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LOI CAM ON
Loi dau tién, toi xin tran trong cam on TS. Lé Thi Thién Huong d3 tan tam huéng din, dong
vién t6i trong sudt qua trinh thuc hién luan vin nay.

Xin chan thanh cam on Qui thiy c¢6 Khoa Toan, Truong Dai hoc Su pham Tp. H6 Chi Minh

da tan tam truyén dat kién thirc va kinh nghiém cho t6i trong sudt khoa hoc.

Xin cam on Phong Sau DPai hoc, Truong Pai hoc Su pham Tp. Hd Chi Minh da tao diéu kién

thuan loi dé t6i hoan thanh khoa hoc.

Xin cam on Khoa Toéan hoc, Truong Pai hoc Déng Thap da tao kién thuan lgi dé toi co thoi

gian hoc tap va thuc hi¢n luan van.

Cho t6i gui 101 cdm on chan thanh dén cac dong nghi¢p, cac ban hoc vién cao hoc Giai tich

Khoa 18 da gitp do toi trong thoi gian hoc tap va thuc hién ludn van.

Nguyén Trung Hiéu



MO DAU

Nhiéu van dé trong toan hoc (phwong trinh vi phan véi diéu kién bién hay diéu kién ban dau,
phuong trinh dao ham riéng), co hoc, vat li va cac nganh ki thuat khac dan dén nhiing phuong trinh
trong d6 ham chua biét chtra dudi dau tich phan. Nhiing loai phwong trinh d6 dugc goi 1a phuong
trinh tich phan. Phuong trinh tich phan 13 céng cu toan hoc hitu ich trong nhiéu linh vuc nén duoc
quan tam nghién ctru theo nhiéu khia canh khac nhau nhu sy ton tai nghiém, sy Xép xi nghiém, tinh

chinh hay khong chinh, nghiém chinh hoa,...

Li thuyét tong quat vé cac loai phuong trinh tich phan tuyén tinh dwoc xay dung & budi giao
thoi ciia cac thé ki XIX, XX, chu yéu la trong cac cong trinh ciia Volterra, Fredholm va Hilbert.
Trong cac tai liéu [2], [3], [4], [5], [6], [7], [8], [9], cic tac gia di trinh bay mdt cach tong quat vé
phuong trinh tich phan tuyén tinh, chi yéu phuong trinh tich phan tuyén tinh Fredholm va phuong
trinh tich phan tuyén tinh Volterra. Tuy nhién, cac tai liéu nay chua trinh bay chi tiét va chua c6

nhirng vi du minh hoa cu thé.

V6i dé tai “Phurong trinh tich phén tuyén tinh va cdc vmg dung”, ching t6i khao sat su ton tai
nghiém, dang nghiém cua phuong trinh tich phan tuyén tinh véi nhan suy bién, nhan dbi xtmg, nhan
c6 binh phuong kha tich bét ki, nhan lién tuc, d@)ng thoi chung t6i cling dua ra mét s6 minh hoa cu
thé cho timg van dé& va mot sd ung dung ctia phuong trinh tich phan tuyén tinh. Cac két qua trong
luan vin 13 sy tong hop tir nhirng tai lidu [4], [5], [9].

Vi van de dat ra, luan van bao gom cac ndi dung sau

Chwrong 0. Kién thirc chuan bi. Chuong nay trinh bay mot sé khong gian ham va mot s két

qua ve toan tu doi xirng hoan toan lién tuc, lam co s& cho cac chuong sau.

Churong 1. Mot s bai toan din dén phuong trinh tich phan tuyén tinh. Chuwong nay trinh bay
mot s6 khai niém co ban lién quan dén phuong trinh tich phan tuyén tinh va mot s6 bai toan dan dén

phuong trinh tich phéan tuyén tinh.

Chirong 2. Phuong trinh tich phan tuyén tinh Fredholm. Chwong nay trinh bay vé sy ton tai
nghiém cua phuong trinh tich phan tuyén tinh Fredholm loai 2 trong cac truong hop nhan suy bién,
nhan ddi xing, nhan cd binh phuong kha tich bat ki, sir dung phuong phap xap xi lién tiép cho
phuong trinh nay trong truong hop nhan lién tuc va c6 binh phuong kha tich, xay dung minh hoa

cho tung van de.

Chwong 3. Phuong trinh tich phan tuyén tinh Volterra. Chwong nay trinh bay phwong phép
xap xi lién tiép cho phuong trinh tich phéan tuyén tinh Volterra loai 2 va mot sé phuong phap dua
phuong trinh tich phan tuyén tinh Volterra loai 1 vé phuong trinh tich phan tuyén tinh Volterra loai
2.



Churong 4. Mot sd tmg dung ctia phuong trinh tich phan tuyén tinh. Chuong nay trinh bay
mot s6 ing dung ctia phuong trinh tich phan tuyén tinh trong phuong trinh vi phan thuong véi gia

tri ban dau, bai toan bién, phuong trinh mé ta dao dong tu do cua day dan hoi.



Chuwong 0. KIEN THU'C CHUAN BI

Trong chuong nay chiing toi trinh bay mot s6 két qua 1am co sé cho cac chuong sau. Cac két
qua nay la sy tong hop tu [1], [4], [6].
0.1. Mot s6 khong gian ham
Dinh nghia 0.1.1. Ki hi¢u L, ([a,b]) la khong gian nhitng ham (thuc hodc phirc) ¢(t) xéac dinh trén
[a,b] thoa man

b

[lp)dt <.

a

Ménh dé 0.1.2. Khong gian L,([a,b]) 1a khong gian Hilbert véi tich vo huéng xac dinh boi

(0.9) = [ p()p(t)it

Tich v6 hudng sinh ra chuan 1a

b

ol = |[le@Fdt voi p e L([a,b]).

a

Mgénh dé 0.1.3. Khong gian L,([a,b]) 1a khong gian Hilbert tach dugc.

Dinh nghia 0.1.4. Cho {4 }1a tap v0 han hodc hitu han trong L ([a,b]). Tap {4 } dugc goi la truc
giao néu (¢£’¢j) =0 voi i # j. Tap {4, } duoc goila truc chudn néu

0, ©# 7,

L, i=j

.4) ={

Ménh dé 0.1.5. Gia str {,} 1a h¢ ham doc 1ap tuyén tinh trong L ([a,b]). Khi d6, h¢ {g, } xac dinh

boi
) v(5) - 2,88
¢1 = H—IH’ ¢k (s) = 1;11
. ly ()= 2w, )

1a h¢ truc chuan trong L, ([a,b]).

Dinh nghia 0.1.6. Cho {g } 1a mot h¢ truc chuan trong L ([a,b]). V&i moi y e L ([a,b]), sb

a, = (y,¢) duoc goi 1a hé s6 Fourier ciia ham y déi véi hé truc chuén {¢,}. Chudi > ag(s)
=1

duoc goi 1a chudi Fourier cua y theo hé {4.}.

Pinh 1i 0.1.7. Gid st {¢,} 12 mot hé truc chuan trong L ([a,b]). V6i moi w € L ([a,b]), ta c6 bat

dang thirc Bessel



0

2l g ) vl

i=1

Pinh Ii 0.1.8. (Pinh li Riesz — Fischer) Néu {¢} 1a mot hé tryc chuan trong L,([a,b]) va day {a}

thoa man Z|ai < oo thi ton tai duy nhat ham f(s) nhan o, lam h¢ s6 Fourier ddi voi hé truc
i=1

chuan {¢} va

If = ag|| — 0 khi n — oo.
i=1
Pinh nghia 0.1.9. H¢ tryc chuan {¢} trong L ([a,b]) duoc goi 1a mdt co s6 triec chudn hay hé truc
chudn ddy dit néu moi ham f e L,([a,b]) 1a t6 hop tuyén tinh cta hé {8.}.
Dinh nghia 0.1.10. Ki hi¢u L ([a,b]x[a,b]) 1a khong gian cac ham (thuc hodc phic) ¢(s,t) xac

dinh trén [a,b] % [a,b] théa man

b b

_[ _[ | (s, t)dsdt < .

a a

Mgénh dé 0.1.11. Khong gian L,([a,b] x [a,b]) 1a khong gian Hilbert véi tich vo huéng xac dinh boi

(0.9) = [ [ ols. (s, t)dsdt

Tich v6 hudng sinh ra chuan la

b b
= [Tty

Pinh li 0.1.12. Néu {¢.} 1a co s6 truc chuan trong L,([a,b]) thi h¢ {¢.4,}1a co s6 truc chuén trong

L,([a,b] x [a,b]).

Pinh li 0.1.13. Khong gian C[a,b], cac ham lién tuc trén [a,b], 1a khong gian dinh chuan véi chuan
||z|| = max{|z(t): a <t < b}.

0.2. Toan tir d6i xirng hoan toan lién tuc

Pinh nghia 0.2.1. Cho A 13 toan tir tuyén tinh lién tyc trong khong gian Hilbert H. Toan tir tuyén
tinh lién tuc A duoc goi 1a doi ximg néu (Az,y) = (z, Ay).

Pinh nghia 0.2.2. S6 4 dugc goi 13 gid tri riéng cla toan tr A néu phuong trinh Az = Az c¢6
nghiém khong tim thuong. Nghiém dé duoc goi 1a vecto riéng (mg véi gia tri riéng A .

Pinh li 0.2.3. Néu A 14 toan tir ddi xtmg thi cic vecto riéng clia A mg voi hai gia tri riéng khac
nhau bao gio ciing tryc giao voi nhau.

Pinh 1i 0.2.4. Néu A 1a toan tir di xtmg thi

||A]| = sup|(Az,z)| = sup (Az, z)| .

llz]l=1 lefl=0 |||



Pinh nghia 0.2.5. Toan tir tuyén tinh A trong khong gian Hilbert H duoc goi 1a hoan todn lién tuc
néu A bién tap bi chan thanh tap hoan toan bi chan.
Pinh 1i 0.2.6. Gia stt A 13 toan tr d6i xtmg hoan toan lién tuc. Khi d6

(i) Ton tai mot gia tri riéng A théa A = ||A||.

(i1) Tap cac gia tri riéng cua A cung 13m 1a dém duoc. Néu la dém duoc thi tap do 1ap thanh
mot day hoi tu dén 0.
Pinh 1i 0.2.7. Néu toan tir lién tuc 4 c6 mién gia tri 1a khong gian con hiru han chiéu ciia khong
gian Hilbert H thi A 1a toan tir hoan toan lién tuc.
Dinh 1i 0.2.8. Néu {4} 1a day céc todn tir hoan toan lién tuc va |4, — A| — 0 thi toan tir A ciing la

toan tir hoan toan lién tuc.
Pinh li 0.2.9. Trong khong gian Hilbert tach dugc, moi toan tir ddi xtmg hoan toan lién tuc déu co

mot h¢ tryc chuan day du vecto riéng.



Chwong 1. MOT SO BAI TOAN DAN PEN
PHUONG TRINH TiCH PHAN TUYEN TINH

1.1. Cac khai niém co ban
Pinh nghia 1.1.1. Phuong trinh tich phdn 13 phuong trinh trong d6 ham can tim chira dudi mot
hodc nhiéu dau tich phan.

Vi du 1.1.2. Céc phuong trinh sau la phuong trinh tich phan

f(s) = [ K(s,)p(t)dt, (1.1.1)
o(s) = f(s) + [ K (s, t)p(t)dt, (1.1.2)
o(s) = [ K(s.0)[ o] dt, (1.1.3)

trong 6 a <s<b,a<t<b, ¢(s) 1a ham can tim, cic ham con lai da biét.
Nguoi ta con xét cac phuong trinh tich phan ma ham can tim 1a ham nhiéu bién.
Vidu 1.1.3. V6i s =(s,...,s ), t =(t,....t )e", Qc ", phuong trinh sau 1a phuong trinh tich
phan
o(s) = f(s)+ [ K(s,t)p(t)dt (1.1.4)
o

Pinh nghia 1.1.4. Phuwong trinh tich phdn tuyén tinh 13 phuong trinh biéu dién duoc dudi dang
Ligp(s)] = f(s) (1.1.5)

v6i L 13 toan tir tuyén tinh theo ham can tim ¢(s).

Vi du 1.1.5. Trong Vi du 1.1.2, phuong trinh (1.1.1), (1.1.2) 1a phuong trinh tich phan tuyén tinh,

phuong trinh (1.1.3) & phuong trinh tich phan khéng tuyén tinh.

Nhin xét 1.1.6. Phuong trinh tich phan tuyén tinh c6 dang

h(s)p(s) = f(s)+ A[ K(s,t)p(t)dt (1.1.6)

trong d6 can trén cua tich phan co thé 1a bién sb hodc cb dinh; ham f(s), K(s,t) da biét; ¢(s) 1a ham
can tim, 4 1a gia tri thuc hodc phuc hoac tham s6 khac khong.

Ham K(s,t) dugc goi la nhdn cuia phuong trinh tich phén.

Pinh nghia 1.1.7. Néu ¢ dinh can trén 13 b, h(s) = 0 thi (1.1.6) trd thanh

£(s)+ zi K(s,Dp(t)dt = 0. (1.1.7)

Phuong trinh (1.1.7) dugc goi 1 phirong trinh tich phdn tuyén tinh Fredholm logi 1.
Néu c¢6 dinh can trén 13 b, h(s) =1 thi (1.1.6) tré thanh

o(s) = f(s)+ A j K(s,)p(t)dt. (1.1.8)

Phuong trinh (1.1.8) duoc goi 1a phirong trinh tich phén tuyén tinh Fredholm loai 2.



Néu f(s) = 0 thi phwong trinh (1.1.8) tr& thanh

o(s) = A j K(s,)p(t)dt . (1.1.9)

Phuong trinh (1.1.9) duoc goi 13 phwong trinh thuan nhat cta (1.1.8).
Pinh nghia 1.1.8. Néu can trén 12 bién s s, h(s) = 0 thi (1.1.6) trd thanh

£(s)+ zi K(s,Dp(t)dt = 0. (1.1.10)

Phuong trinh (1.1.10) dwoc goi 1a phwong trinh tich phin tuyén tinh Volterra logi 1.
Néu can trén 14 bién s6 s, h(s) =1 thi (1.1.6) trd thanh

os) = f(s) + zj K(s,t)p(t)dt . (1.1.11)

Phuong trinh (1.1.11) duoc goi 1a phwong trinh tich phdn tuyén tinh Volterra logi 2.
Néu f(s) = 0 thi phwong trinh (1.1.11) tr¢ thanh

o(s) = zj K(s,t)p(t)dt . (1.1.12)

Phuong trinh (1.1.12) dugc goi 1a phwong trinh thudan nhat cta (1.1.11).

Dinh nghia 1.1.9. Nhan K(s,t) duoc goila L, - nhdn néu nhan K(s,t) thoa méan cac diéu kién sau

bb
(i) Véimdi a <s<b,a<t<b,tacod [[|K(st)dsdt <+o0,

a a

b
(ii) V&i mdi a <5 <b, taco [|K(s,t)dt < +o,

a

b
(iii) V&i mdi a <t <b, ta o [|K(s,t)ds < +o0.

Pinh nghia 1.1.10. S6 A théa méan phuong trinh (1.1.9) véi ¢(s) khac khong duge goi 1a gid tri
riéng ciia nhan K(s,t). Ham ¢(s) Gng vadi gia tri riéng A thoa man phuong trinh (1.1.9) dugc goi 1a
ham riéng Gmg vai gia tri riéng A cua nhan K(s,t).
1.2. Mot s6 bai toan din dén phwong trinh tich phan tuyén tinh

Phuong trinh tich phan tuyén tinh 1a mot cong cu toan hoc hitu ich trong giai tich. Nhiéu bai
toan trong vat li, co hoc, khoa hoc ki thuat va ca cac bai toan trong toan hoc dan dén phuong trinh
tich phan tuyén tinh. Trong phan nay, chung toi gidi thiéu mot sd bai toan do.
1.2.1. Bai toan Abel

Cho soi day 1a mot dudng cong tron dit trong mit phang dimg nhu hinh 1.1.
Cho mét chat diém dugc gilt dung yén tai P va sau do dugc tha chuyén dong doc theo soi day dudi

tac dung cua trong luc. Hoi bao lau chat diém tut xuéng Vi tri thép nhat O ?



P(z,y)

Q(&,n)

O Hinh 1.1

Loi giai. Chon O 1a géc toa do, Oz la tryc ding, chiéu duong hudng Ién, Oy la truc nam ngang.
Goi P(z,y), Q(&,n) va s 1add dai duong cong OQ).

G

0

Ta c6 van toc cua chat diem tai Q la ds =—2g9(x — &) . Do db t = —J‘L
dt P ,[29(:1:—6)

r ds

i\/29($ —8)

Vi duong cong da cho nén ta co thé gia st s = u(&). Khi d6 ds = u(&)dE va
o (g

0 29(z — &) .

