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MG DAU

1. LY DO CHON DE TAI

Trong chuong trinh toan hoc pho thong, bat dang thic la loai toan
khé va rat khé. Dieu dac biét clia mot sé6 dang toan bat dang thic la
tuy kho nhung c6 thé duge gidi hoan toan bang phuong phap so cap,
khong vugt qua gidi han ctia toan hoc pho thong.

V6i mong mudn thuyc hién mot de tai thiét thuyc phuc vu cho viéc
giang day Toan ctia ban than ¢ nha truong pho thong toi da chon deé
tai "Noi suy vA min héa bat ding thic dai s6".

2. MUC DICH NGHIEN CUU

Hé thong va phat trien mot s6 phuong phap, ki thuat chiing minh
bat dang thiic.

Nghién citu mot s6 ki thuat noi suy bat dang thitc nham tao ra mot
s6 bat dang thiic méi tir cac bat dang thic da biét, thue chat la st
dung noi suy dé min héa bat dang thic da biét.

3. POI TUONG VA PHAM VI NGHIEN CUU

Nghién citu tir cac tai lieu, sach chuyén deé ciia GS. TSKH. Nguyén
Van Mau va cac sach chuyen dé vé bat dang thitc, cac bai bao Toan
hoc vé bat dang thitc, nham hé thong cac dang mau muc dé phat trién
mot sO phuong phap ching minh.

4. PHUONG PHAP NGHIEN CUU

Nghién citu sach gido khoa trung hoc pho thong, cac tai liu tham
khao danh cho gido vién, tap chi toan hoc tuoi tré va cac dé tai nghién
ctu khoa hoc c6 lién quan.

Suu tam, phan tich, tong hop tu licu va déi chiéu véi thue nghiem
st pham ¢ truong pho thong.
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5. Y NGHIA KHOA HOC VA THUC TIEN CUA DE TAI

Tao duge mot deé tai phit hgp cho viée giang day, boi dudng hoc sinh
gioi. Déng gop thiét thuc cho viee day va hoc bat dang thic trong
truong pho thong, dem lai niem dam meé sang tao tit nhing bai toan co
ban nhat.

6. CAU TRUC CUA LUAN VAN

Ngoai phan md dau va két luan, luan van gom c6 3 chuong:
Chuong 1. Mot sé bat dang thic co dién

Gidi thieu mot s6 phuong phap, ky thuat vé ting dung bat dang thiic
AM - GM, Cauchy - Schwarz trong giai toan bat dang thic.
Chuong 2. Cac bai toan ndi suy bat dang thic

Trinh bay phuong phap noi suy bat dang thitc bac hai trén mot doan,
noi suy bat dang thic trong 16p ham don diéu.
Chuong 3. Min héa mot sé bat dang thic dai sb

Nghién citu cdc phuong phap min hoa bat dang thic chita cac gia
tri trung binh, thtt tu sap xép cua day s6 sinh bdéi ham 161, 1om va st
dung tam thitc bac hai dé sang tac mot s6 bai toan vé bat dang thic
dai so.
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Chuong 1
MOT SO BAT PANG THUC CO DPIEN

1.1 BAat dang thic Cauchy - Schwarz

Dinh 1y 1.1 (Bat dang thic Cauchy - Schwarz). V6i moi bo s6
(a;), (b;),1=1,2,...,n, taluon c6 bat dang thiic sau:

(&) = (24) (£2)

Dau dang thiic xay ra khi (a;), (b;) 1a hai bo ti l¢.

1.1.1 Do gan déu va sip thd tu day cap diém

Dinh nghia 1.1.
i) Xét cdc cip s6 khong am x,y vdi tong khong doi (dé don gidn,
ta chon x +y =1). Ta goi hiéu

p(z,y) = max(r,y) — min(z, y),

la do lech cia cap so x,y hay la do gan déu cia cap s6 T, y.
i) Cap xy,y, dudc goi la gan déu hon (do léch nhé hon) cdp
T, Yo (hay cdp x9,Yys dudc goi la za déu hon cip T1,y:,) néu

p(x1,y1) < p(xs, ya).

Dinh ly 1.2. Xét cdc cap s6 khong am x;,y; (7 = 1,2) v6i tong
khong doi (dé don gian ta chon 2 +y = 1). Khi d6

T1Y1 = LYo

khi va chi khi cap x1, y; gan déu hon cap xa, yo.



