BO GIAO DUC VA PAO TAO
TRUONG PAI HQC SU PHAM TP. HO CHi MINH

Nguyén Ping Quang

PHUONG TRINH TiCH PHAN PHI TUYEN
VA CAC UNG DUNG

huyén nganh : Toan Giai Tich
Mai s6 : 60 46 01

LUAN VAN THAC SI TOAN HQC

NGUOI HUOGNG DAN KHOA HOC
TS. LE THI THIEN HUONG

Thanh phé H6 Chi Minh — 2010




LOI CAM ON

Loi dau tién, toi xin kinh gii dén TS. Lé Thi Thién Hwong 16i cdm on sdu sic vé su tan tinh
gitp d& ctia Co d6i véi t6i trong sudt qua trinh hoan thanh luan van ciing nhu trong hoc tap.

Xin tran trong cam on Quy Thay Cb thudc khoa Toan cua truong Pai hoc Su pham thanh phd Ho
Chi Minh d4 tan tinh truyén dat kién thic va kinh nghiém quy bau cho t6i trong suét ba nam hoc tap.

Xin tran trong cam on Phong Sau Pai Hoc truong Dai hoc Su pham thanh phé HO Chi Minh da
tao moi diéu kién thuan loi cho toi hoan tat chuong trinh hoc tép va thuc hién luén van nay.

Xin chan thanh cdm on céac ban 16p Cao hoc khda 18 chuyén nganh Toan gidi Tich truong Dai
hoc Su pham thanh ph6 HO Chi Minh, cac anh, chi va cic ban déng nghi¢p thuoc B6 mon Co ban — Co
s¢ truong Pai hoc Ngoai thuong thanh phé Ho Chi Minh da dong vién va nhiét tinh gitp d t6i trong
thoi gian qua.

Cudi cung, toi xin guri 161 cdm on dén gia dinh t6i, 1a chd dya cho toi vé moi mat va da tao moi

diéu kién t6t nhat dé t6i hoc tap va hoan thanh luan vin nay.

Nguyén Ding Quang



MO DPAU

Trong linh vuc phuong trinh todn ly, ching ta gdp cac phuong trinh vi phan hay dao ham riéng
nham xac dinh mot ham ¥ nao d6. Do cac phuong trinh lién quan téi dao ham hay dao ham riéng chi
dién ta tinh chét dia phuong ctia ham ¥ nén thudng céac diéu kién bién duogc thém vao nham lya chon
nghiém tuong thich vdi trang thai vat ly dugc quan tam.

Vi véy, can thiét thanh 1ap phuong trinh cho ¥ sao cho W chira tit ca cac diéu kién bién. Loai
phuong trinh nay khong nhimng dic trung cho ham ¥ bang nhiing gia tri dia phuong ma phai dai dién
cho ca nhiing gia tri ciia nd trén toan mién khao sat, ké ca bién. Phuong trinh tich phan 1a mot loai
phuong trinh nhu vay.

Trong luan vin ndy, chung t6i khao sat phuong trinh tich phan phi tuyén
c6 dang:

u(x) = [K(x, ) f(y,u(y))dy (*)

trong d6 G 1a tap compact trong R"va f(x,u) = Zal_(x)u“’ ,a,>0,i=12,...m.

pan
Hién nhién u(x)=0 12 mot nghiém tdm thudng cua phuong trinh (*). Ludn vin khao sat sy ton tai
nghiém khong am, khong tim thudng ctia phuong trinh (*) dua vao cac diéu kién duogc thiét lap cho
nhan K (x, y) va céac diéu kién ctia ham f(x,u), a(x),i=1,2,...,m ma ching toi s€ gidi thi¢u trong cac
chuong sau.
Diéu kién déi véi K(x,y)gom co:
(H1) K(x,y) la ham lién tuc, khong am trén Gx G ;
Tén tai tap hop dong G, = G v6i mesG, > 0 (mesG, 1a do do cua tapG,)
va 0< g, <1 thoa min diéu kién:
D K(x,y)>0, V(x,y) € G, xG,;
(1) K(x,y)=2¢,K(z,y), VxeG,VyeG,VzeG.
(H2) K(x,y) la ham lién tuc, khong 4m trén Gx G va tén tai x, € G
sao cho K(x,,x,)>0.
(H3) Vé&imoi qua cau dong 7 < G°, ton tai & =& (T) > 0 sao cho

jK(x,y)dyZ 8*.[K(x,y)dy, VxeG.
T G

Trong toan b¢ luan vin, chuan trong C(G) (chuén max) duoc ki hiéu 1a |
va chuan trong L(G) duoc ki hiéu 1a || .

Luén van cé ba chuong:

+ Chuong 1 1a cac kién thirc chuan bi dé sir dung cho cac chuong sau.



+ Chuong 2 ching minh sy ton tai nghiém khong am, khong tim thudng ctia phuong trinh tich phan
phi tuyén (*) dua vao cac dinh 1y diém bat dong dugc néu trong Chuong 1.
+ Chuong 3 1a cac vi du minh hoa.

Sau cung 1a phan két luan, phan phu luc va tai liéu tham khao.



Chuong 1. CAC KIEN THUC CHUAN BI
Chuong nay gi6i thiéu dinh nghia va mot sb tinh chat co ban cta nén trong khong gian Banach
nham phuc vu viéc chimg minh mot sé dinh 1y diém bat dong. Cac dinh 1y nay 1a cong cu chinh dé
ching minh sy ton tai nghiém khong am, khong tam thuong clia phuong trinh (*).
1.1. Non va thir tu sinh béi non
Dinh nghia
Cho E 1a khong gian Banach trén truong s thuc.
(a) Tap con khac rdng K cua E duoc goi 1a non néu:
(i) K dong;
(i) K+KcK,AKcK,vY1>0
(x,yeK;AeR,A20=>x+yeK,AxeK);
(iil) K N (—-K)={6}.
(b) Néu K 1a nén thi thir tu “<” trong E sinh bdi K dugc xac dinh boi
x<ysy—-xek.
M&i x € K \ {6} duoc goi 1a phan tir duong.
Ménh dé 1.1
Gid st “<” la thu ty sinh bdi non K. Khi do
xX+z<y+z ,Vzek

) x<y=>
() x<y {Zxﬁxly L VA20

2) (xn <y,VneN,limx, =x,1limy, =y):>x£y.

3) (xn <x,,YneN,limx, =x):>xn <x,VneN.

n—>+0

Ménh dé trén dugc chimg minh kha don gidn nén ta bo qua phan chimg minh.

1.2. N6n chuin
Dinh nghia
Noén K duogc goi 1a nén chuan néu IN > 0,Vx, y € E(9 <x<y=> ||x|| < N||y||)
Ménh dé 1.2
Cho K 1a nén chuén. Khi d6
(1) Néu u <v thi thp (u,v)={xe E:u<x<v} bichin.

(2) Néu x <y <z.,VneN,limx =a,limz =q thi limy =a.

(3)Néu {x,} < E laday don diéu va c6 ddy con hoi ty thi {x,} hoi tu.

Chirng minh



(1) Vxe<u,v>:>«9£x—u£v—u.
Vi K 12 n6n chuin nén ton tai N > 1 :||x —u|| < N||v —u||
suy ra ||x|| < N||v —u|| + ||u|| .

2)Taco 0<y —x <z —x ,VneN.

:>||yn - X, SN”zn —xn”.

Ma lim(z, -x,)=0

n—>+00

= lim (y, —x,)=0 hay limy, =limx, =a.

n—>+00 n—+w0 n—+w

(3) Gia st {x,} 1a day ting va {x, } <{x,} saocho limx, =x.Taco

k—>+o
x, <x,VkeN

=>x,<x,VneN.
VneN,JkeN:n<n,

—>+0

T A LA . & < 4
Cho £>0, vi khm x, =X nén ton tai k, € N sao chonnk —xH < N khi do
d 0

VneN,nzn, suyra 0<x—x <x-x, .

0

:>Hx—an£NHx—xnkOH<8 hay limx, =x.

n—>+0

1.3. No6n lién hop
Dinh nghia
Cho nén K — E, ta dinh nghia
K'={fe€E": f(x)20,vx e K |lanén lien hop ctia K.
K" ¢6 cac tinh chét (i) va (ii) caa dinh nghia nén.
Ta ¢6 thé chimg minh K" " (-K")={6,.} < K-K=E.
Ménh dé 1.3
() xeK< f(x)20,VfeK .
(2) Néu E kha ly thi tén tai f, € K sao cho f,(x)>0,Vx>6.

