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MG DAU

1. Li do chon deé tai

Ly thuyét cac phuong trinh ham 14 mot trong nhiing linh viyc nghién
cltu quan trong ciia Giai tich toan hoc. Cac dang toan vé phuong trinh
ham rat phong pht va thuong rat kho.

Qua nhiéu thap ky gan day, phuong trinh ham c6 anh hudng sau
sac dén tat ca cac linh vic toan hoc. Dac biet phuong trinh ham né tré
thanh mang quan trong thudng xuat hién trong cac ky thi hoc sinh gioi
quoc gia, Olympic Toan khu vuc va quoc té, Olympic sinh vién gitta cac
truong Dai hoc va Cao Dang.

Lién quan dén chuyén dé nay la cac dang toan vé dac trung ham va
cac tinh chat lien quan ctia ham s6.

Dé tong quan cac phuong phap giai cac dang toan trén, can thiét
phai he théng héa cac kién thiic co ban va nang cao vé cac dang phuong
trinh ham ciing nhu cac tng dung ctia ching, dé tai "Phuong trinh ham
sinh bdi nhém cyclic” nham dap ng mong mudn ctia ban than vé mot
chuyén dé toan so cap phit hop dé sau nay c6 thé phuc vu thiét thue cho
viéc giang day ctia minh trong nha truong phd thong.

Dé tai nay lien quan dén nhiéu chuyén dé, trong d6 c6 cac van dé
ve dac trung clia ham s6, cac tinh chat clia day so, tinh chat ctia nhéom
cyclic, ctia khong gian tuyén tinh va nhiéu kién thic co ban khac cia
dai s6, hinh hoc va giai tich.

2. Muc dich nghién citu

Nham hé théng va tong quan cac bai toan vé phuong trinh ham va
cho cac tng dung khéac nhau trong toan phé thong.

Nam dugc mot sb6 ki thuat vé nhom, vé dic trung ham s, vé tinh
chat co ban ctia ham thuc va cac phép bién hinh trén truc thuc, tir d6



2
c6 cac ing dung cu thé va phu hop.

3. Déi tuong vaA pham vi nghién ciu

Nghién cttu cac bai toan vé phuong trinh ham va xét cac tng dung
lién quan.

Nghién cttu tur cac tai liéu, gido trinh cia GS.TSKH Nguyén Vian
Mau, cac tai lieu boi dudng hoc sinh gioi, t1 sach chuyén toan, Tap chi
toan hoc va tuoi tré,. ..

4. Phuong phap nghién citu

Phuong phap nghién citu 1y luan:

- Nghién citu gian tiép qua cac trang web.

- Nghién cttu trie tiép tir cac tai lieu ctia Thay huéng dan, clia cac
dong nghiép ciing nhu cac ban hoc vién trong 16p.

Phuong phap nghién cttu thue tién:
- Thuc nghiém su pham & cac trudng trung hoc pho thong.
- Dy céc budi hoi thao vé chuyén dé nay.

- Dac biet tiép thu cac ¥ kién xay dung ctia Thay huéng dan.

5. Y nghia khoa hoc va thuc tién cta dé tai

Tao duge mot dé tai phut hop cho viéc gidng day, boi dudng gido vién
va hoc sinh trung hoc pho thong.

Dé tai déng gop thiét thuc cho viéc nang cao chat luong day va hoc
cac chuyén dé toan trong truong THPT, dem lai niém dam mé, sang tao
nhitng dang toan mdi xuat phat tit nhiing bai toan co ban nhat.

6. Cau tric cta luan van

Luan van bao gom phan mé dau, 3 chuong, phan két luan, va danh
muc tai liéu tham khéo.

Chuong 1.Ddc trung cdc bién doi cyclic
Trong chuong nay, tac gia trinh bay mot so6 dinh nghia va tinh chat cia

ham phan tuyén tinh, clia toan tit déi hgp bac n.
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Chuong 2. Phuong trinh ham sinh bdi phép bién doi cyclic
Chuong nay trinh bay cach giadi va mot s6 vi du minh hoa dang phuong
trinh ham sinh béi phép bién doi cyclic & 3 loai phuong trinh thuong
gap :Phuong trinh tuyén tinh vé6i he s6 hing; Phuong trinh tuyén tinh
v6i vé phai 1a ham s6; Phuong trinh dang co ban khong thuan nhat véi
hé sb bién thién .

Chuong 3. Mot so dp dung
Trinh bay mot s6 vi du ap dung veé day cap so6 dic biet , day s6 phan
tuyén tinh va cac bai toan lién quan.



Chuong 1

DAC TRUNG CAC BIEN DOI CYCLIC

1.1 Phép bién do6i phan tuyén tinh

ar +b

wrd ad — bc # 0 duge goi

Dinh nghia 1.1. Ham s6 ¢6 dang w(z) =
14 ham phan tuyén tinh.
- Néu ¢ # 0 thi w(x) duge goi 1a ham phan tuyén tinh thuc su.
- Néu ¢ = 0 thi w(x) duge goi 1a ham bac nhat .