Dinh nghia 1.2.
i) Xét cdc cap so duong x,y vdi tich khong doi (dé don gidn, ta
chon xy =a > 0). Ta goi hiéu
p(x,y):::Inax(x,y)-—:nnn(x,y),
la do léch cia cip so x,y hay la do gan déu cia cip so x, ).
i) Cap x1,y dugc goi la gan deu hon (do léch mho hon) cip
To, Yo (hay cdp X, Yo duge goi la za déu hon cdp xq,y;,) néu
p(x1, 1) < p(T2, Ya).
Dinh ly 1.3. Xét cac cap s6 duong z;,y; (j = 1,2) véi tich khong
doi (dé don gian ta chon xy = 1). Khi d6
T+ 1y < Tty
khi va chi khi cap 1, y; gan déu hon cap xa, ys.
Bai toan 1.1. Cho
B {@1 TGy Gy +az a9 + A2010 062010+CL1}
2 Y 2 ) Y 2 Y 2 Y

14 mot hoan vi ctia bo sb

A - {a/h Ao, - - 70’2010}-

Ching minh rang
a;p = Q2 = -+ = A2010-

1.1.2 Ky thuat tach va ghép bo sb

Thuc chat ky thuat nay cting chinh 1a cach sap thit tu va diéu chinh
bo s6 theo qua trinh gan déu hoac déu theo timg nhom. Dé hicu r6 hon
ve phuong phap nay ta xét mot bai toan sau:

Bai toan 1.4 (APMO 1991). Cho hai bo s6 duong (ay,), (b), Vk =
1,2,...,n, c6 chung tong:

n n
E ap = E bk-
k=1 k=1



Ching minh rang

Giai. St dung bat dang thic Cauchy - Schwarz, ta c6

n

2 2
n B n a n ai
(Zak) - (;—mwm) <D 2 lawth)

k=1 k=1

Tu do, suy ra

zn: a; > (Zzzlak)Q

1 n
) ap + bk o ZZ:1(ak +bk) N 2 -

ap.
1

Diéu can chtng minh.
Bai toan 1.5 (Japan MO 2004). Cho a,b,¢c > 0, a+b+c = 1.
Ching minh rang

1—|—a+1—|—b+1—|—c<2 b ¢ «a
l—a 1—-0 1—c¢c— '

a b c
Bai toan 1.6 (Romania MO 2004). Chiing minh rang, véi moi a, b, ¢ >
0, ta déu c6

a N b N c S 27

be(c+a)  cala+b) ablb+c¢) ~ 2(a+b+c)*
Bai toan 1.7 (MO USA). Cho cac s6 duong a, b, ¢ thod man dicu
kien abc = 1. Tim gia tri nhé nhat ctia bieu thic
1 N 1 N 1

a?b+c) V(c+a) Ala+b)

A:

) 1
Bai toan 1.8 (Iran MO 1998). Cho céac s0 x,y,z > 1 sao cho — +
x
1 1
— + — = 2. Chutng minh

(VR
vr+y+z>2ve—14+\/y—1+vz—-1.



Bai toan 1.9 (IMO 2005). Cho x, y, 2 1a cac s6 thuc duong thod man
dieu kien xyz > 1. Chiing minh rang.

25— o2 Y — 1 5 2

+ +
o +yr+22 0 P+ 2+ P4 a? 4y

1.1.3 Thw& tu va sap lai thi tu ctia bo sé

Ky thuat sap lai thit tu bo day s6 cho trude dé phit hop véi dic thu
clia tung bai toan dong vai tro tich cyc trong viéc dinh huéng sang tac
bai tap ciing nhu chimg minh mot s6 bat dang thic. Dé hiéu r6 hon ve
cach st dung phuong phap nay, ta xét 2 bai toan dién hinh sau:

Bai toan 1.10. Gia st a > b > ¢ > 0. Ching minh rang

Giai. Ta ¢o

( 1 1 1 )2 (b 1 a1 1 b 1 1
+ + == = - = -
vab  Vbe Vca a/ab /b Vb ¢ Ve ¢

Y

~ ~ P . .z 2.
That vay, ta co6 cac bien doi sau

¥ 2 a? a> b
(WW@) = (b3 T +a3)
&b+ Aa® + a’h > a5c3 + b°a® + A°b?

& a’*b(a® — b)) + A0 — ) + AaP(? —a?) > 0
S a*(V -+ ) (a? —0)+ 0 (0 — A) + Pa’ (P —a?) > 0
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S a’(b® — ) (a? = b)) + A — ) (a® = b°) > 0.
Suy ra

1+1+1 2< a2+62+022
Vab Ve ea) —\e& a3 )

1 1 1 a’? b P

< .
\/%+\/%+\/@_c3 a’ b

Dieu phai chiing minh.

hay

Bai toan 1.11. Gid stt a > b > ¢ > 0. Ching minh rang

a’b  b’c c2a> ;
2 +a2+ ® =~ a—+0b+c.

1.2 BAat dang thiic gita trung binh cong va
nhan (AM - GM)

Dinh 1y 1.4 (Bat dang thiic AM - GM). Gia st 21, x9, . . ., T,, 1a cac
s6 khong am. Khi dé

T+ Tyt -+ Ty
St > /T T - T (1.1)
n
Dau dang thic xay ra khi xy = 29 = - - - = z,,.

