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LOI CAM ON

Loi dau tién, toi tran trong kinh gri dén Thay TS. Trdn Minh Thuyét 16
cam on sau sac nhat vé sy tan tinh huwéng dan, chi bao cta thay d6i véi toi
trong sudt qua trinh hoc tdp va hoan thanh luan van nay.

Qua luan van nay, tdi xin bay té long biét on sau sic dén Thay TS.
Nguyén Thanh Long, nguodi da doc va cho nhiéu chi dan hét sitc quy bau doi
v6i ludn van cua toi. Long say mé nghién cttu khoa hoc va su tan tuy caa Thay
do6i véi hoc tro la tam guong sang dé thé” hé tré noi theo.

Xin chan thanh cam on Quy Thdy, C6 Khoa Toan — Tin hoc truong Dai
hoc Su Pham Thanh phd H6 Chi Minh d3 tan tinh giang day va truyén dat cho
to1 nhiéu kién thirc khoa hoc trong sudt khoa hoc.

Xin chan thanh cam on Quyj Thdy, Cé thudc Phong Khoa hoc Cong nghé
- Sau dai hoc, Truwong Pai hoc Suw Pham TP.HCM da tao moi diéu kién thuan
loi @€ t6i hoan tat chuwong trinh hoc va hoan thanh luan van.

Xin chéan thanh cam on Ban Gidm Hiéu, Quy Thdy, C6 thudc Khoa Su
pham Khoa hoc Tu nhién ndi riéng va Quy Thay Co6 cua truong Dai hoc Sai
Gon noi chung da dong vién va tao moi diéu kién thuan loi dé t6i hoan thanh
chuwong trinh hoc.

Xin cdm on anh H6 Quang Diic va céc ban 16p Cao hoc Todn Giai Tich
khéa 18 cing cac anh chi trong nhém seminar dinh ky do Thay TS. Nguyén
Thanh Long va Thay TS. Tran Minh Thuyét t6 chic, da trao doi va thao luan
cac dé tai lién hé dén luan van nay.

Cudi cting, tdi xin bay to long tri an sau sac nhat téi moi nguoi trong gia
dinh t6i, nhitng nguoi da hét long lo lang cho t6i, luon & bén t6i, dong vién va
giup do toi trong sudt qua trinh hoc tap, nghién cttu va hoan thanh luan van.

Vi kién thirc cia ban than con nhiéu han ché nén luan van khoé tranh
khoi nhiing thiéu sét, rat mong nhan dwoc su chi bao cia Quy Thay, Co6 va su
gop y chan thanh cua ban be, dong nghiép.

Nguyén Phiic Binh



Chuong 1
TONG QUAN

Su ton tai va duy nhat nghiém trong nhiéu bai toan vé phuong trinh séng phi tuyén
1a dé tai dwoc quan tAm béi nhidu tic gia, chang han nhu trong [2, 4 — 10] va cac tai liéu
tham khao trong d6. Trong luan van ndy, chiing t6i khao sat phwong trinh séng phi tuyén
chtra s6 hang Kirchhoff lién két voi diéu kién bién hdn hop khong thuin nhét sau day.

Tim ham u thoa phuong trinh séng phi tuyén tinh c¢6 dang

u, — Bt ||u () )u = flz,tu), 0<z <1, 0<t<T, (1.1)
v6i diéu kién bién hon hop khong thuan nhat

a(0,6) = 0, u,(1,t) = g(t), (12)
va diéu kién dau

u(z,0) = i, (r), wu(r,0)=1a,(r), (1.3)

trong d6 4,, @, B, f la cac ham cho trudc thoa cac dicu kién ma ta s€ chi ra sau va so

hang phi tuyén B(t,||u_(t)|[") phu thudc vao tich phan

SR
lu,@IF = [ (1) da. (1.4)
Trong trudng hop N =1 va Q = (0, L), phuong trinh (1.1) dugc tong quat hoa tir

phuong trinh sau diy mé ta dao dong phi tuyén ctia mot soi ddy dan hoi [2]

phu, = (P —I——f|%(y,t) Fdy)u , 0<z <L, 0<t<T. (1.5)
Y

N. T. Long, A. P. N. Dinh va T. N. Diém trong [4] d3 dung phuong phép x4p xi

tuyén tinh dé chimg minh sy ton tai va duy nhat nghiém yéu cua bai toan



= (b + B, OIF))w,, = ot ,,w,), (:0) € (O1)x (0.7),
Ju(0,t) = u(L,t) = 0, (1.6)

hu(a:, 0) = (), u,(z,0) = 4,(r).

Trong [5] N. T. Long va B. T. Diing d3 khao sat sy ton tai va duy nhat nghiém cho

bai toan
(u, — B(u (O = f(o,tuu,u,llu (OF), 0<z<1 0<t<T,

u (0,t) — hu(0,t) = u(l,t) = 0, (1.7)

~u(x, 0) =i, (r), u(z,0)=1/(z).

Sau d6, cac tac gia khai trién tiém can nghiém dén cép N +1 cua bai toan
w, — B (||, = F(z,t,u,u,u,llullf),0<z<1,0<t<T,
u (0,t) — hu(0,t) = u(l,t) = 0,

1u(z,0) = 4,(z), v, (z,0) = 4, (v), (P)
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F(z,tou sl |[) = flotu vl |F) + f (2,8 w0, ),

B (||u,I[") = B(lw,I[") + B,(lu,I[)-
Trong [6] N. T. Long da khao sat bai toan
B[l (O1F ), = flz,tu,w,,w, ] [u@)]F 1w, @)F), (1.8)
lién két voi diéu kién bién hdn hop thuan nhat
u (0,t) — hu(0,t) = u_(1,t) + hu(l,t) = 0, (1.9)
va diéu kién dau

w(z,0) = 4,(z), u,(r,0)=a/(r) (1.10)



Trong [9] N. T. Long, L. T. P. Ngoc va L. X. Truong da nghién ctru thuat giai lap
cap cao cho phuong trinh séng phi tuyén
u, — (b u@)I P, e, () )u, = flz,tu),0<z<1,0<t<T, (1.11)
lién két v6i diéu kién bién hdn hop thuan nhat
u (0,t) — hu(0,t) = u_(1,t) + hu(l,t) = 0, (1.12)
va diéu kién dau
w(z,0) = 4,(), u,(r,0)=1a,(r). (1.13)
Trong luin vin ndy chung t6i st dung mot s6 cong cu cua giai tich ham nhu:
Phuong phap xap xi Galerkin, phuong phap xap xi tuyén tinh lién két véi diém bat dong,
phuong phap khai trién tiém can, ...dé khao sat bai toan ndi trén.
Bé cuc cua luan van duge trinh bay theo cac chuong muc sau
Chuong 1, Gidi thién bai toan s€ khao sat trong luan van, va cac két qua lién quan dén
bai toan da dugc nghién ciru trong thoi gian gan day.
Chwong 2, trinh biay mot s6 cong cu chuan bi bao gom: Nhic lai mot s khong gian
Sobolev, mot s6 két qua vé cac phép nhiing compact giita cac khong gian ham.
Chuwong 3, khao sat thuat giai xap xi tuyén tinh cho bai toan khao sat (1.1) — (1.3) ¢6 diéu
kién bién tai ddu = = 1 thuan nhat. Trong chuong nay, ching t6i chimg minh duoc rang
bai toan (1.1) — (1.3) ton tai va duy nhit nghiém yéu, bang cach thiét 1ap mot day quy nap
tuyén tinh hoi tu manh trong cac khong gian ham thich hop.
Chuwong 4, nghién ctru mot thuat giai xap xi tuyén tinh cho bai toan khao sat (1.1) — (1.3)
c6 diéu kién bién tai ddu = = 1 khong thuan nhét. Bang cach doi an ham dé dua vé bai
toan c6 diéu kién bién thuan nhit d3 khao sat & chuwong 3, rdi ké thira phuong phap chung
t6i ciing thu duoc két qua tuong tu nhu chuwong 3.
Chuwong 5, Két qua thu dugc ¢ chuwong 3 cho thiy sy hoi tu va dénh gia sai sé cua diy

quy nap tuyén tinh {uw } _chila cap mot. Dé tiép ndi va mé rong két qua cia chuong 3

mJ meN

chung t6i, xdy dung mot ddy lp phi tuyén {u, b o nhim nang téc d6 hoi tu cua diy quy

nap tuyén tinh {u_} _ v&nghiém yéu cia bai toan (1.1) — (1.3).

meN



Chuong 6, khao sat bai todn nhiéu sau

u, —B(t,||um(t)]|2)um = f(x,t,u)+5]‘1(x,t,u), 0<z<lO0<t<T,

thl
N—

Ju(0,t) = 0, u, (L,t) = g(t), (

w(0,7) = 4,(z), u(0,2)=a, ().

a) nghién ctru dang di€u tiém can nghiém cta u_khi € — 0
b) khai trién tiém cén ctia nghiém yéu ctia bai toan (P.) theo tham so bé ¢, |g] <e..

c6 nghia la c6 thé xap xi nghiém u_ boi da thirc theo ¢ :
N N
~ 7
u_(z,t) ~ Zui (x,t)e",
1=0
va danh gia dugc sai s6 gilra nghiém chinh x4c va nghi¢ém xap xi tiém can

S CN|5|N+17

*

trong d6, hing s6 C, doc lap dbi voi €.

Ké dén 1 phan két luan va danh muc cac tai liéu tham khao.



Chuong 2
KIEN THUC CHUAN BI

2.1. Cac khong gian ham thong dung
Pau tién, ta dit cac ki hiéu sau Q = (0,1), Q, =Qx(0,T), T > 0. Ta bo qua

cac dinh nghia cac khong gian ham thong dung nhuC™ (Q2), LF(Q2), H"(Q2), W™"(Q)

Tacé I’ = I’(Q) 1a khong gian Hilbert dbi vé6i tich vo hudng
1

<u, v> = fu(a:)v(x)dx, u, ve L, (2.1

0

Ki hi¢u || . || dé chi chuan sinh boi tich vo huéng (2.1) nghia 1a

1
[l = (u,u) = [ w(2)da
0
Ta dinh nghia khong gian Sobolev cap 1
H ={vel’, v e '}

Khéng gian nay 1a khong gian Hilbert ddi véi tich vo huéng
1
(u, v)Hl = (u,v) + <ux, vm> = f[u(x)v(m) + ux(x)vm(m)]dx
0
Bo dé 2.1.[1] Phép nhing H' G C°(Q) la compact va

[ello < V210l Yo e B

Bo dé 2.2. [3] Pong nhdt H véi H' (d6i ngau cia H). Khi dé, ta cé
H'GH=H'G(H'Y,

VOl cac phép nhung lién tuc va tru mat.

2.2. Cac cong cu thuong sir dung

2.2.1. Khéng gian ham 7/ (0,7;X), 1 <p < oo



Ta dinh nghia L'(0,T;X) la khong gian cac Iop twong dwong chira ham
u:(0,T) — X do dugc, sao cho

[l dt, 1< p<+oo,
0

hay
IM >0 [u(t)|, <M, t€(0,T) khi p=oo

Ta trang bi I'(0,T;X), 1< p <oo boi chudn sau:

< oo voi 1< p <o,

Il [fu rwl

jutt)]

HUH = esssup

P(0.T:X) 0<t<T X

= inf {M >0: Hu(t)”x <M, ae.,t € (0, T)} khi p = oo
Khi d6 ta c6 cac bo dé sau ma chirng minh c6 thé tim thay trong [3].
Bo dé2.3. I'(0,T; X), 1< p < +oo la khéng gian Banach

Bo d@é2.4. Goi X' la doi ngau cia X . Khi d6 IV (0,T; X') véi

l_|_i/:1, l<p<oo lddéingcfucda ro,7; X).

p p
Hon nita, néu X phan xa thi I(0,T; X) ciing phdn xa.
Bodé25. (I(0,T; X)) = L*(0,T; X").
Hon nita, cac khéng gian L'(0,T;X), L*(0,T; X") khéng phan xa.
Bodé2.6. I'(0,T; L' () = I(Q,), 1 < p < o0, trong d6 Q, = 2% (0,T).

2.2.2. Phin bo tri vector



Dinh nghia 2.1. Cho X la khéng gian Banach thiee. Mot dnh xa tuyén tinh lién tuc tir
D(0,T) vao X goi la mét ham suy réng (phdn bo) cé gia tri trong X. Tap cdc phin bé
co gia tri trong X ky hiéu la

D'(0,T;X) = L (D(0,T); X)) = {f : D(0,T) — X | f tuyén tinh, lién tuc }.

Dinh nghia 2.2. Cho f € D'(0,T; X). Ta dinh nghia dao ham Z—J; theo nghia phdn bo

cua f boi cong thirc <g,<p> = —<f,d—¢>, Vo € D(0,T)
ot dt
Cic tinh chat:
i/ Cho v € L'(0,T; X), talam tuong Gmg nd bdi anh xa nhu sau
T :D(0,T) — X
7

(T,¢) = [v(t)e(t)dt, e € D(O,T)

0
Ta c6 thé kiém tra lai rang T ¢ D’(0,T). That vay,
1/Anhxa T : D(0,7) — X la énh xa tuyén tinh,
2/Anhxa T : D(0,T) — X lalién tuc.

Gia s&{gpi} C D(0,T'), sao cho . — 0 trong D(0,7"). Ta co

(7.0 = ‘f nat) < f Jutt) <t>Hth
<| [l ] Jlecer

Do d6 <Tv,goi> — 0 trong X khi i — +o0.Vay T € D'(0,T;X)

—>0,t—>—|—oo

ii/ Anh xa v — T 12 mdt don 4nh, tuyén tinh tr L7(0,T; X) — D’(0,T; X). Do d6, ta

c6 thé ddng nhat T =vw.



Khi d6 ta c6 bo dé sau ma chtirng minh c6 thé tim thay trong [3].
Bodé2.7. I'(0,T;X)G D'(0,T; X) véi phép nhiing lién tuc
2.2.3.Pao ham trong L'(0,7; X)
Phan tir f € I7(0,T, X) ta c6 thé xem f 1a phan tir cia D'(0,T; X).
Khi d6 ta c6 bo d& sau ma chtirng minh c6 thé tim thay trong [3].
Bo d@é 2.8. Néu f € I/(0,T; X) va j—J; € I’'(0,T; X), thi f bang hau hét véi mot ham
liéntuctr [0, T] — X .