Bai toan ciia Abel 1a tim d6 dai dudng cong ma thoi gian chit diém tut hét duong cong 1a mot ham

Vay tong thoi gian chat diém tut xuéng dén O 13 T =

f(z) cho trude. Khi do, bai toan tr¢ thanh tim ham « tir phuong trinh

_ [ u()ds
0 m . (1.2.13)
Phuong trinh (1.2.13) 1a phuong trinh tich phan tuyén tinh Volterra loai 1.
1.2.2. Bai toan vé swr cAn bing ciia day chiu tai
Xét mot s¢i day 1a mot sgi vat chit dan hdi c6 do dai [, c6 thé udn tu do nhung chéng lai su
dan béng mot luc ti 1& v6i do 1on cia su din d6. Gia st cac dau mat cua day bi gilr chat tai cac diém
=0 va z =1.Khido, & vi tri can bang, diy trung v6i doan thang cua truc z, 0 < z <. Gia sir tai

x =& dat mot luc théng diang P, 1én day. Dudi tac dung cua lyc nay s¢i day bi 1éch khoi vi tri can

bang va c6 dang nhu hinh 1.2.

A B

P, Hinh 1.2

Tim d6 16n & cua d6 1éch tai diém & dudi tac dung cua lyc P.



Loi gidi. Néu luc P, nho hon lyc cang T; cua day khong tai thi hinh chi€u nam ngang cua lyc cang
cua ddy c6 tai c6 thé coi bang 7). Khi do, tir diéu kién cang bang cua dy ta nhan dugc ding thic

Té+Ti=P.Suyra5=w
Oé: Ol_é: 4

Gid st u(z) 1a d§ vOng cua day tai diém 2 nao d6 dudi tac dung cua lyc P.. Khi do

P..
T

u(z) = P.G(x,5)

trong do
.’I?(l—f) 0<$<§
-1, M
T o

Bay gio gia sir rang trén day tac dung mot luc, phan bé lién tuc doc theo nd véi mat do p(&). Néu

luc d6 nho thi su bién dang phu thudc tuyén tinh vao lyc va dang cua day c6 tai dugc mo ta boi ham
l
w(z) = [ G, &)p(E)dé (1.2.14)
0

Nhu vay, néu cho mét luc tac dung 1én day thi cong thirc (1.2.14) cho biét dang cua day dudi tac
dung cua luc d6. Ngugc lai, xét bai toan tim lyc p dé day c6 dang «. Bai toan nay dan dén xét
phuong trinh (1.2.14) trong d6 p 1a ham can tim. Phuong trinh nay 1 phuong trinh tich phan tuyén
tinh Fredholm loai 1.
1.2.3. Bai toan vé dao dong tu do va dao dong cudng birc ciia day

Xét Bai toan 1.2.2 trong truong hop day thuc hién mot dao dong nao do. Gia st u(z,t) 1a vi

tri tai thoi diém ¢ cua diém thudc day c6 hoanh d6 z va mat do cua day 13 p = const . Khi ddy c6

2
do dai dz, luc quén tinh tac dung 1é€n day 1a —% pdx . Do d6
O*u(é,t
p(§)=—“(—f)p. (1.2.15)
ot
Thay (1.2.15) vao (1.2.14), ta duoc
l 2
Wz, t) = —jG(x,g)p%dg. (1.2.16)
0

Néu day thuc hién dao dong diéu hoa voi tin sé @ cd dinh ndao d6 va véi bién do u(z), phu thude
vao z thi

u(z,t) = u(z)sin wt . (1.2.17)
Thay (1.2.17) vao phuong trinh (1.2.16) ta dugc

u(z) = pa’ j Gz, Eu(E)dE (1.2.18)

Phuong trinh (1.2.18) 1a phurong trinh tich phan tuyén tinh Fredholm loai 1.



Néu day thuc hién dao dong cudng birc dudi tac dung cua ngoai luc thi ta nhan dugc phuong trinh
l
w(z) = f(x) + po’ [ G, )u(£)dE . (1.2.19)
0

Phuong trinh (1.2.19) 1a phuong trinh tich phan tuyén tinh Fredholm loai 2.
1.2.4. Méi lién hé giira phwong trinh vi phan tuyén tinh va phwong trinh tich phan tuyén tinh
Xét phuong trinh vi phan tuyén tinh cip n

dny dnfly dy

—+ +...+A —+A = F(s), 1.2.20

L A6t 4,0 A = F () (1.2.20)
véi didu kién ban dAu y(a) = q,, y'(a) =g, 3" (@) =q, .. (1.2.21)

trong do cac ham A, A,,...,A va F lién tyc trén [a,b] dugc cho trude.

Pit g(s) = LY. (1.2.22)
ds"
Tur (1.2.21) va (1.2.22) ta nhan dugc n phuong trinh
dn—l s
ds,ff = [g(t)dt +q, .. (1.2.23)
Ty d 1.2.24
dsn—Q - ,[(8 - t)g(t) L+ (S - a)qn—l + qn—? 4 ( e )
dy s (S _ t)nf? (S _ a)n—? (S _ a)n—S
2 [ gtyde + +
ds ;!.(n—2)! gt T B+ gy
+...+($—(L)q2 +q,. (1.2.25)
s (5 _ t)n—l (5 _ a)n—l (5 _ a)n—2
= Dt +-—Y g 2
Y :[(n—l)! gt T s gy e
+..+(s—a)g +q,. (1.2.26)

Nhén phuong trinh (1.2.22) v6i 1, phuong trinh (1 .2.23) v61 A(s),..., phuong trinh cudi voi A (s),

sau d6 cong lai, ta nhan dugc phuong trinh

g(s) = f(s)+ lj K(s,t)g(t)dt , (1.2.27)
trong d6 K(s.t) = -3 4 ()0 v
k=1 * (k - 1)'
f(s)=F(s)—q,_A(s)-[(s—a)g,_, +q,,]A(s)
— [Mq [t (s—a)g + qO]A (s).

(-1t ™ '

Phuong trinh (1.2.27) 1a phuong trinh tich phén tuyén tinh Volterra loai 2.



Chuwong 2. PHUONG TRINH TiCH PHAN TUYEN TiNH FREDHOLM

Trong [3], tac gia da ching minh phuong trinh tich phan tuyén tinh Fredholm loai 1 khong
giai duoc trong trudng hop tong quat.

Dbi voi phuong trinh tich phéan tuyén tinh Fredholm loai 2, c¢6 nhiéu phuong phap khao sat
sy ton tai nghiém cua phuong trinh va mdi phuong phap d6 cho ta mot dang nghiém cia phuwong
trinh. Phuong trinh ndy cling dugc khao sat voi nhan suy bién, nhan ddi xtng va ca trudong hop nhan
1a L, - nhan bat ki.

Trong chuong nay chiing toi chu yéu trinh bay mot sé phuong phap khio sat phuwong trinh
tich phan tuyén tinh Fredolm loai 2 dua trén cac tai liéu [4], [5], [9].

Néu khong noi gi khac thi cac ham dugc xét & Muc 2.1 — 2.3 dudi day la ham nhan gia tri thuc.
2.1. Phuong trinh tich phén tuyén tinh Fredholm loai 2 véi nhan suy bién
Dinh nghia 2.1.1. Nhan K(s,t) duoc goi 1 nhdn suy bién néu K(s,t) la L - nhan va dugc viét

dudi dang
K(s,t) = p,(s)q,(t). (2.1.1)

trong d6 p,(s),...,p (s) va q,(t),...,q (t) 1a cac ham trong L, ([a,b]).
Chi y 2.1.2. C6 thé gid sir cdc ham p,(s), q.(t) ddc ldp tuyén tinh trong L ([a,b]). That vy, néu

cac p,(s) khong doc 1ap tuyén tinh thi c6 mot p, (s)nao d6 1a 6 hop tuyén tinh cia céc p (s) khéc,

tacla p (s) = Z a.p,(s). Thay o hop tuyén tinh nay vao K(s,t) ta c6

i=1,i%4,
K(s,t)= 3 p(s)a )+ X, ap(s) ()= X ()0, ().
i=1,i#i, i=1,i#i, i=1,i#i,
Lip lai qua trinh d6 mot sb 1an can thiét, ta thu dwgc mot biéu thirc ¢6 dang (2.1.1), trong do cic
ham p.(s) va q.(t) déu doc 1ap tuyén tinh.

Xét phuong trinh tich phan tuyén tinh Fredholm loai 2 v&i nhan suy bién

0(s) = f(s)+ A[ K(s,t)p(t)dt (2.1.2)

Tur (2.1.1) phuong trinh (2.1.2) tr¢ thanh
Pls) = £5)+ 23 ,(5)] (0. @13)
Dit & = j'qi(t)go(t)dt. (2.1.4)

Phuong trinh (2.1.3) tré thanh

0(s) = f(5)+ A2 Ep,(5). (2.1.5)



Tu (2.1.3) va(2.1.5) suy ra

_Zn:eipi ZP Z f (p,( dt+]q (t)dt]. (2.1.6)
bit a, = jqi(t)pj(t)dt, (2.1.7)

b= [a,(®)f(t)dt. (2.1.8)

Tir (2.1.6) — (2.1.8) ta ¢6

Z &p,(s) = Z 1@(8)[/12 a,é +b]. (2.1.9)

=1

Do cac ham pi(s), 1=12,...,n doc lap tuyén tinh nén tr (2.1.9) suy ra

E-ADaé =b,i=12..n. (2.1.10)
=t

Pay 1a hé phuong trinh tuyén tinh thuan nhat n an & . Giai h¢ phuong trinh tuyén tinh (2.1.10), ta

tim dugc cac £ va suy ra ¢ tu (2.1.5). Do cac bién ddi (2.1.2) - (2.1.10) 1a twong duwong nén ham
o(s) = f(s)+ ﬂ,z ¢ p.(s) 1a nghiém cua phuong trinh (2.1.2).

Nhu vay, viéc khao sat phuong trinh (2.1.2) twong duong vdi viée khao sat hé phuong trinh tuyén
tinh (2.1.10). Ta s€ khao sat h¢ phuong trinh (2.1.10).

1- ﬂ,an —/MIQ .. —xlam
-la 1-Aa,. -+ —Aa
bat D(A)=| .* P L (2.1.11)
—ﬂ,anl —lanQ R iam

Néu D(A) # 0 thi hé phuong trinh (2.1.10) c¢6 nghiém duy nhat 1a

Db+...+Db
& =il mng=12,..,n. (2.1.12)
l D(A)

trongdo D, 1a phan phu dai s6 thir (k,7) ciia D(A).

Thay (2.1.12) vao (2.1.5), ta ¢6 nghi¢m ctua phuong trinh (2.1.2) la

Db +..+D b
mz i +) v p (s). 2.1.13)

Thay (2.1.8) vao (2.1.13), ta dugc

o(s) = f( —j{z[ 48+ +Dg ()] p,(5)} (2.1.14)

a?l



0 pls)  ps) = (s
) 1-da  —Aa, - -4
D(S, t, Z) = - ql( ) : H :au : :aln ’ (2.1.15)
qn (t) _ﬁ“a/nl _Z’a/nQ o 1 - /?'ann
F(s,t,i)=m. (2.1.16)
D(4)

bai luong I'(s,t,4) dugc goi la gidi thirc cia phuong trinh (2.1.2).
Vay, néu D(A) # 0 thi tir (2.1.13) — (2.1.16) suy ra nghiém phwong trinh (2.1.2) 1a

o(s) = f(s)+ [ T(s,t, A)f (t)dt (2.1.17)

Nhin xét 2.1.3. Néu D(A) = 0 thi hé phwong trinh tuyén tinh (2.1.10) c6 thé vé nghiém hodc vé sé
nghiém tuy thugc vao b.. Do do phuong trinh (2.1.2) co thé vé nghiém hodc vo 56 nghiém phu thugc
vao f.

Nhu viy, ta can tim diéu kién cia ham f dé phuong trinh (2.1.2) c6 nghiém trong trudng hop
D(A)=0.

Ki hiéu I 1a ma tran don vi cdp n, A = (a b=(b), &=(&) hé phuong trinh (2.1.10) duoc

i )nxn >
viét & dang

(I —2A)¢ =b. (2.1.18)
Tiép theo chung t6i xét phuong trinh thuan nhat twong Gmg phuong trinh (2.1.2)

o(s) = A[ K (s, t)p(t)dt (2.1.19)

Nhin xét 2.1.4. Khi D(1) =0 thi twong iing véi méi nghiém khéng tam thwong ciia hé phwong
trinh tuyén tinh thuan nhat
(I-2A)¢~ =0 (2.1.20)

c6 mot nghiém khong tam thuong ciia phwong trinh thudn nhdt (2.1.19).

Nhin xét 2.1.5. Néu D(A) = |I — 14| c6 gid tri riéng A, trung voi gia tri A trong phuong trinh
(2.1.19) va rankD(A,) = p v6i 1< p <n thi hé phuong trinh thuan nhat (2.1.10) ¢6 r=n—p
nghiém doc lap tuyén tinh. S6 r dwoc goi la chi $6 cla /10. Gia sw v nghiém doc ldp tuyén tinh do
la ¢,(5),0,(8),...,p, (s). Khi d6, véi A, c6 chi s6 1, moi nghiém @,(s) tng voi A, cua phiong

trinh thuan nhdt (2.1.19) ¢6 dang

0,(s) =D a,¢,.(s) véi a, la hing so. (2.1.21)
k=1

Bay gio xét phuong trinh lién hop cua phuong trinh (2.1.2) 1a



w(s) = g(s) + A[ K(t, ) (t)dt (2.1.22)

voinhan K(t,s) = sz<t)q7:(5)'

Lap luan tuong tu cac 1ap luan tu (2.1.2) - (2.1.10), ta suy ra viéc khdo sat phuong trinh (2.1.23)
dugc dua vé viée khao sat hé phuong trinh tuyén tinh

n-AYan =c,i=12..n, (2.1.23)
=1
V(na —Jp )dt c—J.p t)dt, n—jp (t)dt .

Hé thic w(s Zn q.(s)+ f(s) ) thiét 1ap mot twong tng 1-1 gilta tdp nghiém cua phwong trinh
(2.1.22) v6i tap nghiém ciia hé phuong trinh tuyén tinh (2.1.23).
Ki hiéu A” 12 ma tran chuyén vi cia A, ¢ = (c,), m =(n,) thi h¢ phuong trinh (2.1.23) duoc viét
dudi dang

(I-24")n =c. (2.1.24)
Phuong trinh thuan nhat ctia phuong trinh (2.1.22) 1a

- ,1} K(t,s)y(t)dt . (2.1.25)

Nhin xét 2.1.6. Khi D(A) = 0thi véi méi nghiém khong tam thuong ciia hé phuirong trinh tuyén tinh
thudn nhat

(I-24" =0 (2.1.26)
c6 mot nghiém khong tam thuong cia phwong trinh thuan nhat (2.1.25)
Nhin xét 2.1.7. Néu D(A) =|I — AA| ¢6 gid tri riéng la A, vOi chi s6 1 thi D(A) = |I — AA"| ciing
o gia tri riéng la A voi chi 6 1a 1. Suy ra s6 nghiém doc ldp tuyén tinh cia (2.1.19) va (2.1.25) la
bang nhau. Gid sir v nghiém dc ldp tuyén tinh cia phirong trinh (2.1.25) iing véi gid tri riéng A
la w, (5),w,(5),...,w, (). Khi dé, véi A co chi s6 r, nghiém v, (s)tng véi A, cua phwong trinh
thuan nhat (2.1.25) ¢6 dang

Z,B w,.(s)voi B la hang s6. (2.1.27)

Pinh li 2.1.8. Néu ¢(s) la nghiém ciia phwong trinh thudn nhdt (2.1.19) iing voi A va y(s)la
nghiém ciia phwong trinh thudn nhat (2.1.25) iing véi A, (A # 4,) thi @(s) va y(s) truc giao voi

nhau.

Chirng minh. Ta c6



o(s) = 4, [ K(s,)p(t)dt, (2.1.28)

w(s) = A, [ K(t sy (t)dt . (2.1.29)

a

Nhan hai vé cta (2.1.28) v6i 4,y(s) va hai vé cua (2.1.29) véi A ¢(s)ta duoc

Ay (s)p(s) = ijy(s)j K(s,t)p(t)dt, (2.1.30)

2005w (s) = A 2,00)[ Kt sy ()t (2.1.31)

Lan luot Iy tich phan hai vé cta (2.1.30) va (2.1.31) theo s tir a dén b, sau d6 trir hai vé cua hai
d'fmg thirc nhan duoc, ta co

b

(4 = 4)| o) (s)ds = 0. (2.1.32)

a

b
Do A # A, nén tir (2.1.32) suy raj'(p(s)l,y(s)ds =0 hay ¢ va y truc giao vGi nhau.

Dinh li 2.1.9. Gia si D(A)=0 va r la chi 6 cla A, Khi do phwong trinh (2.1.2) ung voi
A = A, co nghi¢m néu va chi néu f(s) truc giao véi v nghiém . ciia phwong trinh lién hop thudn
nhdt (2.1.25).

Chimg minh. Diéu kién can. Gia st ¢(s) 1a nghiém cua phuong trinh (2.1.2) tng véi A = 4, tic la

o(s) = f(s)+ A, [ K(s,)p(t)dt . (2.1.33)

Nhan . vao hai vé cuia (2.1.33), sau d6 1y tich phan theo s tir @ dén b, ta dugc

b

[ fsh(s)ds = 0.

