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MG DAU

1. Ly do chon dé tai

Da thitc I3 mot chuyén dé co ban clia dai s6. Da thitc ¢6
vi tri rat quan trong vi n6 khong nhirng 1a mot doi twgng nghién
citu trong tam ciia Dai s6 ma con 14 mot cong cu dac huc clia Gidi
tich trong Ly thuyét xap xi, Ly thuyét bidu dién, Ly thuyét noi
suy,... Cac ki thi hoc sinh gidi toan qudc gia va Olimpic toan khu
vite va quoc té thi cdc bai toan vé da thitc cting thuong dugc
dé cap dén va dugc xem nhu nhitng bai toan kho va rat kho clia
bac phd thong.

Chiing ta da lam quen v6i nhitng phuong trinh dai s6 mot
hay nhiéu bién s6. Gidi phuwong trinh ham ciing giéng nhu gidi
phuong trinh dai s6 13 di tim 4n s6, tuy nhién dn & day 13 mot
ham s6. Viéc gidi cac bai toan niy can ndm vitng cac tinh chat
va cac dic trung co ban ctia da thitc.

2. Muyc dich nghién citu

Trinh bay phuwong phap gidi mot s6 dang phuong trinh
ham, bat phuong trinh ham ma nghiém 13 da thitc v6i hé s6
thuc.

3. Déi twgng va pham vi nghién ctitu

Trén co s6 nghién ctu tr cac tai ligu, gido trinh ctia GS
- TSKH Nguyén Van Mau va cac sach chuyén dé vé da thic,
phuong trinh ham, cac bai toan ndi suy, cac bai bao todn hoc
viét vé da thtc.

4. Phuwong phap nghién citu

Nghién cttu 1y ludn: doc tai liéu, sidch tham khdo, sich

chuyén khdo, tap chi toan hoc vé cac bai todn phuong trinh



ham, bat phuong trinh ham.

5. Y nghia khoa hoc va thwc tién ctia dé tai

Giai mot 16p cac phurong trinh ham, bat phuong trinh ham
¢ an la da thitc. Dé tai dong gop thiét thuc cho viee day va hoc
da thitc, phuong trinh, bit phuong trinh trong trudng THPT.

6. CAu tric ctia luan vin

Luan van gom 3 chuong.

Chuong 1. Trinh bay tém tit cAc khai niém, mot sd dinh
Iy dung trong chuwong 2, chuong 3.

Chuong 2. Khéo sat mot s6 dang phuong trinh ham c¢6
nghiém la da thtc c¢6 dang xac dinh.

Chuong 3. Trinh bay phuong phap giai bat phuong trinh
ham véi cidp bién tyr do. X4c dinh da thitc theo cac dic trung

cd ban clia chiing.
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CHUGNG 1. DA THUC VA MOT SO TINH CHAT

Trong chuong nay ta nhic lai cic kién thtc co ban c6 lién
quan dén da thitc: cac dinh nghia, tinh chét, phép tinh, nghiém

clia da thic va mot sb bai toan dugc trich dan.
1.1. Dinh nghia va cic tinh chit
Dinh nghia 1.1 Cho vanh giao hoan A ¢6 don vi. Da thic

(trén A) 4n s6 = bac n 1a tdng hinh thitc ¢6 dang
P, (z) = apa™ + 12" V4 aiz + ag (an #0),

Trong d6 a; € A,Vi = 1,n goi 1a cac hé s6, n goi 1a bac ciia
da thiic, a, goi la hé s6 bac cao nhat, ag goi 1 hé sb tir do ciia

da thic P,(z).

Néu P(z) = ag,ap # 0 thi ta dinh nghia bac ctia da thic
P(z) béng 0.

Néu P(z) = 0 thi ta dinh nghia bac ciia da thitc P(z) bang
—o0 va goi P(x) la da thitc 0.

Tap hop tat ci cac da thitc v6i hé s6 thude vanh A duge
ky hiéu la A[x].

Khi A 14 mot truong thi vanh da thic Afz] 14 mot vanh
giao hoan ¢6 don vi. Ta thuong xét cac vanh da thic Z[z], Q[x],
R[z], C[x].

Trong luan van ndy ta thudng xét cic da thitc v6i hée sb
thudoc vanh R[x] va C[x].

Dinh 1y 1.1 Gia st A 1a mot truong, f(x) va g(z) # 0 14 hai

da thitc cta vanh A[z]. Khi d6, luon ton tai hai da thic duy



nhét ¢(z) va r(z) thuoc Alz] sao cho f(z) = g(z)q(z) + r(z) voi
bac ciia r(x) nho thua bac clia g(x).

