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LOI CAM ON

Loi dau tién trong luan vin nay cho t6i bay té 10ng biét on chan thanh dén
PGS.TS. Bui Tuong Tri va cac thﬁy co khoa Toan Truong Pai Hoc Su Pham da
tan tinh huéng dan giup d& toi trong sudt qua trinh hoc tap va 1am luén van cao

hoc .

Xin chan thanh cdam on Phong Sau Dai Hoc Truong Pai Hoc Su Pham va
Ban Giam Hiéu Truong THPT Ham Thuén Béc di tao diéu kién tot nhat dé cho
to1 hoan thanh khoa hoc.

Xin chan thanh cam on cac ban b, dong nghiép, gia dinh di gitp d& toi
trong sudt khoa hoc, tao diéu kién thuén loi dé toi hoan thanh tot nhiém vu hoc

tap cuia minh.

TP.Hé6 Chi Minh 09-2010

Nguyén Thanh Trung



LOI MO PAU

Trong cac dinh 1y vé giao hoan dugc trinh bay trong chuwong 3 cubn sach vanh khong
giao hoan cua IN. Hestein c6 dinh 1y Kaplansky: Néu R 13 vanh khong co nil-ideal khac
khong va voi moi phan tir acR, t0n tai sb nguyén n=n(a) sao cho a" € Z véi Z la tAm vanh
R thi R 13 vanh giao hoan. Herstein mudn mo rong két qua nay bang cach dua vao khai niém
siéu tam cua vanh do 1a tap T(R)={a eR/ax" =x"a,n=n(x,a)>1,Vx e R} . RO rang
T(R)DZ. Van dé dit ra 1a v6i diéu kién nao caa R thi siéu tAm tring v6i tim. Trong luan vin
nay, ban dau bai toan duwoc dit ra véi R 1a vanh chia duge thi siéu thm trung véi tam, tiép
theo 1a vanh nia don. Nhung sau do, t6i thay rang c6 thé mé rong ra 16p vanh khong co nil-

ideal khac khong( phan nay dugc dit ra ¢ phan cubi chwong 3 cua cudn luan vin nay).

Luén van dugc chia lam ba chuong:
Chuong 1 : Kién thtrc co ban
Chuong 2  : Céc dinh 1y vé tinh giao hoan

Chuong 3 : Si€u tdm cua vanh nira don.



Chwong 1

KIEN THUC CO BAN

1.1 Module
Pinh nghia 1.1.1: Nhom cong Abel M goi 1a R_module néu c6 mot anh xa MxR — M;
(m,r)+> mr sao cho Vm,m,m, e M ;Va,beR
1. m(a+tb)=ma+mb
2. (m+m,)a=ma+m,b
3. (ma)b=m(ab)
Néu vanh R ¢6 don vi 1 va ml=m Vm e M thi M duogc goi 1a R_module
don nguyén.
Pinh nghia 1.1.2: R_module M duoc goi 1a R_module trung thanh néu Mr=0 thi r=0. Diéu
nay c6 nghia 1 néu r= 0 thi Mr=0.
Néu M 1a mot R_module thi ta dat AMM)={r € R| Mr=(0)}
Khi d6 A(M) dugc goi 14 linh hoa tir cia M, d6 chinh 13 tap hop tat ca cac phan tir linh hoa
toan b M.
B6 dé 1.1.1: A(M) 12 mot ideal hai phia cua R. Hon nita, M 1a mot R/A(M)_module trung
thanh.
Chung minh. A(M) 1a mdt ideal hai phia cua R.
o Vx,ye AM):M(x-y)=Mx-My=0=x-ye A(M)
Vxe AM),VreR,taco:
o M(xr)=(Mx)r=(0)r=(0) = xre A(M)
o M(rx)=(Mr)x e Mx=(0)=M(rx)=(0) =>rxe A(M)
e M la mét R/A(M) module trung thanh, voi phép nhan ngoai dugc xéc
dinh nhu sau: MxR/A(M) - M; (m,r+A(M)) > m(r+A(M))=mre M.
o Dinh nghia nay 13 hop 1y vi néu c6 7+ A(M) = r, + A(M ) thi
r—r,€ A(M), suy ra m(r,—r,)=0= mr, =mr,. Hon nira, néu M(r+A(M)) = (0) thi
Mr=(0)=>re AM)=>r+A(M)=0. Do d6 M 1a R/A(M) module trung thanh.



