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LOI CAM DOAN

Toi xin cam doan :

1. Nhitng noi dung trong ludn van nay la do t6i thuc hién dudi sw huong dan truc
tiép cua thay Dau The Cap.

2. Moi tham khdo diing trong ludn vin déu dwoc trich dan ré rang tén tdc gid, tén
cong trinh, thoi gian, dia diém cong bo.

3. Moi sao chép khéng hop 1é, vi pham quy ché dao tao, hay gian trd, téi xin chiu
hoan toan trach nhiém.

Hoc vién

Vo Son Phong



MO DAU

Ly thuyét vé do do trong khong gian métric giit vai trd quan trong trong nhiéu van dé vé
giai tich va xac suat. DA c¢o rat nhiéu két qua dac sac vé linh vuc nay nhu dinh 1y Prohorov,
dinh ly Varadarajans, dinh Iy Fernigue ....

Muc dich cua luan van nay la nghién ctru vé phén tr ngau nhién va su hoi ty yéu cua do
do xac suat trong khong gian métric va cac van dé co lién quan.

Luan van nay duogc hoan thanh tai truong Pai Hoc Su Pham Thanh Phé H6 Chi Minh duéi
su hudng dan khoa hoc ciia PGS. TS Pau Thé Cip. Tac gia xin bay to 1ong biét on t&i Thay veé
su huéng dan tan tim va nhiét tinh cia Thay ddi véi tac gia trong sudt qué trinh hoc tap, nghién

cuu va thuc hién luan van.



CHUONG I

MOT SO KIEN THUC CO SO

1.1 GIAI TiCH HAM VA Li THUYET PQ PO
1.1.1 Khong gian topo

Cho X la mot tap. Mot ho 7cac tap con cia X goi la mot topo trén X néu co cac tinh chat

sau:

(i) Der,Xer;

() U,er,ielthi U_ U er;

(i) UJVerthi UnVer.

Néu 7 1a mot topd trén X thi cap X =(X,7) dugc goi 1a khdng gian topé.

Cho (X, 7) 1a khong gian t6pd. Khi d6 cac tap U e 7 goi 1a tdp md. Phan bu cia tap mo goi 1a
tap dong.

Cho A 1a mét tip con cua khong gian topd X . Tap con dong bé nhat cia X chia A goi la
bao dong ciia A, duoc ki hiéu la A. Tap Ac X goi 1a tp tri mét trong X néu A=X. Khoéng gian

topd (X,7) goi 1a khong gian kha li (hay tich dwoc), néuné cé tip con dém duge trii mat.

Tép con mé 16n nhét duoc chta trong 4 goi 13 phan trong ciia A, ki hiéu la int 4.

Mot ho {G }ae] cac tip mo ciia X goi 1a mot phii mo cua X néu U, G, =X . Khong gian

o
t6 pd X goi la khong gian compic néu tir moi pha mo {Ga }ae] ciia X déu co thé trich ra dugc mot

phu con hiru han. Tap con 4 < X goi la compac néu né compac doi vdi topd cam sinh, tirc 1a topo

TAz{UﬁA:Uer}trénA.



1.1.2 Khong gian mé tric

Cho X #J. Mdtanhxa d: X x X —> R duoc goi la métric (hay khodng cdch) trén X néu

voimoi x,y,z€ X déucod
(i) d(x,»)20,d(x,y)=0x=y;
(i) d(x,y)=d(y,x);
(iii) d(x,y)<d(x,z)+d(z,y).

Néu d 1a mot métric thi cap X =(X,d) goi 1a khong gian métric.

Gia st X la khong gian métric. Voimoi x € X, £ >0 dat

B(x,¢)= {y eX:d(x,y) <5}
va goi 13 hinh cau tAm x ban kinh . Tép con G ciia X goila ménéumoi xe G tontai & >0 sao
cho B(x,e)  G. Ho cac tap md cua X 1a mot topd trén X, goi la t6po sinh boi mé tric. Khong gian
métric 1a khong gian topd vai to po sinh bdi métric.

Ta noi day (xn)cX héi tu vé x € X néu d(xn,x)—>0 khi n—>oo. Kihi¢ula x —x
(khi n —> ) hay }Zi_r)gxn =X.

1.1.3Pinh li. 7dp F < X la tap dong khi va chi khi véi moi day

(xn)cF,xn—nceX thi xeF.

Gia str X 1a khong gian métric. Dy (x, ) = X dugc goi 1a ddy co ban (hay day Cauchy) néu

Ve>0,AN,Vm,n>N: d(xm,xn) <eé.
Khéng gian métric X goi 13 khéng gian day di néu moi ddy co ban déu hoi ty.

Trong khong gian mé tric X, mottdp A4 c X 1a tip compic néu v6i moi diy (xn) c A, déu
ton tai ddy con (xnk ) < (x,) sao cho x, >X€A.

Néu X la khong gian métric compac thi moi tap con dong cua nd deu la tdp compac.



Tap F clia mot khong gian topd goi 1 tap c6 tinh chdt Gy néu F 1a giao clia dém duge cic

tap mo.
1.1.4 Pinh l. Trong khéng gian mé tric, moi tdp con déng déu cé tinh chat G,

Chirng minh. Gia st I dong trong khong gian métric (X ,d). Dt

G, ={xeX:d(x,F)<l}.

n

1 1
Khidomoi xe G, , tacd d(x,F)=a<—.Daf1t r=——a thi r>0va
n n

d(y,F)Sd(x,y)+d(x,F)<r+a=l,VyeB(x,r)
n

nén B(x,r)cG,.Vay G, mo. Tasé chingminh F =("|G, . That viy, véi xeF tacé

n=l1

| . . 2
d(x,F)=O<—V01m01n,nen x € G, voi moi n hay xe| |Gn.
n

n=l1

Do d6 FcﬁGn

n=1

= 1

Nguoc lai, véi x e ﬂGn taco xeG,, Vn, nén d(x,F)<—,Vn. T 36, véi moi n déu cod
_ n
n=1

1 .
v, € I sao cho d(x,yn)<— nén hmd(x,yn)zO, chimgté y — x.Ma F dongnén x e F', do
n

n—>0

d6 ()G, = F.Vay F=()G,. Tirdosuyra F ¢6 tinh chit G;. O

n=1 n=1

1.1.5 Khong gian Banach thuc

Khéng gian vecto thuc E goi 1a khdng gian dinh chudn (thuc) néu ton tai anh xa H . H E—>R
thoa man

0 20

xH=O<:>x=O;



iy x| =l

(i) e+ ] <[] + 3]
voimoi x,ye E,AeR.

Néu dat d(x,y) = Hx -y

, Vo1 x,y € E thi d métric trén E, goi la métric sinh boi chudn.
Khong gian dinh chuan 1a khong gian métric v6i métric sinh bdi chuan.

Khong gian dinh chuan day da duoc goi 14 khéng gian Banach.

Cho E 1a khong gian dinh chudn. Ki hiéu E* 13 khong gian cac phiém ham tuyén tinh trén E,

E' 13 khong gian cac phiém ham tuyén tinh lién tuc trén £. Véimoi f € E' ta goi chudn ciia £ 1a

| /1|=sup|.f (x)| =inf {k > 0:] £ (x)| < k|]x

[+l<t

VxeEf.
Khong gian E' goi la khéng gian lién hop (t6pd) cua E .
1.1.6 Pinh li (Pinh li Hahn- Banach). Cho E ld khéng gian dinh chudn, F la khéng gian con

cia E.Khi d6véiméi feF', tontai f €K' saocho

Al =1 va |7]=011.

1.1.7 H¢ qua. Cho E la khéng gian dinh chudn. Khi d6 véimoi x € E, x#0, tontai f € E
sao cho f(x) = HXH vd Hf” =1.

1.1.8 H¢ qua. Gid sit E la khéng gian dinh chudn. Khi d6 véi moi x,y € E, néu

f(x)=f(y) voimoi feE thi x=y.

1.1.9 H¢ qua. Gid sir E la khong gian kha li. Khi d6 ton tai day (f,) < E' sao cho

x| = sup‘fn (x), VxeE.

Chitng minh. Vi E kha li nén ton tai day (xn) c E sao cho {xn ‘ne N} tri mat trong E .
Vay ton tai ddy ( f;) c E' sao cho

fl=1 va f;(xn)z

x|



Giast xeE.Vi |f,(x)<1:|x]|, Vn.nén |x|2sup|f,(x)|. Mt khac, véimoi &>0, vi

x,:neN! trumattrong E nén ton tai n:||x, —x <% Knido
! 2

el <=l < S may | > -
Tu do6 ta co
L=l =l = £, )] 215 @) =l = £ ()
=[x, =1, (%) = 7. ()
=[x~ | (x, =)
o I T I o I
>(Iel-2 )-£ =l
Do d6 véi moi £>0, tontai n sao cho | f, (x)|2|x]|-¢.

Vay |x|=sup fn(x)‘ O

1.1.10 D) do

Cho Q# . Hocactipcon F < 2% duoc goi 12 mot dai sé néu thda man cac diéu kién
() J,Q€eF ;

(ii)) Néu A4,BeF thi A\BeF ;

(iii)Néu 4,BeF thi AUBeF .

