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Chwong 1
PHAN TONG QUAN

Sy ton tai va duy nhit nghiém trong nhiéu bai toan vé phuong trinh séng tuyén
tinh 1a dé tai duoc quan tam bdi nhiéu tac gia, chéng han nhu trong [1,2, 5 — 12] va cac
tai li¢u tham khao trong do. Trong luan van nay, chiing t6i khao sat phuong trinh song
tuyén tinh mo ta dao dong cia thanh dan hoi nhét lién két v6i diéu kién bién hdn hop
sau day.

Tim ham cip ham (u, P) thoa phuong trinh song tuyén tinh véi diéu kién bién hdn hop
c6 dang

u, — p(t)u 4+ Ku+u, = f(r,t), 0<2r <1, 0<t<T, (1.1)
v6i diéu kién bién

u(1,t) =0, p(t)u (0,t) = P(t), (1.2)
va diéu kién dau

w(r,0) = 4,(z), v (r,0)=a/(r), (1.3)
trong d6 P(t) chua biét va cac gié trj bién u(0,t) va u,(0,) lién h¢ boi

t

P(t) = g(t) + K (t)u(0,t) + X (t)u,(0,t) — fk(t — s)u(0, s)ds, (1.4)

0

trong d6 K > 0, A > 0 1a c4c hing s6 cho trude; p, f, 4, 4, g, K, A, k 1a cac ham

cho trude thoa cac diéu kién s& dit ra sau.

Bai toan (1.1) — (1.4) va cac dang twong tu v6i cac diéu kién bién khac nhau da
dugc quan tim nghién ctru boi nhidu tac gia (xem [1,2, 5 — 12]) va cac tai liéu tham
khao trong do.

Trong trudng hop u(t) =1, cac tac gia Nguyén Thuc An va Nguyén Dinh Tridu
[1] da xét bai toan (1.1), (1.3), véi

flz,t) =0, 4, =a, =0, (1.5)
trong d6 diéu kién bién (1.2) dugc thay thé bai
u (0,t) = P(t), u(l,t) =0, (1.6)



voi K, 1a hing s khong am va A (t) = 0.
Trong truong hop nay, bai toan (1.1), (1.3), (1.5), (1.6) mo ta dao dong cia mot
vat ran va mot thanh dan hdi nhét tya trén nén clng.
Trong [2], Bergounioux, Long, Pinh da nghién ctru bai toan (1.1) — (1.4), véi
u(t) =1, (1.7)
trong d6 diéu kién bién (1.2) duoc thay thé boi
u,(0.1) = P(t),
—u_(Lt) = \Nu,(Lt) + Ku(l,t),

(1.8)

vOi1 cac héng s6 cho trude A >0, K >0.

Trong [5], Nguyén Thanh Long, Lé Van Ut va Nguyén Thi Thao Tric di nghién
ctru sy ton tai va duy nhét nghiém ciling nhu tinh chinh quy, tinh on dinh va khai trién
tiém can nghiém theo hai tham s6 bé K, \ cua bai toan

u, — p(t)u  + Ku+u, = f(r,t), 0<z<1, 0<t<T, (1.9)
voi diéu kién bién
u(0,t) =0

t (1.10)
—pu(t)u (1,t) = K (t)u(l,t) + X (t)u,(1,t) — g(t) — f k(t — s)u(l,s)ds,

va diéu kién dau
u(z,0) = i, (r), wu(r,0)=1a/ (), (1.11)

trong d6 K, \ 13 cac hang sd, va u, f, K, A, 9,k u ,u, 1acac ham cho trude.

Noi dung cta luan vin bao gdm cac chuong sau:

Chuong 1. Néu tong quan vé bai toan khao sat trong ludn vian va diém qua cac két qua
da co truoce do, déng thoi néu bd cuc luan van.

Chuwong 2. Trinh bay mot sd két qua chuén bj bao gém viéc nhic lai mot s6 khong
gian ham, mot sb két qua vé phép nhing lién tuc va phép nhung compact giita cic

khong gian ham.



Chuong 3. Bing phuong phap xap xi Galerkin lién hé véi cac danh gia tién nghiém,
phuong phap compact yéu va phuong phép toan tir don diéu, ching t6i chimg minh bai
toan (1.1) — (1.4) ton tai va duy nhat nghiém yéu.

Chuwong 4. Vi cac gia thiét ting thém chung t6i khao sat tinh tron cta nghiém yéu bai
toan (1.1) — (1.4), nghia 1a dit kién dau vao ting 1én thi nghiém yéu thu dugc ciing ting
tinh tron Ién.

Chuwong 5. Chung t6i khao sat tinh on dinh ctia nghiém yéu phu thudc vao dit kién dau
vao cua bai toan, tirc 1a chung t6i chi ra sy phu thudc lién tuc ctia nghiém yéu vao dir
kién du vao cta bai toan.

Chuwong 6. Trong chuong nay nghién ciu bai toan nhiu theo ba tham sd bé

(K,\K)
u, — p(t)hu = —Ku—Au, + f(z,t), 0<z <1, 0<t<T,
U(L t) = 07 N(t)uT (07 t) = P(t)a

|u(,0) = 4, (2), w,(z,0) = a,(x),

P(t) = g(t) + Ku(0,t) + A (t)u'(0,) — [ K(t — $)u(0, 5)ds.

trong d6 cac tham sb (t,, 4, i1, A, f,9,k) cho truée. Chiing t6i thu duoce cic két qua
sau:

a/ Déng diéu tiém can cla nghiém yéu (u,P) cua bai toan (@) khi (K,\K))
—(0,,0,,0,).

b/ Khai trién tiém can ctia nghiém yéu (u_, P) ciia bai toan (Q.) theo ba tham so bé
K, A\, K. c6 nghia la c6 thé xap xi nghiém (u_,P) boi mot da thirc theo ba bién

K, A\ K.

u R Z uwsﬁ’/, P =~ Z Pe?,
£ < !

[N ly|<N

theo nghia can phai chi ra cic ham (u7 , P7 ) va thiét lap danh gia



fu—>"we |l +11u/(0)— > u/(0,) |,

ly|<N <N

< Cyllell™,

+|1P-3 Pe

<N

~ X , re £ 3 a0 Lz ox LY
theo mt chuén thich hop [|- ||, v6i cac tham s6 duong (K, A\ K|) € R° du bé va hang
s6 C’; doc lap ddi véi cac tham sb bé nay.

Chuwong 7. Chiing toi xét mot vi du cu thé minh hoa phuong phap tim nghiém tiém

can d trinh bay & phan 2 ctia chuong 6.

K¢ dén 1a Phan két luan, nham tom tat két qua thyc hién trong luan van va cuoi cung la

danh muc cac tai liéu tham khao.



Chwong 2
MOT SO CONG CU CHUAN BI

2.1. Cac khong gian ham
Déu tién, ta dit cdc ky hicu Q=(0,1), @, = 2x(0,T), T > 0. Ta bd qua
dinh nghia cac khong gian ham théng dung nhu: C"(§2), IF(Q2) = L', H"(Q2) = H",
W™ (Q)=W™. Ta c6 thé xem trong cac quyén sach [1, 2]. Ta dinh nghia
H = I}(Q) 1a khong gian Hilbert ddi voi tich vo huéng
1
(u,v) = f w(z)v(z)dz,  u,ve L(Q). (2.1)
0

Ky hiéu H : H chuan sinh boi tich vo hudng nay, nghia 1a

1/2

Hu” = (u,u) = [fol u'(z)dr| , ue LF(Q). (2.2)
Ta dinh nghia

H ={vel v, e L'}, (2.3)
va

<u, 1)>H1 = <u, v> + <“I7 UI>. (2.4)

H' 13 khong gian Hilbert d6i voi tich vo hudng (2.4). Ta ky hiéu H v H = Jw)
Hl

\ A 1 r A A
la chuan trong H . Ta c6 bo dé sau.

Bo dé 2.1. Phép nhing H' = C°(Q) la compact va

o 5 < V2o, vve H" (2.5)

el
Chung minh bd dé 2.1 ¢o thé tim trong [2].

B6 dé 2.2. Pong nhat H véi H'(d6i ngau cia H). Khi dé ta co
H'oH=H - (H"Y, véi cac phép nhiing lién tuc va nam trit mat.

Chu thich 1.1. Tir bo dé 2.2 ta dung ky hiéu tich vo huéng (-,-) trong I’ dé chi cap

tich d6i ngau gitta H' va (H'Y .



Ta ciling ky hi¢u H : H dé chi chuan trong mot khong gian Banach X va goi X' 1a
X

khong gian ddi ngiu cua X.

2.2. Khong gian ham /(0,75 X), 1< p <
Ky hiéu I’(0,7;X),1<p<oo, dé chi khong gian Banach cic ham thyc

u:(0,7) — X do dugc, sao cho ||y |Lp<0 gy <00 voi

[f u |”dt] khi 1< p < +o0,
2.6)

lull, 7wy =

esssup||u(t)|,, khi p =00

0<t<T
Khi d6 ta c6 cac bd dé sau ddy ma ching minh ctia ching c6 thé tim thay trong
Lions [4].
B0 d¢2.3. I'(0,T; X), 1< p < 4oo la khéng gian Banach.

Bé daé 24. Goi X' la ddi ngdu cia X. Khi @6 I'(0,T;X') véi

1 —|—i/ =1,1<p < oo, la ddi ngdu cia ’(0,T;X). Hon nira, néu X phan xa thi
p p

7(0,T; X) cing phdn xa.

A /
de 2.5. (Ll(O,T;X)) =I7(0,T;X’). Hon nita, cdc khéng gian

[=)¥]

B
L'0,T; X), L*(0,T;X’) khéng phdn xa.

B6 @& 2.6. Ta cé LI'(0,T; /() = I'(Q,), 1< p < oo, trongds Q, = 2x(0,T).

2.3. Phan bé c6 gia tri vecto
Pinh nghia 2.1. Cho X la khong gian Banach thyc. Mot anh xa tuyén tinh lién tuc tu
D((O, T)) vao X goi la mét (ham suy réng) phin bo cé gid tri trong X. Tép cdc phan
bé c6 gid tri trong X ky hiéu la

D/(0,7;X)= L(D ((0,7); X)) ={ f: D (0,T) — X, f tuyén tinh, lién tuc}.



Chii thich 2.2. Ta ky higu D(0,7) thay cho D((0,7)) hodc C*((0,T)) dé chi khong
gian cac ham s6 thyc kha vi vo han c6 gia compact trong (0,7).

Pinh nghia 2.2. Cho f € D/(0,T;X). Ta dinh nghia dao ham fl—]; theo nghia phdn b6
cua f boi cong thircc

af N [ de
<dt’¢>_ <f, dt>,V90€ D(0,T). (2.8)

Cic tinh chat
i/Cho v € I(0,T; X), ta lam twong Gng nd boi anh xa nhu sau:
T :D(0,T)— X,
T
(T.0) = [ ot)et)t, v € DOT). (2.9)
Ta c6 thé nghiém lai ring T € D/(0,T; X). That vay,
i) Anhxa T': D(0,T) — X la tuyén tinh.
ji) Tanghi¢m lai &nhxa 7': D(0,T) — X la lién tuc.