Nhan xét 1.1. Y nghia hinh hoc ctia 16p ham s6 phan tuyén tinh bién
az +b (2)

=g(z
cz+d J

sO phtic z € C+ 2/ =

1. 2+ z+4a,(a =z +1y € C) laphép tinh tién song song véi vecto

U (3 y).
2. 21z, (r € RT) la phép vi tu tam O(0;0), ti s r.
3. z — —z la phép ddi xing tam O(0;0).
4. z v+ Z la phép dbi xting truc 2'Ox.
5. z > epz, (e, = cosp + ising) la phép quay tam O(0;0) goc .
6. 2+ az, (a = |a] .eugo € C)la phép quay roi vi tu tam O(0;0).

b N
7. 2= az+b= a(z+c),<a,b e Ca#0,c= —) la phép dong
a
dang

k
8. z+ —, (k€ R") la phép vi tu .
z

az +b
=p-+

Véi ¢ # 0, anh xa phan tuyén tinh z — 2/ = =
7 P PR +d YT



thé duge thye hién nhu sau:

> +h = 1.—> — 2 + +—1 0zt b
Zrr 2=z Z9g = — 23 = Q% Z =z = = .
1 2 - 3 = (gz2 3P pz+h cz+d

1.2 Diéu kién d6i hgp ctia nhém cyclic bac n

Dinh nghia 1.2 (xem [3]). Cho ham s6 w : X — X . Ta dinh nghia
day cac ham s6 w, : X — X nhu sau wy(z) := z; wi(z) = w(x) ;
Wnt1(z) = w(wy(x)), Vn € N, Vo € X. Khi d6 w,(x) duge goi la ham
lap bac (cap, thit ) n clia ham s6 w.

S6 m € N* nh6 nhat théa man w,,(z) = x duge goi la bac lap cla
ham s6 w(z). Khi d6 ta con goi ham w(z) 14 ham déi hgp bac m. Trong
truong hop khong ton tai m théa man ding thic nhu trén thi ta néi
ham w(z) bac lap vo han.

Dinh nghia 1.3. Cho X la khong gian cac ham xac dinh va lién tuc
trén R va w(z) la mot ham thude X, cho trude. V6i moi f € X xét toan
t& (W f)(z) = f(w(x)). Khi d6 W dugc goi 1a toan it d6i hop bac n néu
wnr=1.

1.2.1 Nhém cyclic bac n ctia toan t& déi hop

Dinh 1i 1.1. Diéu kién can va dit dé W 1a toan tit d6i hop bac n (n > 1)
1a

wp(z) =x,Vr € Ryne N
trong d6 w(z) == w(x), wpi1(x) = w(wy(x)),... ...

Nhan xét 1.2. Néu W la toan t& doi hop bac n thi hién nhién tap hop
{1, W,W?2 ..., W" 1} lap thanh nhém cyclic bac n.

1.2.2 Diéu kién dbi hgp bac n ctia phép bién doi phan tuyén
tinh

ar + b
) . ) cx+d o
dieu kién can va di de ham phan tuyén tinh w(z) ¢6 tinh chat doi hgp
bacn (n>1) la|a+d| = chosm,m: 1,2,...,n—1
n

Dinh Ii 1.2 (xem [3]). Gia st w(x) = v6i ad — be = +1. Khi dé
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Meénh dé 1.1. Néu mot phép bién hinh za dnh "diém" f trén mot duong
A nao dé la doi hop bo n, (n > 3) thi nhat thiét né phdi la mot phép
bién hinh za dnh eliptic trén A.

Meénh dé 1.2. Mot phép bién hinh za dnh trén duong thang la doi hop
bo n, (n > 3) khi va chi khi phép bién doi phan tuyén tinh lien két vdi
né la zoay vong chu ky n, cing tiéc la ham phan tuyén tinh lién két la
mot ham tuan hoan chu ky n.

1.3 Diéu kién deé bién déi tuyén tinh giao hoan va
phan giao hoan véi bién déi déi hop

Dinh nghia 1.4.
1. Hai ham s6 w(z) va g(z) duge goi 1a giao hoan véi nhau néu

g(w(x)) = wlg(z)).

2. Hai ham s6 w(x) va g(x) duge goi 1a phén giao hoén véi nhau néu
g(w(z)) = —w(g(x)).

Dinh nghia 1.5. Gia sit v(z), w(z) 1a cdc ham thudc X cho trude va
cac toan tit V va W xéac dinh theo cong thic (Vf)(z) = f(v(z)) va
(W(z) = f(w(z)), Ve € R;f € X. Khi d6 V va W duge goi 1a giao
hoan véi nhau néu

VW =WV,

hay v(w(x)) = w(v(x)).
1.3.1 Phuong trinh ham xac dinh cidc ham phan tuyén tinh
giao hoan.

ar +b
cr +d

Ta xét w(x) 1a ham phan tuyén tinh c¢6 dang w(z) =

Xét toan tit (Af)(x) = f(w(x)), f e X.

