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MG DAU

1. Ly do chon dé tai

Phuong trinh v dinh nghiém nguyén 1a phuong trinh dai s6 v6i hé s nguyén
va s0 4n bat ky, nghiém cta né dude tim trong tap hop s6 nguyén, s6 nguyén
duong.

Phuong trinh v6 dinh néi1 chung va phuong trinh v6 dinh nghiém nguyén néi
riéng c6 mot vai tro quan trong trong toan hoc va trong thuc té€, né da dugc cac
nha toan hoc trén thé giéi nghién ctu tu rat lau, dugc dé cap t6i trong bat ky
mot cudén sach S6 hoc cd ban nao va hién nay né van chiém méot vi tri quan trong
trong nghién ctu va hoc tap.

Vi vay, toi da chon nghién ciiu dé tai "Phuong trinh vé dinh nghiém nguyén"
v61 mong muén tich 1ty thém vén kién thtc cho ban than va lam co sé phuc vu
cho viéc giang day ctia minh.

2. Muc dich nghién cttu

Nam dugc cac phuong phap tim nghiém nguyén ctia phuong trinh bac nhat
hai 4n va phuong phap giai phuong trinh vé dinh bac nhat nhiéu 4n.

NAm phuong phéap tim nghiém cta phuong trinh vé dinh béc hai hai 4n trén
co s6 tiép can phuong trinh Pell.

Tim hiéu phuong trinh v6 dinh dang dic biét: Phuong trinh Pythagore.

3. Doi tuong va pham vi nghién ctru
4. Phuong phap nghién ciiu
5. Cau truc luan van

M4 dau.

Chuong I: Hé théng nhiing kién thitic co ban.

Chuong II: Diéu kién c6 nghiém va cac phuong phap giai phuong trinh vo
dinh bac nh4t hai 4n, diéu kién tén tai nghiém va quy trinh tim nghiém cuaa
phuong trinh bac nh4t nhiéu 4n véi cac vi du minh hoa.

Chuong III: Thong qua phuong trinh Pell dé dua ra phuong phap giai
phuong trinh v6 dinh bac hai hai 4n, déng thoi tim hiéu mét dang phuong trinh
dac biét - Phuong trinh Pythagore.

Két luan.



Chuong 1

CAC KIEN THUC CO BAN

1.1 Lién phan s6
a) Dinh nghia lién phan s6 hitu han
b) Pinh nghia lién phan s6 v6 han
1.2 Phi-ham Euler

DPinh nghia Phi-ham Euler
Cac dinh ly lién quan dén Phi-ham Euler



Chuong 2

PHUONG TRINH VO PINH BAC NHAT

2.1 Phuong trinh v6 dinh bac nhat hai an

Pinh nghia 2.1. Dang téng quat cia phuong trinh v6 dinh bac nhit hai 4n z
va y la

ar +by+c=0 (2.1)
6 day a, b, ¢ 1a nhiing s6 nguyén goi 1a hé s6 ctia phuong trinh.

Mai cap s6 (g, o) théa man déng thiic (2.1), nghia 1a azg + by + ¢ = 0 goi la
nghiém cua phuong trinh (2.1)

DPinh ly 2.1. Diéu kién can va du dé phuong trinh (2.1) c6 it nhat mot nghiém s6

nguyén la wdc sé chung lén nhdt cua cdc sé a va b la wdc sé cia c.

Dinh 1y 2.2. Néu (xq,yo) la mét nghiém nguyén cia (2.1) va (a,b) = 1 thi khi

dé moi nghiém nguyén cua (2.1) ¢6 dang:
x = xy+ bt
Yy=1yo—at

o day t la s6" nguyén tiy y.

2.2 Phuong phép tim nghiém riéng cia phuong trinh bac nhat

2.2.1 Phuong phap bién s6 nguyén
Vi du 2.1. Tim nghiém nguyén cua phuong trinh:

122 — 19y 4 21 = 0.



Loi giai
Tu phuong trinh 122 — 19y + 21 = 0, suy ra:

19y — 21 Ty —9
it A P .
* 12 D
) Ty —9 12 9 5% 2
bé x nguyén thi d =zel=y= et =z+41 Z;_ .
52+ 2 -2 -1

Pé y nguyén thi ZtEZ:>z:T t+2.T.

Vi z € Z nén =u=t=5u+1
= z=5+142u=Tu+1
y=Tu+1+1+5u+1=12u+3
>r=12u+3—-1+Tu+1= 1% + 3.
Vay nghiém cta phuong trinh da cho ¢6 dang:

z=19u+ 3
,u € 7.

y=12u+3

2.2.2 Phuong phap ham Euler
Vi du 2.2. Tim nghiém nguyén cua phuong trinh:
122 — 19y 4+ 21 = 0.

Loi giai
Ta c¢6: 120 — 19y +21 =0
S 1204+ 19y +21 =0, véi y = —y.
Do 19 1a s6 nguyén t6 nén ¢(19) = 19 — 1 = 18. Do d6:

zo = —21.12¢19-1 — _91 1217
12¢019) _ 1 1218 — 1
yp=21———— =21.——
19 19
12 mot nghiém riéng cua phuong trinh 12z + 19y’ + 21 = 0. Suy ra tat ca céc

nghiém ctua phuong trinh nay cé dang:

xr=—21.1217 + 19¢
1218 -1 ,t € 7.



