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LOI CAM ON

Pau tién, téi xin giri dén PGS-TS. Bui Twong Tri , khoa Todn, truong Pai hoc S pham
TPHCM — nguoi da tdn tinh hwéng dan téi trong sudt thoi gian hoan thanh ludn van nay,
long biét on chén thanh va sdu sdc nhat.

Téi ciing xin chdn thanh cam on qui thdy ¢ trwong Pai hoc Sw pham TPHCM da tao diéu
kién, tdn tinh gidng day va givp do téi trong sudt qud trinh hoc tdp tai déy.

Xin chén thanh cdm on tat ca!

Tac gia.



MO DAU

T cudi thé ki 19, phan s6 da duoc viét dudi dang p/q v61 ¢#0. Hon nita, theo O.Stoltz,
hai phan sé p/q va p’/q” duoc goi 1 bang nhau néu pqg = p'q, téng va tich ciia chung duoc
dinh nghia duéi dang:

p/q+plq'=(pq'+p'q)/qq’
rlap'’q'=pp'qq'

Vao khoang cung thoi gian nay, Kummer, Dedekind, Kronecker va mot s nha toan hoc
d3 tao nén 1y thuyét vé s dai s6 1a nén tang ctia 1y thuyét vanh trong thé ki tiép theo. Nhiing
diéu nay da thuc ddy su phét trién ciia dai so triru twong trong nhimg nam dau thé ki 20 ma
dién hinh 1& Emmy Noether. H.Grell — hoc trd cua ba — da dua ra dinh nghia vé vanh cac
thuong trén mién nguyén giao hoan, ddy 1 vanh ma cac phan tir ctia n6 1a mot phan sd (theo
nghia cua O.Stoltz) voi tir s6 va mau s dugc léy trong mién nguyeén.

Vanh cac thuong trén vanh khong giao hoan duoc dé cap dén 1an dau tién trong quyén
sach ndi tiéng Pai s6 hién dai cia Waerden. Ong dat ra cau hoéi réng:”mét mién nguyén
khong giao hodn c6 thé duoc chira trong mot vanh chia duoc hay khong?”. Cau tra 10i 1a
“Khong.”.

Vao ndm 1931, O. Ore d3 dua ra diéu kién can va d¢u dé mot mién nguyén khong giao hoan
c6 thé duge chira trong mot vanh chia duoc.

Vao nam 1958, trong bai bao*“Céu trac vanh nguyén t6 dudi diéu kién diy ting”, Goldie
chi ra rang vanh Noether nguyén t6 ludn c¢6 vanh cac thuong, va vanh cac thuong ding ciu
v6i vanh ma tran trén vanh chia dugc theo mot diéu kién ma ta goi do la diéu kién Goldie.

Va diéu kién Ore va diéu kién Goldie 1a nhitng di€u c6t yéu ma luan van nay mudn dé cap.



Chuong 1: CAC KHAI NIEM CO BAN VE
VANH KHONG GIAO HOAN

1.1. Pinh nghia vanh:

Cho tap hop R#JJ, trén R ta trang bi hai phép toan thuong dwoc ki hig¢u 1a “+” (doc la
phép cong) va “.” (doc l1a phép nhan). Ta noi <R,+,.> 14 mot vanh néu cac diéu kién sau
duoc thoa man:

1) <R,+> la mgt nhom giao hodn

1) <R,.> la mot nira nhoém

iii) Phép nhan phan phdi ddi v6i phép cong: vdi cac phan tir thy ¥ x,y,z€ R ta co:
x(y+z)=xy+xz va (y+z)x=yx+zx.

Néu phép nhén 14 giao hoan thi ta goi R 1a vanh giao hoan, néu phép nhan c6 phan tir don

vi thi ta goi R 1a vanh c6 don vi.

1.2. Dinh nghia vanh con:
Mot bd phan 4# QD cliia vanh R cung véi hai phép toan ciia vanh R cam sinh trén A4

thanh mot vanh thi ta n61 4 1a vanh con cua vanh R

1.3. Dinh nghia ideal ciia m{t vanh:

Cho R 1a mt vanh, mot vanh con A cua R duogc goi la ideal trai (ideal phai) cia vanh R
néu thoa man diéu kién ra e A (are A),Yae A,NreR.

Vanh con A ctia R dugc goi 1a ideal ctia vanh R néu A vira 1a ideal trai vira 13 ideal phai

cua vanh R.

1.4. Pinh nghia thé:
Cho R 1a mot vanh c6 don vi. Néu moi phan tir khac 0 trong R déu kha nghich thi R

dugc goi 1a mot thé hay mot vanh chia dugc.

1.5. Dinh nghia truwong:

Mot thé giao hoan dugc goi la mot truong.



1.6. Dinh nghia tim cua vanh:

Cho vanh R. Ta goi tap hop C:{c eR‘Vr eR:rc:cr} la tdm cua vanh R.

1.7. Dinh nghia module:
Cho R 1a mgt vanh tuy y va M 1a m0t nhém cOng aben. M duoc goi 1a mdt R - module
néucé motanhxa f:MxR—>M
(m,r)—> f(m,r)=mr
Sao cho Vm,m;,m, e M va Va,beR thi:
1) m(a +b)=ma+ mb
1) (m, + m,)a =ma+ m,a
1) (ma)b =m(ab).
- Néu R c6 chira phﬁn td don vi 1 va ml=m,Vme M thi ta goi M la R- module
Unitary.
- M dugc goi 1a R- module trung thanh néu Mr =0 kéo theo » =0. Piéu nay c6 nghia la
néu r#0 thi Mr=0.
- Néu M 1a mot R- module thi ta dit 4(M)={xe R|Mx=(0)} va goi la tap c4c linh héa
tor cua R- module M .
Bo dé 1.7.1.
A(M) 1a mét ideal hai phia cia R. Hon nita, M 1a mot R/ A(M)- module trung thanh.
Chirng minh:
e A(M) la mdt ideal hai phia cua R.
Vx,ye AM) M(x—y)=Mx—-My=0=x—-ye AM)
Vxe AM),NreR,taco:
M (xr)=Mx)r=0)r=(0)=xre AM)
M@x)=(Mr)xcMx=0)=>M(x)=(0)=>rme AM).
e M lamdt R/ A(M)- module trung thanh.
Vi phép nhan ngoai M x R/A(M) — M dugc xac dinh nhu sau :
Vme M ,Nr+ AM)e R/ AM): (m,r + AM)) > m(r + A(M)) =mr .
Pay 1a mot dinh nghia t6t vi néu r + AM)=r'+ A(M) thi r—r' € A(M)



Suy ra m(r—r)=0,YmeM = mr=mr'= m@r+ AM))=m@' + AM)). Hon nita, néu
M(r+AM))=0)thi Mr=0)=re AM)=r+AM)=0

Do d6 M 1a mét R/ A(M')- module trung thanh.
Cho M 1a mdt R/A(M)- module. Vae R ta dinh nghia anh xa 7,: M — M cho bdi cong
thirc mT,=ma,NmeM . Vi M la  mot R/A(M)-  module  va
(m, +m,)T, =mT, +m,T,,Nm,m, e M nén T, 1a mot tw dong ciu nhom cong ctia M .

Pit E(M) 1a tap tat ca cac ty dong cdu nhom cong cua M . Khi @6, ta dinh nghia phép
cong va nhan nhu sau:

VmeM NO,Y e E(M):m(®+Y¥Y)=mD+m¥ va m(®Y) =(md)¥Y
Vay E(M) lap thanh m{t vanh v&i phép cdng va phép nhan anh xa thong thuong. Ta dinh
nghia anh xa ®: R — E(M) sao cho ®(a)=T,,Va e R, ta thiy rang ®(a +b) = D(a)+ D(b)
va ®(ab)=®(a).P(b) nén @ 13 mot ddng cdu vanh. Hon nita, ker ® = A(M). That vay:
Vac AM)eo Ma=0) o MT, =(0) = D(a)=T,=0=acker® < AM)=ker®d.
Do d6 anh dong ciu cua R trong E(M) dang cau véi R/A(M).
B6 dé 1.7.2. R/ A(M) dang cau vé6i vanh con ctia E(M).

- Néu M 13 mot R- module trung thanh thi A(M)=(0) hay ker® =(0). Khi d6 @ 1a
mdt don cdu va ta ¢ thé nhung vanh R vao E(M).

- M duoc goi 1a mot R - module bat kha quy néu MR #(0) va M khong c¢6 module con
thuc sy ndo. Tic M chi ¢6 hai module con tim thuong 1a (0) va M .
1.7.3. Pinh ly :

Néu M 1a mdt R - module bat kha quy thi C(M) 1a mot thé (hay vanh chia dugc).
1.7.4. Dinh nghia:

Ideal phai p cua R duoc goi 1a chinh quy néu ton tai phin t& reR sao cho
x—-rxep,VxeR.

Néu vanh R c¢6 don vi (hay chi can c6 don vi trai) thi moi ideal p ciia R déu la ideal
chinh quy. That vay, khi d6 ta ldy » =1€ R thi

x—lx=x-x=0ep,VxeR.

1.7.5. Bo dé:



Néu M 1a mot R- module bat kha quy thi M ding cdu (nhu 13 mot module) véi R-
module thuong R/p trong d6, p 1a mot ideal phai, t6i dai va chinh quy nao d6 cia R.
Nguoc lai, néu £ la mot ideal phai, tdi dai va chinh quy ciia R thi R/p la mft R- module

bat kha quy.

1.8. Can Jacobson ctiia m¢t vanh:

Can Jacobson ctia vanh R ki hiéu 1a J(R) hodc Rad(R) 1a tap hop tat ca cac phan tir ctia
R linh héa duoc tat ca cac R - module bat kha quy.

Néu R khéng c6 module bat kha quy, ta quy uéc J(R) =R . Khi d6, vanh R duoc goi 1a
vanh Radical. Nhu vay theo dinh nghia ta co:
J(R) ={r € R|Mr = (0) v6i moi R~ module bt khd quy M

Vanh R 1a vanh Radical néu trén R khong c6 ideal phai, t6i dai va chinh quy.
Nhan xét. Néu R c6 don vi | thi R khong 1 vanh Radical.
Taco : AM)={reR|Mr=(0)}.

Khi d6 : J(R)= (A?A(M ), v6i M chay qua khip tit ca cac R- module bat kha quy. Do

A(M) 1a mdt ideal hai phia cua R nén J(R) cling la mot ideal hai phia cua R.

Mat khac, vi chi xét M nhu 1a mdt R- module phai nén J(R) con dugc goi la can
Jacobson phai ctia vanh R . Tuong tu, chiing ta c6 thé dinh nghia cin Jacobson trai ctia vanh
R. That may man 1a cin Jacobson phai va cin Jacobson trai ctia vanh R lai tring nhau nén
khong can phan biét trai hay phai d6i voi cac can Jacobson nay.