Giasu {p } C D(0,T), saocho ¢, — 0 trong D(0,T'). Ta cé

H<T fOTU(t)@j(t)dt‘ < fOT”U(t)@j(t)Hx dt

INC I

D0d0< ,g0>—>0trongX khi j — +o0.Vay T € D/(0,T; X).

dt] 0, khi j— +oo. (2.10)

ii/ Anh xa v+ T 1a mot don anh, tuyén tinh tr 17(0,7;.X) vao D'(0,7;X). Do do,
ta co thé dong nhat T = v.Khidotaco két qua sau ddy ma chirng minh cua ching c6

thé tim thy trong Lions [4].
B6 dé2.7. I/(0,T; X) < D/(0,T;X) véi phép nhiing lién tuc.

2.4. Dao ham trong 7/ (0,T; X)



Do b6 dé 2.7, phan tir f € I7(0,T; X) ta co thé coi f va do do Z—J; 1a cac phan tir cla
D/(0,T;X). Ta cé cac két qua sau ddy ma ching minh ciia ching cé thé tim thay
trong Lions [4].

B6 dé 2.8. Néu f € I'(0,T;X) va f' € I’(0,T;X), thi f bang hau hét véi mot ham

lién tuc tir [0,T] — X.

2.5. B dé vé tinh compact ciia Lions

Cho ba khong gian Banach X, X, X vo1 X, <« X < X sao cho:

X,, X, la phdn xa. (2.11)
Phép nhing X — X la compact, X — X lién tuc. (2.12)
V6i 0<T < +oo, 1< p, < +o0, i=0,1.

Ta dat

W(0,T) = {v e I"(0,T; X,):v' € I"(0,T; X,)}. (2.13)

Ta trang bi W(0,T) boi chuan

) + Hv/

, (2.14)

L
w(0,T) 0 (0,T;X, I (0,T:X,)

Khi d6 W(0,7T") 1a m¢ét khong gian Banach.

Hién nhién ta co6 W(0,T)— L' (0,T; X).

Ta ciing c6 két qua sau ddy lién quan dén phép nhing compact.

B6 dé 2.9. (B6 dé vé tinh compact cta Lions).
Véi gid thiét (2.11), (2.12) va néu 1< p, < +oo, i =12, thi phép nhing
W(0,T)— L"(0,T; X) la compact.

Chung minh bo dé 2.10 ¢6 thé tim thay trong Lions [4].

2.6. B6 d@é vé sur hoi tu yéu trong 1/(Q)



B6 d¢ sau day lién quan dén sy hoi tu yéu trong I/ (Q) .
B6 dé 2.10. (Xem Lions [4]).

Cho Q la tdp mo bi chdn ciia R va G ,Gel’Q), 1< p<oo,sao cho:

\ G

m

v < C, trong @6 C la hang s6 déc lap véi m,
va
G — G ae., trong Q.
Khi dé ta co: G — G trong I/(Q) yéu.
2.7. Bo dé Gronwall
Cho [ la ham kha tich, khong am trén [0,T]va thoa bat dang thirc

t

() < C +C, [ Fs)ds, hduhét te[o,T],
0

trong dé C,,C, la cdc ham s6 khéng am. Khi do
f(t) < C exp(C,t), hdu hét t €[0,T).
Hon nita, néu C, =0 thi f(t)=0 hau hét t € [0,T].
Trong ludn vin ndy dé tién cho viéc trinh bay ta s& dung cac ky hiéu sau

u(t), u'(t)=u(t), u"(t)=u,(t), u(t)=Vult), u_(t)= Au(t),

lan luot thay cho
ou o*u ou o*u
,t7 A, 7t7 ~ vtv A 7t7 ~ o 7t'
wad), S, S, S, S
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Chuong 3
SU TON TAI VA DUY NHAT NGHIEM

3.1. Giéi thidu
Trong chuwong nay, chiing toi trinh bay sy ton tai va duy nhét ctia nghiém yéu toan cuc

cho bai toan: Tim cap ham (u, P) thoa

u, — () + Fu,u) = f(z,t), 0<z <1, 0<t<T,

u(lt) =0, plt)u,(0,8) = P(t),
t

VP(t) = glt) + K, ()u(0,8) + A (£)u,(0,8) — [ k(t — $)u(0,5)ds, (3.1)
0

F(u, ut) = Ku + \u,,

w(z,0) = a,(z), u/(z,0) =1/ (z),

trong 46, K >0, A > 0 1a cic hing s cho trudc va U, U, f, ps g, K, A, K 1a cac

ham cho trude thoa cac diéu kién s& dit ra sau.

Chimmg minh dugc dya vao phuong phap Galerkin lién h¢ véi cadc danh gia tién
nghiém, tir d6 rat ra cac day con hdi tu yéu trong cac khong gian ham thich hop nhd mot
s6 phép nhung compact. Trong phan ndy, dinh 1y anh xa co dugc st dung trong viée
chtng minh ton tai nghiém xap xi Galerkin.

Nghiém yéu cua bai toan (3.1) dugc thanh 1ap tir bai toan bién phan sau. Tim cip
ham (u, P) thoa

%(ut,v) + pu(t)u,,v ) + P(t)v(0) + (F(u,u,),v) = (f(t),v), YveV,

VP(t) = g(t) + K, (£)u0,8) + X, (), (0,1) — [ k(t = 5)u(0, 5)ds, (3.2)

w(z,0) = 4, (), u,(2,0) = 4 (),

10
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trong d6 F(u,u,) = Ku+ Xu, vaV ={ve H' : (1) = 0}.
3.2. Su ton tai va duy nhat nghiém
Ta thanh lap cac gia thiét sau:

(A) (@, a)eVxL? V={veH :uv1)=0},
(A2 g, K, A\, k€ Hl(O, T), Kl(t) >0, Al(t) >\ >0, Vie [0,T1],
(A3) pweW™0,T), wu(t)> p, >0, Vtel0,T],

(Ay)  feLl(0,T;L),
(As) K, \>0.
Khi do, ta c6 dinh 1y sau
Pinh Iy 3.1. Cho T > 0. Gid sir, cdc gid thiét (A,) — (As) diing. Khi d6, bai todn
(3.1) ton tai va duy nhat nghiém yéu (u, P) sao cho
uwe L*0,T;V), u €L*0,T;L%), w0,.)e H(0,T), PecL}0,T). (3.3)
Chirng minh: Ching minh gdm 4 buéc.
Budre 1. Xap xi Galerkin
Chon {w } 1acoso dém duogc cua V. Ta di tim nghiém yéu xap xi ctia bai toan

(3.1) dudi dang

u, (t) = Z ¢, w, (3.4)

J=1

trong do, c4c ham hé s6 ¢, = thoa h¢ phuong trinh vi tich phan sau
(w! (1), w)) + (B, ()0, + P, (B, (0)

+H(F(u, (t),u, (1), w) = (f(t),w), j=Lm,
t (3.5)
P (t)=g(t)+ K (t)u_(0,t)+ X (t)u’ (0,t) — f k(t —s)u_(0,s)ds,

m

F(um(t),u:n(t)) = Ku_(t)+ M (t),

11
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Vol
u (2,0)=u, = Zlcmj(())wj =) 1 o, w, — 4, manh trong V, (3.6)
j= j=
u (2,0)=u, = Z;cfm(())wj = Z;ﬁmﬂ' w, — 4, manh trong L. (3.7)
J= J=

Hé phuong trinh (3.5) — (3.7) duoc viét lai duéi dang

m m

0+ )3 (o0, + 00, 00) + K, (0, 0)3 e, (0, 0
+)\1(t)wj(0)izm; ¢ (tyw,(0) + w"'(o)izm; w,(0) [ Kt —s)c(s)ds 6s)

Bo qua chi sé m, tavictlai ¢ (t) = (c (t),....,c (t)) dudi dang

c(t) = (c/(t),....c_(1)).

Hé phuong trinh (3.8) duoc viét lai nhu sau

2
]

t) = A (1) — 2 w].(())ij et (0) — K, (1) — 4% (1

~ 030w 0~ 23 [ K=Y e 6l 0)ds (39)

_ﬁwi(())—}— 1 <f(t),w]>,

2
|

Lc].(O) =a, c(0)=8, j=1Lm
Véimdi T >0, tadat Y = C°([0,T];R™) 1a khong gian Banach dbi vi chudn H . HY

nhu sau:

[lell, = lell,, Ilell, = sup [e(®),, le(t), =D _le (@),
0<t<T

12
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voi c = (c,...,c €Y.

Hé (3.9) twong duong v6i phuong trinh diém bat dong
c(t) =Ulc](t) = Hlc|t)+ G(t), c€eY, (3.10)

trong do,

va

HJ_[C]( t) = ]vﬁlj(s, C’(s))ds + JdT] F;j(s7 C’(s))ds

+f dT] dr] k(t — 8)Fg.,<c(5) )ds,

G (t)= OO 0w (0)] (3-11)
i=1
t T
- f i (ﬁ w,(0) ~ ()., ds,
voi F, F, [0,T]xR™ — R, F, :R" — R, dugc xac dinh nhu sau
B /\l(t) m
F,(te(t) = =he,(6) = 25 wj(0>; ¢,(thw,(0), (3.12)
_ N 9 )
F?-i(t’ (t)) P Y 72;07 (t) (A C.i(t)
(3.13)
Hw H .7 Lz;cl
’LU( ) m
E, (e(t)) = 2= e (hw,(0). (3.14)
=1

Bo dé 3.1. Gid s, cdc gia thiét (A;) — (As) ding. Khi do, ton tai T > 0 sao cho
hé (3.10) c6 duy nhdt nghiém c(t) = (c,(t),...,c (t)) trén khoang [0,T].
Chirng minh.

13
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Sy ton tai nghiém u _(t) trén doan [0, 7] s& dugc suy ra tir sy ton tai nghiém ¢ € Y
thoa man phuong trinh diém bat dong (3.10). Nhu vdy ta can ching minh toan tir
U:Y — Y codiém bt dong.

Ta c¢6 |U"[c]—U"[d]|=|H"[c]— H"[d]}, Ve,d €Y, ¥n € N. Nén dé ching minh
U c6 diém bat dong. Ta ching minh H c6 diém bat dong. Mat khac, do H tuyén tinh

theo ¢, nén chung ta chi cin chimg minh ton tai n € N va k€[0,1) sao cho
|E(e]], < Hllell,, Ve e Y.

Ta bat dau boi viéc ching minh bing phuong phap quy nap rang véi ¢ € Y, bat

dang thirc sau diing voi moi n € N.

n

[ [e] (1) ell,, (3.15)

t
n!
trong do,

(M = sup{u(t) + [K,(0)] + INOF N, T=1+7+1,

0<t<T

IM, = A+ 2mM1+ X)), M, = M(4m+1)(1+ X))+ K,

M=M +M,+M,.

M, = 2m(1+ Al [H]

r=,r)’

Chtng minh (3.15) nhu sau
Véin =1, tr (3.12) — (3.14) ta c6 cac danh gia sau

m

(8 e()l < Me, (0] +2ML+ A7)) e, (1)
< Ne,(8) +2M L+ X2 e(t),

hay
B (te(t)], < [\ +2mM+N)][e(t), = M,[e(b), (3.16)
Tuong tu ta cling co

B (t,c(®))l, < [M(4m + 1)1+ X)) + K]|c(t), = M,|c(t)], (.17)

14
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va
[E(c())], < 2m(L+ N ) e(t)],s
Tir (3.11)y, (3.16) - (3.18) ta suy ra rang

t

HI0)], < [ 1B, c)ds + [ dr [1E(sc(s)),ds
+ ]dTJ dr] |k(r —s)|.| F(c(s))|,ds

t

M, [ \ds+Mdef\ \ds+Mdefdrf\

0

2 3

< Mld)t+ M| dl, o+ M1l 5

< (M, +M,T +MT")|],?
< (M, + M, + M,)T||d|,t < MT||d||,t,
Tt (3.19) ta suy ra rang (3.15) dang véi n = 1.

