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MG dau

1. LY DO CHON DE TAI

Trong chuong trinh toan hoc bac Trung hoc Pho théng, cac bai toan
ve Luong giac chiém mot vi trf rat quan trong. Viéc chiing minh cac hé
thiic da biét theo mot cach khac khong theo cach bién déi thong thuong
va tim ra cidc hé thic mdi 1a rat can thiét. Diéu nay gitp ching ta rén
luyén tu duy va c6 hé thong bai tap cho viéc gidng day, boi dudng hoc
sinh gidéi cling nhu trong cac ky thi. Dya trén nhan xét: Mot tam giac
hoan toan duoc xac dinh béi ba yéu té doc lap, ba yéu t6 dé c6 thé duoc
coi 1a ba nghiém ctia mot phuong trinh bac ba tuong iing. Cac yéu to
doc lap dé déu c6 thé biéu dién qua p, R, r, tic phuong trinh bac ba tim
ducc sé c6 hé sd chia p, R, r.

Luan van nham hiéu vé cac phuong trinh bac ba sinh béi cac yéu t6
trong tam gidc va néu cach giai quyét cac van de lien quan. Trén co s do
xay dung mot sd hé thic lugng gidc méi dua vao tinh chat ctia phuong
trinh bac ba va cac bat ding thic quen biét.

Phuong trinh bac ba la mot van dé co dién clia toan hoc so cap, day
cling 13 mot trong nhitng phan toan so cap dep va thi vi. Noi dung xuyén
su6t clia luan vin 1a cidc phuong trinh bac ba sinh bdi cac yéu td trong
tam giac.

2. MUC DbICH NGHIEN CcUU

Heé théng va téng quan cac bai toan vé "Phuong trinh bac ba sinh
bdi cac yéu td trong tam giac", phuong trinh bac ba sinh bdi cac cung
va goc dac biét.
3. POI TUGNG VA PHAM VI NGHIEN CUU

Nghién ctiu cic bai toan vé phuong trinh bac ba sinh bdi cac yéu t6
trong tam giac va hé thong cac kién thic lien quan.



Nghién cttu tir cac tai lieu, gido trinh cia GS. TSKH Nguyén Van Mau,
cac tai lieu boi dudng hoc sinh gidi, ti sach chuyén toan, Tap chi toan
hoc va tuoi tré,...

4. PHUONG PHAP NGHIEN CcUU
Nghién cttu gian tiép qua cac trang web:
www.mathlinks.ro

www.mathn friend.net

www.vnmath.com
Nghién ctu tryc tiép tit cac tai lieu cia Thay hudng dan, cia cac
dong nghiép ciing nhu cac ban hoc vién trong 16p.

5. CAU TRUC CUA LUAN VAN
Ngoai phan mé dau va két luan, luan van gom bén chuong

Chuong 1. Cac kién thiic cd ban vé phuong trinh bac ba
Chuong 2. Phuong trinh bac ba ctia cac yéu td trong tam giac
Chuong 3. Bat ding thidc trong tam gidc va nhan dang tam
giac

Chuong 4. Cac ding thic trong tam giac



Chuong 1

Cac kién thitc bo trg lién quan

1.1 Mot s dinh 1§ quan trong ctia hinh hoc phang
1.2 Cac dinh ly co ban trong tam giac
1.3 Phuong phap giai phuong trinh bac ba

1.4 CaAc tinh chat nghiém ctia phuong trinh bac ba
Phuong trinh bac ba

4+ ar® +br+c=0 (1.1)

c6 ba nghiém x1, 19, r3 (ké cd nghiém phitc) théa man cac tinh chat sau:
Tinh chat 1.1 ([4]). Ty = 21 + 29 + 23 = —a;
[4]

[

[

Tinh chat 1.2 ([4]).
4]) T3 = X1X2,3 = —C.
)

Ty = v129 + 2973 + 2371 = b;

(
Tinh chat 1.3 (
Tinh chat 1.4 (

4]

Tinh chat 1.5 ([4]).
Ts = 21 + 292 + x3° = a® — 2b.
Tinh chat 1.6 ([4]).

Ts = (v1 + x2) (w9 + 23) (23 + 71) = —ab + c.



Tinh chat 1.7 ([4]).
Ty = 23 + a3 + 3 = —a® + 3ab — 3c.
Tinh chat 1.8 ([4]).
Ty = (w1 + 23 — 23) (29 + 23 — 21) (23 + 2, — T2) = @’ — 4ab + 8c.
Tinh chat 1.9 ([4]).

