém bit dong duy niit cia &nh x F :
Cho x, ladiém bit dong aia F, va x, la diém bit dong dia F.Ta co:

d(x,,%y) = d(F, (X,), F(x))= d(F (%, ), E () d(F (%), FO8),
< Md(X,,X,) + d(F, (X0), F(%,))-

1
1-M
m Bai toan3 : Cho (X,d) 1a 1 khéng gian metrddy du va {a} 1a 1 day $ khéng am, co
Cho F : X— X la anh x thoa man :

Suy rad(x,,x,)< d(F (%), F(x,))- Tt do x,, —» X, do F, hoi tu diém v& Fva M <1,

iaﬂ<+oo
d(F'(x),F'(y)) < ad(x,y), Ox,yOX. Hay ching minh F c6 duy rdt diém bt dong va

F"(z) - u,z0 X (Weissinger — 1952)
Chang minh :

Tu Z”:an<+°°. Do chii 35 hoi tu nén $ hang tng quata, - 0.Vi vay véi nz N, ta c6

O<a, <1 NO
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Ta c6: 0< a, < 1Do d(F" (x),F' (y))< g, d(x,y)=> F 1a anh % co nénF"c6 duy nlit
diém bit dong u, hayF u= u.

Tr FY(u)=u= F(F uE Fu> B (Fuy F(thay F(u) Iadiém bit dong aia F.Do
tinh duy nlat caa diém bit dong dbi v6i &nh »a co F'nén ta c6 F(u) = u hay u tém bit
dong aia F.

« Tinh duy nft : Gia st F codiém bt dong u,v \6i u # v.
Ta c6 d(u,v)=d(F(u),F(v)E d(F (F(u),F (F(v)§ @ d(&),F(v))=a, d(u,v<
d(u,v) :vo ly. Vay u = v.

e F'(z) —» u, Wi z L X : Do ching minh trénF" & 4nh x co.Sr dung két qua caa bai

toan 1 ta Et luan duoc day $é: {F” (z)} hoi tu vé& u voi zOX .

m Bai toan4: Cho (X,d) 1a mt khéng gian metriday da va F : X— X |a anh x thaa
man : \6i moi tap dong bt ki A OX vai (A) #0 (d(A) laduong kinh @a ép A) ta co
S(F(A)) <ad(A) vsi 0<a <1. Ching minh F c6 duy rét diém bit dong. (H.Amann)

Chrng mirh: Vi moi x, y thupc X ma x# Yy,

Tadat A ={x,y} = 8(A) =d(x,y).Ta c6 F(A)={F(x),F(y} -Suy ra:3(F(A)) = d(F(x), F(y))-

Theo gi thiét: d(F(x),F(y))=5 (F(A))< ad (A)=ad(x,y).Khi x = y ta ding c6 Kt qua
nay.Vay F la anh x co.

Theo nguyén ly &nhaxco aia Banach, F cé duy ahdiém bat dong.

m Bai toan5: Cho (Y,d) la khéng gian metritiy da va B = B( y,r ) = {y/d(y,yo) < 1} 1a
qua cau Mg tam y, ban kinh r. Cho F : BY 1a &nh x co Wi hang $ coa < 1. Néu d(F(y.
)Yo) < (1-er, thi F codiém bit dong .

Ching minh:

Chon O<e <r sao chaj(F( Yo) ,yo) <(l-a k< (-a)r

thi K={y/d(y,y,)<¢€} laqu caudéng chiatrong B .

Vé6i moi YLK ,ta co:

Lacdd : d(F(y).¥,) < d{ F(y).F(% ) + d F(y ).y)
<ad(y, o) + d( F(¥%):¥%)
<ad(y,y,)+ 1-ak
<ae+(l-a)e=¢

= F(K) OK . Suyra: Fla anhadir K vao K
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Do X day du, K OX va Kdéng= K la khéng gianddy da va do F : K— K , 1a anh %
co = F c6 duy nht diém bit dong trén K.