Néu r(z) = 0 ta néi f(z) chia hét cho g(x).

Dinh 1y 1.2 Gi4 st A 1a mot truong, a € A, f(z) € Alx]. S6
du ctia phép chia da thitc f(x) cho da thitc x — a chinh 1& f(a).

Dinh 1y 1.3 S6 a la nghiém ctia f(z) khi va chi khi f(z) chia
hét cho da thtc (z—a). Khi A la mot trudng, a € A, f(x) € Alzx]
va m 13 mot s6 ty nhién 16m hon hodic bang 1. Khi d6 a 13 mot
nghiém boi cip m ctia f(x) khi va chi khi f(z) chia hét cho
(x —a)™ va f(z) khong chia hét cho (z — a)™"!. Trong trudong
hgp m = 1 thi ta goi a 1a mot nghiém don con khi m = 2 thi
ta goi a 13 nghiém kép. S6 nghiém clia mot da thic 13 téng s6
nghiém ciia da thitc d6 ké ci boi clia cdc nghiém (néu c¢6). Vi
vay, nguoi ta coi mot da thitc c6 mot nghiem boi cip m nhu mot

da thttc c6 m nghiém trung nhau.

Dinh 1y 1.4 Mabi da thitc hé s6 thuc bac n € N* déu c¢6 khong

qua n nghiém thuyec.

Hé qua 1.1 Da thitc ¢6 vo sd nghiém 13 da thitc khong.

Hé qua 1.2 Da thttc ¢6 bac nhd hon hodic bing n ma nhan cling

mot gia tri tai n + 1 diém thi da thitc d6 1a da thitc hing.



Hé qua 1.3 Hai da thitc c6 bac nhd hon hofic bing n ma nhan
n+ 1 gia tri bing nhau tai n + 1 gi4 tri khic nhau ciia ddi s6 thi

hai da thitc d6 bang nhau.

Dinh ly 1.5 Moi da thic f(x) € Clz| bac n ¢6 ding n nghieém

(tinh c& boi ciia nghiém).

Dinh 1y 1.6 Moi da thitc f(z) € R[x] ¢6 bac n ¢6 hé s6 dan dau
a, # 0 déu c6 thé phan tich duy nhat thanh nhan tt

m S

f(z) = anH(x — di)H(xQ + brx + cx)

i=1 k=1

v6i d;, by, ¢ 6R,2s+m:n,b%—4ck < 0,m,n € N*,

Dinh 1y 1.7 (Dinh ly Bezout) Da thic P(z) c6 nghiém zy khi
va chi khi P(x) chia hét cho = — .

Dinh 1y 1.8 (Dinh Ij Rolle) Néu ham s6 f(z) lién tuc trén doan
[a; b], c6 dao ham trén doan [a;b] vA f(a) = f(b) thi ton tai diém

zg € (a;b) sao cho f'(xg) = 0.

1.2. X4p xi ham sb bdi da thirc

Trong s6 cadc ham s6 mot bién thire thi da thic dugce coi
13 ham s6 don gidn nhat vé nhiéu phuong dién, nhit 13 vé mit
tinh toan. B&i vay, mot van dé dugce ching ta quan tam nhiéu
hon c4 14 bai toan xdp xi mot ham sé cho trude bdi mot da thic,
dzic biet 1a tim didu kién (can va di) dé mot ham sb cho trude

c6 thé xap xi duge bdi mot da thiic.



Gi4 stt ham sb6 f(x) dugc xap xi bdi mot da thic P,(x)
(P,(x) 1a da thitc dai s6 hodc da thitc lugng giac hodc 1a cac da
thitc dac biét khac). Goi R[f, P,n] = |f(x) — P,(x)| 1a do lech
ciia phép xap xi. Ta can xac dinh P(z) v n sao cho R[f, P, n]
nhé nhat trén mot doan [a;b] cho trwde. Khi d6 P,(z) duge goi
14 da thtrc xap xi t6t nhat cta f(z) trén doan [a;b] d6 va dugc
ky hiéu 1a f(z) = P,(x).

Néu ham s6 f(x) kha vi (n+1) 1an thi c6 thé st dung cong
thitc khai trién Taylor tai x = 0

Tuy nhién 16p cAc ham kha vi (n + 1) 1an dimg dé xap xi
béi da thitc 14 qui hep. Song dbi v6i cac ham sb lién tuc trén
doan [a;b] van c6 cac dinh 1y tuong tu vé xap xi ching béi da
thitc. Ta sé chii yéu quan tam dén hai vin dé sau.

Mot 13 xay dung cac da thitc xap xi thong qua cac cong
thitc noi suy va hai 14 xay dung cong thitc tinh do lech sai ddi
v6i cac xap xi do.