Phén chimg minh ménh dé 1.3 xin tham khao trong [7].

1.4. Chi s6 di¢m bat dong
Cho E 1a khong gian Banach thuc, tip hop con X ctia E dugc goi 1a cai co rut ciia £ néu ton tai mot

anh xa lién tuc 7: £ — X xéac dinh boi r(x)=x,Vxe X .



Anh xa r goi 1a phép co rat E 1én X. Ap dung dinh ly Dugundji (xem [6] ), ta chirng minh dugc moi
tap con 16i dong khac rdng ctia E 14 cai co rut ciia E.
Pic biét, moi non trong E déu 1a cai co rat cia E.
Pinh ly 1.4.1
Gia st X 1a cai co rat cia khong gian Banach thyc E, U 1a tap con ma, bi chan cia X, 4 U — X1a
anh xa hoan toan lién tuc va khong c6 diém bat dong trén AU . Khi d6 ton tai s nguyén i(4,U, X)
thoa man cac tinh chat sau:
(i) tinh chuan tic : i(4,U,X) =1 néu A(x)=y, eU,Vxe U;
(ii) tinh cong tinh : i(4,U,X)=i(4,U,,X)+i(4,U,,X),
trong d6 U,,U, 14 hai tip con mé rdi nhau ciia U va anh xa A4 khong c6 diém bat dong trén
U\U, uU,);
(iii) bat bién dong luan: i(H(¢,.),U, X) khong phu thudc ¢ (0<¢<1)
véoi H :[0,1]x U —> X la 4nh xa hoan toan lién tuc va thoa diéu kién
H(t,x)#x,Y(t,x) €[0,1]x0U ;

(iv) i(AU,X)=i(4,UNY,Y) v6i Y1a céi co rat cha X va AU) Y .

i(4,U, X) dugc xac dinh duy nhét va duoc goi la chi s6 diém bat dong cua 4 trén U ddi voi X.

Phan chimg minh dinh 1y 1.4.1 xin tham khao trong [7].

DPinh ly 1.4.2
v)i(4,U,X)=i(4,U,,X) trong do U, 1a tap con mé cua U
va A(x) # x, Vxea\UO.
(vi) Néu i(4,U, X)# 0 thi 4 ¢6 it nhat mot diém bat dong trén U.
Chirng minh
(vybat U, =U, U, =< va ap dung (ii), ta co
(AU, X)=i(4,U,X)+i(4,U,,X)=i(4,U,X)+i(4,9,X).
=i(4,9,X)=0.
bit U =U, ,U, =< va ap dung (ii), ta co
(AU, X)=i(4,U,X)+i(4,U,,X)=i(4,U,,X)+i(4,,X).
=i(4,U,X)=i(4,U,, X).

(vi) Gia str 4 khong c6 diém bat dong trong U.



bat U, =< va ép dung (v), ta dugc
i(A,U,X)=i(4,93,X)=0 (mau thuin voi gia thiét).

Vay 4 c6 diém bat dong trong U.

Trong phan tiép theo chiing t6i s& gidi thiéu va chimg minh mot sd bo dé lién quan dén chi sb diém
bat dong. Nhitng bo dé nay 1a cong cu dé ching minh cac dinh 1y diém bat dong ¢ phan sau.
Gia stir P 1a non trong khong gian Banach thuc E thi P cling 1a cai co rut ctua E,

QcFE la tap md bi chan, khi d6 PnQ 1a tap md bi chan cua P va d(PNQ)=PNoQ,

PAQ=PNQ.

Bo dé 1.4.1
Cho A:PNQ —> P 1a 4nh xa hoan toan lién tuc va 0 e Q2.
Giasu A(x)# ux,Vxe PNnoQ, Vu>1.
Khi d6 i(4,PNQ,P)=1.
Chirng minh
Xét anh xa H :[0,1]x(P Q) — P xéc dinh béi
H(t,x)=tA(x)+(1-1)0(x) (0: anh xa khong)
thi A 1a anh xa hoan toan lién tuc (do 4 hoan toan lién tuc)
va H(t,x)# x,VY(t,x) €[0,1]x0(PN Q).
Ap dung tinh chét bat bién dong luan cua chi sé diém bat dong ta suy ra

i(4,PNQ,P)=i(0,PNQ,P)=1.

Bédé 1.4.2
Giast A:PNQ P,
B: PN oQ — P la cac anh xa hoan toan lién tuc va

(a) inf |B(x)|>0;

ePOO
(b) x—A(x)#tB(x), Vxe PNoQ, t=>0.
Khi d6, tacéd i(4,PNQ,P)=0.
Chirng minh
Theo dinh 1y thac trién ciia Dugund;ji (xem phu luc), ching ta c6 thé thac trién B thanh toan tir hoan

toan lién tuc tir PN Q vao P théa min



B(PNQ) < coB(PNoQY). (1.1)

Pit F = B(PNoQ) thi coB(PNoQ) =coF =M ,

Vi M =4y=Ayly e F.A>0.54 =1 n=123...\.
y lyl yl 1 1
i=1

i=l1

Trudc tién ta chung minh rang inf
yeM

y|>0. (1.2)

Ki hiéu E, = F (khong gian con ctia E dugc md rong boi F).

Vi B 1a anh xa hoan toan lién tuc nén F 13 tip compact tuong doi,

suy ra E,la tap compact va do do E kha ly.

Hién nhién P, = P~ E,la non trong E, vi F c P,, coF C P,.

Theo ménh dé 1.3, ton tai f, € E, sao cho f,(y)>0, VyeP,, y#0.

Khi do, iyrgfo(y):a>0. (1.3)
That vay, gia st o =0,

suy ra ton tai ddy {y,} = F sao cho lim £,(,)=0.

Vi F 14 tap compact twong d6i nén ton tai dy con { Vi } <{»},

i

thod man limy, =y, €F,.
i—+0 i

Vi /, lién tue nén lim £,(3,) = £3(3) Va /,(3,) =0 (do lim /,(3,)=0),

tir d6 suy ra y, =6 va lim |y, |=0 (mau thuin (a)).
Vay (1.3) dang.

Véi moi y:z/ll.yl.eM,("rdéy yveF,420,i=12,..,nva 2/1,-:1-

i=l i=1

Tir(13) suyra £,0) = (0 A0) =X A%() 2 Y Ao =0,

Do do f,(y)20,¥yeM. (1.4)
Vi M = coF 1 tip compact nén ton tai z, € M sao cho }Iglﬁf |y|| = ||zo|| (1.5)
Tu (1.4)suyra f,(z,) >0 vadodo z, #6.

Tur (1.5) suy ra (1.2) dang.

Tur (1.1) va (1.2) ta cling suy ra duoc inf |B(x)|=a>0. (1.6)

xePNQ
Tiép theo ta chimg minh i(4,PNQ,P)=0.
Gia su nguoc lai, tac 1a i(4,PNQ,P)#0.

Theo gi thiét (b) va tinh chat bat bién dong luan cta chi s6 diém bat dong,



ta cod
i(A+tB,PNQ,P)=i(A,PNQ,P)#0,Vt>0.

o . n X b+c
Ddc biét, néu chon ¢, >

Vo1 b= sup7||x , C= sup7||A(x)||
xePNQ xePNQ
thi ta cling ¢6 i(4+t,B,PNQ,P)+#0.
Do d6 theo dinh 1y 1.4.2 suy ra ton tai x, € PN Q sao cho A(x,)+,B(x,) = X, .
Tu do,
_ ”xo - A(xo)” < b+c
B G5 I

(mau thun véi cach chon ¢,).

Vay i(4,PNQ,P)=0.

Bo dé 1.4.3
Cho A4:PNQ —> Pla 4nh xa hoan toan lién tuc. Gia st
O ipt, |40} >0
(i) A(x)# ux, Vxe PnoQ, ue(0,1].
Khi d6, i(4,PNQ,P)=0.

Chirng minh

Pit B = A trong bd dé 1.4.2, ta thiy rang diéu kién (a) ctia bo dé 1.4.2 chinh 1a diéu kién (i) ctua bd
dé 1.4.3.
Ta chimg minh diéu kién (b) ctia bd dé 1.4.2 ciing dung.
That vay, gia st ton tai X, € PMoQ va t, 20 sao cho x, — A(x,) =t,A(x,) .
Dit 4, =(1+1,)" thi 0< g, <1 va A(x,) = 1,x, (mau thuln voi (ii)).
Do d6 ap dung bo dé 1.4.2 ta duogc i(A,PNQ,P)=0.