Vay phuong trinh 12z — 19y + 21 = 0 ¢6 nghiém la:
r = —21.12" + 19¢

1918 _ 1 ,t € 7.

912t Tyt
J 9 '

2.2.3 Phuong phap dung lién phan sé
Vi du 2.3. Tim t4t ca cidc nghiém nguyén ctua phucng trinh:
122 — 19y + 21 = 0.
Loi giai
Ta c6: 122 — 19y + 21 = 0 < 122 — 19y = —21.

Ta sé tim mot nghiém riéng cua phuong trinh
122 — 19y = 1.

Khai trién T thanh lién phan s6:
Taco: 12 =0.19 + 12

19=112+47

12=1.7+5

7=154+2

5=22+1

2=21

Véy%:(o,l,l,l,l?). Tacon=>5va

po = ap = 0; q =1
p1=apa; + 1 =1; @ =a =1
p2 = azp1 +po = 1; q2 = a2q1 + qo = 2;
ps = asp2 +p1 =2 g3 = a3qa + q1 = 3;
P4 = a4p3 +p2 = 5; Q1 = G4q3 + g2 = 8.

Do b = —19 < 0, nén phuong trinh 12x — 19y = 1 ¢6 mo6t nghiém riéng la:
o= (—1)lq =8
yo=(=1)'ps=5
Vay phuong trinh 122 — 19y + 21 = 0 nhan
r1 = —8.21 = —168
y1 = —5.21 = —105



la mot nghiém riéng.
Vay tat ca cac nghiém ctua phuong trinh 122 — 19y + 21 = 0 1a:
r=—168 — 19¢
y = —105 — 12t

teZ.

Phuong trinh vé dinh bac nhét k 4n c6 dang
11 + A% + -+ + AT = b, (2.31)
trong d6 k > 2: a1, a9, ..., ay, b la nhiing s6 nguyén va a; # 0,Vi = 1, k.

2.2.4 Diéu kién ton tai nghiém ctia phuong trinh vé dinh bac nhat nhiéu
An
Pinh ly 2.3. Diéu kién cin va du dé phuong trinh (2.31) cé it nhit mot nghiém

nguyén la udc chung lén nhdt cia nhitng sé ay, as, . . ., a; la wde cia b.

2.2.5 Qui trinh tim nghiém ctia phuong trinh vé6 dinh bac nhat nhiéu
an

Tu phuong trinh vé dinh k£ 4n ta dua vé phuong trinh vé dinh & — 1 4n va

ti€p tuc nhu vay cubi cing nhan duge phuong trinh v dinh 2 4n. M6i 14n giam

s6 4n nhu thé ta lai giai phuong trinh 2 4n qua tham s6. Cudi cung ta dugdc hé

nghiém phu thudc vao k — 1 tham sé.
Vi du 2.4. Tim nghiém nguyén cua phuong trinh vé dinh
2v + 3y + 4z + 6w = 5.

Loi giai
Ta dua vao 4n méi u = 2z + 3w, phuong trinh da cho viét lai 2z + 3y + 2u = 5.
Phuong trinh sau lai dua vao 4n méi v = 3y + 2u va nhan dude phuong trinh
20 +v = 5.
Giai phuong trinh 2z + 3w = u trong s6 nguyén do6i véi z, w, ta c6 nghiém

riéng zp = —u, wy = u = tat ca cac nghiém la:

Z:—U‘l—gtl

w=u— 2t



voit, =0,£1,£2, ...
Nghiém nguyén y,u cua phuong trinh 3y + 2u = v v6i mot nghiém riéng
Yo =V, ug = —v la
Y = v+ 29
u = —v — 3ty
veito = 0,£1,£2, ...
Tat ca nhiing nghiém nguyén cua 2z + v = 5 v6l mot nghiém riéng xy =
lL,bvg=31a
r=1+1t;3
v=3— 213
voity =0,+£1,£2, ...
Tu day suy ra nghiém cta phuong trinh da cho la:

(
$:1+t3

Yy =v-+ 2t =3— 23+ 2
Z:—U+3t1:U+3t2+3t1:3—2t3+3t2+3t1

\w:U—Qtl:—U—3t2—2t1:—3—|—2t3—3t2—2t1

Voit, = 0,41, 42, .. ity =0,41,42, .. . 1t3=0,+1,42, ...



Chuong 3

PHUONG TRINH VO DINH BAC HAI HAI AN

Trude khi tim hiéu dang va cach giai phuong trinh v6 dinh bac hai hai 4n, ta
xét dang dac biét cia phuong trinh nay dé 1a phuong trinh Pell.

3.1 Phuong trinh Pell loai I

Pinh nghia 3.1. Phuong trinh Pell loai I 1a phuong trinh c6 dang:
2?2 —dy’ =1 (3.1)
6 day d la s6 nguyén.
Khi néi d&n nghiém cta phuong trinh Pell, ta luén luén hiéu dé 1a nghiém

nguyén duong. Sau day ta sé khao sat cac tinh chit co ban nhit cua phuong
trinh Pell loai I.

Tinh chat 3.1. Néu d la s6 chinh phuong (d = m?) thi (3.1) khéng c6 nghiém
nguyén duong.

Tinh chat 3.2. Néu d 14 s6 nguyén am thi (3.1) khong c6 nghiém nguyén duong.