1.2.1 Phuong phap dong bac trong bat dang thic

Trong mot s6 bai toan bat dang thic thuong gap ma dau dang thiic
xay ra tal cic gia tri bién so6 bang nhau va chay khap tap R™ nén cac
bat dang thic bo phan ciing xay ra dang thic tai cac bién sé bang
nhau va chay khap tap RT. Khi d6 néu st dung bat dang thiic AM -
GM thi ta lay dai dién don thic & vé 16n cong thém vao cac don thic
dong bac roi gial.

Cha ¥ 1.
i) Don thitc a®b’c” c6 bac la o + 3 + 7.
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i) Khi st dung bat dang thic AM - GM, ta can chi 1 lua chon
thita s cong thém sao cho dau dang thic zdy ra.

Bai toan 1.15 (Canada MO 2002). Chiing minh
3 3 3

a b c

—+—+—>a+b+c Va,b,c > 0.

bc ab
Giai. Ta thay ca hal vé ctia bieu thic déu bac 1 nén bieu thic cong
thém cling bac 1.
Theo bat dang thic AM - GM, ta c6

PR X 3

c
~ o4 > '
ot —I—ab—|—2(a+b—|—c) 3(a+b+c)

Suy ra diéu phai chiing minh.
Bai toan 1.18 (Hi lap MO 2007). Cho a, b, ¢ 1a 3 canh ctia mot tam
gidc. Ching minh rang
b+c—a)* (ct+a—-0* (a+b—2c)
ala+b—c) bb+c—a) clc+a—0)
Bai toan 1.21 (USA MO 1998). Cho a, b, ¢ 1a nhiing s6 thyc duong.
Chiing minh rang
1 1 1 1
3 113 T 3 TS < '
a’+ 0> +abc b3+ +abc A+ a’+ abe T abe
Bai toan 1.22 (IMO 2001). Cho a,b, c la nhiing s6 thyce duong.
Chitng minh rang
a b c
> 1.

+ +
Va2 +8be Vb2 +8ca A+ 8ab

Bai toan 1.24. Cho a, b, ¢ 1a nhiing s6 duong phan biét thoa man

> ab + bc + ca.

dieu kien:
102 pl02 102

a
H100 - 100 - 100 <L

Chiing minh ring luon ton tai cac s6 tu nhien k& (0 < k < 99) sao cho
bat dang thitc sau day ducce thoa man dieu kien:

k+3 bk:+3 k+3 1 ak:+2 bk:+2 k+2

a C C
pk+1 + ck+1 + e S 100 + bk + ck + ak )
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1.2.2 Bién déi vé dang bat dang thitc dong bac

Trong ki thuat nay ta sé st dung gia thiét ciia ting bai toan cu the
dé dua cac bat dang thtc da cho vé dang bat dang thic dong bac va
stt dung nguyen 1y dong bac dé giai. Xét mot so bai toan lién quan sau:

Bai toan 1.25 (France Pre MO 2005). Cho a, b, ¢ 1a nhiing s6 thue
duong thod méan dieu kien: a® + b* + ¢ = 3.

Chitng minh rang

ab bc ca
— 4+ —4+ — > 3.
C a b

Giai. Vi bicu thic cho dudi dang bac 2 ma bat dang thiic c6 bac cao
nhat 1a 1 nén dé ap dung dude nguyeén 1y dong bac ta phai binh phuong
hai vé clia bat dang thic.

Ta c6 bién doi sau:

ab be  ca\’ a’b* bV Fat o, L,
——t— ) 29— — >+ P+ P

c a b c? a? b?
Theo bat dang thic AM - GM, ta c6
a’b? b S op b’ c*a? 02 ca®  a*? < o2
c2+a2 > 2b%; a2+b2 > 2c”; b2+62 > 2a°.

Cong vé theo vé 3 bat dang thic trén, ta dudgce dicu phai chiing minh.
Bai toan 1.27 (IMO Shortlist 1998). Cho a, b, ¢ 1a nhiing s6 thue
duong thoa man diéu kien: abec = 1.
Ching minh rang
a’ N Ik N c - 3
(1+0)(1+¢) (I4+c¢)(I4+a) (I+a)(l+b) — 4

Bai toan 1.28 (IMO 1995). Cho a, b, ¢ 1a nhiing s6 thuc duong thoa
man dieu kién: abe = 1.

Chitng minh rang
1 N 1 N 1
alb+c) U c+a) ca+b)

3
> —.
— 2
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Chuong 2
CAC BAI TOAN NOI SUY
BAT DANG THUC

Bai toan noi suy la mot chuyén dé chon loc can thiét cho gido vien
va hoc sinh hé Chuyén Toan bac trung hoc pho thong. Trong pham vi
cla luan van, tac gia chi dé cap dén mot s6 dang toan noi suy bat dang
thitc cling nhu thuat toan giai ching. Day 1a phan khong the thiéu déi
v6i ban doc yéu thich mén Toan.