Pinh 1y 1.4.3
Cho Q,,Q, 1a hai tdp con mg, bi chan trong khong gian Banach thuc E, 8 Q, va Q, < Q,. Toan

tor A: Pm(Q_z\Ql) — P14 hoan toan lién tuc.

Gia st mdt trong hai di€u kién sau day dugc thoa man

(1) ||A(x)|| < ||x ,Vxe PMoQ, va ||A(x)|| > ||x ,Vxe PMoQ,;
(i) o) >

Khi d6 4 c6 diém bat dong trong P N (Q_2 \QQ).

,Vxe PNoQ, va ||A(x)|| <|x

,Vxe PNoQ,.

Chirng minh



Ta chi can chimg minh dinh 1y trong truong hop diéu kién (i) théa mén,
truong hop con lai dugc ching minh tuong tu.

Ap dung dinh ly thac trién (xem phu luc), toan tr 4 co thé thac trién duoc thanh toan tir hoan toan
lién tuc tr Pr\Q_2 vao P.

Ta co thé gia sir rang toan tir 4 khong c6 diém bat dong trén PN oQ, va trén PN OQ,. Ta chimg
minh A(x) # ux,Vxe PNnoQ,,Vu=1.

Gia str nguoc lai, tirc 12 ton tai x, € PN OQ, va u, >1 sao cho A(x,) = u,x, .

, mau thuan voi (i).

Suy ra [ A(x,)] = a1, [x, [ > |,
Vay A(x)# pux,Vxe PNoQ,,Vux1.
Ap dung bd dé 1.4.1 suyra i(4,PNQ,P)=1. (1.7)
Mat khac, ta cling c6

A(x)# pux ,Vxe PN o,V ue(0,1]. (1.8)
That vay, gia sir ngugc lai, tirc 1 ton tai x, € PN oQ, va u, € (0,1)
sao cho A(x,) = u,x,.

Khi d6 ||4(x,)| = g |x ]| <[], miu thudn véi (i).

Ciing tur (i) ta suy ra XJJI({EQZ ||A(x)|| > XJJI({EQZ ||x|| >0. (1.9)
Tur (1.8), (1.9) va ap dung bd dé 1.4.3 ta cé i(4,PNQ,,P)=0. (1.10)

T (1.7), (1.10) va ap dung tinh chat cong tinh cua chi s diém bat dong ta duoc
(AP (Q,\Q),P)=i(4,PNQ,, P)—i(A4,PNQ,P)=0-1=-1%0.

Do d6 theo dinh 1y 1.4.2, 4 c6 diém bét dong trén P (Q,\ Q).

Dinh Iy 1.4.4

Gid str todn tr 4: P — P 1a hoan toan lién tuc, A(f) =46 va mot trong hai diéu kién sau day duoc

thoa man :
i iml g AL
i |+ SRR &
(i) lim 400 _ ., . lim 40l
b0 [ SER B
Khi do

(@) Vu>0,3x,>60: A(x,) = ux, .

(b) lim

H—>F0

x,||=+0 (voi didu kién (i) va lim x| =0 (véi didu kién (ii)).
H—>F0



Chirng minh
Ta chi can chimg minh dinh 1y véi diéu kién (i) con voi diéu kién (ii) thi ching minh twong ty.

Cho tru6e >0 tuy ¥, tir didu kién (i) suy ra tdn tai R > >0 sao cho

lA(x) <Hx ,VxeP, x||:r
Y7

va lA(x) >Hx ,VxeP, x||=R.
Y7

Dat QO :{er:||x||<r},
Q, ={er:||x||<R},
taco Q ,Q, lahai tdp mé trong Eva 0 Q ECQR.

Khi d6 diéu kién (i) cta dinh 1y 1.4.3 duoc thoa méin véi toan tir lA .
7

Theo dinh Iy 1.4.3 tdn tai x, € Q,\Q,, tirc 4 x, > 0 ;

sao cho [l Aj (x,)=x, hay A(x,)=ux, .
7

Vay két luan (a) da dugc chirng minh.

Pé ching minh két luan (b) tirc 13 lim

H—>+00

xﬂH =+oo ta s€ dung phuong phap phan ching.
Gid sir (b) khong dung, nghia 1 ton tai s6 thycce >0 va ddy s6 thuc{z,} |

lim g, = +o0 sao cho qu,, H <c,n=12,....

n—+0
Khi d6 ton tai day con {Hxﬂ } c {qu
wllf "

} va sé thue 7 €[0,¢] sao cho lim
n k—>+o0

x””k =T7.
*Néu 7> 0 thi 3, €N, vk 2k, =[x, [>7.
Alx, )| 2m
suy ra g, = Pl < (k>k,)),
X, T

v6i M = sup| A(x)|, mau thuan véi diéu kién lim g, =+oo.

HXHSC k—>+0

* Néu 7 =0 thi tir diéu kién (i) ta co

A(x
Hy, A X reo e A ‘A .
U, = — —> 0 (k — +00), mau thuan véi diéu kién khm M, =+0.
—>+00
X,
Vay lim xﬂ” =+oo va dinh 1y dugc ching minh.

H—>+00



Pinh ly 1.4.5
Giad s u,,v, € E; u, <v, va A:[u,,v,] > E la toan tir don di¢u tang
(tirc 1a néu x < ythi A(x) < 4(y)) thoa min
u, < Aw,) , AW, <v,. (1.11)
Néu P 12 non chuan va 4 1a toan tir hoan toan lién tuc thi 4 c6 diém bat dong
cuc dai x"va diém bat dong cuc tiéu x, trong [u,,v,]; hon nira

x =limv, , x,=limu, (1.12)

véi v, =AW, ), u, =Awu, ), n=12,..

vau, <u, <..<u <. <y <<y <y (1.13)
Chirng minh

Vi 4 1a toan tir don di¢u tang nén tu (1.11) suy ra (1.13) dung. Bay gio ta
ching minh ring day {u,} hoitudén x, € E va x, = A(x.).
Ta ¢6 tap hop S = {u,,u,,u,,.....} 1a tAp hop bi chan (do 1.13) vaS = A(S) U{u,}.
Vi 4 1a toan tir hoan toan lién tuc nén A(S) 1a tap compact tuong ddi trong £ va do d6 S ciing 12 tap
compact twong ddi trong E.

Khi d6, ton tai diy con {u” } c{u,} va x.eE saocho limu, =x..
k k n

kot %

Tir ménh dé 1.1 suy ra u <x, (n=12,....)va x, €u,,v,].
Mat khéc, do P 13 nén chuén va ddy {u,} don diéu ting nén tr ménh dé 1.2
suy ra x, = nlir}lw u,.
Viu =Awu, ), n=1,2,.... va 4 lién tuc nén cho n — +oo ta duogc x, = A(x.).
Tuong ty ta chimg minh dugc day {v,} hoity dén x" e E va x" = A(X"), x" €[u,,v,].
Sau cung, ta s& chimg minh x, va x"1a diém bat dong cuc tiéu va cuc dai cua 4 trong [u,,v,].
Giad st x €[u,,v,] va A(x)=Xx.
Vi A don di€u tang nén tr u, <x <v, suy ra A(u,) < A(x) < A(v,)

hay u, <x <v,.
Lap luan tuong tu ta dugc u, <X <v,.
Tong quat, taco u, <x<v (n=12,...).

Cho n— 4oosuyra x, <x <x (dpcm).



Chuong 2. SU TON TAI NGHIEM KHONG
TAM THUONG

Chuong 2 danh cho viéc chirng minh phuong trinh tich phan phi tuyén (*) c6 nghiém khong am,
khong tim thudng va lién tuc dya vao cac diéu kién cia ham K (x, y) da néu trong chuong 1 va céac
diéu kién cia ham f(x,u), a(x); i=1,2,..,m ma chiung toi s€ gidi thiéu sau ddy. Trudc tién ta dua
ra mot b dé quan trong, 13 cong cu dé chirng minh sy ton tai nghiém khong tim thuong ctia phuong
trinh (*).