Gid sir (3.15) ding véi n > 1. Khi d6

I eI, < M, [[|Hel(5) ds+ M, [ dr [ |(H"[c]()]ds

—|—Mdefd7"f|H” s)|,ds
< MIJZ:T" HCHYJ "ds—l—MQMT || cl], def
0
i MSJZ!"T" ||C| |yj dT] dT’] s"ds
0 0 0

Rl el 4 el
— n+1)! (n+2)! n+3)!

M M"T" M, M"T"T M,M" T"T?
S( 1 _|_ 2 + )|| ||tn+1

(n+1)! (n+1)!

<(MT + M, 4+ M,T*) 2] || "

(n+1)!

15

ds

(3.18)

(3.19)
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< (M, + M, +M)MT“|| o, < A ||t (3.20)

n+1)! —  (n+1)!

Tir (3.19), (3.20) suy ra (3.15) dung véi moi n € N. Piéu nay dan dén

[ H"[e]|, < L], (3.21)
Suy ra
le]|, < B o, (3.22)
Ta c6 ,}iiric WITTY. — (), nén tdn tai n € N sao cho
0<k="000 <, (3.23)

Viy, toan tt H" : Y — Y 1a co, nén theo nguyén 1y 4nh xa co, suy ra H"co diém
bat dong duy nhét trong V. Tir d6 ta ciing suy ra dugc rang H ciing c6 diém bat dong
duy nhét trong Y. B6 dé 3.1 dugc chimg minhm

Dung b dé 3.1, v6i T > 0 ¢b dinh, (3.10) c6 nghiéme € S sao cho Ulc] = ¢, do

do hé (3.5) — (3.7) co nghiém (u_, P ) trén mot khoang [0,7 ] C [0, T].
Bwoc 2. Danh gia tién nghiém
Nhan (3.5), véi ¢/ (t) sau do lay tong theo j, ta duoc
(w, (), u,, (@) + wt)u,, t),u,, @)+ P, ([t 0,1)

H(F(u,, (), w, (1), u, (1)) = (f(t), w, (1)
Lay tich phan (3.24) theo bién thoi gian tir 0 dén ¢, ta thu duoc

(3.24)

t

2f(u7’r'l(3),u:n(s)>ds + 2f n(s)fu (s),u’ (s))ds+ 2f P (s)u’ (0,s)ds

0

t t

42 f (F(u, (s),0" (s)),u (s))ds = 2 f (f(s),u! () ds, (3.25)

0 0
Tinh cac tich phan & vé trai cta (3.25)

t

t
— d 2
=2 [ (o) s = [ N P ds = 1 OIF = I (326)

0

16
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t
1, =2 [ p(s)u,, (s),u, () ds = [ (s —||u,m ) ds
0

= p(t)llw,, O — wO)|u,,, I - f (s, (I ds (3.27)

I, =2[ P (s)u (0,5)ds

0

t t t
=2 gls)u (0,5)ds + [ Kl(s)diufn(o, $)ds +2 [ A, (s)| ! (0, 5)Pds
0 ’ 0 § 0

f OTfkT—s (0,s)dsdt

=1, +1,+1,+1,, (3.28)

t t

1, =2 [ g(s)u, (0,5)ds = 2g(t)u, (0,1) — 29(0)u,,, (0) — 2 [ g'(s)u, (0,5)ds

0

0

—|-2f u (0,7) [k(O)um(O, T)+ fk'(T —s)u_(0,s) ds] dr

= —2u, (0,%) [ k(t - s)u, (0,5)ds

0

17
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t
+2k(0 fu Osds—i—2f Otfk(T—s)um(O,s)dsdT

0 0

t

= 2f (F(u (s),u (s)),u (s)ds = 2f (Ku,_(s)+Au' (s),u’ (s))ds

0
= Kllu, @I — Kllu,,II +2Af||u I ds (3.29)
T6 hop (3.25) — (3.29), ta thu dugc

t

$,(t) = 5,(0)+29(0)u,,(0) + [ /()] |, ,( |ds+f (0)]u? (0, ) ds
+2u_(0,1) f k(t — s)u, (0,5)ds — 2g(t)u_(0,t)
~|—2fg 05d5—2f OTfkT—S (0,8)dsdt

42 [ (1(5) () s, (330)
trong do,

§,(0) = Il (O + (o) [, OIF + (00, 0,8) +2 [ A (s) o, 0, )Fds

+K||u_ (0| +2>\f]|u s)|fds, (3.31)
hay

5,(1)=5,(0) +29(0pu,, 0+ [ p@]u,,(5)Fds

+ [ [K/(5) = 2k(0)] 12 (0,5)ds +2 f g'(s)u_(0,5)ds

0

18
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t

+2u, (0,t) [ k(t = s)u, (0,5)ds — 2g(t)u, (0,1)

0

t T

—2f um(O,T)f E'(m—s)u (0,s)dsdr —i—Qj (f(s),u (s))ds,

0 0

< S (0)+29(0)u,, (0)+> J. (3.32)
i=1
St dung bat dang thirc
2ab < ea’ —i—lbz, Va,b e R, Ve >0, (3.33)
€

va dya vao két qua cua cac bat dang thuc

t
§,(6) > Il (O + gL, (O + 23, [ ], (0,)Pds, (3.34)
0
5,0
1,0 1 O < ot (][22 (333)
0

chung ta s& 1an luot danh gia cac tich phan & vé phai cua (3.32)

t

J, < [1n @), (9)Fds < — f (S, ( (3.36)
0

g] 03@<—fm S (s)ds. (3.37)
0

t
1, <2 [l 0.0 < ['5, s+ o]

0 0 ’MO
t N9 Fery |

< ['8,(s)ds+ < ['8,(s)ds+C,. (3.38)
0 0 0

19
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EHy 0
1EIE,,,, :
eS (1) " [ 8, (s)ds <8 ()+-¢, [S,(s)ds
0 0 0

t
S ||f||iZ(QT) +me<8 § < C +f m
0

Tir (3.32), (3.36) — (3.42) ta suy ra rang
S (t) <8 (0)+2g(0)u, (0)+2 (g + 1) C, +228 (1)

t

+ [+, + 216+ [Kl)—2KO))]S, (5)ds.

0

Chon € = i tu (3.43) ta duoc

S.(t) <28 (0)+4|g(0),, (0) +4(1+1)C,

+ 2 f 24C, + (1) + | K(s) = 2k(0))] S, (s)ds.

20

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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Str dung gia thiét (A;) — (As), (As) va (3.6) — (3.7), ta c6

25,,(0) + 4] g(0)u,,, (0) = [lu,, [ + p(O)]]u

+Kl <0)u[2)m (0) + K| | U()m

véi C 1a hang s6 duong chi phu thudc vao 1(0), K (0),9(0), K, 4,

Ttir (3.45) ta viét lai (3.44) nhu sau
t

m

S, ()< D(T,e)+ [ D,(T,5)S,(s)ds,

0

trong do

D/(T,e) =C, +4(1+1)C,,

Oma

I

I+ 4]g(0)u,, (0 < C,, Vm,

7707 1t

D|(T,s) = 2[24C, + L (|u'(s) + | K](s5) = 2k(0))).

Dung bd dé Gronwall, ta thu dugc tir (3.46), rang

t
D,(T,s)ds

S (t)<D(T,e)e"

m

<OV, vmeN, Vte[0,T], VT >0,

trong d6 C'" hang s6 chi phu thudc vao T, 4,4, i, f, g, k. K, A, KA.

Tir (3.5),, (3.35), (3.48) va gia thibt (A,), ta thu duoc danh gi4 sau

(1)
P(5)] < |gt) ]|+ K @0)] i

0

t

< |g(t) |+
0
Do do
(1)
1B, Il < O, ¥mEN, ¥t €[0,7].

(1 t

(3.45)

(3.46)

(3.47)

(3.48)

N 10, 0.0) |+ [ Kt —s) | ds

| K,() [+ [ k(0)| de]

0 0

C(l) ,
L+ N |- w, (0,) ]
Fy

(3.49)

Tir (3.31) va (3.48) — (3.49) ta suy ra ring trich dugc ddy con cua ddy {u_} ma van ky

higu la {u_} sao cho

u — u trong L*(0,T;V) yéu *,

21
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w' — ' trong L*(0,T; L") yéu *, (3.51)
u (0,.) — u(0,.) trong H'(0,T) yéu, (3.52)
P — P trong ’(0,T) yéu. (3.53)

Hon nita, str dung b6 dé nhiing compact ctia Lions [4] ta suy tir (3.50) va (3.51)

rang ton tai mot ddy con cua {u_},mata van ky hiéu 1a {u_},sao cho

u — u trong *(0,T; ') = I’(Q,) manh va a.e. Q.. (3.54)
Do H'(0,T) = C([0,T])1a compact, nén tir (3.52) ta suy ra rang

u_(0,.) — u(0,.) trong C([0,7]) manh. (3.55)
Qua gidi han (3.5) va nho vao (3.51), (3.54) — (3.55) ta dugc (u, P) thoa bai toan sau

%w’(t),w + u(t)u, (t),v,) + P)(0) + (F(u,u),v) = (f(t),v), Vv €V,

|P(t) = g(t) + K, (5)u(0,2) + X, (£)u'(0,1) - f HE= (0, 2)ds (3.56)

F(u,u’) = Ku + M/,

w(0) =a,, v'(0)=da,.
Vay, su ton tai nghiém yéu (u, P) cta bai toan (3.1) trong dinh 1y 3.1 da dugc chiing
minh.
Bay gio, ta tiép tuc chirmg minh tinh duy nhat ctia nghiém yéu.
Buwéc 4: Sw duy nhit nghiém
Pé ching minh tinh duy nhét cia nghiém yéu, ta can bo dé sau

Bo deé 3.2. Gia sur u la nghiém yéu cua bai toan sau

22
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W —pu(tu, +F =0, 0<z<1, 0<t<T,

u(lt) =0, p(th (0,t) = P(t),

| (3.57)
u(z,0) = u'(x,0) = 0,
péﬁ@jﬂ%déﬁ@ﬂﬁ%%ﬁéH%I)
Khi do, ta co
S+ Suofief + [ Powoas + [ (5o
_ %f W (), )] ds. ae tef0.T). (3.58)

Chtrng minh bd dé trén c6 thé tham khao cach chimg minh dinh 1y 1.5 trong ([4] Lions
trang 22).

Gia str (u,, P), (u,, P,) 1a hai nghiém yéu cua bai toan (3.1) sao cho

1771 2772

u. € L*(0,T;V), u € L*(0,T; "),

(3.59)
u(0,.) € H'(0,T), P € I(0,T), i=12.
Thi (u, P) v6i u = u, —u, va P = P, — P, 1a nghiém yéu cua bai toén sau:
[0/(t) — pthu (6 + Ku(t)+ /() =0, 0<z<1l, 0<t<T,
u(l,t) =0, u(t)u,(0,t) = P(t),
(3.60)

P(t) = K,(t)u(0,¢) + A (£)u'(0,¢) — f k(t — s)u(0, s)ds,

u(()) = 4/(0) = 0.