2.1 Noi suy bat dang thitc bac hai trén mot
doan
2.1.1 Dang noi suy ctia bat dang thic bac hai
Xuat phat tit bat dang thitc bac hai quen biét
x4+ y* > 2xy, Yo,y > 0. (2.2)

Déu ctia dang thiic xay ra khi va chi khi x = .
Ciing xuat phat tir bat dang thitc ciing dang véi (2.2) (ting véi 0 <
a<l, z,y>0),taco

T l—« y 1—a
DRI
Y x
(E) y2+<y) x> 2y,
Y x

ta thu dugce bat dang thic dudi dang tuong duong

hay

xay2—a i yax2—a Z zxy
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Déau ctia dang thitc xay ra khi va chi khi = y. Bay gio ta sé ching
minh bat dang thic
.CCQ T y2 2 xay2—a i yozx2—oz.

That vay, chia 2 vé bat dang thiic cho y* va dat t =
ham khdo sat ham s6, ta thu duoge

g roi stt dung dao

flt)y=t"—t"""—t"+1>0, Vt € [0,1]
tu do, suy ra
332—|— 2> o, 2—« o, 2—« 2
y - >xyt Tyt . (2.3)

He thite (2.3) duge xem la bat dang thiic noi suy ctia bat dang thiic
bac hai (2.2).

2.1.2 Mot s6 bai toan nodi suy

Bai toan 2.1. Xét tam thiic bac hai P(z) = 2* — 1. Tim 6 nghiém
thie phan biét cua phuong trinh sau:

P(P(...(P(z))...

\

~—
\—
I
-

Giai. Dat
P.(x) = P(P(...(P(z))...)).

-~
n

Nhan xét rang Py(z) > —1, Vo € R néen P, 1(x) = Pi(P,(z)) >
—1, Vo € R, n € N*. Vi vay phuong trinh P,(x) = a véi a < —1
khong c6 nghiém thuec.

Ta chiing minh, bang phuong phap quy nap toan hoc, phuong trinh
P,(x) = a v6i a > 0 luon c6 hai nghiem thyc phan biét.

That vay, véi n = 1 thi phuong trinh 22 — 1 = @ ¢6 hai nghiem thuc
phan biet. Gia sit phuong trinh P,(z) = a véi @ > 0 c¢6 hai nghiém
thuc phan bigt. Xét phuong trinh P, ,1(x) = a véi @ > 0. Ta ¢o

P, 1(x)=a< P(P,(z)) =a< (P(x)—Va+ 1)(P,(zx)+vVa+1)=0.
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Do phuong trinh P,(x)++/a + 1 = 0 vo nghiém nén suy trinh phuong
trinh P, 1(z) = a véi a > 0 ciing ¢6 hai nghiem thyc phan biét.
Tiép theo, bang phuong phap quy nap toan hoc, ta chiing minh phuong
trinh Pn(:Ij) = (0 ¢6 n + 1 nghiém thyc phan biét.

That vay, véi n = 1 va n = 2 thi ta c6 két qua la hién nhien. Gia st,
phuong trinh P,(x) = 0 ¢6 n + 1 nghiem thyc phan biet. Xét phuong
trinh P, »(z) = 0, ta thu dugce phuong trinh

P (x)(P(z) = 2) = 0 & Bl(x)(Pu(z) — V2)(Pu(z) +v2) =0,
theo gia thiét quy nap, phuong trinh trén c¢6 n + 3 nghiém thiic phan
biét.

Vay phuong trinh P,(x) = 0 ¢6 ding n + 1 nghiém nén phuong trinh
da cho ¢6 2011 nghiém thuyc phan biét.

Bai toan 2.2. Gia st G(z) = P2? + Qr + R. Khi d6 bat dang
thic G(z) > 0 thod man véi moi € [a, b] khi va chi khi G(a) >
0, G(b) > 0 va

2G (“ - b) G 60 . awen. e

2 2

Bai toan 2.3. Ching minh ring v6i moi tam thtic bac hai f(x) =
Ax? + Bx + C ta déu o6 | f(x)] < 1, Va € [a,b] xdy ra khi va chi
khi |f(a)] < 1], |f(b) <1 vakhido

—1+ /(1= fa))(1 - f(b)) <

)10 o (10)

<1-+/(1+ fla)(T+ fb)).

Bai toan 2.4. Cho p(z) = ax? + bx + ¢ thod man dicu kien

o, [ (3) | i} c 0.1

Chiing minh rang |a| < 8, [b] <8, |¢] <1, va|2ax +b| <8, Vx €
0, 1].
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2.2 No6i suy bat dang thitc trong 16p ham don
diéu

2.2.1 Khai trién mo6t sé ham bac cao

Ta xét mot s6 két qua lien quan dén khai trien ham s6 nhu sau:
Dinh 1y 2.1. V6i moi ham f(x) ¢6 dao ham lién tuc t6i cap 2n +
1(n € N)va f"*(x) % 0 v6i moi x € (a,b), déu ton tai da thic
Py, (x) bac khong qua 2n sao cho ham s6

h(z) = f(z) = Po(x)
don diéu trong khoang (a, b).
Dinh 1y 2.2. V6i moi ham f(x) ¢6 dao ham lién tuc t6i cap 2n (n €
N*) va f2(x) # 0 v6i moi & € (a,b), déu ton tai da thic Py, 1(x)
bac khong qua 2n — 1 sao cho ham s6
Mz) = f(z) = Poy-i()