Tinh chat 3.3. (Piéu kién ton tai nghiém cta phuong trinh Pell loai I). Phuong
trinh Pell loai I c6 nghiém nguyén duong khi va chi khi d 1a s6 nguyén duong
va khong phai 1a s6 chinh phuong.

Tinh chat 3.4. (Cong thitc nghiém cua phuong trinh Pell loai I). Xét day {x,}
va {y,} dugc cho bdi hé thic truy héi sau:

ro=1;, v1 =a; rp10 =2ax,41 — Xy, v6in=0,1,...

Yo =0; y1 =0; Ynt2 = 2aYpt1 — Yn, v6in =0,1,...



trong d6 (a,b) 12 nghiém nguyén ducng bé nhit ciia phuong trinh Pell loai I.
Khi d6 (z,,,y,) v6in = 1,2,... 14 tit ca cac nghiém ducng cta phuong trinh
Pell loai I.

Vi du 3.1. Chiing minh rang tén tai vé6 han nhiing b ba s6 nguyén lién tiép ma

mdi s6 trong d6 déu la téng cta hai s6 chinh phuong.

L&i giai

Bang phép thu truc tiép, ta thay bd ba s6 nguyén lién tiép thoa man yéu cau
débaila 8, 9,10 (8 = 22+ 22%:9 = 324+ 0% 10 = 32+ 1?). Diéu nay goi y dén viéc
ta xét bo ba s6 lién tiép: 22 — 1,22, 22 + 1.

Vi 2?2 = 224+ 0% 22 + 1 = 22 4+ 12. Do vay néu nhu 2> — 1 = y? + 22 thda mén
vGi vo han bd s6 nguyén (z,y, z) thi ta chiing minh dugc bai toan nay. Trén co
s6 d6 ta xét trudng hgp dac biét khi z = y. Cu thé ta tim nghiém nguyén caa
phuong trinh:

2?2 —1=2y & 2% — 2% = 1. (3.30)

(3.30) 1a phuong trinh Pell loai I véi d = 2. R6 rang phuong trinh nay ton tai
v0 han nghiém nguyén duong.

Tém lai, ton tai vo han nhiing bo ba s6 nguyén lién ti€p ma mbi s6 trong d6
déu 1a téng cua hai s6 chinh phuong.

x Nhdn xét:

Ta c6 thé chi ra cu thé vé han nhiing bo ba 4y, bang cach giai phuong trinh
(3.30).

Ta thay (x,y) = (3,2) la nghiém nguyén duong bé nhit ctua (3.30), nén
phuong trinh (3.30) c6 dady nghiém sau:

ro= 121 =3;200=02,11 —xp;n=0,1,2,...

Yo=0;y1 = 2 ¥Ynt2 = 6Ynp1 — Ynsn =0,1,2,...
Vay tbn tai it nhat bdé ba s6 han: x? — 1;1‘?; JJ? +1véie=1,2,... cac bd ba

dau tién dudc cho trong bang sau:

1 1 2 3
B6 ba | 8,9,10 | 288,289,290 | 9800,9801,9802
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3.2 Phuong trinh Pell loai II

Dinh nghia 3.2. Phudng trinh Pell loai II 1a phuong trinh c¢6 dang:
2 —dy? = -1 (3.38)
6 day d 1a s6 nguyén duong. Ciing giong nhu khi xét phuong trinh Pell loai I, &

day ta chi quan tAm dén viéc tim nghiém nguyén duong cua phuong trinh nay.

Tinh chat 3.5. Néu d 14 s chinh phuong (d = m?) thi phuong trinh Pell loai IT
khong c6 nghiém nguyén duong.

Tinh chat 3.6. Phuong trinh Pell loai II khong c6 nghiém khi d c¢6 uéc nguyén
to p = 4k + 3.

Tinh chat 3.7. Néu d 1a s6 nguyén t6 thi phuong trinh Pell loai II
2 —dy? = —1 (3.40)
c6 nghiém nguyén duong khi va chi khi d khong ¢6 dang 4k + 3.

Tinh chat 3.8. (Diéu kién dé phuong trinh Pell loai II c6 nghiém). Goi (a,b) la
nghiém nhoé nhat cia phuong trinh Pell lién két v6i phuong trinh Pell loai II.
Khi d6 phuong trinh Pell loai II

2 —dy? = —1 (3.44)

c6 nghiém khi va chi khi hé sau:
a = 2%+ dy? (3.45)
b= 2xy (3.46)
¢6 nghiém nguyén duong.

Tinh chat 3.9. (Cong thitc nghiém cua phuong trinh Pell loai II). Xét phuong
trinh Pell loai II:

22 —dy? = —1 (3.57)
Xét phuong trinh Pell loai I lién két véi né:
2? —dy? =1 (3.58)

Gia st (a,b) 1a nghiém nguyén bé nhat cta (3.58). Xét hé phuong trinh:

22 +dy* = a (3.59)
2ry = b (3.60)
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Gia thiét rang hé (3.59) - (3.60) c6 nghiém va (u,v) 12 nghiém duy nhat ctaa
n6. Xét hai diy s6 nguyén duong {x,}, {y,} sau day:

o = w; x1 = u® + 3duv?; T,40 = 20Ty — Ty, n=0,1,2,...
Yo = v; Y1 = dvd + 3uPv; Ynio = 2aYni1 — Yn, n =0,1,2,. ..