Do d6 f(s) truc giao v6i r nghiém y = cta phuong trinh thuan nhat (2.1.25).

Piéu kién du. Gia st f(s) truc giao v6i r nghi¢ém w  cua phuong trinh lién hop thuan nhat
(2.1.25). Khi d6, hé¢ phuong trinh (2.1.10) ¢6 n —r phuong trinh doc 1ap tuyén tinh va do d6
rank(I — AA) = n —r hay hé phuong trinh (2.1.10) giai dugc. Thay cac nghiém nay vao (2.1.5) ta
duoc nghiém cua phuong trinh (2.1.2).

Tu Nhan xét 2.1.4,2.1.5, 2.1.6,2.1.7, Binh 1i 2.1.8, 2.1.9, ta c6 dinh li sau

Pinh li 2.1.10. (Fredholm Alternative Theorem) Véi A ¢é dinh, cdc phwong trinh

o(s) = f(s)+ A K(s,t)p(t)dt, (2.1.34)



o(s) = A K(s,t)p(t)dt, (2.1.35)
w(s) = g(s) + A[ K(t,s)p (), (2.1.36)

w(s) = A[ K(t sy (t)dt, (2.1.37)

xay ra hai kha nang
(i) Hodc phirong trinh thudn nhat (2.1.35) khéng cé nghiém ndo khéc 0. Khi @6, phwong trinh lién
hop thudn nhat (2.1.37) ciing khéng cé nghiém khdc 0 véi moi f,g e L,([a,b]) cho trudc va moi

phirong trinh (2.1.34), (2.1.36) ¢6 nghiém duy nhdt.
(ii) Hodc phwong trinh thudan nhat (2.1.35) ¢6 mot sé hitu han v nghiém ddc ldp tuyén tinh
0y, (8), 0, (8)5-..,0,.(5). Khi d6 phuong trinh lién hop thudn nhat (2.1.37) ciing c6 mgt s6 hitu han

r nghiém déc lap tuyén tinh W, (8),v,,(5),...,w, (s) va phwong trinh (2.1.34) c6 nghiém khi va chi
khi f(s) truc giao véi moi nghiém @, (s),9,,(s),...,@, (s) cta (2.1.37); phuong trinh (2.1.36) co
nghiém khi va chi khi g(s) truc giao véi moi nghiém v (s),v,(s),...,y, (s) cua (2.1.35).

Vi du 2.1.11. Giai phuong trinh tich phan Fredholm loai 2

o(s) =s+ j[(st2 +8t)p(t)dt . (2.1.38)

0

Loi giai. Ta co K(s,t) = st” + s°t 1a nhan suy bién véi

p,(s)=s, p,(s)=35" vaqt)=1t*, qt)=t.

1 1
it & = [Fp(t)dt va & = [te(t)dt . Khi do phuong trinh (2.1.38) trd thanh
0 0

p(s) =s+&s+ 5252 : (2.1.39)
0 1 0 1 0 1
Taco a, = [q,(t)p,(t)dt = = [a,(0)p,(t)dt = =0 Oy = [a,(t)p, (t)dt = 3
0 0 0
0 1 0 1 0 1
0, = [0,Op,(0dt = 7. b, = [0t = . b, = [0, )t = 3.
0 0 0
Phuong trinh (2.1.39) din dén hé phuong trinh tuyén tinh
3 1 1
2E-2& =1,
475 4 (2.1.40)
2, 1,1
370 47 3
Nghiém ctia hé phuong trinh (2.1.40)1a & = 61 E = 80
. ' s o 1197 P 119

Do d6 nghiém cua phuong trinh (2.1.38) 1a



61 80 , 180 80 ,
P(s)=——s+—85 +s=—5+——5".
119 119 119 119
Vidu 2.1.12. Xét phuong trinh tich phan
27
ols) = f(s)+— | [sin(s + Dlp(t)dt . (2.1.41)

T 0
Ching minh rang phuong trinh (2.1.41) khong c6 nghiém khi f(s) = s nhung c6 nghiém khi
f(s)=1.
Loi giai. Ta c6 K(s,t) = sin(s +t) = sinscost + cos ssint 1a nhan suy bién véi

p,(s) =sins, p,(s) =coss va ¢,(t) = cost, q,(t)=sint.

2 27

Do d6 a, = I q,(t)p,(t)dt =0, a, = j q,(t)p,(t)dt = x,
0 0
2z 2z
a, = ij(t)pl(t)dt =7, a, = qu (t)p2 (t)dt =0.
0 0
, —Azm 2 9 Ty ax s 1 1
Tacod D(A) = =1-A"7".Khidé D(1) =0 conghiémA =—, 4 =——.
—Ar 1 Lo T

Ta nhan thdy phuong trinh (2.1.41) chira A = l Xét phuong trinh thuan nhat lién hop cua (2.1.41)
V4

la
1 2z
w(s) = — [ [sin(s + 1)y (t)dt (2.1.42)
7 0
Phuong trinh (2.1.42) tuong duwong véi hé phuong trinh tuyén tinh
—Ann, =0,
h T, ) (2.1.43)
—Anmn, +n, =0.

. 1 :
V6i A4 = —, tu (2.1.43) suy ra 7, =7, . Do d6 nghiém cua (2.1.42) la
V4

w(s) = c(sin s + cos s) Vi ¢ 1a hang sd.

2z 2z
Vi .[ s(sins+coss)ds = -2z # 0 va I (sin s + cos s)ds = 0 nén theo Dinh 1i 2.1.10 ta c6 diéu phai
0 0

chung minh.
Vi du 2.1.13. Giai phuong trinh tich phan

1

p(s) = f(s)+ A[ (1= Bst)p(t)dt (2.1.44)

0

Loi gidi. Ta c6 K(s,t) = 1 — 3st 1a nhan suy bién voi

p1(5) =1, pQ(s) =—-3s va ql(t) =1, qQ(t) =1.



(2.1.44) 1a
3
(1-A)& +2 A8 =b,
. 2 . (2.1.45)
—5/151 +(1+A), =0,
-2 34 1
Taco D()=| | 2 l==@4-=-29.
—51 1+ A4

Néu A # 2 thi D(A) # 0. Khi d6 hé phuong trinh c6 nghiém duy nhat
_ 4L+ A)b, —62b, - A(1— A)b, +22b, |

1 4 _/12 2 4 _/12
Khi d6 phuong trinh (2.1.44) c6 nghiém la
A(L+ A, —64b, 41— A)b, +22b
s) = -3 2 Ls+ f(s).
o(s) YRpE YT f(s)
Khi A =2 hodc A = —2, xét phuong trinh lién hop thuan nhét cta (2.1.44) 1a

1

w(s) = A[ (1= 3sty(t)dt. (2.1.46)

0

Hé phuong trinh tuyén tinh twong tmg véi phuong trinh (2.1.46) 1a
1
(1 - /1)771 - _/1772 = 07
] 2 . (4.1.47)
5/1771 +(1+A)n, =0.
V6i A =2 h¢ (2.1.47) tr¢ thanh 77 = —7,. Khi d6 phuong trinh (2.1.46) c6 nghiém

1
w(s)=c(l-s). Do d6 phuong trinh ¢(s)= f(s)+ ZI (1-3st)p(t)dt c6 nghiém
0



Voi A=-2 hé (2.147) tr¢ thanh 7, =-3p. Khi d6 phuong trinh (2.1.46) c6 nghiém

1
w(s)=c(1-3s). Do d6 phuong trinh ¢(s)= f(s)—QJ- (1-3st)p(t)dt c6 nghiém khi

0

—— —

(1-3s)f(s)ds =0.

N o

.2. Phwrong phap x4p xi lién tiép cho phwong trinh tich phan tuyén tinh Fredholm loai 2
Xét phuong trinh tich phan tuyén tinh Fredholm loai 2

o(s) = f(s)+ A K (s, t)p(t)dt (2.2.1)

trong d6 cac ham f, K cho trudc, A 1a tham $0, ¢ la ham can tim.
Str dung phuong phap xap xi lién tiép, ta thiét 1ap didu kién ton tai nghiém ciing nhu dang
nghiém cua phuong trinh (2.2.1) khi cdc ham f, K thoa man mot trong hai gié thict sau
Gia thiét (A):
(A): Ham f(t) = 0 va f(t) lién tyc trén [a,b],
(A): Him K(s,t) # 0, K(s,t) lién tuc va |K(s,t)| < M trén [a,b] x [a,b].
Gia thiét (B):
(B)): Ham f e L,([a,b]), f#0,
(B,): Him K(s,t) 1a L,- nhan, K = 0.
Ta xay dung ddy {¢ } nhu sau

,(5) = [(s),

0,(s) = f(s5)+ A| K (s, t)p,(t)dt ...,

0,(5) = f(s) + A] K(s,t)p, ,(t)dt . (2.2.2)

Theo cach xay dung ¢ (s) ta co

0,(5) = f(s)+ Y A" [ K, (s,0)f(t)dt, (2.23)
Vi K (s,t) = jK(s, r)K (v,t)dz, K (st) = K(s,t) . (2.2.4)

Biéu thuc (2.2.4) duoc goi 1a nhdn Idp thir m cla phuong trinh (2.2.1).
B6dé2.2.1. Véir 1,0 <r <m, tacé

b

K, (st)=[K (s,2)K,_ (z,t)dx. (2.2.5)

a



Chirng minh. Sir dung cong thirc (2.2.4) lién tiép, ta dugc

J'K (z,,t)dz,

m—1 m—1 1

@!—.@

b
JK z,r,).. K (z ,t)dr . ..dz.

Do d6 K (s,t) c6 m—1 dau tich phan .

Tuong tu, K (s,t) c6 r—1 dau tich phan va K _(st)com—r—1 dau tich phan. Do d6
b
J-Ky,(s, 2)K _(z,t)dz c6 m—1 déu tich phan. V4y ta c6 dang thirc (2.2.5).

Pinh li 2.2.2. Gid sir gia thiét (A) ding va |A|\M(b-a) < 1. Khi dé phwong trinh (2.2.1) ¢6 duy
nhdt nghiém @ € Cla,b] dwoc cho béi chudi Neumann

)+ Z A j K (s,0)f (2.2.6)

m=1
Chirng minh. Trudc hét ta chimg minh sy ton tai nghiém. Do f(s) lién tuc trén [a,b] nén ton tai
U >0dé|f(s)|<U, = ela,b].

Bang qui nap, ta chimg minh duoc

|j K (s,t)f(t)dt| < UM™(b—a)"véim=12,... (2.2.7)
Do do
S [ K, (s.0)f(dt < S UIAMb-a)]" (2.2.8)

m=1 a m=1

Vi|A|M(b—a) < 1 nén chudi & vé phai ctia (2.2.8) hoi tu . Do d6 vé trai ctia (2.2.8) 1a chudi héi tu

déu trén [a,b], suy ra chudi f(s)+ 2,1"’ j K (s,t)f(t)dt hoi tu tuyét doi va déu trén [a,b].

m=1

Pit )+ Z A j K (s,1)f (2.2.9)

m=1

Theo gia thiét (4) ta co ¢ e Cla,b].
Mt khac, tr (2.2.3) va (2.2.9) suy ra
limg (s) = @(s) Vo1 a<s<bh. (2.2.10)
Twr (2.2.2) va (2.2.10) suy ra ¢ xac dinh bdi (2.2.9) 1a nghiém phuong trinh (2.2.1).
Bay gio ta ching minh sy duy nhat nghiém. Gia st @, va ¢, la hai nghiém bat ki clia phuong trinh

(2.2.1). Dt ¢(s) = ¢,(s) — ¢,(s) . Khi d6, ¢ 1a nghiém ctia phuong trinh thun nhat



o(s) = A[ K(s,t)p(t)dt . (2.2.11)

b
Vi moi a <5 <b, tir (2.2.11) ta cd |g(s) = |[AI[| K(s,) | |p(t)]dt < [AIM|g|[(b a).

Suy ra [144|M(b - a)][¢l| < 0. Do| 4| M(b - a) <1 nén | = 0 hay ¢ = 0. Vay nghiém ¢ la duy
nhét.

Pinh li 2.2.3. Gia sit gia thiét (B)ding va |A|.||K|| < 1. Khi @6 phwong trinh (2.2.1) c6 duy nhdt
nghiém ¢ € L,([a,b]) xdc dinh boi

o) = f(5)+ Y zj K (s,0)f(t)dt. (2.2.12)

m=1

Chirng minh. Trude hét ta chung minh sy ton tai nghiém. Dat
b

u (s)=A"|K (st)f(t)dt,

m
a

C? = Sup{th(S, t)Pdt,s € la,b]}.
Theo bat dang thirc Schwartz taacé
(K nfwa < (15, 0par[1fpan < AP, @2.13)
T B6 dé 2.2.1a suy ra a a
K (st)= ijl(s, z)K(x,t)dx . (2.2.14)

Do do6

| K, (s,t) P< I, (s, 2 da] || K(z,t) P da]. (2.2.15)

a

Léy tich phan hai vé cta (2.2.15) theo ¢ tir @ dén b, ta duoc C2 < ||K|[C? .

Tuong tu, ta c6 day cac danh gia
¢t <|IKIFC? . €2, <|IKIFC:

m— m-2 — m-172

...,C’; £||K||2Cf.
Do d6
C:L < |\K||QC’;_1 < ]|K||2HKHQC;_2 <.
<||K]|}....|| K|} Cf = ||K||2’”‘{"C’l2 . (2.2.16)
| S ——

2m—2

Tir (2.2.13) va (2.2.16) suy ra

[ &, (s.0)f())dtf < CHIKIP" || £ (2.2.17)



Vay
|w, () < AICIAKE]™ = [AIAIC (A" (2.2.18)

Vi|A|.]|K]|| < 1 nén chudi Z u_(s) hoi tu tuyét d6i va déu trén [a,b].

m=1

Do d6 chudi f(s) + Z A" j K (s,t)f(t)dt hoi tu tuyét dbi va déu trén [a,b].

m=1

Pit
o(s) = f(s) + Z zmi K (s,0)f(t)dt. (2.2.19)

Nhan hai vé cta (2.2.19) véi AK(z,s), sau d6 lay tich phan theo s tir a dén b, két hop véi (2.2.19),

ta duoc

m=1

le(m,s ds—Z/im‘[K (s,0)f = o(z) - f(z).

Vay cong thuc (2.2.19) 1a nghiém cua phuong trinh (2.2.1).
Mit khéc, tir (2.2.18) taco u_ € L ([a,b]). Do d6 ¢ € L,([a,b]).

Bay gid ta ching minh su duy nhat nghiém. Vi A cho trude, gia sir @,(s) va @,(s) 1a hai nghi¢ém
ctia phuong trinh (2.2.1). Dit ¢(s) = ¢,(s) — ¢,(s). Khi d6 ¢(s) la nghi¢ém ctia phuong trinh thuan

nhét
= zi K(s,t)p(t)dt . (2.2.20)
Str dung bét ddng thirc aSchwarts, tir (2.2.20) ta co
[p(s))” < |/1|2[j | K (s,t)f dt] [i | p(t)Fdt]. (2.2.21)

Lay tich phan hai vé ctia (2.2.21) theo s tir a dén b va bién ddi ta dugc
(1-AFB") ||l < 0.
Do |A|B <1 nén ||g|| =0, suy ra ¢(s) =0 hau hét v6i s € [a,b]. Do d6 phuong trinh (2.2.1) c6
nghiém duy nhat.
Vidu 2.2.4. Giai phuong trinh tich phan

o(s) = 1+ A[ [sin(s + t)|p(t)dt . (2.2.22)
0
Loi giai. Ta thiét 1ap day nhan lip K _(s,1) nhur sau

K (s,t) = K(s,t) = sin(s + 1), _[K K(z tdx—%ﬁcos(s—t)
0



K (s.1) = TK(S, ), (1, )ds = (% ) sin(s+ 1), K, (s,) = (% ) cos(s — 1),

sin®(s + t)dsdt = 2z

Nt

K. (s.1) = (%7;)4 sin(s +1),...va ||K]| =\/

Didu kién |A]||K|| < 1 tré thanh 2 <A< @
T T

O e
O

Do d6, véi A théa man V2 <A< —2, nghiém cua phuong trinh (2.2.22) 1a
7

7
7 . 1 271 1 , 37[ .
o(s) = 1+/1.[sm(s+t)dt+§m1 Jcos(s—t)dt +(§7z) A jsm(s+t)dt+...
0 0 0

=1+21+ (%72')2/12 + (%72')4/14 +...]coss

2 .
+ﬂ272'[1+(172')2/12+(l72')4/14+...]sins:1+8/ﬁtcoss+4/ﬂt 7[81115.
2 2 4_22”2

Nhu vay, trong Dinh 1i 2.2.2 va Dinh 1i 2.2.3 nghiém cta phuong trinh (2.2.1) dugc cho boi cong

thire (2.2.12). Van dé dit ra 1a giai thuc cua phuong trinh (2.2.1) x4c dinh nhu thé ndo va c6 tinh
chat gi dic biét? Trong phan ké tiép, chung t6i s& khao sat van dé nay.