Bé d@é 2.1
Gia st {un}n cC(G),ueC(G), u,(x)20, u(x)20, Vxe G, Vne N

va lim

n—>+00

un—uH:O. Khi @6, vdi moi « >0 ta cod

lim “

n—>+0

a
u, —u

=0. 2.1)

Chirng minh
Pé chimg minh bo dé 2.1 ta sir dung bat dang thiic sau day ( xem [8] ).

a a

X -y

Sa(x"*l+y“71)|x—y;Vx>O,Vy>O,a>O. (2.2)

Viu (x)20, u(x)20, Vxe G, VrneN nén ap dung (2.2), ta duogc

[, ~[u0)]"

<a ([un (x)]‘H + [u(x)]aﬁ1 )‘un (x)— u(x)‘

a a

u, —u

-1 -1
u'" +u”

= <a .||u”—u,VneN.

Xét hai trudng hop c6 thé xay ra sau day.
» Truong hop a >1
lim”un —u|| =0 =31>0 ||un|| <A,VneN.

n—>+00

= ||u”||w1 <A“"', VneN.

< + e ), =]

a a
Suy ra |u —u

<2 4oV, ]

o

Cho n — 400 thi lim =0.

n—>+o0

o
u, —u

» Truong hop O0<a <1

Ve

L £ @

Cho ¢>0,dat ¢ = .
20+2

VxeG, VneN dat



*

& Lkhiu(x)>¢&

*

& Lkhiu(x)<e

{u(x) , khiu(x)>¢ {u(x) ,khiu(x)<é
v(x) = w(x) =

*

¢ Lkhiu(x)>¢&

*

b (1) = {un (x), khiu (x)= 6‘ W (x) = {un (x),khiu (x)<é&
e Lkhiu(x)<e
Dé dang chimg minh dugc cac ham v, w,v ,w € C(G),VneN va
" yx)>¢ ,v(x)2¢,VxeG, VneN,
wx)<e ,w((x)<¢ ,VxeG, VneN.
= (X)) +Fwx)=u(x)+¢&,
v,(0)+w,(x) =u,(x)+e,
O +[w()]” = [u()]" + ()",
[v, ()1 +[w ()] =[u,(x)]" + ().
 iml, =0, fim, ~w=0. e

Tiép theo, 4p dung (2.2) ta co
[, [ | < [y, @] =[]

<

+w, I =W

<a ([vﬂ (x)]‘H + [V(x)]‘H ) v (x)— v(x)‘

o @] -] |

<2a(e) |y, (x) = v(x)| +2(£)%, VxeG.
= luf —u”| < 2a(e) |y, —v]|+2(s")". (2.4)
Tu (2.3) ta suy ra
dn,eN, VneN (n2n0:>||vn—v||<€*). (2.5)

Do d6 tir (2.4) va (2.5) ta duoc

u’ —u|<2a(e) e +2(e) =&, Vn=n,.

=0.

Vay lim

n—>+o0

o o
u, —u

Tiép theo ta chimg minh mot s6 dinh 1y vé sy ton tai nghiém khong am, khong tim thuong cta
phuong trinh tich phan phi tuyén (*). K thuat chu yéu dugc sir dung & day 1a cac dinh 1y vé diém
bat dong di duoc trinh bay trong chuongl.



Pinh ly 2.1
Gia st
(i) Nhan K (x, y) thoa man diéu kién (H1);
(i) a,€L(G), a(x)=20, VxeG;i=12,..,m
Jiy,i, €{1,2,....,m}: a, <1, @, >1va intaiO (x)>0, intail (x)>0;
i) 3 la. <M, v6i M = K :
(iii) ;”al”L , VOi max (x,7)
Khi d6, phuong trinh (*) ¢6 it nhat hai nghiém khong 4m, khong tim thuong va lién tuc trén G.
Chirng minh
Dt P = {u & C(G) |u(x) 2 0,minu(x) 2 &, ||u||} .

D@ dang chimg minh duoc P 1a nén chuan trong khong gian Banach E = C(G).

Toan t&t A: P — E xac dinh boi
Au(x) = [K (e, 0) £ (o) = [K (e )X (0l()]* ey

la toan tur hoan toan lién tuc.

* Chirng minh A lién tuc

Lay thy ¥ u € P, gia st {un}n c P va lim”un —u||:O.

n—>+00

Ta s€ ching minh lim ||Au” - Au” =0.

n—>+00

voimoi x € G, ta co

[, ()= Au()] < [IK G (X [, O =L el

<3 M Ja ()i, I = L)y

= | u, — ul < 3 M Ja, (), ()~ [y

a:

[ i
u' —u

=0,i=12,...m (dobd dé2.1).

Vi lim ||un —u||:O nén lim

n—>+o0 n—»+ow

hay lim|[u, ()] ~[u(»)]"| =0 déu trén G.

dy=0,i=12,....m.

suy ra lim [a,(y)|[u, (V)] = ()]

Vay lim||Au, — Au|=0 (dpcm).

n—>+0

* Chirng minh A compact



Gia st Q c Pla tap bi chin, ta ching minh A(Q) 14 tdp compact twong ddi
trong P.
+ Chtng minh 4(Q) bi chin déu
Liy u e Q tuy y.
Vi Q bi chin nén tdn tai A >0 sao cho ||u|| <A

suy ra ||u||a <A%;i=12,....m.

bat y =max A% thi Hu”a <y;i=12,..m.

1<i<m

voimoix e G, tacod

()] < [|K G| (X 1 el

< M a, )l ey

<My [a,()d)

i=1 G
<My(Y|a| ) <My =y
i=1

Suy ra ||Au|| <y.
+ Ching minh 4 dang lién tuc
Liy ueQ tuyy.
Vi u lién tyc trén tdp compact G nén AN >0: |u(x)| <N,VxeG

= |u(x)" <N“,VxeG;i=12,...m.

bat N, =max N“ thi |u(x)|a' <N, VxeG;i=12,..m.

1<i<m
Viham K (x, y) lién tuc trén tdp compact Gx G va do d6 lién tuc déu
trén G x G . Khi do,
Ve>0,36>0, V(x,y), V(x,y) e GxG néu

1=, = (S + 0 -2]) <0
thi |K(x', )~ K (x,»)| < MENI ,

; P
Vay Vx,x € G, x'—xH2 :{Z(xlf —xi)z} 2 <5, tacod
i=1




Au() - Au()| < [|K (3 - K| (L, 0) 1y

< J Mi]vlgﬁlai(ywl)dy

<t Nl[ifai(y)dyj

B MNI i=l G

£ (& E
< M(;\@\J <Lut=s.
Ap dung dinh 1y Ascoli — Arzela ( xem phuy luc ) suy ra 4(Q) 13 tdp compact trong d6i trong P.
+ Chung minh A(P) c P
Lay tuy ¥ u € P, tir diéu kién (H1) ta c6
Au(x) 2 &, [ K(z,) f (y,u(y))dy = £,4u(z), Vx€G,, VzeG.
G

b

Suy ra mgn Au(x) = g, ||Au

hay Aue P.

Vay ta da ching minh duoc toan tir 4: P — P 1a hoan toan lién tyc. Khi d6 diém bat dong khac
khong ctia toan tir 4 chinh 14 nghiém khong tam thuong, khong 4m va lién tuc cia phuong trinh (¥) .
Tiép theo ta chimg minh toan tir 4 c6 diém bat dong.

YueP,VxeG tacod

+ Au() 2 [ K5 ) a, ()] )dy

> [ K(x,)a, ()] dy

%y,

9

> 77,(mesG, )&, " |u

+ Au(x) > [ K(x,p)a, (0)u()]™ dy

Gy
a; oy
> 17,(mesG,)s, ||u|| ;
trongd6 7= min K(x,y)>0,
(x,y)eGyxG,

7, =infa, (x)>0,
xeG, ©

7, =infa, (x)>0.
xeG, 1

Do d6



|Au| = 7z, (mesG,) e, |u]™, Vu e P; (2.6)

u

a’l

|Au| = 77, (mesG, )&y |u|

, VueP. (2.7)
Tir (2.6) ta suy ra ton tai » € (0,1) thoa man

| ] > Ju u

, VuelP,

| =r. (2.8)
That vay, gia st nguoc lai, tic la

Vvre(0,l), JuelP,

ul|=r va | Au] <[u].

. X * 1 . A .
Vi moi n e N du 16n, chon 7, = — € (0,1), khi d6 ton tai day {u,} <P
n

thoa mitn | = va 4u | <[u, | =
n

a
v a, NE R
Suy ra 77,(mesG,)e," |lu, | = rr,(mesG,)e," (—j <—,
n n

.
hay n' “ < (ﬂo(mesGo)e‘:’“) (vO 1y).