Pé hiéu 1& hon vé ciu tric cin Jacobson ctia mot vanh, chiing ta s& ¢ gang mo ta chi tiét
cAu tric ciia n6. Ban cht cta cin Jacobson chinh 1a giao cua mot 1op céac ideal dac biét.

V6i p la mot ideal phdi ctia R thi (p:R)={xeR|Rx < p|
1.8.1. Pinh ly:

J(R)= (;( p:R). Trong 46 p chay qua tit ca cac ideal phai, ti dai, chinh quy ctia R va

(p:R) 1a mot ideal hai phia 16n nhat cia R ndm

trong p.
1.8.2. Bo dé:



Néu o la mdt ideal phai, chinh quy, thuc sy cia R thi p co thé nhing vao mot ideal
phai, t6i dai, chinh quy cta R.
Chirng minh:

Vi p la mot ideal phai, chinh quy, thuc sy cia R nén p#R va tdn tai a € R sao cho
x—axe p,VxeR.
Suyra ag p,vinéu ac p thi axe p= xe p,VxeR= p=R (mau thuan).
Goi 91 1a tap tat ca cac ideal phai thuc su cia R c¢6 chita p. Néu p'e M thi a ¢ p', vi néu
acp thiaxep' vax—axepc p,VxeR=>xep' ,VxeR
= p' = R(mAu thuan).

Ap dung b dé& Zorn cho tap 9N 1a tap tat ca cac ideal phai, thuc sy cua R c6 chlra p ta
dugc p, la mot phﬁn tir toi dai trong 1.
Khi d6: p< p,, p, chinh quy vi x—axe pc p,,Vxe R va p, la mot ideal phai t6i dai ctia
R vinéu p, 1a mot ideal phai cua R co chua p, ma p, # R thi p, e M, do tinh t6i dai cua
P, suyra p, chua p, hay p, = p,.
1.8.3. Pinh ly:

J(R)= (; p . Trong d6 p chay qua tat ca cac ideal phai, toi dai va chinh quy cua R.

Chirng minh:
e Taco J(R)=n(p:R) vi (p:R) p nén
P

J(R)c np Trong d6 p chay qua tat ca cac ideal phai, tdi dai va chinh quy ctia R.
P
e Chung minh bao ham ngugc lai Np < J(R):
P
Ta dit 7=np, trong 46 p chay qua tit ca cac ideal phai, toi dai va chinh quy cta R.
P

Véi mdi x e, xét tap p'={xy+y‘yeR} ta chung minh p'=R. Gia st p'# R, khi d6 p’
la mot ideal phai, chinh quy, thuc sy cia R. p' chinh quy 1a do ta chon a=-x, suy ra
y—ay=y+xyep,VyeR.Tacd p' duoc nhing vao mot ideal phai, tdi dai, chinh quy Lo
nao do cua R. Khido, VyeR do xerc py=>xep,=>xyep, va y+xye p, nén ye p,,
suy ra R c p, (mau thuin véi tinh toi dai cta p,).

Vay p'=R. Do d6 véi mdi x ez tontai we R sao cho —x =w+xw hay x+w+xw=0

().



Ta chimg minh 7 < J(R) bang phan ching. Gia sit 7 ¢ J(R), khi d6 t6n tai mot module
bat kha quy M khong bi z linh hoa nghia 14 Mz #(0), suy ra ton tai me M sao cho
mt #(0). Ta d& dang kiém tra mz 1a mot module con cua M , lai do M 1a module bat kha
quy nén mr =M . Do d6 ton tai 7 € ¢ sao cho mt =—m, lai do ¢ e 7 theo (*) thi ton tai s € R
sao cho t+s+1s=0. Khi d6 O0=m(¢t+s+1ts) =mt +ms+mts =—m+ms —ms=—m. Suy ra

m =0 (mau thuan véi mr # (0)). Vay 7 < J(R) hay npc J(R).
P

Nhu vdy, ching ta di khao sat ciu tric ctia cin Jacobson trén co s M 13 mot R - module
phai. Trong trudng hop M 13 mot R- module trai ta ciing c6 két qua hoan toan tuong tu cho
can Jacobson trai.

1.8.5. Dinh nghia:

Phan tir a € R duoc goi 14 tya chinh quy phai néu ton tai a' € R sao cho a+d' +ad’ =0.
Phén tir ¢’ dugc goi 13 tya nghich déo phai cua a.

Tuong ty, ta ciing c6 dinh nghia phan tir tya chinh quy trai va phan tir tua nghich déo trai.
Chi y. Néu R co phan tr don vi 1 thi phan tor @ € R 1a tya chinh quy phai khi va chi khi
I+ a c6 nghich ddo phai trong R.

1.8.6. Dinh nghia:

Mot ideal phai cia R dugc goi la tua chinh quy phai néu mdi phﬁn tr cua no la tua chinh

quy phai.

1)J(R) la tya chinh quy phai

ii) Néu p 1a mot ideal phai twa chinh quy phai ciia R thi p < J(R)
1.8.7. Pinh ly:

J(R) 1a mot ideal phai tua chinh quy phai cia R va nd chura tit ca cac ideal phai, twa
chinh quy phai ctia R. Vi thé, J(R) 13 mot ideal phai, twa chinh quy phai, t6i dai duy nhat
cua R.

Trong khi xay dung can Jacobson, ta chi xét M nhu la R- module phai nén J(R) con
dugc goi la can Jacobson phai ciia R, ki hi¢u la Jphdl.(R). Tuong tu, néu ta xét M nhu la R-

module trai thi J(R) duogc goi la can Jacobson trai cua R, kihi¢ula J_.(R).

trai

Bay gio ta s€ di ching minh Jphdl. (R)=J __.(R).

trai



That vay, gia sit a vira 1a phin tir tya chinh quy phai vira 13 phan tir tya chinh quy trai cia
R. Khi d6 ton tai b,ce R sao cho a+b+ba=0 va a+c+ac=0 suy ra ac+bc+bac=0
va ba+bc+bac=0, do d6 ba=ac ma a+b+ba=a+c+ac=0=b=c. Nghia 13, tua
nghich dao trai va tya nghich dao phai cia mot phan tir 1a trung nhau.

Gia st ae J i (R) khi d6 t6n tai @' € R sao cho a+da'+ad' =0 suy ra a'=—a—ada' va
Y ! 1 ] . ’ . A . "
ae ‘]phdi(R) nén a erh&l.(R) , tuong ty vi a erh&l.(R) , khi do la1 ton tai " € Jphdi(R) sao

cho a'+a"+d'a"=0.Do d6 a' cb twa nghich dao trai l1a a va tua nghich dao phai 1a " nén

a=a". Didn dén a'+a+ad'a=0 hay a la phan tir tya chinh quy tri. Vay J i (R) cuing 1a
mot ideal tya chinh quy trai cia R nén Jphdl.(R) cJ, ,;(R), twong ty, ta cling chirng minh

dugce J, ,(R) la mot ideal tya chinh quy phainén J __(R)cJ ,..(R)

phdi (

Vay J . (R)=J, . (R).

irdi
1.8.8. Dinh nghia:

a) Phan tor a € R duoc goi 1a lity linh néu ton tai s6 nguyén duong m sao
cho a" =0

b) Mot ideal phai (trai, hai phia) cia R dugc goi 13 nil-ideal néu moi phan
tir cia né déu Iy linh.

¢) Mot ideal phai (trai, hai phia) p ctia R duoc goi l1a liiy linh néu ton tai

mdt sb nguyén duong m sao cho aa,..a, =0,Ya,a,,..a, cp. Didu niy co nghia la

p"=(0).
Nhan xét.
e MGoGt ideal phai (trai, hai phia) lliy linh la mdt nil-ideal, nhung diéu nguoc lai thi khong
ding
e Moi phan tir lily linh déu twa chinh quy trai (phai)
That vay, gia st a € R 13 mot phan tr lity linh, khi d6 ton tai s6 nguyén dwong m sao cho

m—1 ml

"=0vatadit b=—a+a’—a +..+(=1)

m—2 ml

Tacd: ab=ba=—a’*+a’ —a* +..+(-1)
Suyra b+ab=b+ba=—-a=>a+b+ab=a+b+ba=0
Do d6 ma moi nil-ideal cling 1a ideal tya chinh quy trai va cling la ideal tya chinh quy

phai.



1.8.9. B6 dé: Moi nil-ideal phai (trai) cia R déu chira trong J(R).

1.9. Vanh nira don:
Vanh R duoc goi 1a vanh ntra don (hay ntra nguyén thuy) néu J(R) = (0).
1.9.1. Dinh ly:
Gia st R 1a mot vanh thi R/J(R) la mdt vanh nira don.
Chirng minh:
Ta can ching minh J(R/J(R)) = (0).
bit R = R/J(R) va p 1a mot ideal phai, t61 dai, chinh quy ctia R. Khi d6 J(R) < p. Do d6
theo dinh 1y ddng céu, p = p/J(R) la mot ideal phai, tbi dai cua R.
Thét viy, do J(R)c p< R néntacéd: R/p=(R/J(R))/(p/J(R))

Tu tinh tdi dai cia p trong vanh R ta suy ra tinh t6i dai ciia p/J(R) trong vanh thuong
R/J(R).

Ta s€ chirng minh ; cling chinh quy trong vanh R.

Do p chinh quy nén ton tai @ € R sao cho x—ax e p,Vx e R. Suy ra ton tai aeR sao
cho }—ZEeE,v}eE.

Do J(R)=nNp, v&i pchay qua khip cac ideal phai, t6i dai, chinh quy ciia R nén ta c
np=(0). J(R) chinh 13 giao cua tAt ca cac ideal phai, t6i dai, chinh quy cua R nén
J(R)c np=(0).

Vay J(R)=(0).

Tinh chat ciia cin Jacobson trong dinh 1y 1a mot trong nhiing tinh chat “radical-like” —
“giong nhu can”. Nhiing nghién ciru vé cic tinh chat ciia cin Jacobson tong quat da duogc
Amitssur va Kurosh tién hanh.

Tu nay dé tranh nang né vé mat thuat ngir, ta s€ goi mot ideal hai phia cia vanh R 1a mot
ideal.

1.9.2. Pinh ly:
Néu A4 1a mot ideal cta vanh R thi J(4)=ANJ(R).
Chirng minh:
e NéuaeANnJ(R) thi aeJ(R), suyra a 1a phan ti tya chinh quy phai



ciia R nén ton tai a'€ R sao cho a+da'+aa'=0, do d6 a'=—a—ad' € A, viy a ciing 1a
phan tir tya chinh quy phai ctia 4. Suy ra, 4N J(R) 1a ideal tya chinh quy phai ctia A. Ta
cd ANJ(R)c J(A).

e Nguoc lai, ta ldy p 14 ideal phai, toi dai, chinh quy ctia R va dat
p,=ANp.Néu Az p thido tinh t6i dai ctia p tacd 4+ p=R. Do d6 theo dinh ly dong
cautaco: R/p=(A+p)/p=A/(Anp)=A4/p,

Do p tdi dai trong R nén R/p bat kha quy va do do Alp, cling bat kha quy.