1.3. Phép tinh trén da thi'c

Bai toan 1.1 Xét f: R[z] — R thda mén cac diéu kien sau:

fla1Pr+0aoPs) = a1 f(P1)+asf(P),Vai,az € R, Py, Py € R[z],
(1.1)
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F(PLPy) = F(P)Py G) R <;> F(Py), VP, Py € Rlz]. (1.2)

Chitng minh ring 3C € R sao cho VP € R[z| ta luon co

f(P) = CP' <;> |

Giai. Voi f(x) = C thi theo gid thiét ctia bai toan ta c6
) | 1
1) = f@3 + f@)s = C.

1 1 3
3y 2 _
f(z%) = f(z )§+f(x)1—?c-
Bing phuong phap quy nap toan hoc va sit dung gia thiét
(1.2) ta dé dang ching minh duge

k
f(zF) = SO ¥k €N

V6i moi P € Rlz| dang

P(x) = Zaka@k
k=0

theo diéu kieén (1.1) chia bai toan ta dugc:

Py =f (ZM) =S af () = Yarg O
k=0 k=0 k=0

d6 chinh 1a diéu phai chttng minh.



Chwong 2. PHUONG TRINH HAM TRONG DA THUC

2.1. M6t s6 dang ham s6 can tim

2.1.1. Dang ham s6 can tim f(z)=C

Bai toan 2.2 Tim tat ci cac ham s f lien tuc trén R théa man

diéu kien f(z) = f (22 + 1) .Vz € R.

Gidi. Tu gid thiét ta c6 f 1a ham s6 chén.

Cho z1 > 0, ta xét hai trudng hgp:

V6i 0 < z1 < § ta xét day s6 {zn} dinh bdi 1 = 22 +
i,Vn > 1.

Bing quy nap, ta ching minh dwge 0 <z, < 3,Vn > 1 va
Tpi1 — Ty = T2 — Tp —|—i = (ZL‘n — %)2 > 0,Yn > 1, nén {z,} 1a
day tang va bi chin trén nén cé giéi han.

bit ngrilwxn:athia:a2+%<:>a:%.

Hon nita, do f lién tuc trén R nén lim f(z,) = f(%)

n—-+oo

Ma f(zn11) = f (2% +7) = f(zn),Vn > 1 nén f(z1) =

f(3).Dodo
=1 () e o 1). o)

V6i 21 > 1 ta xét day s6 {z,} xdc dinh bdi 2, = 22, + 1.
Bing quy nap ta chéng minh dugc z, > 3,Vn > 1 va

2
Tp — Tpt+1 = :E?H_l + % — Tp4+1 = (:En+1 - %) > O,Vn > 1.
Nen {x,} 14 ddy gidm vA bi chin du6i nén c¢6 giéi han.
bat lim xn:a:>a202+i<:>a:%.
n—-+o0o
Hon nita, do f lién tuc trén R nén  lim f(z,) = f(%)

n—-+4o00



Ma f(xp+1) = f (xiﬂ + i) = f(xn),¥n > 1, nén f(x;) =
f (%) Do do

Fz) = f <;) Vo> % (2.2)

Tt (2.1) va (2.2), ta suy 1a f(z) = f(3).Vz > 0 hay
f(@) = f(3),Vz € R (vi f 1a ham s chdn). Vay f(z) = ¢ =
const , Vx € R.

2.1.2. Dang ham s6 can tim c6 dang f(r) =ax +b

Bai toan 2.3 Tim ham s6 f : R — R sao cho

£(30.f(y) + 4x) = 19z + 75y + 2010, Vz,y € R. (2.3)

Gidi. Ta ching f 14 mot don anh:

Thay vay, xét f(z) = f(y) v6iz,y € R. Tacla f(30.f(y)+
4z) = f(30.f(x) +4x) <= 192+ 75y + 2010 = 192 + 75z +2010.
Suy ra x = y. Do dé f 1a mot don anh.

Cho z =0,y = 0 ta duge f(30.£(0)) = 2010.