Pinh li 2.2.5. Gid si gid thiét (B) ding va |A|.||K|| < 1. Khi @6 phiong trinh (2.2.1) ¢6 duy nhdt
giai thirc xdc dinh boi

[(s,t;4) = Y A"'K (s,t). (2.2.23)

m=1

Chirng minh. Trudc hét ta chimg minh sy ton tai. Theo chimg minh Dinh 1 2.2.3, ta ¢6 chudi sau

0 b
YA K, (s, ) f(t)dt.
m=1 a
Do d6 nghiém cuia phuong trinh (2.2.1) viét duoc duéi dang
b
o(s) = f(s)+ A j > AmK (s,t)]f(t)dt. (2.2.24)
a m=l1

Mat khac, theo 2.1, nghiém cia phuong trinh (2.2.1) c6 dang

o(s) = f(s)+ A[ T(s,t; ) f(t)dt (2.2.25)

So sanh (2.2.24) va (2.2.25), ta dugc T'(s,t; 1) = Z Zm*1K7,L(s, t). Ta chirng minh chudi

m=1

DA™K (s,t) hoi tu.

m=1



b
Pat B = sup{[| K(s,t) | ds,t €[a,b]}. Taco

K (st)= .I)[Kml(s, z)K(z,t)dx . (2.2.26)

a

Str dyng bét dang thirc Schwarts, tir (2.2.26) ta duoc

m

K, (s,t)F <[[IK,_(s,2)Pda)[[|| K (x,t) da] < E*C?.. (2.2.27)

Tir (2.2.16) va (2.2.27), taco |K (s,t) < C.E || K ||"".
Suy ra [A" K (s,8) [< C,EA™ [ K |[". (2.2.28)

Do [A|||K|| <1 nén Y C EA"|K|["" hoitu.

m=1

Khi d6, tir (2.2.28) suy ra chudi Z Zm_le(s, t) hoi tu tuyét doi.
m=1

Do d6 giai thircI'(s,t;4) = Y. A" 'K _(s,t) ton tai.

m=1

Bay gio ta ching minh I'(s,¢; 4) duy nhét. Gia st v6i A thoa man |A||| K]| < 1, phuong trinh (2.2.1)
c6 hai giai thire 1a T (s, 2, 4) va I, (s,£; 4) . Khi d6 phwong trinh (2.2.1) ¢6 hai nghi¢m la ¢, (s),

¢2 (S) °

Do tinh duy nhat nghiém ctia phwong trinh (2.2.1) nén véi moi f € L,([a,b]), tacod
b b
[T, (s, 1) f(t)dt = [T, (s,1; A)f ()t (2.2.29)

bit T (s,t;4) =T, (s,t;4) =T (s,t;4). T (2.2.29), ta suy ra

[Ty(s, ;) f(t)dt = 0 voi bitki f e L,([a,b]). (2.2.30)

b
Chon f(t) =T,"(s,t;4) v6i s cb dinh, tir (2.2.30) ta c6 [[T (s, 4)Pdt = 0.

Suyra I’ (s,£;4) = 0 v6i hau hét ¢ € [a,b]. Vay giai thitc T'(s,;4) duy nhat.
Pinh li 2.2.6. Gid sir gia thiét (B) ding va T(s,t;1) la gidi thirc ciia phwong trinh tich phan
(2.2.1). Khi dé

[(s,t;A) = K(s,t) + /1} [(s,z;A)K(z,t)dx (2.2.31)

va



or (s, t; ﬂ,)
oA
Chirng minh. Theo Dinh li 2.2.5, ta c6

= ir(s,az;ﬂ,)r(a:,t;ﬂ,)dz. (2.2.32)

(s, t;A) = Z A"K (s,t) = K (s,t)+ Z A"K (s,1).

m=1 m=2

b
Tu (2.2.26), tasuy ra I'(s,t; 1) = K(s,t) + /1'[ ['(s,z;A)K(z,t)dx. Vay ta c6 (2.2.31).

i A"K Z 2K (z,t)dx

m=1 n=1

= ii/i’”*" 2.[ (8,2)K (z,t)dz.

Ta lai c6 jl“sml) I'(z,t;4)d

||
D ey >

m=1 n=1 a
hay
b © o
j D(s,2; (2, t; A)dz = DY A" 2K (s,1). (2.2.33)
a m=1 n=1
Mat khac, dat m +n = p, taco
0 o p-1 0
ZZAW" 2K K (st)= Z AP 2K (s,t) = Z(p—l)ﬂfﬂK (s,1).
m=1 n=1 / p=2 n=1 p=2 ?
hay
NS (st) = Mst4) (2.2.34)
m=1 n=1 e 8/7,

So sanh (2.2.33) va (2.2.34), ta suy ra (2.2.32).
2.3. Cac dinh li Fredholm

Trong Muc 2.1 va Muc 2.2, chtiing t61 d@ mo ta nghiém cua phuong trinh tich phan Fredholm
loai 2

o(s) = f(s)+ A K (s, t)p(t)dt (2.3.1)

1a mot chudi hoi tu déu theo tham s6 1 véi A thich hop.

Trong Muc 2.1, chung t6i khao sat phuong trinh (2.3.1) trong truong hop K(s,t) 1a nhan suy
bién.

Fredholm da khao sat phuong trinh (2.3.1) trong truong hop K(s,t) 1a L,-nhan bat ki véi
tham s A bt ki va 6ng xem phuong trinh (2.3.1) nhu 1a gi¢i han ctia hé phuong trinh tuyén tinh.
Phuong phap ma Fredholm sir dung gidng phuong phap duoc ap dung cho tich phin xac dinh trén
[a,b]. V6i phuong phap nay, Fredholm dua ra nghiém cua phuong trinh (2.3.1) rd rang hon Muc
2.1. Trong phan nay, chiing t6i trinh bay phuong phéap khao sat nay théng qua cac dinh 1i Fredholm.

Chia [a,b] thanh n phan bang nhau boi cac diém chia



b—a

s, =t =a,s,=t,=a+h,.,s =t =a+(n-1)h,trongdd h =
n

3

b
Khi do [ K(s,t)p(t)dt 0 by K(s,s,)p(s,). Do d6 (2.3.1) xdp xi phuong trinh

1
o(s) = f(s)+ AhY. K (5,5 (s ) v6i moi s € a,b]. (2.3.2)
=)
Phuong trinh (2.3.2) thoa man véi moi s € [a,b] nén ciing théa man tai n diém chia 5.,
1=12,...,n,thcla
o(s) = f(s) + ihz K(s,8)p(s ), i = 1,20
e
bat f = f(s), ¢, =¢(s,), K, =K(s,s,). Khi do, phuong trinh (2.3.1) xap xi v6i mdi phuong

trinh ciia hé phuong trinh tuyén tinh n an O Py P SAU

0, ANY K g =[.i=12..n. (23.3)
=

Giai h¢ (2.3.3), ta tim dugc ¢ 1a cac nghiém xap xi ctia phuong trinh (2.3.1).

Nhu vy, viéc khao sat phuong trinh (2.3.1) quy vé khao sat hé phuong trinh (2.3.3).
Xét dinh thire ctia hé phuong trinh (2.3.3)
1-AhK & —-AhK o —AhK

12
D)= —/N?Km 1—/1:hK22 —M:K%

n

(2.3.4)

AWK | —ARK - 1-AhK

Khai trién dinh thirc D (A) theo céc lity thira ctia (—4h), ta duoc

(<Ah)* &

D (A) = 1—1}&1{,, >
n — vV 2 | —

K K
pp pa

K K
ap a

(_lh)?) n KPP KI’
+ > K, K,
K,

K
q pr
K,
q qr
K,

q

PPy DDy pp,

S
=
-
=

o K% R | (2.3.5)

b,y PPy PP,



Ki hi¢u

K(s,t) K(sp,t,) K(s,t)

K(s?,tl) K(s?,tg) K(s?,tn) _x 8,558,500y 5, | (2.3.6)
: : : : Lty t

K(sn,tl) K(sn,tZ) K(Swtn)

Khi d6 (2.3.5) duoc viét lai

D(A)=1- 3 K(s s )+ A $ K[‘SP’SQ’]

v=1 P 2 '

(2.3.7)
p.q,r=1 p’squ,,

Khi n — oo thi h — 0 va mdi sb hang cua téng (2.3.7) lan luot tién vé tich phan xé4c dinh, tich

phan hai 16p, tich phan ba 16p,... Do d6 v6i moi tham sb A, ta co D (4) tién vé D(A) xac dinh boi

D(A)=1- AIK 5,5) ds+—2ﬁf(( 1’5 ]dslds,Z
* 2

3 bbb
”jK( 1’32733}“[3 ds,ds, +. (2.3.8)

1’ 2773
Pinh 1i 2.3.1. Chudi D(A) xdc dinh boi (2.3.8) héi tu tuyét doi va hau khdp theo .
Chirng minh. Phép chung minh dugc trinh bay trong [5, tr.32-33].
Khi D(4) # 0, ta s€ tim nghiém phuong trinh (2.3.1) duéi dang

b
o(s) = f(s)+ A[ T(s,t; )f(t)dt (2.3.9)
trong do I'(s,t;4) = M (2.3.10)
D(4)
Nhu vdy ching ta can xac dinh D(s,#;1).
Theo Pinh 1i 2.2.4, ta c6
b
[(s,t;A) = K(s,t) + ZI K(s,x)['(z,t; A)dx. (2.3.11)
Thay (2.3.10) vao (2.3.11), ta duoc
b
D(s,t;4) = K(s,)D(2) + A K(s,2)D(, t; A)da . (2.3.12)
Tatim D(s,t; 1) dudi dang chudi theo tham s6 A nhu sau
D(s,t; ) = Z (2.3.13)

Ta viét chudi (2.3.8) & dang



D(A) =1+ i H“Rp c, (2.3.14)
p=1 P

b (8,88
trongdo ¢, = j j K ? | ds,ds,...ds . (2.3.15)

8,58 s

" 20039,

Thay (2.3.14) va (2.3.13) vao vé phai cua (2.3.12), ta duoc

D(s,t;2) = K(5,8) +3

(—ﬁ')P [CPK(S, ) - p_[ K(s,2)C__,(x,t)dx] (2.3.16)
p: a

p
p=1
So sanh (2.3.13) va (2.3.16), ta dugc
C,(st) = K(s,t), (2.3.17)
b
C (st)=c K(st)- p_[ K(s,2)C _(z,t)dz. (2.3.18)

a

BO dé 2.3.2. S6 hang C' (s,t) thoa méan (2.3.18) c6 dang

o t _b bK 8,361,5172,'-»735,, dr.d d >1 23.19
p(37)_j"'j t.x..x €T :1:15(;2...;1:p,p_ ( )
v a [t Rt R AR )
Chirng minh. Ta c6
K(st) K(s@) - K(sz)
k| S, | _|K@st) Kz,z) - K, (2.3.20)
LT, Tysenn @ : : : :
K(acp,t) K(xp,xl) K(a:p,:vp)
Suy ra
K(s,1) K(Cﬁl,t) K(xp’t)
K 88y Tyy-e0s T, | K(‘szl) K(:c.l, ) K(sc{),:rl) (2.3.21)
4T, Ty, s T, : : : :
K(s,xp) K(xl’xp) K(xp’xp)

Khai trién dinh thtrc trong vé phai cta (2.3.21) theo cdt thir nhét, ta duoc

8, T, Ty, T NN T, Ty @
K "= K(s,t)K "+ K(s,z)K .
t,x,x x T, x ! tx,..,x

172y TR Rt Rt R 29 p-1
29173 Y —1
+K(s,2,)K R (2.3.22)
t, Ty Tgyeens T,

Lay tich phan hai vé ciia (2.3.22) lan luot theo céc bién Ly, Tyyeny T, VA SU dung ki hiéu (2.3.15), ta

c6 (2.3.19).
Khi do, tir (2.3.13), (2.3.17) va (2.3.19), ta duoc



L w(_)b)?b b 8,0, Tyyeney T
D(s,t,/I)—K(s,t)+; by J’jK ST deda,.ds, . (2.3.23)

LAt RAaD PARRE Rt
Pinh 1i 2.3.3. Chudi D(s,t; 1) xdc dinh béi (2.3.23) hoi tu tuyét doi va hau khdp theo tham s6 A .
Chirng minh. Phép chung minh dugc trinh bay trong [5, tr.33-34].

b
Cubi cung, chiing ta kiém tra rang cong thirc @(s) = f(s) + AJ' (s, t; A)f(t)dt voi T'(s,t; 1) xac dinh

boi (2.3.10), D(A) xac dinh boi (2.3.8), D(s,t; A1) xac dinh boi (2.3.23) 1a nghiém cua phuong trinh
(2.3.1) va nghiém nay 14 duy nhét.
Nhan T'(s,;4) vao hai vé phuong trinh (2.3.1), ta dwoc

b

IF(S, z; A)p(z)dr = IF(S, z; A) f(z)dx

a

+A] j (s, z; A)K (2, t)dz]p(t)dt . (2.3.24)
Thay (2.3.11) vao vé trai ctia (2.3.24), ta c6
j [K(s,z)+ /1.[ K(s,t)T'(t,x; 1)dt]p (CE) dr = I (s, z;A)f(x)dx

b b

+A[ [ T(s,2; ) K (=, t)dap(t)dt
hay .
iK(s, 2)p(x)dr = jr(s, 7, A) f(2)d (2.3.25)
Két hop (2.3.1; va (2.3.25), ta dua(_)c
o(z) = f(z)+ 1} (s, t; 1) f(t)dt (2.3.26)

Cong thire (2.3.26) 1a nghiém cua phuong trinh (2.3.1) va nghiém nay 1a duy nht.
Tur cac két qua trén, ta c6 dinh li sau
Pinh li 2.3.4. (Pinh li Fredholm thi nhit)

Néu D(i) # 0 thi phuong trinh (2.3.1) véi f € L,([a,b]), K(s,t) bi chanva K(s,t) la L, - nhan,

c6 nghiém duy nhdt dwoc cho béi

b
o(s) = f(s)+ A[ T(s,t; )f(t)at (2.3.27)
trong do giai thirc T'(s,t; A) xdc dinh boi
[(s,t;A) = Dis,t:4) (2.3.28)

D(2)



VoI

¢ (83,1, :
K dz,dz,..dz, (2.3.29)

LT, ..., T
p

va

b b

j j L 2 }ds ds,...ds . (2.3.30)
a 7 p

Nhan xét 2.3.5. Voi cdac ki hiéu nhw (2.3.15) va (2.3.19) ta co

@) c, = j C (s,5)ds. (2.3.31)

(i) Néu ki hiéu c, =1 thi gidi thirc (2.3.28) duwoc viét dudi dang

50

|
[(s,t;4) = 202 " (2.3.32)

o0

3

p=0

Vi du 2.3.6. Giai phuong trinh tich phan Fredholm loai 2

o(s) =1+ A[ sin(s + t)p(t)dt . (2.3.33)
Loi gidi. Taco ¢, =1, C (s,t) = K(s,t) = sin(s +1),

c IC(ss)ds—O C(s,t) = c K(s,1) IK xtdm——%ﬁcos(s—t)
0 0

¢, = _[C’l(s, s)ds = —%7[2, C,(s,t) = ¢,K(s,t) - 2_[ K(s,z)C\(z,t)dz = 0.
0 0
Tu (2.3.31) suyra ¢, = 0 véi p=>2.

Do @6, tir (2.3.18) suy ra C’p(s,t) =0 voi p>2.

Khi o, voi 4 = £ 2 , phuong trinh (2.3.33) c6 nghi¢m la
Vs

zsin(s+1) + ; 7A cos(s —t)

81 cos+ 47A” sin s
gp() ‘([ 4_7[212 4_7[212

Dinh li Fredholm thtr nhat khong ding khi A 1a nghiém cua phuong trinh D(1) = 0. Khi nhan

K(s,t) suy bién va A 1a nghiém cta phuong trinh D(A) = 0 thi theo 2.1 phuong trinh thuan nhét

b

o(s) = A K(s, )p(t)dt (2.3.34)

a

¢6 nghiém khong tim thuong.



Khi K(s,t) 1a L, - nhan thi két qua trén con dang khong? Ta s& khao sat van dé nay.

B0 dé 2.3.7. Khéng diém ciia D(A) la cuc cua gidi thire (2.3.28) va cdp ciia cuwe nay khéng qud cap
clia khéng diém D(A).

Chirng minh. Liy dao ham hai vé ctia (2.3.30) va so sanh véi (2.3.29), ta duoc

D'(A) = [ D(s,5,4). (2.3.35)

Néu 4, la khong diém cép k cua D(A) thi A, 1a khong diém cap k—1 cua D'(2).

Khi dé, tir (2.3.35) suy ra 4 la khong diém cta D(s,t, A) c6 cap khong qua k —1.

Do do6 4 1a cyc cua giai thirc (2.3.28) co cap khong qua k.