161 hodic 16m trong khoang (a, b).
Dinh 1y 2.3. Gid st ham s6 f(x) lien tuc va khong am tren [a, b|.
Khi d6 ting v6i moi phép phan hoach doan [a, b] bdi cac diem

Lo, T1y- s Ty (A =29 < Ty < Ty < -+ <1, =D>)
ta deu co

i) Néu f(x) dong bién trén doan [a, b] thi

n

D (@i — i) f(mi) < /f(f’?) dr < Z(Cm — zi1) f ().

1=1

ii) Néu f"(z) > 0, x € |a, b] thi

/ fla)de < 3w — i) fle o)

Tuong t, ta cling ¢ cac két qua doi véi ham nghich bién va truong
hop f"(x) < 0.
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2.2.2 Cac bai toan noi suy

Bai toan 2.8. Choso p € (0,1) va cho ham s6 f(x) = |x — p|. Xét
cac b@ 86 T1,T2,X3, T4 (.’L’l S i) S T3 S CU4) tl"OIlg [O, 1] Tim glé tl"l
16n nhat ciia bieu thic

M = [f(x1) = fla2)| + |f(22) = f(as)] + [f(2s) = fl2a)]-

Giai. Nhan xét rang, do thi ham s6 da cho trén R c6 truc déi xiing
r = p. Ham s6 da cho nghich bién trong [0, p|] va dong bién trong
[p, 1]. Ta bo sung thém diem x = p vao day sO X1, Ta, T3y, Ty VA SAD
theo thi tif tang dan

up < Uy < ug < uy < Uus.

Tu day suy ra

M = [f(x1) = f(@)| + [ f(x2) = flxs)| + | f(w3) — f(24)]

< [f(wn) = flua) [+ f (wa) = f (us) [+ f (us) = f (wa) [+ f (ws) = f (us5)]
<[f0) = fp)l +1fp) = f(D)|=p+(1—-p) =1

Vay maz M = 1, chang han: ©; = 0, 9 = 23 = p, 14 = 1.
Bai toan 2.11. Xét tat ca cac day so

D=2 < 1 < To <+ < Xy19 < Too11 = 2.
Tim gié tri 16n nhat ctia bicu thiec

2010

M = Z | cos(z;) — cos(x;11)].

1=0

Bai toan 2.14. Cho ham s6 f(x) =

. . Xét tat ca cac day so
a—’;‘ R
()7, sao cho

—00 =A< Ty <X < Ty < T3 < Ty <b=+00.

Chitng minh rang
3

S If @) = flaia)] <2,

1=0
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Nhan xét 2.2. Tanhan thay rang ting véi a, b, ¢, a, (5 1a cac s6 duong,
o > (3 thi ta luon co

a\ b\"“ c\ a\’ b\"” c\ "’
ERGRENONONE
b c a b c a
va dang thic xay ra khi va chi khi @ = b = ¢. Tinh chat nay co theé
nhin nhan nhu & ham sb

o= (G (8) )

dong bién trong [0, 00).

Nhu vay, van dé dat ra: ta c6 the thiét lap duge hay khong cac
ham tuong tu doi véi cac bat dang thic dang khac khi da tuong minh
cach chitng minh cho timg truong hop cu the, tit do ta thu duge bai
toan noi suy bat dang thice. Xét mot sé bai toan lien quan sau:

Bai toan 2.15. Cho a,b,c, o, 8 1a cac s6 duong, @ > (3. Chiing
minh rang

b+ c a+(c+a)0‘+ a+b\" - b+ c ﬂ+(c+a)5+ a+b\’
2a 2b 2c —\ 2a 2b 2c '
Bai toan 2.17. Cho a, b, ¢ 1a 3 canh ctia mot tam giac «, 3 1a cac so
duong thod man a > 3 > 1. Chiing minh rang

3a a+ 3b a+ 3¢ “
2b 4+ 2¢ — a 2c+2a — b 2a + 2b — ¢
3a g 3b g 3¢ g
> + + .
20+ 2¢ — a 2c+2a — b 2a + 2b — ¢

Bai toan 2.18. Cho a,b,c, o, 8 1a cac s6 duong, @ > (3. Chiing
minh rang

(o) () () = ()« () ()
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Chuong 3
MIN HOA MOT SO BAT PANG THUC
DAI SO

3.1 Cac bai toan chwra gia tri trung binh

3.1.1 Cac gia tri trung binh

Trong muc nay ching ta sé tim hiéu cac dai luong trung binh thuong
gap trong chuong trinh toan pho théng va mot so dang trung binh khac
can dat tén va tap trung nghién ciu.