NHin xét &ing : F : B— Y 1a anh x co, Wi Y la khéng gian metridiy du. Néu F tha
man :d(F(Y,),Y,)< (@—a)rvasi B(y,,r) DY thi F codiém bt dong @nh aia qui cu di
chuyén khéng xa tamiea no)

m Bai todn6 : Cho E |a khéng gian Banach va F+—EE la toani tuyén tinh thé man :
(1-F)" la tn tai

a) Cho G : E—~ E la anh x Lipschitz wi ||(1- F)™*||.L(G)< 1 véi L(G) la hing $
Lipschitz dia G. Chirng minh anh x : X — F(X) + G(x),xO E, c6 duy nlt diém bt dong.
b) ChoA,rla 2 $ duong, A <1 vadat K = K(0,r) la qu cau déng tam O, ban kinh r. &i

st G : K— E la mbt anh x Lipschitz tha mén|| G(O)ﬁ%l. Chirng minh &ng : réu

(- F)" [|.L(G)<A
thi &nh x X = F(X) + G(x),x0 K, ¢6 duy nt diém bit dong.
Loi giai :
a) XétanhxH: E - E xacdinh bsi: H= (1 —F) ™ o Gthi H lién wc.
Lac do:0x,y O E ta co: [H(x) ~H(y)| =[(1 -F) e G(x) - (1 - F) "o G(y)|=
|0 -F) G0 - Gy <[ (- B | 6(x)- Gy <[ =F)|-L(G)x~y]-
Do gia thiét: a :H(I —F)‘1H.L(G),Osa <1,nén H la anh xco tr E vao E. Theo nguyén ly
anh x co aia Banach thi H cdiém bit dong duy nfit x ,,tirc 1a: H(x,) = X,.
Tu: H(X,) =X, = (1 =F) o G(X,) = X, = G(X,) = I(X,) = F(X,)-
= (G + F)(x,)= X, hay anh x x - F(x)+ G(X)tir E vao E c6 duy ri diém bit dong
b)Pat H=(l —F)™ o G.Ta ching minh &ing ham Hi K vao E 1a &nh xco.
That vay: Véi moi x, y thudc K.
Ta co:|H(x) - H(y)|= (| =F) ™= G(x)~ (1= F) ™= G(y)|
= |0-PJex)- Gyl (- P .LG)| x= ¥ <A[x-y|. Do 0<A<1, nén H la
anh » co. Theo nguyén ly &nhaxco aia Banach, thi ham H c6 duy dthtiém bit dong
X o, ticC la H(x,) = Xy . TU H(x,)= Xo) ta suy ra:
(1 =F)™.G(%,) = X, = G(X,)= X, — F(X,)
Hay: (F+ G)(X,)= X,hay ham¢ : x — F(X)+ G(x)co diém bit dong duy nfit.
Ta lai ching minh ham H la anhaxtir K vao K. Vi moi x OK(O, r)ta co:|x||<r.
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Ta ching minh|H(x)|<r.That vay:

Ta c6:||H(x)| =||H(x) = H(0) + H(0)| < | H(x) - H(0)| +| H(O}

=|0-F*6e) - (1-F)*6)+| H©) < | -F)*|lc(x) - G(0) +| (- Fy* (0}
<|0 =P L)X +|a-Flc©) <xr+|0-F)*|lc o)
i} 1-A
SAr+H|(1-F) Y o——rr=Ar+ (1-A)r=r
Suy ra]| H(X) |E 1, tic H:K(0O,r) — K(0,r) va H la anh x co nén H c6 duy rit diém
bat dong trén K(O, r).
m Bai todn7: Mot khdng gian metric (X,d) la — xich éu vsi mdi cap X,y X cé mbt s
hitu han diém X = %,X3,Xp,...,%, = y sao chod(x;, X, )<¢€,0i:0< i< n. Cho (X,d) laday
dava F : X— X la mit &nh x. Gia sir ring c6 ndt sd € > 0 va ndt sd k : 0< k < 1 sao cho
d(F(x),F(y))< k.d(x,y moi khi d(x,y) <e.
Chirng minh &ing réu (X,d) las — xich thi F c6 duy rith diém bit dong (M.Edelstein).
Loi giai :
Chon x,0X = F(x,) OX (Do F la &nh x tir X vao X).Do X lag—xich nén &n tai p
00 ,t0n tai X;, X5, ..., X, 0 X.
Suy ra:d(X,, %) <€;d(X;,X,)<€;...,d(X, 1, X, K€, F(X,) =X,
Ta co:d(F(%,), P (%)< d(FOg ), FOx ¥ d(F(X ), FOs ) % @F(x, ), F(F(X))
< K[d(X,, X,) +d(X,,X,)+ ..+ d(xﬂ, Fx, -