Bo6 dé 2.3.8. Néu A, la khong diém cdp 1 cia D(A) thi D(s,t, A,) la nghiém ciia phwong trinh

thuan nhat

b

o(s) = 4 [ K(s, t)p(t)dt (2.3.36)

Hon nita, néu D(s,t, A,) la nghiém cua phuong trinh thudn nhat (2.3.36) thi aD(s,t, A,) cing la
nghiém ciia phwong trinh thuan nhat (2.3.36).
Chimg minh. Néu 2, 1a khong diém cép 1 ctia D(1) thi D(4) =0, D'(4,) # 0.
Tur (2.3.35) suy ra D(s,t,4)) # 0. Do d6, tir (2.3.12) suy ra D(s,t, ) 1a nghiém ctia phwong trinh
thudn nhat (2.3.36).
Bay gio chung ta khao sat truong hop 4 1a khong diém cap m cua D(A).
Theo B6 d¢ 2.3.7, ta c6
D(4,)=0,...D"(2)=0, D" () #0 v6ir=1..m-1. (2.3.37)

0

8.58,5..458

17727 7 n
D, "

totyet,

C (88,58 Ty Ty T
K ’ " \dzd,..dx. (2.3.38)
p

tl,tQ,...,tp,xl,xQ,...,xp

trong d6 {s.} va {t.}, i =1,...,n, 1a hai day bat ki.

Do chudi (2.3.29) va (2.3.30) hoi tu véi moi tham s6 A nén chudi (2.3.38) ciing hoi tu v6i moi
tham sd 1.

B6 dé 2.3.9. Néu A, la khéng diém cap m ciia D(A) thi

8,8 ,...,8

D 17727 ? )
ml¢ ¢ tm
17727777 U

10] £ 0 (2.3.39)



Khi dé ton tai nhitng D voir<mmaD #0.

Chirng minh. Liy dao ham hai vé (2.3.30) n 1an va so sanh véi (2.3.38), ta suy ra

d'D(A) _ (—D”j---an sz%msn

ai” 8

17 2"“’571,

l}dsldSQ...dsn . (2.3.40)
Do d6, néu 4, 1a khong diém cap m ciia D(A) thi tir (2.3.40) suy ra
838,038
D |'* "4, |#0.
tiytyseest
Vi ki hidu (2.3.6), ta c¢6

848, 5eees8 ST Tyeues T
K 1772 P 1 2 P =
tl,tQ,...,tp,ml,acQ,...,m

p
K(s,t) K(s,t, K(s,t ) K(s,z,) K(s,m,) K(s,z,
K(s,,t) K(s,t,) K(s,,t ) K(s,,r,) K(s,z, K(s,,z,
K(s,.t) K(s,t,) - K(s,t)K(s,z) K(s,z,) - K(s,z)| (23.41)
K(z,t) K(z,t) K(z,t ) K(z,z,) K(z,z, K(z,z,
K(z,t) K(z,t,) - K(z,t)K(z,z) Kz,z,) - K(z,z)

Khai trién dinh thic (2.3.41) theo dong thir nhat, sau d6 lay tich phan bdi p lan luot ddi véi

X

T,,-.,T, (p 2 1), ta duge

3 Tyseees
b b (88,8 T, Ty, T
IJK r r dxldxg...dxp
. tt2,...,tp,x1,x2,...,mp
n L6 (s s S .,T x
- Jreees Sppeneeneenes )8 3T ey T
= > ()" K (s, t)[ [ K ! " P\ dg,...ds
v byt 1 b Ty @ Lo
h=1 a a 1277 Tp=1? Th41? 7T T T Ty
P - S OO I v STy ,T
2 (D) K (s, [ K ' P\ do,..dz, . (2.3.42)
b . Lyeees W T Ty Ty e T

Ta nhén thdy, trong tong thir hai cua (2.3.42) néu chuyén gia tri z, ¢ dong thtr nhat dén vi tri thir
nhat thi cac s6 hang trong tong thtr hai nay bang nhau. Do d6 (2.3.42) tré thanh

b b

j J.K Sp3Syrees Sy Ty Tyoens T e e

A W TY ST T S Y A T2 P

b b
Bl SyyunnySyyeeeennnnns 38,3 L 5y T
- (_1)+K(sl,t,l,)j...jK{t S ,prd:cl...dxp

et IERTTTS S AP AR AP



p ot (25,08 T, T
_pIK(Sl’x)U“'IKLt S pl]dazl...da:p]dax. (2.3.43)

2,...,tn,:r;1,....,xp_1
l]

/1] dz . (2.3.44)

a

Thay (2.3.43) vao (2.3.38), ta duoc

838,558
17727 7 n
D, "
totyet,

n

L R
1} = Z(—1)h“K(sl,th)Dn_1 [; g .

h=1 S

15

h+17°°°7 7

b T,5,,..,8
+/1J.K(s ,2)D !
I g et

n

Ngoai ra, néu khai trién (2.3.41) theo cot tha nhét va thuc hién cc phép bién ddi tuong tu nhu trén,

ta s€ duoc

§,8,,...,8

17927 Y
Dn n

totyyest

1 S 4.y S S ey S
ﬂ,] — (_1)h+1 K(Sh, tl)Dn,l [tl h=1?“h+17"""7 %

h:I SR SO
+/1jK(a:,t)D Sl e (2.3.45)
R L P

Theo B6 dé 2.3.9, néu 4, 1a khong diém cip m cua D(A) thi D #0 vado dd c6 nhing
D,D,,....,D  cingkhong bi tri€t tiéu. Gia st D la s6 hang déu tién trong day D, D,,...,D  ma

m—1

D #0 (so r duge goila chisé cuad ). Khido D_ =0 va tir (2.3.44) ta co
8,8 .0y S p T,8,,y S
D | A | = A K(s,aD | T
"ttt ) "ttt
Tir (2.3.46) suy ra phuong trinh thuan nhat (2.3.34) c6 mot nghiém la
CRC R

¢(s)=D,

totyest

/IO]dm. (2.3.46)

/10}. (2.3.47)

Lan luot thay doi vi tri cia s trong dong thir nhat ctia D_, ta nhan dugc r nghiém cta phuong trinh

thuan nhat xac dinh boi

S
‘AJ, i=1,...r. (2.3.48)

Li=1,,T. (2.3.49)

Khidé @ (s), i = 1,...,r, 1a nhitng nghi¢m ctia phuong trinh thudn nhat (2.3.34).



Mit khac, néu diy s 38,y Ly gy T co hai gia tri s, nao do bang nhau thi dinh thuc (2.3.41)

1’ 2’ 17727

¢6 hai dong giéng nhau nén bang 0. Suy ra

0, i #k,
®,(s) = . 23.50
1 (5) {1, i=k (23.50)

Do d6, néu ZakCDk(s) =0 thi 1an luot chon s = 5. két hop véi (2.3.50), ta duoc a, =0 véi

i=1,..,r. Vay @ (s) la nhimg nghiém dc 1ap tuyén tinh ctia phuong trinh thudn nhat (2.3.34). Do
d6 moi t6 hop tuyén tinh cta D (s) déu 1a nghiém cua phuong trinh (2.3.34).
B6 dé 2.3.10. Moi nghiém ciia phwong trinh (2.3.34) déu la t6 hop tuyén tinh ciia nhitng nghiém déc
ldp tuyén tinh ® (s) xdc dinh boi (2.3.49).

%J

D 8,855 8,
r+1 t,tl, t
CIRPRY)
D, "4,
L tent,

Trong (2.3.45), ldy n = r va bd sung thém hai gia tri s va ¢, ta duoc

D S, 81, ,Sr
r+1 t, tl, t

Chirng minh. bat

H(s,t;4) =

S

il 88598, 138,151 8,
/10}2( 1" K(s,, tl)D{t tl “t i LA

r h=1 7720

+/10j‘K<x,t)DT+l[Z’?’m’? ﬂOJd:p. (2.3.51)

s Upaeeen by

boivéi D trong (2.3.51), chuyén s vao gitta s, | va s, , sau do chia hai v€ cho

1 h+1?
815eey S,
D A | # 0
" tl’”"tr

H(s,t; 1) — K(s,t) - 4 jH 5,1 ) K ZK (). (2.3.52)

ta duoc

Gia str @(s) 1a nghiém cua phuong trinh (2.3.34). Khi d6, nhan ¢(t) vao hai vé clia phuong trinh
(2.3.34) va lay tich phan theo ¢, ta dugc

b

[@t)H (s, t; A)dt = [ K(s,t)p(t)dt — 2 [ H(s, 2 A)[| K (x, )p(t)dt)da

= [ K(s,, (0t ()

hay



j'(p(t)H(s, £ A)dt @ _ j H(s, 3 Do) = =3 2 @ (). (2.3.53)

0

Vay ols) = X 0(s, ), (5). (23.54)

T B6 dé 2.3.7 —2.3.10 ta c6 dinh li sau
Pinh 1i 2.3.11. (Pinh li Fredholm thi hai)

Néu A, la khéng diém cdp m cia D(A) thi phwong trinh thudn nhdt (2.3.34) c6 it nhdt mot nghiém

va nhiéu nhat m nghiém khdc khong , doc lap tuyén tinh, xac dinh boi

' l} t=1...,r, 1<r<m (2.3.55)

Hon nita, moi nghiém khdc ciia phwong trinh (2.3.34) déu la t6 hop tuyén tinh cia cdc nghiém
Dinh 1i Fredholm thir nhét chiing to rang phuong trinh

o(s) = f(s)+ A[ K(s,t)p(t)dt (2.3.56)

c6 nghiém duy nhat néu A théa man D(A) # 0.
Dinh 1i Fredholm thtr hai khao sat nghiém cua phuong trinh thuan nhét

o(s) = A[ K(s, t)p(t)dt (2.3.57)

voi A théaman D(4) =0.
Tiép theo, chung ta khao sat diéu kién dé phuong trinh (2.3.56) c6 nghiém trong trudng hop A thoa
man D (/1) = 0. Céc lap luan va két qua trong phan nay twong tu

truong hop nhan suy bién nhung cong thirc nghiém duoc cho 13 rang hon.
Bay gio, ta xét phuong trinh lién hop véi phuong trinh (2.3.56) 1a

w(s) = f(s) + AJ K(t, sy (t)dt (2.3.58)

Lap luan tuong tu dinh li Fredholm thir nhét, ta nhan dugc dinh 1i sau
Pinh li 2.3.13. Néu D(A) # 0 thi phwong trinh (2.3.58) c¢6 nghiém duy nhdt va nghiém dwoc cho
bai

b

w(s) = f(s)A[ T(t, 5; ) f(t)dt (2.3.59)

trong do giai thirc T'(t,s; 1) xdc dinh boi
D(t,s; 1)



VoI

Lz, ,, T
K dx1d$2...dxp (2.3.61)

8,815 Lyyeees T

va

~ = (=A)” ot [5,8,,..8
D(A)=1+) [-[& S: ds,ds, ...ds, (2.3.62)

Dbi voi phuong trinh thuan nhit ctia phuong trinh (2.3.58) ta c6 két qua
Pinh i 2.3.14. V6i A, la khéng diém ciia D(A) 6 chi s6 r thi phiwong trinh thudn nhat

w(s) = A K(t,s)y (t)dt (2.3.63)

a

co r nghiém doc ldp tuyén tinh xdac dinh boi

Ci=1..r (2.3.64)

trong do cac gid tri s,,...,s_va t,...,t dwogc chon sao cho mau khong bi triét tiéu.

Diéu kién c6 nghiém ctia phuong trinh (2.3.56) v6i A thoa min D ()t) =0 thé hién qua dinh li sau
Dinh 1i 2.3.15. Gia su A, la cuc diém cdp m cua D(A). Khi dé phuong trinh (2.3.56) itng véi A ¢
nghiém néu va chi néu f(s) truc giao véi moi nghiém VY (s) cua phuong trinh (2.3.63) irng voi A, .

Chirng minh. Gia sir phwong trinh (2.3.56) ¢6 nghiém l1a ¢(s) tmg véi A, tirc 1a
b
o(s) = f(s)+ 2, | K(s,)p(t)dt (2.3.65)

Nhn hai vé ciia (2.3.65) véi W,(s) (k=1,.,r), sau do ldy tich phan theo s, ta dugc
b

If(s)‘Pk(s)ds =0.Suyrala f(s) truc giao v6i moi nghiém ¥ (s).

a

Nguoc lai, gia st f(s) truc giao voi moi nghi¢ém W (s) cua phuong trinh (2.3.63) tmg v6i 4 . Ta

chirng minh nghiém cua phuong trinh (2.3.56) ung v6i 4 cho boi

0,(s) = f()+ A, [ H(s,t; ) f(t)dt (2.3.66)

voi giai thue H(s,t;4) duge cho bai (2.3.51). That vay, thay (2.3.66) vao phuong trinh (2.3.56), ta

nhan duogc



j]‘f(t) [H(s,t; A) — K(s,t) — /10])‘ K(s,x)H(z,t; A)dz|dt = 0. (2.3.67)

Thay (2.3.52) vao (2.3.67), ta dugc Z K(s, th)j ¥ ()f(t)dt = 0. (2.3.68)

h=1 a
Do f(s) truc giao véi moi nghi¢m ‘¥ (s) nén (2.3.68) thoa man.
Vay cong thire (2.3.66) la mot nghiém cua phuong trinh (2.3.56) tmg voi 4 .
Nhan xét 2.3.16. Do hi¢u hai nghiém bat ki cia phuong trinh (2.3.56) umg voi A, la nghiém cua
phirong trinh thuan nhat (2.3.34) img véi A, nén nghiém cua phuwong trinh (2.3.56) umg voi A, co
dang
b ,
0(s) = f(s)+ A, [ Hs,t; ) f(t)dt + hz a,®,(s).

T Pinh li 2.3.15 va Nhan xét 2.3.16 ta c6 dinh li sau
Pinh li 2.3.17. (DPinh li Fredholm thir ba)
Cho phwong trinh tich phén tuyén tinh Fredholm loai 2

o(s) = f(s)+ /loj K(s,t)p(t)dt (2.3.69)

voi D(4,)=0.
Phuong trinh (2.3.69) c6 nghiém khi va chi khi f(s) truc giao véi moi nghiém ¥ (s) cia phwong
trinh lién hop thudn nhdt ciia phirong trinh (2.3.69)
b

w(s) = A4, [ K(t,s)y(t)dt. (2.3.70)

Khi d6, nghiém tong qudt ciia phwong trinh (2.3.69) ¢6 dang
b T
o(s) = f(s)+ 2, [ H(s, ; )f(B)dt + Y, @, (s) (2.3.71)

h=1

trong do giai thirc H(s,t; 1) xdc dinh boi
8,5 500y,
D 1 210
et
. (2.3.72)

85y S,
D A
et

2.4. Phuong trinh tich phan tuyén tinh Fredholm loai 2 v6i nhan d6i xing

H(s,t;4) =

Trong muc nay ching toi khao sat phuwong trinh tich phan tuyén tinh Fredholm loai 2 véi

nhan doi xung

o(s) = f(s)+ A K (s, t)p(t)dt (2.4.1)



O trudong hop nay, nghiém cta phuong trinh dugc biéu dién qua cac gia tri riéng va ham

riéng cua nhan K(s,t).

Pinh nghia 2.4.1. Nhan K(s,t) dugc goi 1a nhdn déi ximg néu K(s,t) = K(t,s).

B6 dé 2.4.2. Néu K(s,t) la nhdn doi xvmg thi nhan Idp K (s,t), n>2 doi xirng.

Chirng minh. D& dang ching minh bang phwong phép qui nap.

Bay gio ta xdy dung toan tir nhu sau: Véi ¢ € L ([a,b]), K(s,t) la L, - nhan, xét toan tr K xac
dinh bdi

b

Ko(s)=[K(s,t)p(t)dt. (2.4.2)

a

Toan tr lién hop cua toan tr K xac dinh boi

Ky = jK(t,s)y/ (t)dt. (2.4.3)

Dinh li 2.4.3. Cong thirc (2.4.2) xdc dinh toan tir hoan toan lién tuc trong L, ([a,b]).

Chirng minh. V6i ¢ € L, ([a,b]) ,te [a,b], ta co

[Kpls) < [IK (s, dtf| ot dt = |gi[* [| K (s, t)Fdt (244)

a

Ly tich phan hai vé cta (2.4.4) theo s tir a dén b, ta duogc

b b b
[IEp(s)Pds <||gl|] [|K (s, t)Pdtds < +o0. (2.4.5)

a

Suy ra K¢ € L,([a,b]) hay toan tr K hoan toan xac dinh.

Tir (24.5) ta cting 06 || < o] [|K (5.t) dsce. Suy ra ] < [ & (s.1) dsie.

Tathdy K la tuyén tinh va do d6 K 1a toan tir tuyén tinh lién tyc.
Vi¢c ching minh K 1a todn tir hoan toan lién tuc dugc chia thanh hai budec.
Bude 1: Néu nhan K(s,t) suy bién thi toan tir X hoan toan lién tyc trong L,([a,0]).