Ta dat cac he s6 ctia ham w(x) tuong tng véi ma tran (thuong duge
goi la simbol cia toan ti A)
a b
A =
=09



Khi do

Tinh chat 1.1. Toan tit (Bf)(x) = f(eo(z)), f € X giao hoan v6i A khi
va, chi khi simbol A, giao hoan véi simbol A, trong do6

)

la ma tran tng véi ham phan tuyén tinh c6 dang ¢(z) = ar 5.
YT+ 0
Tinh chat 1.2. Diéu kién dé A,B = BA, 1a
B = A X0+ XoA,. (1.10)

trong d6 ma tran A, c6 da thic dac trung P4(\) = A2 — 1, X 1a toan
ti tuyén tinh tuy ¥.

Tinh chat 1.3. Gia st ma tran A, cap m c6 da thiic dic trung Py()\) =
A2 + O\ + 7 chi ¢6 nghiem don. Khi d6 BA,, = A, B khi va chi khi

B =A,Xy+ XoA, + 6 X, (111)

(v6i X 1a mot ma tran cap m tuy y).

1.3.2 Mbét s6 ap dung

Trong phan nay ta sé st dung tinh chat 1.2 va 1.3 dé gidi mot s6
dang phuong trinh ham.

. Tim tat ca cac ham

Bai toan 1.1 (xem [3]). Cho ham s6 w(z) = c
x J—
sof : R\ {6} — R\ {6} thoa man diéu kién sau

-9
flw(z)) = (@) =6’ Vo € R\ {6}.

Bai toan 1.2 (xem [3]). Cho ham sb w(z) = i Tim tat ca cdc ham
T

s6 f: R\ {—2} —» R\ {-2} thdéa man dicu kién sau

15

flw(z)) = )12



x_

Bai toan 1.3 (xem [3]). Cho ham s6 w(z) = . Tim tat ca cac ham
T —

f: R\ {1} = R\ {1} thoéa man dicu kien sau

flz) -2

flw(r)) = o) -1

Tém lai: Gan mdi mot ham phan tuyén tinh tuong tng véi mot
ma tran simbol va st dung tinh chat 1.2, 1.3 14 mot cong cu rat manh
trong viéc giadi quyét cac bai toan vé ham phan tuyén tinh giao hoan.

Tuy nhién trong chuong trinh toan ¢ bac THPT, vi hoc sinh chua
ducc hoc vé ma tran nén ciing sé giap phai nhiéu khé khan. Vi vay,
mot s6 bai tap sau, ta trinh bay 161 gidi mot s6 bai st dung phép bién
doi phan tuyén tinh. Cu thé 1a mot sé bai tap 4p dung vé cac phuong
trinh ham c6 dang

flw(z)) = w(f(z)).

Bai toan 1.4 (xem [1]). Cho céc s6 b,c € R\ {0} vd d € R.Tim céc
ham f: R — R thdéa man dicu kién

flx+0b)=cf(zx)+d, Vxe R. (1.13)

Bai toan 1.5 (xem [3]). Xac dinh c4dc ham s6 f : R — R théa man
diéu kién sau
flax+b)=af(x)+0b (1.16)

Bai toan 1.6 (xem [1]). Cho cac s6 a € R\ {0;1;—1},b € R\ {0} va
c € R. Tim tat ca cac ham f: R — R théa méan dieu kién

flax) =bf(x) +¢, Yz e R (1.19)

Bai toan 1.7 (xem [3]). Cho a # 0,w(x) = ®  Tim tét cA cic ham s6
T
f(z) duong tren R\ {0} thoéa man diéu kien




Chuong 2

PHUONG TRINH HAM SINH BOI
PHEP BIEN DOI CYCLIC

Dinh 1i 2.1. Cho ag,aq,...,a,-1 € C va b(x). Xét phuong trinh dang
aof(x) + a1 f(w(@)) + -+ + a1 f(wp-1(2)) = b(2), (2.1)
trong d6 wy,(x) = x,w(x) #x véi 1 < k <n,k,neN.

Ky hieu (W f)(z) = f(w(x)), f € X thi W" = I va phuong trinh
(2.1) ¢6 dang

aof +aWf+aWf+ - +a,_ W' f=hb. (2.2)

Dat
K =agl + ayW + asW? 4 -+ + ap W™, (2.3)

thi phuong trinh (2.2) tré thanh

Kf=b. (2.4)
Dat
I=P+P+- -+ P,
W=ePi+eP+- - +e,bP,
W2:€%P1+8%P2+"-—|—8ipn
A S e Ry o
v6i € = en. Khi d6 PP; = 6;;P;, 4,5 = 1,...,n va Khi d6 (2.3) trd
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thanh
n n n n
K:ao( Pk;)“f—al( Skpk)+GQ<Z€%P;€>+...+an_1<zgz—1pk>
h=l h=1 k=1 k=1
n
- (ap + arer + azei + e an,ls’;_l)Pk
k=1
= ZQ(&@)Pk
k=1
vl Q(t) = ag + a1t + a2t2 E anf1tn_1.