Néu thay diéu kién (iii) boi diéu kién

(iii") Néu 4,€F ,VneN thi| J4,eF thi F goila o-daisd.

n=l1

1.1.11 Pinh li.
1.F  ladaisé khiva chikhi théa man (i) va
(iv) Néu AeF thi A '=X\AeF ;
(v) Neu A, BeF thi AnBeF .
2. F la o-daisé khiva chikhi (i), (i) va



(V') Néu A, eF ,VneN thi ﬂAn eF

n=l1

Cap (Q, F ) , trong d6 F 1 o - dai sb cac tap con cua Q, goi la mot khdng gian do. Cho
hai khong gian do (Q,F ) va (Y, G). Anhxa ¢:Q—> Y goila F | G-do duwoc néu

9" (B)eF véimoi Be G.

Cho Q#@ va F 1ao- daisdcactip con cia Q. Anh xa u:F —>R duoc goi la do do

trén F  néu thoa man:

() u(A4)=0,v4eF ;
(i) u(D)=0;

o0

(i) Néu 4,eF,Vnva 4, N4, =D, i+ j thi ,u(UAnjzi,u(An).
n=1

n=1
Néu ,u(Q) <oo thi u dugc goi la dé do hitu han. Pac biét, néu ,u(Q) =1 thi u duogc goi

la do do xac suat.

Bo ba (Q, F ,,u), trongdd F 1a o-daisécactapconcia Q, u ladodotrén F |
duogc goi 1a mot khong gian do do.

Khong gian d0 do goi la ddy diinéu A€ F , 1(A4)=0 thi moithp con B < A déu thuoc F
Khi d6 ta ciling c6 ,u(B) =0.

Néu p 1a do do xac suat thi (Q,F , p) goi 1a modt khéng gian xdc sudt.

1.2 TAP BOREL TRONG KHONG GIAN TOPO
1.2.1 Tap Borel

Cho X 1a khong gian t6 po. Khi d6 o - dai s6 bé nhit chtra cac tip md cia X duoc goila o -
dai s6 Borel cia X , ki hiula B (X).Tap AeB (X) duoc goila tdp Borel.

Kihiéu K = {[a,b),(—oo,b),[a,+oo) ra,b e R} .



Mai tap dang D = D, x---xD,,D, eK,j=1---,n goila mdt khodng trong R". Kihi¢u M la

tap hop cac hgp cta hitu han cac khoang roi nhau trong R”.

1.2.2 Pinh Ii.
() M, la dai so;

(i) o(M,)=B (R").

Churng minh.
(i) Vi @ =[a,a)x...x[a,a) nén & e M, . Tachimg minh R" € M, bang qui nap.

Véi n=1, R=(-o,a)Ula,+0) e M,. Gia st véi k <n—1, R" € M,. Khi do
R" =R"" x[(—o0,a) U[a,+0)] =R"" x(—0,a) UR"" x[a,+0) e M,

vi R"" 1a hop cua hitu han khoang roi nhau trong R" ™.

Ta sé& chimg minh rang, néu A,Be M, thi AﬁBeMn.Néu A,BeK thi AnBeK.Gia

st A,B 1a khoang trong R”. Khi d6
A=Dx...xD,, v6i D,eK;B=Ax..xA,6 V6 A eK.

Taco ANB=(D,NA)x..x(D,NA,) nén AN B lakhoang trong R".

Bay gio gid st 4, Be M, .Khido A= UAI. voi 4, lakhoang trong R”",

i=l

B= UBj , v6i B, la khoang trong R". Ta c6

Jj=1

nén ANBeM,.



Cudi cing ta chimg minh rang néu 4,B e M, thi A\BeM,. Trudc hét gia sat 4,B 1a
khoang trong R", ta s€ ching minh 4\ Be M, bang phuong phap qui nap.
Véi n=1, déthdy A\B e M,. Gia st khang dinh diing dénmoi k<n—1.Taco
A=A xA,, B=B xB, véi A,B, lakhoangtrong R"" va 4,,B, 1akhoangtrong R.Khi dé
A\B=(A4x4,)\(B xB,)=(4x(4,\B,))U((4\B)x4,)
=(((4 " B)U(4\B))x(4\B,)) U ((4\B)x 4,)
=((4 N B)x(4,\B,))U((4\B)x 4,).
Vi A4, M B, 1a khoang trong R", A, \ B, la khoang trong IR, A \ B,1a hop hitu han céc

khoang roi nhau trong R"" va 4, 1a khoang trong R nén A\ B 1a hop hitu han cic khoang roi
nhau trong R".Vay A\BeM,.

p q
Xét truong hop 4,BeM,. Khido A= UAI. , voi A la khoang roi nhau trong R"; B = UBj , VOi
i=1 J=1

B, lakhoang roi nhau trong R".

Ta co

A\Bz[LpJAI.j\B:LpJ(AI. \B)=LPJ[AI. \OBj)

i=1 i=1 Jj=1

UN(415)

i=l j=l1

dodo A\BeM,.

Vay M, 1a - daisé.

(i) Vi M, =B (R"), o(M,) 1a o-daisdnhonhitchia M,, ma B (R")la o-dais
nén o(M,)cB (R").

Gia st U la tdp mo trong R". Vi cac khoang mé 1ap thanh hé co s¢ cua topo trong R”, nén

U= UUk, trong do6
k=1

Uy :(alrﬂl)x'"x(an Xﬂn)'



Tur do Uea(Mn) , ma B (R") 1a o - dai s6 sinh boi cac tdp mé cia R” nén B (R")C

o(M,). Viy o(M,)=B (R").0

Cho E 1a khong gian 1a khong gian Banach. Tap A — E duoc goi 13 tdp tru néu ton tai n e N;

Jisfoses [ €E; AeB (R") sao cho

Az{xeE:(fl(x),...,fn(x))efl}.

Ki hiéu thp cac tap trula F ().

1.2.3 Dinh Ii.
() F (E) ladaiso
(i) Néu E la khong gian Banach khd li thi o(F (E))=B (E) véi B (E) la o-daisé

Borel cua E.

Churng minh.

() Liy feE' tuyy, tacod E:{er:f(x)eézR}

dodé EcF (E).Néu AeF (E) thi ton tai neN,ﬁeB(R"),fl,fz,.”,fneE' sa0

cho
Az{er:(fl(x),...,fn(x))e21}.
Ta co A“:E\A:{xeE:(fl(x),...,fn(x))e21“:R"\A}eF (E).

Néu 4,4,€F (E) thitdntai mneN, 4B (R"), 4,eB (R"), £, /o f, € £,

21,855 &, € E'sao cho

~

A= {er;(ﬂ(x),...,fm(x)) EAI};



A, ={er:(g1(x),...,gn(x))e212}.
Tirdo, vi 4,x 4,€B (R™") nén
A N4, :{er:(fl(x),...,fm (x),gl(x),...,gn(x)) efll ></Al2} eF (E)

Vay F (E) 1a dai sb.

(i) Gia sit AeF (E).Knido A={xeE:(f,(x),.. f,(x))e A} trongdd f, ... f, € E
va AeB (R").

Pat f=(fnf,):E R, x> f(x)=(£i(x)snfo(x)). Vi f liéntuc nén f lién
tuc. Dods f 1a B (E)/B (R") -doduoc, ticla /' (G)eB (E) voimoi Ge B (R"). Mt
khie A={xeE:(F(x))e d}=r"(4), vsi 4B (R") nén A€ B (E). Tirdosuyra

F (E)cB (E)vao(F (E))=B (E).

Nguoc lai, gia st U mé trong E.Do E la khong gian métric kha li nén £ thoa mén tién dé

dém duge thir hai. Do d6 U = UB(xn,rn) . Mat khac ciing vi £ kha li nén theo Hé qua 1.1.9 cta

()

Dinh li Hahn- Banach, ton tai diy ( f;) c FE',

|I=1 saocho moi xe E taco HxH—

Khi do

E(x,r)z{yeE:Hy—xHSF}

:{yeE: ! n(y—x)‘}
:ﬁ{yeE: n(y—x)‘ﬁr}

ﬁ{yeE f,(y)elr—f,(x).r+ f,(x)}ec(F (B)).

n=l1

Hon nita ta co B(x,r)z{yeE:Hy—xH<r}



1
{yeE:Hy—xH<r——}

n
E(x,r_lj
. n

nén B(x,r)ea(F (E)).Tl‘rd(’) UEG(F (E)) va suy ra B(E)CO'(F (E)).

1 ICs

vay o(F (E))=B (E).o



CHUONG II

PHAN TU NGAU NHIEN VA CAC PAC TRUNG CUA
PHAN TU NGAU NHIEN

2.1 PHAN TU NGAU NHIEN

Trong doan nay ta ludn ki hiéu (Q,F , p) 1a mot khong gian xac suat day du, e 1a khong gian

Banachkhali, G 1a o-daisdconcua F , B (e) 12 o- dai s6 Borel cuae.