Do nhan K(s,t) suy bién nén K(s,¢) duoc viét dudi dang

K(st) = X p6)a,(0) Vi pog, € ().

b b p n b n
Khido Kols) = [K(s,p(t)dt = [ D p(s)a(Oe(t)dt = Y [q.0pt)p,(s)dt = Y (@(t),q,()p,(s)

a a =1 =1 g i=1
Diéu ndy c6 nghia 1a mién gia tri cia K nam trong khong gian con sinh boi n vecto p.(s) hay K
1a toan tur suy bién, do d6 K 1a toan tir hoan toan lién tuc.
Buoc 2: Nhan K(s,t) 1a L, - nhan.



Gia sr {e,} 1a hé tryc chuan day du trong L,([a,b]). Suy ra h¢ {ee } 1a h¢ truc chuan day di trong

L, ([a,b] X [a,b]) .
Do K € L, ([a,b] X [a,b]) nén K(s,t) = iaijei(s)ej(t).

i.J

Goi K, latoan tir sinh boi nhan K (s,t)=>" > a e (s)e,(t).

[

Khi do, K la ddy nhan suy bién va do do6 theo bude 1ta cd K . la toan tir hoan toan lién tuc

trong L, ([a,b]).

Ta co

b

[Ko(s) - K, o(s) < [I[K(s,t) = K, _(s,t)]@(t)]dt < ||| I\/jIK(S,t) - K, (st)fdt.

a

Suy ra
b 2
[Kg(s) - K, ()| <lolF[|K(s.0)- K, (s.0) dt. (2.4.6)
Ly tich phan hai vé ctia (2.4.6) theo s tir a dén b, ta dugc

|Kp-K, olf = JrK<o<s> <>rds<ucouj erst K, (s,tfdtds. (2.4.7)

Suyra ||[K - K

m,n

|| > 0 khi m,n — . Theo Pinh 1i 0.2.8 suy ra K la todn t&r hoan toan lién tuc
trong L,([a,b]).

Dinh li 2.4.4. Gid siK(s,t) laL,- nhan doi xirng. Khi dé todn tr K xdc dinh béi (2.4.2) la todn tir
doi ximg, tw lién hop trong L,([a,b]).

Chirng minh. Ta c6

g

(Kp.y) = [ W) K(s Dp(tdtlds

= [0 £ty skt = [ () [ K sy eyl
j j W (t)dtlds = (p, Ky). (2.4.9)

Néu K(s,t) 1a nhan ddi xing thi tir (2.4.9) ta c6 (K@,y) = (¢, Ky) hay K 14 toan tir d6i xing. Khi

d6 K =K hay K 1a toan tu tu lién hop.

Nhin xét 2.4.5. Theo phan chitng minh Dinh li 2.4.4 ta ¢6 (Ko, @) = (K@,) nén tich vé huéng
(Ko, @) la sé thuc.
V6i ki hiéu toan tir trong (2.4.2), phuong trinh thuan nhat cta (2.4.1) dugc viét dudi dang



0=1Kop. (2.4.10)
Nhén xét 2.4.6. S6 A # 0 la gid tri riéng ciia nhan K(s,t) khi va chi khi % la gia tri riéng cua

toan tur K .

Duya vao nhiing két qua vé gid tri riéng, vecto riéng ciia toan tir d6i xtng hoan toan lién tuc ta suy ra
mot s4 tinh chat ctia gi tri riéng va ham riéng ctia nhan ddi ximg K(s,t) nhu sau

Pinh li 2.4.7. Gid sir K(s,t)la L, - nhan doi ximg . Khi dé

(i) Néu @,(s)va @,(s) lan lwot 1a hai ham riéng iing véi hai gid tri riéng A A, ciua K(s,t) thi ¢ (s)
triec giao voi @,(s).

(ii) Nhén K (s,t) luén cé it nhat mét gid tri riéng. Hon nita, néu A, la gid tri riéng nho nhdt ciia
K(s,t) thi

A7 = max{|[ [ K(s,t)p(t)p(s)dtds].|| o]}

(iii) So gid tri riéng ciia K (s,t) ciing lam la mét day dém dwoc {4 } c6 gidi han vé han.

(iv) Nhin K(s,t) luén cé hé triec chuan gom cdc ham riéng.

Chirng minh. Phép chimg minh duoc trinh bay trong [4,tr.139-142]. O day chung t6i trinh bay cach

chirng minh khéc.

(1) Suy ra tir Binh 1i 0.2.3.

(1) Suy ra tir Binh 11 0.2.4 va Pinh 1i 0.2.6 (1).

(iii) Suy ra tir Dinh 1i 0.2.6 (ii).

(iv) Suy ra tir Ménh d& 0.1.3 va Pinh 1i 0.2.9.

Ngoai ra, tinh chét cta gia tri riéng va ham riéng ctia nhan ddi xtimg K(s,t) con dugc thé hién qua

dinh li sau

Pinh li 2.4.8. Gid sir K(s,t)la L, - nhan doi ximg . Khi dé

(i) Gid tri riéng ciia nhdn doi xirng la so thuc.

(ii) Cdc gia tri riéng cua nhan lap K (s,t) chinh la lity thita bdc n gid tri riéng ciia nhan K(s,t).

(iii) S6 béi ciia moi gid tri vieng cua K(s,t) la hitu han.

Chirng minh. (i) Gia sir 4 1a gia tri riéng va ¢(s) 1a ham riéng twong Gng véi gia tri riéng A, tirc 1a
b

o(s)— A K(s,t)p(t)dt = 0. (2.4.11)

a

Nhan hai vé cta (2.4.11) véi ¢(s), sau d6 1ay tich phan theo s, ta co

b -

[lo(s)Pds = A j K(s,t)p(t)dt]lp(s)ds = 0. (2.4.12)

a a a



Tir (2.4.12) va nhan xét 2.4.5 ta dugc A = _lell ;6 thyec.
(Ko, p)

(i) Ta ching minh cho truong hop n = 2. Gia st A 1a gia tri riéng ctia K(s,t) va ¢(s) 1a ham
b

riéng ing voi gia tri riéng A, tac1a ¢(s) — /1.[ K(s,t)p(t)dt = 0 hay

a

(I -AK)p =0. (2.4.13)
Tac dong hai vé (2.4.13) v6i toan tir T + AK , ta dugc ¢(s) AQJK s, t)p(t)dt = 0.

Diu nay c6 nghia A* 1a gié tri riéng clia nhan K (s,t).
Nguoc lai, gia sir g2 = A” 13 gid tri riéng cta nhan K, (s,t) va ¢(s) 1a ham riéng Gmg voi gia tri

rieng A°. Khi d6 (I — A°K*)p = 0 hay

(I+AK)(I-AK)p=0. (2.4.14)
Néu A 1a gié tri riéng cua K(s,t) thi ta c6 diéu phai ching minh. Nguoc lai, gia sir
(I-AK)p=y. (2.4.15)

Tu (2.4.14) va (2.4.15),tacé (I + AK)y = 0. Vi A khong la gia tri riéng cua K(s,t) nén y(s) =0.
Khi d6 (I + AK)¢ = 0 hay —1 la gia tri riéng cua K(s,t). Suy ra A 1a gia tri riéng cua K (s,t).
(iii) Gia sir @, (5),9,,(5),.....® . (5),... 1a nhiing ham riéng (mg v&i gia tri riéng 4 # 0. Bang phép

tryc giao Gram — Schmidt, ta tim dwgc hé truc chuan {u,,(s)}. Khidoh¢ {u(s)} clinglah¢ truc

chuan.

© b
V6i s cbdinh, taco K(s,t) [ Y au,(t) voi a = [ K(s,t)u, (t)dt = Au,,(s).

i=1

Str dung bét dang thirc Bessel, ta co

j|Kst]dt S (2.4.16)
i=1
Ly tich phan hai vé cta (2.4.16) theo s, ta dugc

b b ©
[ [1K (s, t)fdsdt > 3" (A7) = m(A") véi m 1a 56 boi ctia 2.
a a i=1

b b

Do JJ|K(5, t)Pdsdt < oo nén m hitu han.

Bay gio ta xét K(s,t) 1a L, - nhan d6i xtmg khéc rdng c6 hitu han hodc v6 han gia tri riéng .Ta sip
xép cac gia tri riéng thanh diy sao cho mdi gia tri riéng c6 sd lan lap lai bang véi sb boi ciia ching
A Aoy Ay (2.4.17)

177727

Danh s6 cac gia tri riéng nay sao cho tri tuyét doi ciia chung théa man



0<[A|<|A|<..<|A]<]A <.
Gia st
?,(8),0,(8),.., 0 (5),... (2.4.18)
1a ddy cac ham riéng (mg vdi cac gia tri riéng trong diy (2.4.17), duoc sip xép sao cho chiing khong
lap lai va mdi nhom cac ham riéng Gmg véi cung gia tri riéng 1a doc 1ap tuyén tinh. Do d6, mdi gia
tri riéng /1k trong (2.4.17) tng v6i mot ham riéng trong (2.4.18). Theo Pinh 1i 2.4.7(iv), ta c6 thé gia
sir cac ham riéng nay truc chuan.

Pinh 1i 2.4.9. Gid st {p,(s)} la hé truc chudn cdc ham riéng cia L, - nhdn doi ximg K(s,t) img

w 2
~ s

vGi cdc gia tri riéng {4 _} . Khi d6, chuoi ZM hoi tu va
k=1 T

kzw: ‘q’és)' < sup{[ | K (s, )dt,s < [a,b]}.

Chirng minh. Véi s ¢ dinh, hé s6 Fourier a, cua K(s,t) ddi véi hé truc chuan {p.(s)} 1a

b
_ _20)
a, = j K(s,)p,()dt = .
Str dung bat dang thirc Bessel, ta co
- 2 b
3 M;f)l < [1K (s, 0)fdt voi moi s < a,b]. (2.4.19)
k=1 A a

Tir (2.4.19) ta c6 diéu phai ching minh.
Bay gio ta xay dung day nhan “cut” nhu sau
Lay A, 1a gia tri riéng nho nhit ciia K(s,t) va @,(s) 1a ham riéng Gmg voi A .

Khi d6, nhan “cut” ddi xung (“truncated” symmetric kernel) xac dinh boi

_9)p )
A

1

K®(s,t) = K(s,t)

1a nhan khac rong. Theo Dinh 1i 2.4.7(ii), ta c6 thé mot chon mot gia tri riéng nhé nhat cua K@ (s,t)

la A, va ham riéng twong tmg 1a ¢,(s). Hon nita, ta c6 ¢,(s) # ¢,(s). That vay

b

J 1500 = [ K5 01~ 2o Jloofir =o.

a 1
Suy ra ¢,(s) khong Ia ham riéng ctia nhan K®(s,t). Do d6 @,(s) # ¢,(s).

Lap luan tuong tu, ta ¢6 nhan “cut” thir ba xac dinh boi

K9(s,8) = K®(s,t) - %(3/)1%(15) = K(s,t) - i @Ki@(ﬂ

c6 gia tri riéng nho nhét 1a A, va ham riéng twong tmg 1a ¢,(s).



Két qua ctia qua trinh trén thé hién qua dinh li sau
Pinh Ii 2.4.10. Gid s {p,(s)} la hé truc chudn cdc ham riéng cia L, - nhdn doi ximg K(s,t) img
VGi cdc gia tri riéng {4 _}. Khi d6, nhan “cut” thir n +1

- 4,(5)8,(1)

K" (s,t) = K(s,1) - B (2.4.20)
m=1 'm
co cdc gid tri riéng la A, A, ,,...v6i cdc ham riéng twong vung la ¢, (s),9,,(s),.... Hon nita,
nhin K" (s,t) khong c6 gid tri riéng va ham riéng nao khdc.
Chirng minh. V61 j >k +1,taco
b
0,(s)= 4, [ K(s,t)p,(t)dt = 0. (2.4.21)
Thay (2.4.20) va (2.4.21), ta dugc
k b
?,,(5) "
0,(5)= 4,2 = 0,0,) A [ K V(s (Bdt 0. (2422)
Do j>k+1>m nén (goj,gom) =0. (2.4.23)
Tu (2.4.22) va (2.4.23), tacod
b
0,(s)= 4 [ K" (s,t)p, (t)dt = 0.
Diéu nay c6 nghia 1a K" (s,t) c6 cac gid trj riéng la A.s A ,»--- VOl cac ham riéng twong Gmg 1a
?..,(8),0.,(5),....
Gia sit K"V (s,t) c6 gid tri riéng 1a A va ham riéng twong g 1a ¢(s)
0 =, ()
o(s)— A[ K(s,)p(t)dt + 1Y = pp,) =0, (2.4.24)
a m=1 m

Nhan hai vé cua (2.4.24) v6i @.(s), j <k, saudo lay tich phén theo s, ta duoc

A . 1 )
(0.0)-AUKp,0.)+—(0,0,)=0.Ma (Kp,p.) = (¢, Kp.) = —(p,9.). Do do
J J /1 J J J /1 J

i J

(0.0,)=0. (2.4.25)

b
Thay (2.4.25) vao (2.4.24), ta co ¢(s) — /II K(s,t)p(t)dt = 0. Diéu nay c6 nghia A 1a gi tri riéng va

@(s)ham riéng tuong Gng cua nhan K(s,t) ma ¢ # ¢, j<k.Honnita, ¢ tryc giao moi véi ¢,
J <k nén ¢(s) va A l1a ham riéng va gia tri riéng trong day {(pj(s)} va {ﬂ,j} voi j>k+1.
Nhén xét 2.4.11. Tir Pinh Ii 2.4.10, ta nhdn thdy néu nhan doi ximg K(s,t) ¢6 hitu han cac gia tri

riéng thi K"V (s,t) khong cé gia tri riéng hay K"V (s,t) = 0. Do dé



~—

_Z 7 )

m=1 m
Theo Muc 2.1, nhan suy bién c6 hitu han cac gié tri riéng va ham riéng nén tir Nhan xét 2.4.11 ta c6
dinh 1i sau
Pinh li 2.4.12. Diéu kién can va di dé nhan K (s,t) suy bién la K(s,t) co hitu han cdc gia tri riéng.
Dua vao Pinh 1i 2.4.10 va Pinh 1i 2.4.11 ta ching minh dugc dinh 1i Hibert — Schmidt. Két qua cua
dinh 1i nay 14 co so quan trong dé thiét lap dang nghiém ciia phuong trinh tich phan tuyén tinh
Fredholm loai 2 véi K(s,t) la L - nhan doi xtmg.
Pinh li 2.4.13. (Pinh li Hibert — Schmidt) Néu f < L,([a,b]) biéu dién dwoc dudi dang

f(s) = iK(s, t)h(t)dt (2.4.26)

trong dé K(s,t) la L,- nhan doi ximg, h e L ([a,b]) thi f(s) dwoc khai trién thanh chudi Fourier
hoi tu tuyét doi va déu doi véi hé truc chudn {o (s)} ciia nhin K(s,t)

f(s)=2 fo,(s) voi |, =(f.9,)

n=1

. h
trong do hé so Fourier f cua fxdc dinh boi f = /1—” voi b = (h,p ), A lagid tri riéng ung voi

ham riéng @ (s).
Chirng minh. St dung tinh ty li€n hgp cua toan tt K va 4 K¢ = ¢ ,taco h¢ s6 Fourier ctia ham

f(s) déi véi hé tryc chuan {p (s)} la

(f.0,)=(Kho )= (hKp)=2"(he).

~ 2 = (h
Khi d6 chuoi Fourier ciia ham f(s) 1la f(s) [ an¢n(s) = Z ( ,/{ﬂn) b (s).
n=1 n=1 n
Tacod
n+p n+p | (Dk n+p 0
12 (h Z (7, @,) Z <D
k=n+1 k=n+1 k=n+1 k=n+1 k=1

b
Dit M = sup{.“K(s, t)Pdt,s € [a,b]}, theo Dinh 1i 2.4.9, ta c6

3 Wi? < (2.4.28)

k=1

St dung bat dang thirc Bessel, ta co

Z|h¢k| <||n|} <oohaychu012|hgok| hoi tu.
k=1



Suy ra véi moi ¢ > 0, ton tai n, sao cho véimoi p 2 n , taco

n+p

y &
2 ()P < (2.4.29)

k=n+1

Tir (2.4.27) — (2.4.29), ta ¢6

n+p
| Z (h,@,) (02(8)]2 <& voip=n,.

k=n+1 T
X O (ha¢n) ns Y SRS WA
Suy ra chuoi Z /1 @ (s) hoi tu tuyét doi va deu trén [a,b].
n=1 n
= (h . (R .
bat w(s) = Z( ’l(p”) ¢ (s). Ta chimg minh chuoi Z( ’/{p”) ¢, (s) hoi tu dén f(s).
n=1 n n=1 n
n h
bat y (s) = Z( f’”) @ (s). Taco
m=1 'm
[y (s)—w(s)|| > 0 khin — . (2.4.30)
Ta lai co
. (h
f(S) . l//n(S) = Kh — Z ( ;fom) ¢m (8) — K<n+1)h )
m=1 m
Do d6

S)— ()y S = = ) , )
f g 2 K(n+l)h 2 K(n+l)h K(n+l)h
_ (n+ n+1) _ (n+
= (b, K"VK"h) = (h, K\""h). (2.4.31)
Tur Pinh 1i 2.4.8(ii) va Dinh 1i 2.4.10 suy ra gid tri riéng nho nhat cua nhan K{""(s,) 1a 47 .
Theo Pinh 1i 2.4.7(ii), ta c6

h, K!"Vh
L _ maXM. (2.4.32)
A (h,h)
(n+1)
Tu (2.4.31) va (2.4.32), ta d > = (b K 0p) < PP
ur(2.4.31)va (2.4.32), ta uquf(s)—y/n(s)H =(h,K, )_/12
(n+1)
Theo dinh li 2.4.7(iii), ta c6 Ay =™ ® khi n — . Do do
1f(s)=w (s)| = 0 khi n — oo. (2.4.33)

Tir (2.4.30) va (2.4.33), suy ra
() —w (SN < If(s) —w, (SN[HIw,(5) —w(s)]| > 0 khi n — 0.