= d(F (%),F (%)< d(F 04).F 0y d(F (x).F (x )5 .+ @(x, ). F(F(X)
< KA(F(X,), F(x )+ d(F(x ), FO ) .+ d(FOx; ), F(B(9)]

< k2[d(X,,X,) +d(X, X, )+ ..t d(X, 1, F(%)).-
Tiép tuc qua trinh nay,ta co:
d(F" (%), F"™ (%, )< K'[d(%y, %)+ d0g, %, 1+ - d(% ;. FOp ).
Do O<k<Z1nén k" - O,khi n din v vd cung.Suy ra déy{ F" (X)} la mot day
Cauchy.Khéng gian X |&ay du nén dn tai u OX sao cho:Li[r(lF”(x) =u.

Do F 1a ham liémic,nén ta cdim F(F" (x)) = lim F™(x) = F(lim(F"x)) = F(u)

Do déy{ F”*lx} la day con 6a déy{ F”x} nén ta c6 F(u) = u hay u &ém bit dong aia F.
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Tinh duy nit:
Cho uOX;vOX & haidiém bit dong cla F.Ta amg minh u = v.Chn pd0 dé u
= X1 Xps Xgy s X =V, A(Xg, %) <E;A(X, X, )< E,..., (X, X, ) €. Nhu d& ching minhg

trén, ta co:d(F' (x,),F' (%)) - Ckhin - o
Ma F'(X,)=F'(u)=u= F (X )- un - o).
Tuong tr: d(F" (x,),F' (%,))-» C.MaF'(x,) > u= F'(X,) > ukhin - o

Tiép tuc nhr vay ta ¢ Kt qua F'(x,) - u.Vivayu=v
CHUONG 3: CAC AP DUNG

3.1. Mét sb két qua ly thuyét :
3.2 Anh xa khéng dan trén khong gian Hilbert :

Nguyén ly &nh xco aia Banach xaywhg trén ndt khéng gian metriday du bat ki. Néu
cho trgc khéng gian it cau tricday du, gia thiét vé tinh co rat éa anh x c6 thé thay th
bai tinh khéng dén, thhién, tinh duy rdt caa diém bat dong co tié khdng con Bo toan.

Ménh @& Cho H 1a nét khéng gian Hilbert thc va u,vO H. Néu cho nét s X OH sao

cho||x—ulk R,|[*x v4 Fva||x—i2v|,12 rthi|jlu-vig 2/ R- f.
Ching minh :Ta co :
[(x=u)= (x=V)I[f+ [|0c uy e VIE 2llx v [x
=|lu-vif= 2 ufi+ [x VIH Ix &) & Vvf

u+v
=20l x-ulf+ I vilt Allx——

(4pudg ding thic hinh binh hanh)
=||u- v[fs 4R - 4f= 4(R- ¢t

=||u-v|i< 2/ R- f (dpcm)

Ap dung ménh dé trén ta nghiénieu &nh x khéng dan trén caép bi chin.
3.3 Anhxa khéng dan trén qua chu dong trong khéng gian Hilbert :

Bo dé : Cho H la khéng gian Hilbert vl ={x OH/|| x|k ¢} la qui ciu d6ng trong H. Ta
dinh ngha anh x r : H— C xacdinh hoi
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s

r(x)= X|zc

e
I
thir: H— C la anh x khéong dan.
Chirng minh :Ta khing dinh réu u,v# 0 thi
(u=r(u),r(v)-ru)< Cc (1)
*Néu [|uk cthir(u) = u, thi (1) 1a Bn nhién.

N0l (0 1) )= v 6. o o
—Néu [|V[E ¢ thi:r(v) =v. LGcd6 (2) tw thanh :

(u=r@),r(v)=r@u)=(u,v-cllult %+ A

:<”'V>( ||C|J cliul }Tcua
fo g
Ta c6 it déng thic Co Si — Svac [ H u,v>Hs||u||.||v
= (u,v)<(u, v <[ull.]lv]]

= (uv)=cllul llull.lAl cli=ll Tull(tv]

Doc||vis||VIF & 1va”—C”<1:(2) 0.