4.
Véi z = _T5y ta thu duge f | 30f(y) — 475y _ 2010 =
19 19
4.75
f(30f(0)). Vi f don anh nén 30f(y) — oY= 30f(0). Hay la
4.75
fly) = £(0) + 5=
19.30 30£(0)
Mait khac, cho y =0,z = — ta dugce
—19.30f(0 8040 4020
£(0) = =293 | 5010, Suy ra £(0) = 240 _ 4020,
{ 4020 574 287
Vay f(y) = 759 + g7
19 287
. . 10 4020 .,
Thr lai ta thay f(z) = To% + o7 théa man yéu cau de

bai.
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2.1.3. Dang ham s6 can tim c6 dang f(z) = P(x) védi
P(z) la da thatc c6 bac lén hon hodc bang 2

Bai toan 2.4 Cho k 1a s6 nguyén duong. Tim tat cd cic da
thitc P(x) théa man diéu kién

(z —2010)*.P(x) = (z — 2011)*.P(x + 1),Vz € R.
Giai. Gi4 st da thitc P(z) théa man diéu kién bai toan

T gid thiét ta thay x = 2011 la mot nghiém boi clia P(z)
v6i bac 16n hon hoéc bang k.

Dit P(x) = (z —2011)*.Q(x), Vo € R. Thay P(z) vio diéu
kien dé bai ta dugce

(£—2010)%.(z—2011)*.Q(z) = (—2011)*(2—2010)*.Q(x+
1),Vz € R. Suy ra Q(z) = Q(z + 1),Va € R\{2010,2011}. Do
d6 Q(x) = ¢ = const ,Vr € R. Vay P(z) = c¢(x — 2011)*, V2 € R.

Thit lai ta thdy da thic P(z) = c(x — 2011)* théa man
diéu kién dé bai.

P(z)

2.1.4. Dang ham sé can tim f(z) = ) vdi P(z) la
x
da thic c6 bic nhé hon hodc bang 3, Q(z) cé
bac nhé hon hodc bing 2
Bai toan 2.5 Cho ham s6 f lién tuc trén R v théa méan hai
diéu kién

£(2010) = 2009, (2.4)
f(x).fa(x) =1,V € R (2.5)

Trong d6, fn(x) = f(f...(f(z))),n lan f. Hay tim f(2008).
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Giai. Dat Dy = f(R) thi Vo € Dy ta c6 xzf3(x) = 1. T (2.4)
cho ta biét duge 2009 € Dy.

) 1
Trong (2.5) lay = = 2010 thi f4(2010)

= —_— h —_—
2000 "™ 2009 ©

1
Dy. Mat khac, f lién tyuc trén R nén D = [2009; 2009} C Dy.

1
Do d6 f3(x) = —,Vax € D. Suy ra f la don anh trén D.
x
Hon nira, f lién tuc trén D nén f don diéu gidm trén D.
Bay gid gid st ton tai z¢ € D sao cho f(zg) > —.
Zo

St dung tinh chit don diéu gidm ctia ham f, ta c6

f(ﬂfo) > xlo = fz(ﬂfo) <f <;0> . (2.6)

Suy ra - = fy(z0) > fo (1)
Zo o

@) a(d) e

Tu (2.6) va (2.7) ta dwge xg > fa(zo) hay f(xo) < fa(xo) =
~ L. S o o 1
Mau thuén v6i diéu ta gid st f(xg) > —.
o
Chl’ing minh tu’dngltu’ ciing khong ton tai 29 € D sao cho
f(zo) < P Vay f(z) = E,VCU €D.
0
. < 1
ién nhien ring 2008 € D nen f(2008) = ——.
Hien nhién rang 2008 € D nén f(2008) 5008
2.1.5. Dang ham s6 can tim f(z) = p.a®P + ¢.p>*+°

Bai toan 2.6 Tim ham s6 f : R — R théa man ci hai diéu kién
sau: day:

f(z) > e, Vz € R, (2.8)
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flx+y) > f(x).f(y), Yo,y € R. (2.9)

Giai. Ta c6 f(z) > e*,Vx € R nén In f(z) > z,Vz € R. Mit
khéc, f(x+y) > f(z).f(y),Vz,y € Rnén ln f(z+y) > In f(z) +
In f(y),Vz,y € R.

bat h(x) =In f(z),Vz € R. Ta c6

h(z) > z,Vz € R. (2.10)

h(z +1y) > h(x) + h(y),Vx,y € R. (2.11)
Tu (2.10) suy ra ~(0) > 0 va tir (2.11) suy ra

h(0) > 2h(0). Do d6 h(0) = 0 (2.12)
Trong bat ding thitc (2.10) thay = bdi —z ta dugc
h(—z) > —z,Vz € R. (2.13)
T (2.10) va (2.13) ta suy ra
h(z) + h(—x) > 0,Vz € R. (2.14)
Thay = b&i — vao (2.11) ta dugc

0= h(0) > h(z) + h(—z),Vz € R hay h(z) + h(—z) < 0,Vx € R.
(2.15)
T (2.14) va (2.15) ta suy ra

h(z) + h(—x) = 0,Vz € R. (2.16)

Tu (2.10), (2.13) va (2.16) ta suy ra dugc h(z) = z, Vo € R. Hay
f(z) =€e* Vo eR.