Ta chimg minh dude day cac bat dang thiic gitta cac gia tri trung binh
nhu sau:

2ab b 24 b
min(a,b) < ¢ S\/%SCH_ < @ < maz(a,b),

a+b 2 2
. 3 +b+
min(a,b,c) < < 3abc§u
1 1 1 3
a b c
5 72 L 2
+ 0+
§\/a ; ‘ < mazx(a,b,c),
. n
min(a, as, ..., a,) < 7 ] ] < /a1, a5 .., a,
__|___|_..._|__
a; A Qn

<

n

a;+as+---+a a’+a+ -+ a?
< AT - \/ L = < mazx(ag, g, ..., a,).
mn

3.1.2 Mot sd dang da thic dbi xiing so cap

Trong muc nay ta quan tam cht yéu dén cac dang da thic dong bac
bién s6 thic va nhan gia tri thuyc, dac biét la cac da thiic doi xting so
cap quen biét lien quan dén cac hang dang thic dang nhé.
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Dinh nghia 3.1. Cho a la b n so6 duong {ai,as,...,a,},(n >
1,n € N). Khi dé
f(z) = (z+a)(x+ay) - - - (v+a,) = 2"+ E(a)x" '+ Eya)z" >+ - -+ E,(a).

Trong do

n

Fi(a) = Zai; FEy(a) = Z ai, aj,...; B,(a) =aay...a,.

i=1 I<i<y<n

bat Ey(a) = 1. Ta goi E.(a), (r € {1,2,...,n}) la cic ham (da
thitc) doi xing so cap thit v (E.(a) la tong clia tat cd cdc tich r s6
khdc nhau ciia b6 56 a).

Ky hiéu

3.1.3 Cac bai toan lién quan

Bai toan 3.1. Cho a 1a bo (a1, as, . . ., a,) 1a cac s6 thye duong. Dt
P,=1, P, = P(a), E, = E.(a). Ching minh riang

Pk—l-Pk+1 SPIE(]C:LQ,,TL—l)
Bai toan 3.2. Ching minh bat dang thic
Ek—l-Ek: S EZ (]f: 1,2,...,n—1).

Bai toan 3.3. Cho cac sb a; > 0 (i € {1,2,...,n}). Ching minh
bat dang thic
1 1
P>P;>P}>...> Pr.

Heé qua 3.1. T két qua Bai toan 3.3, ta thu dude bat dang thitc sau:

D1 = P2 = DP3 > 2 Dy
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V61
( a+as+---+a,
b1 = o
21§i<j§n a;a;
{ P2 = -
(5)

| Pn = y/aaz - - - ay

Dac biét, p; > p,, chinh la bat déng thic gitta gia tri trung binh cong

va trung binh nhan.

Tt hé qua trén, van dé dat ra: c¢o the tim dude do lech gitta trung
binh cong va trung binh nhan hay khong? Giai quyét van de trén ta
chiing minh bai toan sau:

Bai toan 3.4. Véi moi day s6 duong a;, as, . . ., a,, ta déu co

. doa, 1
a1+a2—2 +0n _ “alag...anzﬁ(\/ai—\/an)?

3.2 Th tu sap dudc ctia day sé sinh béi ham
16i, 16m
3.2.1 Cd sé li thuyét

Dinh 1y 3.1 (Bat dang thiic Jensen). Cho f(z) 1a ham s xac dinh
trén khoang (a,b). Néu f(z) > 0, Vo € (a,b) thi V1,2, € (a,b)

ta luon co
f(z1) + f(x2) 1+ T
()

Dinh 1y 3.2 (Bat dang thiic Jensen suy rong). Cho ham s6 f(z) xac
dinh va lién tuc trén khoéng (a,b). Néu f"(z) > 0, Vx € (a,b) thi
VOl X1, L9 € (a,b), 1 < Ta, ta luon co

f(xy) + f(a2) > flar +€) + floy — ),

trong do 0 < e < 2y — 7.

(3.5)



19

Tuong ty, ta ciing c6 két qua doi véi ham 1om.
Hé qua 3.2. Gid st cho truée ham s6 f(x) xac dinh va lien tuc trén
khoang (a,b), c6 f"(x) > 0, Vo € (a,b) va z1, x5 € (a,b), 1 < X3.

i C e 2 N L1 T L2
Khi d6 v6i moi day sb tang dan {u;} trong (5[31, > ) ;

T+ To
2

T =Uy <UL < Uy < -+ < Uy <

L N T+
va day s6 giam dan {v;} trong < ! > Q,xg) ;

Ql'l—i—l'g
5 LUy < VUpq < -0 <01 <Yy = To,
sao cho
u; +v; =11 +x2, Vj=0,1,2,...,n,
ta deu co

fuo) + f(vo) = flur) + fvr) = -+ = flun) + f(on).
Hay {f(u,) + f(v,)} 1a mot day giam.

Tuong tu, ta ciing c6 két qua doi véi ham 1om.