T+ To+x T3+ ab— 3¢ ab
Ty="122 42778 BT =—-3.
X3 X X9 C C

Tinh chat 1.10 ([4]).
Tig = a5 + x523 + 1327 = b* — 2ac.
Tinh chat 1.11 ([4]).
Ty = 2] + x5 + x5 = a* — 4a®b + 2b* + 4ac.
Tinh chat 1.12 ([4]). V6i moi k, 1 ta c6
Tio = (k + lxy)(k + log) (k + lag) = k* — k*la + kI*b — PPe.

Tinh chat 1.13 ([4]).

1 1 1 a
+ - .
T1T2 To3 T3 C

T T x 2b — a2
Ty=—+ =4 2 = :
T3 T3 T1T9 C
Tinh chat 1.15 ([4]).
1T Lol TaX b2
T15:12—|—23—|—31:a——
I3 o Zo c
Tinh chat 1.16 ([4]).
1 b? — 2ac



Tinh chat 1.17 ([4]).
Ti7 = (v1 — 332)2 + (22 — $3>2 + (23 — xl)Q = 2(@2 — 3b).
Tinh chat 1.18 ([4]).

1 1 1 a?+b
Tig = + + = .
T+ o To + T3 T3+ T —ab+ ¢

Nhan xét 1.1 ([4]). Néu x1, 2, x3 14 ba nghiém clia phuong trinh (1.1)
thi

1 1
5131’ .IQ’ s
la nghiém ctia phuong trinh
b a 1
P4 P+ —t+-=0. (1.2)
c c c
Nhan xét 1.2. Néu 1, 29, 23 13 ba nghiém ctia phuong trinh (1.1) thi
r3, 5, 3
la nghiém ctia phuong trinh
t3 — (a* — 2b)t* + (b* — 2ac)t — ¢ = 0. (1.3)

Nhan xét 1.3. Néu 1, x9, 23 13 ba nghiém ctia phuong trinh (1.1) thi
(21 + 22), (2 + 23), (23 + 21)
la nghiém ctia phuong trinh
t* 4+ 2at* + (a® + b)t + (ab —¢) = 0. (1.4)
Nhan xét 1.4. Néu 1, x9, 23 13 ba nghiém ctia phuong trinh (1.1) thi
(129 + wox3), (X223 + T3271), (X321 + T122)
la nghiém ctia phuong trinh
3 — 20t? + (b* + ac)t + (¢ — abc) = 0. (1.5)
Nhan xét 1.5. Néu x1, o, 23 12 ba nghiém ciia phuong trinh (1.1) thi
L2, L2X3, T3L]
la nghiém ctia phuong trinh

3 —bt? +act — * = 0. (1.6)



Chuong 2

Phuong trinh bac ba citia cac yéu t6
trong tam giac

2.1 Phuong trinh bac ba véi nghiém la cac yéu t6
do dai trong tam giac

Bai toan 2.1 ([4]). Do dai ba canh cia tam giac ABC' (gid st lan ligt la
a,b,c) la cic nghiém cia phuong trinh

t3 — 2pt* + (p* +1r* + 4Rr)t — 4pRr = 0. (2.1)
e poa LN S . . .
Bai toan 2.2 ([4]). —, T la cac nghiém cia phuong trinh
a b’ c
2, .2
p*+r°+4Rr , 1 1
t— t t— = 0. 2.2
dpRr + 2Rr dpRr (22)

Bai toan 2.3. a2, b, ¢ la cdc nghiém cia phuong trinh
2 —2(p? =12 —ARr)*+[(p*+ 12 +4Rr)2 = 16p° Rr]t— 16p° R*r? = 0. (2.3)

Bai toan 2.4. a+ b,b+ ¢,c+ a la cdic nghiém cia phuong trinh

t3 — dpt® + (5p® +r* + 4Rr)t — 2p(p* + r* +2Rr) = 0. (2.4)
Bai toan 2.5. ab, bc, ca la cac nghiém cua phuong trinh
3 — (p* + r® + 4Rr)t* + 8p*Rrt — 16p*R*r? = 0. (2.5)
1 1
Bai toan 2.6. —, —, — la cdac nghiém cua phuong trinh
ab bc’ ca
1 2+ 7?2+ 4R 1
L BN e — 0. (2.6)

t _
2Rr 16p2 R?r2 16p2 R?r2



1 1 1
Bai toan 2.7. —, <, — la cdc nghiém cia phuong trinh
a?’ b2’ 2
3 (p? +r* +4Rr)? — 16}92]%7’t2 N p? —1r? — 4R7“t 1 0
16p2 R%r2 8p2 R2r? 16p2R2r2
(2.7)
Bai toan 2.8 L L ! la ca hiém ciua phuong trinh
ai toan 2.8. a cac nghiém cia ng trin
a+bb+c c+a e b J
3 mﬁ+#+4&~2+ 2 . 1 B
2p(p? + 12+ 2Rr) pr4+r2+2Rr  2p(p? +1r2+2Rr)
(2.8)