Khi d6 (z,,y,) 1a tat ca cac nghiém nguyén ducng cua phuong trinh Pell loai
1I.

Vi du 3.2. Tim t4t ca cac s6 nguyén duong n c6 tinh chat n? + (n + 1)% 1a s
chinh phuong.
Loi giai
Gia st n 1a s6 nguyén duong phai tim. Khi dé ta co:
n?+ (n+1)% =y
= 2n% +2n+ 1 = >
= 4n? +4n + 2 = 2y?

= (2n+1)? — 2% = —1. (3.73)
Dat o = 2n + 1. Khi d6 tu (3.73) dan dén phuong trinh Pell loai II:
r? —2y* = —1. (3.74)
Lién két véi (3.74) 1a phuong trinh Pell loai I sau:
22— 2y =1 (3.75)

Phuong trinh (3.75) ¢6 nghiém duong nhé nhat 1la ¢ = 3,y = 2. (Theo ly
thuyét phuong trinh Pell loai II, thi trong trudong hdp nay a = 3,b = 2).
Xét hé phuong trinh sau:
u? 4 20? = 3
2uv = 2
Dé thay (u,v) = (1, 1) 12 nghiém duong bé nhat cua hé nay.
Theo 1y thuyét xay dung day thi phuong trinh Pell loai II (3.74) c6 nghiém 1la:
ro=121=7 2p0 =061 —2,, n=0,1,2,...
Yo = 1? Y1 :57 Yn+-2 :6yn+1 — Yn, n:071727"'

Ta thay x; = 1( mod 2),Vk = 0,1,.... Ti d6 suy ra day nghiém {n;} : n =
T —1

5 cac s6 nguyén duong can tim (v6i k = 1,2, ...) dudc cho theo cong thiic:

no = 0; ny = 3; ngyo = 6Ny — ng + 2.
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(That vay, tu
Tkto = 6£Ck+1 — T = 2nk+2 + 1= 6(2nk+1 + 1) — (an + 1)

= Ny = 6nk+1 — Nk + 2)

Ba két qua dau tién phai tim la: n = 3; n = 20; n = 1109.

3.3 Phuong trinh Pell vGi tham s6 n

Phuong trinh Pell v6i tham s6 n 14 phuong trinh cé dang:

2?2 —dy* =n

6 day d 1a s6 nguyén duong va khong phai 1a s6 chinh phuong, con n 12 s6 nguyén.
Néu n = 1 hodc n = —1 thi tuong ting ta c6 phuong trinh Pell loai I va loai

I1.

Tinh chat 3.10. Xét phuong trinh Pell véi tham s6 n
2> —dy =n (3.82)

Phuong trinh (3.82) hodc v6 nghiém, hoic cé v sd nghiém.

Tinh chat 3.11. Xét phuong trinh Pell v6i tham s6 n
2 — dy? = n. (3.85)
Gia st (3.85) c6 nghiém va goi (xo, ¥p) 14 nghiém nguyén duong nhé nhit cua
né. Khi do6 ta co: 0

yg < maX{an; _Za }

6 day (a, b) 12 nghiém nguyén ducng nho nhat cua phuong trinh Pell loai I tuong

ang:
2?2 —dy’ =1 (3.86)

Tinh chat 3.12. Xét phuong trinh Pell véi tham s6 n:
22 —dy* =n (3.89)
Gia st (3.89) ¢6 nghiém va goi (aq, 51); (e, Ba); .. .5 (Qm, Bn) 12 tat ca cac
nghiém cta (3.89) thda min bat dang thic
2

@2 < max {an; _Za }
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Xét m ddy sau day. Day tht i : {z,; ,yn;}, v6i i = 1,m dugc xac dinh nhu
sau:
)
Toi = Oy Yo,i = Bi

\ Tnt1i = TG+ dyp b

| Yn+1i = T ib + Ynia
6 day (a, b) 1a nghiém nguyén ducng nho nhit cua phuong trinh Pell loai I tuong
ang:
22 —dy? =1 (3.90)
Khi d6 cac day {xm ,ym} sé vét can hét nghiém cua phuong trinh Pell véi
tham sé n.
Vi du 3.3. Chiing minh rang tat ca nhiing nghiém cua phuong trinh

P4+ r+1=3y

trong nhiing s6 tu nhién x, 7y, nhan dugc thong qua cdng thiic hdi quy sau véi

o = Yo = 1
Tp=TTp 1+ 12y, 1+ 3; yp =42, 1+ TYn_1 + 2.
Loi giai
Ta co6:
2?2+ x4+ 1= 3y?
& 42?4+ 4o + 4 = 129°
S (2r+1)% —12y* = -3. (3.96)
bat u = 2z 4+ 1,v = y thi phuong trinh (3.96) thanh:
u? — 12v% = -3 (3.97)

(3.97) chinh 14 phuong trinh Pell v6i tham s6 n = —3.
Phuong trinh Pell loai I lién két véi né la:

u? — 1202 = 1. (3.98)
Phuong trinh (3.98) ¢6 nghiém nguyén duong nhé nhat 1a (a,b) = (7,2). Khi

2

—na 3.7° 3.49 49
max{” T d Hax 12 12 4
’ o, 49
S6 nguyén duong 3 16n nhat théa min 3 < vy la 0 = 3. Xét phuong trinh

(3.97):

w?—120% = -3
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Véiv=1= u=3; v=23thi(3.97) khong dan dén u nguyén.
Nhu thé bang cach thi truc tiép néi trén, ta thay (3,1) 1a nghiém duy nhAat
ctia phuong trinh (3.97) théa diéu kién
(% < max {an; _Za2}
Theo tinh chat 3.12, phuong trinh Pell Ging v6i n = —3:

u? — 120* = -3
c6 day nghiém sau:
uy = 3;v90 = 1y, = Tup_1 + 240,150, = 2Up_1 + TU,_1.