Suy ra p, la ideal phai t6i dai cta A.

Ta s€ chimg minh p, chinh quy trong 4. That vy, do p chinh quy trong R nén ton tai
beR sao cho x—bxe p,VxeR. Taco: beR=A+p=>b=a+r vdi ae A,r € p. Khi do6
x—bx=x—ax—-rxep,dorxepnén x—axep.

Tom lai, ton tai @ € 4 sao cho: x—axe pNA=p,,Vxe 4, hay p, chinh quy trong 4.
Vay taco J(4)c p, vo1moi p laideal phai, t6i dai, chinh quy cia R ma A« p.

Néu Ac p thi p,=ANnp=A4 dodd J(4) < p,. Vo1 p chay qua khip cac ideal phai,
t61 dai, chinh quyctua Rtacod J(A)cnp,=n(Anp)=(np)NnA=J(R)NA.

Vay J(A)=ANnJ(R).

1.9.3. Hé qua:

Néu R 1a vanh ntra don thi moi ideal ciia R ciing 14 vanh nira don.

Vi du. Cho R 1a vanh cac ma trdn vudng cip 2 trén trudng F, trudc tién ta chimg to R
khong co céac ideal hai phia khong tam thudng.

That vy, gid st A la mot ideal hai phia cia R va A #(0).

1 0]
Vé’iE:{O . la don vi ctia vanh R.
g 1 0 0 1 0 0 0 0 . o _
Ta dat E“:_O 0 B, = 00 3Ez1:_1 0 s By, = 0 1 vi A#(0) nén ton tai

a a 0 0 a a
az{ H 12}1{ }mﬁa:{ H 2led.
a) dy 0 0 ay dy |



Ga so¢  a,#0, do A4 la moét 1deal hai phia cua R nén
a; 0 a, 0 1/a, 0 . .
E\aE, = 0 0 ed= o oll o o =E,ed va E,EE,=E,cAdA, do @6

E=E ,+E,cA.Suyra A=R
Vay R khong c6 cac ideal hai phia khong tim thudng.
Vi c6 don vinén J(R)# R va J(R) 1a mot ideal hai phia cua R nén J(R)=(0). Vay R

la vanh ntra don.

pee [ B
ay gio ta xé =
y g P 0 0

0 5 oo oY oo
P = ‘ﬁeF la mot ideal phai ciia p va = 0 do d6 p, 1a mot nil-

a,ﬁeF}, dé thdy p 1a mot ideal phai cia R. Ta lai co

0 0 0 0 0
ideal phai khac (0) cua p suyra p,cJ(p) va J(p)#(0)
Ma pnJ(R)=(0) (do J(R)=(0)). Vay J(p)# pNJ(R).

M0t tinh chit “radical-like” co ban khac nita 1a két qua nhan dugc cua radical khi ta thay
d6i tir mot vanh R sang vanh cac ma tran vudng cap m Iy hé tir trén vanh R. Néu R 13 mot
vanh, ki hi¢u R 1a vanh cac ma trn vuong cAp mtrén R va J (R),, 1a vanh cac ma tran
vudng cip m trén J(R) thi ta co dinh 1y sau.

1.9.4. Pinhly: J(R )=J(R),

Chirng minh:

Lay M 1a mot R- module bat kha quy.

Pat M™ = {(ml,mz,...,mm)‘mi eM}. D& dang kiém tra dugc M 1a mot R - module véi
phép cong 1a phép cong theo timg thanh phan, phép nhan ngoai ching qua 1a phép nhan vao
bén phai ctia mot b trong M véi mot ma tran trong R, . Hon nlta, M (™ con 14 mot R -
module bat kha quy.

That vay:

e Chung minh MR _#(0)

Do M 1a mdt R- module bat kha quy nén MR = (0), do d6 tén tai me M,r € R sao cho
mr # (0. khi do



r 0 0]
r ... 0

(m,m,...,m) C =(mr,mr,...,mr)#(0,0,...,0).
00 .. r]

Vay MR #(0).

e Chang minh M khong c6 module con khong tim thudng
Lay N #(0) 1a module con cia M . Ta ching minh N =M hay chi can chimg minh
M™cN. That viay, do N=#(0) nén ton tai (m,m,,..,m )eN va
(my,m,,...,m,) #(0,0,...,0), do d6 ton tai m, #0 véi i€{1,2,..,m}. Do mR 1a mdt module
con cia module bit kha quy M ma mR#(0) nén mR=M . Khi do, voi moi

(m) A A . IS _ .
(X}, Xy,...,%, ) €M™ ludn ton tai r; € R, v6i j={1,2,....m} sao cho mr, =x,. Do do:

0 0 .. O
(my,....m,,...om )1, r, .. r,|=(mnmr,..,mr,)=(X,X,,..,X,)
0 0 .. 0]

Suy ra (x,,X,,...,x,,)) € N hay M"™ c N .
Vay M 1a mot R, - module bt kha quy.

e Ching minh J(R,)c J(R),,

Néu (e;) e J(R,) thi M™(a;)=(0,0,...,0),Vi, j =1,m.

Khi d6 véi moi m eM,(m,my,...m,)e,;)=(0,0,.,0.,Yij=Lm. Suy ra

Ma, =(0),Yi,j=1m vidods a, € J(R),Vi,j=1m.
Tirdé tac6 () € J(R),,. Vay J(R,) S J(R),.
e Chung minh J(R),, cJ(R)).

That vy, xét

all alz ces alm

0O 0 .. O
=1 . - : ‘aljeJ(R)




Dé dang kiém tra dugc p, 1a mot ideal phai ciia R, .

Ta tiép tuc chirng minh p, la ideal tya chinh quy phaicua R .

Voimol X € p, X =

a, O,

0 O
0 O

alm
0 C oA
. | nén ¢, € J(R)= «,, la phan tu

0

tua chinh quy phai cia R do d6 ton tai ¢, € R sao cho: ¢, + o/, +o,,/, =0

o), 0
) 0 0
Lay Y= . .
0 0
0 a, .. «q
0O 0 .. O
w=. . . :
0 0 .. 0

0
0

do @6 W? =

.Pat W=X+Y + XY thita co:

0 nén W 1 phan ti lily linh va n6 ciing 13 phan tir twa

chinh quy phai cua R , khi do ton tai ZeR sao cho: W+Z+WZ=0, thay

W=X+Y+XY thitasuyra X+(Y+Z+YZ)+X(Y+Z+YZ)=0, tc X 1a phan ti tua

chinh quy phéaicua R . Vay p, la mdt ideal phai tya chinh quy phaicua R thi pcJ(R,).

Hoan toan tuong tu, ta cling chirng minh dugc

0 0
Pi= &%
0 0

0

o, € J(R)

p,cJ(R),Vie {1,2,...,m} .

la 1deal phai tya chinh quy phéai cua R, va do do

Vi J(R,) la mot ideal cua R, nén J(R ) dong d6i voi phép cong do do ta co

1.10. Vanh Artin:

Vanh R dugc goi la vanh Artin phai néu moi tap khac rong cac ideal phai cua n6 déu co

phan tir to1 tieu.



Pé ngin gon ta thuong goi vanh Artin phai 1a vanh Artin.
Dé thay rang mot vanh 1a vanh Artin khi va chi khi moi diy giam céac ideal phai ciia n6
PO P,D..Dp,...déudimg tirc Ine N saocho p,=p,., =...
1.10.1. Pinh ly:
Néu R 1a vanh Artin thi J(R) 1a mot ideal liiy linh.
Chirng minh:
Pit J =J(R). Xét diy giam céac ideal phai cia R: JoJ*>..5J">.... Vi R 13 vanh
Artin nén ton tai mot s6 nguyén n sao cho J" =J"" =...=J*" =.... Do d6, néu xJ*" =(0) thi
xJ"=(0) (vi J"=J")
Ta s& chimg minh J” = (0). That vay, dat ¥ = {x e Jx" = (0)} thi 7 12 mot ideal ciia R.
Néu J" W thi J"J" =(0),dodo J" =...=J* =(0).
Néu J" ¢ W thi ta xét vanh thuong R = R/W vitaco J" =J" /W = (0)
Néu xJ" =(0) thi xJ" cW do d6 (0)=xJ"J" =xJ*" =xJ" suy ra xeW din dén x=0.
Khi d6, x.J" = (0) thi ta suy ra x=0. (¥)
Vi R 1a vanh Artin nén R =R/W ciing la vanh Artin va néu J" % (0) ta suyra J" chira mot
ideal phai t6i tiéu p #(0), do tinh t6i tiéu nén ideal phai p ciing 1 mot R - module bét kha
quy. Mit khéc, J" < J(R) nén pJ" =(0) theo (*) suy ra p = (0) (mau thudn p = (0)).
Vay J" =(0) va dinh ly duoc chirng minh.
1.10.2. H¢ qua:
Trong mgt vanh Artin, moi nil-ideal déu la ideal Ity linh.
Nhan xét. Néu vanh R c6 ideal phai lily linh khac (0) thi né s& c6 ideal hai phia lity linh
khac (0). That vay, cho R 1a mot vanh bat ki va gia sir ring p #(0) 13 mot ideal phai liy
linh ctia R.
e Néu Rp =(0) thi hién nhién Rp < p, khi 6 p 1a ideal hai phia cia R
Vay p laideal hai phia liiy linh khac (0) cua R
e Néu Rp#(0) thi RRoc Rp va RoRc Rp (p laideal phaiciia R)



nén Rp 1a ideal hai phia cia R. Vi p 1a mot ideal phai lity linh ctia R nén ton tai me N
sao cho p"=(0), khi do:
(Rp)" = RpRp..Rp=R(pR)(pR)..(pR)p < p" =(0)= (Rp)" =(0)

Vay Rp la ideal hai phia Iy linh khac (0) cua R.

1.10.3. Dinh nghia:

Phan tir e# 0 trong vanh R duogc goi 13 phan tir lily ddng néu ¢* =e.
1.10.4. B6 dé:

Cho R 1 vanh khong c6 ideal lity linh khac (0). Gia sit p # (0) 12 mot ideal phai, toi tiéu
ctia R.Khi d6, ton tai mot phan tir lily dang e< R sao cho p=eR .