Bai toan 2.9. (a+b)(b+c¢),(b+c)(c+a),(c+a)(a+b) la cic nghiém
cua phuong trinh

t3— (5p* +r +ARr) 2 +8p* (P> +12 +2Rr)t—4p* (p* +1r°4+2Rr)? = 0. (2.9)
Bai toan 2.10. p — a,p — b, p — ¢ la cac nghiém cua phuong trinh

t3 — pt* + (r* + 4Rr)t — pr* = 0. (2.10)

1 1 1
Bai toan 2.11. : : la cac nghiém cua phuong trinh
p—ap—bp-c
4R + T 1 1

Bai toan 2.12. (p—a)?, (p—b)?%, (p—c)? la cdc nghiém cia phuong trinh
35— (p? —2r* —8Rr)t> + [(r® + 4Rr)* — 2p°r°t — p*r* = 0. (2.12)

Bai toan 2.13. (p—a)(p—1b),(p—b)(p——c), (p—c)(p—a) la cic nghiém
ctia phuong trinh
3 — (r* + 4Rr)t* + p*r’t — p*r* = 0. (2.13)
1 1 1

Bai toan 2.14. , : la cac nghiém cua phuong
(p—a)* (p—0)* (p—c)?

trinh

AR —2p? , p*— 2 —8R |
po 22 Pp 2 2 —o (2.14)
pr pr pr



1 1
Bai toan 2.15. : : la cac nghiém
(p—a)p—0) (p=0)(p—c) (p—c)(p—a)

cua phuong trinh

5 1 r? + 4Rr I
v - ﬁt T p2rd N pirt

0. (2.15)

Bai toan 2.16. h,, hy, h. la cac nghiém cua phuong trinh

2 2 AR 22 222
_ PR, W,

t? = 0. 2.16
2R R R ( )
N~ o P 1 1 N ? N
Bai toan 2.17. —, —, — la cdc nghiém cua phuong trinh
ha hy he
1 2172 +4R R
P L T AT — 0. (2.17)

r 4p?r? 222

Bai toan 2.18. hyhy, hyhe, heh, la cdc nghiém cia phuong trinh

2p°r 2r2 02 + 72+ 4Rr  4p*r?
4D 2 4 prp ; D

t3 0 = 0 7 = 0. (2.18)
Bai toan 2.19. r,, 1y, 7. la cic nghiém cua phuong trinh
3 — (4R +r)t* + p*t — p*r = 0. (2.19)
Bai toan 2.20. ri’ le, - la cac nghiém cua phuong trinh
polep i, 1, (2.20)

r Pr . pr
Bai toan 2.21. 7,2, 72, r.2 la cdc nghiém cia phuong trinh
t* —[(4R +7)* — 2p%|t* + [p* — 2p*r(4R + )]t — p*r* =0.  (2.21)
Bai toan 2.22. r, + 1y, 1y + 1, 7 + 74 la cdc nghiém cia phuong trinh
P —2(4R+ 1)t + [AR+1)* + pJt — p* (AR + 1) + p*r = 0.  (2.22)

Bai toan 2.23. r,ry+1ryre, TyTe+1eTa, Tela+ 7Ty L0 cac nghiém ciua phuong
trinh

5 — 202 + [p* + pr(AR + )t + p'r? —p'r(AR+7) =0.  (2.23)



Bai toan 2.24. r,ry, rpre, very la cac nghiém cua phuong trinh

2 — p*t* + p*r(4R + 1)t — p*r* = 0. (2.24)

1 1 1
Bai toan 2.25. —, —, — la cdc nghiém ciua phuong trinh
Ta™ Ty™ Te

2 _2r(4R 4R 2 2p? 1
R A VI R k. S Y
p°r p°r pr
ce 1 1 1 C . ) \
Bai toan 2.26. : : la cac nghiém cua phuong trinh
Ta+Th Th+Te Te+Tq
s (AR+r)?+p? 2 2(4R+ ) , 1 .
p?(AR +1r) —p*r PPAR+ 1) —p*r  p2(4R+7) —pPr
(2.26)
e, s 11 1 . ) R
Bai toan 2.27. : , la cac nghiém cua phuong trinh
TaTv ToTe Tcla
4R 1 1
po e~y (2.27)
D2r p2r2. phy?