Ma u =2z + 1,v =y, suy ra:
UO—l
Ty — =1

2z, +1)=72x,1+ 1)+ 24y, 1 < 2y =TT+ 12y, 1 + 3
Yn = 2(2xn—1 + 1) + Y1 Yo =4wp 1+ Typ1 + 2.
Nhu vay, tit ca cac nghiém cua phuong trinh

2+ +1=3y
trong nhiing s6 tu nhién x, y, nhan duge thong qua cdng thic hoi quy:
Ty = 7xn—l + 12yn—l + 3; Yn = 4xn—1 + 7yn—1 + 2

vii1 Ty = Yo — 1.

Bay gic ta quay lai xét phuong trinh vo dinh bac hai.

Pinh nghia 3.3. Phuong trinh vé dinh bac hai dang téng quat c6 dang:
ax? + 2bxy + cy? + 2dx + 2ey + f =0 (3.110)
véi a,b,c,d, e, f € 7.

Ta goi D = b* — ac 1a dinh thiic ctia phuong trinh (3.110).

3.4 Phuong phap giai phuong trinh vo dinh bac hai hai an

3.4.1 Phuong trinh dang elip

Véi D < 0, (3.110) duge goi la phuong trinh dang elip.

x Cach giai:
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Viét lai (3.110) du6i dang phuong trinh bac hai theo 4n x, ta cé:
(3.110) & az® 4+ 2(by + d)x + (cy® + 2ey + f) =0 (3.111)
Ta c6: A" = (by + d)* — alcy® + 2ey + f)
= b%y? 4 2bdy + d? — acy® — 2aey — af
= (b — ac)y?* +2(bd — ae)y + (d* — af)
= Dy? 4+ 2my +n
v6im = bd —ae,n = d*> — af.
Pé phuong trinh (3.111) ¢6 nghiém x thi A’ = Dy? + 2my +n > 0.
Vi D < 0 nén bat ding thic trén ding trong mét khodng y € [y1, y2] nao @6
ma chi c6 hitu han s6 nguyén, va v6i nhiing gia tri nguyén nay cua y thi s6 x

xac dinh bang cong thic:

. —(by +d) £ /Dy +2my +n
a
14 s6 thuc va ta két hop véi diéu kién z nguyén niia thi sé tim dudc cac nghiém

nguyén cua phuong trinh (3.110).

Vi du 3.4. Tim nghiém nguyén cua phuong trinh:
202 — 20y 4+ 3y? — 20— 2y —1=0 (3.112)

Loi giai
Tacba=2b=—-1,c=3d=—-1l,e=—-1,f=—-1nén D = b — ac =
1 —6=—-5< 0= day la phuong trinh dang elip.
Viét lai phuong trinh (3.112) duéi dang phuong trinh bac hai theo 4n z:
222 —2(y+ Dz +3y> =2y — 1 =0 (3.113)
Ta c6 A’ = Dy? + 2my + n, véi m = bd — ae,n = d* — af
Phuong trinh (3.112) ¢6 nghiém (x,y) nguyén khi phucng trinh (3.113) ¢6
nghiém x nguyén.
Nhu vay A’ > 0
& —5y* +6y+3>0
o —3+2V6 <y< —3-2V6

-5
Viy € Z nén y =0 hoacy = 1.

* V61 y = 0, ta co:

(y+1)£+/-5y>+6y+3 1+£+3
2 2
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Ta loai truong hgp nay vi x ¢ Z.
* V61 y = 1, ta co:

(y+1)£+/-5y2+6y+3 244
2 2

Vay r = 0 hoéc z = 2.
Tém lai cdc nghiém nguyén cua phuong trinh da cho la: z = 0,y = 1 va

r=2y=1.

34.2 Phuong trinh dang parabol

Véi D =0, (3.110) duge goi la phuong trinh dang parabol.
x Cach giai:
Giai phuong trinh (3.110) theo &n z, ta c6 biéu thiic

. —(by +d) £2my +n
a

véim = bd — ae;n = d* — af.

bit ax + by + d = z, khi @6 phuong trinh (3.110) ¢6 dang

22 —n=2my

B4y gid chi con tim nhiing gia tri nguyén cta z sao cho 22> — n chia hét cho

2m. Tu day ta sé tim dudc cac nghiém nguyén cua phuong trinh.

Vi du 3.5. Tim nghiém nguyén ctua phuong trinh
922 + 24xy + 16y* + 4o + 6y +3 =0 (3.114)
L&i giai
Tacoa=9,b=12,c=16,d=2,e=3,f=3=D =b*—ac=122-9.16 =
0. Pay la phuong trinh dang parabol.
Giai phuong trinh (3.114) theo 4n z, ta cé:

(12y + 2) + /=6y — 23

9
bat 9x + 12y 4+ 2 = z thi phuong trinh (3.114) c6 dang:
22+ 23 = —6y (3.115)

BAy gid ta cAn tim nhiing gi4 tri nguyén caa z dé 22 + 23 chia hét cho 6.