. Y
—Neu || v|E ¢ thi:r(v) :le. Lic d6 (2) ty thanh :
Vv

Y RS A
<“'r(“)’r(v)'r(“)>‘<“ Tl v ||u>

:C|<|ltﬁ>(l_ ||CuJ_°””'( }ﬁ]
:(1' T |J(C<|l|J§V|>| ~eli 'ﬂ

u,v)<u,v<|lu cfu, V> c||u||.||v|J__ clt
(uvp=luvf=liull-fhap = <= e B2 el
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:%—clluﬁg > (3k &> (2%

Két luan : (u-r(u),r(v)-r(u)< 0Ju,\J Fvauz 0, v#O0.
Dé chirng minh & qua, ta viét
X=y=r(x)=r(y) +x—r(x) -y +r(y)
=r(x)-r(y)+a;vwia=x-r(x)-y+r(y)
=|Ix=ylf=lr(x)- ry) A+ N1k @2 ar(x) rl
bé y ring : (&, r(x)= r(y)) ={x=r(x)+ r(y)- y,r(x)- r(y)
=(x =r(x),r() = r(y)) +{r(y) = y,r(x) = r(y))
=={x=r(x),r(y) = r(x)) =(y = r(y), r(x) = r(y)) ,(4)
Do
{{x —r(x),r(y) = r(x)) < oj )20,
(y=r(y),r(x)-r(y)) <0
Vivay : |[x=ylfz[Ir(x)}- r(y)f hay [[r(x)=r(y) £ |l yH r : &nh x khong dan

(dpcm).
Dinh ly (Tinh khdng tugn tinhddi véi &nh » khéng dan).

Cho H la khéng gian Hilbert va C lauoiu dong trong H C={x OH/|| x |E ¢}). Luc
d6 mdi anh x khong dan F : G- H c0 it ntt mot trong hai tinh chit sau :

a) F catiém bt dong.

b) Co6x0dC vaAld(0,1) sao chox = AF(X).

Chrng minh :
a) Theo b dé trong 3.3, thi anhaxr : H— C |a ndt &nh x khéng dan. Ta cd : roF : & C
thi roF c6 ndt diém bat dong x = roF(x) wi XxOC. Néu F(X)OC thi roF(x) = F(x)

= X =ToF(X) = F(X) hay F cadiém bit dong x.

b) Néu F(x)OC, thi : x = reF(x)=c: F() = ||xH rhayxO&C.
[IFOOI
Pat A =—— = x = AF(x)
[IFOO
_cC
Do F(X)OC=||F(X) B c=>A = T F(x)||< (dpcm)

He qua : Cho C={x OH/||x|E I} va F : C— H la anh x khong dan. Gi s ring
Ox O8C, mot trong $ cacdiéu kién sau théd man :

a) |[FGLE (X1
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b) [[FCE IIx = FX)|

o) [IF() [f= [Ixfi+ 1% F(x)]

d) (x,Fx) <|| x [t

e) F(x) = —F(—x)
thi F c6 ndt diém bit dong.

Chrng minh :

a) Gh st F khéng co6 diém bit dong = [(XOSC,x=AF(x)A0 (0,1. Thé
[|X|EA ||F(X)|vaoa)taco: ||F(X)[EA ||F(X)H>A> :vdly

Vi vay F codiém bt dong.

b) Gi st F khéng catiém bit dong nao—=> (X 08C,x =AF(x)A 0 (0,1.

T b) suy ra | F(x) [ [N F(x} FOO)H @A ) [ F(X]

=1<1-A :volyviAl(0,1).

c) Tuong tu:
Gia sir F khdng caiiém bit dong nao= (X 1dC,x=AF(x)\ O (0,1.

Tirc) ta c6 | F(x) [f< A [IFOOfl+ @A 9 || F(xY

=1<AN+(1-AP<A+1-A=1voly

d)Tuong tr:
Gia st F khong catiém bat dong nao=> [x 08C,x=AF(x),A O (0,1.

Theo d) ta co :

(AF(),FO) <A [IF) file N [IFOOTEA® || F(xY

= ASA*<A:voly

e) Tathdy x OC thi —xOC,00 C. Vay C Ia #ip déi xung qua gc O.