Ap dung b6 @232 v6i F = Ku+ M/, va

P(t) = K (t)u(0,t) + A (t)u,(0,1) — ] k(t — s)u(0, s)ds,

23
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ta duoc
W' @) [ + ) [ w, (@) [P+ K (0w (0,0) + K [[u(®) | + 2f>\1 /(0 8)‘ ds
f,/ | u (s ||ds+fK (0, 5)d
—i—2f OTfkT—s u(0, 8)dsdr. (3.61)

Tir cac gia thiét (A,), (As), (As) ta suy ra tir (3.61) rang

t t t T

< f u'(s)”ux(s)uz ds + f K/(s)u?(0, 5)ds + 2 f (0, 7) f k(r — 8)u(0, 8)dsdr.

0 0 0 0
(3.62)

trong do

t

o(t) =o' @) I +u) [|u, @) [[ +EK,()u’(0,t) + 2 f A() [u'(0,8) [ ds. (3.63)

0

Chu ¥ rang

000 < [0l < Il 0] < [ 2, (.64

Bay gi0, ta danh gia céc tich phan & vé phai cta (6.62) ta duoc

I|< f‘,u/(s H ds < —f\u (3.65)
I|< [‘K{(s)Hu(O, s)‘2 ds < Mio;f‘[(l’(s)‘a(s)ds, (3.66)
Il < 25”7/(0, T)‘f‘k’(T — ) ‘u(O,s)‘dsdT

2
t T

UI(O,T)‘Q dr + lf f‘k(T — S)HU(O,S)‘ ds| dt

0 0

24
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< o)+ —— [R(0)d0 [ als)ds. (3.67)

a(t)gif<|u'<s>|+|f<;<>|><>ds+7f def s)ds + = S(0)

o(t) < f’y(s)a(s)ds, (3.68)

1) = (| 1(8) | + | KL($) )+ —— [#(0)d0 € L(0.T).

0 Cl{O'MO 0
Bing céach sir dung bd dé Gronwall vao (3.68), ta suy ra rang ¢ = 0 hay u, = u,.

Pinh 1y 3.1 dugc ching minh day dum

25



Chuong 4
TINH TRON CUA NGHIEM

Ta thanh lap cac gia thiét
H) a4, €VNH va 4 €V,
Hy) g K, N, k€ H'0.T), K,(t)>0, \(t)>X >0,¥t€[0,T]

(Hy)  p e H(0,T), pu(t)>p, >0, Vtel0,T],

Hy)  f, fel(Q,). @ =(01)x(0,7),
(Hs) K, >0.
Khi do, ta c6 dinh 1y sau:
Pinh Iy 4.1. Cho T > 0. Gia sir (H,) - (Hs) diing. Khi d6, bdi todn (3.1) ton tai duy
nhdt nghiém yéu u théa:
uwe€ L*(0,T;VNH?), ueL*0,T;V),u € L*(0,T; L)
4.1)
u(0,.) € H*(0,T), P € H'(0,T).
Chirng minh dinh ly 4.1.
Buwéc 1. Xip xi Galerkin

Chon {w]} 12 mot co so dic biét cua V N H?. Ta tim nghiém x4p xi cua bai toan

(3.3) duoi dang

m

um(t) - Z Cm],(t)’ll}j,

J=1

trong d6 ¢, (t) 1a nghiém cua h¢ phuong trinh vi phén phi tuyén sau

(! (1), w,) + p(t)u,,, (1), w,) + P, (t)w,(0)

; 4.2)
P (t) = g(t) + K, (t)u, (0,£) + A (t)u! (0,6) = [ k(t — s)u, (0, 5)ds,

0

m

F(u,, (t),u), (1) = Ku, (t) + M (£),

vOi

26



4.3)

(0)=w, =) a w — G manhtrong V NH?,
m m mj o J 0

j=1

(4.4)

m

u (0)=wu, =>» 3 w — 4 manhtrong H'.
j=1

mj o j
Tir gia thiét (H,) — (Hs) thi hé (4.2) — (4.4) c6 nghiém u_ trén khoang

[0,7 ] C [0,7]. Danh gia tién nghiém sau cho phép lay 7 = T', véi moi m.
Buwdéc 2. Danh gia tién nghiém

Danh gia tién nghiém 1

Tuong tu nhu khi chirng minh dinh 1y 3.1, tir cac gia thiét (H,) — (Hs) ta cling thu

duogc déanh gia

S (t)<C,., vte[0,T], Ym € NNVT > 0. (4.5)
trong do
t
S, () = [|u) OIF + u() [, OF + K, (0w 0,6)+ 2 [ \(s)u! (0,8)ds,  (46)
0

v6i C, 12 hing s chi phu thudc vao i, K, gk, G, i, K, .

Danh gia tién nghiém 11
Lay dao ham theo ¢, trong (4.2), ta dugc
(W!(t),w )+ p'(t)u, (8),w )+ p()u! (),w, )+ P! (t)w,(0)

+ (F(w,(),u,(8),w) = {f(B),w),  j=1m, (4.7)
trong do,
P'(t)=¢'(t)+ K[(t)u (0,) + K (t)u’ (0,¢)+ X(t)u’ (0,¢)
+X (t)u” (0,¢) — k(0)u (0,¢) — jk’(t —s)u,_(0,s)ds. (4.8)

Nhan (4.7) véi ¢ (t) va lay tong theo j, ta duoc
(W), w! () + p' (), (8),u) () + p(t)w (), w) (1)
+ P ()u (0) + (F'(u,, (t), ) (t),u) (1)) = (f'(t),u] (t)), (4.9)

Lay tich phan (4.9) theo bién thoi gian tir 0 dén ¢, ta thu duoc
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t

2f wls),ull(s))ds +2 [ /(s)u,,,(s), 1, (s)) ds

0

t

+ 2 [ ls)ul, (s), ! (s))ds +2 f P! (s)u”(0,5) ds

+ 2 [ (F'(u, (s),ul (5)),u(s)) ds = 2 [ (f'(s),u/"(s))ds. (4.10)

St dung phuong phép tich phan timg phéan ta tinh cac tich phan ¢ vé trai cta
(4.10) nhu sau

t

=2 [ (u(s),u!/(s)) ds = ||u (1)} — || (O] 4.11)

0

~
Il

2 sz@wm@ﬂm@»m
= 241/(t)u,, (1), ), (D) — 24/ (O)u,, w,,,)

2 [ (), () () ds — 2 [ ()| (5) P s, (4.12)

t 3

I,=2 f p(s) ! (s),u” (s))ds = f pu(s) =) (s)[ds.

0 0

= p(s)l|u,,(s)

| = [ s)lrds
0
= (Ol (IF = O, |F = [ p(s)lle, (s)Fds. (4.13)
0

I = 2f P/ (s)u"(0,s)ds = 2f A(s)u”(0,5) ds
0

+ 2 [ ([K, () + X)) (0,8) + [K[(5) = k(O)]u, (0,5)) (0, 5)ds

f |97 f K(r = s)u, (0,5)ds|u!(0,s)dr. (4.14)
[5 = 2/ <F’(um(s),u:ﬂ(s J _|_)\u// (), Z(S»ds



= Klu, (0] — Kl[u,,| +2/\fIIU, I ds. (4.15)

m

T hop (4.10) — (4.15) ta dugc
X, () =X, (0)+24"(0Ku,, ., w,.)+ Kllu, | =20 ()u,,(t),u (1)

Oma? ~1mz

t t
Kl O — 2 [Nl s + 3 [ w()] () Fds
0 0

+2 [ u"(s)u,, (5),u], (s)) ds — 2 f u’ (0,8)u” (0,5)ds

0

—zf[fq(s)—k-( u_ (0,8)u" (0,5)ds — 2fg u (0, 5)ds

+2] u” (0, 7')] E'(t—s)u (0,s)dsdr + 2] (f'(s),u”(s))ds, (4.16)
trong do
X (&) = |/ (ONF + p®lul, (OIF +2.[ A\ ()u!/(0,)ds. (4.17)

Tir gia thiét (Hs) ta suy ra tir (4.16) rang
X, () < X (0)+24/(0)u,,,.v,,,) + Kllu, P —20"(t)w,, (1), ()

Oma? ~1ma

3 f Wl (s)Fds + 2f WY, (), (5)) ds
= 9 [ K (5) + N (0,5)u(0,5)ds
— 2 [ [K/(5) — K(O)r, (0, 5)u" (0, s —2 f /(00,9
+ Z‘Zﬂ ’U’Z (0, T)‘Z E'(m— s)u_(0,s)dsdr + 2];‘ (f'(s), u:,i(s)) ds,
X () <X (0)+24' (00w, u,_ )+ Kl|u, |f+ 28; J. (4.18)

Ta sir dung bat ding thirc Holder va céc bét dang thirc sau
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1)
o, (0.0) < [l (D], <], <>||<J5m“) sJCT ,
’LLO MO

|, (0.6)] < [, (B)l] ) < My, (D] < [ =2,

2ab < 107 +eb*, Va,b>0, Ve > 0.
€

Dé danh gia cac tich phan bén vé phai cua (4.18)
|7 < 20/ (@) [, (8), ), ()

<2} o 0] 0] 2] [ 20

' (t)
§| 2| C;l)+sXm(t)§lc<2)+sX (t)
E L, €

17 < 2 [ [K,(5) + N o 05 "0, 5)
0
+ N(s) X,(5) 2) |u” (0 s)|d5
1 2”0)\0 ' " ,
2% 0[|K | (s)ds +eX (1),
7 <2 1)~ b0, (0.9 0. s
0

n ot
< T
- 2ep A\ f

0 0

K/(s) — k(0)[ ds + X, (1),

1

30

(4.19)

(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



/(S)HUZ(O, s)|d8 f|g | )| ds+eX (
|J7| < 2]|UZ(O, 7‘)|]|k(7' - s)”um (0, s)| dsdt

<2 f| ”07|f|k d@dT

/’1/0 0
<2 f\/a|u”07'|f|k dodr
O’U'O 0
<3 T f|/<; |d9+5X
UNU 0
7)< JUF ) < [ X s+ [l ds
0 0

0

T hop (4.18), (4.22) — (4.29) ta suy ra ring

X, () < X, (0)+20/(0) (w0, ) + K Ju, [ +5eX,(2)

1 t t
a‘ﬂg'(sﬂ2 ds+{||f’(s)”2ds

1ma

OJ(“ | //

# S [l a

C(l) t

2€AT0/~LU f K/(s) = k(0) ds + T [ |k(s) ]
rlo1
a[%%%prdﬁﬂ+jw%ﬂ

1 .
Chon € = m tur (4.30) ta suy ra rang

X, (t) < 2X(0) + 44/ (0) (u,,,, . u,,, ) + 2K H%HQ

1max

<
//
# 2 oluf + [l a
10C; ]|K1’(s) - k(0)|2 ds + Tf |k(s)|2 ds]
Ay %o 0

31

10 lgtef ds+ 2 | as
0 0 0

(4.27)

(4.28)

(4.29)

. (4.30)



+2Z ﬁ K (s)+ >\l’(s)|2 + Mio|u’(s)| +2|X (s)ds. (4.31)

St dung gia thiét (A)) —(A4)), (A)) va (4.3) - (4.4), ta co

2X (0)+44/ (00w, u, )+2K]|u, | <2/« (O)f +C,, Vm. (4.32)

Oma? ~lma

Khi d6 C, la hang so chi phu thudc vao u, K, 4,1,
Bang cach sir dung (4.2) — (4.4) ta co
(w0, (0)) — p(0)u,,,,, u, (0) + (Ku, + Au, ,u(0)) = (f(0),u,(0))

hay

[l O] < p(O)ll sy, || + K[, [T+ Al ||+ [[£O)] (4.33)

Tir (4.3) — (4.4), gia thiét (H3) — (Hs) va (4.33) ta suy ra rang
lu"(0)| < C,, Vm, (4.34)

0Om | |

trong do C, la hang sb chi phu thudc vao p, K\, @ ,

7707 LT

Mat khac, ta co

200 2 y 2 10 | 2 y 2
C,+2C: + MQT 10|u’(t)| +f|u”(s)| ds +)\—f|g'(s)| ds+2f||f’(s)|| ds
0 0 0 0 0
106, f|K;(s)—k(0)|2 ds+T]|k(s)2ds <MY, Vtelo,T],  (435)
0

)\[) M 0

0
trong d6 M ;3) 13 hang sb chi phu thudc vao 7.