3.2.2 Cac bai toan minh hoa

Cho ham s6 f(x) xac dinh va lien tuc tren khodng (a,b). Néu
f"(x) >0, Vx € (a,b) thi véi x1, s € (a,b), T; < T9, ta dit

€& =r(ry—x), 0<r <L

Ta thay €, 1a ham tang theo r va €, > 0.
Lai dat g(r) = f(x1 +€,) + f(xa — €,), ta c6 cac két qua sau:

\ N 1 \
1) Néu 1,72 € O, 5 , T S Ty thi g(?“l) Z g(’l“g).

A, < g thi g(ry) < g(ry).

N | —

11)Néu r,T9 €
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o s 1 1
iii) Neu ry € 0,5 , To € 5,1 , thi
rr <1 —ry = g(r1) > g(ra),
ri>1—ry = g(r) < g(ra).

Tuong ty, ta cing c6 két qua doi véi ham 1om trén khoang (a, b).
Xét mot s6 ham co ban dé minh hoa cho phuong phap nay:

1) Cho ham s6 f(x) = x* 1a ham 16i trén khodng (—o0, +00).
Dua vao két qua néu trén, cho 7 lan lugt nhan cac gid tri ¢, 5,5, %, 3,
ta co bai toan:

Bai toan 3.8. Cho x, T9 la cac s6 thyc. Chiing minh rang

4$1+$2 ’ 42132—|—ZC1 ’ 21’1+3§'2 ’ $1+2$2 ?
2 e () > () (2
D 5 3 3
> 2371+35U2 2+ 3$1+2$2 2>2($1—|—$2>2.
- D D - 2
1
va+1
1 2 1 4 2

Dua vao ket qua trén, cho 7 lan lugt nhan cac gia tri 5, £, 5,7, 3, ta o

1a ham 161 tren khoang (—1, +00).

2) Xét ham s6 f(z) =

bai toan:
Bai toan 3.12. Cho z;, x5 & cac so thuc thod man zy, 2y > —1.
Ching minh rang

V3 V3 . V5 V5

+ +
\/$1+2£l72—|—3 \/2331+372+3_\/35l71+2332—|—5 \/233'1"‘33324’5
- V7 N V7 o 22
_\/3$1+4$2+7 \/4$1+3$2+7_\/$1+l’2+2

3) Vi ham s6 f(x) = In(z) 1a ham 16m trén khoang (0, +00). Chon

cdc gid tri clia 1 1an lugt bang 3, 2, 7, 5, 7, ta c6 déy bat dang thitc sau:
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Bai toan 3.13. Cho x1, x5 1a cac s0 thyc duong. Chiing minh rang

I (:1:1 ;— :1:2) > In \/(39&1 - 2:1:2)5(3:1:2 + 211) >l \/(2331 + :1:2)3(2:1:2 + 1)

. \/ (421 + 5mp) (425 + 520) \/ (321 + 425) (3x5 + 427)
9 - 7

Nhan xét 3.1. Trén day tac gia chi minh hoa d6i véi mot s6 ham don

gidn 2 bién s6; trong qua trinh sang tac bai tap, ta c6 the sit dung nhiéu
ham khéac nhau va tong quat hoa cho trusng hop n bién 1, s, . . . , Z.

3.3 Mot s6 bai toan min hoa chon loc

Trong qué trinh gidi toan, dé ching minh f(z) > g(x) ta c6 the
nghi dén phuong phap tim h(z) sau do ching minh f(x) > h(x) va
h(z) > g(x). Trong phan nay ta xét mot phuong phap tim hA(z) dua
vao 2 Bo dé sau:

Bo dé 3.3. Trong baso bat ky 21, 29, T3 luon ton tai hai s6 x;, x5, (1, ] €
{1;2;3}) sao cho:
- > - <
{xz =% Yo {:EZ =4 (a € R).

x; > a r; < a

r>a
y=a

2 N P <
Bo de 3.4. Neu { hoac {5 = Z (a € R) thi xy > a(z+
y) — a’.

Ta sé van dung 2 Bo dé nay dé giai mot s6 bai toan sau:

Bai toan 3.14 (Chao IMO 2007). Cho x,y, z 1a céc so6 thyc duong.
Chting minh rang ta luon c¢6 bat dang thiic

ryz 4+ 2(2° +y* 4+ 2 +8 > 5(x +y + 2).

Dang thic xay ra khi nao?
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Giai. Theo Bo dé 1, do vai tro cia z, y, z trong bai toan 14 nhu nhau
nén khong mat tinh tong quét, ta co thé gid st o > 1, y > 1 hoiac
x <1, y <1.Khido theo Bo dé 2 ta c6

ry>r+y—1&ayz > 2+ yz — 2,
(vi z>0), nén suy ra
ryz + 22 + P+ ) 8> 2zt yz — 2+ 227+ 4 2 + 8.
Ta sé chting minh
rz+yz— 24287+ +2°)+8>5(x+y+2).

That vay, ta co
vz +yz—z2+22* +y +2°)+8>5(x +y+ 2)
&S (2+2-24+(y+2—-2)+3(x—1)*+3(y—1)>+2(z—1)* > 0.