Ox O8C, thi : ||x|| = r = |||

F:C—» C=FX)OC=|FX)<|¥=|-Fex)=|Fx)<| o 2xadU

Theo Kt qua & cau a)= F codiém bat dong.
3.4. Nghém cia phwong trinh vi phan va phwong trinh tich phan :

m.Bai to4dnl: Phrong trinh tich phén Volterra 402

ChoK:[0,T]x[0,T]xR - R la ham liéndc va tha mandiéu kién Lipschitzddi vai bién
thr 3 : |K(t,s,x) — K(t,s,y)k L|x — y|, L 1a ing $ Lipschitz, O(s, )0 [0, T]x [0, T],0x, yOR .

t
Ldc d6 : wsi moi vO[O,T] phuong trinh u(t):v(t)+jK(t,s,u(s) ds,fl [0,T] & c6
0

nghiém duy nkit uJ[0, T].
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Ngoai ra, éu tadinh ngha day ham {4 bang quy p véi gia tri dau u, 0[0,T] :

t

u,.,(t) = v(t)+ jK(t,s,un (s) d: thi d&y ham {i} hoi tu déu trén[0, T] téi nghiém duy ntat
0

u.

Loi giai : Goi E la khéng gian Banachia npi ham lién tic trén [0,T], c6 gia irthuc, co
chuan |g =max e" | g(t) trén E.Chén nay trong duong wi chuén sup|x|| tir:
1o,

e <|x <]

Xacdinh anh x F : E— E cho i :
Flg(t)] = F(g)(t)= v(t)+ jK(t,s,g(s) d:

Ta chi cin ching minh F la &nhxco. THit vay :
|F(g) — F(h)| q&l&)}(é“ | Fo(t- Fh(i)

t

=maxe™" ﬂK(t,s,g(s} K(t,s,h(})

t[0,T]

t]0,T]

< maxe'“tﬂ K(t,s,g(s)y K(t,s,h(p) ds

<maxe" .Ltﬂ g(s)y h(9)ds

t]0,T]

t
— Lt s zLs
=Lmaxe Ojé &°| g(sy h(k)ds

<Lmaxe™ jés .maxe®| g(s) h(s)c

t0,T] to,T]

t t
—_ Lt S _ — _ Lt S .
=Lmaxe Jé lg~hlds = Lig — haxe ;)jé d

{70, T]
_ Loy Y <Lt t Lt
=Llg - jaxe f( & ).-|g—h[g[1%>]<e (é ). .
<(1-e“)Jg-h]
Dol-€e" <1nén anhxF : E— E 1 anh x co. VAy theo nguyén Iy ia Banach & anh
Xa co suy ra F c6 duy @hdiém bit dong uJ[0, T].

Theo nguyén ly anhaxco aia Banach, ta cé dé{y:”x} , VGi hoi tu vé u
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3.5. Ngh#ém ciia hé phwong trinh tuy én tinh :
3.5.1. Xét twdng hpp hé vo han cac phrong trinh tuyén tinh

m Bai toan1 : Xét k¢ vd han cac plrong trinh tuyn tinh :
(Mx; =D a;x +h,i=12,..;a ,pbOR
j=1

Gia s rang mbt trong nheng diéu kién sauday tha méan :
a)béi voi hang $ 0<a<1vapB>0,tacod:

Say|<alb|<B voii=12..
=1
b)Ddi véisdp >0, taco:
o [ o P p-1 ®
5 Slaks | <13
ERE] i=1
c) Ki hiéu: G=sup{|glj=1,2,...}, taco :ici <1,i| b| < o0
i=1 i=1

Chang minh &ng : Hé (*) cé duy nkit nghém trong khéng gian,ubng tng m (khdng

gian dia cac day&bi chin voi chuin sup): ¢° va ¢*
Loi giai :
a) Trong khong gian m tdinh nghia chuin sup.

V6i moi X = (X;, X, Xgye0, X 50 I 1T
batf(x) =D a,x, +b .Y &, x+ b ,.D ax+ b,..
= = =1
Ta phii chirng minh &ng: V&i moi x thudc m,thi f(x) thic m.