2.2 Phuong trinh bac ba sinh bdi cac biéu thiic
lugng giac trong tam giac

Bai toan 2.28. sin A, sin B,sin C' la cac nghiém cia phuong trinh

D p2+r2—|—4Rr pr

3 — =t — — 0. 2.98
R T AR? 2R? (2.28)
Bai todn 2.29. — ! L 14 cde nahiem ciia phatona trinh
al toan . . a cac n €M cua mn Tin
sin A’ sin B’ sin C ghe P g
2492 1 4R 2R  2R?
B e e B P N} (2.29)

2pr r pr

Bai toan 2.30. sin? A, sin® B, sin® C' la cdc nghiém cia phuong trinh

p? —r?— 4th2 n p?+ 1?4+ 4Rr)2 p27"] p?r?

t [( - -
2R? 1R? R AR

=0. (2.30)
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Bai toan 2.31. sin A + sin B, sin B + sinC,sin C' + sin A la cdc nghiém
cua phuong trinh

2p 5p? +r2+4Rr pp?+r?4+2Rr
A t— = = 0. 2.31
R i 4R? R 4R? (2:31)
Bai toan 2.32. sin Asin B, sin B sin C, sin C'sin A la cdc nghiém cia phuong
trinh ) >\ 4R ) -
p P, P, P (2.32)

AR 2R3 4R
Bai toan 2.33 ([4]). cos A, cos B,cos C' la cic nghiém cia phuong trinh

3_R+Tt2+p2—|—7’2—4R2t_p2—(QR+T)2

t 7 Ve Ve = 0. (2.33)
Bai toan 2.34. L L ! la cac nghiém cua phuong trinh
cos A’ cos B’ cos C '
p*+1r?—4R? AR(R+ 1) 4R*

t3 =0. (2.34)

p?— (2R +r)? > —(2R+r)2 p>—(2R+7)
Bai toan 2.35. (cos A 4 cos B), (cos B + cos C), (cos C' + cos A) la cic
nghiém cua phuong trinh
e 2(R + r)tz N p? + 51 + 8R7“t T
R 4R? 4R3

B . ,C .
2 5 sin? B} la cac nghiém cua phuong trinh

(p* +7r° +2Rr) =0. (2.35)

A
Bai toan 2.36. sin’ E,sm
B 2R—rt2+p2+r2—8th_ 7
2R 16 R2 16 R2
B

5 cos? 5 la cac nghiém cua phuong trinh

t3 = 0. (2.36)

53 tAA , A 2
Bai toan 2.37. cos E,COS

4R+7"t2+p2+ (4R + 1r)? p?

£ - = 0. 2.37
2R 16 R? 16 R? (237)
1 1 1
Bai toan 2.38. , : la cac nghiém cua phuong trinh

.9 A ) B .9 C

sin® — sin” — sin” —

2 2 2

2412 -8R SR(2R — 16 R?

p P Z8Ar, BR@E-r), 16K, (2.38)

r? r r



11

1 1 1
Bai toan 2.39. 1 o o la cac nghiém cua phuong trinh
cos? 5 cos? Bl cos? By
2 4 2 4 1 2
3P + (4R + 1) t2+8R(R+r)t_ 6R 0 (2.30)
p* p? p*

Bai toan 2.40 ([4]). cot A, cot B, cot C' la cic nghiém cia phuong trinh

2 2R 2
L P RRAT)
2pr 2pr

/3 _ p2 —r2 4R7’t2

—0. (2.40)

Bai toan 2.41. tan A, tan B, tan C' la cdac nghiém ciua phuong trinh

2pr 9 p2 —r2 —4Rr 2pr

3 — t t —
P> — (2R+1)? + P2 — (2R +1)? p? — (2R +1r)?

=0. (2.41)

A
Bai toan 2.42. tan a,tan ,tanE la cac nghiém cua phuong trinh

2
AR+ 1r r
po ey T (2.42)
p p
Bai toan 2.43. cot X cot, o> cot B la cac nghiém cua phuong trinh
4R+ r
polp AT P g (2.43)
r r r

A B
Bai toan 2.44. tan? E,taHQ —,tan® B} la cac nghiém cua phuong trinh

2
AR +1)* — 2p* 2—2r* -8R 2
p +Tl Pp b -2 20 o (2.44)
D D p
e B ¢ C .y o
Bai toan 2.45. tan — tan —, tan — tan —, tan — tan — la cdac nghiém cua
2 2 2 2 2 2
phuong trinh
AR 2 2
Pyt D g (2.45)
p p
<. . 92 A ) B ) N N » N
Bai toan 2.46. cot X cot E’COt Bl la cac nghiém cua phuong trinh
2 - 2r2 -8R 4R 2 2p? 2
po v T8, WRAT W, by, (2.46)
r r r
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A
Bai toan 2.47. cot — cot —, cot — cot —, cot — cot — la cdc nghiém cia
2 2 2 2 2 2
phuong trinh
AR + 2 2
. UPEIN A ) (2.47)

t3 2 2
r r T

Bai toan 2.48. asin A, bsin B, csin C' la cac nghiém cia phuong trinh

p? — 12— 4R7“t2 n p? + 124+ 4Rr 4rp?