Tu (4.31) — (4.35) ta thu dugc danh gia

m

t

X, () <MY + [[NP(s)X, (s)ds, (4.36)
0

trong dé

NP(t) =2 i|Kl(t) + Al’(t)|2 + i|;/(zf)| +2{, NP elL'(0,T).
AHy Ho

St dung bd dé Gronwall cho (4.32) ta duoc

t

fN(TQ)(s)de

X, (<MYt <c?, vie|oT). (4.37)

m
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Tir (4.5), (4.8), (4.17) va (4.37) ta suy ra rang

I22], —flg )| dt+f[K )N o 0.0 at
+] /(1) + k(O] Ju, (0.6)] dt—l—f|>\l ) [u (0.0 at
0
T |t 2
+ffk't—s (0,s)ds| dt,
010
hay
: [ CB e
Pm *(0,T) < [| f[K +)\ ] dt + /\0 jo‘ )\1(25)| dt
' 2
+C(T”j‘[K;<t>+k<o>] at + 161 fk’(e)de].
Hy %o Hy 1%
Do d6
m et o,7) = M;E)). (4.38)

Tir (4.5) va (4.37) — (4.38) ta suy ra rang trich dugc diy con cia ddy {u_} ma vin ky

hi¢u la {u_} sao cho

u — u trong L*(0,T;V) yéu *, (4.39)
w' — u' trong L*(0,T;V) yéu *, (4.40)
w" — " trong L*(0,T; L) yéu *, (4.41)
u (0,.) = u(0,.) trong H*(0,T) yéu, (4.42)
P — P trong H'(0,T) yéu. (4.43)

Hon nita, stir dung b6 d& nhiing compact ctia Lions ta suy tir (4.31) va (4.43) rang ton

tai mot day con ctia {u_}, mata vanky hi¢ula {u },sao cho

u — u trong ['(Q,) manh vaa.e. Q,. (4.44)
u' — ' trong I}(Q,) manhvaae. Q,. (4.45)
,(0.) = u(0..) trong € ([0.7]) manh, @46)
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u! (0,.) = v/(0,.) trong C([0,T]) manh, (4.47)
P — P trong C([0,T]) manh. (4.48)
Tu (4.2), va (4.44), (4.45) ta cod

P (1) = g(t) + K, (0yul0,0) + A (00'(0,6) — [ k(¢ — s)u(0,s)ds = P(z)

0
trong C(0,7") manh. (4.47)
Tir (4.46) va (4.47) ta suy ra rang
P(t) = P(t). (4.48)
Qua gidi han (4.2) va nho vao (4.37), (4.39), (4.42), (4.43) va (4.47), (4.48) ta dugc

(u, P) thoa bai toan sau:

(" (t),0) + p(t)w, (t),v,) + PE)(0) + (F(u,u),v) = (f(t),v), YveV,

P(t) = g(t) + K, (t)u(0,t) + A\ (t)u'(0,t) — f k(t — s)u(0, s)ds,
/ (3.59)

F(u,u') = Ku+ M/,

Mat khac, tir (3.59); va gia thiét (A)) — (A!) ta c6

u = L[ .+ Ku+Xu'— fle L*(0,T; L)

()

Vay, u € L*(0,T; H*) va sy ton tai nghiém yéu (u, P) ctia bai toan (3.1) da dugc
ching minh.
Bay gid, ta tiép tuc chimg minh tinh duy nhat ctia nghiém.
Buwéc 4: Sw duy nhit nghiém
Gia str (u, P), (u,, P.) 1a hai nghiém yéu cua bai toan (3.1) sao cho

1771 2772

u € L*(0,T;VNH?), u € L*(0,T;V), u'e L*(0,T; L"),
(4.60)
u(0,.) € H(0,T), P € L’(0,T), i=1,2.

Thi (u,P) v6i v = u —u, va P = P, — P, langhiém yéu cta bai toan sau:
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(W' (t),v) + pu(t)u, (t),v ) + P()v(0) + (Ku(t) + Au'(t), v) = 0,

1P(t) = K, (£)u(0,1) + A (t fkt—s (4.61)

u(()) =/(0) = 0.

Thay v = v vao (4.61), sau d6 lay tich phan theo bién thoi gian tir 0 dén ¢, ta dugc.

t

)= [ 1 ()|, (s ||ds+fK (0, 5)ds

+ 2] u'(0, 7')] k(T — s)u(0, s)dsdr, (4.62)

trong do

t

o(t) = [w/ ()] + p(®)l]u, (DIF + K, ()’ (0,8) +2 [ X (s)|'(0, )} ds,

0

Chu y rang

t
o(t) = [/ (OIF + ||, (N +2), [ |u'(0,5)ds,

0

5(t)

0

| (0, O < [Ju(®)l] g, < M, (] <

o(t) > ju’(s)| lu_(s)|['ds + f K/(sy?(0,s)ds + 2] u'(0, 7')] k(T — $)u(0, s)dsdT.

0

Panh gia cac tich phan ¢ vé phai cua (4.62 ) ta duoc

] ()l (s IIdS_,Lflu Jots)
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- 2
+%fk 0 ot

Chon e = ) , thi ta dugc

ot) < L f (11 @+ 1EL(s))o(s)ds + —— [ k2(0)db [ o(s)ds + % o(t)

trong dé

T

(s) = 2 (I )+ | K[()) + L [ K(6)d0 € L'(0,T).

Bing céach sir dung bo d& Gronwall, ta suy ra rang S = 0 hay u, = u,.

Dinh 1y 4.1 dugc chig minh day dim
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Chuong 5
ON PINH NGHIEM

Trong chuwong ndy, chiing t6i khao sat sy on dinh nghiém yéu cua bai toan (3.1).
Gia st cac ham (4, @) thoa gid thiét (H,). Theo dinh 1y 4.1, bai toan (3.1) c6 duy
nhat nghiém yéu (u, P) phu thudc vao K\, A, f, 9.k, K .

uw=u(K,\ N, [,9,k,K), P=PENu\,fgkK). (5.1)
trong d6 (K, \, i1, A, f, 9,k, K ) thoa cac gid thiét (H,) — (Hs).

bat S, 1) = LA AL fr 9,5, K) - (KA AL 9.k, K) thoa (Hy) — (Hs)}
voi A, >0, p, >0 lacac héng s cho trude.

Khi do, ta c6 dinh ly sau
Pinh 1y 5.1. Gid sit (H,) — (Hs) théa. Khi @6, véi méi T > 0, nghiém yéu ciia bai
todn (3.1) la 6n dinh véi dit kién (K, \, 1, A f, 9.k, K)) nghia la

Néu (Ka)‘auv>\17f7 9 ka K1>7 (Kjv)‘jvuja)\ljafjagjakjaKlj) S %()‘[)7/1/0) sao cho

K= K[+ N =X =0, |w =4, =0,
1A =A wom O r=1 e T =1 Py 0 khi j = +00, (3-2)
[ W= k”nl(o,m 0, ”Klj -k worn U g”fﬂ(o,T) -0
thi
(u,ul,u (1), P) — (u,u',u(l,.), P), (5.3)

trong L*(0,T;V)x L*(0,T; ') x H'(0,T) x [}(0,T) khi j — —+oo0,
lrong do U’j = U’(Kja)‘jaﬂjaAIjafj7gj7kjaK1j)7 P] = P(Kj7Aj7Mj7)‘1j7fjagj7kj7K1j)

Chtrng minh. Trudc hét, ta chii ¥ rang, néu cac dit kién (K, \, u, A, [.9,k K)) théa
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*

Y I

)

|K| <K',

(5.4)

*

<ol <95y, <5 1K
=/, ng(o,T) =9 kHl(o,T) <k, Kl glor — 17

*

I/

+
)

2@ (@)
trong do (K, N\, '\ \,f g,k ,K) 1a cac hang sé duong cb dinh. Khi d6, cac danh

gia tién nghi¢ém cho day {u_, P } trong chimg minh dinh 1y 4.1 thoa

o @) +p,

T 9

u, (O + 2)\0] [u! (0,5)|ds < CY,  vte[o,T],
' (5.5)

@)+,

ufm(t)”2 + 2)\0]‘|ux(0, 3)| ds <CY, Vtel0,T],
0

trong d6 C\”, C¥, la cac hing sé chi phu thudc vao T\ uy,u, N\, iy KN f
g ALK K (doe Tap vei K\ w9,k K).
Do d6 gi6i han (u, P) trong cac khong gian ham thich hop cua day {(v_,P )} duoc

xac dinh badi (4.3) — (4.5), 1a nghiém cua bai toan (3.1) thoa cac danh gia ti€n nghiém
(5.5).