2.2.4.B6 dé vé tinh compact ciia Lions

Cho cac khong gian Banach B, B, Bv6i B C B C B, sao cho:
B, B laphanxa.Phép nhing BG B, lién tuc, B, G B 1a compact
Vi 0< T <oo, 1<p, <400, 1<p <+o00,tadat

W(0,T)={ve L"(0,T;B,): v € L"(0,T;B)}.

Ta trang bi W (0,7T) boi chuan

|

Khi d6 W(0,T") la mot khong gian Banach .

/

w(0,T) - HU £ (0,7;B,) tors)

Hién nhién ta c6 W(0,7) G L"(0,T;B,).

Ta cling co két qua sau day lién quan dén phép nhiing compact.

Bo6 dé2.9. ( Bb dé vé tinh compact ctia Lions [3], trang 57). Véi gid gia thiét trén va
néu 1< p < -+oo, i =12, thi phép nhiing W(0,T) G L"(0, T;X,) la compact.

Bé dé 2.10. (B6 dé vé sy hoi tu yéu cua Lions [3] trang 12) Cho Q la tdp mé bi chin

cia R" va G , G e I'(Q), 1 < p < o0 sao cho:

i/ HGmHV}(Q) < C, trong d6 C la hang sé doc lap véi m,



i/ Gm — G a.e., trong Q.
Khi do, taco:.G — G trong I(Q) yéu
Bé dé 2.11. (B6 dé Gronwall). Gid sir f:[0,T] — R la ham kha tich, khéng am trén
[0,T] va théa bat ding thirc

T
+ C?f f(s)ds véi hau hét t €[0,T),

0

fy<c

1
trong dé C., C, la cdc hang s6 khong am. Khi dé

f(t) < Ce™, véihdu hét t €[0,T].
Bé dé 2.12. (Nguyén Iy dnh xa co ciia Banach [1]). Cho (M,d) la khéng gian Métric
dcfy du va T:M — M la anh xa co, nghia la, Ton tai k€[0,1) sao cho

d(Tx, Ty) < kd(z,y), Yo,y € M. Khi d6, T c6 duy nhdt mét diém bat déng =, € M.

Hon nita, voi moi x, € M cho trucc, day lap T"x hoitu ve ..
Trong luan van nay dé tién cho viéc trinh bay ta s€ dung cac ky hi¢u sau

ut), u'(t)=wu(t), u"(t)=u,t), v (t)=Vut), u_(t)= Au(t),D,f, DB, D,B,

lan luot thay cho
u(a,t), 22 a,0), L), L t), Ty, L (a1, ), 2PET) OB )
ot ot’ oz oz’ ou & on



Chuong 3
SU TON TAI VA DUY NHAT NGHIEM: TRUONG HQP
PIEU KIEN BIEN THUAN NHAT

3.1. Gi6i thiéu

Trong chuong nay, chiing toi xét bai toan gia tri bién va gia tri ban dau sau
day:
[u, — B(t,||u (| )u, = f(z,t,u), 0<z <1, 0<t<T,

Yu(0,) = u (1) = 0, 3.1)

u(z,0) = ilo(a:), u, (z, 0) = i (z),
trong d6 4, 4, B, f la cac ham cho trudce thoa cac diéu kién ma ta s& chi ra sau

va sb hang phi tuyén B(t,||u_ (t)[*) phu thudc vao cac tich phan

1
[, = [ w(a,t)do. (32)
Trong chuong nay, chiing toi s& két hop bai toan (3.1) voi mot thuat giai quy
nap tuyén tinh ma sy ton tai va duy nhét nghiém dwoc chimg minh bing phuong
phap Galerkin va phuong phap compact yéu.
3.2. Cac ky hiéu va gia thiét
Ta thanh lap cac gia thiét sau:
(A) a,eVNH?, 4 €V,
(A)  BeC'(R) v6i B(&n) 2b, >0, V&0 =0,

(As)  feC'([0,1]xR xR ) thoa f(0,¢,0) =0, Vt > 0.

Xét T" > 0, ¢b dinh. Voi M > 0 ta dinh nghia

K, =K (M, f) = sup{| f(z,t,2) |: (z,t,2) € A.(M)}, (3.3)
K, = K,(M. ) = sup{(Df1+ D, ) @.t,2): (., 2) € A}, (34
K, = K,(M,B) = sup{B(&.n): € € [0,T°], n € 0, 7], (3.5)

10



K, = K(M,B)=sup{(|DB|+ |DB)En) : £€[0.T7]. n e 0.0}, (3.6)

1

trong 46 A, (M) = {(z,t,2) €[0,1]x[0,T ] xR : |2| < M}.
V&imdi T e (0,7] va M > 0 ta dit

W(M,T)={ue L*0,T;VNH?): u € L*0,T;V), u, € [(Q,),
(3.7
<M <M, ||lu

||u||L°°(o,T;va2) — ’ ||ut||E>°<0,T;V) -

tt||LZ<QT> S M}’

W.(M,T)={ueW(M,T): u, € L*(0,T;L*)}. (3.8)
trong do @, = (0,1)x(0,T).
3.3. Thuit gii x4p xi tuyén tinh
Trong phan ndy, voi su lwa chon M va T thich hop ta xdy dung mot diy

{u}, . trong W (M,T) bang quy nap. Day {u } . s€dugc chimg minh hdi tu vé

meN
nghiém yéu cta bai toan (3.1).
Chon s6 hang ban dau u, = 0. Gia su rang
u €W (M,T). (3.9)
Ta lién két bai toan (3.1) voi bai toan bién phan sau.

Tim u_ € W (M,T), m >1 sao cho

(i (t),v)+b (tXVu (t),Vv)=(F (z,t),v), Vv eV,

m

(3.10)
w,(0) =1, i,(0)=1,
trong do
b,(6) = B(tI[Vu,_,(t)IF), (3.11)
F (z,t) = f(z,t,u_ (1)) (3.12)

Su ton tai ciia ddy {u_} . cho béi dinh ly sau day.

1) meN

Pinh 1y 3.1. Gid sir (A)) — (As) diing. Khi dé, ton tai cdc hang sé M >0 va

T >0 sao cho, voi u, =0, ton tai mot day quy nap tuyén tinh {u } CW,(M,T)
xac dinh boi (3.10) — (3.12).

Chirng minh dinh 1y 3.1. Gom cac budc sau.

11



Bude 1. Xép xi Galerkin. Gia st {w } v6i w (z)=2sin(j+)rz, je N Ia

2
sao cho

co sO dic biét cia V N H? gdbm cac ham riéng w, cla todn tr —A = —;
X

—Aw, = w, w €VNH, véi A\ =(j+4)’n". Ding phuong phap Galerkin dé
xay dung nghiém yéu xap xi cta (3.10) nhu sau
k
u (1) = e (th, (3.13)
j=1

v6i ¢') thoa cac h¢ phuong trinh vi phan tuyén tinh

(@ (), w )+ b, (ENVul (1), Vw ) = (F, (1),w,), 1<j<k,

m J

(3.14)
7(:)(0) = uOk’ US:)(O) - ulh’
trong do
k
Uy, = Y alw — G, manh trong V N H?, (3.15)
=1
k
w, =Y A%w — 4 manh trong V. (3.16)
=1

Gia st v thoa (3.9), ta cd bd dé sau.

Bo dé 3.1. Gid sir (A)) — (A;) diing. Khi @6 v6i T > 0 ¢6 dinh, hé phwong trinh
(3.14) — (3.16) 6 nghiém duy nhat v xdc dinh trén 0 <t <T.

Chirng minh bé dé 3.1. Bé qua cac chi s& m,k trong cach viét va ta viét
cj(t), o, B, lan lugt thay cho cffj)(t), a;’;?, [37(7?. Khi d6, hé phuong trinh (3.14) —
(3.16) duoc viét lai dudi dang nhu sau:

& () = =Ab, (e, () +(E,(),w), 1<j<h

(3.17)
¢,(0)=q,

j’

¢(0)=8,.

H¢ phuong trinh nay tuong duong véi hé phuong trinh tich phan

elt)=a,+8t-A [ “dr [0, 60 )ds + [ “dr [7(E, (), )ds (3.18)

Ta viét lai (3.18) dudi dang

12



ot) = Hlc](t) = L)+ G(t), ¢ C([0,T];RY),

:—Adeom (s)ds,

Gt =q, +Bt+fd7f w)ds, 1< j < k.

Su t6n tai nghiém u (t) trén doan [0,7'] s& dugc suy ra tur sy ton tai nghiém
¢ e C°([0,T}R") théa man phuong trinh tich phan néi trén. Nhu vy ta can
ching minh toan tir H : C°([0, T} R*) — C°([0, T R") c6 diém bat dong.

O day, chuan trong khong gian Banach X = C°([0, T, R*) duoc dinh nghia nhu

sau:

k
]l —Os<1;1p\ :Z (1), V0’1m01(:_(c1,...,c

)€ X.

k

Ta bat dau boi viéc ching minh bang phuong phép quy nap rang: c¢,d € X,
vVt € [0,T], bat dang thic sau dung.

< WA&T llc—d|,, ¥n € N. (3.19)

- (2n)!

[ (e] (1) — H[d](1)
Chung minh (3.19) nhu sau

1

Véin=1 taco




(s) — d(s)] ds < WAE] K’) le—dl|, . (3.20)

Do do

|H[e](t) — H[d](t)], < £ lle—dl| - (3.21)

Viy, (3.19) ding véi n = 1.
Gia st (3.19) dung véi n > 1. Khi d6

1 (el (1) — Hd) 1)

\H [H"[e])(t) — H[H"[d])¢)

1

dT

— H'[d](s)] ds

< )\kf(oj:de;Tﬁ()\kkosQ)” |c—dl|, ds

(/\KT)<+1)

— [2(n+1)]

le—dll - (3.22)

Bét dang thirc dugc chimg minh. Piéu nay dan dén

|71 - H”[d]HX < ( o ) | —d||,, v6i moi n € N. (3.23)
Vi lim ot = 0, nén tOn tai n, € N sao cho T <1.

oo (2n)! (2n,)!

Ap dung dinh ly Banach, ta suy ra dugc H c6 mot diém bat dong duy nhat
¢ € X. B6 dé 3.1 duoc ching minh.

Khi d6 hé phuong trinh vi phan (3.14) — (3.16) c6 nghiém duy nhét " (t) trén
mot khoang [0,7].
Buwéc 2. Panh gia tién nghiém.

Nhan (3.14), bsi ¢¥(t), sau d6 12y tong theo j, ta dugc

(0), 2, +5, T O, Vi, (1) = (£,0), 8,7 ) (324)
hay
LD ONF) +0,0)-L (V0 @) = 208,080, (3.29)

Sau do tich phan theo bién thoi gian, can tr 0 dén t, ta duogc
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P20 = p0)+2 [ (F (), 7N ds + [ 5, (5)IVul(s)Fds, (3.26)
A ,

trong do

(&) = [1a (O] +0, (O Vul (I, (3.27)
Trong (3.14); thay w_ boi —Aiij, sau 6 don gian \ . Khi d¢

J

M), —Aw )+ b (E(Vul(t),~Aw, ) = (F (t),~Aw). (3.28)
Tir gia thiét (As) va tinh tich phan timg phan theo bién z, véi can tir 0 dén 1 céc
tich phan trong (3.28) ta thu duoc

(Vi (1), Vw,) +b, (t{Au (1), Aw ) = (VF (t),Vw ). (3.29)

Nhan (3.29) béi ¢(t), sau d6 lay tong theo j, thi (3.29) trd thanh

(Vi (), VaP () + b (ENAuP(t), A (t)) = (VE (), V" (t). (3.30)
hay
d
LIV @IF)+ 8,02 (1A @) = 2V E, 1),V 1) (3.31)

Tich phan theo bién thoi gian, can tur 0 dén ¢, ta dugc
! 2
0t = ") +2 [ (VE (5), Y (s)ds + [, ()| Aus)Fds,  (3.32)

trong do
¢ () = [V OIF +b, (O Au ()] (3.33)
T6 hop (3.26) — (3.27) va (3.32) — (3.33), ta suy ra rang

s (1) = s +2f ds+2f (VE, (s), Vil (s))ds

+fb (||W I+ ([ (s)F)ds + [l (s)|Fds

=s(0)+) 1, (3.34)
i=1
trong do
) = o)+ 0+ [ 11i ) ds. (3.35)
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Ta s& danh gid cac tich phan I, j =1,...,4, trong vé phai ctia (3.34).

Tich phan thir nhat. Tir gia thiét (As), (3.3), (3.9), (3.12) va (3.35). Ta thu duoc
t
1, <2 [ (s), i Mds <2 [T F @)1 )1a o) ds

< QKOJ;prff)(s) ds <TK] + fot s'(s)ds. (3.36)

Tich phén thi hai. Tir gia thiét (As), (3.4), (3.9), (3.12) va (3.35). Ta co
VFE (t)=Vf(ztu, (t)=Df(xtu, (t)+Df(x,t,u _(1)Vu, (t),

nén
VE, 8) <|Df,tu, )] +[D,f @t )] [V, (),
<(|D s tu, @)+ DSt @))- (14 |V, 0,
<K (14 |Vu ()
hay

IVE, (0] < K,(1+ ||V, (@)]) < K ,(1+ M).