Vay (2.8) ding.
Tuong tu, tir (2.7) suy ra ton tai R >1 thoa min

|Au| > u], Yue P, |u|=R. (2.9)

Mit khac, theo diéu kién (iii), ta c6
[ul < M X ]a], ol =M X]a], <1=]

bat Qrz{ueP:||u||<r}, QRz{ueP:||u||<R},

,VuelP,

ul=1. (2.10)

Q ={ueP:|ul<1}.
thi Q, Q,, Q, lacic thpmé trong Pva 0eQ, Q cQ, cQ,.
Hon nita, tir (2.8) , (2.9) , (2.10) ta co
|Au| > |u], Vue PnoQ, va |Au| <|u

| ] > Ju

, Vue PMoC),;

, Vue PNo,.

, Vue PnoQ, va ||Au|| < ||u

Do d6, tir dinh Iy 1.4.3 suyratdn tai 1" e PN (Q,\Q,), u” e PN (Q, \ Q) thoa mén
Au =u", Au" =u" var< Hu” <l< Hu” <R.

RG rang, u”(x) va u”(x) 1a hai nghiém khong am, khong tim thuong va lién tuc cuia phuong trinh

(*).

Pinh Iy 2.2



Gia su
(i) NhanK (x,y) théa man diéu kién (H1);
(i) a, €L(G), a(x)=20, VxeG;
a>1,i=12,..,m;
i, €{L,2,.....m}: )i(ngOal.o (x)>0.
Khi d6, phuong trinh (*) ¢ it nhat mot nghiém khong 4m, khong tam thudng va lién tuc.
Chirng minh
Tur ching minh cuia dinh 1y 2.1 ta thdy rang toan tir A: P — P

xie dinh boi Au(x) = [K(x, )/ (ru()dy = [K ()X a ()] dy

13 hoan toan lién tuc. Hon nita, tir diéu kién (ii) ctia dinh 1y 2.2 ta ciing suy ra

AR >0: ||Au| > |u|, Vue P, |u|=R. (2.11)

Mit khac, vi , >1 (i=1,2,....,m) nén

3 e (O.R): [du| <MY |a), Ju|" <|u]. vueP.
i=1

ul=r. (2.12)

That vay, gia st nguoc lai, tic la

Vre(O,R), JueP,

ul|=r va | dul > u].

. x. . R .
Véimoi ne N, chon », =— € (0,R). Khi do,
n

, VneN .

ton tai ddy {u,} < P théa man |u,|=r, va |Adu,|>|u,

Suy ra Mi”ai”L r“>r VneN
i=1
hay Mi”al.”L ri>1,VvneN .
i=1

Cho n— 400 = lim (Mi”ai”L rn“’lj =0 (mau thudn).
n—>+o0 Py
Viy (2.12) dung.
bat Q. ={u eP:||u||<r},
Q, :{u eP:||u||<R}
thi Q , 3, 1a hai tdp m& trong Pva Q) , Q cQ,.

To (2.11) va(2.12) taco
||Au|| > ||u , Vue PnoQ, va ||Au|| < ||u

, Vue PnoQ,.

Do d6, 4p dung dinh 1y 1.4.3 ta suy ra ton tai # € P (Q, \ Q) théa mén



Au=u var<[u|<R.
R& rang, #(x) 1a nghiém khong 4m, khong tim thudng va lién tuc caa

phuong trinh (*).

Pinh Iy 2.3
Gia su
(i) Nhan K (x,y) thoa man diéu kién (H2);
(i) a € L(G), a(x)=0, VxeG;
a <1l,i=12,..,m;

i, €{1,2,...,m} : infa, (x)>0,

xeD,
trong 46 D, 1a qua cau dong, D, = {x eR” |Hx—x0H2 < 5} véi K(x,,x,)>0

(8 > 0 bat ky).
Khi d6 ton tai R, >0 thoa man tinh chat sau:

Néu ta xay dung day {vj} ~ xac dinh boi:
J
vZw(x)=R,R=2R,, VxeCG
v,(x) = [K@, ) f (v, ,(0)dy, VxeG, j=12,.. (2.13)
G

thita co v(x) 2w (x)2...2v.(x)2...., Vxe G (2.14)
va ,ILIEO v.(x)=u (x) déu trén G.
u"(x) chinh 1a nghiém khong am, khong tim thudng va lién tuc cia
phuong trinh (*).
Chirng minh
Tir diéu kién (i) ta suy ra

d7>0, 36, €(0,0) : K(x,y) =7, V(x,y)e D, xD,, (2.15)
¢ day D, ={xeR” |||x—x0||2 <51}

Hién nhién D, c D, va 7, =infa_(x)>0.
1 0 1 xeD, iy

bat Dzz{xeR”|

5 \ r \ A A
X=X, || <—L+ vaxét ham lién tuc y trén G
0112 2

xac dinh bai:
w(x) =1 néu xeD,,
w(x)=0 néu xeG\D,



w(x) 1a mot s6 nam giita 0 va 1 sao cho y lién tuc trén G
xeD\D,.
Pit ¢ = (cz,mesD,)" ™ Tuong tu cac dinh 1y trén, ta xét toan tir

A: P, — E xéc dinh béi Au(x)=[K(x,y)f(y.u(y)dy,
G

Vi P, ={ueC(G)|u(x)>0,Vx e G} 1a noén chuan trong E = C(G).
Khi do,
Vee(0,], VxeG tacod

A(sy () = [ K(x, ) f (y.2y (y))dy

D,

> [ K(x )X a,(lew ()] My
> [ K(x,y)a, (0ey (»)]™ dy

> I 7,6 dy

D,
> 77,6™ (mesD,) > ¢ .
= A(ey(x)) 2 ey (x), VxeG.
Bay gio ta s& chon R, > & sao cho
MY |a)|, R“" <1, VR=R,,
i=1
51 M = K .
VOl Jmax (x,»)

Tiép theo ta dit v,(x)=R (R>=R,), VxeG

v,(x)=A4v,,(x) = [Ke ) f (v, (D)dy, j=1,2,....

thi {v} cA.
v&i moix € G va theo (2.18) ta co
Avy(x) = [K(x,)(Da,(y)R* )y
G i=1

< .[M(iai(y)R“’ )y = iMR“’ (I%(J’)dy)

<MY, R <R=v,(x).
i=1

=1 (x)<v(x), VxeG.

néu

(2.16)

(2.17)

(2.18)

(2.19)



Bang quy nap ta chimg minh dugc
v,(x)<v (%), VxeG,j=12,...
hay vi(x)2v(x)2...2v,(x)=...., VxeG.
Mat khac, ta co
+ Toan tr 4: P — E 1a hoan toan lién tuc (chirng minh tuong tu dinh 1y 2.1).

+ ey (x)<v,(x), VxeG (hién nhién).

N {A(é‘t// (x)) 2 ey (x)

, Vxe G (do 2.17 va 2.19).
Av,(x) < Av,(x)

Theo dinh 1y 1.4.5 ton tai " € E thoa min

ey(x)<u' (x)<v,(x),VxeG
Au'(x)=u"(x),VxeG

va jILIEO v.(x)=u (x) déu trén G.

R& rang, u"(x) 1a nghién khong 4m, khong tam thudng va lién tuc cia

phuong trinh (*).

Pinh ly 2.4
Gia su
(1) Nhan K(x,y) thoa diéu kién (H2) va (H3);

(i) Cac ham a,(x) lién tuc va khong am trén G ;i =1,2,....,m;

théa diéu man kién Y a,(x) >0, VxeG

i=1

vaa, <l,i=12,..m.
Khi d6, phuong trinh (*) c6 duy nhat nghiém khong tam thudng 1a ham lién tuc va khong am u”(x) .
Hon nita, néu ta xay dung ddy {u,} < P xéc dinh béi
u, (x)= lK(x,y)f(y,unl(y))dy ,n=12,... (2.20)
v6i diéu kién dau u,(x)1a ham lién tuc, khong am, khong dong nhat bang khong bat ki trén G thi

lim

n—>+w

u, —u’|=0. (2.21)

Chirng minh

R rang tir diéu kién (i) va (ii) cua dinh 1y nay dé dang suy ra diéu kién (i’) va



(ii’) cia dinh 1y 2.3 thoa min. Vi vy, tir dinh 1y 2.3 suy ra phuong trinh (¥) c¢6 it nhit mot nghiém

lién tuc, khong 4m, khong tim thuong " (x) . Ta s& ching minh nghiém u"(x) 13 duy nhat.

Gia sir ™ (x) ciing 12 nghiém lién tuc, khong 4m, khéng tam thuong cta phuong trinh (*). Ta can

chimg minh u” (x)=u"(x), VxeG.