Do (5.2) nén ta c6 thé gia s rang ton tai cac hang s duong K\, f", ¢,
1 ALk K sao cho dir kién (K’ X, ', X, f', 9" k', K/) € S(\,, 11,) thoa (5.4), voi
(KA N\, fr 9.k, K ) = (KN, 1/, N, 7, g', k7, K) Khi d6, nho vao nhén xét trén, ta
¢6 cdp nghiém yéu (u,,P) cua bai toan (3.1) twong ung véi (K, A\, 1, A, f, 9.k, K))

= (Kja)‘jauja)\ljafjagjakjal{lj) thoa

1P + gl (F +23, [1u(0.5) ds < C, Vi€ [0.T],
' (5.6)
WO + [ (OIF + 23, [ 10,5 ds < €2, vt €[0,T],
0
bat
Rj = K’ _K7 Xj =\ _)\7 ﬂj :,M] — K, ~1j = )\lj _)\17
' | | . | ) (5.7)
f;:fj_f7 g]:g]_g7 k]:k"] k7K1J:K1]_K1




Khi @6 v, =u,—u va Q]_ =P -P thoa bai toan sau

(W(E), )+ o, (1), ,) + Q,(2)o(0) + (Ko (1) + Ml (1) )
= (F(8),0) — i (O(u, (t),0,) — (K u (t) + Au!(t),0), VoeV,

« t (5.8)
Q,(1) = ,(0) + K, (0)0,(0.0) + A (1)01(0,6) = [ k(t = 5)u,(0

kvj(:v, 0) = v]'.(x, 0)=0,

9,(t)=g,(t)+ f(lj( Ju (0,t) + )‘1 0 (0,t) — ]Ej(t — s)u (0, s)ds. (5.9)

0

Trong (5.8);, thay v = v', sau d6 14y tich phan theo bién thoi gian tir 0 dén ¢ ta duoc

s - f (06 ds = Sl
e =—fu 0w ) ds
ww-%fu%m%®ww

t
Q.(s) le (0,s)v Osd(s’—i-f)\1 Os|ds
0

1

v

v

Jo.
[t

_] ]k(r — s)vj((), s)ds + flj (1) UJ/‘(O’ r)dr

:%IKl —|v 03)|d5— 0t|——fK Os|ds
v J —|—/\v (s))ds = Kf (v}.(s),v?(s))ds%—kf <’U]/(S) v'(s))ds

K e (s
= o, @IF + 2 [ lle)()Pds,
0
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hay

= [l

2] jk(r —s)v (0,s)ds + gj(r)}v;((), r)dr + 2} (f], vj'.(s))ds

(s)”2 ds + f K!(s) ‘vj((), s)‘2 ds

+ 2] i ( )(u;(s) L (8))ds — 2} (K u (s)+ )\Nju;(s),@]’(s»ds, (5.10)
0 0
trong do
&) = v @OIF + u(®lv, OIF + K, (£)]v,(0,6) +2fA (0,5)ds
+K]|v ()] +2Afy|v )| [Fds. (5.11)
Str dung (H,) va (Hs) vao (5.11), thu duogc
§,0) 2 [[VOIF + s, (OFF +23, [ |o/(0.5)ds, (5.12)
0
Bay gid, ta 1an luot danh gia cac tich phan bén vé phai cua (5.10) ta dugc
O day dé cho tién cho viéc trinh bay, chung toi sir dung ky hiéu ||. .. dé chi ||. HLx or”
Tich phén thir nhat
1= [ GF <4 [l 018 s < 2 [ 5 s 5.1
0
Tich phan thur hai
fs]rﬁMq@ﬂwgfmkmmpww
0 0
<L $)ds < 'K" f (514)
Hy "o 0

Tich phan thir ba
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(r— )v,(0,5)ds + ,(s)|[v/ (0, )fdr

2
+e ‘v]’.((), s)r]dr

dr + 6] ‘v;((), S)‘Q dr
0

L <ofl]
0 0
t
g

1
€

[fkr—s (0,8)ds + g,(s)

2

VAN
M | =
O\w

]k(r —5)v,(0,5)ds + g,(s)

2 2 ! )
dr+g[‘gj(r)r dr +i5j(t)

VAN
(G N
o~

]k(r —5)v,(0,5)ds
ff J|k:(r — s)|2 dsf ‘vj((), 5)‘2 ds
f f|k(r — s)|2 ds]

LA O 1] A

— oD fg (s SEOD 4 5.
B E/,I,U [ ’ 6 2)\0 ]()

VAN
(O )

2 .
dr+g{‘gj(r)‘2 dr —|—§Sj(t)

0

<

mlw

v, (s)”2 ds

2 .
dT‘—I—;[‘gj(r)r dr +26705j(t)

Tich phan thu tw

L <2[1IF @I/ )llds < [[IF6)F ds+ [|[v/(s)|Fds

t

<IFIf g, + f S, (s)ds.

0

Tich phan thir nam
L < 2| (0w, (@), 0, O) < 2| ]|l OfH]v

4 ]| |
2—L == JOoW 18 (1) < —L==0CW 4+ &8 ().
S NS 0 <0 a8 )

Tich phan thwr sau

v, ()]

<2 [|i(s)-Nu, (s).v |ds<2f|r I, (s Hlo, ()l ds
0

t ~/

f \/7\/761<“ = 7C! +f5

0
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Tich phan thu bay

1 <2 [ | (s) Ko (5), v, (5Dl ds < 2 [ 17|l (5o, ()] ds

||u|| FF ||u||mTC +f5 (5.19)

Tich phan thur tam

u,(s) + Aul(s)h]v)(s)) ds

J

t
I, <2[(K,
0

t t
<2AK | [ (u, ()l /(s ds + 2| [ ()b 10](s)) ds
0 0

< 2|ffj|f||uj(8)||-||v]’-(5)||d8+2|Xj|f||u]’-(8)|l-l|v]'-(8)|Ids
0 0

|K.|2T0(1) t t
< + [ S (s)ds+ |ALTCY + [ S (s)ds. (5.20)
uo 0 0 '
T hop (5.10) va (5.13) — (5.20), ta c6
1 2||§.7'||2L?<0,T) 712 ||,u Hoc
S(t)<e 2—%+1 Sj(t)+T+ ||J‘;||LQ<QT) 0
K| 5
H Hoo TC(U HILL Hoc TC ‘ | TC;I) + |)\]_|2TCJ(})
MO 'MO /'LO
' K’ 2T |k, |
+ 5+||“H°° +H 1”% G ij(s)ds, (5.21)
'u'() 'u'() glu’[) 0
voimoi € >0 va ¢t €[0,T].
1 T
Chon € > 0 sao cho e|— + 1| < — vata ky hi¢u
2)\, 2
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[, 1AL

R = g | £l12 o (D) ~ 1)
B =249, ) A, + 6;3 ch + " TCOY)
f( 2 3
M e 7
0 0
A ’ K/ 27 (K|,
CT:2 5+||M||00+|| 1||oo L*(0,T)
Ho Fo Elty

Tir (5.21) - (5.23) ta ¢6

t

< ]%], + C’TfS](s)ds

0

Str dung bo dé& Gronwalls va tir (5.24) ta suy ra rang
S(t) < R exp(C,T) < C,R, Vte[0,T].

Do phép nhung H'(0,7) <= C([0,T]) 1a compact nén tir (5.8),, (5.9) va (5.25)

AL
Qo) 20) \/— \/— JCr
+ / Tfk2 )0 |C,R,,
Hy
~ 4 =
R. EHg HLZ(OT 2||'][."/'||L2(U,T) MOT iV HY0.T)

M - -
E(1& 1+ i 1))
0

17 P 7 I

| | 171  (0,1)

M. M
+1/ 218, o, + VT [~
Hy ' 0

Tu (5.2), (5.4) va cac danh gia (5.25) — (5.28) ta suy ra (5.3) dung.

’ ‘ EJ| ‘Hl(OﬁT).
Pinh 1y 5.1 dugc chimg minh day dom

43

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)



Chuong 6
DANG PIEU TIEM CAN
VA KHAI TRIEN TIEM CAN CUA NGHIEM

6.1. Gidi thiéu ‘ ‘ ’

Trong chuong nay, ching t6i gia su ring K (f)= K >0 (hing so0) va
(a,,4, 1, N\, f, g, k) thoa cac gia thiét (H,) — (H,). Két qua ctia chuong 6 bao gdm hai
dinh 1y 6.1 va dinh 1y 6.2. Trong d6, dinh Iy 6.1 cho ta mot két qua vé dang diéu tiém
can cua nghiém yéu cua bai toan (1.1) — (1.3) khi ba tham sb bé
e=(K,\K)—(0,,0,0,)=0_ Dinhly 6.2 cho phép ta xap xi nghiém yéu d¢ béi
mot da thire theo ba tham sb nhiéu nay.

Cho (K,\K)) € ]Ri, thi tir dinh 1y 4.1, bai toan (1.1) — (1.3) ¢6 duy nhat nghiém
yéu (u, P) phu thudc vao (K, \ K,):

u=u =uK,NK) P=P =PKNK). (6.1)

Ta xét bai toan nhidu dudi ddy theo ba tham sb bé &= (K,\, K,) théa
0<K<K, O0<A<\, 0<K <K, (K., A\, K, lacac hing so c6 dinh).
Auv=u, —p(t)u, = —Ku—u, + f(z,t), 0<2 <L, 0<t<T,
w(l,t) =0, p(t)u (0,t) = P(t),

lu(z,0) = 7, (2), w(,0) = 4 (a),

P(t) = g(t) + Ku(0,£) + A (6)u'(0,6) — [ k(t — $)u(0, 5)ds.

6.2. Dang di¢u ti¢ém cdn cia nghiém yéu khi (K, )\, K) — (0,,0_,0,).
Trudc tién, chung toi s& nghién ctru dang diéu tiém can cua nghiém yéu (u_,P)
cua bai toan (Q.) phu thudc vao céc tham s6 bé ¢ = (K, \, K|). Khi d6, ta c6 dinh 1y

sau
Pinh Iy 6.1. Cho T > 0. Gid sir (A,) — (As) diing. Khi dé
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(i) Baitodn (Q),) tuwong umg véi € =0 cd nghiém duy nhat (v, F,)) = (u,, . F, )
thdéa
u, € W(T'), u,(0,.) € H*(0,T), P e H'(0,7). (6.2)
(ii) Nghiém (u_, P) hoi tu manh trong W(T)x L’(0,T) vé (u,, P)) khi & — 0,
trong d6, W(T) ={v e L*(0,T;V) : v, € L*(0,T;L*)}.

Homn nita, chung ta co danh gia tiém cdn

||ug =t +0) =2 0)

trong do, C, la hang s6 dwong chi phu thuéc vao T.
Chirng minh dinh li 6.1
Ta chi rang, v6i ba tham s6 bé ¢ = (K,MK) théa 0 <K<K, 0<A<A,

< CT\/K2 + N+ K,

I*(0,T)

(6.3)

< CT\/K2 + XN+ K,

LZ(OT

0<K <K.(K,\, K, lacac héng sb ¢b dinh), thi twong ty nhu trong chuong 4,

ta cling thu dugc danh gia tién nghiém sau

t
[l (N + pgl [, (BIF + 2, [ |, (0,8)ds < C,
0

(6.4)
||Pm||L2(0’T) <C,, Vite [0,T], VT > 0,
va
t
! (OIF + pollu)  (ONF + 2, f |u (0,s)ds < C,, 65)
0 )

||P77/l||L2(O7T) S OT7 Vt S [07T], VT > O,

trong do, {(u } 1a day x4p xi Galerkin cuia bai toan (Q) va C, 1a hing s6 chi

m’? m)
phu thudce 7.
Ta chii y rang W(T') 1 khong gian Banach thyc véi chuan dinh boi

el ey = eI + ||l (6.6)

°(0,T;17) £*(0,T;V)
Xét e, >0 cb dinh va cac tham s6 € € (0,e,). Ching minh tuong tu nhu trong

dinh 1y 4.1 v6i € € (0,¢,), ta thu duoc cac két qua sau
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¢
||Ué||i>o(07T;Lz) + M0||Ugm||i»o(07T;Lz) + 2)\of|ué(07 slfds < C,,
0 6.7)
L||PE||L2(0,T) S CT’ V‘S > 07
va
¢
2 p 2 A
H“g’ |L°‘(O,T;L2) + “0|‘“2x|‘L°‘(0,T;L2) + 2A0f’u£/(07 s)fds < Cy,
0 (6.8)
. .
\||'P€||L2(07T) S CT’ V{;‘ > 07

trong do é’T la mot héng s6 doc 1ap Vm va voi moi e > 0.
Xetday {¢,} saocho e — 0, khi m — +oc. Tt (6.7) - (6.8) ta trich dugc day

con cua ddy {(u_ ,P. )} ma van ky hiéu 1a { (u. ,P. )}, sao cho

u, =, trong L*(0,T;V) yéu *, (6.9)
ul =l trong L*(0,T;V) yéu *, (6.10)
u, (0..) = u.(0,.) trong H*(0,T) yéu, (6.11)
K, u_ (0,.) = ¢ trong H*(0,T) yéu, (6.12)
P —P trong H'(0,T) yéu. (6.13)

Hon nita, do bd dé nhung compact ctia Lion va (6.9), (6.10) ta suy ra rang

u —u, trong L'(0,T; ') = [’(Q,) manh va a.e. Q, . (6.14)

Do H*(0,T) — C'([0,T]) va H'(0,T) — C°([0,T]) compact, nén tir (6.12), (6.13)
ta suy ra rﬁng

Klmugm 0,.) = ¢ manh trong C"([0,T1]), (6.15)

P —P manh trong C"([0,T]). (6.16)
Mat khac, tir (6.11) ta lai co

K,u (0.)—0  trong H°(0,T) yeu, (6.17)
Tir (6.15), (6.17) ta suy ra rang
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K u (0,.) —0 manh trong C'([0,T]). (6.18)

Im “e,

Tuong tu, tir (6.18) ta ciing ching minh dugc rang
t

P_(t) = g(t)+ K, u_(0,0)+X\0u (0,6)— [kt —s)u_(0,5)ds

— g(t) + X\ (t)u'(0,t) — fk(t — s)u(0,s)ds = P,(¢t) manh trong C°([0,T]).