Thay K vao phuong trinh (2.4) ta dugc

> QEnbif=1b
P

&P Qle)Pf=Pbj=12,..n
k=1
= Q(E]‘)ij = ij,j =1,2,....n

- Néu céc Q(g;) # 0 thi
Pif =(Q()] " Pyb

S Pif=>[Q()] P

f=> [QEN P
k=1

- Gia st ton tai j dé Q(g;) = 0 thi tit phuong trinh Q(g;)P;f = P;b ta
c6 0= ij
Do d6 diéu kién can dé phuong trinh Q(g;)P;f = Pjb c¢6 nghiem la
Pb= 0.
That vay, gia si diéu kien can thoéa man. Khi d6 P;f tuy ¥
n -1 A .
Xét T = 5 d. P, w61 d = {[Q@)J . néuQ(e;) £ 0
k=1 A; tuy ¥, khiQ(e;) = 0.
Khi do

f=Yd;Pb (2.5)
k=1

I3 nghiém tong quat ctia phuong trinh (2.1).
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2.1 Phuong trinh tuyén tinh véi hé sé hing

Trong muc nay ta xét cach gidi mot s6 phuong trinh (2.1) khi vé phai
1a hdng s6 (ttic b(x) = const).
Bai toan téng quat 1. Xac dinh cac ham s6 f(z) thod man dicu kien
sau

f(ofjf) = af(z) +b, Vo€ R\ {—}, (2.6)

trong do6 a, 3,7, a, b 1a cac hiang s6 thuc, a # 0,y — 8 # 0.

Ta khao sat bai toan (2.6) trong ba truong hop dic trung dién hinh
sau day

i) Phuong trinh w(z) = x ¢6 hai nghiém thuc phan biét,
ii) Phuong trinh w(z) = x ¢6 mot nghiém kép (thuc),

iii) Phuong trinh w(x) = x khong c6 nghiém thuc.

Nhan xét 2.1. Phuong trinh trong trudng hgp (iii) tuong duong véi
phuong trinh w(x) = x ¢6 hai nghiém (phiic) lien hgp véi cac s6 lien hgp
phtic v6i nhau.

Ta chuyén bai todn tong quat 1 vé bai toan tong quat sinh béi ham
bac nhat quen biét ma ta da biét cach giai.
Bai toan tong quat 2. Xéc dinh cac ham s6 f(x) théa man diéu kien
sau

flax 4+ B) =af(x) +b, Vre R, (2.7)

trong do6 «, 8, a,b 1a cic hing s6 thuyc a # 0, # 0 hosc vé dang bai
toan tong quat sinh béi phép déi hop bac n dang sau day.
Bai toan tong quat 3. Xac dinh cac ham s6 f(z) théa méan cac dicu
kién sau

f(ofjf) — af(z) +b, Yoe R\ {7}, (2.8)

trong do6 «, 3,7, a,b 1a cac hang s6 thuc a # 0,ay — 8 # 0 va wi(z) =
z, wWr1(7) == w(w(x)), wo(x) == =.

Sau day ta xét cac bai toan cu thé minh hoa cho mot sé phuong
phap trén.
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. X4c dinh tat ca cac

Z 1
Bai toan 2.1 (xem [3]). Cho ham s6 w(x) = 5
—

ham s6 f: R\ {2} — R thoa man diéu kién sau
Flw(@) =2f(z) 1, Ve € R\ {2}, (29)
, 2 ,
Bai toan 2.2 ( [1]). Cho ham s0 w(z) = Py Xac dinh tat ca cac
x

ham s6 f: R\ {3} — R thoa méan diéu kién sau

flw(z)) =2f(x) —3,Vzx e R\ {3}. (2.11)
Bai toan 2.3 (xem [1]). Cho ham s6 w(x) = %, c#0,ad —bc # 0

sao cho phuong trinh w(x) = x ¢6 hai nghieém phan biét 1, 5. Tim tat

, d
ca cac ham so f : R\{——} — R sao cho
c

flw(x)) =2f(x) — 3, Vo # —%. (2.13)

Bai toan 2.4 (xem [1]). Cho ham s6 w(z) = . Tim tat c& cadc ham

so f: R\ {2} — R sao cho

r—2

flw(x)) =2f(x) —3, Ve e R\ {2}. (2.14)
Bai toan 2.5 (xem [3]). Cho ham s6 w(x) = Ex Xac dinh cac ham
s6 f: R\ {3} — R théa méan diéu kién sau
flw(z)) =3f(x) +2, Ve e R\ {3}. (2.15)
Bai toan 2.6 (xem [1]). Cho ¢ € R va cho ham s6 w(z) = ijlb, a #
1,b= —i(ax + b)%. Tim tat ca cac ham s6 f: R\ {1} — R sao cho
flw(x)) = =f(x) +q, Yo #1. (2.16)

Z b
Bai toan 2.7 (xem [1]). Cho ham s6 w(x) = axid, c#0, ad—bc#0
cx

sao cho phuong trinh w(z) = x ¢6 nghiem kép z = xo. Tim tat ci cac

. d
ham s6 f: R\ {—=} — R sao cho
c

d

g .

flw(z)) = —2f(x) + 3, Vo £ (2.17)
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B 2r — 5