Piéu nay dan dén
t [
1, <2 [ |VE, (s)]I Vi (s)]ds
t N t
<2K,(1+ M) [ o (s)ds < TK?(1+ MY + [ s(s)ds. (3.37)

Tich phan thir ba. Tur gia thiét (A,), (3.6), (3.9), (3.11), (3.35). Ta suy ra rang

b,(t)=B(t|Vu, ()

= DB(L|IVu, (0] )+ 2D,B(t||Vu, (I )(Vu,_,(#), Vi, ,®)

nén
5,01 < (IDBI+ |D,BI)(1+2IVu, UV, ,(0)]) < & 1+21).
Do do
K (1+2M%) pt
I, <~ [ 5P s)ds. (3.38)

0

Tich phan thi tw. Ta viét lai (3.14); dudi dang
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(i, (1), w;) = b, (XAu ) (1), w)) +(F, (1), w)). (3.39)

Nhén (3.39) béi ¢"(t), sau d6 lay tong theo j, thi (3.39) tré thanh

(i) (8) iy, (1) = b, (A (1), i, (8)) + (F, (8), iy, (1)

hay

14 (NP < 10, OUI AW @ @1+ [1F, O @

< B OIACOIF + 0@ + IE,OF + 100k (340

Tir céc gia thit (A,), (As) va (3.3), (3.5), (3.9), (3.40). Ta thu dugc danh gia

@2 (OIF < 2Kb, (0] Ad DIF +2K;. (3.41)
Lay tich phan hai vé cua (3.41) theo ¢, ta duoc

1, < 2K, ["s(s)ds + 27K (3.42)
T6 hop (3.35) - (3.38), (3.42), ta duoc

s9(8) < 50(0) + €, (M,T) + C,(M) [ (5)ds, (3.43)
trong do

C(M,T)=T[3K; + K}1+ M)], (3.44)

C,(M) = %(1+2M2)+2f50 +2. (3.45)
Bay gio ta can danh gia s6 hang s(0). Ta c6

S90) = llu P + 11V, P+ BOJIVE[P)([Vu, [P+ [|Aw,[P).  (3.46)

Tir gia thiét (A,) (3.9), (3.15), (3.16) va (3.46). Ta suy ra rang ton tai hang sd
M >0, doc lap voi £ va m, sao cho:

2

$(0) £ 2= v6i moi ki vi m. (3.47)
Chu ¥ rang,

lim C,(M,T) = 0. (3.48)

T—0"

Tir (3.44) — (3.48), chung ta ludn chon dugc hang s6 7 > 0 sao cho:
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MQ

-+ C (M, T)|e ™" < b, (3.50)
va
= ; gy 2+ ROy
kT:(leroz)JT(K1 CaM' Ry ST (3.51)
Cubi cung, ta suy tir (3.43) va (3.50) rang
sB(t) < M "M 0 (M) f; t sM(s)ds, 0<t<T. (3.52)

Str dung bd dé Gronwall, ching ta suy tir (3.52) rang

sff)(t) < MPe TEMNGUNE < 2o TG GANT M, 0<t<T. (3.53)
Vay ta co
u e W.(M,T), Vm,k. (3.54)

Budc 3. Qua gidi han.
T (3.35) va (3.52) — (3.54) ta suy ra rang ton tai mot ddy con cta day {u"'},

ma van ky hiéu {u'} sao cho

u") —u  trong L*(0,T;V N H?) yéu *, (3.55)

i — 4 trong L¥(0,T;V) yéu *, (3.56)

i — i trong I(Q,) yéu, (3.57)
thoa

w €W (M,T). (3.58)

Tir (3.55) — (3.57) qua gi6i han trong (3.14) ta c6 thé kiém tra d& dang rang u
thoa (3.10) trong I*(0,T) yéu.

Mat khac, tr (3.10),, (3.55) — (3.58), ta duoc

' =0b ()Au +F e L*(0,T; 7).

Do vay,

u €W (M,T). (3.59)
Dinh 1y 3.1 duoc chimg minh hoan tat m
3.4. Sy ton tai va duy nhét nghiém
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Pinh 1y 3.2. Gid sir (A)) — (As) duing. Khi dé, ton tai cdc hang sé6 M > 0,

T >0 théa (3.47), (3.50), (3.51) sao cho badi todn (3.1) ¢é duy nhat nghiém yéu

uweW(M,T).

Mat khac, day quy nap tuyén tinh {u_} dwoc xdc dinh boi (3.10) — (3.12) hoi tu

manh vé nghiém u trong khéng gian
W(T) = {u € [*(0,T;V): v’ € [*(0,T; I?)}.

Homn nita, ta ciing co danh gia sai so

!/ /
m —u ||L°O(O.T;L2

)—|—||u )gC’k;"’,véimoim,

[, = ull oy

trong do

7 2
1(1(1+2M-)]I
2

2 +

1 ~ [
k, = (1 - 602)\/T(Kf +4M'K})e vt <,

va C la mot hc%ng s chi phu thugc vao T, 4, va k,.
Ching minh dinh ly 3.2.

i) Suw ton tai nghiém

Trudc tién, ta chi ¥ rang W,(T) la mgt khong gian Banach d6i véi chuan

>+||u

/
||u] |W](T> - ||u| ‘Lx‘(o,T;V HLX‘(O,T;LZ)'

Ta sé& chirg minh rang {u_} 1a mot day Cauchy trong W (T).

batv =u  —u .Khido, v thda bai toan bién phan
m m+1 m m

(W(8),0) 45, , (Vv (1), Vo) = (b, () = b, ()N Au, (1),v)

=(F (t)—F (t),v), Vv eV,

m+1 m

Chon v = v/, trong (3.64),, ta dugc

(1, @I +b,., 02190, 0F)

20,,.,,(t) =0, (D)X Au, (t), v, (1) + 2F, () = F, (t),0,,(2))-

Tich phén theo bién thoi gian, can tir 0 dén ¢, thu duoc
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)= [ 86NV, G)Fds +2 [ [, (5) = b, (KA, (5), ! (s)ds

+2 [ (F,(5) = F, (), (s))ds = >, (3.65)
trong do
v () =Ilv, @IF +5,,@lVy, @ (3.66)
Bay gio, ta danh gia cac tich phan & vé phai ctia (3.65) nhu sau
Tich phan thir nhat. Tir gia thiét (A,), (3.5), (3.6), (3.9) va (3.11) ta d& dang co
b () = D,B(t||Vu, (I) +2D,B(,|[Vu, (O K Vu, (), Vu, (1)),
<(DB|+ |D,B) 1+ 2/[Vu, ()| [V, ©))
< K (1+2M?).
Do do
T, = [0 GV, () Fds < S [T (5)ds (3.67)
Tich phén thir hai. Tt gia thiét (A,), (3.5), (3.6), (3.9) va (3.11) ta thu dugc danh
gia sau
16,,,,(t) = b, (O] < |BE|[Vu, (0)F) = B[V,  (0)IF)
< &, (|17, 0IF = 1V, @)F])

< 2MK, ||V, (0]~ 1V, 1)

<2MK ||Vv ()] <2MK ||v

m— 1‘ | w(T)’
nén

Ty =2 [b,.,(5) = b, (D, (5), v/ (9)ds

< 4ME [|v, |\, LHMUIva@
< 4TM K2HUM 1 + f va H ds
< ATM'K?||v, ||E, ) + f (s)ds. (3.68)

Tich phan thit ba. Tir gia thiét (As), (3.4), (3.8), (3.9) va (3.12) ta ¢6
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£, (&) = E @Ol =1/ tu, @) = fzt,u, (D)

< Klu, () —w, (@O < K|, @) < K[lv

m m71| ‘WI(T)

suyraréng
J,=2[(F, ()= F,(5).0, ds<2f|| ' a(8) = B, ()|[0), () ds

< TK?||v, |[F, ) + f (3.69)
T6 hop (3.65), (3.67) - (3.69) ta duoc
W () < T +AMB) o, |, ) + 24+ 5520 [0 (s)ds. (3.70)

m

Ap dung b6 @& Gronwall cho (3.70), ta suy ra r?mg

) ) 2+ I{’l(l:):)2A12)]T

\Ilm( )<T(K +4M K )va IH T)e M (3.71)
Do do

| ‘ Um‘ |I/V1<T) S le | ,Um_ly |[/Vl(T) 9 Vé,i m(.)i m? (3.72)
trong do

1 — [2 " I{’l(]:L‘wZ)]g

k= (1+b02)\/T(K12 FAMRY e (3.73)

Nhu vay
K - .
Hum+p B Um‘ |Wl(T) S E | | U’l - U0| |W1(T)7 V01 mo1 m, p. (374)

Tu (3.74) ta c6 {u_} la diy Cauchy trong khong gian W (T') va do do ton tai
u € W,(T'), sao cho:
u — u trong W, (7)) manh. (3.75)

Ta cling luu ¥ rang do u € W/(M,T), nén ta trich ra mét day con {u_} cua

day {u_}, sao cho:

w —u trong L*(0,T;V N H?) yéu*, (3.76)
u — ' trong L*(0,T;V) yéu *, (3.77)
W’ —u”  trong I(Q,) yéu, (3.78)

J
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ueW(M,T).

Mat khac, ta lai co

b, (V' (1) = Bt | [Vu(t) )V u(t)
< |B(t[|Vu, (OIF)Vu, (t) — B[ Vu(t)P)Vu(t)

< ‘B(t, IVu, _ ()IF)

Vu, () = Vu()

+ BV, (]F) = B[V u(t)P) | V(@)

< K [V, (t) = Vu(t)

+K [V, () = Vu@l|(|[Va, @] + [IVu@®l)IVu(t)

m—1 m—1

< K |Vu (t)—Vut)|+2MK ||Vu () —Vu®)]].[Vu(t),
hay
16, (6)Vu,, (8) = B(t, [ Vut)| ) Vu(t)]
<K ||Vu ()= Vu®)]|+2MK ||Vu__ ()~ Vu®t)|].|[Vu(?)].

Do doé
16, (OVu, (t) — B(t,||Vu)|)Vu(t)

| |L°0<0,T;L2)

< f~(0||um —u||W1(T) —{—2M?K1||u

w1 = Wiy
Ta suy ra tir (3.75) va (3.80) rang

b (t)Vu — B(t,||Vulf)Vu trong L*(0,T; L) manh.
Tuong tu, ta cling co

|7, (1) = f(1)| = |Fatu, L (8) = fla,tyu())] < K|, (£) — u(®)]

K ||u

||F;n _fHLOO(O,T;LZ) S 1 _UH K HU

< —
m—1 °(0,T;2) — 1 m—1 U/‘ ’Wl(T)

Vay tur (3.75) va (3.82), ta thu duogc
F (t) — f(z,t,u(t)) trong L*(0,T; L) manh.
Sau d6 qua gi6i han (3.10) - (3.12) voi m thay bang m, — oo.

Tir (3.75) — (3.78), (3.81), (3.83) ta c6 u € W(M,T) thoa bai toan bién phan
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(W (t),v) + b(t)(Vu(t), Vo) = (f(t),v), Vv €V,

(3.84)
u(0) = a,, u'(0) = a,.
Mt khac tir gid thiét (A,), (As), (3.79), (3.81) va (3.83), ta lai c6
u" = B\l (NP, + f(t,,0) € L (OT ), (3.85)

Piéu nay din dén u € W, (M,T).
Sy ton tai nghiém duoc chirng minh.
ii) Sw duy nhét nghiém
Lay u,u, € W,(M,T) la hai nghiém yéu ctia bai toén (3.1). Thi w = u, —u,
thoa mén bai toan bién phan sau
(w"(t), )+ B,(EXVw(t), Vo) — (B, (1) — B,(1) (Au, (). 1)
=(F(t)—F,(t),v), YveV, (3.86)

2

trong do
B.(t)= B(t||Vu.(t)|f), Et)= f(ztu(t)), =12 (3.87)

Trong (3.86); ta thay v = w', sau d6 ly tich phan theo ¢, ta dugc

f B/(s)||Vu(s Hds+2f (A, (s), w(s)) ds
+ 2f0t(F1(s)—F2(s),'Lb(s)>ds — ii (3.88)
trong do
X(t) = [|w' @ + B0 Vwt)| (3.89)

Bay gio, ta danh gia cac tich phan ¢ vé phai cua (3.88) nhu sau
Tich phan thir nhat. Tir gia thiét (A,), (3.6) va (3.88) ta co

— t % 12). 3

J = j; B/(s)|[Vu(s) Pds < 22 fo X(s)ds. (3.90)
Tich phan thir hai. Tir gia thiét (A,), (3.6) ta thu duoc danh gia sau

[B,(t) = B,(8) < |B&[[Vu, (0] ) = Bt ||V, ()F)

<K,

(OIF = 11V, (t)
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nén
=9 f WA, (s),w'(s))ds
< 4MK, fo t||Vw(s)| HAw,(s)|-[|w! ()l ds

< MK, [V w(s) |, (5)|ds
Tich phan thir ba. T gia thiét (A;), (3.4) ta co
|5 (t) = E, (0l = [ f(,t,u,(8) = f(z,t,0,(8))]
< K || (t) = u,(0)]| < K [|w(®)] < K [[Vw(t)]|

suyraréng
T, =2, w'(s)ds <2 [[11F(s) — () |[w/()]ds
t /
< 2K, fo IV w(s)||-|[w'(s)]|ds.

T6 hop (3.88), (3.90) - (3.92) ta duoc

- 9 B t
X(1) < B0 [ X (s)ds + 2K, +20°K,) [[[[ V()| |[w'(s)|ds
0 0
0

< 2[R (14 202) + (K, + 202K )(1+8,)] [ X(s)ds

0

hay

Xt <K tX(s)ds,

0

trong do
K= K (14 20M°) + (K, +2M°K,)(1+b,)].

Str dung b6 dé Gronwall ta ¢6 X(t) = 0, nghia la u, = u,.

Dinh 1y 3.2 dugc chirng minh hoan tatm
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Chuong 4
SU TON TAI VA DUY NHAT NGHIEM: TRUONG
HOP PIEU KIEN BIEN KHONG THUAN NHAT

4.1. Giéi thiéu
Trong chuong nay, ching t6i xét bai toan gié tri bién va gia tri ban dau sau day:

(u, — B(t,||u, ()|F)u, = f(z,t,u), 0<az <1, 0<t<T,

1 U(O,t) =0, uz(la t) = g(t)a (41)

u(z,0) = ﬁo(x), ut(m, 0)= ﬂl(m),
trong d6 u,, 4, B, f, g lacac ham cho trude thoa cac diéu kién ma ta sé& chi ra sau va
s6 hang phi tuyén B(t,|| u (¢)|[) phu thudc vao céc tich phén:
2 ! 2
= ) 4.2
Ju,@IF = [ w(a.t)de (42)

Dit ®(z,t) = zg(t). Bang cach doi 4n ham v(z,t) = u(x,t) — ®(z,t), ta dua bai toan

¢ diéu kién bién khong thuan nhat (4.1) vé bai toan voi diéu kién bién thuin nhat nhu

sau.
v, — B(t,||v. (8] )v, = fa,tv), 0<z<1,0<t<T,
10(0,t) = v _(L,t) = 0, (4.3)
\U(CU, 0)= 7, (t), v/(z,0)=17,(t),

trong dé

B(t|v, (1)) = Blt,|[v, (1) + g®IP).

f~(117, t, U) = f(:ra t,v+ (I)) - CI)tt(xa t) = f(xv t,v+ (I)) - il?g”(t),
(4.4)

N

o(#) = 1, (z) — B(z,0) = 4,(z) — 29(0),

5,(2) = () ~ ®,(2,0) = 4, (z) — 29'(0).

cung véi didu kién twong thich g(0) = u,(1,0) = 4,(1).
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Trong chuong nay ciing nhu chuong 3, ching toi s& két hop bai toan (4.3) voi mot
thuat giai quy nap tuyén tinh ma su ton tai va duy nhit nghiém duoc ching minh bang
phuong phap Galerkin va phuong phép compact yéu.