Anhxa X:Q — e goi 12 phan tir ngau nhién G- do duoec, nhan gia tri trong e néu X 1a

G/ B (e)-do dugc (tic 1a Be B (e) thi X™'(B)e G). Phan tirngdunhién F  -do dugc s& duge

goi don gian 1a phdn tir ngdu nhién.
Phén tir ngiu nhién nhén gia tri trong R con goi 13 dai lwong ngdu nhién.

Phén tir ngdu nhién X : Q) —e goi la phin tir ngiu nhién roi rac néu ‘X (Q)‘ khéng qua dém
duoc. Dc biét, néu |X (Q)| hiru han thi X goi la phan tir ngu nghién don gidn, & day|X (Q)| 1a ki

hiéu luc luong cuia tap hop X (Q)

Dy phén tir ngdu nhién (Xn) g0i 12 hoi tu dén anh xa X :QQ — e néu X, (a)) — X(a)) (theo

chuan) véimoi weQ, kihigula X, — X .

Dy phan tir ngdu nhién (X n) g0i 13 hdi tw hau chdc chdn (h.c.c) dén anh xa X :Q —e néu
tontaitdp N € F , sao cho p(N) =0, Xn(a)) — X(a)) (theo chuén), véimoi weQ\ N.Ki hiéu

X e s x,



2.1.1 Pinh li. Néu (X)) la day phan tir ngdu nhiénva X, —"“—>X thi X la phan tir ngdu
nhién. Déc biét, néu (X,) la day phan tir ngau nhién G - do dwocva X,—“—>X thi X la

phan tir ngau nhién G-do dwoc.

Chimg minh. Truée hét ta xét trudng hop (X, ) 1a day phan tir ngdu nhién G- do dugc va

X,— X .Dit
L:{AeB (E):X’I(A)e G}.

Khi d6, d& dang kiém tra tryc tiép duge ring £ 1a o - daisd, honnita L=3(E). Dé kiém
tra diéu do ta gia sot F 1 tdp dong trong E. Ta s& chimg minh

Q0 )

n=l1
Thatvdy we X' (F) thi X (@) e F. Mt khéc

Xn(a))—>X(a)):>‘

Xn(a))—>X(a))H—>O

= Vk,3n:| X, (0)- X ()< % Ym>n



Nguoc lai, néu a)eﬁoﬁXml(B(F,%n thi
k=1 n=1

= m=n

Vk,3n, sao cho Vm = n, :a)eX};l (B(F,%D

= Vk,3n, saocho Vm=>n,: X, (a))eB(F,%)

= Vk,3n, sao cho Vm = n, :d(Xm(a)),F) <%.

Mat khic, vi X, (@) X (@) nén | X, (@) X(w)|—0.Dodo

Vk,3n, sao cho Vm2n,:d (X, (w),X(w)) <%.

¥

Mait khac, vi X1(a))—>X(a)) nén ‘

X, (@) X(@)|—0.Dodo

Vk,3n, sao cho Vm2n,:d (X, (w),X (o)) <%.

Chon n, = max{nl,mz} , ta duoc

d(X(0),F)<d(X, (), X (0))+d(X,(0).F) <%, Yk Ym >,

Suy ra d(X(a)),F)zo. Vi F doéng nén X(a))eF hay a)eXﬁl(F).

ﬁGﬁXml(B(F,%DcXI(F)
Trdosuyra X 71(F ) eF nén FelL tacla L chua tit ca cac tap dong. Didu d6 ching
to B (E)C L.vay L =B (E).Vivéyvc'fimoi BeB (E) thi BeL nén Xﬁl(B)e G. Do

d6 X 1a phan to ngdunhién G - do duoc.

Bay gio gia sir (Xn) 14 phan tir ngau nhién va X, —hec 5 X Khidotdntai ne F sao chop

(N)=O vavoimoi e Q\ N tacod

n

X (co)—X(co)H—)O .



X, (o) , khi weQ\N
(@)=1"5 . ;
, i weN

Y ()= X(w) , khi weQ\N
" 0 , khi weN

Tacd Y, (0)>Y(®), VoeQ. Vi{Y,#X,}cN,ma NeF ,p(N)=0 vapladododinén
suy ra {Yn;tXn}eF .Vivéyvérim()iBeB(E) ta co

(8)= [ (8) = X o[ (B) 11, .1

n n n

:[X;I(B)m{nzxn}]uNoeF ,

trong d6 N, =[ ¥,"(B)~{Y, = X,} | {Y, = X,}c N, N,€F.Vay Y, laphin tir nghu nhién. Do

d6 theo truong hop da chirmg minh thi Y 14 phan tr ngau nhién.

Cubi cung, vi {X?’—'Y}CN nén {X;tY}eF . Tt @6 suy ra {XzY}eF . Do @6 véi moi
BeB(E) ta co
X'(B)=[x'(B)n{X =Y} ]u[ X" (B)n{x=Y}]|eF .

Vay X 1a phan t ngau nhién. O

2.1.2 Pinh li. Anhxa X :Q —e la phan tir ngau nhién G- do dwoc khi va chikhi X la
gidi han déu ciia mét day phan tir ngdau nhién roi rac G - do dwoc, tirc la ton tai day phan tir ngau
nhién roi rac (X n) G - do dwoc sao cho

lim sup|| X (w)—-X(w)|=0.
lim sup|., () =X (o))

Chitng minh. Diéu kién du 1a Pinh 1i 2.1.1.

Diéu kién can: Gia st X :Q — e la phan tir ngdu nhién G - do dugc va (x,) 1a ddy trd mat

trong e. V6i moi n=1,2,3,...Dat



Khidovoimoi i#j, L,NL; =,L €B (e)vado (xn) tri mat tronge nén

e=JL,.
m=1
Ki hiéu Jz{m:Lm ¢@}.V(’yim51 meJ chon cb dinh v, €L . Anh xa T :e—> exacdinh
boi

T, = ZymZLm-

meJ

Khido 7 1la B (e)/ B (¢’) do dugc. That vay, voimoi Be B (e)taco

T'(B)= |J L eB (o).

{i:yieB}

X T,
X, =T oX:Q >e—">e.

Taco |X,(Q)=|T,(X(Q))|<T,(=]].
Do |J| khong qua dém duge nén |X, (Q)| ciing khong qua dém duoc.
Ta s& ching minh X, 1a phan tir ngiu nhién G - do dugc. That vay, véimoi Be B (e) taco
X,'(B)=(1,°X) ' (B)=x"(1,'(B)) =X (B)< G

Vivay X, 1aphan tir ngau nhién roi rac.

Mat khac,

Xm(a))—X(a))H =

T,(X())-X(0)|< 2 VweQ.Dods
n

n

sup‘Xn(a))—X(a))H<g—>0 khi n— .
o n



DPinh li dugc ching minh. O

2.1.3 Pinh li. Anh xa X :Q —e la phan tir ngdu nhién G- do dwoc khiva chikhi X la gi6i
han (theo chuan) ciia mét day (X n) cdc phan tir ngdu nhién don gian G - do dwoc va
HXn(a))H SHX H tire la ll_r)g HX ) (a))” =0 va HXn(a))H SHX((())H VvOi moi n va moi

we).
Chitng minh. Diéu kién du 1a Dinh 1i 2.1.1.

Diéu kién can: Gia st X 1 phan tir ngu nhién. Do e kha li nén ton tai day (, ) trd mét trong
e, V= 0.

Voéimdi n=1,2,... xac dinh anh xa

Lt E={ygsed,}, Vx€E, f,(x)=y,, ¥, €{Vps-ry,} thoaman

e= vl <lx =

o=y < x -
Khi d6, véimoi n, f, laanhxa B (e)/B (e”) do duoc. That vay

5 ) ={x e Exfx =y <[l =, [0 <~

-1 .
— ﬂo{xiux—yzu<Hx—ymHﬂl{x:Hx—yHg”x_yn }}

Vicacanhxa f:x >x—a va f,:x > HxH lién tuc, nén anh xa f:x —> Hx - aH lién tuc. Tuong tu

<nj

g x— Hx — bH lién tuc. Do do f(a;b) (x) = Hx — aH — Hx — bH lién tuc. T d6

-1

1700 = Vo [0 Vi [(=:0)]< B (9

voimoi /. Vayvéimoi Be B (e)taco

= U £'(»)eB (.

{l:y,eB}



Viy f.:e —eld B (e} B () doduge. Mit khac

=7, Go)|-min 1y, = <y = =
nén fn(x)HSﬂxH.

Pat X, = f oX.Khidé

L[X,(Q)] <14, (<0

tec 1a, X chi nhan hitu han gia tri.

X,(Q)=

Véimoi Be B (e) thi

X,'(B)=(f,>Xx) (B)=x"[f,'(B)|]=X"'(B")e G, BeB (o).

Do X 1aphan ter ngdunhién G - do duogc, nén X o la phan tr ngdu nhién G- do dugc. Vay X .
1a phan tir ngdu nhién don gian G- do duoc va

‘Xn(a))Hz fn[X(a))]HSZHxH voimoi n vamoi we Q).