2 (h
hay /(5)~w(s)| = 0 ki n 0 Vay fs)= 3 2L g ().

Nghiém ciia phuong trinh tich phan tuyén tinh Fredholm loai 2 véi K(s,t) 1a L, - nhan d6i xtng

duoc thé hién qua dinh i sau



Pinh li 2.4.14. Xét phurong trinh tich phan tuyén tinh Fredholm logi 2

o(s) = f(s)+ A j K (s, t)o(t)dt (2.4.34)

v6i f e L([a,b]), K(s,t) la L,- nhdn doi ximg.
Gid sir {A,} la day cdc gid tri riéng va {p (s)} la ddy cdc ham riéng truc chudn cia nhan K(s,t)

va duge sdp xép dudi dang (2.4.25), (2.4.26). Khi dé
(i) Néu A khéng la gid tri riéng ciia nhén K (s,t) thi phwong trinh (2.4.42) c6 nghiém la

@.(s) voi a, = j'f(s)gok(s)ds. (2.4.35)

(ii) Néu A la gid tri riéng boi m ciia nhan K(s,t)thi diéu kién can va di dé phwong trinh (2.4.42)

c6 nghiém la f(s) truc giao véi ¢, ,...,, . Khi do, nghiém cia phwong trinh la

0.5+ a,0,(s). (2.4.36)

LeZH keH

b
voi  a, = .[f(s)qok(s)ds,ak la hang sé,
H= {k la chisd clia A4, saocho A =4  =..=1, = /1}.
Chirng minh. Tt (2.4.34), ta c6
b
o(s) — f(s) = [ K(s,t)Ap(t)dt . (2.4.37)

a

Phuong trinh (2.4.37) c6 dang (2.4.26) nén theo Dinh 1i 2.4.13, ta c6

=Y cols). (2.438)

trong d6 hé s6 Fourier ctia ¢(s) — fk(zsl) la
¢, = [1005) -~ Sy Hs =, —a. (2.439)
voi b, = j o(s)p,(s)Mds, a, =i f(s)p,(s)ds va c, =’%. (2.4.40)

(i) Néu A khong 1a gia tri riéng cua nhan K (s,t) thi tir (2.4.39) va (2.4.40), ta co
Aa,
C .
g /1 .
Tur (2.4.38) va (2.4.41), taco (2.4.35).
(i) Gia str A la gid tri riéng boi m clia nhan K(s,t). Dit A=4  =...= 1

i+m "

(2.4.41)

Néu A, ¢ {4_,...,A, } thihésd c, trong (2.4.38) xdc dinh.



Néu A €{A .., A, } thitaphdico a =0.Khido, diéu kién can va du dé phuong trinh (2.4.34)

i+m
c6 nghiém la f(s) truc giao vdi @

(2.4.306).
Vi du 2.4.15. Giai phuong trinh tich phan

., . Lic do, nghiém cua phuong trinh (2.4.34) c6 dang

i+17"

p(s)=(s+1) + Jl' (st + 87t )g(t)dt . (2.4.42)

-1
N A ia oA 1y 3 D .o 212
Loi gidi. Nhan K(s,t) = st + s’t” ¢6 gia tri riéng 1a A = 5 A, = — va ham riéng truc chuan lan

\/_s Jios*
S

lugt trong ing 1a ¢ (s) = , 9,(5) =

\/_ 6t N6 0 N 86

Taco a, _j G +2t+1—dt_T,a2=j(t2+2t+1) S =

-1 -1

Do A =1 khong la gia tri riéng cua K(s,t) nén nghiém cua phuong trinh (2.4.42) la
(p(s):%52+65+1.
Vi du 2.4.16. Giai phuong trinh tich phan

o(s)=1+s" + g [ (st + 5 )p(t)dt (2.4.43)

Loi gidi. Nhan K(s,t) = st + s°t* ¢6 gid tri riéng 14 4, = g y) =g va ham riéng tryc chudn lan

2
o e
o

5 ?,(s) =

luot twong img 1a ¢ (s) =

Do 4= g 1a gia tri riéng cia K(s,t) va f(s)=1+s" truc giao voig,(s) nén nghiém cua (2.4.43)

c6 dang (2.4.36).

)\/_t 8\/6

Tacoa—Oa—J( 5

Nghiém ctia phurong trinh (2.4.43) 1a ¢(s) = 5s* + cs + 1 v6i ¢ 1a hang s6.
Dbi voi phuong trinh tich phan tuyén tinh Fredholm loai 1
b
= [ K(s,t)p(t)dt (2.4.44)
véi K(s,t) 1a L, - nhan doi xtmg, ta c6 két qua sau:

Dinh li 2.4.17. Gid sir {4} la dady cdc gia tri riéng va {¢ (s)} la ddy cic ham riéng truc chudn
ciia L, - nhan doi ximg K(s,t) va dwoc sip xép dudi dang (2.4.17), (2.4.18). Khi d6, néu chudi



Zaiﬂ,’f phdn ki thi phuong trinh (2.4.52) khong co nghiém, truong hop nguoc lai, phwong trinh
k=1

(2.4.44) co nghiem duwoc cho boi

o(s) = 1imiikakgpk(s) Voi a, = _[f(s)(pk(s)ds.

n—o0 -

Chirng minh. Véi céc ki hi¢u nhu trong Pinh 1i 2.4.14, theo Dinh 1i Hilbert — Schmidt ta c6

b
a, =/1—k hay b, =aA4, .

k
k

Ap dung Pinh i Riesz — Fischer ta c6 diéu phai chimg minh.



Chuong 3. PHUONG TRINH TiCH PHAN TUYEN TiNH VOLTERRA

Phuong trinh tich phan tuyén tinh Volterra duoc xem 1a trudng hop riéng ctia phwong trinh
tich phan tuyén tinh Fredholm v&i nhan thoa mén K (s,t) =0, ¢t >s. Tuy nhién, phuong trinh tich
phan tuyén tinh Volterra c6 mot vai tinh chét riéng biét. Trong chuwong nay, ching tdi trinh bay mot
sO két qua riéng biét d6. Ciing nhu phuong trinh tich phan tuyén tinh Fredholm, phuong trinh tich
phan tuyén tinh Volterra loai 2 ciing c6 nhitng két qua phong phii hon phuong trinh tich phan tuyén
tinh Volterra loai 1 va dugc uu tién trinh bay trudce.

Trong chuong nay, néu khong noi gi khac thi cac ham duogc xét 1a ham thye.
3.1. Phuong trinh tich phan tuyén tinh Volterra loai 2
Xét phuong trinh tich phan tuyén tinh Volterra loai 2

o(s) = f(s)+ ﬂjK(s, tp(t)dt véia <s<b (3.1.1)

trong d6 cac ham f, K cho trude, A 1a tham sd, ¢ 13 ham can tim.

Str dung phuong phéap xép xi lién tiép, ta thiét lap diéu kién ton tai nghiém cling nhu dang nghi¢m
ctia phuong trinh (3.1.1) khi cac ham f, K thoa man mot trong hai gia thiét sau.

Gia thiét (C):

(C)): Ham f(t) # 0 va f(¢) lién tuc trén [a,b],

(C,):Voia<s<b,K(st)#0, K(st) lién tuc trén [a,b] x [a,s].

Gia thiét (D):

(D,): Ham f e L,([a,b]), f#0,

(DQ): Ham K(s,t) 1a L,-nhan, K # 0.

Ta xay dung day {¢ } nhu sau

,(s) = f(s),

@,(s) = f(s)+ /1] K(s, t)p,(t)dt ...,

@ (s) = f(s)+ ﬂjl K(s,t)p, (t)dt. (3.1.2)

Theo cich xay dung ctia ¢ (s), ta co

0,(5) = f(5)+ D A" [ K, (s,)f()dt (3.1.3)
voi K (5,1) = jK(s, DK, (z,t)dz, K, (s,t) = K (s,t). (3.1.4)

Biéu thirc (3.1.4) duoc goi 13 nhdn Idp thir m cia phuong trinh (3.1.1).



Pinh li 3.1.1. Gid sir gia thiét (C) ding. Khi @6 phwong trinh (3.1.1) luén c6 duy nhdt nghiém
@ € Cla,b] dwoc cho boi

o(s) = f(5)+ S A" [ K (s.0)f(0)dr. (3.15)

m=1 a
Chirng minh. Trude hét ta chung minh sy ton tai nghiém. Xem K(s,t)=0 v&i ¢ > s thi nhan

K(s,t) liéntuc voi t # s.
b
Khi do, [K(s,t) < M = max{|K(s,t),a < s,t <b,s # t}. Dt N = [|f(s)|ds.

Bang qui nap ta ching minh dugc

|J K, (s, 0)f(t)dt] < NM™ % (3.1.6)
Tu (3.1.6) taco
2 S 0 b _ m—1
St K, (s 00t < 3 AN ﬁ G17)

Do chudi ¢ vé phai ctia (3.1.7) hoi tu nén vé trai cua (3.1.7) 1a chudi hoi tu déu trén [a,b]. Suy ra

chudi f(s)+ > A" j K_(s,t)f(t)dt hoi ty tuyét doi va déu trén [a,b].

m=1

Pt g(s) = f(s)+ Y zj K (s,0)f(t)dt. (3.18)

m=1
Theo gia thiét(C) ,ta cé ¢ € Cla,b].
Mat khac, tir (3.1.3) va (3.1.8) suy ra
limg (s)=@(s) vOia<s<b. (3.1.9)
Khi do, tir (3.1.2) va (3.1.9) suy ra ¢ la nghiém cua phuong trinh (3.1.1).
Bay gid ta chirng minh su duy nhat nghiém. Gia sir @, va ¢, la hai nghiém bét ki ctia phuong trinh

(3.1.1). Dit ¢ = ¢, — ¢,. Khi d6, ¢ 1a nghiém cta phuong trinh thuan nhat

o(s) = lj K(s,t)p(t)dt véi a <s<b. (3.1.10)
Béng qui nap ta chimg minh :iuqc

POE \mw Voia<s<b,n=0,1..

Cho n — o, ta dugc [¢(s)=0 vOi a <s<b hay ||¢||=0.Dod6 ¢, = ¢,.
Pinh li 3.1.2. Gia sir gid thiét (D)ding. Khi d6 phwong trinh (3.1.1) luén cé duy nhdt nghiém
¢ € L([a,b]) duoc cho boi



o(s) = f(s) + Z ij' K (s,0)f(t)dt. G.L11)

Chirng minh. Trudc hét ta ching minh sy ton tai nghiém. Dat

L(s) = [ K*(s,2)dw, B*(t) = [ K (t,2)da.

Béng qui nap ta chimg minh duoc

K}, (s,t) S A(s)B*(1)F, (s,1), n = 1,2,... (3.1.12)

n

VOi F(s,1) = [ (a)de, Fy(s.t) = [ 4(@)F (2, 0)de va
t t

F(s,t) = [A(@)F,_ (w,t)dx, n =2,3,... (3.1.13)

t
Béng qui nap ta chimg minh duoc
F (3,1) =i'F1”(s,t), n=12.. (3.1.14)
n.
That vay, hién nhién (3.1.14) dung v&i n =1.
Gia st (3.1.14) ding véi n =k —1>1. Ta chting minh (3.1.14) dang v61 n = k.
Tu (3.1.13) taco

: : OF (z,t
F(s,8) = —— [ 2(@)F (@, t)da = —— | (e, 2800 4,
" (n=1)!4 (n=1)! Ox
1 |1 T
= —F"Y(z,t)| =—F"(s1).
(n—l)![n " (a, )} (1)
Vay (3.1.13) dugc chiing minh.
b b b
Do [[|K(s,t)dsdt < N* nén 0< F(s,t) < [ A*(x)dz < N (3.1.15)
Tur (3.1.14) va (3.1.15), ta c6 OSFn(s,t)si'NZ". (3.1.16)
n.
Tur (3.1.12) va (3.1.16), ta co
Nﬂ
K _(s,t)| < A(s)B(t ,n=012.. 3.1.17
1K, (s, t) < As) “M n ( )
Suy ra
m+2 2 (N‘ﬂ/)m
| A" K (s,t) [< | AP A(s)B(t) ,n=012,.. (3.1.18)




Do chudi Y |AA(s)B(t) luén hoi tu hau hét trén [a,b]x [a,b] nén tir (3.1.18) suy ra chudi

m=1 \Vm '
o0

> A"K (s,t) hoi tu tuyét doi hau hét trén [a,b] x [a,0] .

m=1

Do do f(s +ZMIK (s.t)f +IZZ’”K7 (s,t)f(t)dt hoi tu.

a m=1
Lap luan tuong tu phan ching minh Pinh 1i 3.1.1, ta ¢6 (3.1.11) 1a nghiém cua phwong trinh (3.1.1).
Do K e L,([a,b] x[a,b]) nén K e L ([a,b]x[a,b]). Do dd ¢ e L,([a,b]).
Bay gio ta chirng minh sy duy nhét nghiém. Gia sir @, va ¢, la hai nghiém bat ki ctia phuong trinh

(3.1.1). Bat ¢ = ¢, — ¢, Khi d0, ¢ la nghiém ctia phwong trinh thuan nhat

= A[ K(s,t)p(t)dt vOi a<s<b. (3.1.19)
Ta ¢ danh gia P (s) < w?jm(s, t)dtj @ (t)dt <|APA%(s)]| ol (3.1.20)

Tir (3.1.19) va (3.1.20), ta ¢6

(s) < |AF [ K*(s,00dt | @ ()t < A ||l [ B (s, t)de [ A°(t)dt

= 121"|| ] EA?(s)j AX(b)dt . (3.1.21)
Tir (3.1.19) va 3.1.21), ta ¢6

2(s) < |AP j K*(s, t)dtj P’ (t)dt <|A||¢| \2j' K*(s, t)dtj‘ A?(t)dtj A () da

APl A(s) [ A% (0t [ A% (o)

Téng quit ta duge ¢*(s) < |2 ¢l A%(s)] 42 (tl)dtl]l....tf At )dt . (3.1.22)
Mat khéc, theo (3.1.14), ta co a o

jA?(tl)dtl}....} At )t = %[j A (z)da]" < %N?ﬂ . (3.1.23)
Tir (3.1.2) va (3.1.23), ta c6 0*(s) < | AP0l P A% (s W n=012,...

Suy ra ¢(s) =0. Do d6 ¢, = ¢, hau hét trén [a,b]. Vay nghiém cta phuong trinh (3.1.11) 1a duy

nhit.
Vi du 3.1.3. Giai phuong trinh tich phan tuyén tinh Volterra loai 2 a



o(s) = 1+s+ A[ (s = t)p(t)dt . (3.1.24)
0
Loi gidi. Day nhan 13p dugc xac dinh nhu sau

K (st)=s—t, K[ JstK(x,t)dxz

Kg(s,t) = jK(5>$)K2($,t)dx _ (s ;!t)o

t

9o e

Tiép tuc nhu vay, ta nhan duoc dang nghiém ctua phuong trinh (3.1.24) 1a

2 3 4 5

- s .5 25 5
(/)(s)—1+s+/1(2!+3!)+/1 (4!+5!)+

Néu 2 =1 thi nghiém ctia phuong trinh (3.1.24) 13 ¢(s) = ¢
Vi du 3.1.4. Xét phuong trinh tich phan tuyén tinh Volterra loai 2

ols) = £(s) + A e p(t)it (3.125)
0
Loi giai. Day nhan 1ap dugc xac dinh nhu sau

K (s,t)=e€", K/(st)= iK(s,x)K(w,t)dx = (5 - 75)6‘H ,

Ky(s,t) = j.K(S, 1)K, (z,t)dx = (s ;!t) e’

t

9o

Tong quat ta dugc

K (st)= (-1 e

Do d6 nghiém cua phuong trinh (3.1.25) dugc cho boi

m— 1 m—1 s
)+ A j A o) /1 ) e = f(s)+ A[ X f(t)dt
0

0 m=1

3.2. Phuong trinh tich phan tuyén tinh Volterra loai 1
Xét phuong trinh tich phan tuyén tinh Volterra loai 1

5)+ zj K(s,Dp(t)dt = 0. (3.2.1)

Vi diéu kién thich hop cta K(s,t) va f(s), phuong trinh (3.2.1) duoc dua vé phuong trinh
tich phan tuyén tinh Volterra loai 2. Tir d6, viéc khao sat phuong trinh (3.2.1) dugc quy vé viéc
khao sat phuong trinh tich phan tuyén tinh loai 2 twong tng. Trong phan ndy, ta trinh bay hai cach
bién ddi dua vé phuong trinh tich phan loai 2.