Thit lai ta thay f(x) = e,V € R théa man diéu kién dé
bai.
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2.2. Da thitc xac dinh bdi phép bién déi dbi sb
2.2.1. Mot sé bai todn zdc dinh da thie don gidn
Bai toan 2.7 Cho a,b € R*. Tim tat cd cac da thic P(z) €
R[z] thda man diéu kign
zP(x —a) = (z —b)P(x), Yz € R. (2.17)

Giai. Khia # 0, b =0 ta dugc P(z —a) = P(z), tic la P(x) 1a
da thitc hing.

Khi a # 0, b # 0, ta xét cic trudong hgp sau:

Néu - ¢ Nthiz=b—a,x=b—2a,...,x =b—na déu la
nghiem cﬁaada thitc. Vay P(z) c6 vo s6 nghiém nén P(z) = 0.

Néu o€ N thi P(z) ¢6 cc nghiem z = a,x = 2a,...,T =

(n — 1)a. Do vay
P(x) = (z - a)(w — 20) - (& — (n — Da)Q(x).

Thay vao (2.17) ta duge Q(z —a) = Q(x) v6i moi x € R. Do d6
Q(z) = ¢ = const . Vay trong trudng hop nay, ta thu dugce

P(z)=c(x—a)(r—2a) - (x — (n—1)a), ceR.

2.2.2. Phép bién déi vi phan - ham

Bai toan 2.8 Tim tat c cac da thitc P(x) bac n thda man diéu

kién sau:

(1 —2?)[P'(z))> = n?[1l — P%(x)], Yz €R.
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Giai. Gia st P(z) = apz" +an_ 12" ' +---+ag (an #0). Tix

cac dac trung clia hAm cost ta thay hai da thiic
P(x) = %+ cos(narccos x)

théa man diéu kién bai ra. Ta chiing minh ring ngoai ra khong
con nghiém ndo khac nita. That vay, thay z = 1 vao diéu kién
dé bai ta duge P%(1) = 1. Mat khac, [(1—22)(P'(z))?]" =
n?[1 - Pz(x)], hay
P'(z) [n*P(z) — aP'(z) + (1 — 2*)P"(z)] =0, Vo € R.
Vi da thitc P'(x) chi ¢6 thé c6 hitu han nghiém nén suy ra

n?P(z) — xP'(z) + (1 — 2*)P"(z) = 0.

So sanh cac hé s6 trong ding thiic trén, ta duge a,_1 =0

va,
k(k—2n)ap—r = (n—k+2)(n—k+1)ap_pi2.
Do vay, theo cong thitc truy hoi ta duge
Up—1 = ap-3 = ap—5 = -+ = 0.
Cac hé s ap_2,an_4, -+ duge x4c dinh mot cach duy nhat theo

apn. Ma P(1) = £1 nén chi ¢6 hai gia tri Gng v6i a,.

2.2.3. Phwong trinh dang P(f)P(g) = P(h)

Bai toan tong quat. Gia st f(z),g(z) va h(x) 1a cac da thic
thuoc R[z] da cho théa man diéu kien deg(f) + deg(g) = deg(h).
Tim tat ci cac da thitc P(z) thudoc R[x] sao cho

P(f(x)P(g(x)) = P(h(x)) (2.18)
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vGi moi x thudc R.
Nghié¢m cfia phuong trinh ham (2.18) ¢6 nhiéu tinh chat
dac biét gitp chiing ta c6 thé xay dung dugc tit ci cdc nghiém

cia n6 tir cac nghiém bac nhd.

Tinh chat 2.1 Néu P,Q 13 nghiém ciia (2.18) thi P.Q ciing la

nghiém ctia (2.18).

Hé qua 2.4 Néu P(z) 1a nghiém ciia (2.18) thi P"(z) ciing la
nghiém cta (2.18).

Trong kha nhiéu trudng hop, hé qud 2.4 cho phép ching
ta mo t& hét cac nghiém ctia (2.18). D& lam didu nay, ta c6 dinh

lf quan trong sau day:

Dinh 1y 2.9 Néu f, g, h 1a cac da thitc vdi hé s6 thye théa man
dieu kien deg(f) + deg(g) = deg(h) va théa man mot trong hai

diéu kién sau:

1. deg(f) # deg(g)-

2. deg(f) = deg(g) va f*+ g* # 0, trong d6 f*,¢* la he sb
cao nhat ciia cac da thitc f v g tuong tng.
Khi d6 v6i moi s6 nguyén duong n ton tai nhiéu nhat mot
da thic P(z) ¢6 bac n va théa mén phuong trinh (2.18).