4.2. Céc ky hiéu va gia thiét
Ta thanh 1ap cac gia thiét sau:
(A) @, €eVNH?, 4 €V,
(A)) BeC(RY)voi B(En)>b, >0, VEn>0,
(A) feC'((0,1)x R xR, ) théa f(0,£,0) =0, V¢ > 0,
(A4) g E C?’(R+)'
Xét T° > 0, ¢b dinh. Voi M > 0 ta dinh nghia

M = sup (lgt)]+ |g'(O1+ 9" (1)), (4.5)

0<t<T"

Ko(va) = Sup{|f(ac,t,z)| : (x,t,z) € A*(M>}v

K (M, f) = sup{( D,fI+ | D,f)(,t,2) : (z,t,2) € A (M)}, o
trong 46 A,(M) = {(x,t,2) € [0,1]x[0,T xR : |2l < M =M+ M'}.
K,(M,B) = sup{B(&,n) : €€ [0,T"}n € [0,M°]},
K, (M, B) = sup{(|D,B|+ |D,B|)(&,n) : £€ [0,T"}n € [0,M°]}, -7
Véimdi T € (0,7 ] va M > 0 ta dit
WM, T) = {ue IO.T;VNHY): u, € IX0.T;V), u, € (Q,),
0l ey S Mo Nl gy S M Ml < MY (48)
W.(M,T)={ue€W(M,T): u, € L*(0,T;I%)}.

trong d6 @, = (0,1)x(0,T).
4.3. Thuit giai x4p xi tuyén tinh

Trong phﬁn nay, v6i sy lwa chon M va T' thich hgp ta xay dung mot ddy {v_} trong
W, (M,T) bing quy nap. Dy {v_} s& dugc chimg minh hdi tu vé nghiém yéu cua bai

toan (4.1).
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Chon s6 hang ban dau v, = 0. Gia st rang

v €W/(M,T), (4.9)

m—1
Ta lién két bai toan (4.3) v6i bai toan bién phan tuyén tinh sau.

Timv € Wl(M, T), m >1 sao cho

(5, (1), w) + b (Vo (t), V) = (F (), w), YweV,
(4.10)
Um(o) - 170’ Um (0) = 171,
trong do
5 (t) = B(t,|Vv, ,(OIF) = BLI|Vv, () + g)P),
~ i @.11)
F (z,t) = f(z,t,v (1) = flz,t,v (1) +P(2,t)) — zg"(t).

Su ton tai u_ cho boi dinh ly sau day.

Pinh 1y 4.1. Gid sir (A)) — (A,) diing. Khi dé, ton tai cdc hang s6 M > 0 déc lp voi
0,,0,,B,9 va T >0 doc lap véi v,,v,,B,g,f sao cho, véi v, = 0, ton tai mot day quy
nap tuyén tinh {v } CW/(M,T) xdc dinh boi (4.10) va (4.11).

Chirng minh dinh Iy 4.1. Gom céc budc sau.

Budéc 1. Xap xi Galerkin.

Gia sir {w } v6i w (z) = \/Esin(j + %)mg, j €N 14 co so dic biét cia VN H’ gébm

2

cic ham riéng w, cla toan tir —A = sao cho —Aw, =X w, w, €V N H*.

oz’

St dung phuong phéap xap xi Galerkin dé x4y dung nghiém xp xi
k
() = e (w, (4.12)

Vo1 cffj) thoa cac hé phuong trinh vi phan tuyén tinh

(@0(1),w,) +b, (V0 (8), V) = (F (t),w), 1<j<Fk,

m m J

(4.13)
Ufr]:)(()) = Voo va]:>(0> = U
trong do
k
v, = Zaﬁ’?w}. — ¥, manh trong V N H?, (4.14)
=1

27



k
v, = Zﬂfn’?wj — 0, manh trong V. (4.15)

i=1
Chtrng minh tuwong ty nhu B dé 3.1 & chuong 3 ta ciing khang dinh duoc hé phuong
trinh vi phan (4.13) — (4.15) c6 nghiém duy nhat v*)(¢) trén mot khodng [0, 7).

Budc 2. Panh gia tién nghiém. Dat
XP ) =10 @F + 0o, @IV @I,

m m m

@ =1IVa @IF +0, @ Ao (), (4.16)

m
v+ [ 1150s) Fds.

Nhan (4.13), boi c'frf’)(t) va lay tong theo j, sau do tich phan theo bién thoi gian v6i can

2, =X

tr 0 dén ¢, ta dat duge

Xt = X9(0) +2 [ (B, (5), 0 (s ds + [ B () Ve s)]Fds (4.17)

Trong (4.13), bang cach thay w, boi Aw]. va sau mot s6 budc bién doi don gian ta co

(Vi) V) + 5, (1A (1), Aw)) = (VE (1), V) (4.18)

Nhéan (4.18) boi c'ff%t) va lay tong theo j, sau do tich phan theo bién thoi gian véi can tir

0 dén ¢, ta duoc

YO (t) = YO(0) +2 fo (VE (s),Vi®(s))ds + f B ()| A0 (s)| Fds. (4.19)

m

Té hop (4.16), (4.17) va (4.19) ta duoc

Z0(t) = +2f ds+2f (VF (), Vi (s))ds
+fb IV o GE + 118 G Jds+ [ 11596 Pds
4
_ r7(k)
= 7"(0) + Z I. (4.20)
p

Ta s€ danh gia cac tich phan [ o= 1,...,4, trong vé phai cta (4.20).

Tich phan thi nhit. Tir gia thiét (As), (4.6), (4.8), (4.9), (4.11), va (4.16). Ta thu duoc

1,22 K, (9,5 ()l ds <2 [ 1|, ()15 (s)| s

28



< [2K, (M, )+ M) [ X (s) ds < TRK (3, 1) + M} + [ 20(s)ds. (4.21)
Tich phan thit hai. Tir gia thiét (As), (4.6), (4.8), (4.9), (4.11), va (4.16). Ta c6
VE (t)=V[(z,tv, (1) = Vf(z,tv, (0)+(t)—g"1)
=D f(x,t,v,  +®)+ D, f(z,t,o,  +P)[Vu  (t)+gt)]—g"(t),
nén

[VE (1) < DSty + @) HD, (b0, + BT, (1) + 9] +]g"(0)

m—1

< KM, )1+ Vo, (6)+gt)) + M,

hay
IVE, ()] < K,(M, [) 1+ ||V, (8) + g() ) + M < K, (M, /(L + M)+ M.

Diéu nay dan dén

1, <2 [ |VE ()i (s)|ds
< 9K, (3, £) (L + 31+ 31 [ Y s)ds

< TK, (M, {)(1+ M) + M} + f )(5)ds. (4.22)
Tich phan thir ba. Tir gia thiét (A,), (4.7), (4.8), (4.9), (4.11)y, (4.16). Ta suy ra ring
b (t) = B'(t,||Vo, _ (0IF) = B'(t,]In, )F)
= D B(t,|In, ()F) +2D,B(t,[In,, I )n, (), n,, 1),
g day n ()= Vo (t)+ g(t),nén
|6, (0] < (1D, Bl + | D,B) (1 + 2, (Ol 0, (DI]) < K, (M, B)[1+2M°].

Do do6

K, (M, B)
b

0

(1+201%) [ Z0(s) ds. (4.23)

Tich phan thi tu. Ta viét lai (4.13); dudi dang

@0(t),w ) = b (AL (), w )+ (F (t),w), (4.24)

Nhan (4.24) boi (1), sau dé 1ay tong theo j, thi (4.24) tré thanh

(i, (1),8,7(6) = b, (A, (1), 5, (1) + (F,,(1),5,” (1)
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hay
15 @I < (b, @U A0 O O+ [1E, OIH]5, @)l

~ . 1, ... ~
<02 (DAY @I + Z||vf,f)(t)||2 +E,@OIF +~— ||v (O] (4.25)
Tir cac gia thiét (Ay), (As) va (4.6),, (4.7)1, (4.9), (4.25). Ta thu dugc danh gia
157 (OIF < 2K, (M, B, (4] | AP (I +2[K (M, f) + MF. (4.26)
Lay tich phan hai vé ctia (4.26) theo ¢, ta dugc
I, <2K,(i,B) f 79 (s)ds + 2T[K (M, f) + MF. (4.27)

Té hop (4.20) - (4.23), (4.27), ta duoc

Z0(t) < 29(0)+ C,(M,T) + C, (M f Z (4.28)
trong do
C,(V,T) = T (3K,(7, 1) + M + K, (¥, f)(1+ )+ HIT),
. (4.29)
= = K,(#,B — S =
C, (M) = B2 (14 201°) + 2K (M, B) + 2.
Bay gio ta can danh gid s6 hang Z'”(0). Ta c6
29(0) = [o, P + [IVu | + B0V ) (190, F + 180, 7). @3

Tir gia thiét (Ay), (4.9), (4.14), (4.15) va (4.31). Ta suy ra rang ton tai hang sd
M > 0, doc 1ap voi k£ va m, sao cho:
2

ZM(0) < M7 v&imoi k va m. (4.32)

m

Chu ¥ rang, tir (4.29), ta suy ra rang
lim C (M T)=0, (4.33)

T—0"

Tur (4.28) — (4.33), chung ta luén chon dugc hfmg s6 T > 0 sao cho:

M2

Mo, < (@34

va

& (01.B)(14+207%) 1

b <L (4.35)

2 +

By = (L+ b, (K (M, f) + AV K*(M, B)) e
Cubi cung, ta suy tir (4.28) va (4.34) rang
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Z0(t) < MPe "M 4 C (M) f ZW(s)ds, 0 <t < T. (4.36)
0

Str dung b6 dé& Gronwall, chung ta suy tir (4.36) ring

Z0(t) < M2e TR < e TRUNGUNT < g < ¢ < T (4.37)
Viy, tir (4.26) va (4.37) ta co

o™ e W(M,T), Ym, k. (4.38)

Budc 3. Qua gidi han.

Tir (4.38) ta suy ra rang ton tai mot diy con cua diy {vf:) }, ma van ky hiéu {vf:) }

sao cho
oW — v trong L*(0,T;V N H?) yéu*, (4.39)
o — 4 trong L*(0,T;V) yéu*, (4.40)
i) — 4, trong [(Q,) yéu, (4.41)
v, € W(M,T). (4.42)

Tir (4.39) — (4.42) qua gi6i han trong (4.13) ta c6 thé kiém tra d& dang ring v  thoa

(4.10) — (4.11) trong I*(0,T) yéu.
Mit khac, tir (4.10),, (4.39) — (4.41), ta duogc

o =b (H)Av +F € L*(0,T;L). (4.43)
Do vay, v, € W,(M,T). (4.44)

Dinh 1y 4.1 dugc chimg minh hoan tat m
4.4. Su ton tai va duy nhit nghiém
Pinh Iy 4.2. Gid sir (A)) — (A4) diing. Khi d6, ton tai cic hang s6 M >0, T >0
théa (4.32), (4.34), (4.35) sao cho bai todn (4.1) c6 duy nhat nghiém yéu v € W, (M,T).
MGt khéc, day quy nap tuyén tinh {v_} dwoc xdc dinh boi (4.10) — (4.11) hoi tu manh vé
nghiém v trong khong gian
W(T)={ve L*0,T;V):v € L*(0,T;*)}. (4.45)

Homn nita, ta ciing co danh gia sai so

)+Hv' —

/
| |U - U| ’ m U ’ ‘L’“((J,T;L2

m (0,15 ) < Ck,’, voi moi m, (4.46)

trong do

31



&y (71,B)(1+4201%) T

(4.47)

[2 +

B, = (L+ b, WK (M, f) + AV K*(M, B)) e
va C la mét hcfng ) chi phu thugc vao T, v, v, va k,.
Chirng minh dinh ly 4.2.
i) Sw ton tai nghiém

Trudc tién, ta chi y rang W,(T) 1a mot khong gian Banach d6i véi chuan

ey, oy = Nl gy 110 e (4.48)
Ta sé& chirng minh rang {v_} 1a mot day Cauchy trong W, (T').
Pit o =wv  —wv .Khidé, o thoa baitoan bién phan
(6" (1), 0) + 0, (1Y, (1), Vo) — (5, (1) — b, ()} Av, (1),0)
=(F ()= F (t),v), VeV, (4.49)
i (0) =14 (0)=0.
Chon v = 4/ trong (4.49),, ta dugc
L1, N +8, .0 (1w, (0lF) =
dt dt
206, (1) = b, (DN Av, (1),0, (D) + 2AF,, (t) = F, (1),8 (1))
Tich phan theo bién thoi gian, can tir 0 &én ¢ cua ding thirc trén ta thu duoc
)= [ 86NV, (N Pds 2[5, ()~ b, (N Aw, (5),7 (s)ds
t 3
+2 fo (F(s)— F (s),0 (s))ds = le (4.50)
trong do
o, (&) =13 @OIF +b,. @OV, @IF. (4.51)

Bay gio, ta danh gia cac tich phan ¢ vé phai cta (4.50) nhu sau
Tich phén thit nhit. Ta c6

b, ,,(t) = DB(t,[|n, (OIF) +2D,B(t|In, OIF Xn, ), ., (),
¢day n (t) = Vo (t)+ g(t) nén

[0, (O < (DB, @))+ 1D,Bt,||n,, OIF) A+ 2Alm,, O, @)D
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< K (M,B)[1 +2M°].

Do d6
K (M,B)[1 +2M*]
Jlg 1( ) )[ + ]fto_ S)dS.
b
0
Tich phan thi hai.
1B,.01(8) = b, (D=1 Bt I, (0] P) = Bt In,,_,(DIF)
< R,(5, B) I, (01" = Ilm,,_,(o)F
< 201K, (81, B) |In, (8) ~ |l 0]
S 2MK1(M7 B)| |v{)m,1(t)| | S QMkl(M7 B)| |1A)mfl| |Wl(T)7
nén

Ty =2 15,0 (5) =, (A, (5), 5 (s))ds

< ARIR, (3, B)[0, |y o, [ 180, -1 () ds
< ATM'KX(M, B0, |t , +f||f; s)|[Fds

<ATM'R}(M, B)||3, |P, , +f

Tich phan thir ba. Do

(4.52)

(4.53)

15, (&) = E, 0l = lIf(z.t,0, () + () = f(z,t,0, () + 2O))]

< K, (M, H)llv, () = v, @0l < K (M9, (0| < KM HID, 0

nén ta suy ra rang

. 5 t ~
JS - 2]; <F;n+1 (S) - Erz<$)’ 'U:”(S)>d$ S 2»/;) HF;H+1 (S)
m 1 + f m

T hop (4.50), (4.52) - (4.54) ta dugc
o () <T(K(M,f)+4AM'K} (M, B)llv, I )

< TK*(M,[)||

eV 72 t
+ 2+ —Kl(M’BZ(mM )]j; o (s)ds.