{ 4 A
R 2R R

It — 0. (2.48)

3
R

2.3 Phuong trinh bac ba cua cac cung va goéc dac

biet
e . T 3T om , , .
Bai toan 2.49 ([5]). cos =, CO8 =, €08 — la cac nghiem cia phuong trinh
1 1 1
P — P —=t+-=0. 2.49
2 2 * 8 ( )
1 1

Bai toan 2.50. la cac nghiém cua phuong trinh

™ 3’ 5%
COS< cos— cos—
7 7

7
£ —4t* — 4t +8=0. (2.50)
3 5
Bai toan 2.51. cos? g, cos? 77, cos? 77 la cdc nghiém cia phuong trinh
5 3 1
3 — Zzt2 +5t—5 =0 (2.51)
3 5
Bai toan 2.52. sin’ g, sin? 77, sin’ 77T la cac nghiém cua phuong trinh
7 7 7
3 — th’ +5t—o =0 (2.52)
1 1 1

Bai toan 2.53. la cdc nghiém cia phuong trinh

™ 3’ 5}
9 /0 (0
cos - cos? — cos? —
7 7

t3 — 241* 4+ 80t — 64 = 0. (2.53)
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27 4 om

Bai toan 2.54. cos > cos — = , COS - la cac nghiém ciua phuong trinh
1 1 1
ﬁ+§ﬂ—§r—§:0 (2.54)
Bai toan 2.55 L L L la ca hié ia ph trinh
ai toan 2.55. 57 T o= la cac nghiem cia phuong trin
COS — COS — COS —
7 7 7
B 4t? — 4t —8=0. (2.55)
2 5 4 5 0
Bai toan 2.56. cos? 77T cos 77T cos 77T la cac nghiém ciua phuong trinh
) 3 1
t3—1ﬂ+§t—61:0. (2.56)
e 1 1 1 o . ) .
Bai toan 2.57. 5 1 6 la cac nghiém cua phuong trinh
cos? Zm cos? am’ cos? =
7 7 7
t3 — 24t* + 80t — 64 = 0. (2.57)
Bai toan 2.58. cos® — " , cos? 2 3T , cos? 2 O la hi hwong trinh
.58. — — la cdc nghiém cua ng trin
1477 1™ 1 g preeng
7 7 7
t3—1ﬂ+§t—61:0. (2.58)
<4z o T 5 3T o OT
Bai toan 2.59. tan ?,tan = , tan? - la cac nghiém cua phuong trinh
3 — 21t 4 35t — 7 = 0. (2.59)
3
Bai toan 2.60. cot? %, cot? 77T, cot? 77T la cac nghiém cia phuong trinh
1
ﬁ—5ﬂ+3r—?:0. (2.60)

2 4 8
Bai toan 2.61 ([5]). cos g,cos g,cosg la cac nghiém cia phuong

trinh

B —t+=-=0. 2.61
4-+8 (2.61)



Bai toan 2.62.

Bai toan 2.63.

Bai toan 2.64.

Bai toan 2.65.

Bai toan 2.66.

Bai toan 2.67.

Bai toan 2.68.

Bai toan 2.69.

14

1 1 1

21’ 47’ 81
COS — COS — COS —
9 9

la cac nghiém cua phuong trinh

9
3 g2 _
t° —6t"+8=0. (2.62)
2 4 8
cos? g, cos? g, cos’ °r la cac nghiém cia phuong trinh
3 9 1
-t —t— — =0. 2.63
2 T 16 64 (2.63)
2 4 8
sin? g, sin? ?ﬂ’ sin? g la cac nghiém cua phuong trinh
3 9 3
-t =t — — =0. 2.64
2 i 16 64 (264)
L L L la cac nghiém ciua phuong trinh
5 T a cac nghiém ciua phuong trin
cos2 2L cos? 2L cog? ST
9 9 9
t3 — 36t% + 96t — 64 = 0. (2.65)
2 4 8
tan? g, tan? g, tan? °r la cac nghiém ciua phuong trinh
3 —33t7 427t — 3 = 0. (2.66)
4
cot? g, cot? g, cot? ?ﬂ la cac nghiém cia phuong trinh
1
tl—%?+nt—§:o. (2.67)
7 o5t T

coS 9’ coS 9 coS 9 la cac nghiém cua phuong trinh

3 1

P —~t——=0. 2.68
1173 (2.68)
1 1 1 . L .
7 Eo = la cac nghiém cua phuong trinh
COS§ cos — cos—
9 9 9

346t —8=0. (2.69)
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Chuong 3

Bat dang thic trong tam giac va
nhan dang tam giac

3.1 Nhan dang tam giac déu
3.2 Nhan dang tam giac vuong

3.3 Nhan dang tam giac can
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Chuong 4

Cac dang thic trong tam giac

4.1 Cac dang thic lién quan dén yéu t6 do dai trong

tam giac

Bai toan 4.1.