Cudi cung ta c6

%, (0)-x (o)) =

£, (X (0)-X (o)
/,(x)=x| = min

Suyra limX,(®)=X () vé6imoi weQ.

ym—xH—>Okhi n—>00.

Vay X 1a gi6i han theo chuan cia diy phan tir ngau nhién roirac (X,)

DPinh li dugc chiing minh. O

2.1.4 Pinh li. Cho ey, e; la khong gian Banach. T': ej—> e, la danh xa

B (e))/ B (ey) do duorc,
X :Q —> e la phan tir ngdu nhién G - do dwoc. Khi dé danhxa T o X :Q —> e, ld phan tir ngau nhién
G- do duoc.

Chitng minh. V&6imoi B, € B (e;)taco T~ (B,)= B, € B (er). Do d6

(Tox)"(B,)=X"(T"(B,))=X"(B)e G.Vayinhxa T'o X :Q—> e, a phan tir ngdu nhién
G- do duoc. O



2.1.5 H¢ qua. Gid st anhxg X :Q, —ela phan tir ngdu nhién G - do dwoc thi anh xa

HXH :Q, >R ladailuong ngau nhién G - do duoc.

Chimg minh. Taco | X||=|]|o X :Q,—2— e—LLSR, || lién tuc nén do duoc, 4p dung

Dinh li 2.1.4 ta ¢ diéu phai chiing minh. O

2.1.6 Dinh li. Anhxa X :Q —>e la phdn tw nngu nhién  G-do dwoc khi va chi khi véi moi
fe e th f(X) = f o X la dai lwrong ngau nhién G-do duoc.

Chitng minh. Gia st X 1a phan tir ngdu nhién G - do dugc. Khi d6 véimoi f e e, f lién
tucnén f 1a B (e) /B (R) do dugc. Theo Dinh 1i 2.1.4 ta ¢o f(X) 1a dai lvong ngau nhién G -
do duoc.

Nguoc lai, gia st [ (X ) 1a dai lwong ngau nhién G - do dugc véimoi f € E' can ching
minh X~'(B)e G v6imoi Be B (e). Dit

L ={dc:X"'(4)e G}.
Khids, L 13 o -daisd. Taséchingminh B (e)c L , nhung B (e) 13 o - dai s6 sinh boi cac

tap tru nén ta chi cAn chimg minh L chira cac tap tru. That vay, gia st fisnf, € €
,AcCR",
dait
C(4)={oeQ:(f(X)(@).s f, (X)(@)) € 4},
Ln=Ln(ﬁ,...,ﬁ)={ﬁeR":c(2)e G}.
Gia st f(f;,...f,): E— R” la anh xa xdc dinh boi
x> f(x)=(£(x), £(x),0 f, (x)) R

Do f,.... f, lién tuc nén £ lién tuc. Vay f 1a B (e) /B (R") do duoc. Tir do

(=[] (A)=\[70] (A)<F |=ls"(4)<F |



voi g:f(X):Q—)R" lasznhxaF |/ B (R”) do duoc nénsuyra L la mot o - dai sO céac tap

con cua R”. That vy

(1) gil(Rn)zQe F suyyraR"eL.

(ii) zgleLn suy ra gil(;l)eF nén

0 ~

(iii) Gids (4,)", L, nén g*l(ﬁl);g*(@);...eF suy ra

=

gl(n['jl[aj:n['jgl([a)e F

=1

Mit khac néu D =(,:8,) % (1 )% ... x (a1, n)eB(Rn)thi
¢ (D)= fX)l (D)=x"[s(D)]= X(ﬂf (a3 l-)j
() (@] =0 (@5 < F

-
nén Del, trdo B (R")cL,. Vayvsi AcB (R") thi AdeL,, dodo C(/l)e G.
Tir chimg minh trén ta suy ra néu A B (R") thi C(/l) e G. Bay gio gia st 4 13 tap try,

khid6 ton tai n; f,...[,€E'; Ae B (R"),

A={x e E:(f;(x),r 1, (x)) € 4]

X (A)={u:X(w)e 4}

={@:(/(X)(@).s f, (X)(@)) € 4 = () F

dodé AeL.Do L chiracéc thp try nén L > B (E). Diéuny kéo theo Be B (E) thi BelL

nén X' (B ) e G.Tirdd X 13 phan tir ngdu nhién G - do dugc. Pinh li dugc chimg minh. O

2.1.7 H¢ qua. Cho X,Y la cac phin tir ngau nhién G-do duwoc, a,beR, :Q—>R la

dai heong ngdau nhién G- do dwoc. Khi dé6  aX +bY, EX la phan tir ngau nhién G-do duoc.



Chitng minh. Ta c6

(aX +bY)(@)=aX(w)+bY(w)€ e,

$X (0)=¢(0) X (@) e
Do dé, véimoi f e e, thi f(aX +bY)=af (x)+bf(Y) ladailuong ngdu nhién G- do dugce va
f(EX)=¢1(X) 1adai lugng nghunhién G- do dugc. Th dosuyra aX +bY, EX 1a phan tir

ngau nhién G- do duoc. O

Cho X,,t€A lahocac phan tir ngdu nhién cing xéac dinh trén khong gian (Q,F , p) nhan
gia tri trong (e, B (e)). Khido, ho X,, t € A goi la déc ldp, néu v&i moi bd hitu han t € A va

4,¢B (E), 1<j<nm, tacod

n

p[ﬁX,f(Aj)}H P4 (4))

=l
2.1.8 Pinh li. Gia sit ey, e; la cac khong gian Banach; (Xt, te A) 1a ho phan tir ngAu nhién doc lap
nhan gi4 trj trong e;. Khi d6, néu véimdi €A, T : e;—>e; ladnh xa B (e) /B (e1)-do duogc, thiho

T (Xt ) , 1 €A 1aphan tir ngiu nhién doc 1ap nhan gia tri trong e,.

Chitng minh. Néu X 14 phan tir ngdu nhién nhan gia tri trong e;, A€ B (), T : e1—e 1a
anh xa B (e;) /B (e;) -do duogc thi

[7()] (4)=x [T (4)]= X" (4)

vé6i A'e B (el).
Chung ta bé qua chirng minh dinh 1i sau

2.1.9 Pinh li. Gia su X, X,,....X, la cdc phan tir ngdu nhién cing xdc dinh trén khéng gian
(Q,F , p) nhdn gid tri trong (e, B (e)). Khi @6, diéu kién can va & dé X,,X,,..., X, doc ldp la véi

moi  fy, froew f, €€, cdc dai hrong ngau nhién f(X,), f(X,),... f(X,) déc lp.



2.2 CAC DANG HOI TU

Cho (Q,F , p)lakhong gian xac suat day du, E 1a khong gian Banach kha li, B (e) 1a o -dai
s0 Borel clae.

Cho X 14 phan tr ngiu nhién xac dinh trén khong gian (Q,F , p) nhén gia tri trong (e, B
(e)). Voimoi p >0 takihiéu

1

X" = [ X" . |1, =X T )

Gia stt (X, ) la ddy phan tir ngdu nhién cing x4c dinh trén khong gian (Q,F , p) nhan gia trj
trong (e, B (e)).

Ta noi

(Xn) hoi tu dén X hau chéc chin néu p(limHXn - XH = O) =1,

n—x0

kihigula X, —2<C X,

(Xn) hoi tu dén X theo x4c suét néu limp(HXn —XH > 5) =0 v6imoi ¢ >0, ki hiéu la

n—»o0

X —~L—>X.

n

(Xn) hoi tu dén X theo trung binh cip p néu limeHXn —XHP =0,

n—0

kihigula X, —2>X.

221 Pinh li. X, —2““5 X  khiva chi khivéimoi & >0

n—>®0

limp(supHXm —XH > 5) =0.

-

Chirng minh. V6imédi € >0 vamdi n=1,2,.... Pat

D,(5)=[suplx, - x>0 = U (b, - x1 )|

m=n



Taco D,(&) giamkhi n tingva D¢(&)= ﬁ(HXm —XHS&).

=n

Taco wellim|x, - X]=0f

& lim| X, () - X (o)|=0

n—>®0

&SVe>0,3dn HXm(a))—X(a))H <g, Vm=>n

<Vk,dn: HXm (w)- X(a))H <

< Vi, Eln:a)eD;(%)

k=1 n=1 k

Do do6

fimlx, -] =0} (Ui £

=l n
Tu do

X, s X e p(lim][X, > X[ =0)=1

@p(UD; % =1, Vk=12,..

= p(ﬂDn % =0, Vk=1,2,...

=0,Vk=12,..

= limp(Dn(e)) =0,vi D, (8) giam khi n — .

DPinh 1i dugc chung minh. O



2.2.2 Dinh li.

Néu X, —"<< 5 X hoge X,—2+—>X thi X,—1>X.

Chiing minh. Néu X, —2<“—> X thi X, —2— X . That vy, tac6 voimoi &>0

o<

X, - x|>¢) gp(supuxm x| g).

Mit khac X, —2%“— X theo Pinh Ii 2.2.1 v6i moi & >0, lim

(supHXm —XH >€)=O.
Vay X, ——>X.