Bai toan 2.8 (xem [1]). Cho ham s6 w(z) = . Tim tat ci cac
T
ham s6 f: R\ {2} — R sao cho
flw(x)) + f(z) =3, Vo #2. (2.18)
2

Bai toan 2.9 (xem [3]). Cho ham 6 w(z) = Q—.Xéc dinh céc ham

s6 f: R\ {2} — R thoa man di¢u kién sau

flw(x)) =2f(x) +5,Ve e R\ {2} (2.19)
Bai toan 2.10 (xem [1]). Cho ham s6 w(x) = o1 Tim tat cd cac
ham s6 f: R\ {—1,0} — R sao cho
flww(x)) + flw(z)) + f(z) =3, Vo # -1,z #0. (2.22)
Bai todn 2.11 (xem [1]). Cho ham s6 w(r) = — i ~ K¢ hieu

wy () = wlw(z))

wy(2) = ww(w(z)))

Tim tat cd cac ham s6 f: R\ {—1,—-3,1} — R sao cho

{f<w3<x>> = f(x) (2.23)

flwa(2)) + f(wlz)) + flx) =3, Vo g{-1,-31}

2.2 Phuong trinh tuyén tinh véi vé phai 14 ham s6

Trong muc nay ta xét cach gidi mot s6 phuong trinh (2.1) khi vé phai
14 ham s6 xac dinh .
Bai toan 2.12 (xem [1]). Cho cac ham s6 h(z), Vo € R va w(z) =

2 - 5 Z Z
"7 ° Tim tét ci cdc ham s6 f: R\ {2} — R sao cho
x —

flw(x)) = fx) + h(x), Vo #2. (2.25)
Bai toan 2.13 (xem [1]). Cho ham s6 ¢(z) xac dinh tren R va w(x) =
. Tim tat ca cdc ham s6 f: R\ {—1,0} — R sao cho

T +

fww(@))) + fw)) + f(z) = q(z), Yz e R\{-1,0}.  (2.27)
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Bai toan 2.14 (xem [1]). Cho ham s6 ¢(z) xac dinh tréen R va w(x) =
2

_x +1
Ky hieu wy(z) = w(w(z)), ws(r) = w(w(w(x)))
Tim tat cd cac ham s6 f: R\ {—1,-3,1} — R sao cho

{f(w3(a:)) — f(x)
Flwa(@)) + flw(@) + fla) = g(x), Vo & {-1,-3,1}

Nhan xét 2.2. Duya vao cac bai tap trén ta nhan thay mot ki thuat hay
st dung dé giai cac phuong trinh ham la tim mot nghiém riéng ciia no.
Nghién cttu cac tinh chéat clia nghiém riéng. Hién nhién, nghiém can tim
cling phai c6 nhitng tinh chat ay. T d6 ta c6 duge hudng gidi phuong
trinh ham da cho.

(2.28)

Khi tim nghiém riéng nén c¢6 mot sé cha § sau:
Chi 9 1: (Diéu kien dé mot ham s6 1a ham hing)

1. f=C<% f(x) = fly), Vo,y € Dy

2. flx)=gy), Ve,ye D <

{f(x) =C (2.29)
glx) =C, (C:=const, C € R), Yr €D

Phuong phap sit dung nhan xét nay con dudgce goi la phuong phap phan
ly bién s6. Cac dang phuong trinh f(z) = f(y), f(x) = g(y) con dugc
goi 1a cac dang phuong trinh c¢6 bién s6 phan ly. Trong bai viét nay ta
stt dung ki hieu f = C thay cho ménh dé ” f(x) = C, Vx € Dy”.

Chi 4 2: (Diéu kién dé mot ham s6 ¢6 dao ham 13 ham hang).
Cho ham s6 f(z) lien tuc trén [a,b], ¢c6 dao ham f'(x) trén (a;b).
Khi d6
f(x)=C, Vx €a,b] & f'(z) =0, VYx € (a,b),
trong d6 C' = f(xq), v6i x¢ 1a mot s6 nao d6 thuoc doan [a, b)].
Chi 9 3: (Diéu kién dé mot da thiic 1a ham hing)
Cho da thic P(z) € R[z], c6 bac khong qua (<)n. Khi dé

1 . Néu P(z) c¢6 nhiéu hon n nghiem thi P(z) = 0, Vo € R, hay

P=0.
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2 . Néu ton tai a € R,a # 0 sao cho P(x +a) = P(z), Vax € R thi
P(z) = C v6i moi x € R hay P = C. Sau day ta xét mot so6 bai toan
cu thé

Bai toan 2.15 (xem [3]). Cho a la hang s6 thuge R*. Tim cdc ham s
f: R — R thoa man diéu kién

fx+a)=f(x)+b, Vxe R. (2.30)
Bai toan 2.16 (xem [3]). Cho a,b,m € R,m # 1,am # 0. Tim tat ca

cic ham s6 f: R — R thdéa man diéu kién

fx+a)=mf(x)+b, Vr,ye R. (2.31)

Bai toan 2.17 (xem [3]). Tim tat cd cac ham s6 f : R — R thoa man
dieu kién
fRx+1)=3f(z), Ve e R. (2.33)

2.3 Phuong trinh dang co ban khéng thuan nhat
v6i hé s6 bién thién

Cho trudc cac ham sb a(x), b(z). Xét phuong trinh dang

flw(x)) = a(z)f(x) + b(x) (2.36)
trong d6 w,(x) =z v6i 1 <n € N.