That vay: Ui 0 ta co: iaﬁxj +h
=1

<3|a x|+ b- DoXOM= D00, thi: |x,[<[x].
=1

Suy ra iaﬁxj +b
j=1

IEREEE YR EERS

= <[¥o+BOiI00 = f(x)Om.

Zajwb

Ox =(x;)Om;Ox'= (x YO m, ta co:

(iaij(xj —x'j),...,i{;} (>J<— )ﬁ') .

—ry

[fo0 -t0)]=
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<3allx- x| Tallx-xlslx-xIX[al<]x- xlo

<a.[x -x'.

0i 00

228 06 = ] ){
=

=|

Suy ra f la &nhaxco.Theo nguyén ly anhaxco aia Banach thi f cdiém bt dong duy
nhat. Vay hé pheong trinhda cho c6 duy ndt nghiém.

b— Khong gian/® Ia khéng gian veotcéac day & (£,) sao choY |€,|" <e. Trong ¢° ta
n=1

ol

dinh ngha chun ||x|| :(ilﬁnl"} , VOI X =(£n)D£P thi /P la khdng gian Banach.( Xet
n=1

[2] phan tai liéu tham kiao)
Cho bit ky x = (X;, X,,....) 0P,

bat f(x)= (ialjxj +h i a;%x+ b i ax+ b,.

Ta phi chaeng minh: Ox O/ thi f(x) O¢°

\&i moi x = (x,)0/*,
Ta dat: f(x)= (ialjxj + q,i a x+h i axt b j Ta phi chirng minh f(x)J¢".
j=1 =1 =
That vay:

>[>ax +h

i=1 | j=1

<5 Sla o+l =3[ Slex|+Ial|=3 e[Sl o

<3 [l +[b[]=I4el « 3 pl< e

Ay feoO st
Voi moi X =(x,) 0/, x'=(x, )O/*.Ta co:

(ialxx,- XYy (5= X)X 8 (6 X >]H

5%

Vi moii 00, Zau(x] 4){<Z‘¢}HX-X‘<C % -x{=¢|x=x].

f09-1601]
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Suyra: [f(x) =f(x)] <D c [x =x| =[x =x> ¢,
i=1 i=1

Neu ici <1, thi f 1a anh 1 co.Khéng gian/*1a khéng gian Banach, nén f c6 duyahh

i=1
diém bt dong . Suy ra ptiong trinhda cho c6 ngléim duy nfat.
3.5.2 Xét trong hpp hé hizu hgn cac pheong trinh tuyén tinh:

m Xeét k¢ hitu han cac plrong trinh x. =Zn:81,- X +h -i=1 n(*).
=

Trong d6: &;,j 1a nhing hing $ thuc, >’ aﬂ< 1,i=1,n. Chtng minh & d& cho(*) c6

=1
nghiém duy nhat.
Loi giai :
OX =(Xy, X5, X5, ..., X,) JR".Tadinh nghia chuin trénl] " 1a chuin xacdinh nhr sau:
Ox,x'00 ", d(x,x)=| x= x| = max x= x|, thi 0" 1 khong gian metridiay du vi
<I<n

[ 1a khéng gian metriday du.

bat: f(x) :(jZ;:aljxj+ Q,JZ;: a x+ b ;nl A x+ ,pj
Tuong tr nhu bai toan trén, ta gihchang minh f(x)J0 ". Thuc vay:
é% +h Sé\é} X[+l

Do x =(x,) 00 "= 0i 00, |x,| <.

Véi moi i U0, ta co:

Tacs: |33 +b|= X[a| x|+ b= a [l +/ol< 4[] +| o= IX] +|n]T0
= = = j=1

Suy ra: f(x)J0".
Ox =(x,)OR",x'=(x;)OR" ta co:

() =f (x| = (iau(xj-xj )8, (5% e & (X X ﬂ‘ -

Oiao,

gaﬁ (% =% ){

<3al [~ xt=Slalle xlsle xd3al=3 gll - %
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Néu : Zn“‘aﬁ‘ <1, i =1,n, thi f1a &nh % co trén[] ".Do khong giarl] "1a khéng giantdy du
=

Vv6i chudn néu trén, nén theo nguyén ly anhco aia Banach ham f cé duy #thdiém bat
dong trén khéng giafl ". Nhu vay hé d& cho (*) cé nglim duy nfit .