<

Ap dung b6 @& Gronwall cho (4.55), ta suy ra rang
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2+ I

o (t) < T(K*(M, f) + 4 *K*(}, B))||v

2
el b€
Do d6
vO1 moi m,
trong do

&y (J1,B)(1+21%) T
+
by

)

Nhu vay

ETI!,
1—T1€T ||v1 —v

H,Um-!—p B ,UmHWI(T) S 0||W](T)’ voi m01 m, p-

Ry (11.B)(1+271%)

(4.57)

(4.58)

(4.59)

(4.60)

Tu (4.60) ta co {v_} la day Cauchy trong khong gian W (T') va do do6 ton tai

v € W/(T), sao cho:

v — v trong W (1) manh.

(4.61)

Ta ciing lvu ¥ ring do v € W/(M,T), nén ta trich ra mét diy con {v_} cua day

{v_}, sao cho:

v —wv trong L*(0,T;V NH?) yéu*,

o/ —'  trong L¥(0,T;V) yéu*,

J

" —"  trong I(Q,) yéu,

v" € W(M,T).
Mat khac, ta lai co

b, (t)Vy, () = BtV u(t)|[)V v(t)‘

< |B(|[Vo, (BIF)Vv, (£) = B[[Vo@)|F)Ve(t)

<|Btl1ve, @IF)

[V, (1) = Vu(t)]

+‘f3(t, Vo, ,@IF) = Bt IV u@))

AVu(t)
< K (M,B)|Vu,_(t)— V()

+K (M, B)||Vv

m—1 —
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(4.64)

(4.65)



< K (M,B)|Vuv_(t)—Vu(t)+2MK (M,B)||Vv, |
hay

16, ()V0,(8) = Bt [V o) F)Vo(t)|

< K, (M,B)||Vv_(t)— Vo(t)|+2MK, (M,B)||Vv__

Do do
16, (Vv (t) = B(t, || Vo) )Vo(t)

o
< KO(M,B)H’UW — v||W1(T) + 2]\4QI~(1(]\Z,B)||UW_1 — |W1(T).
Ta suy ra tir (4.61) va (4.66) rang
b (t)Vv — B(t,||Vv|[)Vo trong L*(0,T; L") manh.
Tuong tu, ta cling co

E (6)= F0| = |F@.tv, () = Fla,t,00)| < K, (M, ), _,(£) = v(t),

1B, = Flle gy < KT Py, —ll o < KT P, — 0l 0

Vay tu (4.61) va (4.68), ta thu duogc
F (t) — f(z,t,0(t)) trong L*(0,7; L") manh.
Sau d6 qua gi6i han (4.10) voi m thay bang m; — o0.
Tir (4.61) — (4.64), (4.67), (4.69) ta co v € W(M,T) thoa bai toan bién phan
(W"(t), w) + Bt,| VoI (Y o(t), Vw) = (f(t),w), Vw €V,
v(0) = 170(x), v'(0) = v, ().
Mit khéc tir gia thiét (A,), (As), (4.65), (4.67) vi (4.69), ta lai co
o = Bl llo, (I, + Jt.2,) € (0.7 1),
Diéu nay dan dén v € W, (M,T).

Su ton tai nghiém dugc chirng minh.
ii) Sw duy nhét nghiém
Lay v, v, € W,(M,T) 1a hai nghiém yéu cua bai toan (4.1). Thi v = v, — v,

17 72

thoa man bai toan bién phan sau
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(4.66)

(4.67)

-(4.68)

(4.69)

(4.70)

(4.71)



trong do
B(t) = B(t[Vo,0)P). E(t)= F(r.t (), i =12

Trong (4.72), ta thay w = v’ sau d6 l4y tich phan theo ¢, ta duoc

f B(s)|Vu(s)|Fds +2 f )— B,(s)[(Au,(s), v/(s)) ds

+2f

’1jz

(s))ds

I
N‘MW
I

trong do

U(t) = [ @I + B,V
Bay gi0, ta danh gia cac tich phan ¢ vé phai cua (4.74) nhu sau
Tich phan thi nhit.

— t ~ ~1<*1 X *2)_ t —

J = fo B/(8)||Vo(s)|Pds < A2 fo T(s)ds.
Tich phan thir hai.

[B,(t) — B,(t)] <[B(tIVo, (0] ) — BV, 0)F)

< K,(11,B) (\Hwtw ~ IV, (0

) < 2ME, (31, BY| V(o)

nén

< AME, (7, B) [ |V u(s)|H|Av,(s) - [¢/(5) | ds

< 4M°K, (M, B)fO VeI [v'(s)]] ds.

Tich phan thir ba.
1E(t) = B = [1f(@.t.v,(2) = Fz.t,0,0)]

< K, (M, )llv, () — v, (0] < K (M, )l [o(®)]| < K (M, || Vo(t)]

suy ra rang
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T, =2 [ (F() = ), o'(s)ds <2 [ 1B (s) = B o)1 1/ ds
< 2K, (i f) fo (Ve 10/(s)l s (4.78)
T6 hop (4.74), (4.76) - (4.78) ta dugc

= R,(0,B)1+2i1%) ! =
T(t) < BB [ (5)ds

+ 2[K, (M, f)+2M°K (M, B)] f [V u(s)]|-|[v'(s)||ds, (4.79)

hay

trong dé
K= %[K (M, B)(1+200°) + (K, (M, f) + 2M°K (i, B) (14 b, )|

Str dung bo dé Gronwall ta ¢c6 U(t) = 0, nghia la v, =,

Pinh Iy 4.2 dugc chig minh hoan tat m
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Chuwong S
THUAT GIAI HQI TU CAP HAI

5.1. Giéi thiéu
Két qua thu dugc ¢ chuong 3 cho thay sy hoi tu va danh gid sai sd ciia diy quy
nap tuyén tinh {u,} _, chila cap mot. Dé tiép ndi va mo rong két qua cia chuong 3.

Chung t6i, xay dung mét day lap phi tuyén {u } nham nang toc d6 hoi tu, ching

meN

t6i s& tim kiém mot diéu kién du cho bai toan (1.1) — (1.3) bang mot thuat giai tinh té

hon véi mot day lap hoi tu bac hai dugc thiét 1ap ma chung t6i s€ trinh bay dudi day.
Trong chuong nay, chung t6i xét dy ldp cip hai cho bai toan

u, — B(t,|lu. (t))u, = flz,t,u)= flu), 0<z <1, 0<t<T,

u(0,t) = u_(1,t) = 0, (5.1)

uw(z,0) = 4, (v), wu(r,0)=1a,/(r),
trong d6 4, 4, B, f 1a cac ham cho trudc thoa cac diéu kién ma ta s& chi ra sau va
s6 hang phi tuyén B(%,|| u (¢)|[') phu thudc vao tich phén:
2 ! 2
= ) 2
lu,OF = [ w(a.t)d (5.2)

Bai toan (5.1) duoc xét v6i cac gia thiét ting thém nhu sau:

(A) G, €eVNH?, €V,

(By) B e C'(R?) sao cho tontai p>1, b, b, b, b, >0, théa cac danh gia sau
i) 0<b <B(En) <b(1+n"), véimoi (§n) € R,
ii) |DB(En) <b,(1+n"), véimoi ({n) € R’
iii) | D,B(€,n)| < b(1+7""), voimoi (7)€ R,

(B3) f € C*(R) théa f(0,¢,0) = 0, Vt > 0.

Xét T" > 0, ¢b dinh. V&i M > 0 ta dinh nghia

K=maxK = KM, f/)={ > sup|Df(z,t,2):(z,t,2) € A(M)}, (5.3)

0<|a]=1<2
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trong d6 A, (M) = {(z,t,2) €[0,1]x [0, T |x R : |2| < M}.
Véimdi T € (0,7 ] va M > 0 ta dat
W(M,T)={u€ L*(0,T;VNH"): u € L(0,T;V), u, € L'(Q,),

<M, [u,]]

||u| |L°C(o.,T;VmH2) -

<M, lull,, <M} (54)

*(0,TV) — tt‘ |L2(QT) -

W.(M,T) = {ueW(M,T): u, € L*(0,T;1%)}.

1
trong d6 @, = (0,1)x(0,T).
Cac ki hiéu sir dung trong chuong ndy van twong ty nhu trong chuong 3, tuy

nhién chung t61 con st dung thém céc ki hiéu sau:

0 0

DD,f= mf(x,t,z), Dif = wf(z,t,z).

5.2. Thuit giai xap xi phi tuyén
Trong phan ndy, v6i sy lwa chon M va T thich hop ta xdy dung mot day {u,}
trong W (M, T) bang quy nap. Diy {u_} s& duogc ching minh hoi tu vé nghiém yéu
cua bai todn (5.1).
Chon sb hang ban dau u, = 0. Gia su réng
u €W (M,T). (5.5)

Ta lién két bai toan (5.1) véi bai toan bién phan sau. Tim v € W,(M,T), m > 1

sao cho
(i (t),v)+b (t)XVu (t),Vv)=(F (z,t),v), Vv eV,
(5.6)
u (0)=d, u (0)=1,
trong dé
b, (t) = B(t.||Vu, (1)),
(5.7)
F @)= flu,_ ]+[u, @) —u,  ODfu, ]

Su ton tai u_ cho béi dinh 1y sau day.
Pinh 1y 5.1. Gid sir (A,), (B,), (Bs) ding. Khi dé ton tai cic hang sé M > 0 va
T >0 sao cho, véi u, = 0, ton tai mot day quy nap phi tuyén {u_} C W,(M,T) xdc

dinh boi (5.5) — (5.7).
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Chirng minh dinh Iy 5.1. Gom cac budc sau.
Buéc 1. Xap xi Galerkin. Gia st {w} cosécua VNH * nhu trong chuong 3.

Dung phuong phap Galerkin dé xay dung nghiém yéu xdp xi cho bai toan (5.6), (5.7).

k

uM(t) = ch(t)wj, (5.8)

voi cf j) thoa cac hé phuong trinh vi phan tuyén tinh

k
n,

(@) (1), w,) + b (V) (), Vw ) = (F (1), w), 1< )<k,

(5.9)
uff)(O) = U uf:)(O) = Uy
trong do
.
U, = Zaffj>wj — U, manh trong V' N H?, (5.10)
j=1
k
u, = Zﬁf,?wj — ¢, manh trong V, (5.11)
j=1
va
by (1) = B(t,[[Vul, (IF),
(5.12)

FU) = flu, )+ @ —u, )D,flu ]

Gia str u_ théa (5.5). Khi do, ta c6 bo dé sau.

B6 dé 5.1. Gid sit (A1), (By), (Bs) diing. Khi dé, ton tai T"" € (0,T] sao cho h¢
phuwong trinh (5.9) — (5.12) ¢6 nghiém duy nhat uf:) xdc dinh trén [0,T"] C [0,T].

Chirng minh bé dé 5.1. Bo qua cac chi sé m,k trong cach viét va ta viét
cj(t), o, B, b(t) lan lugt thay cho cffj)(t), ozf:j), nyff, bf:)(t). Khi d6, hé phuong
trinh (5.9) — (5.12) duoc viét lai dudi dang nhu sau:
e!lt) = =Ab(0)e,(6) + (fTu, )= u, D,flu, Jw)

J

k

+ 2 e (D flu, Jw,w), 1<j<F (5.13)
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Hé phuong trinh niy twong duong véi hé phuong trinh tich phan phi tuyén sau

c,()=a +Bt— )\jfot dTJ;T b(s)c.(s)ds

k

—I—f dT] ; c(s)D, flu,,  Jw,w )ds (5.14)

+fd7—f ml_uml?)f[ml] >S, ]_Sjgk

Véiméi T € (0,T] va p > 0 (ta s& chi ra sau). Ta dat
X = C'(0, TR, 8 ={ee Xi|ell,< o}

O day, chuan trong khong gian Banach X dugc dinh nghia nhu sau:

||c||X= sup | (), —Z|c ), v6imdi ¢ = (c,,...,c,) € X.

Ta viét lai (5.14) dudi dang phuong trinh diém bat dong nhu sau
ot) = Hlc|(t) = L[c|(t) + G(t), ceC°(0,T,";R"), (5.15)
trong dé
c(t) = (¢,(t),-.., ¢, (1)), Hlc](t) = (H,[c](t),.... H [c](F)),
H [c](t) = L[c](t) + G (1),

va

:—)\f de b(s ds+fd7]2k:cl M, Jw,w )ds,
o =1

t T
Gt)=a +8t+ def (flu, J—u, Dflu, _Jw)s 1<j<k
0 0

Sy ton tai nghiém uf:)(t) trén doan [0, Trff)] s& duogc suy ra tir su ton tai nghiém
cff; )€ X thoa man phuong trinh tich phan néi trén. Nhu vay ta can ching minh toan tir
H: X — X c6 duy nhat diém bat dong, hay ching minh H : § — S 14 4nh xa co khi
p dilén va T du bé.