- Truong hop 1: Khi a(x) = a = const, phuong trinh (2.36) tré thanh

flw(z)) = af(x)+b(x) hay f(w(z))—af(x) = b(x), thi cdch giai da biét
4 chuong 2, phan 2.

- Truong hop 2: Khi a(z) 1a ham sb bat bién do6i véi phép bién ddi
w(z), tic 1a a(w(x)) = a(x), cach giai tuong tu nhu & chuong 2, phan 2.
(

- Truong hgp 3: Khi a(x) 1a ham s6 lién tuc tiy y. Dé ngan gon ta
viét phuong trinh (2.36) thanh

f(w)=af +0. (2.37)
Ta dinh nghia
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Thay = béi w,_1(x) vao phuong trin 2.37 ta dugc
f(x) = an1f(wn1) + by
Tiép tuc thay = bdi w,_»(z) vao phuong trinh 2.37 ta dugc
flwn1) = anaf(wn2) + b2

Tu do suy ra
f(x) - an—l[an—Qf(wn—Q) + bn—Z] + bn—l
= an—lan—Zf(wn—Q) + an—lbn—Z + bn—l
= p-1an—2[an-3f (Wn-3) + bp—3] + an_1bp—2 + b1
— an—lan—2an—3f(wn—3) + an—lan—an—3 + an—lbn—2 + bn—l

n

(Han j Wx +Han 79n—(j+2) +Han —j9n—(j+1) o+ b

j=1
Dat
Hanfj wy) = A(x)
j=1
Hanj —(j+2) "‘Hany —(j+1) -+ b= B(x)
j=1
Khi d6 2.36 dugc viét lai nhu’ sau
f(x) = A@@)f(2) + B(z) & [1 - A@)|f (@) = B)  (2.38)

+ Néu 1— A(x) # 0,Vz thi nghiém ctia phuong trinh (2.38)la f(x) =

B
_B@) v6i A(x), B(x) duge xac dinh nhu trén.
1 — A(x)
+ Néu 1 — A(z) = 0, taiz = x¢ thi diéu kien can dé phuong trinh
(2.36) c6 nghiém la B(xy) = 0.
Bai toan 2.18 (xem [1]). Cho cac ham s6 a(z) va b(z) xac dinh trén R
va w(r) =2 — z. Tim tat ci cac ham s6 f: R — R sao cho

a(x)f(w(z)) + f(x) =b(z), Ve e R. (2.39)
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Bai toan 2.19 (xem [1]). Cho cac ham s6 a(z) va b(z) xac dinh trén R
va w(r) = ——. Tim tat ca cac ham s6 f: R\ {0} — R sao cho
x

a(z)f(w(z)) + f(z) = b(z), Vo #D0. (2.40)

Bai toan 2.20 (xem [3]). Tim tat ca cdc ham s6 f: R\ {0} — R thoa
man diéu kién

@—1ﬁ@yhﬂi):ﬁ (2.41)

v6i moi x # 0

Bai toan 2.21 (xem [3]). Tim tat cd cdc ham s6 f: R\ {0;1} — R
théa man dieu kién

fla) + @+ 1)f(

1+:L‘)_x2+1

— (2.43)

l—2x
Nhan xét 2.3. Ngoai cac cach giai trén doi khi ta con bat gip dang bai
tap nhu vi du sau:

Tim tat cd cdc ham s6 f théa man diéu kién

f@)zf( - ) (2.47)

r—1

1& ham s6 do6i hop

Két qua. Nhan xét rang ham s6 g(z) =

T fﬁl =z, Vo # 1.
£ . . . 1
Ta thay ngay hai nghiém rieng f(z) = x; f(x) = —.
x

Nha toan hoc ngusi Anh Charles Babbage (1791-1871) da nghién ctu
mé rong clia bai toan (2.47) va thu duge nghiém tong quat ciia phuong
trinh

f(@) = flg(x))

trong truong hop g(z) 1a ham déi hop la
f(@) = 7(x; 9(2)),
trong do6 7(z; g(x)) 1a ham tuy y déi xiing véi x, g(x).