Pinh Ii 3.2.1. Néu gid thiét (C)diing, 2 #0, K(s,s)# 0, cdc ham f'(s), K'(s,t) ton tai va lién tuc

thi phwong trinh (3.2.1) dwoe dwa vé phwong trinh tich phdn tuyén tinh loai 2 ¢6 dang



_ [ (K1)
o(s) = KG9 j Koo o(t)dt. (3.2.2)

Chirng minh. Ly dao ham hai vé ciia phuong trinh (3.2.1) theo s, ta dugc
1'(s)+ AK(s,8)p(s) + /1]. K!(s,t)p(t)dt = 0. (3.2.3)
Chia hai vé (3.2.3) cho AK(s,s), ta dugc (3.2.2).
Pinh li 3.2.2. Néu gia thiét (C’) dung, 1 #0, K(s,s) # 0, K/(s,t) ton tai va lién tuc thi phwong trinh

(3.2.1) dege dwa vé phwong trinh tich phdn tuyén tinh logi 2 ¢6 dang

S KI t
D(s) = — ), | (5 )q>( dt véi (s jgo (3.2.4)
AK(s,s) ° K(s,s)
Chirng minh. Str dung tich phan ting phan, phuong trinh (3.2.1) tré thanh
£(s)+ A[K(s.)0(t) | = 2] K)(s,)®(t)dt = 0.
hay
f(s)+ AK(s,s)D(s) — /II K|(s,1)®D(t)dt = 0. (3.2.5)

Chia hai vé cua (3.2.5) cho 1K(s, s), ta dugc (3.2.4).
Vi du 3.2.3. Giai phuong trinh tich phan Volterrra loai 1

s+ je""‘gp(t)dt =0. (3.2.6)

Loi gidi. So sanh phuong trinh (3.2.6) v6i phuong trinh (3.2.1), ta co f(s)=s, K(s,t)=¢"". Ta
chuyén phuong trinh (3.2.6) vé phuong trinh tich phan Volterra loai 2.
Cach 1: Theo (3.2.3), ta c6 phuong trinh trinh tich phan Volterra loai 2

os) = -1 - ie“(p(t)dt . (3.2.7)

Theo Vi du 3.1.4, suy ra nghiém ciia (3.2.7) 13 g(s) = 1+ [dt = 1+ s.
0

Vay (3.2.6) co nghiém 1a ¢(s) = -1+s.
Cach 2: Theo (3.2.4), ta c6 phuong trinh trinh tich phan Volterra loai 2

D(s) = —s j;e'“”’d)(t)dt (3.2.8)

2

Theo Vi du 3.1.4, suy ra nghiém ciia (3.2.8) 1a ®(s) = —s + [tdt = —s + %
0

s 2
Do do jgo(t)dt =—s+ % hay ¢(s) = -1+s.Vay (3.2.6) co nghiém la ¢(s) =-1+s.
0



Chuwong 4. MOT SO UNG DUNG CUA
PHUONG TRINH TiCH PHAN TUYEN TiNH

Chuong nay trinh bay tmg dung ctia phuong trinh tich phan tuyén tinh trong mot sb bai toan
gia tri ban dau, bai todn bién don gian, bai toan dao dong tu do cua diy dan hdi. Tuy nhién, ching
t6i chi méi dua duge bai toan dang xét vé mot phuong trinh tich phan tuyén tinh thich hop, con viée
thiét 1ap nghiém cua cac phuong trinh tich phan nay chua duoc trinh bay.

4.1. Bai toan gia tri ban diu cho phwong trinh vi phin thwong
Bai toén 4.1.1. Tim ham y (s) théa man
y"(s)+ A(s)y'(s) + B(s)y(s) = F(s), a<s<b 4.1.1)

y(a) =q,, y'(a)=q,, (4.1.2)
trong d6 A, B, F' 1a cac ham lién tuc trén [a,b] cho trudc.
St dung mot s6 phép bién doi ta di tim mdi lién hé giira Bai toan (4.1.1) — (4.1.2) voi mot phuong
trinh tich phan tuyén tinh nao dé.

B6 dé 4.1.2. Véi F la ham lién tuc trén [a,b], n la sé nguyén duong va s,s,,...,s € [a,b], ta co

8% % 1 4 n—-1
!!...!{F(sl)dsldsz)...dsnlds" o j(s —t) F(t)dt.  (4.13)
Chirng minh. Bgt 1 (s) = [(s )" F(t)dt, (4.1.4)
fls,t)=(s—t)""F(t). (4.1.5)
. , dl
Véi n =1, theo (4.1.4) tacod d—l = F(s). (4.1.6)
S
Véi n > 1, st dung cong thirc dao ham tich phan phu thudc tham sb, ta dugc
d[n _ h n-2 n—1 _
—e=(n-1) j (s —t)* F(t)dt +[ (s - 1) F(t)lzs —(n-1I . (4.1.7)
‘ d'I. y
Twr (4.1.7), suy ra P (n-1)(n-2)...(n-k)I , voin>k. (4.1.8)
n—1
Voéi k=n—-1, tadugc d”’ln =(n-1)1. (4.1.9)
o
Lay vi phan hai vé cua (4.1.9), két hop véi (4.1.6), ta duoc
d'l
©=(n-1)F(s). (4.1.10)
ds"

Tu (4.1.4) va (4.1.9) suy ra I (s) va cac dao ham cua n6 triét ti€u tai s = a. Khi do, tir (4.1.7) va
(4.1.11),taco



I(s)= j‘F(sa)ds1 , 1,(s) = "i‘j'l(sg)cLS’2 = j'f F(s))dsds, ,..

I (s)=(n-1)! j ] jf ]1 F(s))dsds,..ds ds . (4.1.11)

a a a a

So sanh (4.1.4) va (4.1.11) ta c6 (4.1.3). Vay B6 dé 4.1.2 dugc chimg minh.
Bay gio ta khao sat bai toan (4.1.1) — (4.1.2).
Lay tich phan hai vé ctia (4.1.1) tir a dén s, két hop véi (4.1.2), ta duoc

y'(s)—q, = —A(s)y(s) = [[B(s,) = A'(s))ly(s, )ds, +[ F(s))ds, +A(a)g,. ~(4.1.12)
Ly tich phdn hai vé ctia (4.1.12) tir a d&én s, két hop voéi (4.1.2), ta duoc

8)—q, = —j A(s))y(s,)ds, — JI (s,)ds ds,

+ij(Sl)d81d52 + [A(a>q(] + ql](s —a). (4.1.13)

Theo B dé 4.1.2, ta ¢6

j.]%F(sl)alslals2 = j(s —1)F(t)dt, (4.1.14)
J J (s,)ds,ds, = J (s —1)[B(t) - A@O)y(t)dt . (4.1.15)

a

Thay (4.1.14) va (4.1.15) vao (4.1.13), ta dugc

S

y(s) = g, +[A(a)q, + q,)(s —a) + [ (s — ) F(t)dt

a

—j. {A(t) + (s —t)[B(t) — A'(t)] }y(t)dt . (4.1.16)

bat
K(s,t)=—{A(t)+ (s —t)[B(t) - A'(t)]}, (4.1.17)
f(s) =q, +[Ala)g, +q](s —a)+ j.(s —t)F(t)dt. (4.1.18)

Tir (1.1.16) — (1.1.17), ta nhan duoc phuong trinh tich phéan tuyén tinh Volterra loai 2 nhu sau
y(s) = f(s) + [ K(s,0)y(t)dt (4.1.19)

Nguoc lai, dé dang kiém tra moi nghiém y(s) cta phuong trinh (4.1.19) déu la nghiém cua Bai toan
(4.1.1)—(4.1.2).
Vi du 4.1.3. Tim ham y(s) théa man

y"(s) + Ay(s) = F(s), (4.1.20)

y(0)=1, 3'(0)=0. (4.1.21)



Lo1i gidi. So sanh Bai toan (4.1.20) — (4.1.21) v61 Bai todn (4.1.1) — (4.1.2), ta co
A(s)=0, B(s)= 4.
Bai toan (4.1.20) — (4.1.21) dan dén phuong trinh tich phan tuyén tinh Volterra loai 2 sau

y(s) =1+ j(s —)F(t)dt + zj (t - s)y(t)dt .

4.2. Bai toan bién cho phwong trinh vi phian thudng
Bai toan 4.2.1. Tim ham y(s) thoa man

y"(s)+ A(s)y'(s) + B(s)y(s) = F(s), a<s<b (4.2.1)

y(a) =y, y(b) =1y, (4.2.2)
trong d6 A, B, F la cac ham lién tuc trén [a,b] cho trudec.
Str dung mét sd phép bién ddi ta di tim mbi lién hé giita Bai toan (4.2.1) — (4.2.2) véi mot

phuong trinh tich phan tuyén tinh nao do.
LAy tich phan hai vé clia (4.2.24) tir a dén s, két hop diéu kién bién y(a) = y,, ta dugc

y'(s)=C+ jF(s)ds — A(s)y(s) + A(a)y, +j [A'(s) — B(s)y(s)ds  (4.2.3)

voi C' 1a hang so .

Lay tich phan hai vé cua (4.2.3) tir o dén s, ta duoc

y(s)— y, = [C + Al (s — o) + [ [ Fis,)dsds,

—[ A(s, y(s, )ds, + j j V(s )ds ds,.  (4.2.4)
St dung B6 d& 4.1.2, tir (4.2.4) ta dugc

ys)— yy = [C + Ala)y, (s — o) + [ (5 - P (E)dt

—I {A(t) - (s = t)[A'(t) - B(H)]}y(t)d (4.2.5)
Trong (4.2.5), thay s = b, két hop véi diéu kién bién y(b) = y, , ta dugc
y, —y, =[C+ Ala )+ j
—j {A(t) = (b= t)[A'(t) = B(t)] }y(t)dt . (4.2.6)

T (4.2.6), suy ra

C+ Aa)y, = —y,)— | (b= 1t)F(t)dt

8 —



+[{A() = (b = 1)[A'(5) = B)yy (¢) dt} . (4.2.7)

Tur (4.2.5) va (4.2.7), ta duoc

)+ [ s —F(t)dt +—2((y, - y,) - [ —t)F(t)at]

—a

—J {A(1) = (s =)[A'(t) = B(t)]yy(1)dt

—t)[A'(t) - B)] hy(t)dt} - (4.2.8)
Dt
f(s):yo+j(5—t)F(t)dt+s:Z[(y1—yO)— [ -t)F@yr, (4.2.9)
Z (AW =0 - OIAW) - BOY, ¢
“S . (t-a)b-) (4.2.10)
{b , } o A - Bt ], t<s.

Tir (4.2.9) va (4.2.10) ta dua (4.2.8) vé dang phuong trinh phwong trinh tich phan tuyén tinh
Fredholm loai 2

y(s) = f(s)+ [ K(s,tyy(t)dt (4.2.11)

Vi du 4.2.2. Tim ham y(s) théa man
y"(s) + AP(s)y(s) = Q(s), (4.2.12)
y(a) =0, y(b) = 0. (4.2.13)
Loi giai. So sanh Bai toan (4.2.12) — (4.2.13) véi Bai toan (4.2.1) — (4.2.2), ta c6
A(s) =0, B(s) = AP(s), F(s) = Q(s), y, =0, y, =0.
Thay céac két qua nay vao (4.2.9), (4.2.10), ta duoc

f(s) = j (s — )Q(t)dt — = j (b -1)Q(1)dt, (4.2.14)

—a

Ms=a)b=0P() .

K(s,t) = At _af;(zgs)P@’ L (4.2.15)

b—a
Bai toan (4.2.12) — (4.2.13) din dén phuong trinh tich phan tuyén tinh Fredholm loai 2

y(s) = f(s) + [ K (s, )y(t)dt

Vi du 4.2.3. Gidi phuong trinh tich phan Fredholm loai 1



f(s) = [ K (s, t)p(t)dt (4.2.16)

s(1-1t), s<t,

trong do6 K(s’t):{(l—s)t N

Loi gidi. Phuong trinh (4.2.16) — (4.2.17) ¢6 nhan d6i xtng, ta khao sat phuong trinh nay dua vao
két qua cua Pinh 1i 2.4.16.
Twr Vi du 4.2.2 suy ra bai toan bién
% +Ay =0, y(0)=y(1)=0, (4.2.17)
tuong duong voi phuong trinh
1

o(s) = A K(s,t)p(t)dt (4.2.18)

0
Bai toan (4.2.17) c6 céc gia tri riéng la
2 _2 2_2
A =m, A, =21, A =nm ... (4.2.19)
va cac ham riéng tryc chuan twong tng 1a
@,(s) = V2 sin 78, @,(s) = V2 sin 2785,..., @ (8) = V2 sin nzxs,...  (4.2.20)

Do d6 K(s,t) co cac gia tri riéng 1a (4.2.19) va ham riéng tryc chuan 1a (4.2.20).

1
Tacé a, = \/5.[ f(t)sin kztdt . Theo Dinh 1i 2.4.17, phuong trinh (4.2.16) c6 nghiém khi va chi khi
0
chudi 7742 k'a? hoi ty. Lic do, nghiém cua (4.2.16) 1a
k=1

(o(s) = lim 7z4\/52n: k4a§ sinnrs.
k=1

n—»0

4.3. Bai toan dao dong tu do ciia diy dan hoi

Dao dong tu do ctia day dan hdi duge mo ta boi bai toan: Tim ham y(z,t) thoa man

Oy L0 . g

—2 = ¢ —=Z véi ¢ 1a hing s0, 4.3.1
ot’ o’ s ( )
y(0,t) =0, y(1,¢)=0, (4.3.2)
y(x,0) = g(z), ¥ (z,0)=0. (4.3.3)

Bang phuong phép tach bién, ta ¢ nghiém cua bai toan (4.3.1) — (4.3.3) 1a

) 1
y(z,t) = Z b cos(nzct)sin(nzz) véib = 2_[ g(z)sin nzzdx .

n=1 0
O day ta dua bai toan (4.3.1) — (4.3.3) vé phuong trinh tich phan. Viéc khao sat bai toan (4.3.1) —
(4.3.3) duoc quy vé khao sat phuong trinh tich phan.
Dit y(z,t) = u(x)p(t). Bai toan (4.3.1) — (4.3.3) dan dén hai bai toan sau:



Bai toan bién (4.3.3) — (4.3.4)

u"(z) + Au(z) =0, (4.3.3)
u(0) =u(l)=0. (4.3.4)
Bai toan gia tri ban dau (4.3.5) — (4.3.6)
@"(t)+ Actp(t) = 0, (4.3.5)
9(0) = M, ¢'(0)=0. (4.3.6)
9(z)

Tir Vi du 4.2.3, ta c6 Bai toan bién (4.3.3) — (4.3.4) twong duwong véi phuong trinh tich phan thuin
nhat
1
u(s) = A[ K(s,tyu(t)dt (4.3.7)
0
s(1-t), s<t,

t do K(s,t) = :
rong 6 K(s,1) {(1 —s)t, s>t
Str dung két qua Bai toan (4.1.1) — (4.1.2), suy ra Bai toan (4.3.5) — (4.3.6) twong duong voi phuong

trinh tich phan Volterra

o(t) = % + ﬂ,j c’(s—t)p(s)ds . (4.3.8)

Khao sat phuong trinh tich phan (4.3.7) va (4.3.8), ta c¢6 két qua cua Bai toan (4.3.1) — (4.3.3).



KET LUAN

Trén co s& téng hop, phan tich céc tai li¢u tham khdo, luin van dat dugc mot sb két qua sau
day

Thtr nhat, luan vin hé théng va chi tiét hoa céac két qua vé diéu kién ton tai nghiém, dang
nghiém ctia phuong trinh tich phan tuyén tinh Fredholm loai 2 v&i nhan suy bién, nhan ddi ximg,

L,-nhan bat ki; stt dung phuong phap xap xi lién ti€p khao sat di€u ki¢n ton tai nghiém cua phuong
trinh tich phan tuyén tinh Fredholm loai 2 va Volterrra loai 2 trong truong hop nhan lién tyc va L,-

nhan.

Thur hai, luén van xay dung vi du minh hoa cho céac van dé trén va mot sd ung dung don gian
ctia phuong trinh tich phéan tuyén tinh.

Qua ludn van nay, tac gid da that sy [am quen véi cong tac nghién ctru khoa hoc mot cach
nghiém tic va c6 hé thong. Tac gia ciing hoc tap duoc phuong phap nghién ciru tai liéu, phuong
phap lam viéc nhém. Nhiing kién thirc, kinh nghiém dat duoc trong qua trinh nghién ctru 1a rat qui
bau ddi voi ban than tac gia. Tuy nhién, do ning luc va kién thic con han ché nén khé tranh khoi
nhitng sai s6t. Tac gia rat mong nhan dugc sy chi bao cua qui Thﬁy cO0 va cac ban, xin chan thanh

cam on.
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