3.6. Mét sb dang phwong trinh va bai toan khac :

3.7. Anh xa khéng dan trén khong gian Banach :

e Bai toanl( Trang 77 ga [10]).

Mot khong gian Banachogla 10i déu néu cé mot toan anhdon diéu ting e , ¢:[0,2] - [0,

lién e ti 0, Wi ¢(0)=04(2)=1 sao cho :|x|<1|y|<1 va |x-y||z¢, thi

X+y

<1-¢(¢)

Chon:[0,4] - [0,d la ham ngoc aia¢
a) Cho E 1adi déu va u,v 1a hai phanirtcua E . Gi sir raing c6 ndt x thudc vé& E i

[x-u|<RJx- < Rjfx-22Y

Ju-vi<Ra) B2

b) Cho E |a khéng gian Banadi Béu va C O E 1a 1 #ip 16i, déng, b chan. Chirng minh
ring mbi anh x khéng dan Fit C vao C c6 ot diém bit dong ( Brower [1965] , Ghde
[1965] , Kirk [1965] ).

c) Cho C la rét tap 16i, dong, trén khéng gian Banaabi Héu E .Hay clira fing wi mdi

X— > r> C.Ching minh :

Xo thudc V& E, ¢6 duy nhit diém u thube C, Wi ||x, —ul|= |dr]1(l§ [, .
Lol giai :

<1

a) Tu {”x -u|<R R

[x-v|<R x=vl_,

Pat X = XF_QU’Y = X;{" thi X,Y OE va|X|<1]Y|<1

et eyt X

'R R | R

Do E la khéng gian Banachi kiéu, nén ta c6 :

HX+Y _[(x=u) +(x=v)| _[[2x=(u+ V)| _[x _u+v
2 || 2R | | 2R R 2R
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u+v
2

=%Hx— <1-4(¢)

Do x -4 Y>>0 nénl-¢(g)= hayésl—d)(e)sl.

I
R

Trdor<R va¢(e)sl—L=E<1.
R R

Ap dung bit dang thrc hinh binh hanh, ta c6 :
2
Ju=" = 2] x- v + 2| x- qf—zﬂ UV < o4 oR- ai= fR- )
= u-v|< 2R - P. Viét rz(l_%JR

—
Q
(@)
=
>
(@]
=}
>
0
Q_
|
—_
VR
N
|
Pu)
|
—
N——
IN
[y
—~
(BN
~—

R

Dit t:% thi 0< t<1.

(2) = t(2-1)-1> 0o E£-2t+ k& 0= (+ Y'< (volydoO<t<1.

Vay R'r[z— R_rjgl-
R R

Tirdo : lu-v< ZR\/E( 2-R- r} < 2R
R R

R-r

hay [u—-V|< Rn| —|.
v Ju-vls o[ B2
b) C la #p 16i khac Bng = [X,JC. Pit C’' = C — % va C’ 1a #ip 16i, bi chin va chira 0.

Vi vay, khéng gim tong quét ta co thgia s ring 00 C. Véi mdi sb tu nhién n> 2, tadit

F =(1—1) F. Ta chrng minh F, 1a anh x tir C vao C.
n
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That vay, cho X,yOC= F(x),F(y)J C. Do C la bi nén aF(x)+ (1-a)F(y)dC
a(0,1).

Ta phii ching minh:a(l—l) F(xX)+ (1-a )[ ij F(y)d C.That vay:
Taco :a(1—lj F(x)+ (1-a )( 1) F(y)
= aF()+ (1= )F(y)-H[a FOO+ (- )F(]

bit: aF(x)+ (1-a)F(y)= z= 241 C= z—% z:( 1—%) 71 (do C bi va chra 0.

Vay Fnz(l—ljF la anh x tr C vao C. Do F la anhaxkhéng dan c6 & s
n
0(0,1) = Os(l—lja < 1= Fla &nh x co ir C vao C, r> 2. Theo nguyén ly anhax
n
co aia Banach, fc6 duy nlét diém bit dong X, OC:F,(x,) = X
. 1 1
Ta coF, (x,) :(1——) A x,) = xn:(l——] A %)
n n

véi 8(C) ladudng kinh @a tip 16i C. Ta chimg minh F caliém bét dong.

n*

=X, ~F(x,) = F(x,) ¢
Véin> 2,4t Q, ={xm C/jx- Foof< 25 c)}.