Vi mot s6 nguyén z bat ki thudc mot trong cac dang sau: 2 = 6t; 2z = 6t+1; 2 =
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6t + 2;2 = 6t + 3;z = 6t + 4 hodic z = 6t + 5 trong d6 t € Z. Ta thay chi ¢6

2 =6t+1va z=6t+ 5 thoa diéu kién 2> + 23 6.
22423 (6t+1)*+23

* Véizg =6t +1 =y = G G = —6t2 -2t —4
2423 6t +5)% + 23
*V6122:6t+5:>y122+ :( i )6+ = —6t> — 10t — 8
. z—12y—2 )
Tw (3.115) suy ra x = — 5 Tu day ta co:
21— 12y — 2  (6t+1) —12(—6t> — 2t — 4) — 2
TrT1T = =
! 9 9
72t? 4 30t 4 47
= i 9 + (loai vi x1 & 7Z)
29— 12y1 —2 (6t +5) — 12(—6t* — 2t — 4) — 2
aj2 = =
9 9
72t? 4+ 30t + 51
= * 9 + (loai vi x9 &€ Z)
21— 12y —2 (6t +1) — 12(—6t> — 10t — 8) — 2
ZC3 — =
9 9
72t% + 126t + 95
= * 5 * (loai vi x3 &€ Z)
i 29— 12y9 — 2 (6t +5) — 12(—6t2 — 10t — 8) — 2
4 pu— pu—
9 9

72 4+ 126t + 99

= 8t? + 14t + 11
Vay nghiém cta phuong trinh (3.114) 1a

r = 8t? + 14t + 11
y = —6t2 —10t — 8

te.

3.4.3 Phuong trinh dang hyperbol

Véi D > 0, (3.110) duge goi 1a phuong trinh dang hyperbol. Ta xét hai truong
hdp sau:
a) Néu D = k2, thi ta bién d6i vé dang:
[k(az + by + d) — (m + k*y)][k(ax + by + d) + (m + k*y)]
=a(c— f)D — ac(b — d)? (3.116)
Thuc t&, dé bién ddi ti dang (3.110) sang dang (3.116), ta thuc hién bing cach
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thém vao hai vé& caa phuong trinh (3.110) dai lugng A\, ma né dé xac dinh sao
cho v& trai caa (3.110) c¢6 thé phan tich thanh hai thita s6. Sau d6 hai biéu thic
k(ax + by + d) &= (m + k*y) cAn phai 1a nhiing s6 nguyén, nén ta so sanh moi
kha nang c6 thé c6 nhiing cip s6 ma né cé tich bang a(c— f)D — ac(b—d)?. Suy
ra trong truong hgp nay phuong trinh vo dinh bac hai chi ¢6 htiu han nghiém

nguyeén.

Vi du 3.6. Tim nghiém nguyén cua phuong trinh
v =2t +a+4
Loi giai
Ta viét phuong trinh di cho vé dang: 2% +x +4 —y?> + A = \ va giai phuong
trinh 22 + 2 +4 — y?> + X\ = 0 d6i véi x, ta co:
A=1—44—1>+ ) =4y* -4\ - 15

—14+ /492 —4X—15

5 .

15 —1 4 /42
Chon \= —— = g=——Y "7
on 1 T 5 1

= r=——+y hodcxr = —= —u.
2 Y hog 5 Y

= =

Khi d6 phuong trinh da cho c6 dang

1 1 15
($+§—y)($+§+y)——z
& 2r—2y+1)2e+2y+1)=-15
Ma —15=1.(—15) = (—1).15 =3.(=5) = (—3).5
Vay ta xét cac truong hop sau:
x Truong hgp 1:
2¢ —2y+1=1 r=—4
<~
20+ 2y+1=-15 y=—4
x Truong hgp 2:
20 — 2y +1=—-15 r=—4
=
2 +2y+1=1 y=4
x Truong hgp 3:
20 —2y+1=—-1 =3
=4

20 +2y+1=15 y =4
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x Truong hgp 4:

20 —2y+1=15
20+2y+1=-1

*x Truong hgp 5:

2 —2y+1=-5

|
|
|

x Truong hgp 6:

20 —2y+1=3
20 +2y+1=-5

x Truong hgp 7:

20 —2y+1=5

—— — —— ——
S
|
|
—_

20 +2y+1=-3
x Truong hgp 8:

20 —2y+1= -3 x =10
~

20 +2y+1=5 y=2
Nhu vay cac nghiém nguyén ctua phuong trinh da cho 6 trén la:

b) Néu D # k2, khi @6 viét lai phuong trinh di cho du6i dang phuong trinh

bac hai d61 v6i x, con y 1a tham s6:
az® 4+ 2(by + d)x + cy* + 2ey + f =0
Piéu kién can dé c6 = nguyén la biét s8:
A'= (by + d)* — a(cy® + 2ey + f)

14 mét s8 chinh phuong, nghia 1a A’ = h? (h nguyén, khong am), hay:
b2y? + 2bdy + d*> — acy?® — 2aey — af = h?
& (b — ac)y? + 2(bd — ae)y + d* —af —h* =0
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Vi b?> —ac = D > 0, ta xem day 14 phuong trinh bac hai theo y. Pé phuong

trinh nay c6 nghiém y nguyén thi diéu kién 1a biét s6
§' = (bd — ae)* — (b* — ac)(d* — af — h?)