Chirng minh:

Vi R khong c6 ideal ity linh khéac (0) nén theo nhian xét & trén thi R cling khong c6 ideal
phai liy linh khac khong va do d6 p* #(0). Khi dé, ton tai x< p sao cho xp#(0) va
xpC p Vi p laideal phai cia R nén xp ciing 1a ideal phai cua R, do tinh tdi tiéu ctia p ta
suy ra xp=p, do d6 ton tai ecp sao cho xe=x=xe’=xe=x(e’—¢e)=0. Pat
Po= {a = p‘xa = O}, dé thay P, 1la mot ideal phai cua R va p,c p va p,#p vi xp#(0).
Do tinh t4i tiéu ctia p ta suy ra P, =(0). Ta co x(e’ —e)=0= ¢’ —ec p, = e’ —e=0 hay
e’=e.Vixe=x#0nén e=0.

Laido e p va p laideal phai cia R nén eRc p va eR ciing 1a mot ideal phai ciia R
ma eR # (0) (do eR > e* =e#0) do tinh tdi tiéu cia p nén p=eR.

Chung ta thdy rang trong mot vanh Artin mot ideal phai chira nhitng phan tir lity linh thi
ti ban than n6 ciing 1a mot ideal iy linh. Diéu gi xay ra khi ma mot ideal phai chira nhiing
phan tir khong lily linh? Muc dich ciia chiing ta 1a ching té rang khi d6 né phai chira mot
phan tr liiy dang khac 0.

1.10.5. B6 dé :

Cho R 1a mdt vanh va gia sir ton tai phn tir @ € R sao cho a® —a 1a phan tir liy linh. Khi
d6, hodc @ 1a phan tir lity linh hodc ton tai da thitc ¢(x) v6i hé s6 nguyén sao cho e = ag(x)
1a phan tir lily dang khac 0.

Chirng minh:

Gia st ton tai k € N sao cho :



k k
(@’ -a) =0=) Ci(a®) ' (-1)a' =) Ca®™ (1) =0
i=0

i=0

k+1

Suy ra a*=d"'p(a) trong d6, p(x) 13 mot da thic hé s6 nguyén. Ta c6

k+1 k+l1 k+2

a" =d""p(a)=a.a* p(a)=a(a" p(a)) p(a)=a"*p(a)* tiép tuc nhu viy ta s& duoc
a"* =a®*P(a)". Ta suy ra a* =0 hoic a*#0. Néu 4" =0 thi dit e=d"p(a)" 20 va
e’ =a** P(a)** =a"* p(a)* =e. Vay e 1a phan tu liy ddng va ton tai ¢(x)=x""p(x)* voi hé
sd nguyén dé e = aq(a).

1.10.6. Dinh ly:

Néu R 1a vanh Artin va p #(0) 1a mot ideal phai khong liy linh ctia R thi p c6 chta
phan tr liiy dang khac 0.

Chirng minh:

Do p la mot ideal phai khong liiy linh cua R, theo dinh 1y 1.3.2.1 thi p z J(R). Dat
R=R/J(R), do R 1 vanh Artin nén R ciing 1a vanh Artin va theo dinh Iy 1.3.1.1 thi R
cling 1a vanh ntta don nén vanh R khong c6 ideal liiy linh khac (0). ; =p/J(R) vi
p Z J(R) nén ; #(0) suy ra n6 chira mot ideal phai tbi tiéu p_o cua R. p_o chtra mot phan
tir iy ddng e #0.

Xét anh xa @: R — R=R/J(R) 1a ddng cAu chiéu sao cho véi a € p, p(a)=a=e, do do
o(a’ —cz)zé2 —e=0=d*—a e J(R)= a* —a liy linh.

k

Do d =¢ =e#0,YkeN nén a khong liy linh, ton tai mot da thirc ¢(x) hé sé nguyén
sa0 cho e=ag(a) 12 mot phan tir liy dang khic 0. Vi a € p nén ec p.
1.10.7. Pinh ly:

Cho R 1& mdt vanh ty ¥ va ecR la mot phan to liy dang. khi d6 ta co
J(eRe)=eJ(R)e.
Chirng minh:

e Chung minh J(eRe) ceJ(R)e

Cho M 1a mot R- module bat kha quy. Ta s& ching minh hoic Me=(0) hoic Me la
mdt eRe- module bat kha quy.
That vay, gid st Me #(0) = IJme M :me+#0. Ta cd (me)(eRe) = meRe .



D& thdy meR 1a module con ctia R - module bat kha quy M va meR # (0) suy ra meR =M
do d6 meRe=Me. Ta cO MeeRe =MeRe+(0) va goi N #(0) la module con cuia eRe-
module Me. Vi meRe=Me suy ra N =myjeRe+ (0) v61 mye M nén ta cling cO myeR la
module con cua R- module biat khda quy M va myeR #(0) suy ra
myeR =M = N = mjeRe = Me.

Tir d6, ta c6 Me 1a modt eRe- module bat kha quy, do 46 MeJ (eRe) =(0) vi e 1a phan tir
don vi cuia eRe nén MeJ(eRe)=MJ(eRe)=(0). Con néu Me=(0) thi
MeJ(eRe) = MJ(eRe) = (0). Trong moi trudng hop ta déu c6 MJ(eRe)=(0) v6i M 1a R-
module bat kha quy tuy ¥.

Vay J(eRe) c J(R) suyra J(eRe)=eJ(eRe)e ceJ(R)e.

e Chung minh eJ(R)e c J(eRe)

Nguoc lai, néu aceJ(R)e thi eaece’J(R)e* =eJ(R)e=acJ(R) do d6 a co tua
nghich dao trai va phai trong R. Khi d6 Ja'eR sao cho a+a'+aa’'=0 suy ra
eae+ed'e+eaa'e=0 vi aceJ(R)e nén eae=a do do
eae+ed'e+ead'e=a+ea'e+aea'e=0. Vi tya nghich dao phai cua a 1a duy nhdt nén
a'=ed'eceRe.

Vay moi phan tir trong eJ(R)e déu twa chinh quy trong eRe va eJ(R)e 1a mot ideal cia
eRe, tuc ta cd eJ(R)e 1a mot ideal tya chinh quy ciia eRe do d6 eJ(R)e < J(eRe).

1.10.8. Pinh ly:

Cho R 1 mot vanh khong c6 ideal liiy linh khac (0) va gia stt e= 0 1a mot phan tir lity
dang trong R. Khi d6, eR 13 mot ideal phai tdi tiéu ctia R khi va chi khi eRe 1a mot thé.
Chirng minh:

e Chiéu thuan

Gid st p=eR la moét ideal phai tdi tiéu cua R. Vi R 1a mot vanh nén eRe cling 1a mot
vanh. Néu eae € eRe va eae #0 thi eaeR # (0)(vi eaeR =(0) = eaee =eae=0 mau thuin)
va eaeR 1a mot ideal cia R ma eaeR C eR suy ra eaeR =eR (do eR 1a mot ideal phai tdi
tiéu ciia R) do d6 ton tai yeR sao cho eaey=e=>eaeye=e>=e¢ khi d6 ta co
(eae)(eye)=e.

Do d6 eRe 1a mot thé voi phan tir don vi 1 e



e Chiéu dao

Gia st eRe 1a mot thé ta ching minh p=eR 1a mot ideal phai téi tiéu cia R. Goi
P, #(0) 1a mot ideal phai cua R sao cho p, < p ta chimg minh p, = p.

That vay, ta co p,e # (0) vi néu pe=(0)= p; < p,p = p,eR = (0) (mau thudn véi R 1a
mdt vanh khong c6 ideal lity linh khac (0)). Khi d6 ton tai x € P, sao cho xe = 0 mat khic ta
cd xe p, < p=eR nén lai tdn tai ue R sao cho x=eu. Pit a=cueceRe =>a=xe=0 va
aep, (Vi xep, va p, 1a mot ideal phdi ctia R), do eRe 1a mot thé nén ton tai eu'e € eRe
sao cho a(eu'e)=e suyra ec p, (do ae€ p, va p, 1a mot ideal phai ciia R). Do d6 eR c p,
hay pcp, = p,=p.

Vay p=eR 1a mot ideal phai tdi tiéu cua R.

Chung minh tuong tuy nhu trén ta cling c6 : Cho R 1a mot vanh khong c6 ideal liiy linh
khac (0) va gia st e=0 1a mot phan tir liy ding trong R. Khi d6, Re 1a mot ideal trai toi
ticu clia R khi va chi khi eRe la mot the.

1.10.9. H¢ qua:

Cho R 1 vanh khéng c6 ideal liiy linh khac (0) va e 1a mot phan tir lily dang trong R.
Khi d0, eR 1a mot ideal phai t6i tiéu cia R khi va chi khi Re 1a mot ideal tri tdi tiéu cta R.
1.10.10. Pinh ly:

Cho R 1a mdt vanh Artin, nira don va p #(0) 1a mot ideal phai ctia R. Khi d6 ton tai
phan tir lily dang e < R sao cho p=eR.

Chirng minh:

Vi R la vanh ntra don va p #(0) 1a mot ideal phai cia R nén p khong phai 1a ideal liiy
linh (néu p 1a ideal phai liy linh thi p < J(R)=(0)= p=(0)). Vi R la vanh Artin nén
theo dinh 1y 1.3.2.2 thi p c6 chtra phan tir liiy dang khac 0. Gia sir e 13 phan tur liy dang
trong p, dat A(e)={x e plex=0}, dé thiy A(e) la mot ideal phdi cia R. T4p céc ideal phai
{A(e)‘O e =eec ,0} cia R 14 tap khong rdng va R 13 vanh Artin nén ton tai phan tir tdi tiéu
A(e,).

Néu A(e,)=(0) thi Vxep ta cO e(x—ex)=0=>x—¢xcAd(e,)=(0) suy ra
x—ex=0=>x=¢,x,Vxe p dodd p=¢e,pce,R ma g, p nén ¢Rc p. Vay p=¢,R vO1

e, 1a mot phan tir lily dang trong R.



Tiép theo ta s& ching minh khong xay ra trudng hop A(ey) #(0). That vay, gia su
A(ey) #(0) vataco A(e,) la mot ideal phai cua vanh nra don R nén A(e,) la mot ideal phai
khéng liiy linh ctia R. A(e,) c6 chira phan tir lily dang e,. Vi A(e,) = {x € p‘eox :0} nén
eep Vi ee=0. Dit € =¢,+e,—ee,cp (Vi g,ep,eep) do e, =0 nén ta co
(€)' =(e,+e —ee))e, +e —ee,)=e,+ee,+e —ee,—ee,=e,+e—ee,=e va
ce=(e,+e —eee=e#0=>e 0. Vaye ep la phan tir [y dang.