Sau day thong qua cac vi du ta xét ki thuat giai phuong trinh ham
bang st dung cac tinh chat ctia ham s6 lien tuc.
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Bai toan 2.22 (xem [3]). Tim f(x) € C(R) thoa man diéu kién
2f(2z) = f(z) + 2, Vz e R. (2.48)

Bai toan 2.23 (xem [3](Croatia 1996)). Cho ¢ € (0;1). Tim tat ca cac
ham s6 f: R — R lién tuc va théa man dieu kién

f(z) —2f(tx) + f(t*z) = 2°,Vz € R. (2.51)

Bai toan 2.24 (xem [3]). Tim tat c& cac ham s6 f : R — R lién tuc
va thoa méan diéu kién
3f2x+1) = f(x) + bz,Vx R (2.55)

Bai toan 2.25 (xem [3]). Tim tat cd cac ham s6 f : R — R thoa man
diéu kién

flx) =1;
f@)+ f(y) = fz+y),Vo,y € R; (2.57)
f(x) i) =1,V #0

Bai toan 2.26 (xem [3]). Tim f(x) € C( R), théa man diéu kién

\f(x+h)— f(x—h)| <k’ Vo€ R Yh>0 (2.58)
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Chuong 3

MOT SO AP DUNG

3.1 Xac dinh day cap sbé dac biét

Trong phan nay sé moé ta mot s6 16p ham s6 chuyen doi cac cap s
trong tap s6 R, Z.
3.1.1 Ham sb chuyén doi tir cip sd cong

N A 2 P A A A N L A PN
1. Ham so chuyén dov cap so cong thanh cap so cong

B6 dé 3.1 (xem [4]). Cho cap s6 cong {a,}va ham s6 f: R — R*
Ty f(= )+f(y)

Khi d6 day {f(a,)} 1a mot cap s6 cong.

thoa man dieu kien f( , Yo,y >0

Bai toan 3.1 (xem [4]). Tim ham s6 f(z) xac dinh va lién tuc tréen R
thoa man diéu kién

f<:c+y> _ [+ )

v R.
2 2 Y x7y€

N A 2 P A A A N P A A
2. Ham so chuyén doi cap so cong thanh cap so nhan

Bo dé 3.2 (xem [4]). Cho cap s6 cong {a,} vA ham s6 f : R — R*
thoa man diéu kién

<x+y> V(@) f(y), Vx,y > 0.

Khi d6 day {f(a,)} 14 mot cap s6 nhan.
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Bai toan 3.2 (xem [4]). Tim ham f(z) xac dinh va lién tuc trén R
thoa méan dieu kién

f($;y> =V f(@)f(y), Vz,y € R.

3. Ham s6 chuyén doi cap so cong thanh cip soé dieu hoa
Bo dé 3.3 (xem [4]). Cho cap s6 cong {u,},u, #0, ¥n € N va ham s6

N 2f(x)f(y)
f: R— R théa man dieéu kién f( > =
S IST) S o+ )
Khi d6 day {f(u,)} & mot cap so dieu hoa.
Bai toan 3.3 (xem [4]). Tim ham f: R — RT* xac dinh va lién tuc
tréen R thoa méan diéu kién
r+y\ _ 2f(2)f(y)
f( > = , Vr,y e R.
2 f(@) + f(y)

Vr,y € R.

3.1.2 Ham sb chuyén déi tit cip sé nhan

1. Ham so chuyén doi cip so nhan thanh cap so cong
B6 dé 3.4 (xem [4]). Cho cap s6 nhan {a,} véi a, > 0, Vn € N va
N A 2 ~ X LN _ f(l.) + f(y)
ham s0 f(x) théa man dieu kien f(\/zy) = O Va,y > 0.
Khi d6 day {f(a,)} 1a mot cap s6 cong.

Bai toan 3.4 (xem [4]). Tim ham s6 f(z) xac dinh va lién tuc tréen R

thoa man dieu kien f(\/zy) = M, Va,y € R.

2. Ham s6 chuyén doi cip s6 nhan thanh cap so diéu hoa
B6 dé 3.5 (xem [4]). Cho cap s6 nhan {a,} v6i a, > 0’2?(% )Ef(N)Va cho
< < ) a1 L)J\Y
ham s6 f: R* — R théa man dieu kien: f(,/zy) = m

Khi d6 day {f(a,)} 1a mot cap s6 dieu hoa.
Bai toan 3.5 (xem [4]). Tim ham f(z) xac dinh va lién tuc trén R
thoa man diéu kién

2f(x)f(y)

IV = s i sy Y e R

N A 2 2. A A A N L A A
3. Ham so chuyén doi cap so nhan thanh cap so nhan
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B6 dé 3.6 (xem [4]). Cho cap s6 nhan {a,} v6i a, >0, Vn € N va cho
ham s6 f: R" — R" thoa man dieu kien f(zy) = f(2)f(y), Vr,y €
R*.

Khi d6 day s6 {f(a,)} 1a mot cap s6 nhan.

Bai toan 3.6 (xem [4]). Tim ham s6 f(z) xac dinh, lién tuc trén R va
thoa méan dieu kién

flxy) = f(x)f(y), Vo,y € R (3.1)

3.1.3 Ham chuyén doi tir cip sb diéu hoa

1. Ham chuyén doi cap s6 diéu hoa thanh cip sé cong
B6 dé 3.7 (xem [4]). Cho cap s6 diéu hoa {u,}, u, # 0, ¥n € N va
ham s6 f: R — R thoa man diéu kién

f( 2xy ) _ f($)+f<y>7 Vr,y € R,z,y, x4y #0.
r+y

2
Khi d6 day {f(u,)} 12 mot cap s cong.

Bai toan 3.7 (xem [4]). Tim cac ham s6 f(x) xac dinh, lién tuc trén
R\ {0} va thoa man diéu kién

f(%):w, Ve,y € R,z,y,z+vy # 0. (3.3)

2. Ham chuyén dov cap so dieu hoa thanh cap so nhan

Bo dé 3.8 (xem [4]). Cho cap s6 diéu hoa {u,},u, # 0, ¥n € N va
ham s6 f(z) xac dinh va lién tuc trong R\ {0} thoa man diéu kién

2xy 2
= , Vz,y € R z,vy, 0.
f@wy) 1 T VY Ty, Ty F

_|_
flx)  fy)
Khi d6 day {f(u,)} 12 mot cap sé diéu hoa.