Vi G° 1a tdp mé nén ton tai qua cau dong T < G° va 7 € (0,1) sao cho

u (x)>r, VxeT.

Do do, tir (H3), suy ra
0 ()= [K ) (a0l 0 Xy
> [ K )20, ()7 )y
> '[K(x,y)O'r"dy

> O'r“f:*jK(x,y)dy , Vxe G,
G

m
¢ ddy o=min) a,(x)>0, @ =maxaq, <l,
xeG pary

1<i<m

¢ 1a sb duong ton tai theo diéu kién (H3).

Mat khac,

dat g =m%xai(x), i=12,...m, tacod

*

u’|dy, VxeG.

0’ ()< [K(x)B

T (2.22) va (2.23)suyra u” (x)=yu'(x), VxeG,

-1
a’j >0.

m
v6i y=or’e (Z,BI Hu
i=1

Tiép theo, dit
t, = sup{t >0 u" (x)>tu'(x), Vxe G} .

Dé dang chirg minh duogc

O<y<t,<+o vau (x)>tu (x),VxeG.

Ta s€ ching to 7, > 1. That vay,

néu 0<¢, <1 vavéimoi x € G thi

0 ()= [K ) a0l ()1 ey

(2.22)

(2.23)

(2.24)



> 17 [ K (e (a0l ) )y

> 17U (x).
Suy ra ¢ <t, (mau thuin vi £ > t,).
Vay t,>1vau  (x)2u (x), VxeG.
Ching minh tuong tu ta duoc u” (x)<u'(x), VxeG.
Suyrau (x)=u(x),VxeG.

Sau cung, ta chirng minh lim

n—>+00

u, — uH =0.
Lay bat ki u,(x) 1a ham lién tuc, khong 4m va khong dong nhét bang khong
trén G. Khi d6, ton tai qua cau dong 7 < G° va
d7,€0,): u(x)27, Vxel .
Ching minh tuong ty (2.22), ta dugc
u,(x) = Au,(x) 2 O'T;ZE,‘:.[K()C, vy, VxeG, (2.25)
G

tir ¢ dugc dinh nghia trong dinh 1y 2.3 va &’ 1a s6 dwong

ton tai phu thudc vao T, xac dinh béi diéu kién (H3).

Ta chon sb duong & >0 di nho sao cho Y. B&“ <orl'e, (2.26)

i=1

va A(ey(x)) = ey (x), Vxe G,

v6i w(x) 1a ham lién tyc trén G dugc dinh nghia trong dinh 1y 2.3.
voi moi x € G, dat
Wy (x) = ep(x),
w(x)=A4w (x),n=L2,....
Tir (2.17) va bang phuong phap quy nap ta dé dang chirng minh duoc
wy(x)Sw(x)<..<w((x)<..., VxelG.

Tir (2.17), (2.25), (2.26) va v6i moix € G, ta co

0,00 = ey () = [ Ko ) (a, (0)ew ()] )y

< [K @) By = (X e[ K (x, )y

< O'rf’gl*'[K(x, y)dy <u,(x). (2.27)
G

o day 4 1a toan



Chon R > maX{RO,man u, (x)} , V61 R, dugc x4c dinh trong dinh 1y 2.3

voi moi x € G, dat

v,(x)=RZu,(x),
v, (0= 4y, (1) = [K@ ) f (v, (0)dy, n=1.2,....

thi v(x)2v(x)2...2v (x)=...., Vxe G
va v(x) = Av,(x) 2 Au,(x) =u,(x), VxeG. (2.28)
T (2.27) va (2.28) suy ra w,(x) <u,(x) <v,(x), VxeG.
Bang quy nap ta chimg minh dugc
w(x)<u (x)<v (x), VxeG, n=12,... (2.29)
Vi Aw,(x) 2 w,(x), Av,(x) <v,(x), Vxe G
va A:P — E 14 toan tir hoan toan lién tuc nén ap dung dinh ly 1.4.5 va do tinh duy nhét nghiém
cua phuong trinh (*) ta suy ra

lim

n—+0

v, —u HzO , lim

n—+w

w, —u HzO.

Tir (2.29) va P 1a non chuan ta c6 lim

n—+0

u, —uH =0 (dpcm).

Pinh ly 2.5
Gia st
(i) Nhan K(x,y) la ham lién tuc, khong am trén G x G va thoa man
diéu kién (H3);

(i) Cac ham a.(x) lién tyc va khong dm trén G; i=1,2,....,m

thoa diéu kién > a,(x)>0, Vxe G

pa
vaa, >1;i=12,..,m.
Khi d6, phuong trinh (*) khong thé ¢ hai nghiém khong tim thudng so sanh dugc véi nhau.
Chirng minh
Gia st rang u"(x), u” (x)1a hai nghiém khong tim thuong, lién tuc, khong
am va so sanh dugc vdi nhau cua phuong trinh (*).
Ta gid st u” (x)>u (x), Vx € G. Khi do,
tdn tai qua ciu dong T c G, tdn tai 7 e (0,1) sao cho

[u" ()] —[u (X)) >7,VxeT;i=12,..m.



Do d6, theo (H3) ta duoc
w0 ()2 [K )Y a0 0D =@ () Tidy

> TO'.[K()C, y)dy > ro%‘*.fK(x,y)dy , Vxe G, (2.30)
T G

& day o = miGn > a,(x)>0, & 1a sb duong ton tai phu thudc vao T theo
eV im

diéu kién (H3).

Mat khac, ta co

*

u’|dy, vxeG, (2.31)

W' ()< [K(x QB
G i=1
Vol B = maGXdl.(x), i=12,..m.

Tir (2.30) va (2.31) suy ra
u”(x)= 1+ ' (x), VxeG, (2.32)

1
trong d6 y = ore’ (Z,BI Hu”aj >0.
i=1
bat ¢, = sup{t >0 u"(x)>tu'(x), Vxe G} .
T (2.32)suyra 0<1+y <t <400 vau (x)>tu (x), VxeG.

Tu do6, véi moi x e G ta cod

0 (@)= [ a0l )1 )dy

> 17 [ K (e (a0’ () )y

> t“u’(x) , (2.33)

v6i o =ming, >1.

1<i<m
Tir (2.33) suy ra ¢* <¢, (mau thuin vi £ > 7).
Vay phuong trinh (*) khong thé c6 hai nghiém lién tuc, khong tim thudng, khong 4m so sanh duoc

v&i nhau.

Hai dinh Iy sau cting dé cap toi sy ton tai gia tri riéng va ham riéng ctia toan tir 4.
DPinh ly 2.6
Gia st

(i) Nhan K (x, y) thoa man diéu kién (H1);



(1) a,€L(G), a(x)=20, VxeG;

a>1,i=12,..,m;
i, €{1,2,....m}: gleoail (x)>0.
Khi d6
v6i mdi g > 0, ton tai ham lién tyc, khong am, khong tim thudng trén G

u,(x) thoa man ,uuﬂ(x)zAuﬂ(x)=.[K(x,y)f(y,uﬂ(y))dy, VxeG.

Hon ntra

rgganull(x) — +o0 khi g — 400.

Pinh 1y 2.7
Gia st
(i) NhanK (x,y) théa man diéu kién (H1);
(ii) a €L(G), a(x)=0, VxeG;
a <l,i=12,..,m;

i, €{1,2,...,m} : infa, (x)>0.

xeG,
Khi d6
v6i mdi g > 0, ton tai ham lién tyc, khong am, khong tim thudng trén G

u,(x) thoa man ,uuﬂ(x)zAuﬂ(x)=.[K(x,y)f(y,uﬂ(y))dy, VxeG.

Hon ntra

I{leéxuy(x) — 0 khi 4 — +.

Chirng minh dinh ly 2.6 va 2.7
Toan tt A: P — P xac dinh boi Au(x) = J. K(x,y)f(y,u(y))dy la hoan toan lién tuc (chung minh
G

ctua dinh ly 2.1),

& day P = {u € C(G)| u(x) 2 0,minu(x) 2 &, ||u||} .

Tir gia thiét cua dinh 1y 2.6 ta d& dang chimg minh duoc
|Au| = 77, (mesG,)e;" |u|™ , VueP. (2.34)

Tur gia thiét ca dinh 1y 2.7 ta ching minh dugc



ul™, YueP, (2.35)

trong do

7= min K(x,y)>0,7, —1nfa (x)>0,7, —mfa (x)>0.