Bai toan 4.2.

Bai toan 4.3.

Bai toan 4.4.

Bai toan 4.5.

Bai toan 4.6.

Bai toan 4.7.

Ap dung tinh chét 1.2 vao phuong trinh (2.1) ta dugc
ab + be + ca = p* + r? + 4Rr.
Ap dung tinh chét 1.8 vao phuong trinh (2.1) ta duge
abc = 4pRr.

Ap dung tinh chét 1.4 vao phuong trinh (2.1) ta dugc

a b c dpRr

1 1 1_p2+7“2—i—4R7“

Ap dung tinh chét 1.5 vao phuong trinh (2.1) ta duge
a® +b* + & = 2(p* — r* — 4Rr).
Ap dung tinh chét 1.6 vao phuong trinh (2.1) ta dugc
(a+Db)(b+c)(c+a) = 2p(p* + 1% + 2Rr).
Ap dung tinh chét 1.7 vao phuong trinh (2.1) ta duge
a® + b+ & = 2p(p* — 3r* — 6Rr).
Ap dung tinh chét 1.8 vao phuong trinh (2.1) ta duge

(a+b—c)(b+c—a)(c+a—b) = 8pr’.
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Bai toan 4.8. Ap dung tinh chdt 1.9 vao phuong trinh (2.1) ta duogc

at+b b+c ct+a p*+r?—2Rr
+—+ = -
c a b 2Rr

Bai toan 4.9. Ap dung tinh chét 1.10 vao phuong trinh (2.1) ta dugc
a’b* + b*c* + cfa® = (p* +r* + 4Rr)* — 16p°Rr.
Bai toan 4.10. Ap dung tinh chit 1.11 vao phuong trinh (2.1) ta dugc
at + b + ¢t = 2(p* — r* — 4Rr)? — 8p*r.
Bai toan 4.11. Ap dung tinh chdt 1.12 vao phuong trinh (2.1) ta dugc
(k+la)(k + ) (k + lc) = k> + 20k + (p* + r> + ARr)kI® + 4pRri®.
Voi k1 la hai so thuc bat ki.

Bai toan 4.12. Ap dung tinh chit 1.13 vao phuong trinh (2.1) ta dugc
R
ab  bc ca 2Rr

Bai toan 4.13. Ap dung tinh chit 1.14 vao phuong trinh (2.1) ta dugc

a b c p’—r>—4Rr
—+—+ == :
bc  ca ab 2pRr

Bai toan 4.14. Ap dung tinh chit 1.15 vao phuong trinh (2.1) ta dugc
ca  (p*+r*+4Rr)?

o e 4
c a b 4pRr b

Bai toan 4.15. Ap dung tinh chit 1.16 vao phuong trinh (2.1) ta dugc

1 N 1 1  (p*47r*+4Rr)* — 16p*Rr
a2 v 2 16p2 R2r2 '

Bai toan 4.16. Ap dung tinh chdt 1.17 vao phuong trinh (2.1) ta dugc
(a—b)2+(b—c)*+ (c—a)® =2(p* — 3r* — 12Rr)
Bai toan 4.17. Ap dung tinh chét 1.18 vao phuong trinh (2.1) ta duogc

1 N 1 n r 5p® + 12+ 4Rr
a+b b+c c+a 2p(p>+ri+2Rr)
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4.2 Cac dang thidc lien quan dén cac bieu thiic
lugng giac trong tam giac
Bai toan 4.18. Ap dung tinh chdt 1.1 vao phuong trinh (2.28) ta dugc

sinA+sinB +sinC = %

Bai toan 4.19. Ap dung tinh chét 1.2 vio phuong trinh (2.28) ta duogc

2 2 4R
sin Asin B+ sin BsinC +sin(C'sin A = P +ZR—: r.

Bai toan 4.20. Ap dung tinh chit 1.3 vao phuong trinh (2.28) ta dugc

. : . pr
Asin BsinC' = —.
sin A sin B sin Vi

Bai toan 4.21. Ap dung tinh chit 1.4 vao phuong trinh (2.28) ta dugc

1 1 1 p? +r2+4Rr
, + - + = = :
sinA  sinB  sinC 2pr

Bai toan 4.22. Ap dung tinh chit 1.5 vao phuong trinh (2.28) ta dugc

p?> —r? —4Rr

.2 ) .2
A B C =
sin + sin -+ sin 52

Bai toan 4.23. Ap dung tinh chit 1.6 vao phuong trinh (2.28) ta dugc

p(p? + 7%+ 2Rr)
4R3

(sin A + sin B)(sin B 4+ sin C')(sin C' 4 sin A) =

Bai toan 4.24. Ap dung tinh chdt 1.7 vao phuong trinh (2.28) ta dugc

(p* — 3r? — 6Rr)