Néu X, — L s X thi X —2—> X . That vay, ap dung bat dang thitc Markov cho dai lugng

ngau nhién HXn -X

(

do e‘

, tacovoimoi € >0 )

Xn—XH>g)sipe\

X, -X|"—o0
&

X, - X||" >0 khin — 0. Vay X, —2— X . Dinh li dugc ching minh. O

Ta néi ddy phan tir ngdu nhién

(X,) 1a day co ban hdu chic chén (h.c.c) néu p ( lim |

m,n—>0

Xn—XmH=O)=1;
(Xn) 14 day co ban theo xdc sudt
néu lim p(HXn —XHZS)zO véimoi € >0;

M, n—»0

(Xn) 1a day co ban theo trung binh cdp p >0 néu lim eHXm - X |"=0.

m,n—»0

2.2.3 Pinh Ii.
Day (X,) la day co ban h.c.c khiva chi khi day (X, ) héitu h.c.c.

Chitng minh. Pat Q, ={w:(X,(®)) hoi t},



Q, ={w:(X,(®)) cd ban}.
Vi E lakhong gian Banachnén Q, =Q,. Do do
(X,) hoi tuh.c.c < p(Q,)=1
< p(Q,)=1
< (X, )coban h.c.c.

DPinh li dugc ching minh. O

2.2.4 Pinh li. Day (Xn) la co ban h.c.c khiva chi khi mét trong hai diéu kién sau théa man:

() lim p ( sup X, —X,Hj —0,Ve>0;
k>0

n—»o0

(i) lim p (supHXk —XnH >3):O, Ve>0.
k=n

n—»®0

Chiimg min. Tac6 X, — X,| <| X, - X,| +]X, — X, Suy ra (supuxk X,
k>n

> j c
(supHXk x> gj - (supHXk x| >£j.
kJ>n ken 2
Do d6 (i) <> (ii). Ta s& ching minh (X, ) 14 ddy co ban h.c.c khi va chi khi théa mén (i). Dat
0.(6)= U (1= x> ¢) = suplx, = |
kl=n zn

Khi do (A, (¢)) la day giam nén twong ty chimg minh Dinh 1i 2.2.3, ta c6

) . 1
Lim -]~} =(Us, £ )1

m=1 n=1

Suy ra

(X,) cobanhcc < [ﬁOA(



Dinh 1i dugc chung minh. O

. : 1
2.2.5Bb d&. Cho e la khong gian Banach va déy (x,) < e. Khi dé néu |x,,, —x,||< 7 Vo

moi n>n, thi (x,) la day co ban va do d6 hji tu.

1
Chirng minh. That vay, véimoi £ >0 ton tai n, sao cho 2" <¢g.Liy n,= max(no,nl).

Khi 46 véimoi n>n, , véimoi p >0

x., —x[I<

n+p n

X

‘+...+

n+p - xn+p—l‘ xn+l - xn

1 1——

<2’”f”’1+...+i=i 2" _ 171 1 ! < 17 <eg.
221

Vay (xn) la day co ban. O

2.2.6 Pinh li. Néu day (Xn) co ban theo xdc sudt thi ton tai déy con (Xnk ) C (Xn) sao cho

(x,,) hoituhec.

Chirng minh. (Xn) co ban theo xac suit nén véi moi & >0,

lim p(|X,-X,

m,n—»0

25)=O.



. 1 . 1 1 . 1
Tt do voi g =§ chon n; sao chomoi m,n=>n, thip ( -X, 2§j<§, e, VO1 &, =? chon
1

2k

1
n, >n, , sao chomoi m,n = n, thi p( )<— . Tir 46 ta c6 day con (Xn ) thoa
2 k

| | 5
Z?j<? Dat

© o 1 © o
A:ﬂU(Xnkl_Xnk Z?j:ﬂU(Ak)
m=1k=m m=lk=m
Tacop (A):hm ) (OA ]Slimi ) (Ak)ﬁhm(i ] 0. Do do
m—>0 k—m m—>0 k=m m—>0 k=
p(4)=1 AC=Uﬂ0XnM—Xnk <%)
m=1k=m

Tu d6 véimoi @ e A° ton tai m,sao cho

oe (b xl<5)

X, (@)=X,(

Mgt Ty

Suy ra

a))H <2—1k Vol moi k > m,.
Theo B6 d62.2.5 day (Xnk (a))) c E hoitunén A° {a) ' X, (a)) hoi tu}. Tu d6 suy ra p. Do do

(Xnk ) héi tu h.c.c. Pinh li dugc chirng minh. O
2.2.7 Pinh li. Day (X n) hoi ty theo xac suat khi va chi khi day (X n) co ban theo xéc suit.

Ching minh. Gia st (X, ) hoi ty theo x4c sut. V&i moi we Q

ta co HXm (a)) -X, (a))H SHXm (a)) —X(a))H +HXn(a))—X(a))H.

o) (.- X122 U - 4122 )

Do d6 (




Suy ra p(

2 ) <o, - X2 oo, - ]2 |

Do (Xn) h¢i tu theo x4c suat nén p(HXm—XnHZS)—)O khi m,n — . Vay (Xn) la day co ban

theo xac suat.

Nguoc lai, gia st (X n) la day co ban theo xac suét. Theo Pinh 1i 2.2.6 ton tai (X 0 ) (- (X n) ,

X, —“>X (k—o0). Véimoi £>0,
0<p(|Xx,-X|z¢) <p

(bl )b 125 o

Vay X,—£—X khi n — co. Dinh li duoc chimg minh. O

2.2.8 Pinh li. Day (Xn) héi tu theo trung binh cdp p >1 khi va chi khi day (Xn) co ban theo

trung binh cdp p.

Chimg minh. Gia si X, —*—>X . Khidé e|X, - X[|" —>0 khi n— o

1

(e

1 1

= (| X, - X|")? +(||x, - X[ =0

khi m,n—)oo.VayeHXm—Xan—>0 khi m,n — 0. Do do (Xn) co ban theo trung binh cép p.

Nguoc lai, gia su (X n) co ban theo trung binh cip p, taco

1
"Y' 50 khi m,n— .

(|

Vi e =], = - X)L <1 = X

1 S

:(e



1

nén [e][ X[ —e | X, ||<C|X, - X,[/)’ =0 Knim,n— oo

1
Diy sd(e HXHHP)”) la day co ban trong R nén hdi tu va do d6 bi chan. Vay supHXan < oo theo

dang thirc Mackop ta c6

Pl

Suyra (X,) co ban theo x4c suat nén ton tai (Xnk)c(Xn), XWL)X khi k — o0. Mit

X, = X, |2 8) < e X, - X, | =0 khi m,n—>c0.
&

khac do (X n) co ban theo trung binh cdp p nén véi moi £ >0 ton tai N (5) sao cho

e|X, - X,

P <& voimoi m,nZN(g).

Tt d6 moi n, 2 N(g) su dung B dé Fatou

X, - X[ =elim|x, - x, |" <lime

m—>0 m—>0

p
x,-x,| <e.

[

p L. . A . p , . . N
Do e Xnk —XH <g voimoi £>0 nén lime Xnk —XH <& véimoi £>0. Vay
k—o0
. p N L
lime|X, - X| =0 nen X, —2>Xx .
k—o0

1 1 1

Taco (X, - X [1)" < X, -x, |7+ X, —x]|")” >0 knin—onen X,—5x .

Dinh 1i dugc chiing minh. o

2.3 CAC PAC TRUNG CUA PHAN TU NGAU NHIEN

2.3.1 Ki vong ciia phan tir ngiu nhién

Gia st X :Q — E 1a phan tir ngiu nhién, phantire X ce goila ki vong ciia X néu voi moi
fee'taco f(eX)= e(f(X))eR.
2.3.2 Pinh li. Gid sit X,Y la cdc phan tir ngau nhién, & la dai lwong ngdu nhién cing xdc dinh
éen (,F ,p). acR acE. Khidénéutontai eX,eY, e & thi
L. Tontgie(X+Y) vie(X+Y)=eX +eY;

2. Ton tai e(aX) va e(aX) =qeX;



3. Ton taie(af) vde(a(f):aef;
4. Néu P(X:a)zl thi eX =a;
5.Néu & va f(X) déc lap v6i moi f €E’ thi ton tai e(§X) va e(§X)=e§.eX;

6. Véi moi dnh xa tuyén tinh T:E— F, F la khéng gian Banach kha li, ton tai e[T(X)] va

e[ T(X)]|=Tle()]
Churng minh.

1.Dat m=e X +e¥. Khido, véimoi f € E' tacé
Lr (X +1)]=e[ £ (X) 41 ()] =e[ £ (X)] e[ £ (V)]
=f(eX) +f(eY) = f(eX +eV)= f(m).

Do d6 theo hé qua cua dinh 1i Hahn-Banach, m = e(X +Y )

2.Pat m=aeX .Khido, véimoi f €L’ taco
e[f(aX)]= e[af(X):|=aef(X)
=af (eX)+f(aeX)= f(m).
Do do m:e(aX).