(x,1)eGyxGy

Tu (2.34) va (2.35) suy ra

L=t > 77 (mesG,)e," [ul™ B

= lim |44 =40 (do lim ||u||m"‘71 =40 vi g, >1).
| il !
. au] e
o
= lim——+ |42 =40 (do 11m||u “ =40 Vi <1).
0 |u Ju>o :

Mat khac, ta co

[l < M2 ]al,

voi M = maxK(x, V).

a;
, VuelP,

U

_M§ al ful*
Do d6

tir gia thiét cia dinh 1y 2.6 suy ra thm ”ﬁ;”
~0 Iy

b

tir gia thiét ciia dinh Iy 2.7 suy ra lim ”Au” =0.

> |Ju
Vay ta da ching minh duoc
lim M =400, lim—7—7o" ||Au|| =0,
A i [u
A A
fj})w I lulglw ”Hub\;”
ueP

Ap dung dinh 1y 1.4.4 ta thu dugc cac két luan cua dinh 1y 2.6 va 2.7.



Chuwong 3. CAC Vi DU MINH HQA
Chuong niy néu mot sd bai toan cu thé, minh hoa cho 1y thuyét duoc trinh bay trong chuong 2.

» Vidul
Xét phuong trinh  u(x) = .[ K(x,»)f(y,u(y))dy *)
G
trong do
+ K(x,y)=a(x)b(y), véi
e a(x) 1a ham khong am, lién tuc va khong dong nhat bang khong
trén G.
e bH(y) la ham duong va lién tuc trén G.
+ f(x,u) =a1\/;+a2\/u_3, véi a,,a, >0.
Trude tién ta ching minh ham K (x, y) thoa man diéu kién (H1).
Vi a(x) khong am va khong dong nhat bang khong trén G nén ton tai x, € G sao cho a(x,)>0.
Vi a(x) lién tyc trén G nén ton tai » >0 sao cho a(x) >0, VxeG,,
v6i G, =B (x,,r) = {x eG:|x—x,, < r} 1a qua cau dong trong R” .
Suy ra K(x,y)=a(x)b(y)>0, V(x,y)e G, xG,.
Tiép theo ta chimg minh t6n tai g, € (0,1) sao cho
a(x)z¢ga(z),VxeG,,VzeG.

Gia su nguoc lai, tuc 1a

Ve, €(0,1), IxeG,, 3z G : a(x)<g,a(z).

L. X . 1
V61moi ne N, chon g, =—.
n

Suy ra ton tai ddy {x,} <G,,{z,} =G : a(x,) <la(2,,), VneN'.
n

Vi G, G, la tap compact nén ton tai ddy con {xnk }k c {xn}n , {an }k c {Zn},,

va xeG,, ze G sao cho

. : 1
— — ) k%
,}lfﬂoxnk =X, klirgznk =z va a(x, )< ka(znk) (**)

Vi a lién tuc nén klim a(x, )=a(x) va klim a(z, ) =a(z).
Cho k — 4o trong (**) ta dugc a(x)<0 (vo ly).
= K(x,y)=a(x)b(y) 2 g,a(z)b(y)=K(z,y), VxeG,, Vze G, VyeG.



Vay ham K (x, y) thoa man diéu kién (H1) ciing 1a diéu kién (i) cta dinh 1y 2.1.
Piéu kién (ii) cta dinh 1y 2.1 hién nhién thoa man.
Piéu kién (iii) cua dinh 1y 2.1 trd thanh
a,+a, <(mesG)"' M 'M;', (3.1)
trong d6 M, = max a(x), M, = maGXb(x) .
Néu u(x) 12 nghiém khéng am, khong tim thudng va lién tuc cia
phuong trinh (*) thi
u(x) = a(x) I b(y)au(y) +a,\[u()] )dy . (3.2)
G
Vay u(x) phai c6 dang u(x) =ya(x), y>0 .
Thé u(x) = ya(x) vao (3.2) ta duogc

ya(x) = a(x)[b(y)aya(y) +a\[ya(»)T )dy .
&y =anly [bOWa)dy+ar [b)a()Tdy.
Pt b, = [b(y)\a(y)dy>0,

b, = [b(yWla(»)dy > 0.
G
Ta dugc phuong trinh theo y
V= albl\/;+a2b2\/7'
S by’ +(2aa,bb, —1)y+a'bl =0. (3.3)
A =Qaabb, —1)’ —4(aa,bb,)’ =1-4aa,bb, .
Mat khac, ta co

b = [b()Ja(y)dy < [ M,\[M,dy = (mesG)M ,\[M, ,

b, = [b[a()T dy < [ MM} dy = (mesG)M /M .

Suy ra bb, < (mesG)’ MM},

1
hay \/bb, < (mesG)M M, .
Do do tir (3.1) suy ra
(a, +a,)\bb, <(a,+a,)(mesG)YM M, <1,

hay a,a,bb, = a|bb,.a,\[bb, < i(al bb, +a,/bb, ) <%.



Vay A=1-4aa,bb, >0.
Suy ra phuong trinh (3.3) c6 hai nghiém phén biét y,,y,

_1=-2a,a,bb, —\1-4a,a,bb, .

0,
4 221
1-2a,a,bb, +1-4a,a,bb,
V= 272 >0
2a,b;

Néu ¢, ,a, thoa man diéu kién (3.1) thi tir dinh 1y 2.1 suy ra phuong trinh (*) c6 ding hai nghiém

khong am, khong tAm thudng, lién tuc 1a u,(x) =ya(x) va u,(x)=y,a(x).

> Vidu2

Xét bai toan hai diém bién cho phuong trinh vi phan cip hai

{—x"(z‘)z ft,x@) , 0<t<1 (34)
x(0) = x(1) =0
Vi f(6x)=Ya,(0x" , o> 05 i=12m. (3.5)

Trudc tién ta chung minh bai todn (3.4) tuong duong voi phuong trinh tich phan

x(t) = [ K(2,5)f (5.x(s))ds (3.6)
0
trong do
t(l-s) , 0<t<s<l1
K(t,s) = . (3.7)
s(l-¢) , 0<s<t<l
Bo dé 3.1

Véi mdi h e C([0,1]), ton tai duy nhat ham sé x € C*([0,1]) 14 nghiém cua bai todn

{—x"(l‘)=h(f) , 0=zl (3.8)

x(0) = x(1) = 0
1

Hon nita x con dugc biéu dién dudi dang x(¢) = I K(t,8)h(s)ds .
0

Chirng minh
Phuong trinh thuan nhat twong Gmg v&i phuong trinh (3.8) 14
—x =0.
= x(t)=C +Cyt, (3.9)
trong &6 C, ,C, 1a hai hang s6 tuy y.

Bay gi¢ ta xem C, , C, 1a ham s6 theo bién . Ta di tim C, , C, dé (3.9) la nghiém ciia bai toan (3.8).



Véimoi ¢t €[0,1], ta cod
x (@) =C(t)+C,(t) +tC,(¢).

Chon C, , C, sao cho C,(¢) +tC,(t) =0.
Khi d6 x'(£) = C,(2).

= x (1) =C,(2).
Thay vao phuong trinh (3.8), ta dugc

~C.(t)=h(1), V1 [0,1].
Vay, ham s6 (3.9) 1a nghiém cua phuong trinh (3.8) néu cac ham sb

C,(1), C,(t) théa man hé phuong trinh

—C, (1) = h(t)
C(t)+tCy(1)=0

Giai hé trén ta dugc

C()= jsh(s)ds + D,

{C; (1) = t.h(7)
C,(t) = —j h(s)ds + D,

C,(t) =—h(t)

trong @6 D, , D, 14 hai hang s6 ma ta s& x4c dinh sau.
Vay x(1) = [(s—1)h(s)ds + D, +D, .
0
Suy ra x(0)=D, =0,

hay x(f) = j(s —1)h(s)ds +D,.

Mt khac, vi x(1) = j(s —1)h(s)ds+ D, =0
nén D, = ja —$)h(s)ds .

Vay x(1) = j(s —£)h(s)ds + tj (1—s)h(s)ds

hay x(¢) = js(l —)h(s)ds + .I[t(l —s)h(s)ds .

0

t-s) , 0<t<s<lI

Dt K(t,5) = .
s(—f) , 0<s<t<l1



Khi d6
1
x(t) = [ K(2,5)h(s)ds 1a nghi¢m duy nhat cta bai toan (3.8).
0

B6 dé dugc chimg minh.
Ap dung bd dé 3.1 ta suy ra bai toan (3.4) tuong dwong véi phuong trinh tich phan (3.6).
Tiép theo ta chimg minh ham s6 K(z,s) thoa man diéu kién (H1) véi moi tap dong G, =[a, f],
trong d6, O<a < f <1 va G=[0,1].