in3 A i3 B . 3C:p
sin + sin + sin 10

Bai toan 4.25. Ap dung tinh chit 1.8 vao phuong trinh (2.28) ta dugc

_pr

(sin A+sin B —sin C')(sin B+sin C' —sin A)(sin C'+sin A —sin B) = 5
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Bai toan 4.26. Ap dung tinh chit 1.9 vao phuong trinh (2.28) ta dugc
sin A 4 sin B N sin B + sinC N sinC' + sin A _ p? +r?— ZRT.
sin C sin A sin B 2Rr
Bai toan 4.27. Ap dung tinh chdt 1.10 vao phuong trinh (2.28) ta dugc
p?+r? 4 4R7°)2 pr
4R? R3
Bai toan 4.28. Ap dung tinh chdt 1.11 vao phuong trinh (2.28) ta dugc
(p? — r? — 4Rr)? — 4p?r?
8 R* '
Bai toan 4.29. Ap dung tinh chit 1.12 vao phuong trinh (2.28) ta dugc

2 2 4R
(k-+1sin A) (k-+sin B)(k-+15in C) = K+ 220+ +Z}; Chie 20,

sin? Asin® B + sin® Bsin? C 4 sin® C'sin® A = (

sin* A +sin* B +sin*C =

Voi k1 la hai so thuc bat ki

Bai toan 4.30. Ap dung tinh chdt 1.13 vao phuong trinh (2.28) ta dugc
1 1 1 2R
sin Asin B * sin B sin C * sinCsinA 7
Bai toan 4.31. Ap dung tinh chdt 1.1} vao phuong trinh (2.28) ta dugc
sin A N sin B N sin C :pQ—T2—4Rr.
sin BsinC'  sinCsin A  sin Asin B pr
Bai toan 4.32. Ap dung tinh chdt 1.15 vao phuong trinh (2.28) ta dugc
sin A sin B N sin Bsin C N sin C'sin A _ (p* +r* + 4Rr)* — 16p*Rr
sin C' sin A sin B S8pR2r '
Bai toan 4.33. Ap dung tinh chdt 1.16 vao phuong trinh (2.28) ta dugc
1 1 1 (p* + r* + 4Rr)* — 16p*Rr
sin® A + sin® B + sin2C 4pr? '
Bai toan 4.34. Ap dung tinh chit 1.17 vao phuong trinh (2.28) ta dugc
,  p*—3r*—12Rr

(sin A — sin B)? + (sin B — sin O)? + (sin C' — sin A)

2R?
Bai toan 4.35. Ap dung tinh chdt 1.18 vao phuong trinh (2.28) ta dugc
1 1 1 _ R5p” +r* +4Rr

sin A + sin B +sinB+sinC+ sinC+sinA  p p2+7r2+2Rr "’
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4.3 Cac dang thic lién quan dén cac cung va goéc
dac biét

Bai toan 4.36. Ap dung tinh chét 1.1 vao phuong trinh (2.49) ta dugc

Tl 37 5% 1
= — +COS— = —.
COSs - -+ cos - - 5

Bai toan 4.37. Ap dung tinh chit 1.2 vao phuong trinh (2.49) ta duge

T 3T n 3T T n T cos T 1
COS — COS — + COS — Cc0S — + coS — - = ——,
7 7 7 7 7 7 2

Bai toan 4.38. Ap dung tinh chit 1.3 vao phuong trinh (2.49) ta dwoc

T 3T 5% 1
COS — COS — COS — = ——,

7 7 7 8

Bai toan 4.39. Ap dung tinh chit 1.4 vao phuong trinh (2.49) ta dugc

1 1 1 B
7T 3T T S
COS ? COS—  COS —

7 7
Bai toan 4.40. Ap dung tinh chit 1.5 vao phuong trinh (2.49) ta dugc

4.

cos’ i + cos” 3—7T + cos” 5—7T = §
7 7 74
Bai toan 4.41. Ap dung tinh chit 1.6 vao phuong trinh (2.49) ta dugc
( 7r+ 37T)( 37r+ 57r)( 57T+ 7r) 1
cos — + cos —)(cos — + cos —)(cos — +cos =) = ——.
7 7 7 7 7 7 8

Bai toan 4.42. Ap dung tinh chit 1.7 vao phuong trinh (2.49) ta duge

cos® il + cos® S—W + cos® 5—7T = 1
7 7 72
Bai toan 4.43. Ap dung tinh chét 1.8 vao phuong trinh (2.49) ta dugc
T 3T oM 3T %8 s

(cos = + cos — —cos 7)(COS - + cos — —cos 7)