Ta bat dau bang viéc ching minh ton tai p > 0 va Tn(]k) > 0 sao cho H bién S

thanh chinh né. That vy, lay ¢ = (c,,¢p-nrc,) €8, tacod
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=~

[, ( Z OHw]l < p, VEe[0,T)"],

(5.16)
k
IV @O < [[Aul @1 < DI ey OHlw |l < Ap, Y €[0,T,1].
j=1
Do d6, tir gia thiét B, (i) ta suy ra
b(t) = B(t,||Vu, (IF) < 0,1+ [[Vu, (@0IF") < b,(1+ X7p™). (5.17)

Mat khéc, ta c6

t)] S)\jj;thj;T|b(s)|.|c]_(s)|1ds—|—fd7'fz:|c7 (S)-KD, flu,,_ Jw,,w )|ds

0

t
t T —
<AL+ N [ dr [ e (9)ds + K, [ d [ lets) 1w 1 ds

0 0

<AL+ N 2pfd7f (s |ds+deTfy 5)| ds,

hay

IZ[)(1)], < AL+ Ap QPdef| |ds+kade| 5) ds

<A+ NFp™) 4+ kK | dechH ds

<AL A+ AT 2‘”)JrkK]

(Tm ), (5.18)

trong d6, hing sé duong D, doc lap véi T

Hon nira, ta lai co

GO <lo)+18t+ [dr [(flu, 1w, Dyflu, Ihlwds

t T

<oyl + 18]t + (K, + ME,) [ dr [ (L]w,ds

0

@y

(k) 74 78
<o)+ 18, T + (K, + ME,) 52,

hay

— — (k) y2
|G(t), <la|, + 81T + (K, + MK,) "= <

(k)
(T, (5.19)
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trong d6, hang s duong D,, ddc lap vai Tn(f’) va p.
Tir (5.15), (5.18) va (5.19) ta suy ra rang
|1 Hlc]ll, <D, +D,(T,")".

Tachon p > D, va Tyfl € (0,7] théa T %(p —D,), ta suy ra diéu phai chimg
minh.

Ké tiép, ta chimg minh H 1 4nh xa co khi 7" du bé. Lay ¢,d € S, ta ki hiéu

b.(t) = B(L||Vu®)|[), b,(t)=B|[Ve@)l),

trong do, u(t) = ilcj Qw,, o(t)= idj (Hw

j=1
Tir gia thiét B, (iii) va véi 0 < 6 < 1,ta co
b.(s) =b,(s) = DB Vu(t)[ + 1= O[Vu®) )|V —[Ve@I)

< b,(L+ [0l VuIf + @ =)V F]) O = V@) ‘

< 2, 0b,[1+ ()" ][ Valt) — Ta(t)]

< 2020b,[1 4 (0 0)*Hels) — d(s)].

1

(5.20)

Tu (5.3), (5.17), (5.20) ta thu dugc danh giad
| H [e](t) — H [d](t)] = [L[c](t) — L[d](2)]

<A [dr[|b(s |ds+>\fdrf| Jd (s) ds

+ fd7f2|c (KD, f(2,8,u, Jw,w )|ds

0 =1

t T

<SAb(+ N2p) [dr []e,(s)—d (s)ds

0 0

+ 2ANpb[1+ (N[ dr [ e(s) = d(s)].|d (s)|ds
0 0

t T

R 1)t s

0

hay
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Do do6

t T

|H[e] (t) = Hd)(1), < \b(1+ N0 [ dr []e(s) — d(s)|ds

0 0

+ 2000, [1+ (A p)?] [ dr [[e(s) - d(s)|ds
0 0

+kade| (s)|ds.

[Hlc](t) — H[d](t), < &T,"Ylle—dll,, ¥t €[0,T,"]val<j <k

1 =

trong d6, £ = A b (1+ A7 p™) 4+ 202 p*[L + (A p)* 2] + K k.

Diéu nay dan dén

| Hle]— Hd]|, < &(T,7) e —dll,.

Viy, ta c6 thé chon 7" @it nho sao cho H : S — S 14 4nh xa co. Ap dung dinh

Iy Banach, ta suy ra dugc H c6 mot diém bAt dong duy nhat ¢ € X. Khi d6, hé

phwong trinh vi phan (5.9) — (5.12) c¢6 nghiém duy nhat uf?(t) trén mot khoang

[0, 7], B6 d¢ 5.1 dugc ching minh hoan tat.

Chu thich 5.1. Trong viéc chimg minh sy ton tai nghiém xap xi Galerkin. Néu ta

chtng minh ton tai n € N sao cho H" : X — X 1a anh xa co, thi ta thu dugc su ton

tai va duy nhat nghiém "(t) toan cuc. Nhung & ddy ta chi can chi ra sy ton tai clia

nghiém uff)(t) nén ching toi di chon giai phap trén dé don gian trong viéc trinh bay

v6i lai ki thuat chimg minh khong bi tring lap voi chuong 3.

Budc 2. Panh gia tién nghiém. Dat

PO@) =[a" @) + 0L @)Vl (0)F,
QW (t) = [IVal ()] + b ()| Aul(s)|, (5.21)

U = PO+ QYW+ [ |lil(s)Fds

Nhan (5.9); boi c'f:)(t) va lay tong theo 7, sau d6 tich phan theo bién thoi gian véi

can tir 0 d&n ¢, ta duoc
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PY(t) = +2f ds+fb ()| Vul(s)fds.  (5.22)
Trong (5.9); bang cach thay w, boi Aw,, ta dat dugce

(Vi (1), Vw ) + 00 (A (1), Aw ) = (VED (1), V). (5.23)
Nhan (5.23) boi ¢(t), sau d6 14y tong theo j, thi (5.23) tré thanh

(Vi (@), Val () + 8P () AuM (8), AaP (1)) = (VED @), Vil (1), (5.24)

m m

Tich phan theo bién thoi gian, can tu 0 dén ¢, ta dugc
QY1) = QU(0)+2 [ (VEX(s), Vil (s)ds + [ 57 (s)|Au (s)Fds. (5.25)
: 0 :
T6 hop (5.21) — (5.25), ta suy ra rang

SW(t) = §P(0 +2f ds+2f (VEW(s), Vi) (s)) ds

+ [86s) ow% m+nmmMM¢+fuu (s)]Pds

4

=SW0)+> "1, (5.26)

Ta s€ danh gia céc tich phan [ o= 1,...,4, trong vé phai cta (5.26).
Tich phan thit nhit.
1B < |flw, O+ [u)(t) =, ()-1D,flu, (1)

<K, +K Jul(t)—u, (),

nén
1B O < K, + K, (Ju, @Ol + [lu, (0] < K, + K, (3=1/5,7(¢) + M)
< K(14 M)+ - K S,7(1)
Do do
"E®
<2 [YEDGs), il (s ds <2 [ F ()] s) ds
t 13
< 2aof0 S (s) ds + 2a, . S (s)ds. (5.27)
trong d6, a) = K(1+ M), a =+ K.

0
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Tich phan thir hai. Ta co
vﬁ;(]yk)(f) =D flu )]+ D,flu  (1)].Vu (1)

+ [Vu (t) = Vu, ,(O)].D,f[u, (1)
+ [u)(t) =, ,O][D,D,flu, O]+ D flu, ,(6)]Vu, (1),
nén
IVE () < K,(1L+ [Vu, () + K, [Vu () = Vu, (1)

K, [l (t)—u, (014 |Vu, ,(¢)]),

hay
|+ [V, @)

IVES @] < K0+ [[Vu, (@) + &, ([Vu, (1)
K, ([|luy) @I + [Ju, ,OIDA+ [V, @)

< K (M) +K, (-/S0(0) + M)+ K, (14 1) f\/—+M)
<K(1+43M+M*) + ﬁK(?—I—M) SW(@).

Diéu nay dan dén

1, <2 [ |V ED(s) ||V (s)|ds
<2, [\ (t)ds +2¢, [ 51 (s)ds. (5.28)
0 0
trong do, ¢, = K(1+3M + M?), ¢, = ﬁK(Q-l—M)

Tich phan thir ba.
b9(t) = B(t,[|[Vul (1))
< D B(t,||[Vu (t)F) 4+ 2D,B(t,| [ Vul” @)|F Vul(t), Vil (t)),

nén
B < b1+ [[Vul (@) ) + 263(1 + [[Vu @I NV u @OV (]].
<S< t))” 59 (t)
< b, (1 S o (1 S 2
<DL+S8M(t) +(SU ()],
vGi b —b —|—f—i—b+2;3f°.
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Do d6

1, = [T006)([Va ) + 1aul () )ds
< [ (ITul GNP + 186 (s)F) ds

<& [T14+59(s) +(51(5))"]. 5 (s) ds

— b

< f(: [S9(s) +(SW(s) + (SW(s))" ] ds. (5.29)
Tich phan thi tu. Ta viét lai (5.9); duoi dang
(@iP(1),w,) = B (O(AWP (1), w )+ (FP(1),w,). (5.30)

Nhan (5.30) boi ¢(t), sau do lay tong theo 7, thi (5.30) tré thanh

(i, (), i, (£)) = b, (A, (1), i, () + (7 (1), i, (1),
hay
[, (O < (857 OH I Aw @11, @)+ [1F,° @l 0

< (0 @)1 Au (O +— H’UJ,,L()H +IE @I +— Hum()IF,

hay

k P i ) 2
l9@)F < 2,0+ 500500 +2 KL+ M)+ K500

< 2, (819(1) + S 1 4la? + 025 (1)

m

<d, +dSP(t)+d,(SV), (5.31)
Véi d, = 4a?, d =2b +4a’, d, = 2
Lay tich phan hai vé ctia (5.31) theo ¢, ta dugc
I, <dT+df SW(s ds—i—df 5))" ds. (5.32)

T6 hop (5.26) - (5.29), (5.32) va st dung bat dang thirc
' <1+2"", Vo >0, Vqe (0,p+1],

ta duoc

SW(t) < 8U(0) + C,(M,T) + C,(M) f [SW(s)Pds, ¥t €]0,TV],  (5.33)



trong do

C,(M,T) =[2(a, +a, +¢,+¢)+2L+d, +d]T,
(5.34)

Q)

(M) =2(a, +a, +c, +c1)+%+d1 +d,.
Bay gio ta can danh gia s hang S'”(0). Ta c6
S90) = [l P + 9w, P + B0V IP) IV, ) + [[Au, F).  (535)

Tir gia thiét (A,), (5.10), (5.11) ta suy ra rang ton tai hang s6 M > 0, doc lap voi

k va m, sao cho:

M2
S™(0) < =~ véimoi k va m. (5.36)

Két hop (5.33) va (5.36), ta suy ra rang

SW(t) <L 4 C(M,T)+C,(M f 1S ()] ds. (5.37)
Bé dé 5.2. Ton tai T > 0 du bé doc lap voi k,m sao cho

SW() < M?, vt €[0,T"] véi moi k,m. (5.38)

Chirng minh. Dit

Khi do, 1o rang ta co
Y(t)>0,0<8Y(t) < V(1)

Y'(t) = C,(M)[S) ()" < C,(M)[Y ()], (5.39)

vGi moi ¢ € [0, Trff)]. Do d6, néu dat Z(t) = Y "(t) thi ta suy ra tir (5.39), rang

< C,(M). (5.40)

Lay tich phan hai vé cua (5.40) theo bién thoi gian tir 0 dén ¢ ta dugc
LYt - Y (0)] < C,(M),

—p

hay
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Mait khac, ta lai co

lim [(&2 + C (M, T)) " — pC,(M)T] > (M*)7,

T—0"

do do, ta c¢6 thé chon 7' > 0 sao cho
(A +C,(M,T))" = pC,(M)T] > (M*) 7,

2K

M. | 2MM, | 2K, T
(bo + T +\/g+1)2

IZT = (1—1—1)0_2)%[?2\/5@@

Két hop (5.39) — (5.41) ta duoc

0<SWH)<Y(t)=

m

< M*, vtelo,TV].
V()

Vay b dé 5.2 dugc chirng minh xong B
Tir (5.38) ta c6 suy ra rang
" e W (M,T), Vm,k.

Budce 3. Qua gi¢i han.

< 1.

(5.41)

(5.42)

(5.43)

Tir (5.43) ta suy ra rang ton tai mot ddy con cia diy {uf,’: '}, ma van ky hi¢u {uf,’: )

sao cho

u —wu  trong L*(0,T;V N H?) yéu*,

w’ — 1 trong L*(0,T;V) yéu *,
iV — i trong I'(Q,) yéu,
u €W (M,T).

(5.44)
(5.45)
(5.46)

(5.47)

Tir (5.44) — (5.46) qua gi6i han trong (5.9) ta c6 thé kiém tra d& dang rang u ~thoa

(5.6) trong I*(0,T) yéu.
Mait khac, tir (5.9), va (5.47), ta dugc
u! =0 (t)Au + FY e L¥(0,T; ).
Do vay, v € W (M,T).
Pinh Iy 5.1 dugc ching minh hoan tat m
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5.3. Sw ton tai va duy nhét nghiém

Pinh 1y 5.2. Gid sit (A,), (B,), (B3) diing. Khi do, ton tai cic hang s6 M > 0,

T >0 théa (5.36), (5.41) sao cho bai toin (5.1) ¢6 duy nhat
uweW/(M,T).

nghiém yéu

Mat khde, day quy nap tuyén tinh {u_} duoc xdc dinh boi (5.5) — (5.7) hoi ty manh ve

nghiém u trong khong gian
W(T)={ue L*0,T;V):u' € L*(0,T; L")}

Hon nita, ta ciing co danh gia sai so

/ /
m u ||L°°(0.T;L2

,+ )gCl?"’

cky o, Ym2>1,

lw, = ull e py

trong do

k, =11 +b,*)K,NT exp

T

My, 2, | 2K, r
(bn + \/g +\/g+1)2
va C la mot hcing $6 chi phy thugc vao T, 4, u, va ET.
Chirng minh dinh ly 5.2.
i) Sw ton tai nghiém
Trudc tién, ta cha y rang W,(T') 1a mot khong gian Banach d6i véi chuan
— /
ey iy =l 19
Ta s& ching minh rang {u_} 1a mét day Cauchy trong W (T').