Ap dung dinh 1y 2.9 vi he qui 2.4, ta thiy riing néu Py(z)
13 mot da thic bac nhit théa man phuong trinh (2.18) véi f, g, h
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14 céc da thitc thda man diéu kién clia dinh ly 2.9 thi tat ci cac

nghiém cta (2.18) sé c6 dang:

P(x)=0,P(z) =1,P(x) = (Po(z))"

2.2.4. Phwong trinh dang P(f)P(g) = P(h) +Q
Bay gio chiing ta xét dén phuwong trinh dang
P(f)P(g) = P(h) +Q (2.19)

trong d6 f,g,h,Q la cac da thuc da cho, deg(f) + deg(g) =
deg(h).

V6i phuong trinh (2.19), néu Q khong dong nhat bing 0
thi ta sé khong con tinh chit nhu tinh chat 2.1 v hé qui 2.4.
Vi thé, viéc xay dung nghiém trd nén khé khan hon. Day chinh
14 khéc biét co ban ctia (2.19) v6i dang (2.18). Tuy nhién, ta c6
thé chitng minh dugc dinh 1y duy nhat nghiém, dugce phat biéu

nhu sau:

Dinh 1y 2.10 Cho f,g,h la cac da thitc khong hing thda man
diéu kien deg(f) +deg(g) = deg(h), @ 1a mot da thitc cho truéec,
ngoai ra deg(f) # deg(g) hodc deg(f) = deg(g) va f* +g* # 0.
Khi d6, v6i mdi s6 nguyén duong n va s6 thitc a, ton tai nhiéu
nhit mot da thitc P théa man dong thoi cac diéu kien
deg(P) =n
P*=a

P(f)P(g) = P(h) +Q
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2.3. mét s6 bai toan tf;ng hop

Bai toan 2.9 Tim moi da thic P(z) # 0, théa man diéu kién:

zP(zx —1) = (x —3)P(x),Vz € R. (2.20)

Gidi. Gid st P(z) la da thttc théa man diéu kién bai toin
2.9. Ta thay * = 0,z = 1,2 = 2 vao déng thitc (2.20) ta dugc
—-3P(0) = 0,P(0) = —2P(1),2P(1) = —P(2) hay P(0) = 0,
P(1) =0, P(2) =0. Do d6 P(xz) nhan z = 0;z = 1;z = 2 1a
nghiém ctia P(x). Theo dinh 1i Bezout thi P(x) c6 dang P(x) =
z(z —1)(z — 2)Q(z). V6i Q(x) 1a da thic nao do.

Tir d6 thay P(z) vao ding thte (2.20) ta dugc

z(z—1)(z—2)(z—3)Q(z—1) = (z—3)z(z—1)(xz—2)Q(x),Vx € R.

=Qx—-1)=Q(z),Vr e R (2.21)

Hé thitc (2.21) chirng t6 réng Q(z) 1a ham tuan hoan. Q(z)
13 da thttc ma lai 1A ham tudn hoan, nén suy ra Q(z) = C, vé6i
C = const .
Nhu vay
P(z)=Czx(z —1)(x —2) (2.22)

Thtt lai, ta thidy P(z) xac dinh béi cong thitc (2.22) thoa
méan dé bai, d6 chinh 1a 16p cac da thitc can tim.

Néu cho thém mot diéu kién phy, chang han P(3) = 6, thi
tit cong thite (2.22) ta c6 P(3) =6=C.3.2.1=C = 1.

Liic nay chi c6 duy nhat mot da thitc P(x) = z(z—1)(z—2)

thda man yéu cau.
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Chuong 3.
BAT PHUGNG TRINH HAM
VA XAC DINH DA THUC THEO CAC DAC TRUNG

3.1. M6t sb6 dang bat phuong trinh ham lién quan dén
da thirc
3.1.1. Bat phwong trinh ham vdi cdp bién tu do

Trong phan nay ta xét mot s6 vi du vé bat phuong trinh ham
v6i cip bién tu do. Dya vao mot s6 dic trung co ban clia ham
s0, ta khao sat mot s6 bat phuong trinh ham so cap thudong gap
trong cac dé thi Olympic todn hoc. Day 1a cac vi du lién quan
dén viéc xac dinh 16p ham s6 ¢6 dang da thic trong cac rang

budc duéi dang hé bat ding thic.
Vi du 3.1 Xac dinh ham s6 f(x) thda man cic didu kién sau:

fl@+y) > f(x).f(y) > 2010°"Y Vo, y € R

Giai. e Cho z = y = 0 ta dugc f(0) > [f(0)]? > 1 hay

[0 =1 suy ra f(0) =1
0<f(0)<1

e Choy = —ztadugcl > f(z).f(—x) > Lhay f(x).f(—z) =

e Cho y = 0 ta dugce f(z) > 2010*. Do d6 f(—=x) >
20107*. Theo ching minh trén: f(x).f(—z) = 1 nén f(z) =
1 1

(z
Foa) < s1go = 20107 Vi thé f(x) = 20107, Newge lai, xét
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ham s6 f(z) = 2010” ta thiy né théa man cic dicu kién clia deé
bai.