( 5% N T cos 37r) 1
COS — + coS — — — ) = ——.
7 7 7 8
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Bai toan 4.44. Ap dung tinh chit 1.9 vao phuong trinh (2.49) ta duge

T + o7 ST + cos o7 CcOoS om + cos T
COS — + Ccos—  COS — — — —
7 7 + 7 7 4 7 7 _ 1
5% ™ 3 o '
- COS — cOS —
cos - 7

7
Bai toan 4.45. Ap dung tinh chdt 1.10 vao phuong trinh (2.49) ta duge

cos” i cos’ o + cos® o cos’ 5—7T + cos” 5—7T cos” T §
7 7 7 7 7 78
Bai toan 4.46. Ap dung tinh chdt 1.11 vao phuong trinh (2.49) ta duge
1T o 3 +eost 5t 13
COS™ — + COS” — 4+ CcoS” — = —.
7 7 7 16

Bai toan 4.47. Ap dung tinh chdt 1.12 vao phuong trinh (2.49) ta dugc

3 ) 1
(k + lcos %)(k + [ cos 77T)(/<3 + [ cos 77T) = k3 + §k2l —

V6i k, 1 la hai so thuc bat k.

1 1
7R —
2

Bai toan 4.48. Ap dung tinh chét 1.13 vao phuong trinh (2.49) ta dugc
1 1 L,
s 3 * 3 5% + 5% T

COS — COS —  COS — COS —

- - COS 7 COS ?

Bai toan 4.49. Ap dung tinh chat 1.1/ vao phuong trinh (2.49) ta dugc

s 37 ot
cos — cos — COS —
7 7 7 - _
3m 5% T 5% s * ; s o8 3r 10.
COS — COS —  COS— COS—  COS— —
7 7 7 7 7 7
Bai toan 4.50. Ap dung tinh chédt 1.15 vao phuong trinh (2.49) ta dugc
s 37 37 b b s
COS —COS—  COS— COS—  COS — COS —
7 7 7 7 7 _
E + = + = —3.
o7 cos = cos 5T
coS - -

7
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Bai toan 4.51. Ap dung tinh chdt 1.16 vao phuong trinh (2.49) ta duge

1 1 1

+ =
T 3T om
2
COS™—  cos® —  cos® —

7

24.

Bai toan 4.52. Ap dung tinh chit 1.17 vao phuong trinh (2.49) ta dugc

3 3 5 5) 7
(cos T cos —7T)2 + (cos T cos —7T)2 + (cos T cos z)2 =3

7 7 7 7 7 7

Bai toan 4.53. Ap dung tinh chdt 1.18 vao phuong trinh (2.49) ta duge

1 1 1

T 37T+ 3T 57r+ DT 78
COS — + COS — COS — —+ COS — COS — -+ COS —

7 7 7 7 7 7

= 2.
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Két luan

Bat dang thiic néi chung va bat dang thic tam gidc noéi rieng 1a mot
dé tai kho va tuong doi rong 16n. Va da c6 nhieu tac gid nghién ciu ve de
tai nay ciing nhu c6 nhiéu cong cu dé gidi quyét mot bai toan bat dang
thiic tam gidc. Tuy nhién, trong luan van nay tac gia trinh bay mot cong
cu tuong dbi méi dé giai quyét mot bai toan bat ding thitc tam giac. Luan
van da dat dudc mot s6 két qua sau:

Trinh bay cach gidi phuong trinh bac ba, cic tinh chat nghiém cta
phuong trinh bac ba, dic biét 1a nhiing nhan xét dé dua ra mot phuong
trinh bac ba méi lien quan dén nghiém ctia phuong trinh bac ba ban dau.

Trinh bay mot 16p cac phuong trinh bac ba ma nghiém ctia ctia phuong
trinh 1a cac yéu t6 do dai trong tam giac, nghiém ctia phuong trinh 13 cac
biéu thitc luong giac trong tam gidc, nghiém ctia phuong trinh la céc cung
va goc dac biét.

Hé théng cac bat dang thiic trong tam giac lién quan dén ba bién p, R, r.
Trinh bay cac bai toan nhan dang tam giac déu, tam giac vuong, tam giac
can.

Trinh bay cach thic xay dung mot ding thitc trong tam giac lien quan
dén céac yéu té do dai trong tam giac, lien quan dén cac biéu thitc lugng
giac, lien quan dén cung va goc dic biét.

Cling nhu cac cong cu toan hoc khac, phuong trinh bac ba va cac tinh
chat nghiém ctia phuong trinh bac ba khong the giai quyét tat ca cac bai
toan bat dang thic trong tam giac, tuy nhién né dua ra mot cach thic
méi dé ching minh ciing nhu xay dung cac dang thiic va bat dang thic
trong tam giac.