Bang cach qua gi6i han giéng nhu trong chuong 4, ta suy ra (u,, P.) 1a nghi¢ém yéu

bai toan (QO) g v6i € = 0 va thoa (6.2). Hon nita, do tinh duy nhét ciia nghiém yéu,

nén chung ta ¢6 (u,,P.) = (u_,P).

*9 * 0’ 0

batu=wu_ —u, va P =P — P khido (u,P) thoa:
(", v) + pl)u,, v) + PE)(0) + (Ku + A, v)

—(Ku, + Au/,v), 0<z <1, 0<t<T,

0’

(6.19)

P(t) = K [u(0,t) 4+ u,(0,£)] + A (¢)u'(0,£) — f k(t — s)u(0, s)ds.

0

Trong (6.19), ta thay v = v/, sau d6 1y tich phéan theo bién thoi gian ¢, ta dugc

t t t

fu’ N, (s)|Fds + 2k(0 fu 0sds+2u(0t)fk(t—s)u((),s)ds

0 0 0

T

- 2] u(0, T)f E' (7 — 8)u(0,s)ds dT — QKJv u,(0,)u’(0, s)ds

0

~2K [ (u,(s),uw/(s))ds — 2X [ {u/(s),w/(s))ds (6.20)

0

Trong do

t

2(t) = ||/ (8P + p(e)w, (0P + K 1(0,8) + 2 [ A (s)w/(0, 5)Pds

0
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t
+ Kl[u(®)P + 2\ [ ||w/(s)|Fds. (6.21)
0
Chu y tir (6.21) ta suy ra rang
o(t)
|u(0, ) < (@] o g, < M, N < | = (6.22)
0

Panh gia 1an lugc cac s6 hang bén vé phai cia (6.20) nhu sau

t

72|
[ 1 ©)lu,(s)|Fds < —=C [ Z(s)d (6.23)
0

218l 0
= 2k(0) [ (0,5)ds < % [ 2(s)ds (6.24)
0 0

t

f k(t — s)u(0, s)ds]

0

0.0 L
2u(0, t)f k(t — s)u(0,s)ds < Bu’(0,t) + 5

0

/3 HkH 20
MU w3

]Z )ds, V3> 0 (6.25)

— 2f u(0, T)f k' (1 — 8)u(0,s)dsdr < QJ\U(O, 7')|]]k:’(7 — s)u(0,s)|dsdr

0 0

t T 2
S(f) u’(0,7) + {k'(T—s)u(O,s)ds] dr

1 t
<+ TIKG, ) [ #(s)ds (6.26)
0

0
t K2 t t
. - 2K1f u,(0,)u’(0,8)ds < )\_1]"”0(0’ s)fds +)\Of|u/(0, s)Fds
0 0 0 0
K2 t
<0, + [ 2(s)ds (6.27)
0

. —sz ds<2Kf||u | '(s)]| ds
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f ||d5+f\|u Ifds < TK*C, +fZ
0

. —2)\f ds<2)\f|]u |1 (s) | ds

t

<N [ [lul(s Hds+f\|u Ifds < TA*C, +fz

0

T6 hop (6.20), (6.23) - (6.29) va chon - <1 taco

1
2
t
2(1) S AK* + N+ K2)(-+2)+ 2D, [ Z(s)ds, ¥3> 0.
0
trong do

1 K|,
D, ==+ [l +TIFIE % 2[| k|

T *(0,T) LxUT))

0

Dung bd dé Gronwall cho (6.30) ta thu dugc
Z(t) <2AK* + N + K!)(++2)C, exp(2D,T)
<C,(K*+ XN +K)),
trong d6 C, = 2( +2)C’ exp(2D,T).

Do d6

<C K+ XN + K,

/ /
”u - uo”w(ﬂ - ”uE(O,.) - UU(O") F(0,T)

trong do, 5T 1a hang s dwong chi phu thudc vao 7.

Mt khéc, tir (6.19); va (6.31) ta suy ra rang

1Pl 00 < B L2 Nty T A 12O N

4 [— [ K (8)ds ]1/2 [ [ 2(s)as ]1/2

<CJK* + X + K.

Do do6
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6.31)
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€ 0

SO K +X+ K, (6.34)

°(0,T
trong do, GT 13 hing s6 duong chi phu thudc vao 7. Pinh 1y 6.1 dugc chimg minh
day dum

6.3. Khai trién tiém cin theo ba tham s6 bé (K, )\, K )

Trong muc nay, chiing toi khai trién tiém can nghiém yéu cia bai toan (P Kl) theo
ba tham s6 bé (K, \, K ) ticlataco thé xap xi nghiém yéu u bdi mot da thirc theo ba
bién (K,\ K,) va danh gia duoc sai sO giita nghiém chinh x4c va nghiém xap xi.

O day, ta s& dung cac ky hiéu sau, v6i da chi s6 v = (Vs Yy Ys) € Zi va

g =(K,\K)eR®, tadit

M=%+7%+7 Y'=n!nh

lev = Kvl)\"rzKlvg, lle]| = \/KQ N Kf, (6.35)

a,ﬁGZi,ﬂSa & 6 <a,Vi=123.

Gid su (u,, P,) la nghi¢m yéu duy nhét cua bai toan (QO) (nhu trong dinh 1y 4.1) Gng

véi (K, )\ K,) = (0,0,0), tirc Ia

Au =F = f(z,t), 0<r<1,0<t<T,

U, (17 t) = 07 :u(t)uox (07 t) = Po (t)v

u,(2,0) =1, (z), v (z,0)=4a(z),

Py(t) = g(t) + A (0 (0.6) — [ k(t — )u, (0, 5)ds,

u, € L*(0,T;V), u/ € L*(0,T;V), '€ L*(0,T; I}),

u(0,.) € H'(0,T), P, € H'(0,T).

Xét day hitu han cac nghiém yéu (u,P), y€Z', 1<[h|<N duge xac dinh

bdi cac bai toan sau
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[Au, =F, 0<z<1, 0<t<T,

u, (1,¢) =0, M(t)uw 0,6) =P (1),

Y

u (2,0)=0, u_(z,0)=0,

| P (t)=C () + \ (0! (0,8)— [ k(t—s)u_(0,5)ds, @
u € L*(0,T;V), u: e L*(0,T;V), ui’e L*(0,T;I),
‘ug(o,.)eﬂl(O,T), P € H'(0,T),
trong do F, Cv(t) , |7l < N, dugce xac dinh boi cong thire truy hoi sau
f(z,t), 7l =0,
0, v, =7 =0, 1<y <N,
F={-u_ v =1, 7, =0, 1< ]| <N, (6.36)
—ul 7, =0, 7,21 1<[H|< N,
—u,mu s 2L 2L 2SN,
va
9(t), =0,
C, =10, 7, =0, 1<]9|< N, (6.37)
u, . ,(0,), v, > 1 1<y < N.
Gia st (u, P) = (u_, P) 1a nghiém yéu duy nhét ciia bai ton (@) ). Khi d6
vV=u— Z UWEW’/, R=P— Z Pya“’, (6.38)

[yI<N yI<N

thoa bai toan sau
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'Av—i-Kv—i-)\vt =E (rt), 0<z<1,0<t<T,

v(1,t) =0, p(t)v (0,t) = R(t),

« (6.39)
v(z,0) =v,(z,0)= 0,
R(t) = B, (t) + Kv(0,1) + A (10'(0,8) — [ k(t — s)o(0, 5)ds,
trong do
B(zt)==Y (u_  +u e, (6.40)
[7|=N+1 ’ ’
va
EN <t) - Z u% 77’20371 (0, t)g’y' (6‘41)
[v|=N+1
B6 dé 6.1. Gid sir (H,) — (Hs) théa. Thi
@) B e, < Conllell™, (6.42)
() B0 < Coyllel™, (6.43)

trong do Cuw 02 va C’3N la cdc hdang sé dwong chi phu thudc vio cdc hang sé

K*? )\*7 K1*7 ||UW|| Lx<O,T;V)’ ||u»:|| Lx([),T;Vy ||ur/\’/(07') | UT |r}/|

Chirng minh.
(i) Tur tinh bi chan cta cac ham w , «/, y€Z®, |4/ =N trong khong gian ham
L*(0,T;V). Tir (6.40) ta suy ra rang

[IoNER RO SN N LN | P SO\

[v|=N-+1

/ 7 /. 7
S Z <| | u"y’l*lv"/zt"y’:x | |V + | ‘ u')’l‘r"r’z*l"y:; | ‘V ) ‘ K /1)\,»2 Kl/g |

[7[=N+1

! Y. §
<y (| [ Mgy 1 \Lm((m) KK (6.44)

hi=N+1 e
Mit khac, sir dung bat dang thirc Holder

xxx <o+ o, + o, V:v>0 Va >0, a +a, +a, =1

3737

52



, = 17041:L7 %:L, a, = T3 , ta duogc
N +1 N +1 N +1

Nl N+l
o 5 T T3 | 2
‘87|:‘K%)\”)\:’3 =K N’Y+1)\21\7+1)\1N+1 < N K2—|— s )\2_|_ 7 /\12 ’
N+1 N +1 N +1
N+1
(KX 407 =™, ¥rezl, hi=N+1 (6.45)
T (6.44) va (6.45) ta duoc
1By e e, < ol (6.46)

trong do

5 /
ClN - Z (’ | u”'l L7575 ’ |L°C(U-,T1V) + | |u7’1 Myl | ‘L”C(U,T;V) )

[7|=N+1

(i1) Twr (6.41) va chiing minh twong tu nhu trén ta ciing thu dugc danh gia

|2, pam < Cax ngm | (6.47)
trong do
é?N = Z |’uﬂlrl.,~/.mfl(0") ?0,T)"
[y|=N+1

Hoan tat chimg minh B6 dé 6.1 m
K¢ tiép, ta c6 dinh Iy sau

Pinh 1y 6.2. Gid sir (A) — (A4) thoa. Thi moi (K,\K))e R’ théa 0 <K <K,
0<A<A\, 0<K, <K, bai todn (Q.) c¢6 duy nhdt nghiém yéu (u,P)= (u_,P)
€ W(T)x L*(0,T) théa danh gid tiém cdn téi cap N + 1 nhu sau