Dat vm = um-H - um’

m € N. Khi d6, v_thda bai todn bién phan
<U7{r/z (t)’ U> + bm-H <t)<vvm (t) ) V'U> - (bm-&-l (t) - bm<t) )<Aum (t) ) U>

(t)—=F (t),v), Vv eV,

= <F;n+1

Um(()) = v7/n<0) = 0.
trong do
b, (t) = B(t,[|Vu, @),

B0 = flu, J+[u,®) =, OIDfu, ]

Chon v = v/ trong (5.53),, ta duoc
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L1, @1 + b, 02190, (0F)

2(b,,.,,(6) =, (OXAw, (t), v, () +2F, () = F, (1), 0, (1))-

Tich phan theo bién thoi gian, can tur 0 dén ¢, ta thu duoc

X, (0= [0 6NV, () Pds +2 [ [b,,,(5)— b, (5)fAu, ()0, (s))ds

2B, ()= F () (s = Y0, (5.55)

trong dé

X, @)=l @IF +0, @]V, ()

m m m+1 m

. (5.56)

Bay gi0, ta danh gia cac tich phan ¢ vé phai cua (5.55) nhu sau
Tich phan thi nhit. Do u_ € W (M,T), Ym va tuong tu nhu cach danh gid tich

phan I3 & muyc trude ta suy ra ton tai hang s6 duong M, doc lap véi m sao cho

[0,

m+1

() <M, Ytelo,T).
Do do

Jo= [0 LGNV, () Pds <2 [, (s)ds. (5.57)
Tich phan thi hai. T gia thiét cia ham B va u_ € W,(M,T), Vm ta suy ra ton tai
hang s6 duong M, ddc 1ap v6i m sao cho

10,,(0) =0, (OI=IBE |V, ., (0IF) = B[V, O )

< D,B(t,0/[Vu, I + 1= 0)[Vu, () |2)(‘||Vum+1(t)|l2 = IV, (0)If

|

< M.)|[Vu (t)|, Yt €[0,T],

do do, ta co6 danh gia tich phan thir 2 nhu sau
f /
=2 b, (9)=b, () Au, (s), 0] ()ds

t
< 2M, [ Vo, (). [| A, (]2 (5) s

t |
< 200, [ [V, ()10 (o)1 ds < 24

. "X (s)ds. (5.58)
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Tich phan thi ba. Tir gia thiét (Bs), ta c6
E &)= F,. ()= flu,]=flu, ]
+ (u,, () =u, (@)D, flu, ] = (u, () —u, @)D, flu,_ ]
Mit khac, ta lai c6 khai trién Taylor flu |= flu_ +v ] quanhdiém u__ dén cip 2

1

flu,  +o, 1= flu, J+v, ,@)Dflu, ]+ 2 Un L (ODf(0), 0<0 <1,

do d6

F;n+1 (t) - F;n(t) = Um (t)DJf[um] + évfnfl (t)sz(e)'
Suy ra
K

m71| |I/I/1(T) 2"

1E,..(0) = E,@l < IV, @)K, + 4]0

Diéu nay dua dén
J, =2 f a(8) = F (8),0] (s))ds < 2 f IF ()= Fs)||-||0/. (s)l|ds
' 78 1 2
S 21:) (| |vvm(s)| |K1 + 5 | |vm—1| |Wl ) | |’Um( )| | dS

— t — t
<2K, [ 1IVo, @Il 6 ds + K, [ 1o, R ol ()l ds

K t K2 , t
< [ X s+ o, g + [ X, () (5.59)
Tong hop (5.55), (5.57) - (5.59) ta dugc
K? M, MM,

X, (0) <2 T,y o + (b—” +2 )f X ( (5.60)

Ap dung b6 @& Gronwall cho (5.60), ta suy ra rang
M. | 2MM,

X0 <Z 1, i, exp( e +1)T]. (5.61)
Do do

19, by ) < kv || [ r)» Vi moi m, (5.62)
trong do

E = 140, T exp ( 2 2 1)§ (5.63)

Bing phuong phap qui nap, ta chimg minh duoc ring
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772"l om
||vm||Wl(T) S kT ||v0||Wl(T)’ vYm 2 1.

Nhu vay, voi Vm, p € N, thi ta c

| | um+p - um ’ |W1(T) S | | um+p - um+p71| ‘WI(T) tot ‘ |U/ U/m| |W1(T)

m-+1 -
< ||vviz+p—1||W1(T) +||'Um+p72||Wl(T) T+t ||vm||Wl(T)
—am+p—1 m+p—1 —om+p-2 m+p—2 —om 1
<y ol R gl gy o R ol ) (5.64)

Do [/l o) = |1, = gl .y < M, nén néu dat p, = Mk, thi (5.64) duoc viét lai

9m

< tr
k.(1—p,)

Khi d6, chon T' > 0 sao cho p, = MET <1 thi tir (5.65) ta c6 {u_} la diy Cauchy

m+p—1

e, =l ) < 7y

T ) (5.65)

trong khong gian W (T') va do d6 ton tai u € W,(T), sao cho:
u — u trong W, (T) manh. (5.66)
Lap luédn tuong tu nhu trong chung minh cua dinh ly 3.2 cua chuong 3 ta cling chi
ra dugc rang u € W,(M,T) la nghié¢m yéu cua bai toan (5.1). Hon nita, ¢6 dinh m
trong (5.65) va qua giéi han khi p — +o0 ta thu duoc dénh gia (5.50). Cudi cing,
viéc ching minh tinh duy nhat ctia nghiém yéu twong ty nhu chwong 3, nén cho phép
chung t61 bo qua chiing minh nay.

Dinh 1y 5.2 dugc chimg minh hoan tat m
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Chuwong 6
DANG PIEU TIEM CAN
VA KHAI TRIEN TIEM CAN CUA NGHIEM YEU

6.1. Dang diéu tiém c4n ciia nghiém yéu khi ¢ — 0
Trong muc ndy, ta can thém gia thiét sau
(As) f théa man gia thiét (A;).
Ta xét bai toan nhiéu sau day:

u, — Blulu = f(z,t,u), 0<z <1, 0<t<T,

] U(O’ t) =0, UI(l, t) = g(t)a (Pg)

\u(x, 0) = a,(z), u/(z,0)=17/(r),
trong d6 Blu] = B(t,||ur(t)| ), fg(x, t,u) = f(z,t,u) + gfl(x, t,u) = flu]+ é‘fl[u], voi

tham s ¢, |¢[ < e, va @ a, B, f, g f lan luot thoa cac gia thiét tir (A;) — (As).

0
Khi d6, theo cic dinh 1y 4.1 va 4.2, bai toan (P) twong tmg f = f c6 duy nhét
nghiém yéu phu thudc e, ki hiéu u_. Ta nghién cru dang di€u ti€ém can cua bai toan
(P.) theo tham 50 €.
Ta str dung cac gia thiét (A;) — (As) thi cac danh gia tién nghiém cua diy xap xi
Galerkin {u"} trong chimg minh cta dinh 1y 4.1 cho bai toan (P) théa
W e W(M,T), Vm,k, (6.1)
trong d6 M, T 1a cac hang s6 doc lap véi m,k va e. Hon nita, ciing gidng nhu khi
chon céc hing s6 M,T & (4.32), (4.34), (4.35) v6i K (M, f), i = 0,1 dugc thay thé
boi Ki(]\7[, )+ Ki(]\_J,fl), i =0,1. Do do, gi¢i han u_ trong cac khong gian ham cua
day {ufr’:)} khi k — 400 sau d0 m — +oco s& la nghiém yéu duy nhét ciia bai toan

(P.) théa

u_ € W,(M,T) (6.2)



Hon nira, ta ¢6 dinh 1y sau
Pinh 1y 6.1. Gid sit cdc gid thiét (A)) — (As) diing. Khi do, ton tai cdc hang sé

M >0, T >0 sao cho véi moi ¢, |e|<e,, bai toan (P) c6 duy nhat nghiém yéu
u_ € W, (M,T) thoa mét danh gid tiém cdn.
| |U’5 - U’(]’ |W1(T) < C1|€|7 (64)
trong d6, C' la hang sé phu thugc M,T,e.
Chirng minh.
Dit v = u_— u,. Khi d6 v thoa bai toan bién phan sau:
(0" (), w) + Blu X V(t), Vo) = (Blu.] = Blu,]) (A, (1), w)

= (flu_]— flu,],w) + e(f[u_],w), Yw eV, (6.5)

Thay w = 9(t) trong (6.5), ta dugc

(W"(£),'(t)) + Blu Vo(t), Vo'(£)) — (Blu_] - Blu,])(Au,(t),v'(£))

(6.6)
= (flu,)— flu,], 0’5} + (£ u, ) ' (1)
hay
@I + Blu, ]SV o0l = 2(Blu,]— Blu,)){Au,(0), (1)
dt = dt c 0 0N (6.7)
- 2(flu ] — flu )0/ (1) + 22(F [, L (D)
Ly tich phén (6.7) theo bién thoi gian ¢, ta duoc
n(t) = [ 4Bl ]|[Vols) Pds + 2 [ (Blu, )~ Blu,]) (Au,(s).2/(s)ds
2 [T flu, ] o/ (s)ds + 2 [ ([} o/(s)ds
— L +L+L+L, (6.8)
trong do
n(t) = [|v/ () + Blu ]I Vo). (6.9)

Ta s€ danh gia céc tich phan Ly., j=1,...,4, trong vé phai cua (6.8).
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Tich phan thir nhit. Ta c6
£ Blu] < |DB(t,[[Vu (I )|+ 2D,B |V u (I Vu(t), Vi (©)

< K,(M,B)(1+2/|Vu (t)./IVa/(0)]) < K,(M, B)(1+2M"),

by

L < KI(M,B)(1+2M2)ft77(3) ds. (6.10)
0

Tich phan thi hai. Ta co
|Blu.]— Blu,| = [BE||Vu.(8)]P) = Bt [V, (0]F)

= |D,B(t.0||Vu (DI + 1= OV u, (0] ) ([[Vu OIF = [[Vu, (OIF)

< K,(M,B)||Vu, @I — [Ty, @)

<, (M, B)|[Vu(t)l,

voi 0 € (0,1), do do

L, < 2f|B up] |- Ay ()I]-[[v(s)] | ds
< 4M?K ( MBf||w -0 (s)]|ds < 4M23%MB)[n(s)ds. (6.11)

Tich phan thit ba. Ta c6
)= flu ]| = |, tu) — flatu,)
< |D,f(a,t, B, + (L= B)u )| (6) — u,(0)] < K, (7. f) (o).

voi 0 € (0,1), nén

t

L, <2 [[|1flu) ~ flu ) -1[v'(s)|ds < 2K, (3L, 1) [ [l e(s)|l[o/(s)]| s

0

b()

t
< 2K fuw N[/ (s) [ ds < 25ED [ oy(s)ds (6.12)
0
Tich phén thir tu. Ta co
. t . t
L, < 2lel- K, (8, f) [11/(s)l|ds < TR (M, £)+ [ ]/(s)|Fds
0
t

< ETK(M, f) + [ n(s)ds. (6.13)

0
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Tir (6.9) — (6.13) ta duge

t
9 9, = K (M B)(1+2M?) 4M°K,(M,B) 2K, (M.f)
nit)<e TKO(M,fl)Jr( ) LR e +1) [ n(s)ds.

Ap dung bd dé Gronwall cho bat dang thirc trén, ta thu dugc

w K (M,B)(1+2M?) AM’K (M ,B) 2K, (M.f)
n(t) SsQTKi(M,fl)exp( ——+ S +1)T}. (6.14)
Diéu nay dan d&én
[olly. ) < Clel, (6.15)

trong do

C =T K (I, £)(1+b,*)exp

(f(l(M,B)(lJrQMz) 4M°K,(M,B)

B), | 2K,(I,f)

DPinh ly 6.1 dugc ching minh xong B
6.2. Khai trién tiém cin nghiém theo mot tham s6 ¢ dén cap N +1
Trudc tién, ta thanh lap thém céc gia thiét sau

(A)) BeC"™(R%) voi B(&n) >b, >0, YEn>0,
(A) feC"™([0,1]xR xR ) théa f(0,£0) =0, Vi >0,
(A £ €eC¥([0,1]xR xR ) thoa f(0,t,0) =0, V¢ > 0.

Gid str u, € W, (M, T) la nghiém yéu duy nhat cua bai toan (P,) mg véi ¢ = 0,

nghia la

[ n

u, — BluJu, = f(z,t,u) = flu], 0<z <1, 0<t<T,

1, (0,1) = 0, u, (18) = g(0), (R)

u,(z,0) = a,(z), u(z,0)=1a/(z),

va uy,...,uy € W (M,T) (vé6i M, T dugc chon mdt cach thich hgp) lan luot 1a
nghiém yéu duy nhit cta cac bai toan dudi day

—ul”— Blu)Au = Flu], 0<z<L,0<t<T,
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trong do

Flu] =7 [f]+ 7 [f]+ p[BlAu, (6.16)

1

véi « [f], 7 [f], p,[B], p,[B] dugc x4c dinh nhu sau:
Tl 1= flu ] = fl@,t,u,), ™ [f1= 7, [D,flu,, (6.17)
plBl= Blu) = BGIIVu0F),  plBl=20 DBV, Vu),  (618)
voi 2 <i <N,

[/ BluJAu =Flu], 0<z<1,0<t<T,

(2

u (0,t) =u (0,¢) =0, (@)
0 (0) = w(0) = 0,
trong dé
Flu)=n[fl+ [f]+ 3 p[BlAu ,, 2<i<N. (6.19)

k=1
Véi 7 [B] = 7 [f,u,,u,...,u], p[B]=p[B,u,u,..,u], xac dinh theo cong thirc

truy hdi sau:

i—1
mlf]= Y= Dy flu, . 2<i<N, (6.20)
k=0
i—1 i—k—1
pIBI=23" 3" (i—k— ), [D,BYVu,Vu,_, ), 2<i<N. (6.21)
k=0 j=0

Chung ta chu ¥ rang 7 [f] 1a lam bac nhat doi v6i u, . That vy,

m 1= 7 [D,flu,

+ cac phan tir phu thudc vao (i, 7. [D,fl, u,), k=0,i—1

Tuong tu, ta cling co

p[Bl= p,[D,Blu,.u)

+ cac phan tir phu thudc vao (i, p,[D,B],Vu,), k=0i—1

Goi u_ € W.(M,T) 1a nghiém yéu duy nhat cta bai ton (P ). Khi dé

N
v=u —» ue =u —h,

=0
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thoa bai toan

v" = Blv+ h)Av = f[v+ h]— f[h]+ (Blv + h] — B[h]) Ah

vil1

N

E (z,t) = ef[h] + f[h] - flu,] + (B[h] - Blu, ) Ah— 3" Flue"

b
1=1

Ta c6 cac bo dé sau

+e(flv+h]=f[r)+E (z,1), 0<z<1,0<t<T,

(6.22)

(6.23)

Bé dé 6.1. Cic ham 7 [f], p.[B] duoc xdc dinh bang cong thire truy hoi sau ddy:

10
1fl=—— ,0<i <N,
i) m[f] o fr] i
10 .
ii) pi[B]:ﬁagi ]570,0<Z§N

Chirng minh.

Chirng minh i). Ta c6

mlf]= IR, = flu)) = f(o,t0,),

m[fl=2flh] = D,flh]&(h)

Vay (6.24) dang voi + = 0, 1.