14 mét s chinh phuong m? (m 1a s6 nguyén khong am).

Péng thic ¢ = m? 1a phuong trinh v6 dinh c6 dang:
m? — Dh? = C, véi C = a’e? — 2abde + ab® f + acd® — a’cf.
DAy chinh 1a phuong trinh Pell v6i tham s6 n ma ching ta da biét cach giai.

Vi du 3.7. Tim nghiém nguyén cua phuong trinh
2?4+ 4oy + 29> +42 +6y —8 =0 (3.121)
Loi giai
Tacba=1,b=2,c=2,d=2,e=3,f=-8nén D =V —ac=4—-2 =
2> 0.
Viét lai phuong trinh (3.121) duéi dang phuong trinh bac hai d61 véi x:
2 +4(y+1r+ 2y +6y —8=0 (3.122)
Ta cé: A" =4(y+1)? — (2y* + 6y — 8)
= 4y? + 8y +4—2y* — 6y +8
= 292 + 2y + 12.
Diéu kién can dé c6 x nguyén la biét s6 A’ 1a mot sé chinh phuong, hay:
29y% 4 2y 4+ 12 = h?, (h nguyén, khong Am)
S22 +2y+ 12— 12 =0.
DPé c¢6 y nguyén thi biét so"
6 =1—2(12 — h?) = m? (m 1a s6 nguyén khong am). Hay:
m? — 2h? = —23 (3.123)
(3.123) chinh 12 phuong trinh Pell v6i tham s6 n = —23
Phuong trinh Pell loai I lién két véi né cé dang:
m? —2h% = 1. (3.124)
Phuong trinh (3.124) ¢6 nghiém nguyén duong nho nhat (a,b) = (3,2). Khi
do:

2

— 23.32 23.9
max{an; nd } = max{ —23.2% } =
d 2 2
23.9

S6 nguyén duong 3 16n nhat thoa man 5% < 5 la 6 = 10. Xét phuong trinh
(3.123):
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m?—2h?>=-23. Néuh=4=m=3h=6=
m="7h=1,2,3,5,7,8,9,10 thi (3.123) khong dan dén m nguyén.
Nhu thé bang cach thi truc tiép, ta thay c6 hai nghiém (3,4);(7,6) ctaa
phuong trinh (3.123) thda man diéu kién:
@2 < max {nb2; _Za2}
Vay phuong trinh (3.123) c6 hai ddy nghiém sau:

mo,1 = 3;ho1 = 4smy 1 = 3mp_11 + 4hp_11; b1 = 2my_11 + 3hy—11
mo2 = T;ho1 = 6;mp2 = 3mpy_12 +4hp_12,hno = 2my_12 + 3hp_12

Khi d6 phuong trinh
20 + 2y + 12 — h?2 =0

. . —1+£m
conghlemy:T
—1
F Ve y = — "
: —1+m
éaz:—Z(erl)ih:—2(T+1)ih:—1—mih.
* V61 —l-m
1Yy = ————
Y >

1
éx:—ﬂy+Dih:—%—EJE+Dih:—1+mih

Cu thé, diy cac nghiém nguyén cta phuong trinh (3.121) 1a:

Tpg=—1—mp1E£hp1; Yn1 = w

Tpo=—1—mpaEthpo; ypo = w

Tpg = —1+mp1 L0yt Yn1 = %
va

Tpo=—14+mpaEthyo; ypo = w

trong d6 (M1, hn1); (Mp2, hyo) 1& cac nghiém cta phuong trinh (3.123) da c6

cong thic nghiém & trén.

3.5 Phuong trinh Pythagore

Pinh nghia 3.4. Phuong trinh (tim nghiém nguyén)
2? + % =22 (3.125)
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goi la phuong trinh Pythagore. B ba s6 nguyén duong (z, y, z) thoa man (3.125)
gol 1a mot bo ba Pythagore.

Ta nhan thay rang néu (T, 7,7Z) 1a mot by ba Pythagore thi v6i moi d nguyén
duong, bd ba (dT, dy, dz) ciing 12 mot b ba Pythagore. Vi 1€ d6 ta chi can quan
tdm dén nhiing bo ba Pythagore (z,y,2) ma 6 d6 (z,y,z) = 1. Khi 4y (z,y, 2)
duge goi 12 mot bd ba Pythagore nguyén thuy.

Dinh 1y 3.1. Cho phuong trinh Pythagore
22+ y? = 22 (3.125)
) la mot bé ba Pythagore nguyén thuy. Khi do:

Gia st (T,7,Z
a) T,7,Z doi mét nguyén té cung nhau.

b) T,y khong cung tinh chdn, 1é va 7 la sé'lé.

Dinh ly 3.2. Cho phuwong trinh Pythagore
x? + % =22 (3.125)
V6i 3 chdan. Bé ba (T,7,%) la mét bo ba Pythagore nguyén thiiy khi va chi khi

chung co dang sau:

Z=m?+n’

¢ day m,n nguyén duong, m > n, (m,n) = 1 va m,n khéng cung tinh chan, Ié.