Ky hiéu E(M) 1a tap hop tat ca cac tu dong cau ctia nhom cong M. Khi do, E(M) 1ap
thanh mot vanh v6i phép cong va phép nhan anh xa thong thudng. Véi mdi reR, ta dinh
nghia 7.:M —M sao cho m7,.=mr,VvmeM. Do M la R_module nén 7, eE(M).

Ta dinh nghia anh xa ¢:R—E(M) sao cho ¢(r)= T.,Vr e R. D& dang kiém tra rang
pla déng cdu vanh. Hon nira ker p=A(M).

B6 dé 1.1.2. R/A(M) ding cAu v6i mot vanh con ctia E(M)

Néu M 1a R_module trung thanh thi A(M)=0. Khi d6 ¢ 1a mot don ciu va ta co thé
nhung R vao E(M). Ky hi¢u

CM)y={ac E(M)/T,a=al,,VreR|

Khi d6 C(M) duoc goi 1a vanh giao hoan tir ciia R trén M. Tét nhién C(M) 14 vanh con
ctia E(M). Hon nita néu o € C(M)thi Vme M,VreRta co

(ma)r=(mea)T,=m(a T,)=m(T, @)=(mT,) a=(mn) a

Suy ra o khong nhitng 1a mot tw dong cdu cia M nhu 1a nhom cong giao hoan ma con
la mot tu déng cdu ciia M nhu 1a R module. Nguoc lai ta dé dang kiém tra dugc bt ky mot
tir dong cdu R_module nao ciing thuéc C(M). Ta c6 thé dinh nghia C(M) nhu 14 vanh céc tu
dong cau R_module.

Pinh nghia 1.1.3:M dugc goi 1a mot R_module bat kha quy néu MR = (0) va M khong ¢6
R_module con thyc sy, tirc M chi ¢6 cac R_module con tam thuong 1a (0) va M.

Pinh Iy 1.1.1(B6 dé Schur) Néu M 1a mot R_module bat kha quy thi C(M) 1a mot thé
M(vanh chia ).

Chirng minh. Hién nhién, C(M) la vanh con caa E(M). Do ¢6 C(M) 1a mot vanh. Ta chimg
minh Va e C(M)va a#0déu co phan tir kha nghich trong C(M). That vay do a #0nén
Ma =(0) va M « ciing 1a module con cia M. Theo gia thiét, M 1a R_module bat kha quy
nén M a =M, suy ra<> a 1a toan cAu.Mit khac « 13 don ciu do kera=0. Néu kera =0 thi
kera=M, suy ra o¢=0(mau thudn). Viy « 1a ding cdu nén ton tai ty dong cdu nguoc
a'eEM). a eCM) < al,.=T,a,VreR

sa'al.=a ' Ta,VreR=T.=a 'T.a,VreR

>T.a'=a'RVreR=>a'eC(M)

Pinh nghia 1.1.4: Ideal phai pciia R dugc goi 1a chinh quy néu ton tai phan tir re R sao cho

X-IX € p, VreR.



Néu vanh R ¢6 don vi 1 thi moi ideal déu 1a ideal chinh quy vi ta chi can chon r=1 thi
v6éi moi ideal p va Vxe R thi x-1x=x-x=0 € p.
B6 dé 1.1.3. Néu M 1a R_module bat kha quy thi M déng ciu (nhu 13 mot module) voi
R_module thuong R/ ptrong d6 pla mot ideal phai t6i dai va chinh quy nao d6 cua R.
Nguoc lai néu pla mot ideal phai t6i dai va chinh quy thi R_module thuong R/ p 14
R_module bt kha quy.
Chirng minh. Gia st M 1a R_module bat kha quy, khi d6 MR = (0). Dat
S={meM /mR=(0)}
D& dang kiém tra duoc S 1a module con ctia M. Néu S = (0) thi S=M (do M 1a module
bét kha quy) suy ra MR=(0)(mau thuin). Do d6 S=(0),nén Vme M va m=0 thi mR = (0),
suy ra mR=M.
Xétanhxa g:R—>M
r—mr
D@ dang kiém tra ¢ 1a ddng cau. Hon nita,do mR=M nén ¢ 1a toan ciu. Theo dinh Iy No-
ether ta c6 ding cAu R/ker¢ =M. Dit p=ker¢, ta chimg minh pla ideal phai tdi dai
chinhquy cua R.
e Hiénnhién p laideal phai cia R.
o p tbidai
Gia str c6 p'la ideal phai cua R sao cho p ¢ p'. Khi d6 p'/ p #(0) 1a module con cua
R/p.Do R/p =M la R_module bat kha quy nén p'/ p=R/p, suyra p=R. Do d6 pla
ideal phai tdi dai cia R.
e p chinh quy
Tir ddng thie mR=M, suy ra ton tai reR sao cho mr=m. Khi d6 Vx e R :m(x-rx)=mx-
mrx=mx-mx=0=Xx-rxe p.
Nguoc lai gia st p1a ideal phai tdi dai va chinh quy cta R. Ta sé& chimng
minh R/ p 14 R_module bat kha quy.
e (R/p)R#(0)
Do p laideal phai chinh quy nén ton tai reR sao cho x-rxe p,VxeR. Tir d6 suy ra
c6 xeR sao cho rx¢ p. That vy, néu Vx e Rta déu co rxe p,Vxe R = p=R(mau

thuan). Vay (r+ p)x=0.