Do(*) =Q,#0,0n=22vaQ, 0Q,0...va{Q,} la ddy giam cac &p dong khac éng.

N < N X+ o(C 1
bé y rang reu x,ydQ. ., thi a= 2y’”a_ F(a)< %/ g(();[ (2)_

8n n

_X+y < s Xty
:a—TD Q,. Do {Qn} la day gam = X,y Q, tthDQn.

pat d, =inf{||x|,x0Q,} . Do {Q.} 14 d&y gim nén {d} Ia day ting c4c & thuc, b chin
trén i 8(C) nénlimd, =dOR

n - o

Lai dat A, =Q, . N B(O,d+1) thi A, la tip dong. Ta cling minh A #®, On=>2
f n

Chox [ B(o,d+1) thi ||| < d+ 1.
n n
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Dodinh nghia dia d, thi [x||2d . =x0Q,,
Vay A # @ .Ta tinhduong kinh @ia A,,.

Néu x.y A, =[x sd+ Lo B ”y”l <1
N d+= d+=
n n
Néu || X _)1/ > ¢ =>do E la khdng gian Banachi ldéu nén :
d+=
n
(X+y1)= ”(erﬂjS1—¢(8):>ss||x_)1/"S1—¢(€)
2(d+= ||| 2 d+= d+=
n n n

(d+ js<”x yi<[1-o(e ](d %j ()

Lay gi6i han (2) khin - o, taduoc : ed<|x-y|<[1-d )] d
Do ¢(x) la hamdon di¢u ting ¢:[0,2] - [0, nén haml-¢(x) 1a hamdon di¢u giam
va tién din vé 0 (do §(2) =1). Vay A, la day cacdp dong coduong kinh dn vé 0 nén theo
nguyén ly Cantor&co x DﬁAn =x%,0Q,, = on— F(x, H _%.
n

n=2

H 0 hay % = F(x) (do % la diém bit dong aia anh x khéng dan F).

Vi vay Hx -F(x
c)bit inf ||x —c|| M . Gia st véi mdi X, OE, ton tai hai ptén tir u, v E sao cho :

%, —u =

=inf [, ~c| {on ~u|<[x,~d/.0caC
%o = V]| =M =inf [x , |

|, = V| <[, —¢|.0cOC

u+v . A .
X — >r>0,rla bt s duong naodo.

R-r

)Ia ham @a

Theo Kt qua cau a), thiju—v| < Rr]( = jv r](

Péyring Rcotk bing r. KhiR = r= r](O):r]oq)(O)::lE (0)= 0= u=\
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e BAi t04n2 : ChoK® =[x =[x }0C, /|| = sup| x| < } 14 qui ciu don i Go (Co I tip céc
didy $ c6 gibi han bing 0). Ching ©® ring ¢:K” - K” cho i
O (X X)) =(1,%,% ,..) 1& &nh x khong dan, nimng khong catiém bit dong (Beals).

Lai giai : Ki higu X = (X3, X,,-.) ,Y=( Y1, Ya--)

= 0(x)=(14.%,-) #(Y=(Ly % )

Tac6z=0¢(x ) O(y)=(0,% = ¥, % = Y,,..)

=2 =[o(x) - #(y)]|= sud x - y\ <1theo(gy

X=yY=(X, =Y, X~ Ys-.)

=[x -y =sup{x -y

= |6(x)=d(y)|<[x-y|=¢:K" - K~ 1a &nh x khong dan.

Gia st ¢ codiém bit dong x, TK™, X, =(x10x%)

d(%,) =X, = (1,x10,x€,..)=( x%,x%,..):xoj =1véi moi j.Nhu vay x,00C,: vo ly.

Nhu vay ham xacdinh nhr trén khdng cd@liém bt dong mic du né la anhaxkhéng dan.

KET LUAN

1) Luan vin da ke théng lai cAc mb rong da biét thuoc phin nguyén Iy 4nh xco aia
Banach (Chong 1)

2) ba ching minhdugc 7 bai toan m rong (Chrong 2).

3) DA cH ra nhéu &p ding aia nguyén ly anhaco va anh x khdng dan trén khéng
gian Banach (Gkong 3)