Dinh 1y 3.3. Méi s6 trong nhitng s6 3,4, 5 la wdc s6’ it nhdt cia mot trong nhiing
thanh phan T,Y,Z cua mét nghiém (T,7,Z) tiry y ctia phuong trinh Pythagore

N

Vi du 3.8. Tim nghiém nguyén duong x # y cta phuong trinh:

z? + y2 = 222
L&i giai
Néu (7,7, Z) 1a mot nghiém nguyén ducng cta phuong trinh
2 + % = 222 (3.149)
< o o T Yz Ca A C1x s
va gid st d = (7,7, 2), thi (E’ 'L 3) ciing 12 mot nghiém cta (3.149). Vi lé d6

ta chi can tim cic nghiém nguyén duong (z,y, z) caa (3.149) ma (z,y,z) = 1.

Lic d6 cling giéng nhu phuong trinh Pythagore, ta goi (z,¥, 2) 12 mot nghiém
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nguyén thuy cua (3.149) va ta chi quan tdm dén viéc tim nghiém nguyén thuy
cua (3.149) ma thoi.

Gia st (2o, Y0, 20) 12 mot nghiém nguyén thiy caa (3.149) thi: z3 + y2 = 222.
Ta thdy rang xo, Yo khong thé cung chin. That vay, néu zo = 2x1,yg = 2y1, tit
w3+ y2 = 223, ta di dén:

4ot + 4P = 228 & 2% + 27 = 22 (3.150)

Tu (3.150) suy ra 2o chan, tiic zg = 2z;. Thay lai vao (3.150), ta cé:

207 + 2y = 4237 & af + yi = 223

Nhu vay (z1,y1, 21) cing 1a mot nghiém nguyén duong cua (3.149), trong do6
g = 2r1,Y0 = 21,20 = 221, diéu nay mau thuln véi (g, yo, 20) = 1. Do d6
7o, Yo khong thé ciing chin.

Gia st xg 18. Tu 23 + y3 = 223, ma x( 18, nén suy ra ¥y ciing 18. Pat 7o =
27 4+ 1,y = 2y + 1, ta co:

AT+ AT+ 4P + 4+ 2 =22 =2 2@ + T+ P +7y) + 1 = 22 (3.151)

Tu (3.151) di dén z; cling 1a s6 1é.

Tém lai ta c6 nhan xét sau: Néu (zg, Yo, 20) 12 mot nghiém nguyén thuy cua
(3.149) thi xq, yo, 20 déu la s6'1é.

Ta chiing minh tiép ring (zg,y9) = 1. That vay, néu (zo,yo) > 1 thi ton tai
s6 nguyén t& p ma xg i p va yo | p. T d6 dua vao 22 + y3 = 223, suy ra 223 i p?.
Do g, Yo 14 5618 nén p 1a s8 nguyén t6 18, tit d6 (2,p?) = 1 = 22 : p?, hay 2 : p.
Tu xo, Yo, 20 déu chia hét cho p suy ra mau thuan véi (zg,yo,20) = 1. Vi thé
(20, %0) = 1.

Ta luén c6 thé cho 1a zo > vy (vi 29 # yo va do vai tro binh dang gitia z( va
Y0)-

bat u = (U= , ta co:

T+ =228 & 203 + 2y8 = 423
& (o + o) + (zo — yo)* = 423

xo + Yo\ 2 To — Yo\ 2
= () + () =4
@u2+v2:z§ (3.152)

Tw (z9,y0) = 1 va do g = u+ v;yp = u — v, nén suy ra (u,v) = 1. Vilé

d6 (u,v, zp) 1a bd ba Pythagore nguyén thuy. Do d6 ton tai cac s6 m,n nguyén



24

duong v6i m > n; (m,n) = 1 va m,n khong cung tinh chn, 1é sao cho:

4 (
u=m?2— n? u = 2mn
{v=2mn hodc K v = m?2 — n?
20 = m? +n? \20:m2+n2
\

Tu d6 ta di dén (do vai tro binh déng gita g va Yo):

)
zg = (m +n)? — 2n?

7\

Yo = (m+n)? — 2m?

20 = m? + n?
\

D6 chinh 14 c&u tric nghiém nguyén thiy cta phuong trinh 22 + y? = 222 véi

* T két qua cua vi du nay, ta c6 bai toan: Tim tat ca cic s6 nguyén duong
phan biét a, b, ¢ sao cho a?,b?, ¢ lap thanh mot cip s cong. Cach giai bai toan
nay nhu sau:

Vi =a?, 0%, < a® + ¢ = 2b% nén bai toan nay quy vé bai toan: Tim cac
nghiém nguyén duong (z,y, 2) v6i  # y sao cho 22 + y> = 222 ma ta da giai &

trén.
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KET LUAN

Tém lai, luan van "Phuong trinh vé dinh nghiém nguyén" da dé cap dén cac
van dé sau:

1) Nghién ctiu cac phuong phap giai phuong trinh vo dinh bac nh4t hai 4n va
qui trinh tim nghiém ctia phuong trinh vé dinh bac nhat nhiéu an.

2) Nghién ctu cac dang va cach gidi cta phuong trinh vé dinh bac hai hai 4n
trén co s6 tiép can phuong trinh Pell.

3) Tim hiéu mot phuong trinh dang dic biét - Phuong trinh Pythagore.