Vay ham s6 can tim 1a f(z) = 2010".
3.1.2. Mot sé bai todn vé bat phuong trinh ham lién

quan dén da thic

Bai toan 3.10 X4c dinh ham s6 f : R — R théa man diéu kién:

f(z) > 2010z va

fx+y) = f@)+ f(y), Yo,y €R (3.1)
Giai. D@ thay ham s6 f(x) = 2010z 1 mot ham sd théa man
(3.1).
Dit g(x) = f(x) — 2010z va thay vao (3.1) ta dugc
g9(z) >0, (3.2)
g9z +y) = g(x) +9(y), Yo,y € R. (3-3)

e Thay x = y = 0 vao (3.3) ta dugc g(0) < 0, két hop voi
(3.2) ta duge g(0) = 0.

e Thay = bdi —y vao (3.3) ta duge g(0) > g(z) + g(—x),
theo (3.2) ta c¢6 g(xz) > 0,9(—z) > 0,Vx € R. Suy ra g(z) =
g(—z) = 0. Do d6, f(z) = 2010z,Vz € R. Thir lai, ham s6
f(z) = 20102 théa man diéu kién bai toin.

Vay ham s6 can tim 1a f(z) = 2010x.

Bai toan 3.11 Cho P(x) la da thitc ¢6 hé s6 thuc va thda man

cac didu kién:

0 < 2P%(xy) < P(2)P(y®) + P(z®)P(y),Ve,y € R (3.4)
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P(2010) > 0. (3.5)
Chitng minh rang P(2011) > 0.
Giai. Gia str da thitc P(z) v6i hé s6 thyc va thda man cac dieu
kién cia dé bai. Thay y boi z vao trong (3.4) ta duge

0 < 2P%(z%) < 2P(z)P(z%),Vz € R. (3.6)

Tir (3.6) suy ra P(x) va P(2?) cling dau v6i moi .
Thay = = 0 vio bat ding thitc (3.4) ta duge 0 < 2P%(0) <
P(0)P(y*) + P(0)P(y). Hay

P(0) [2P(0) — P(y) — P(y*)] <0,y € R. (3.7)

Chi c6 mot trong 3 kha ning sau xay ra:
1. Néu P(z) <0 thi

0> 2P(0) > P(y) + P(y%),Vy € R. (3.8)

Theo (3.6) thi P(y) va P(y?) ciing ddu véi moi y, vay tir
(3.8) suy ra
P(y) <0,Vy € R. (3.9)

Tir (3.9) suy ra vo li, vi theo (3.5), ta ¢6 P(2010) > 0.
Vay trudng hop nay khong xay ra.
2. Néu P(z) > 0 thi

0 < 2P(0) < P(y) + P(y*),Vy € R. (3.10)

Hon nita, P(y) vad P(y?) cing ddu nén P(y) > 0,Vy € R.
N6i riéng ta c6 P(2011) > 0.

3. Néu P(0) = 0 thi P(z) khong phéi 14 da thitc hing s6
(do P(0) = 0,P(2010) > 0). Mt khac theo dinh 1i Bezout suy
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ra P(xz) = 2Q(x) v6i Q(z) 1a da thitc. Nhu vay &t phai ton tai
s6 nguyén duwong n v da thitc G(z) sao cho P(z) = 2"G(x) v6i
G(0) #0.

Theo tréen P(x) vd P(23) cing dau Vo € R, do dé z" va
(™) ciing cing ddu Yz € R nén G(x) va G(x?) ciing ciing dau
Va € R. Lic nay (3.4), (3.5) c6 dang

0 < 22%"G?(zy) < 2"G(2)y*"G(y?) +23"G (2®)y"G(y), Vz,
y € R, va 2010"G(2010) > 0.

Béng cach chitng minh nhu trén suy ra G(z) > 0,Vz € R
= G(2011) > 0.

Ta c6 P(2011) = 2011"G(2011) > 0 (don > 0 va G(2011) >
0).

T6m lai ta da chitng minh dugce P(2011) > 0.