Khi d6 Vxep néu ex=0 thi (e,+e —ee)x=0 =>e (e, +e —ee)x=0 suy ra
e,x=0, do d6 ta c6 A(e)c A(e,) ta lai co e € A(e,) va e ¢ A(e)(vi ee #0) nén
A(e") # A(e,). Tic A(e”) chira trong A(e,) thuc sy (mau thudn véi tinh tdi tiéu clia A(e,)).

Vay khong xay ra truong hop A(e,) # (0), dinh ly duge chung minh.

1.10.11. H¢ qua:

Néu R 1a mot vanh Artin, nira don va 4 = (0) 1a mot ideal cia R thi 4=eR = Re, trong
d6 e 1a phan tir lily dang nam trong tim cua R.

Chirng minh:

Vi 4#(0) 1a mot ideal cia R, theo phin ching minh dinh 1y ton tai phan tir iy dang
ecA sao cho A=eR. Goi B= {x — xe‘x = A} , theo ching minh dinh 1y ta cling co
ex=x,VYxe A=>eA=A va Be=(0) nén BA = BeAd=(0).

Mait khiac, A4 1a mot ideal trai cia R nén B cling la moét ideal trdi cia R va
Bc A= B* < BA=(0). Vi R la vanh nira don nén trong R khong co
ideal trai Iy linh khac (0), do do B=(0). Suy ra
x—xe=0,Vxe A= x=xe,Vxe A= A= Ae. Vay eA=Ae= A

Ta ching minh 4 =eR.

Taco ee 4, ma A la mét ideal phdicia R nén eRc A, mat khaic Ac R=> A=eA CeR.
Do d6 A=eR

Ta chimg minh e niam trong tim ctia R hay e e C(R)

Liy yeR=yec A (do ec A) suy ra ye=e(ye) vi e la don vi trai cia 4, tuong tu ta co
eveAd (do eeA) = ey=(ey)e vi e la don vi phdi cia A. Do do

ye =eye=ey,Vy € R= Re=eR va e nam trong tim ctia R .



1.10.11. HE qua:

Mot vanh Artin, nira don ludn c6 phan tir don vi

Chirng minh:
Vi vanh R ciling la mét ideal cia chinh nd nén theo ching minh hé¢ qua 1 ta chi viéc
thay ideal 4 bang ideal R ta c6 diéu phai chirng minh.
1.10.12. Bo dé:
Mot ideal cua mot vanh Artin, ntra don cling 1a m§t vanh Artin, ntra don.
Chirng minh:

Gia st R 1a mot vanh Artin, nira don va A4 # (0) 1a mdt ideal cua R. Ta c6 A=eR = Re,
trong d6 e < Z va theo hé qua 2 cua dinh 1y nay thi R c6 phan tir don vi.

Liy xeR ta c6 x=xe+x(1—e) do d6 R=Re+R(1-e). Vi 1-eeZ nén R(1-e) la
mot ideal ctia R. Hon nita, RenR(1—e)=(0), vi nbu xeRenR(l—e) thi x=xe va
x=x(1-¢)=>xe=0.Dodd R=AD®R(l-e¢) suyra A=R/R(1-¢) (dang cau vanh) hay A
la anh déng cAu ctia mot vanh Artin nén A cling 1a mot vanh Artin. Mat khéac theo hé qua
cua dinh 1y 1.3.1.2 thi 4#(0) la m{t ideal cua mot vanh nra don R nén A cling la mot

vanh ntra don.

1.11. Vanh don:

Mot vanh R duogc goi la vanh don néu R? # (0) va R khong co ideal thyc sy nao.
1.11.1. Pinh ly:

Mot vanh Artin, nira don la téng truc tiép ctia mot sd hitu han cac vanh Artin, don.
Chirng minh:

Gia st R 1a mot vanh Artin, nira don va 4 = (0) 1a mot ideal téi tiéu ctia R. Ta s& ching
minh A4 1a don. That vay, A°#(0) vi néu A4*=(0) thi 4 ldy linh nén
Ac J(R)=(0)= 4=(0) (mau thuan).

Néu B = (0) 1a mot ideal cia A thi ABA 1la mot ideal cia R va ABAc B. Tacd A4 cling
la vanh Artin, nira don nén 4 c6 don vido d6 AB #(0) va AB ciing 1a mot ideal trai khong
lity linh ctia R, tir 6 suy ra ABA # (0). Do tinh t6i tiéu cia 4 nénta c6 4=ABAc B. Do
d6 B=A.Vay A la mot vanh Artin, don.



Tacd R=A®T, trong d6 T, 1a mot ideal cia R, vi thé T, ciling la mot vanh Artin, nira
don. Ta tiép tuc lay mot ideal tbi tiéu 4, cua R nam trong 1, lam tuong ty trén ta cling co
A, 14 Artin, don va T, = 4, @ T, c tiép tuc lam nhu trén ta c6 cac ideal A= 4,,4,,...,4,,...
cia R déu la cic vanh Artin, don va A, + 4, +...+ 4, 1a tong truc tiép.

Ta s€ chiing minh ton tai s k sao cho R = A, DA D..D 4, . That vay, néu khong ta dat
R=4,®.. @4, ®..,R=4D.04D...,....,R =4 D..O 4, ®..
thi day 1a mot chudi giam céc ideal ctia R nén phai ding (do R 1a vanh Artin).

Khido R=4,® 4 ®...® 4,, dinh ly dugc chirng minh.

1.11.2. B6 dé:

Néu R 1a mot vanh Artin, nira don va R=A4, ®...® A, trong d6 v6i i=1,....k, 4, 1a don
thi 4, vét hét tat ca cac ideal tdi tiéu ctia R.

Chirng minh:

Gia stt B #(0) 1a mot ideal tdi tiéu cia R. Vi R 1a mot vanh Artin, nira don nén R ludn
c6 don vido d6 RB#(0). Do R=4,®..® A4, suyra RB=AB®..® A B do d6 ton tai i
sao cho 4B #(0). D& thly 4B 1a mot ideal cia 4 va ABc A4 lai do 4, 1a don nén
AB = A.. Mit khac, B #(0) la mot ideal t6i tiéu ctia R va 4B B nén ta cling c6 4B=B.
Tudosuyra B=A4B=A4,.

1.12. Vanh nguyén thuy:

Vanh R duoc goi 1a vanh nguyén thiy néu né c¢6 module bat kha quy va trung thanh.

i) Néu R la vanh nguyén thuy thi ton tai M 1a mot R - module bat kha
quy va trung thanh. Suy ra A(M)={r € R|Mr=(0)} =(0). Xét 4nh xa ¢:R — E(M) dinh
béi VreR,¢(r)=T v61 T.:M — M sao cho T.(m)=mr,NmeM . Tacod: M trung thanh
khi va chi khi A(M)=ker¢ =(0), tic ¢ 1a mot don cdu, khi d6 R nhing dang ciu vao trong
E(M).

ii) Néu R 1a vanh nguyén thuy thi R c6 module bat kha quy va trung
thanh M. Khi do A(M,)=(0) va J(R)=nA(M)c AM,)=(0)
= J(R)=(0) hay R la vanh ntra don.

Vay moi vanh nguyén thay déu 1a vanh ntra don.



- Cho R 1a vanhtuy y va M 1a R- module bat kha quy. Khi d6 A(M) 1a

ideal hai phia cia R va M 1a R/ A(M)- module bat kha quy va trung thanh.
Ta da ching minh A(M) 1a ideal hai phia cia R va M 1a R/A(M)- module trung thanh.
V6i M 1a R- module bat kha quy ta c6 M(R/A(M))=MR=#(0). Liy N #(0) 1a mot
R/ A(M) - module con cia M ta cd6 N(R/A(M))=NRc N suy ra N clng la R- module
con ctia module bat kha quy M nén N =M . Vay M 1a ciing R/ A(M) - module bat kha quy.
Do d6 R/ A(M) ciing la vanh nguyén thuy.

- Cho R la vanh tiy y va p la ideal phai, t6i dai, chinh quy ctia R. Khi
d6 M =R/p 1a R- module bat kha quy va A(M)=(p:R) la ideal hai phia 16n nhat cua R
nam trong p.

Theo trén ta cling suy ra R/(p:R) la vanh nguyén thuy.
1.12.3. Dinh nghia:

Mot ideal U ciia R duogc goi 1a nguyén thuy trai (phai) néu vanh thuong R/U 1a nguyén
thuy trai (phai).
1.12.4. B6 dé:

Mot ideal U cua vanh R la nguyén thuy trai khi va chi khi U 1a mdt linh hoa tir cua R -
module trai bat kha quy nao do.
Chirng minh:

Gia st U = A(M) 1a mét linh hoa tir cia R - module trai bat kha quy M nao d6. Khi d6
dé thdy M ciing 1a mot R/U - module trai bat kha quy va trung thanh, do d6 vanh R/U 1a
nguyén thuy trai nén U 1a mdt ideal nguyén thuy trai cua R.

Nguoc lai, gia sit U 1a mot ideal nguyén thuy trai suy ra R/U 1a vanh nguyén thuy trai,
do d6 n6 c6 R/U - module trai bat kha quy va trung thanh M nao d6. Khi 6, M ciing 1a
mot R - module trai bit kha quy va do M 1a R/U - module trai trung thanh linh nén héa tir

cua M trong R chinhla U.
Nhan xét.

Tir bo d& trén va dinh nghia ciia cin Jacobson ciia vanh R ta c6 thé dinh nghia cin
Jacobson cua vanh R ciing 1a giao cua tit ca cac ideal nguyén thuy trai (phai) cia R:

J(R)= (;P trong @6 P chay qua khép céc ideal nguyén thay mot phia cta R.



1.12.5. Pinh ly:

Vanh R 1a vanh nguyén thity khi va chi khi ton tai p 1a ideal phai, toi dai, chinh quy
trong R sao cho (p:R)=(0). Trong truong hop d6 R 13 vanh ntra don. Hon nita, néu vanh
nguyén thuy R giao hoan thi R l1a mot truong.

Chirng minh:

e Chiéu thuan

Néu R 13 vanh nguyén thaty thi ton tai mot R - module bat kha quy va trung thanh M , ta
c6 M dang cu véi R- module thuong R/p trong d6 p la ideal phai, téi dai, chinh quy nao
do trong R.

Vi M 1a R- module trung thanh nén R/p cling 1a R- module trung thanh. Do d6 Vr e R
néu (R/p)r=(0) tiic1a Rrc p thi r=0, trdo taco (p:R)={xeR|Rx< p}=(0).

e Chiéu ddo

Gia str, t6n tai mot p 1 ideal phai, toi dai, chinh quy trong R sao cho (p:R)=(0). Ta
cling c6 M =R/p 1a mdt R- module bat kha quy. Ta chimg minh M =R/p 1a mot R-
module trung thanh.