=37 e [y + 119700 = 37 w097 [1,

[vI<N [v] <N

+]|P=> P&

[yI<N

voi moi (K A\K)eR’ théa 0<K<K,0<A<A, 0<K <K_, (u,P) la

) (6.48)
< Clell™,

|L2(0,T)

nghiém yéu cia bai todn (Q.),y€Z’,|y|<N, va C, la hiang s6 déc lp véi
e =(K,\K)).
Chirng minh.
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Ap dung b6 dé 3.2, ta duoc
[0 @ + u(t)]]v, (¢ ||2+2fR 05d5—|—2fKU+)\v ds

t

= [ WS o, (o) Pds +2 [ (B, (5) ),

0

hay
< [ 6N P +2000.0) [ (¢~ (0,5)ds ~24(0) [ 10.5)s
0 0 0
J 0,7)d ] k' (r— s (Osds+2f s),v")ds
t 7
—QIEN(S)U/(O s)ds=>"J,
g i
trong do

t
a(t) = [P + v, DI + A, f |'(0,5)f ds.
0
Ta cha y tir (6.50) suy ra rang

001 < (10D < I, (0] <[22,

0

Ap dung bo dé 6.1, ta ddnh gia cac tich phan & vé trai cua (6.49)

t [
1< 116l ()]s < L”fa
0

0

t t t

|7, < 200(0,8) [ k(t = 5)v(0, )] ds < Bo(t) + ﬁl - [ #(0)d0 [ o(s)ds

0 MOO 0

t

kI,
< Bo(t) LOD | o(s)ds, VB > 0,
ﬂuo [
t 241 R
[T, < 20k(0)] [ *(0, 5)ds < —L2 [ s)

0 0
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|J,l<2|| v

t

fa Yds +— f‘k f s)ds
0
I}(0,T) f
oo I
t

\J|<2f\|E NN Glds < [([1E )P+ [[v()F ) ds

0

NWW

M

t t

< [, ||LXOTL2ds—|—f||v NPds < TC|lP™™ + [ o(s)ds
0

0

t

t t
1 ~
Tl <2 [ 1B (s))[2/(0, )] ds )\—f|EN(s)|2ds+)\Of|v’(0,s)|2ds
0 0 0 0
1 t t
TR R 2N+2
<5 NHLQ(UN[U( >ds< C2llel +[a

Chon (§ = % va tir (6.49), (6.52) — (6.57) ta suy ra rang

t

o(t) < 2ATC?, + Ai(;” el +2D, [ o(s)ds, ¥ >0
0 0
trong do
5 _ memkamw 2K oy THE I 00

! 1, B 1, 1y
Dung bd dé Gronwall cho (6.58) ta thu dugc

o(t) < 2(Té’fN + /\ié’;N) exp(QDNT)| |e| P+

0

191 gy + el gy 19O, < Dl

o 1o _
¢day, D, = \/2(TC’12N +)\—C22N) exp(D,T).
0
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(6.56)

(6.57)

(6.58)
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Hay Ia
lu= S w el + 1009 = 3 w09 1, < Dyl (6:6)

[vI<N [vl <N
véimoi (K, A\ K)eR’ thta 0 <K <K,0<A<\, 0<K <K,.
Mit khac, tir (6.39) va (6.50) ta lai suy ra ring

1R 0, <UE Kol + Ao 19(0.)

I2(0,T)

<D, |le|". (6.63)
Do d6
1P =2 Pe [l < Cyllell™ (6.64)

[v|<N

Vay, ta hoan tat ching minh Pinh Iy 6.2 m
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Chuong 7
Vi DU MINH HQA CACH TiM NGHIEM TIEM CAN

Trong chuong nay, ching ta s& xem xét mot truong hop dic biét clia bai toan nhiéu
theo ba tham s bé (QE) da néu trong chuong 6 dé minh hoa phuong phéap tim nghiém

tiém can theo ba tham s6 nay dén cp 1 va cip 2. Bai toan cu thé duoc phat biéu nhu

Sau

Au=u"—Au=—-Ku—X/, 0<z<l 0<t<T,

u(L,t) =0, Vu(0,t)= P(t)

)
~—

lu(z,0) = i, (z), u(z,0)= i (x) (

P(t) = g(t) + K,u(0,2) + X, ()u'(0,1) — [ sin(t — $)u(0,s)ds,

0

trong d6, cac tham sé nhidu (K, \ K)eR® théa 0<K <K, 0<) <A,
0<K <K, flz,t)=0, u(t)=1, G, @, g, A, k(t)=sint 1a cdc ham cho truéc
thoa céc gia thiét (H,) — (Hs) twong tng.

Gid sir (u,, FP,) 1a nghi¢m yéu duy nhit cta bai toan

'Auozué’—Auoz(), 0<z<l 0<t<T,

u,(1,t) =0, Vu,(0,t) = P,(t)

u, (2,0) = 110(1’), ué(x, 0) = 4 (z)

< t @)
g@y:¢w+4@mgao—]}m@—@%mﬁmg

0

u, € L*(0,T;V), w e L*(0,T;V), u) e L*(0,T;L?),

u(0,.), P, e H'(0,T).

0

Khi d6 cac nghiém yéu u,, u,, v, duwoc xac dinh boi hai bai toan
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va

Khi do,

| 100

001

A _u"—Au =—u, O<z<l 0<t<T,

100 100 0

100 (1 t) 0’ vulOO( ) P (t)7

100

10() (l‘ 0) 0 U’mo (l’, 0) = 07

Py(t) = A (0l (0,6) — [ sin(t — s)u,,, (0, 5)ds,

u, € L*(0,T;V), u € L*0,T;V), u' € L*(0,T; L),

100 100 100

' (0,.), P e H'(0,T).

100

Au, =u —Au  =—u, 0<z<1, 0<t<T,
010<1 t) - O vumo( ) Pom(t)’

010 <$ O) O uom (l‘7 0) = Oa

Py (1) = Al (0,8) = [ sin(t — s)u,,, (0, 5)ds,

w € L*0,T;V), v €L*0,T;V), v € L0,T;L),

010 010 010

W' (0,.), P, € H'0,T).

010 010

[Au,, =u" —Au, =0, 0<z<1, 0<t<T,

001 001

001 (1 t) O’ vuom( ) P, (t)7

001

(2,0) =0, v (z,0)=0,

001 001

Py (£) = ,(0,6) + X, (B, (0,4) — [ sin(t — s)u,,, (0,5)ds,

u,, € L*(0,T;V), u, € L*0,T;V), u, € L*(0,T; L"),

001

' (0,.), P €H'0,T).

001

<Q100)

(Qmo)

(Qom)

nghiém cua bai toan (QE) c6 thé x4p xi boi mot da thirc cip mot theo ba bién

K, A\, K nhu sau
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u_(z,t) ~ uy(z,t) +u (2,8) K +uy, (2, )N +uy, (2, 1)K,
P.(t) = F () + By, (K + B, (OA + By (DK,

v6i dénh gia tiém can dén cap hai nhu sau

Zu 6/HL°°OTL2 + Hu - Zu 67”? 0,7:V)

[vI<t Iyt

FIP =P |00 S D+ X+ K2 < CelP.

lv<1
trong do, D, hoan toan ddc 1ap vdi ba tham s6bé K, \, K L
Ta lai tim cac nghiém yéu u_, ||< 2 dugc xéc dinh boi cac bai toan du6i day

(Au, =u' —Au =—u_ —u 0<z<l 0<t<T,

110 110 110 010 1007

u, (L) =0, Vu, (0,t)=P (1),

110 110

u,,(2,0)=0, u (z,0)=0,

to, (QHO)
By(t) = A\ (0, (0.) = [ sin(t — s)u,,,(0,5)ds,
u,, € L*(0,T;V), u €L*(0,T;V),u' €L*0,T;L),
\ullm(O, ), P, € H(0,T).
Au, =u,, —Au, =—u,, 0<z<l 0<t<T,
101(1 t) =0, Vul(]l( ) le(t)’
101 (Z’ O) O u101 (l‘7 O) :07
<Q101)

101 101 O S)d

] t
By () = t,,(0,6) + A, (1)l (0,8) — [ sin(t —

u, € L*(0,T;V), w € L*(0,T;V), u, € L*(0,T; L"),

101 101

u! (0,.), P € H'(0,T).

101
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va

011

A, Au —

Po(t) = At (0,8) — [ sin(t — s)u,,, (0, 5)ds,

Au _u”—Au —u' . 0<z<l 0<t<T,

011 011 0017

011<1 t> 07 vu()ll( ) P (t)7

011

011 (117 O> 0 uon(x? 0) = 07

f (@)
By, (8) = 1, (0,6) + X (0)uf, (0,6) = [ sin(t — s)u,,,(0,5)ds,

011 011

u,, € L*(0,T;V), u € L*0,T;V), u € L*0,T;L"),

011 011

' (0,.), P. € H'0,T).

011

O<z<l 0<t<T,

200 200 1007

Lt)=0, Vu,(0,t)=P (1),

200( 200

z,0) =0, w, (z,0)=0,

200( 200(

(QQOO )

u,, € L*(0,T;V), wu,, € L*(0,T;V), u € L*(0,T; ),

200

u! (0,.), P € H'(0,T).

200 200

Aug, = ug, —Aug, —u'  0<z<l 0<t<T,

020 020 010’

Lt)=0, Vu, (0,¢)=P, (t),

020( 020( 020

(z,0) =0, v/ (x,0)=0,

020 020

Poo(t) = At (0.) — [ sin(t — )u, (0,5)ds,

u,, € L*(0,T;V), wul, € L*(0,T;V), u € L*(0,T; ),

020

(QOQ(J)

u' (0,.), P, € H0,T).

020 020
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ul/ _
002 002

[ A

Ay, =0, 0<z <]l 0<t<T,

u, (L) =0, Vu, (0,t)=P, (1),

002 002

u(m(x, 0)=0, u

002

(:E, 0) =0,

‘ , (Quo)
Py (£) = 1, (0,8) + X (B)uf, (0,6) = [ sin(t — s)u,, (0, 5)ds.

u € L*0,T;V), u' €L*0,T;V), v € L*0,T;L),

002 002 002

u' (0,.), P € H0,T).

L 002 002
Khi d6, nghiém cua bai toan (Q) c6 thé xap xi boi mot da thire cip hai theo ba bién
K, A\, K, nhu sau

u_(z,t) = uy(z,t) +u (2, 8) K 4y, (2,0 4+, (2,0 K

010 001

+ u, (2, ) KA+, (2,) KK +u (2,0 K

110< 101(

2 2 9
+ UQOO(x’ t)K + u()g()(xa t))\ + U002 (m, t)Kl ,

P(t)~ B (t)+ P

100

(t)K + P

010

(DN + P

001

(DK,

+ P (HKA+P

101

(KK, + P, (HAK

011 1

+ Py (DK + By (0N +F

002

(DK,
v6i danh gid tiém can dén cip ba nhu sau

||u£ N Z u"/,'gﬁ/HLm(O,T;LZ) +| U, — Z uvngLx(o.T;V)

[v<2 [v<2

FIP =Y P [l < DK+ X+ K))" = D[l

[vl<2

trong d6, D, hoan toan doc 1ap voi ba tham sobé K, \, K L
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