3.2. Xac dinh da thd’c theo cac dac trung cua ching
3.2.1. Xac dinh da thice theo cac dac trung nghiém

Bai toan 3.12 Xac dinh da thac bac 4 dang
P(z) =zt + ba® 4+ ¢, (b,c > 0) (3.11)

sao cho phuong trinh P(zr) = 2? khong c¢6 nghiém thuc con
phuong trinh

P(P(z)) = 2* (3.12)
thi ¢6 nghiém thuyec.

Giai. Dé y ring P(x) > 0 va P(—x) = P(z),Vr € Rva Q(z) =
P(P(z)) ciing ¢6 tinh chat Q(—z) = Q(z),Vz € R nén ta chi can
xét x > 0. Theo gia thiét thi phwong trinh P(z) = 22 vo6 nghiém
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va vl
P(x)—a*=a*+(b—1)a*+c
nén P(x) > 2%,Vx € R. Suy ra P(P(z)) > [P(x)]? > o*.
Vay phuong trinh (1) vo nghiém. Tir d6 suy ra khong ton
tai da thitc dang (3.11) thoéa man diéu kién dé bai.

3.2.2. Xac dinh da thic theo cac ddac trung nor suy

Bai toan 3.13 Chitng minh ring khong ton tai da thtc f(z) €
Zlz] ma £(2011) = 2012 va £(2009) = 2000.

Giai. Gia st f(z) = apa™ + ap_12" ' + -+ ag,a; € Z,Vi €
{0,1,...,n}. Khi d6 ta c6 f(2011) — £(2009) = a,(2011" —
2009™) + an—1(2011771 —2009™71) + -+ + @1 (2011 — 2009) chia
hét cho 2. Mat khac, f(2011)— £(2009) = 2012 —2009 = 3 khong
chia hét cho 2. Vay khong ton tai da thitc f(z) thda man dieu

kién dé bai.
3.2.3. Xdc dinh da thitc theo cdc dac trung sé hoc

Bai toan 3.14 Ton tai hay khong ton tai mot da thitc P(x) bac
2010 thda man diéu kien P(z? — 2009): P(z)

Giai. Gia st P(x) = (z + a)?1%. Khi dé
P(x? —2009) = (2% + a — 2009)2010
= [(LU + a)2 —2a(x +a) + a2+a— 2009)]2010.

—1+ /8037

2
thi P(x? —2009) = (z + a)?*'%(x — a)?°19 chia hét cho P(z). Vay
¢6 hai da thttc bac 2010 théa man diéu kién dé bai 1a P(x) =
(z + a)?°'? v6i a 14 nghiem ctia phuong trinh a? + a — 2009 = 0.

Néu ta chon a sao cho a®>+a—2009 =0 | a =
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KET LUAN

Luan vian "Phuong trinh ham vd bat phuong trinh ham
trong da thic" da dugc tac gid noé luc nghién ctru dudi sy huwéng
dan khoa hoc, nhiét tinh va nghiém khic ctia GS. TSKH. Nguyén
Van Mau.

Mot s két qua da dat dugc:

Chuong 1. Luan van da trinh bay mot s6 kién thirc vé khai
niém, dinh Iy vé da thitc sé dugc st dung trong cic chuwong 2,
chuong 3 ctia ludn van.

Chuong 2. Ludn vin da trinh bay phuong phép gidi mot
s6 dang phuong trinh ham thudng gip: nghiém 1a hiang s6, da
thitc bac nhat, mot s6 da thitc ¢6 bac 16n hon hoéc bang 2, phan
thitc hitu ti v6i bac ctia ti thitc nhd hon hodic bing 3 con bac
ctia mau thitc nhé hon hodic bing 2, tong ctia him sé mi vd mot
s6 bai toan tdng hgp.

Chuong 3. Trinh bay phuong phap gidi bat phuong trinh
ham v6i ciap bién ty do, mot s6 dang bat phuong trinh ham c6
nghiém la da thitc va xac dinh dugc da thic theo cac dac trung
cltia nob.

Mbi phuong phap déu c¢6 cac vi du hodc bai todn minh hoa
cho phuong phap giai phuong trinh ham, bat phuong trinh ham.

Mot s6 ton tai: phuong trinh ham, bat phuong trinh ham
12 mot dé tai rat rong, nhiéu dang bai tap nén luan vin chi
hé théng dugc phuong phap gidi mot sd6 dang, chua tim duge
phuong phap gidi cho tit ci cac dang bai toan. Dic biet thoi
gian v& kh& ning c6 han nén ludn vin chua trinh bay cac 16i giai
khac nhau ctia ctiing mot bai todn. Téc gid sé tiép tuc nghién ctu

dé gidi quyét cac ton tai nay ctia luan van.