Bai toan 3.8 (xem [4]). Tim ham s6 f(x) xac dinh va lién tuc trong
R\ {0} théa man diéu kién

2xy 2

@ )
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3.2 Xac dinh mot sé day s6 phan tuyén tinh

Bai toan 3.9 (xem|3]). Cho a > 2 va ham 6 a(n) : N = R xac dinh
nhu sau

a(0) =1;a(1) =a; a(n+1) = (% - Q)a(n), ne N
V6i k € N dat
1 1 1
f(k) :m—i—m—F —|—m

Chting minh ring

1
ke N*supf(k):§(2+a— a? —4).

3.3 Mot sé6 dang toan khac

Bai toan 3.10 (xem/[3]). Tim tat ci cdc ham s6 f: R — R thoa man
diéu kién

i) f(—z) = —f(x) v6i moi = thuoc R,

ii) f(x+1)= f(x)+ 1 v6i moi x thudoc R,

1
i) /() = 1) i moi 2 # 0.
T T
Bai toan 3.11 (xem(3]). Cho f la ham s6 khong giam xac dinh trén

doan [0,1], thoa man dong thoi cac diéu kién

1) f(0) =0;
2) f(1—a)=1— f(z),¥z € [0,1];
3) f<§) :@,vxe 0,1].

1 1
Hay tinh (—) (—)
ytnh f{73)- 747
Trong cac bai toan phuong trinh ham trén tap sd nguyén, cidc moi
lien hé dang bat dang thitc giita cac sb cling c6 thé la chia khoa dé tim
dugc gia tri cia ham s6 tai mot diém.
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Bai toan 3.12 (xem|3]). Cho ham s6 f : N* — N* théa man dong thoi
cac dieu kién sau

i) f(2) =4,

ii) f(mn) = f(m)f(n) v6i moi m,n thuoc N*,

iii) f(m) > f(n) véi moi m > n.

Hay tim f(3)7

Bai toan 3.13 (xem[7](Romannian Competitions 1998)). Tim tat ca
cac ham don diéu f: R — R théa man phuong trinh ham

e+ fy) = flz) +y", Yo,y e R, (3.8)
trong d6 n 1a mot s6 nguyen duong c¢6 dinh.
Bai toan 3.14 (xem [7]). (Iranian Competitions-1999) Giad st f : Rt —

R 1a ham gidm ngit théa man

fla+y)+ f(fx)+ f)=f(fx+fy)+ fly+ f(2)), \mye( R*).
3.10

Bai toan 3.15 (xem[7]). Tim tat cd cdc ham f: R — R véi thuoe
tinh chang han n > 1,

f"(x) = —x, Vx e R.
(6 day f™ c¢6 nghia la sy hgp thanh n 1an ctia f v6i ban than no).

Bai toan 3.16 (xem[7](AMM-1984)). Cho « 1a mot s6 thuc khéc 0 ¢
dinh. Tim tat ca cac ham lién tuc f: R — R théa méan

f(2x — @) =ax, Yz e R (3.14)

Bai toan 3.17 (xem[3]). Tim f(z) € F( R) thdéa man diéu kién sau
F® 4 f) =y + Pa), Vo e R (317

Bai toan 3.18 (xem[3]). Tim tat ca cac ham s6 f(x) : (—1;4+00) —
(—1; +00) théa man diéu kién
L fle+ fy) +2fy) =y + f(@) +y(f(2), Yo,y e (=L+00) (%)

2. Hx) la ham s6 tdng ngat trong moi khodng: (—1;0) va (0; +oo).
T
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KET LUAN

Cac két qua chinh ctia luan van "Phuong trinh ham sinh bdi nhom
cyclic” d6 1a tap trung nghién cu va trinh bay mot sd van dé :

Trinh bay theo huéng hé thong cic dic trung ham sb6 va cac tinh
chat co ban cia phép bién doi phan tuyén tinh, diéu kién déi hop bac n
cua no.

Trinh bay cach giai cac dang phuong trinh ham véi doi s6 bién doi
dang cyclic v6i hé s6 hing va hé sb bién thien . Van dung n6 dé giai
quyét mot s6 bai toan lien quan.

Tiép theo, xét mot s6 ap dung trong dai s6 va giai tich vé day so.

Tac gid mong mudn luan van sé phuc vu thiét thuc cho viéc gidng
day phuong trinh ham trong nha truong hién nay cting nhu trong tuong
lai.