3.Taco f(aé)(o)=f(aé(w))=E(o)f(a)=][éf(a)](w) véimoi weQ. Suyra
flag)=¢f(a). Pit m=aeé.Khido, véimoi f eE' tacod
f(ag)=e(éf(a))=f(a)es=f(&)=f(m).
Do dé m=e(af).
4.Tacd (X =a)c(f(X)=f(a)) mie(X=a)=1 nén (f(X))=f(a)=1.Suyrae

S(X)=ef(a)=f(a).
Dodb a=eX.



5.Taco f(EX)(0)=f(é(0)X (0))=¢(0) f(X(0)=Ef(X)(@) suyra
f(EX)=¢f(X).
bat m=e&.eX, tacod
e[ S(§X)]=e[ 6/ (X)]=e& e (X)
e& f(eXy=f(e& eX)= f(m).
Do dé m= e(&X).
6. Dat m =T (eX). Khido, véimoi f € E’' taco
[/ (1X)]= [ (ST)(X) )= (ST ) =1 (TeX)= £ (m).
Do d6 m:e(TX). O

233 Pinh li. Néu e[| X| <00 thi tontaie X va of X||2] <X]||

Churng minh.

(i) Truong hop X 1a phan tr ngiu nhién rdi rac
X = Za X4
=1

trongdo | J4, =4 "4, =D (i# j),A, € F,4 €E Khido

Jj=1

HXH(a)) = HajH néu weA,.

Suy ra X = 2\%\\ %, Dodo e X|= 2\\aj\\u(Aj) <co.
J= J=



n
bat X =Zai;(Aj , ta co

Jj=1

eXn :Z”: e(aj}(Aj)ZZn:aj(Aj)eE.
Jj=1

V&imoi m>n tacod

e etil=| > 0 P(4)) SilH%H p(4))
J=n+ =nt
< 2 Ja,[p(4) -0

khi m,n — oo, ching t6 (EX,) 1 ddy co ban trong E do d6 ton tai lime X, =mek.
Ta s& chimg minh m = e X . That vy, véimoi feE’, taco
f(m)=f(lim eX,)= limf(eX,) = lime(f(X,))  (*.
Mit khac
=[S (X,)]=e S (X) =l f (X, = X)| <el £ (X, - X))
<e[| /11X, - x]]=[ /]

A/l £z,

J=n+l

X, - X||

1A |a,

J=n+l

e(Aj)—)O
khi n — o0. Do d6
limef(Xn)=ef(X) (**)
Tu (*) va (**) suy ra f(m)zef(X) véimoi feE' . Dodo m=eX.

Viy eX =lime X .

(ii) Truong hop X bét ki. Trudng hop nay ton tai diy phan tr ngau nhién (X n) 01 rac sao

cho sup|[X, (@) - X ()] <= 0. Do dé
o n



eLn—Aws{g):%eﬂ
n n

khi n—>o0. Xétday (eX,), tacd
HEXn ~EX

|<|[EX, —EX]+[EX,, ~EX]—>0
khi m,n— oo nén (eX,) 1a diy co ban trong E. Do d6 ton tai lime
X,=mekE.

Ta s€ chimg minh m =e X . That vy, voimoi f e E’, taco
f(m)=f(lim eX,)= lim/(eX,)=lime( f(X,)) (1)
Mit khic =le| f(X,)]-e/(X)I< e f (X, = X)I<]f]e] X, - X[ =0

nén lime f{IX,)=e f(X) (2)

T (1) va(2)suyra f(m)=ef(X) véimoi feE . Dodéom=e X.
Vay lime X, = eX.

n—o0
Tiép theo ta s€ chirng minh H e X H <e HX H . That vay, néu X la phﬁn tr ngau nhién don gian

X=Yay, ti
Jj=1

1X1I=

iajp(flj)

<o |P(4) =<l

Néu X 1a phan tir ngdu nhién roi rac thi ton tai ddy phan tir ngAu nhién don gian (X, ) sao cho e

X =limeX,. Khidé

n—0

le Xl =

mEX, | = lim[EX, | < imE[x | <e]X].

n—»oo n—»o n—o
Cubi cung, néu X 1a phan tir ngiu nhién bat ki thi ton tai ddy phan tr ngiu nhién rdi rac (X )
sao cho e X =lime X . Bang lap ludn nhu ddi voi phan tir ngiu nhién roi rac, ta ciing c6 bat dang
n—»o0
thirc ||eX|| SeHXH
DPinh 1i dugc chung minh. O

Tandi anh xa @: E — R 13 ham 16i néu (o(ax+(1—a)y)S ap(x)+(1-a)p(y)



véimoi o € [0;1], x,yek.

234 Bé 8. Néu y laham16i o, >0,i=1,2,..,n, Y &, =1 thi
i=l
(D(Zal.xi] <> ap(x,) véimoi x, € E.
i=1 i=1

Chitng minh. Theo dinh nghia ham 16i ta ¢
go(ozlx1 + a2x2) < algo(xl) + a2¢(x2), a,20,a, 20,0, +a, =1.
Vay véi n=2, bo dé dung.

Gia st bd dé dung dén n =k, ta s& ching minh n6 ciing ding v6i n=k +1.

k+1
Thét vay, gid sit , 20; (i=1,2,...k+1), Zal. =1, khong mat tinh téng quat, co thé gia thiét
i=1

a,.,#0,a,,,#1. Khido

k+1 k
@(zaz‘xi] = @(z aX; + ak+1xk+1]
i=1

i=1

Lo
:§0{(1_0‘k+1)'z — X +ak+1xk+l}

-t L=y

K
<(1-a,): Z 1 _ai o(x)+ o, o(x,)

Vay ménh dé ding v6i n=k+1. O
2.3.5 Pinh li. (Bt dang thic Jensen). Néu ¢: E — R la ham 16i, lién tuc. X :Q —> e la phan

tir ngdu nhién va | X||<oo thi p(eX)<ep(X).



o0
Chirng minh. Gia st X 1a phan tr ngau nhién roirac, X = Zaj X, Vol
J
j=1

OAjzﬂ, ANA=0,(i#j),a;€E, 4, €F .Khidé go(X):igo(ai);(Ai. Pit
J=1 Jj=1
X, :iaj;(Aj . Taco X =limX, va
j:l n—»o0
eanz; ap(4;). e(D(X)=ZI:¢(ai)p(Aj).
j= J=

Viy ey (4,)=1nén C, =) p(4)—>1 khin—>on.
j=1

1 1<
Boi vi (p(c— e Xn)=<o(c—Za,- P (Aj))

n n Jj=l1
SN 51
“o5 L (4)ap<3 L b (4)ola)
J=1"n J=L"n
_1s p(Aj)(o(a)—)e(D(X)khl n—> oo
Cn J=1

n—»o0
Cn

Do d6 limgo[iEanﬁ e p(X).

n

Mat khac limgo[iEan = @(lim[iEXn j)
n—»0 C n—»0 Cn

= gp(limi. lime X, )=@(eX),

nswo C, "
suyra @(eX)< e (o(X). o
2.3.6 Phuong sai ciia phin tir ngiu nhién

A x A c 4, . 2 A LA N 1 .
Cho X Ia phan tir ngau nhién, khido ta goi DX = ||X-e XH (néu ton tai) 1a phwong sai cia

2.3.7.Pinh li. Gid sir X la phan tir ngau nhién, & la dai heong ngdu nhién ciing xdc dinh

trén khong gian xdc suat (OLF | p), acR, a e E. Khids



1.D(aX)=a’DX ;

2. D(ag)=laf Dz
3. DX =0 khivachikhi X =e X (h.c.c).

Churng minh.
1. D(aX)=E |jaXe @Y)||* =a’E || X X]]* =a’Dx.

2. B(aé)=aké nén D(aé)= |- aBE| =E|a(é-ES)| .
e (lafls - EeT )=l Ds-
3. DX =0 || Xe X|[ =0
|| Xe X|JP =0 hcc

|| x-e X|| =0 hcc

SX-eX=0heo
< X=X hcc O



CHUONG II1

SU HOI TU YEU CUA PO PO XAC SUAT

3.1 PO PO CHINH QUY VA PO PO RADON
3.1.1 Bg do chinh quy

Cho X 1a khong gian t6 pd, w 1ado do trén B (X).

Khi &6 u goila chinh quy trong néu véimoi Ae B (E)

u(4)=sup{u(F):F=Fc 4};

1 g0i 14 chinh quy ngodi néu véimoi A € B (X)
p(A)=inf{x(G):G=intG> 4};

L got la chinh quy néu M chinh quy trong va chinh quy ngoai.

3.1.2 Pinh li. Néu u la dé do xdc sudt, thi ba diéu kién sau twong dirong
(1) u chinh quy trong.
(11) 4 chinh quy ngoai.
(111) u chinh quy.

Ching minh. Gid st u chinh quy trongva A€ B (X ). Khido véi Ve>0, tontai F, dong,
F,c A saocho u(F,)2 u(A°)-¢.Pat G, =X \F, thi G, mo, G, >4 va
(G, )=1-pu(F)<1-pud +e=pu(A)+e¢.
Do dé u(A)=inf{u(G):G=intG > A}, nén x chinh quy ngoai.