= Hamsb K(z,s) lién tyc va khong 4m trén G x G (hién nhién).

= K(t,5) > a(l-f)>0,¥(t,s) € G,x G, (hién nhién).

= K(t,5)2¢,K(u,s), VteG,=[a,p],Vu,s € G,

voi g, =a(1- ) €(0,1).

That vay, véi moi ¢ €[, ], ta cod

tl-s)>a(l-ys) , f<s<l1
K(t,s)=3t(1-s) hay s(l-t)2a(l1-0) , a<s<pf .
s-t)=s(1-4) , 0<s<«

Ma K(u,s)<s(1-s), Vse G, YVueG
nén K(t,s) > a(l-p)K(u,s), Vtela, ], Vu,seG.
Xét cac truong hop sau day:
o Truong hop 1 : Vsel0,a], Vte|a, f]
K(t,s)=s(-t)=2s(1- )= a(l-B)s(l-ys)
>a(l-)K(u,s), VueG.
o Truong hop 2 : Vse(a,p),Vte|a, f]
K(t,s)2a(l-p)=2a(l-F)s(1—-ys)
>a(l-)K(u,s), VueG.
o Truong hop 3 : Vse[p,1],Vtela, ]
Kt s)=t(l-s)2a(l-s)=>a(l-L)s(1-ys)
>a(l-p)K(u,s), VueG.
bat ¢, =a(1- ) €(0,1) thi K(¢,5) 2 ¢,K(u,s), VteG,, Vu,s €G.
Bay gio ta s& chimg minh bai todn (3.4) c6 nghiém bang cach ap dung cac dinh 1y 2.1, 2.2, 2.3 trong
chuong 2.
Pinh ly 3.1

Gid st a,(¢t) (i=1,2,....,m) la cdc ham lién tuc va khong dm trén G =[0,1].



(a) Néu a, <1 hay a, >1 va cac ham a (¢) (i=1,2,....,m) khong dong nhat bang khong trén G thi
bai toan (3.4) ¢ it nhat mot nghiém khong 4m, khong tdm thuong x € C*([0,1]) va x(¢)>0,
Vvt e (0,1).

(b) Néu i[j;ai (t)dtj <4 (Q%Kﬁ» s)= ij va
ton tai iy,i, € {1,2,....,m} sao cho a, <l,a, >1vaa.(r),a (1) khong déng  nhat bang khong
trén G thi bai toan (3.4) c6 it nhat hai nghiém x, ,x, € C*([0,1]) va x,(1)>0, x,(t)>0,
vVt e(0,1).

Chirng minh
Tuong tu cach chung minh dinh 1y 2.1, 2.2.

Hién nhién ham K(¢,s) théa man diéu kién (H2). Ta chimg minh né ciing thoa man diéu kién (H3).
1 t 1 1

Taco [K(t,s)ds=[s(1—0)ds+[t(1-s)ds = Et(l ~1).
0 0 t

Véibatky £, ne(0,1) va £<n,tacod

vV
O — Y —, S U C—

s(I-t)ds>&(n-&)(A—-¢t) , n<t<l

[K(t,9)ds > [£(1-n)ds = E0-m(n-&) , E<i<n
¢

((=-s)ds>(1-nn—-Ef , 0<t<é

Suy ra ij(t, $)ds >2E(1—n)(n - é)%t(l —-t), Vt €[0,1]
5

hay }K(t, $)ds >2E(1—n)(n - é)jK(t, s)ds , Vt€[0,1].
4 0

bit & =2&(1-n)(n—4) thi & €(0,1)
va T =[¢,n]c(0,)=GC".
Vay ham K(¢,s) théa man diéu kién (H3).

Tur dinh ly 2.4 ta c6 dinh 1y sau day.
Pinh ly 3.2



Gia st a,(f) (i=1,2,...,m) 1a cac ham lién tuc, khong am, thoa man diéu kién Zai(t) >0,

i=1
Vte[0,1] va a, <1 (i=12,...,m). Khi do, bai toan (3.4) c6 duy nhit nghiém x* e C([0,1]) va

x'(t)>0, Vt€[0,1]. Hon nita, néu ta xay dung day ham xac dinh bdi:
x, ()= (1=0)[sQ a,()x, ()] )ds +[(1=)Q a,(s)x, ()] )ds, neN',
0 i=1 0 i=1

v6i didu kién dau x,(¢#) 1a ham lién tuc, khong 4m, khong ddng nhat bang khong bat ky trén [0,1],

thi day ham {x, (¢)} s&h¢i tu déu vé ham x'(¢) trén [0,1].

Twr dinh 1y 2.5 ta c6 dinh 1y sau:
DPinh ly 3.3

Gia su o, >1 va a(t) (i=L2,..,m) la cic ham lién tuc, khong am thoa man dicu kién

Zal_(t) >0, Vte[0,1]. Khi d6, bai toan (3.4) khong thé c6 hai nghiém khong tdm thudng trong

i=1

C*([0,1]) va so sanh dugc v&i nhau.



KET LUAN
Luan van khdo sat sy ton tai nghiém khong am, khong tdm thuong va lién tuc ctia phwong trinh

tich phan phi tuyén thudc dang sau:

u(x) = [K(x, ) f(y,u(y))dy (*)

trong d6 G 1a tap compact trongR"va f(x,u) = Zal_(x)u“’ ,a,>0,i=12,...m.

pan
Noi dung chinh ctia ludn van nam & chuong hai va chuong ba.

Trong chuong hai, dua vao cac dinh 1y diém bat dong trén non trong khong gian Banach thyc,
ching t6i chimg minh sy ton tai nghiém khong 4m, khong tam thudng va lién tuc cia phuong trinh
(*). Ngoai ra, dua trén cac diéu kién d6i véi ham K (x,y) va cac ham a,(x) (i =1,2,....,m), sit dung
k¥ thuat lap don diéu, chung toi ching minh duoc phuong trinh (*) ¢6 nghiém duy nhat bang cach
xay dung mot day lap thich hop va chi ra giéi han cta diy d6 chinh 1a nghiém duy nhat ciia phuong
trinh tich phéan phi tuyén da cho.

Trong chuong ba ching t6i néu mot s6 bai toan cu thé. Chuong nay chi yéu khao sat bai toan hai
diém bién cho phuong trinh vi phan cap hai. O day chiing t6i sir dung phuong phap bién thién hang
s6 dé chuyén phuong trinh vi phan sang phuong trinh tich phan va sir dung cic dinh 1y trong chuong
hai dé khao sat sy ton tai nghiém cua phuong trinh vi phan cip hai.

Qua luan van nay, tac gia thuc sy lam quen voi viée doc tai li€u va cong viéc nghién ctiu khoa
hoc mot cach nghiém tuc va c6 hé théng. Tac gia cling hoc tap dugc cong cu cua giai tich ham phi
tuyén dé khao sat sy ton tai nghiém cta phuong trinh tich phan phi tuyén, chang han nhu: phuong
phap diém bat dong, ki thuat lap don dié¢u. Tuy nhién, véi sy hiéu biét con han ché cua ban than, tac

gia rat mong nhan duoc sy dong gop, chi bao ciia Quy Thay, C6 trong va ngoai Hoi dong.



PHU LUC
1. Pinh ly thac trién
Cho E,, E,1a hai khong gian Banach thyc va D 1a tp con dong cua E,.

Gid st d:D — E, 1a toan tir hoan toan lién tuc. Khi do, tdn tai toan tir hoan toan lién tuc
A:E — E, sao cho A(x)= A(x), VxeD va A(E)c coA(D)
vOi coA(D) 1a bao 1i dong cia A(D).
2. Dinh ly Ascoli — Azela
Cho K 14 tap compact trong khong gian dinh chuéan E.
a) Tap M < C(K) duogc goi la bi chan déu néu va chi néu ton tai ¢> 0
sao cho x| <c, Vxe M (||x|| = r{1€§1<x|x(t)|) .
b) Tap M < C(K) duoc goi la déng lién tuc néu va chi néu
Ve>0,38 >0,V e K ([t -t < =|x(t)-x(t)|< &), VxeM.

DPinh ly
Tap M < C(K) 1a tap compact twong d6i néu va chi néu M dang lién tuc va bi chan déu.
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