Néu Mr=(R/p)r=(0) thi Rrc p=re(p:R)=(0)=r=0 nén M =R/p 1a mot R-
module trung thanh.
Vay R la vanh nguyén thuy.

e Ta chiing minh néu vanh nguyén thily R giao hoan thi R 1a mot
truong. That vay, vi R 1a vanh nguyén thiy nén ton tai p 1a ideal phai, tdi dai, chinh quy
trong R sao cho (p:R)=(0). Theo bai tdp vé dai sé dai cuong ta co R/p 1a mot truong ta
s& chimg minh R dang ciu véi R/ p

Xét toan ciu chinh tic p:R — R/p xac dinh boi Vr e R, p(r) =rta ching minh p cling
don cAu, that vay:

kerp:{reR‘l_f:O}:{reR‘rep}c{reR‘chp}:(p:R):(O)

Vay p la mot dang cdu hay R=R/p nén R 1a mot trudng.

1.13. Vanh nguyén t6:



Vanh R duoc goi 13 vanh nguyén t6 néu voi moi a,b € R thi tir dang thirc aRb = (0) suy
ra a=0 hay b=0.

Nhéan xét. Vanh R 1a vanh nguyén t6 khi va chi khi no théa mian mot trong cac diéu kién

sau:
a) Linh hoa tir bén phai ctia mot ideal phai khac (0) cua R phai bang 0
b) Linh hoa tir bén trai ciia mot ideal trai khac (0) cia R phai bang 0.
¢) Néu A4,B 1a hai ideal cia R va AB=(0) thisuyra 4=(0) hoic
B=(0).

1.13.1. Bo dé:

Moi vanh nguyén thity déu 14 vanh nguyén td
Chirng minh:

Cho R la mot vanh nguyén thuy. Ta s€ ching minh linh hoa tir phai cia mot ideal phai
khac (0) ciia R 13 bang 0. That vay, cho p #(0) 1a mot ideal phai ctia R va gia stt pa = (0).
Vi R 14 vanh nguyén thily nén ton tai M 13 R- module bat kha quy va trung thanh. Do M
trung thanh va p # (0) nén suy ra M p #(0), dé thdy M p 1a module con ctia module bat kha
quy M dodd Mp=M . Tu d6 ta co Ma=M pa=M(0)=(0), lai do M la module trung
thanh nén ta suy ra a =0.

1.13.2. M6i quan hé giira cac vanh:

i) Néu R 1a vanh don va R c6 don vi thi R 1a vanh nta don.

That vay, vi R la vanh don va J(R) la mét ideal ciia vanh R nén xay ra hai truong
hop : J(R)=(0) hoac J(R)=R. Ma vanh R c6 don vi nén khong xay ra truong hop
J(R)=R.

Vay J(R)=(0) hay R la vanh ntra don.

ii) Néu R vira 1a vanh don, vira 13 vanh Artin thi R 13 vanh ntra don.

That vay, vi R 1a vanh don nén R*>#(0) va R® 1a mdt ideal cia vanh R, do do
R*=R. Hon nita, J(R) ciing 1a modt ideal cia vanh R va gia s J(R)#(0) suy ra

JR)=R=R*=[J(R)]|' =R"=R*#(0),Vne N (*). Mit khac, R 1a vanh Artin nén J(R)

1a mot ideal lity linh do d6 Ime N sao cho [J(R)]" =(0) (mau thuln v&i (*)).
Vay J(R)=(0) hay R la vanh ntra don.



iii) Néu R 1a vanh nguyén thuy thi R 13 vanh ntra don.

That vay, Néu R 13 vanh nguyén thily thi ton tai ideal phai, ti dai, chinh quy p sao
cho (p:R)=(0), ma J(R)=n(p:R) vdi p chay qua khip cac ideal phai, ti dai, chinh quy
cua R nén J(R)=(0).

Vay R la vanh nura don.

iv) Néu R vira la vanh don, vira 1a vanh nira don thi R 1 vanh nguyén
thuy.

That vay, v6i p 13 mot ideal phai, toi dai, chinh quy ctia R thi (p:R) ciing 1a mot
ideal ctia R, do R 1a vanh don nén (p:R)=(0) hoic (p:R)=R, cho p chay qua khip cac
ideal phai, t6i dai, chinh quy cia R ma (p:R)=R thi J(R)=n(p:R)=R (miu thuin vdi
R 13 vanh nira don), do d6 phai ton tai mot ideal phai, toi dai, chinh quy P, cua R sao cho

(o : R)=(0).
Vay R la vanh nguyén thuy.
v) Néu R vira 1a vanh don, vira I vanh Artin thi R 13 vanh nguyén
thuy. That vy, vi R vua la vanh don, vua la vanh Artin nén theo 1.4.2 thi R 1a vanh ntra
don. Ta c6 R vua la vanh don, vua 1a vanh ntra don nén theo 1.4.4 thi R la vanh nguyén

thuy.

1.14. Vanh nira nguyén t6:
Vanh A 14 vanh nira nguyén t6 néu A khéng ideal lity linh khéc 0.

Vanh A 13 vanh nguyén t5 thi A 13 vanh nira nguyén td.

1.15. Vanh cac thwong bén phai theo nghia co dién:
Lay A 1a vanh con cua vanh Q. Vanh Q duogc goi 1a vanh cac thuong bén phai theo nghia
co dién ctia vanh A khi va chi khi nhimg diéu kién sau dugc théa man:
i) Moi phan tir chinh qui ctia A déu kha nghich trong Q.
ii) Mdi phan tir trong Q déu c6 dang ab™, trong d6 a,be 4 va b 1 phan ti chinh qui

trong A.



Chuwong 2: PIEU KIEN CUA ORE VE VANH
CAC THUONG BEN PHAI

2.1 Piéu kién Ore (phai):
Ldy vanh A vé6i S ={cdc phan tir chinh qui trong A}, S #@. Bat ki ac A va reS déu ton
tai métphcfn e yeS va métphcfn tr be A sao cho: ay=rb.
Vanh Ore (phai) 13 vanh théa man diéu kién Ore phai.
Vanh Ore 13 vanh théa man diéu kién Ore trai va phai.
Néu A 14 mién nguyén thoéa man diéu kién Ore thi A 1a mién Ore.
Vi du:
i) Vanh giao hoan véi tit ca cac phan tir chinh qui 1a mot vanh Ore.
ii) Mién nguyén giao hoan 1a mién Ore.
iii) 4=k (x,y) khong la vanh Ore.
2.2 Pinhli:
Vanh A c6 mot vanh cdc thwong bén phai khi va chi khi vanh A thoa man diéu kién Ore
phdai, nghia la vanh A la vanh Ore phai.
Chirng minh:
Lay vanh A théa man diéu kién Ore phai, S 13 tp cac phan tir chinh qui cta A.
Ta xay dung mQt quan hé ~ trén tap hop 4xS nhu sau:

bx=dyeS

(a,b) ~(c,d) < dx,ye A:{axzcye p
® Quan h¢ ~ 1a mQt quan hé twuong duong trén 4x S
i) Tinh phan xa

ii) Tinh doi xitng

iii) Tinh bdc cdu

Gid su (a,b)~(c,d) va (c,d)~(f.g)

Theo dinh nghia ton tai x, v,x,,¥, € A sao cho:

bx=dyeS va dx, =gy, €S
ax=cye A cx, = fy, e
Theo diéu kién Ore phai: xS ~dx,4 =0

Do d6 tdn tai seS,a'e 4 sao cho:bxS=dxa'eS



Vi bx=dy nén dys=bxs=dxa' hay d(ys—xa')=0
Ma d 14 phan tir chinh qui nén ys=xa'
Ta s€ co:

a(xs)=(ax)S=(cy)s=c(ys)=c(x1a')=(]§/l)a'=f(yla')e A
b(xs):(bx)s:(dy)s:d(ys):d(xla'):(gyl)a':g(yla')eS

Nghia la (a,6)~(f.g).
Vay quan hé ~ 1a quan hé tuong duong.
Ki hiéu tap tat ca cac 16p twong duong theo quan hé ~ 13 45",

Lép tuong duong voi phﬁn tir dai di€n (a,b) 12 a/b hodc ab™.

e Dinh nghia phép cong trén 4S™':
Néu alb,c/de AS™ thi theo diéu kién Ore: Ix,yeS:m=bx=dyeS (ré rang a/b=ax/m
va c/d=cy/m). Ta dinh nghia phép cong trén AS™' nhw sau:

a/b+c/d=(ax+cy)/m

i) Phép cong khong phu thuoc cach chon m:

That vay, néu m'=bx'=dy'e S(x',y'eS) Va mu = m'v(u,veS)
Kéo theo bxu =bx'v

VibeS nén xu=x"v

Chung minh tuong tu ta co: yu=y'v

Do d6: (ax+cy)u=(ax'+cy")v

Hay (ax+cy)/m=(ax'+cy")/m'

ii) Phép cong khong phu thudc cdch chon dai dién cua lop a/b
That vay, néu a/b=a’b' thita co x,yzeS:m'=bx'=dy'=b'z
Do d6: ax'=a'z
Mat khac t=a/b+c/d

=(ax+cy)/m

=(ax'+cy')/m'

Vi thé t=(a'z+cy")/m'=a'lb'+c/d



e Dinh nghia phép nhan trén 45™':
Néu alb,c/deAS™ thi 3y, eS,x e Ain=bx, =cy, €S (lwuy a/b=ax,/n, c/d=n/dy,), ta cé
dinh nghia:
(a/b).(c/d)=ax,/dy,

Phép nhén khéng phu thudc cach chon x,,y, trong dang thirc bx, =cy, va cach chon dai dién

alb,c/d

LAy a/b=a'/b’

Chon u,veS:bu=b'v=au=a'v

Tdn tai xed,yeS:n'=bux=cvy=b"vx

Khi do (a/b)(c/d)=(aux)/(dvy)
=(a'vx)/(dvy)
=(a'/b')(c/d)

® (457',+,.) 1a mdt vanh c6 phan tir don vi 1a 1/1.

® p: 4> AS™ ,p(a)=a/l la mot d6ng cau vanh.

Hon nita, 14y a e S,a/1 ¢6 phan tir nghich dao trong 4S5 1a (all) ' =1/a

Néu a/be AS™ thi a/b=(a/1)(1/b)

Diéu nay chi ra ring 45" vanh cac thuong bén phai ctia vanh con Ime

Vithé A ¢ vanh cac thuong bén phai.

2.3 Pinhli:
A la mién Ore phdi khi va chi khi A ¢ vanh cdc thwong bén phdi la vanh chia dwoc.
Chirng minh:
Néu A 1a mdt mién Ore phai thi theo dinh 1i 2.2, A ¢6 mot vanh cac thuong bén AS™. Ta s&
ching minh ring 45~ 1a vanh chia duoc.
That vay, 14y a/be AS™ va a/b+0 suyra a=0
Vi A 1a mién nguyén nén ae S
Vithé b/ae AS™ va 1a phan tr nghich dao cua a/b
Do d6 45" 1a vanh chia duoc.