Nguoc lai, gid st i chinh quy ngoai, tuong tu nhu trén ta chimg minh dugc  chinh qui

trong. O

3.1.3 Pinh li. Néu p la do do xdc sudt thi y chinh qui khi va chi khi



VAEB(X),V8>O,3F; dong, G, mo saocho F, c Ac G,, y(Gg\Eg)<5.

Chirng minh.
Ta co6 u chinh quy < 4 chinh quy trong va u chinh quy ngoai

& VA4eB (X),V8>O,3Fg dong, F, < A sao cho: ,u(Fg)>,u(A)—§ va ton tai G, mo,

G, D A sao cho ,u(Gg)<,u(A)+§.

< Véimoi VAeB (X),‘v’8>O,EIFg dong, G, mo, F, c AcG,, sao cho:

u(G, \Eg)=,u(Gg)—,u(E9)<,u(A)+§—,u(A)+§=g.|:|
3.1.4 Pinh li. Cho X la khéng gian t6pé sao cho moi tdp con déng ciia né déu cé tinh chat G, .

Khi @6, moi d do xdc sudt trén B (X) la chinh quy.

Churng minh. Pat

p:{AeB (X):y(A):sup{y(F):F:FCA}:inf{,u(G):G:intG:)A}}.
Tir chtng minh cua Dinh 1i 3.1.2 ta thay
Aep < Ve>0,3F, dong, G, md, F,c AcG,: u(G,\F,)<e.

Do d6
vc’yiA;t@thi@cAc@:,u(@\@)=O<g,V5>O, nén A=Jegp.
voi A=X thi XcAc X :u(X\X)=0<¢e,Ve>0, , nén A=Xegp.
Giasit A€ thivéimoi £ >0, tontai F, dong, G, mé, F, = Ac G, sao cho
1(G,\F,)<¢&.Khido G¢ dong, F, mé, FFcA°cGf, va

u(FNGS )= pu(F)-u(G)=1-u(F.)-1+ u(G,) = u(G,\F,)<s.

Dodd A°egp



Giast 4, € p,VneN va & >0batki. Khi do véimdi n, tontai F." déng, G." md,
& y
F"cA,cG,", saocho ,u(Gg” \Fg”) <3—n. bat

r={Jr. G, =Jr".

n=l1 n=1

Vi G, T F nén theo tinh lién tuc ciia 4 thi ton tai %imy(Ck)zy(F). Do d6 ton tai
2 & A i g
k, dé ,u(F)—,u(Ck)<§,Vk2k0. bic biét ta co IU(F\Cko)<§'

ko ® o
pit F, =\ JF,"=C,, G, =G, Khidé F,déng, G, mo, F,c| )4, <G, va
n=1 n=1 n=1

o0

u(G\F)<u(G, \F)+,u(F\Fg)S/{U(GZ \11")};1(17\0%)

n=l1

o0

Siy(Gf\Fg”)+y(F\Cko)<z3in+§
n=l1 n=l1

Dodé | J4,ep. Vay @ la o- daisb.

n=l1

Bay gio gia st F 1a tap dong bat ki trong X . Khi d6, theo gia thiét, F c6 tinh chit G_,

o0
nén FzﬂGn, véi G, mo.
n=1

k
Pt D, =[G, thi vi D, ¥ F nén ton tai lim 42D, )= u(F). Do do véimoi >0, ton

n=1
tai k, d¢ u(D,)—pu(F)<&, Vk>k, licnaytaco u(D, \F)<e.
bat F. =F; ngDkO.Khid(') F déng, G, mo, F,.cFcG, va

u(G, \FS)S,u(Dk0 \F)<g.



Do d6: Fegp , ticla g chua cac tap dong. Tl cac chung minh trén suy ra o =B (X ) . Vay u 1a

do do chinh quy.O

3.1.5 Hé qua. Moi dg do Borel xdc sudt trong khong gian métric déu la dé do chinh quy.
3.1.6 B¢ do Radon

Cho X 1a khong gian topd va g 1a do do xac dinh trén B (X ) Khi do, u dugc goila do do
Radon néu

,u(A)zsup{,u(K):K compdccA}, VAeB (X).

3.1.7 Pinh li. Gid stz u la dé do xdc sudt. Khi d6 u la d¢ do Radon khi va chi khi y chinh
quy va véi moi € >0, ton tai K, compaic sao cho ,u(X \ Kg) <Eg.
Chitng minh. Gia sir 6 do xac suat g 1a do do Radon. Khi d6 s 1a 46 do x4c suat nén
chinh quy. Vi X € B (X ), 4 1a d6 do Radon, nén
u(X)= sup{y(K) : K compdc } :
Do d6, véimoi &> 0, ton tai K, compic sao cho ,u(X) < ,u(Kg) + &, hay ,u(X\Kg) <g.
Nguoc lai, gia st ¢ chinh quy va g théa man: moi ¢ >0, 3K, compic sao cho

,u(X\Kg)<8 . Khi d6, vi u chinh quy nén véi VA€ B (X), moi & >0, ton tai F_ doéng trong

A sao cho ,u(A \ F;) < 5 V6i ¢ noéi ¢ trén, theo gid thiét ton tai K, compdc sao cho
£
,u(X\Kg)<§. bat K=F, NK, thivi K dong trong K, nén K compdc. Tacé K c 4 va

u(ANK)=p| A\(F,NK,)]
=p|(A\F,)u(4\K,)]
<u(AVE)+u(4\K,)

<§+§:5. Tu do ,u(A)<,u(K)+g

. Do d6 y(A)zsup{y(K):K compdc CA}.



Vay u la do do Radon.O

3.1.8 Pinh li. Méi d do Borel xdc sudt trong khéng gian métric day dii va kha li déu la dé do
Radon.

Chimg minh. Gia st X 1a khong gian métric du va kha li con g 1a d6 do xéc sudt trén B( X ).
Khi d6, vi u 1a 6 do xéc suit nén g chinh quy.

Gia sir £ >0 batki. Vi X khalinénvéimdi n=12,.. tacé X = JB,, trongds la B,

Jj=1

3 1
hinh cau dong ban kinh —.
n

Vi C, :QEnj T X va p lién tuc nén ton tai %i_)rgy(ck)zy()(), hay %i_)rgy(X\Ck)zO.
&

k,
Do d6, véimdi n=1,2,... tontalk sao cho ,u[ UE] bYR

bat X, Uan ; K, = ﬂXn .Khido X,, K, dong. Hon nita, véi moi 6 >0, ton tai n, sao cho
Jj=1 n=1
1 .
—<6. Taco K, c X, , v6i X, biphubéik, hinhcaudoéngbankinhbéhon &, nén K, hoan
no 0 0

toan bi chan. Do d6 K, compic. Mat khac ta c6

WK )= X8,

Vay u lado do Radon.O



3.2 SUHOQI TU YEU CUA PO PO
3.2.1 Hji tu yéu

Trong doan nay ta ki hi¢u

(X, p) la khong gian mé tric kha li,

p (X) 1 tap hop cac do do xac sut trén B (X),

C,(X) 1a tap hop céc ham thyc, lién tuc, bichan trén X,

U(X) 1a tap hop céc ham lién tyc déu, bjchan trén X .

Gia st u,, e P(X). Tandi p, hoi tu yéu dén p khi n—> oo, kihieula g, —*—>u , néu
}liigjfdynzjfdy, vf eC,(X).
X X
Cho X : (Q,F , p) — B (E) 1a phan tir ngu nhién. Dat
+(B)=p (X(B)) voimoi BeB (E),
tacop , lamotdd do xdc sudt trén B (E).

Dy phan tir ngdu nhién (Xn ), X,: (QF ,p—>B (E) goi hoi tu yéu hay héi tu theo phdn

phoi d&én X néup , ——> p ,, kihitula X, ——>X.
Chung ta can b6 dé sau

3.2.2B6 dé. Néu p:B (X)—>R lado do hitu han thi trén X c6 khong qua dém duwoc diém

co do do duong.