Bat dang thic trén luon ding, suy ra
vyz +2(2* +y* + 28 +8 > 5(x +y + 2),
di¢u phai chiing minh. Dau dang thic xay ra khi z =y = 2z = 1.

Bai toan 3.15. Cho z,y, z 1a cac s6 thyc duong. Chitng minh ring
ta luon c6 bat dang thic

5(x° +9° + 2°) + 3xyz + 9 > 9oy + yz + 21).

Nhan xét 3.2. V6i v tudng tir hai bai toan trén, bang cach st dung
dinh 1y vé dau ctia Tam thic bac hai, ta xay dung dude bai toan tong
quat sau:

Bai toan 3.16 (Bai toan tong quét 1). Cho z, v, 2 1 3 56 thuc khong
am thi
vyz +m(z® +y* +2°) +3m+2> 2m+1)(z +y+2). (3.6)

Dang thitc xay ra khi x = y = 2 = 1. Trong d6 m la s6 thuc cho

V2
truée va m > 7
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V6i v tudng va phuong phap nhu trén, ta ciing xay dung duge cac
bai toan:
Bai toan 3.17 (Bai toan tong quat 2). Cho z, v, 2 1 3 56 thuce khong
am thi
2vyz + (2n — )(2* + y* + 2°) + 1 > 2n(xy + yz + 2x).  (3.7)

Dang thiic xay ra khi x = y = 2z = 1. Trong d6 n 14 s6 thyc cho trude
van > 1

Bai toan 3.19 (Bai toan tong quat 4). Cho x, y, z 1a 3 s6 thic duong
thi
alp +2q)zyz + (mp + 2ng — q)(a** + 3™ + 2**)
+2a(3mp + 3ng+p — q) — 3(mp + 2np — q) (3.8)
> a2mp+p)(x+y+ z2) + 2anq(xy + yz + zz).
Dang thiic x4y ra khi x = y = 2 = 1. Trong d6 m, n, p, ¢ 14 nhing

) [ 2
s@thucthoéméanT, n>1,p>0¢g>0 a>1.

Bing cach tong quat hoa cac truong hop trén, ta ching minh duge:

Bai toan 3.22 (Bai toan tong quat 5). Cho a1, o9, . .., X, la cic s6
thic khong am thi

(n—1) Ha:ﬂ—(n—Z) Zw?‘ﬂ—l > (n—1) Z H z;,n € Nyn > 3.
i=1 i=1 =1 i=1,i#]
(3.9)
Dang thic x4y ra khi 77 = 2o = - - - = T,,.

Nhan xét 3.3. Tl cac bai toan tong quat trén, ta thuc hién cac phép
bién doi co ban, hoac c¢6 the ap dung bat dang thitc déi véi cac bo bién
SO T1, Lo, . .., Ty, ta sésang tac duge vo s6 bal tap vdi nhicu dang toan
khac nhau.
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KET LUAN

Tom lai, luan van "N6i suy va min hoa bat dang thidc dai
s6" da dat duge mot s6 két qua sau:

1) He thong va phat trién mot sé phuong phap, ki thuat méi trong
chiing minh bat dang thic véi viec tng dung 2 bat dang thiic co ban
nhat ctia chuong trinh toan pho thong 1a AM - GM va Cauchy - Schwarz.

2) Trinh bay mot s6 phuong phap noi suy bat dang thitc bac hai trén
mot doan, cac ki thuat noi suy bat dang thic dai s6 trong 16p ham
don dieu. Dac biét 1a két qua ciia Lupas vé uéc lugng tam thiic bac hai
tréen mot doan, day 1a cong cu méi nhat va hitu ich trong qua trinh giai
toan ve tam thiic bac hai.

3) Min hod mot s6 bat dang thic chita cdc gia tri trung binh, tim
duogc day cac bat dang thic gitta trung binh cong va trung binh nhan
va tinh duge do lech gitta ching. Sap xép dude thit ty clia day s6 sinh
béi ham 161, 1om va day bat dang thitc lien quan, tit d6 sang tac cac bai
tap mdéi véi viec st dung cac 16p ham khac nhau. Bén canh do, tac gia
ciing da stt dung mot sé phuong phap mdi trong chiing minh bat dang
thitc v xay dung mot so bai toan bat dang thiic tong quat.

Maic dau da c6 nhiéu c¢d gang trong qua trinh thuc hién dé tai nhung
tac gia van chua gidi quyét duge ¥ tudng ma tac gia da quan tam nghién
ciu, d6 1a tim biéu thic x; + €1, x; — €5 dé thay thé z; + € va x; — €
voie, j=1,...,m,1# 7; € >0, €6 >0, € # €, trong muc 3.2.

Hy vong trong thoi gian t6i, tac gia sé giai quyéet duge van dé nay
dé luan van duge hoan chinh va thiét thuc phuc vu cho viéc day toan
§ truong pho thong.