Nguoc lai, léy a,be A va a,b+0



Vi tit ca cac phan tir chinh qui 1a kha nghich trong 4S™', a'be A4S

Nén a'b=xy"'(x,y € A) hay ax=by

Suy ra A la vanh Ore phai.

Ma 13 vanh chia dugc nén tat ca cac phan tir khac 0 ctia A déu khong 1a ude cta 0

Do d6 A 1a mién Ore phai.

2.4 Pinhli :
A la vanh Ore phdi va S la tdp khdng réng cdc phan tir chinh qui trong A thi bdt ki
ab’,a,b;' € AS™" déu ton tai seS va t,t,€ A sao cho:
ab ' =(at)s™, i=1,2
Chirng minh:
Tir diéu kién Ore phai voi b,b, € S déu ton tai ¢4, € 4 sao cho
s=bt =bt, €S
Khi doé ta c6

ab” = (aiblfl )s.si1 =ab 'bt.s" =(at,)s”

2.5 Pinhli:

Néu A la vanh Ore phdi va S la tdp khong réng cdc phan tir chinh qui trong A thi ta co:

i) Néu I la ideal phdi ciia A thi IS™ = {xs’1 |xel,se S} la ideal phdi cua AS™

ii) Neu 1,®1,®..®1 la téng tryc tiép cdc ideal phdi cia A thi 1.S"® LS ®..®15" la
t6ng triee tiép cdc ideal phdi ciia AS™.
Chirng minh:
i) LAy a,e1 v ap ' IS (i=1,2)
Theo dinh 1i 2.4 ton tai se S va ¢ e 4 sao cho ab ' = (at)s™ ,i=1,2
Taco: ab +ab' =(at)s” +(ayt,)s™

=(at, +ayt,)s eIS™

Suy ra IS™' dong voi phép cong (1)
Vi S'Ac AS™ nén IS7.AS™ c 148 =1S7'(2)

Tur (1), (2) suy ra la ideal phai cia 4S5™'.



ii) Lay ab ' elS™ (izl,_n) va ab,' +ab' +..+ab ' =0

Theo dinh 1i 2.4 ton tai se S va ¢ e 4 sao cho ab ' = (at,)s™ i=1n
Khi do: (a,)s™ +(a)t,)s™ +..+(a,t,)s" =0

Hay at +ayt,+...+at, =0

Do 1,®1,®..®1 latong truc tiép cac ideal phai cia A nén ar, =0,Vi=1,n

Suyra ab ' =(at,)s" =0 ,i=1n

Nghiald 1,S"'®©1,5"'®..®1 5" 1a tong truc tiép cac ideal phai ciia 4S™'.

2.6 Dinh li :
Néu A la vanh Ore phdi va S la tdp khong réng cdc phan tir chinh qui trong A thi ta co:
i) Néu I la ideal phdi ciia AS™ thi I~ A4 la ideal phdi ciia A va (InA4)S" =(InA4)4As™
i) Néu [®L,®..®I la tong truc tiép cdc ideal phdi cia AS"  thi
(LNA)S(L,NA)D...®(1,n4) la tong truec tiép cdc ideal phdi ciia A.
Chirng minh:
i) Hién nhién (1n4)S" <1
Nguoc lai, 1dy x=ab" e
Suyra a=xbeln4
Hay xe(In4)s™.

i1) Hién nhién.



Chuwong 3: PIEU KIEN CUA GOLDIE VE VANH
CAC THUONG BEN PHAI

3.1. Diéu kién Goldie (phai):
3.1.1 Dinh nghia:
-Lay tdp S 4, thi ta goi r.ann,(S)={xe A|sx=0,Vse S} 1a linh hoa tir phai cta S.
- Mot ideal phai I cia A dugc goi 1a linh hoa tir phai néu c6 mot tdp S < 4 sao cho
[ =rann (S).
- Ta c¢6 dinh nghia tuong tu cho linh héa tir bén trai Lann ().
- Pé don gian trong mit ki hiéu ta c6 thé xem
r,(S) hodc »(S) thay cho r.ann, (S)
1,(S) hoac /(S) thay cho l.ann (S)
- Vanh Goldie phai la vanh:
i) Théa man diéu lién ddy ting trén cdc linh héa ti phdi.

ii) C6 tong hitu han truc tiép cdc ideal phdi khdc 0.

3.1.2. Ménh dé:
Ideal phai I ciia A la linh héa tir phdi khi va chi khi I=r(1(1)).
Chirng minh:
That vay, I=r(X),(X c4)
Khido tacod X /(1)

Vithé 7=r(X)or(I(1))21.(dpem)

3.1.3. Pinh li: (diéu kién Goldie phai)
Néu A la vanh Goldie phai nira nguyén té thi A ¢6 mét vanh cdc thuwong bén phdi, va vanh
cdc thuong bén phai nay la vanh nwa don.
Chirng minh:
3.1.4.Bo dé 1:
A la vanh nira nguyén té théa diéu kién ddy ting trén cdc linh héa tir phdi. Néu I va J la

ideal phai cia A, JcIva I(I)#1(J) thi c6 phan tik ae 1 sao cho al #0 va al AJ =0.



Chirng minh:

-ViJcI nén [(J)2I(1)

Ma 1(1)#1(J) nén [(J)>I(])

Theo diéu kién ddy ting trén cac linh hoa tir phai kéo theo diéu kién ddy giam trén cac linh
hoa tir trai.

Bay gid ta lay U 1a linh hoa tr trdi nho nhat théa 1(J)oU > 1(1)

Vi UI =0 va A 13 nira nguyén t6 nén UIUI # 0

Do d6 ton tai au e IU sao cho Uaul #0

- Gia stt aul ~1 =0 thitdntai xel sao cho 0% auxel

Vi xel nén I(x)2!(/), honnltala Uni(x)21(1)

Do tinh tdi ti€u cta U nén U nI(x)=1(I) hay Uni(x)=U (vi giao c4c linh hoéa tir trdi 1a linh
hoa tir trai)

Suyra Ucl(x) nén ux=0 (vO li vi aux=0)

Z(J)QU,auer suy ra Uaux =0

Do d6 Uau cI(x)= Uau cU = Uau < I(I) (khong xay ra).

B6 dé duoc chimg minh.

3.1.5. H¢ qua 1:

A la vanh niva nguyén t6 théa diéu kién day ting trén cdc linh héa tir phdi. Néu xA va yA
la hai ideal cot yéu ciia A thi yxA la mét ideal cot yéu cia A
Chirng minh:
Lay I 1a ideal phai khac 0

Bz{aeA:yaeI}
Vi yA la ideal cbt yéu, B#0 va yB=yAnI=0 nén theo dinh nghia cua B ta dugc r(y)< B
MayB+0 va yr(y)=0 nén [(B)= l(r(y))
Theo b6 dé 1, ton tai u € B sao cho uB =0 va uBNr(y)=0
Vi uB la ideal phai trong A va uB c B nén néu ta dit J =uB thita duoc J 20 va Jnr(y)=0
Gidsu K={acd:xaeJ}

Vi x4 1a ideal c6t yéu nén xK =x4nJ =0, hon nita yxK #0



Bén canh d6 yxK < yJ cyAdc 4 nén yxAnI#0

Vithé yx4 14 ideal cot yéu.

3.1.6. H¢ qua 2:
A la vanh nira nguyén t6 théa diéu kién day ting trén cdc linh héa tir phdi. Néu xA la
ideal cot yéu trong A thi x la phan tir chinh qui trong A.
Chirng minh:
1) Xét /(x)
Vi A 1a nira nguyén té nén 1(4)=0
Néu /(x)=0 thi 4p dung bo dé 1 cho ideal 7= 4,J = x4
Vi x4 14 ideal c6t yéu nén ta c6 I(x)=0.
i1) Xét r(x)
Ta co: r(x)cr(x)c..
Theo diéu kién diy ting cac linh héa tir phai thi ton tai n>0: r(x” ) = r(x””)
Néu aex"dnr(x) thi a=x"y va xa=0=x""y (do yer(x")=r(x") va a=0)
Do d6 x"Anr(x)=0
Theo hé qua 3.1.5 thi x"4 13 ideal cbt yéu nén ta duoc r(x)=0.

Vay x la phan tir chinh qui trong A.

3.1.7. B6 @@ 2:
Cho A la vanh Goldie phdi nita nguyén té thi A théa diéu kién day gidm trén cdc linh héa
tur phai.
Chirng minh:
Ldy R SR 5..oR o.. la didy giam nghiém ngit cic linh hoéa tir phai, nghia 1a

I(R,)#I(R,.,),"n.

n+l1
Ap dung bd & 3.1.4, ta tim dugc mot ideal phai khac 014 7. < R sao cho 7. AR, =0
Khi d6 7, tao nén mat téng truc tiép vO han cac ideal phai trong A (mau thuan véi diéu kién

A 1a vanh Goldie phai). (dpcm)



3.1.8. Bo dé 3:

Cho A la vanh Goldie phdi nira nguyén t6. Néu x e A va r(x)=0 thixA la ideal cot yéu va
x ld phan tir chinh qui.
Chirng minh:
Gia st ton tai ideal phai 7 =0 cua A sao cho:
Ta s& ching minh rang trong truong hop nay, cac ideal phai x'7 (n>0) tao thanh mot tong
tryc tiép vo han.
Vi r(x)=0 nén x"I #0
Néu c6 dang thic a, +xa, + x°a, +...+ x"a, =0, trong 46 a, 1 va n 1a sb nguyén duong bé nhat
c6 tinh chét nay.
Khi d6 a, e Inx4=0, ta thu dugc déng thirc

x(a, +xa, +..+x""'a)=0

Vi r(x)=0 nén g +xa,+..+x""a,=0 (mau thuin véi tinh t6i tiéu cua sé nguyén duong n)
Vithé q,=a,=..=a =0
Do A khong c6 mot téng truc tiép vO han cac ideal phai nén ta dugc 7 ~nx4+#0, nghia la x4 la

ideal cbt yéu, va theo hé qua 3.1.6 thi x 13 phan ti chinh qui.