Chirng minh. Dat

A:{xeX:,u({x})>O},

4, ={xeX:,u({x}) z%}



tacO A= UAn . Gia st ton tai n, sao cho Ano la tap vo han. Khi do, tdn tai day (xk) (- An0 sao cho

n=1

x; # X ;. Lic nay ta co

EREVIEATE EDWI(ERIES WAt

Ta gdp mau thuan. Do d6 A 1a tap hiru han véi moi n va A khong qua dém duge. O

Bay gio ta ching minh dinh li quan trong sau

3.2.3 Pinh li. Cdc diéu kién sau la twong dwong
(i) u,——u;
(i) erU(X):£iigjfdyn = | fu;

X X
(iii) VF dong trong X : Egyn(F) <u(F);
(iv) VGmotrong X : myn(G) > ,u(G);

n—»o0

(v) vV4eB (X), ,u(@A):O, lim,un(A):,u(A).

n—0

Churng minh.
(i) = (ii). Néu g —% > 41 thi lim'[fd,un =jfdu, VfeC,(X), md U(X)cC,(X)
X X

nén lim [ fdu, = | fiu, Vf U (X).
X X



(ii) = (iii). Gia st lim j fdu, = j fdu, ¥f eU(X)va F latapdéngtrong X . Vi X 1
n—)ooX X

khong gian métric nén theo Pinh 1i 1.1.4, F' c6 tinh chét G,, tacla F' = ﬂGn, voi G, mé trong X

n=1

.Taco thé xem G, ¥ F (vi néu khong thi thay G, bsi G/ =[G, ). Pit

k=1

i)
p(x,G,f) +p(x,F)

Ta co ﬂeU(X).KihiéuzA la ham dac trung cua tdp A. Vi y,.<f <y., Vn, nén

fu(x)=

u,(F)=[ xpdu, <[ fidu,. Vk . Tirdétaco
X X

lim g, (F) <lim [ fyd s, =lim [ fid 1,
X X

S'[;(de,uzy(Gk), Vk.
X

Do d6 El,un(F)Slim,u(Gk):,u(F).

n—»0 k—o0

(i) = (vi). Gia sir c6 (iii) va G la tap mo bat ki trong X . Khi d6 ta ¢ lim p1, (G*) < u(G*)

n—»o0

. Do do
lim g1, (G) = lim(1- g, (G°))
1m0 1T 0

>1-u(G°)=u(G).

(iv) = (v). Gia st c6 (iv) va 4 batki thugc B (X) saocho (04)=0.Khido vi
intdAc Ac A=int AU0A ,
nén ,u(intA) = y(A) = y(Z)

Dodo  lim, (4)2lim g, (int 4)> p(int4) = u(A);

n—»0 n—0



En,un(A) Sﬁ,un(Z) < ,u(A) =,u(A).

n—>o0 n—0

Nhu vay lim g, (A) > y(A) > ﬁn,un (A)

n—o n—0

Mit khac, taluon co lim g, (4)<lim g, (A4),

n—»o0 n—»o0

Nén liLnﬂn(A)=En,un(A)=,u(A).

Do do ton tai  lim p1, (A) = u(4).
(v) = (i). Giastrcé (v) va f tiyy thude C,(x). Xét ham tap
v=f(u):B(R)>R
xac dinh boi
v(B)=f(u)(B)=u(f"(B))=u({xeX:f(x)eB})
vé6imoi BeB (R).Taco v 1add do xdc sut. That vay, vi f €C,(x) nén f bi chin nén ton tai

khoang (a,b) hiru han sao cho f(X) C (a,b). Do do
o((ab)) = (£ (b)) = () =1,

2(b—a)+1

Giastr € >0 tuyy. Ta chia doan [a,b]tha‘mh m ={
£

} khoang bang nhau

. . & A . .
A,,...., A, v6ido dai bé hon 5" Vay ton tai ¢, € A, sao cho v(tj)=0, j=1..,m . Khido ¢,..,zt,
thoa man
l. a=t,<t,<...<t, =Db;
2. a<f(x)<b, Vxe X;

3. t,—t,,<¢, j=1,...,m

4. v(tj) =0, j=1,...,m.

bat Aj :{xeX:l‘f1 Sf(x)<tj},j=1,...,m.Khidé



X:UA,- va ANA =B néu i#j.
=1

Matkhic {xeX:t,, < f(x)<t,} dongvachia 4, , con {xeX:t, < f(x)<t,} motrong 4,
nén

A c{xex: <f(x)<t}, intd, o{xe X, < f(x)<t,}.
Tir d6 suy ra

Zj\A;)c{xeX:f(x):tH}u{xeX:f(x)ztj}.

Do do6

Tt d6 ap dung (v), ta duoc

iiji.}ﬂn(Aj)=/‘(Aj)-

pat f = ZtH;{Aj ta co

=
‘f*(x)—f(x)‘=f(x)—z‘j7l <t;—t, <& VxeX.
Do do

[ fdp, =] s =|[ (1 =1 )du, + [(1" =1 )dp+ [ fdu, = [ fin,

<J|f = rldu,+ [\ = sldu|[ fdu, - | s,

X

>ty [ (4) —#(Aj)_‘




Tu d6 suy ra

lim

n—»0

<2¢, Ve>0,Yf eC,(X).

ffdﬂn - ffdﬂ

Vi vay lim'[fdynzjfdy va g, ——>u. O
X X

3.3 7-HE THONG

Trong doan nay ta ki hiéu X 1a khong gian métric.
Tap con A cta khong gian xac sut (Q,F , p) goi 1a p -lién tuc néu p(@A) =0.

Ho céc tap hop A goi la mot 7 -hé thong néu A, Be A thi AnBeA .

3.3.1 Pinh li. Cho ( py) la day cdc @9 do xdc sudt trén (X,B (X),P), A la mot r -hé thong
trong B (X ) sao cho moi tdp con mo cua X déu viét duoc dudi dang hop cua mot day cac tap thuoc
A . Khidénéup ,(A)— P (A) véimoi AcA thi P —— P

Chitng minh. Véimoi 4,,...,A € A tacod

pn(OAijzz Pu(d) - D Puldi Ayt Y Pyd; A; ) —-\b’ —4ac

i i<j i<j<k

= D PMA)- DL PUAA)T D P4 4)—\b —4ac
i i<j i<j<k
lue)

Gia st G mo, G=UAI. voi (Al.)CA . Voi £€>0 tuyy, chon r sao cho

i=1

p (UAsz p(G)-e.

i<r

Teds p(G)-e<p (UAI.JSIim p n(UAijsm p .(G).

i<r i<r n

Do &> 0 tuy ¥ nén. Theo (iv) ctia Dinh li 3.2.2 ta c6 khang dinh cua dinh li. O



3.3.2 Pinh li. Cho (py) la day cdc dg do xdc sudt rén (X ,B (X),P),, X la khong gian métric
kha li, A la mét 7 -hé thong trong B (X)cé tinh chat: moi xe X, moi £>0, tontai A A sao

cho

xemtAdc Ac B(x,e).
Khidé néup,(A4)—>p(A) véimoi AeA thi p,—>p.
Chitng minh. Theo gia thiét, moi x thudc tip mé G ton tai A €A saocho xeintd c 4 G
Vi X khi li nén theo tinh chit Lindelof, ton tai ho dém duoc (int 4, ) cia ho (int 4,) . phi G.

Do d6 G =|_J4, . Vay gia thiét ciia Dinh 1i 3.3.1 dugc théa man va c6 két luan ciia dinh Ii. o

Mot ho con A cua B (X ) goi 1a ho hoi tu xac dinh néu moi do do xéac suét p va moi day (py)
cac do do xac suit trén B (X), pn(A) —)p(A) v6i moi tap p-liéntuc 4€ A thi p, ——>p. Vdi
moi x e X dat

A&g={AeA :xeintAcAcB(x,g)}, Cho AcB (X) la

0A,={04: AeA }.

3.3.3 Dinh li. Cho X la khong gian métric kha li, A la mot x-hé thong trong B (X). Khi
dé néu moi x € X,e>0, GA(,E chua tap rgng hodc chira qua dém dwoc cdc tap roi nhau thi A mot

ho hoi tu xac dinh.

Chitng minh. C6 dinh p va ki hiéu A ,1a ho cac tap p -lién tyc trong A . Véimoi 4, Be A ta
co

d(ANB)cd4AnoB
nén p(8(4NB))<p (d4)+p (6B)=0.
Dodé A ,la motla mot 7 -hé thong. Gia st p ,(A4) —>p (4) véimoi de A,

Néu OA , chuardng thi tontai xe A, c6 A= nénp (04)=0.Dodd AcA ,



Néu 0A, , khong chira rong thi theo gia thiét 0A, , qua dém duoc cac thp roi nhau nén phai ton
tai Ac A, dép(04)=0.Tuds AcA ,
Vay moi truong hop moi ho A, | déu chira mot tap cua A » Do gid thiét cua Pinh 1i 3.2.2 thoa

mannéntacédp ,——>p.O



KET LUAN

Luin vin di dat dwoc mot sé két qua sau:

D3 hé théng nhitng kién thirc co ban, can thiét vé khong gian métric va khong gian topd, mét sd
khai niém va tinh chat cta d do.

Di néu duge céac tinh chit cua do do trong khong gian métric

D3 néu dugc cac tinh chat ciia phan tir ngau nhién va sy héi tu yéu ctia d6 do xac suit trong
khong gian métric va sy hoi tu theo phan phdi ctia ddy cac phan tir ngau nhién nhén gia tri trong khong
gian métric.

Vén dé vé phan tir ngdu nhién va sy hoi tu yéu cta do do xéac suét trén khong gian métric 13 van
dé rong 16n. Két qua ciia luan van chi 1a mot phan trong van dé rong 16n d6. Hy vong rang sau ludn vin
nay, toi c6 déu kién tét hon dé quan tdm nghién ctru van dé nay. Vi thoi gian va kién thirc ¢6 han,
chic chan luan vian khong tranh khoi nhiing sai sot. Tac gia chan thanh mong céc thay co gido va cic

ban gop ¥ kién gitip d&.
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