= D, flhlu,.

e=0

Véi i >1, tacd

L2 flh) = 22 ) = 350 2 (D A 2 ()

il 9t il gt
Tt cac cong thuc

h=3ue 2h= S iue 2 (1
=Y ue', Lh=Y1ue", 2 (h)

i=0 i=0

=ilu,

(6.24)

(6.25)

(6.26)

(6.27)

Gid s ta da xac dinh duoc cac ham 7 [f], 7 [D,f], k = 0,1,...,5 — 1 tir cic cong

thirc (6.17) va (6.24). Do do, tir (6.26) ta suy ra rang:

i—1

0= 2L (DI = ()

k=0

14 flh]

e=0
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=D 40! m[Dfl12=(h)

Vay (6.24) dang Vi, 0 <i < N.

Chirng minh ii). Ta c6

= Bluy] = B(t,||Vu,@®)I)-

= DB (IVHP)|

— 2D, B[h|(Vh, & Vh)

e=0

= 2D,Blh[(Vu, +eVu, & (Vu, +eVu,))

= 2D,B[hVu,, Vu,).
Vay (6.25) dang véi 7 = 0, 1.

Véi i >1, tacd

L L Blh] = L2 (L BlA) = L) CL 2 (D,BIA) L= (||VAI[).
k=0
Do
m—1
d_m 2 - 8m,—1 /
(IVAHF) = 22=5(Vh —220 )
nén
m—1
Z-(IVHP) =2 3m = )10 (Vu, Vu, ).
j=0

, | =
= k'“z:k) Cz T Dy, Z%ﬂk[Dsf]uifk =mlf]
: k=0

(6.28)

(6.29)

(6.30)

(6.31)

Gia sur ta dd xdc dinh duogc cac ham p, [B], p,[D,B], k =0,1,...,i—1 tir cac

cong thuc (6.18) va (6.25). Do do, tir (6.29) ta suy ra rang:

1—1

=Y LCf p[D, BJZ-

k=0

12 Blp]

il 9gt

=(IIVHIP)

e=0

i—k—1

—QZIC’k Z] i—k—j 'C]klpk[DBKVu Vu,_, )

i—1 i—j—1
=2 (t—k—7)p,[D,B(Vu,Vu_, )= p[B]

k=0 =0
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Vay (6.25) ding Vi, 0 <¢ < N.
B6 dé 6.1 da dugc chimg minh hoan tat m

Bé dé 6.2. Gia sir N > 1, |e|<e, va cdc gia thiét (A)), (A)), (AL), (AL) théa.
Khi dé, ton tai hang sé dong C v sao cho

|| £ (z,)] < C*N|6]N“, Ve € (—e.,¢). (6.32)

(0,77
trong do C’N la hang s6 chi phu thuge vao M, T, N va cdc hang s6

Ki(Mava): sup {’DSf((E,LU)‘|’U,’§(N+1)M}, i:O,l,...,N+1,
T

0<z<1,0<t<

K(M,T.f)= sup {Dif(@tuwl:lul<(N+DM}, i=0L...N,
T

0<z<1,0<t<

K(M,T,B)= sup {DB(ty):0<y<(N+1'M}, i=01.,N+1

Chirng minh.
Véi N = 1, viéc chimg minh b dé 6.2 don gian, nén chung t6i bo qua chi tiét.
Véi N >2. Ap dung cong thirc khai trién Maclaurin quanh diém ¢ = 0 cho
ham f[h] dén cap N —1 sau d6 ap dung bo dé 6.1, ta duoc
Kb = flu)+ 22 A e Ry (f,6)

N-1
=> 7w [fle'+e R (f,6),0<0 <1 (6.33)
1=0
voi

R\(f.5,0,) = 25 (1] (6.34)

er=0e ’
Ap dung cong thiic khai trién Maclaurin quanh diém € = 0 cho ham f[h] dén
céip N vabd dé 6.1, ta duoc

» e +e"MR (f.e.0,)

N
=> 7w [fle'+e""'R. (f,60,),0<6, <1, (6.35)

N+1
trong do

R (fe,0) =25 00 (6.36)

er=0,¢
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Té hop (6.33) — (6.36) ta thu duge

L)+ IR = flu) = S f]+ 7LD + € R (f.f..6,6,),  (637)

i=1
trong do
R, (£ f.€.6,0,) = R (f.£0,)+ R (f.e0,). (6.38)
Ap dung cong thic khai trién Maclaurin quanh diém ¢ = 0 cho ham B[h] dén
céip N vabd dé 6.1, ta duoc

BN~ Bl = Y B2+ e ), =

N
=> p[Ble" +e""R; (B, b,), 0<0, <1,

— N+1
trong do
R]i’u_l(B €, 8 ) - N+1)! (;jvwill (B[h])c:0367
nén
(B[R] — [BlAu +e""'R (B,e.9,), (6.39)
i=1 | k=1
voi
k+N
R (B €, 0 Z ;lAu e N 1—|—R]?;H(B, g, Gg)Ah. (6.40)
i=N+

T4 hop (6.23), (6.36), (6.38), (6.39), (6.40) va do (6.19) ta thu duoc

B(at) = 3 (m (14 m[/De + 2 |Y p Bl [ =Y Flu)e

i=1 | k=1 i=1

+ e"'R (f,f.2,0.,6,)+&""'R (B,e,0,)

1772

= "R, (f,],,0,,0,)+ R, (B,¢,0,)]. (6.41)
Tur tinh bi chan cac ham w, v/, i € Z, 0 <i < N trong L*(0,T;H"). Ta suy ra
rang

<C [e", (6.42)

D <

1B (2
trong d6 C,, 14 hing s6 chi phu thuoc vao M, T, N va céc hing sé K (M,T, f),

K (M,T,f), K (M,T,B).
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B6 dé 6.2 di ching minh xong W

Bay gid ta xét day ham {v_} dugc xac dinh nhu sau:

v, =0,
v" —Blv _ +hlAv = f(v _ +h)— f(h)+ (Blv, _ +h]— B[h])Ah
+elf(v, , +h) = f(W]+E(2,t), 0<z<1,0<t<T, (6.43)

v (0,t) =wv (Lt)=0,

v (0)=v'(0)=0, m>1.
V61 m =1, ta co bai toan
—Blh|Av = E (z,t), 0<3<10<t<T,

v,(0,2) = v,(Lt) = 0, (6.44)

v,(0) = v/(0) = 0.

Nhén hai vé (6.34) cho v, roi 1dy tich phan theo ¢ ta dugc

19,1 + B[V, (@] < 2C T4

e o,m:17)

+ [ £ Bh]|[Vv,(s)|f ds, (6.45)
0

Ta co

i Blh) = 4 BL[[VR(DI]) = DB VRWIF) + DB VRO (IVAOI]Y

dt

< [D,BI[VRWIF) + DB VAW + 20V R(EL VR D)),

|4 Blh] < K,(M,B)[1+2(N +1)*M*] = . (6.46)
Tir (6.35) va (6.36) suy ra rang

[19,(OIF + byl v, O, < 2C,e™ TN e, + "‘fl!v )I[ds. (6.47)

St dung bd d& Gronwall ta duoc

+ [l <2145, )TC jexp(40)el**. (6.48)

[19,]
U peo,1:2) °(0,TV) —

Ta s€ chirng minh ton tai ham sb C, doc lap véi m va e sao cho

10,1 iy + 10, IE ) S Colel™, el <e., Wm. (6.49)
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Nhan hai vé (6.33), v6i © sao d6 lay tich phan theo ¢ va mot s6 birc bién déi don

gian ta thu dugc

t
16, BN +8,lv, BN < [£Blv, , +h]|[Vy,(s)Pds
0

T 2[[If(, , +B)— FIII5, ()] ds

+ 2f|B[ w1 TRl = BR[| AR|o, (s)]| ds

2 [ 1o, , + 1)~ £RLN6, () ds + 2C |e-:|N“f||v )lds, (6.50)

Ta lan luot danh gia cac tich phan bén vé phai ciia (6.50) nhu sau
Tich phén thi nhit. Ta c6
i Blo, , +hl= LBV, +VAIF) = DB||Vo,  +VhIf)

+ 2D,B(t,||Vv_ 4+ Vh|f{Vv  +VhVv  +Vh')

|4 Blv  +h] <K (M,B)[L+2(N +2)M*] =,

dt

Do d6

fﬁB[v7,H+hJ.||w<>||ds<"2f|rw |rds<”zf||v Jeds.  (651)

0

Tich phan thi hai. Ta c6
|f(v,  +h)=f(h) <|Df(z,t,0v,  +h)|v (1)

771 " m-1

K (M, f)lv, Ol < KM, v,

2 [11f(v, , + )~ F.II6, (| ds < 2K, (7T, |, ]I, f||vm )lds

< TK (M, f)lv, P, ) +f||v s)|Fds. (6.52)

Tich phan thir ba. Ta c6
[Blu, , + ]~ Bkl = B(|[Vu, () + VHOIF) — Bt [Th()F)
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IN

D,Blov, _ +R](|[Vv, ||+ 2[|[VA|)|[Vv

2 mle

IN

K (M,B)(2N + 3)M||v

m 1H W, (T)?

do do

2[|Blu, , + k] = B[A].[|AR|]6, (s)l|ds

0

t
< 2K (M, B)2N + 3)(N + DM?||o, ||, o, [ 119, ()| ds
0

< T(K,(M, B)(2N + 3)(N + )M*P||v, |I, —|—f||v s\ ds.

Tich phan thir tw. Ta co
‘fi(@mfl + h) - fi(h)| S ‘D:;fi (x? t7 Hgvm,l + h)|| vm,l(t)|

S K1(M’f;)||vm,1(t)||v S Kl(M’fl>||Um71||Wl(T)7

nén
2 [l (v, , + 1) = LOI10, ()| ds < 2.5, (B, £)|v, I, mfm
0
< T )0, e +fm lfds.
Tich phan thir nam

2 [N (z,9)ll]|9,(s)|ds < 2C, kW“]WM )|l ds
0

<Tﬁ\W“+ﬂw s)|[ds.

Téng hop (6.50) — (6.55) ta duoc
16, (OIF + /v, (DI, < TC3 el + Tyl

R
0

m71| |W1(T)

L IF + 1o, ()} )ds

trong do
n, = (M f+[K (M B)(2N + 3)(N +1)M*] +€2K2(M f)-
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Ap dung bd dé Gronwall cho (6.56) ta duoc

10, OIE, ) < (T2 +Tyl[o, |, ) Jexpl(E + 4)T)
hay

o, Oy 7y < AN, by 7y + 15

trong do
v =~Tn,(1+0,*)n, exp[(G-+4) %),
=T +b,)C, expl(+4) D)l
Tir (6.60) ta suy ra rang
lim v =0, limn =0.
T—0" T—0"
Do d6,tontai T dunhothi 0<~ <1van>D0.
B dé 6.3. Cho day {3} théa
wO = O’ 0 S wm S fywmfl + n, m Z 1’

trong @6 0 <~ <1, n >0 la cic hang sé cho trée. Khi do

wmgln voi moi m > 1.
-

Ap dung b6 dé 6.3 cho (6.59) véi ¥ = |[|v, ||, ,, ta dugc

n ~
||Um||W1(T) < 1— < CT|€|NH, Ym>1,

(6.58)

(6.59)

(6.60)

(6.61)

(6.62)

Mit khac diy qui nap tuyén tinh {v_} dugc xic dinh & (6.43) hdi tu manh trong

khong gian W (T) dén nghiém v cua bai toan (6.19). Do d6, khi m — +oco trong

(6.62) ta duoc

S C~vT|€|N+1,

[1ellyer

hay

N ~
o, =3 el < G, le™.
1=0

Do d0, ta c6 dinh 1y sau
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Pinh Iy 6.2. Gid sir cdc gia thiét (Ay), (A)), (AL), (A,), (A}) théa. Khi do, ton tai
cac hang s6 M >0, T >0 sao cho, v6i mdi e, |¢| < e, bai todn (P) c6 duy nhat

nghiém yéu u_ € W /(M,T) thoa mot danh gid tién nghiém dén cap N +1 nhw trong

(6.64), cdc ham wu,i=0,..,N lan heot la nghiém yéu cia cdc bai todn

(F), (@), (Qy)-
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Phan két ludn

Qua luan van nay, tac gia thuc sy bat dau lam quen véi cong viéc nghién ctru
khoa hoc mét cach nghiém tac va c6 hé thng. Tac gia ciing hoc tap duge phuong
phép nghién ctru qua viéc tim doc tai li¢u va sy phan tich thdo luén cac dé tai lién
quan trong nhém seminar dinh ky do qui thay hudng dan. Tac gia ciing hoc tdp duoc
phuong phap chimg minh su ton tai va duy nhat nghiém yéu cua bai toan bién phi
tuyén nhd vao cac phuong phéap: xap xi tuyén tinh, xap xi Galerkin, cac k¥ thuat danh
gia tién nghiém, k¥ thuat vé tinh compact va cac két qua vé su hoi tu yéu.

Noi dung chinh cia luan van bao gém cac chuong 3,4, 5, 6.

Trong chuong 3, chung t6i khdo sat bai toan. Tim ham w« thdéa phuong trinh
song phi tuyén c6 dang u, — B(t,||u (1) \Q)um = f(z,t,u) lién két v6i didu kién bién
hdn hop thuan nhét. Ching t6i thu dugc két qua vé sy ton tai va duy nhat nghiém yéu
bang thuat giai xap xi tuyén tinh.

Trong chuong 4, ching t6i khao sat bai toan gidng chwong 3, nhung cé diéu
kién bién hdn hop khong thuan nhat. Ké thira phuong phap ¢ chwong 3, chung t6i
ciing thu duoc két qua vé su ton tai va duy nhat nghiém yéu.

Trong chuong 5, Dé tiép nbi va mé rong két qua ctia chuwong 3. Chiing toi, trinh

bay mot thudt giai tinh t& hon bang cich xdy dung mot diy lap phi tuyén {u }

meN
nham nang tdc do hoi tu cua u vé nghiém yéu u.

Trong chuong 6, chung t6i trinh bay cac két qua vé dang diéu tiém can va khai
trién tiém c4n cho bai toan cia chuong 4.

Tuy nhién, do sy han ché cua hiéu biét ban than nén tac gia chua tim hiéu can
ké kha niang tmg dung cta cac két qua thu duoc trong luan vian vao cac bai toan vat 1y
va céac bai toan khac. Vi vay tac gia kinh mong nhan dugc su chi bao ctia qui Thﬁy, Co

trong va ngoai hoi dong.
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