3.1.9. Bo dé 4:
A la vanh Goldie phdi nita nguyén té. Néu I la ideal phdi cét yéu cia A thi I chiva phdn tir
chinh qui cua A.
Chirng minh:
- Ta ching minh mot ideal phai /-0 bat ki ciia vanh A c¢6 chira mot phan tir x thoa
r(x)=r (xz)
Vi A 1a vanh nira nguyén t6 nén chtra phan tir khong lity linh
Xét tap hop cac linh hoa tir phai S = {r(y) lyel,y" # 0}
Vi A 1a vanh Goldie phai nén bat ki ddy giam céc phan tir cia S déu c6 phan tir toi dai
Theo bd d& Zorn, S c6 phan tir toi dai r(x)
Vi r(x)cr(x’) nén r(x)=r(x")
- Bay gio ta lay I 1a ideal cdt yéu ciia A

Gia str I khong chira bat ki phin tir d € 4 sao cho: r(d)=0



Trong trudng hop nay ta co thé xay dung mot diy cac phan tir a,,a,,...a, €1, a #0,Vi thoa
diéu kién:

1) r(ai) = r(aiz),‘v’i

i) aa, =0,Vi< j

iii) 4, A®a,4®..®a A 13 tong tryuc tiép
Gia sir ta c6 ddy a,,a,,..,a, I thoa diéu kién 1), ii), iii)

Léy b=a+a,+..+a,€aA®a,AD..®a, A

Vi cach chon I khong chira phan tir d e 4 sao cho: r(d)=0 nén b0 va r(b)= ﬁr(a,.)

i=1
Lay X =r(b)nI
Vil la ideal c6t yéu va r(b)#0 nén X =0

Theo cach ching minh trén X c6 chira phan tr liy linh khac 0 13 «_, sao cho r(a,. )= r(a2 )

n+l

Vi a,,, er(b) néntacod aa, =0,Vi<n+l

n+l

- Ta s& chimg minh 4 A®a,4®..®a A®a_, A 14 tong truc tiép

n+l1

Lay ye(a,A®a,A®..®a A)®a, A
y=an+1x=2al_xl_ , (x,x, € A)
i=1

n
L, _ _ _ 2
Taco: 0=aa, x= z a,a,x; =a, x,
i=1

Do d6 x, er(af):r(al) hay ax, =0

, n
Vithé a,,x=) ax,
i=2

Gia st a,x, =0,Vj<i<n hay a,,x=) ax,

J=i

n
_ _ _ 2
Suy ra 0=aa,,x=) aax, =ax
=i

Khi do6 ax, =0
Tiép tuc qua trinh trén ta duoc y =0

A®... cac

n+l

Tuc 13 ta co thé xdy dung dugc mot tong truc tiép vo han ¢ A®a,A®..®a ADa
ideal phai khac 0 (vo 1i)
Vay I phai chtra phin tir d e 4 sao cho: r(d)=0



Theo bo dé 3.1.8 , d 1a phan tir chinh qui trong A.

Chirng minh dinh li 3.1.3:

- Pau tién ta chi ra rang A 13 vanh Ore phai

Liy acd va beS

Theo bo dé 3.1.8, bA 1a ideal cdt yéu trong A

Suyra X ={ue A:aucbd} cling la ideal cbt yéu phai trong A

Theo bd dé 3.1.9, X phai chtra phan ttr chinh qui xe S nén ax=by,ye 4
Do do, A la vanh Ore phai

Theo dinh 1i 2.2 thi A ¢6 mdt vanh cac thuong bén phai 0= 45

- Bay gio ta chirmg minh Q la vanh nira don
Léy I'1a ideal phai ctia Q thi 7, =7~ 4 1a ideal phai cua A. (dinh li 2.6)
Theo dinh 1i 2.5, ton tai mot tong truc tiép t6i dai cac ideal phai J=1,® 1, ®..®1 cla A chua
1.
T tinh t6i dai ctia J suy ra J 1a ideal cdt yéu.
Theo b6 dé 3.1.9 thi J ¢6 chira mdt phan tir chinh qui
Do d6 theo dinh 1 2.5, JQ = Q.
Dat P=17,®..®1, thi theo dinh li 2.5 ta co
0=J0=(,,®P)0=1®PQ
Tdn tai mot phén tor iy déng eeQ sao cho I =¢Q
That vay, bat ki ideal phai nao cua Q déu 1 chinh qui
Vi thé vanh Q 1a vanh Noether phai va vanh Goldie phai.
Vi mot ideal phai bat ki ctia Q déu dugc sinh bdi mot phan tir liy dang nén Q khong co ideal
lity linh. (vi néu e 1a mot phan tir liy dang khéac 0 thi " =e=0,vn)
Do d6 Q 1a vanh nira nguyén t6.
Lay I 1a ideal phai ctia Q thi 7 =eQ, trong d6 ¢* =e 1a phan tir lity ddng cta Q
Vie va f=1-e la mot cap lily ddng truc giao nén I(I)=I(e)=fO va eQ=r(f)=r(f0)
Do d6 bt ki ideal phai cua Q déu 13 linh hoa tir phai
Ma Q 1a vanh Goldie phai nira nguyén t6 nén theo bo dé 3.1.7 thi Q thoa man diéu kién diy

giam trén cac hoan tir phai va vi thé Q 1a vanh Artin phai



- Vanh Artin phai va nira nguyén t6 1a vanh nira don.

3.2. Ciu tric ciia vanh Goldie nira nguyén to:

Chung ta s& nghién ctru mot s két qua md rong ciia dinh 1i Goldie, bat dau bang quan sat
vé vanh cac thuong, nhung theo mét cach nhin khac: Ly mot vanh cac thuong cb dinh va
kiém tra cac vanh con cta né 1a vanh céc thuong bén phai.

3.2.1. Ménh dé:

Néu Q 13 vanh Artin phai thi Q 1a vanh cac thuong phai. Hon nita, mdi phan tir chinh qui

phai 1a kha nghich.
Chirng minh:
Lay seQ la phan tir chinh qui phai
Xét chudi giam {5"0}
Vi Q 1a vanh Artin phai nén ton tai n sao cho: s"Q=s""'0Q hay s"¢g=s"'¢,g€Q
Vi s la chinh qui phai nén s" cling la chinh qui phai, do do6

S”(Sq—l)=0:>sq=l
Suy ra s 1a chinh qui trai (vi as=0=asqg=0=a=0)

s(qs—l)z(sq—l)s =0=¢gs=1

Vay g=57".
3.2.2. Bo dé:

Cho R 1a vanh con (khong nhit thiét chira don vi 1) ciia vanh cac thuong O thi @R la
mot thir ty phai trong ®Q, khi va chi khi R 1a thtr phéi trong Q. (i=1,n).

- Co sy khac biét gifra “R 1a thir tu phai trong Q” va “Q la vanh céac thuong phai cia R”.
3.2.3. Ménh dé:

Lay R 1a vanh con (c6 don vi 1) ctia vanh Q va S={ phan tir kha nghich ctia Q } NR

i) Néu Q 1a vanh cac thuong phai ciia R thi Q 1a vanh céc thuong, R 13 thir ty phai trong Q
va S =C,(0).

ii) Néu Q 1a vanh cac thuong va R 1a thtr tu phai trong Q thi O = R, . Hon nira, hodc R la
thr ty trai trong Q hodc Q 13 Artin phai thi S =C,(0) va Q 1a vanh cac thuong bén phai cia
R.

Chirng minh:



i) Néu g e la chinh qui, g=rs",(r,s € R) thi r =g¢s € C,(0) 1 phan tir kha nghich trong Q
Do d6 q kha nghich va Q 1a vanh cac thuong.
ii) C.(0) = C,(0)
- Néu R 1a thir tu trdi thi C,(0)< C,(0) suy ra C,(0)=S$
Do d6 Q 1a vanh cac thuong phai cua R.
- Trong trudng hop Q 1a Artin phai thi C,(0)=C,(0) nén C,(0)=S va Q la vanh thuwong phai
cua R.
Didu nay chi ra ring, khi Q 1a Artin nira don thi sy khac biét s& xuat hién, vanh Goldie nira
nguyén t6 chinh 1a dinh nghia v&i thir ty phai c6 phan tir don vi 1 trong vanh Artin nira don.
3.2.4. H¢ qua :
R 13 vanh Goldie phai nira nguyén té v&i vanh cac thuong phai Q khi va chi khi M (R) 1a
vanh Goldie phai nira nguyén td vdi vanh cac thuwong M (Q).
Chirng minh :
- Gia str R 14 vanh Goldie phai nira nguyén té véi vanh cac thuong Q
Vi Q 1a vanh Artin ntra don nén M, (Q) cling 1a Artin ntra don
Ta s€ chira rﬁng M (R) la thir ty phai trong M, (Q)
Néu xeM (0) thi ldy miu s6 chung (bt ki tap hiru han q,.q,....q €0 déu c6 mau thirc
chung nghia 13 ton tai r.,r,..r eR,seS:q =rs"i=Ln) ta co thé viét x dudi dang

—-1\.
(a,c )a,,ceR

o
Dodo: x=ac';a,ce M (R)

Nén M, (R) la thtr tu phai trong M, (Q) tuc cling 1a Goldie phai nira nguyén td.

- Dio lai, hién nhién.

3.2.5.Bo dé:

R 1a thtr ty phai trong vanh cac thuong Q va liy S 1a vanh con cta Q (khong chir phan tir
don vi 1). Gia sir ¢6 phan tir kha nghich a,b ctia Q : aRb S thi S ciing 14 tht tu phai trong
Q.

Chirng minh :
Léy qeQ
Xét a'qa=rt",r,teR

Suy ra g=art'a”' =arb(ath)™



Do d6 S 1a thu tu phai trong Q.
3.2.6. HE qua:

i) Néu R 1a thir tw phai trong vanh cac thuong Q va S 1a vanh (khong nhat thiét chira don vi
1) Rc S <O thi S 1a tht tu phai trong Q.

ii) Néu R 14 vanh Goldie phai nguyén td, 0= 4= R, S 1a vanh concia R v6i Ac ScR thi S
14 vanh Goldie phai nguyén té va c6 vanh thuong tuong ty nhu R.
Chirng minh :

i) Ap dung b6 dé 3.2.5 véi a=b=1

ii) 4<, R, do d6 A c6 chira phan tir chinh qui ¢ Rnén ¢ 1a phan tir kha nghich cia vanh
cac thuong phai Q cia R va cRc S
3.2.7. Pinh li: (dinh li Goldie m¢é rong cho vanh khong c6 don vi)

Vanh R (khong nhat thiét c6 don vi 1) 14 tht phai trong vanh Artin nira don Q khi va chi
khi R 14 vanh Goldie phai ntra nguyén t0.
Chirng minh:
- Gia str R 14 vanh Goldie phai nira nguyén t6 thi R' ciing 13 vanh Goldie phai nira nguyén t6
Do d6 R' c6 vanh cac thuong Artin phai nira don
Suy ra R' 14 thir tr phai trong Q nén R 1a ideal cbt yéu cta R'
R s& chira phan tir chinh qui a € R'
Vi aR' = R nén theo 3.2.6. R s¢€ 1a thir tu phai trong Q

- Pao lai, hién nhién.
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