e Do p laideal phai tdi dai nén R/ p khong c6 module con that su.
Vay R/ p 1a R_module bat kha quy.
1.2 Can Jacobson cua mgt vanh
Pinh nghia 1.2.1. Can Jacobson ctua vanh R, ky hiéu J(R) hoac Rad(R), 1a tap hop tat ca cac
phan tir cua R linh hoa dugc tit ca cac R_module bat kha quy.

JR)={r e R/ Mr=(0),v6i moi M 1a R_module bat kha quy}

Néu R khong c6 R_module bat kha quy thi ta quy ude J(R)=R . Khi d6 vanh R duoc
goi 1 vanh Radical. Theo b6 dé 1.1.3 t a ¢6 két qua vanh R 13 vanh Radical néu R khong co
ideal phai toi dai chinh quy.

Nhin xét. Néu R c6 don vi 1 thi R khong 1a vanh Radical.

Taco AM)= {reR/Mr:O}

Khi d6 J(R)= A(M) (M 1a R_module bét kha quy)

Do A(M) 1a mot ideal hai phia cua R nén J(R) cling 1a m{t ideal hai phia cua R. Mat
khac vi ta chi xét M nhu 1a R__module phai nén J(R) con dugc goi 1a can Jacobson phai ctia
vanh R. tuong tu ta cling c6 dinh nghia can Jacobson trai ciia vanh R.

Cho pla mét ideal phai cua vanh R. Ta dinh nghia

(p:R)y={reR/Rrc p}

Xét truomg hop p 1a ideal phai t6i dai chinh quy cta R. Ta dat M=R/ p theo bd dé
1.1.3 ta suy ra M 13 R_module bat kha quy.
A(M)={reR/Mr=(0)}={reR/(R/p)rzO}={reR/Rrgp}=(p:R)

Suy ra ( p:R) 12 ideal hai phia cua R. D& dang kiém tra duoc ( p:R) 1a ideal hai phia
16n nhét cua R nam trong p.

Dinh ly 1.2.1. JR)=) (p:R) ( p laideal phai t61 dai va chinh quy)
Ta chi can chimg minh ( p:R) 1a ideal hai phia 16n nhét ctia R ndm trong p .
e D& dang kiém tra (p:R) la ideal hai phia.
o Vxe(p:R)=Rxcp. Tacdrxe p.Do x-rxe p nénxe p. Do d6 (p:R)c p.
e Gid str c6 la ideal hai phia ctia R sao cho ,0' c p.Khido Vxe p’thi

Rxcpvcp =xe(p:R)nén p'c(p:R).



Bo dé 1.2.1. Néu p la ideal phai chinh quy that su bat ky thi bao gio cling nhing p vao mot
ideal phai ti dai chinh quy nao d6 cua R.

Dinh ly 1.2.2. JR)= () p(p laideal phai t6i dai va chinh quy)

Chirng minh. Theo dinh 1y 1.2.1 ta co:

JR)=(p:R) < (\p (p laideal phai t6i dai va chinh quy)
bit r=(p (p laideal phai téi dai va chinh quy)

Khi dé J(R) c 7. Ta chung minh 7 < J(R)

Véimdi xe 7, ta xét tap hop p'={xy +x/ye R} . Ta ching minh p' =R. Gid su
0 #R.Khid6 p 1a mot ideal phai chinh quy ctia R. Tinh chinh quy ctia p ¢6 dugc 1a do ta
chon a=-x suy ra y-ax=y+xy € ,0' :VyeR. Theo bd d& 1.2.1 ta co ,O'du:o’c nhiung vao mot
ideal phai toi dai va chinh quy p,nao d6 cua R.

Khidé xe r < p, >xe€ p, =>xye p,va ytxye p,nénye p,.Vdy VyeR=ye p,do
d6 p,=R(mau thuan tinh t6i dai ciia p,) nén ,0'=R. V xe 7 ton tai we Rixw+w=-x hay
x+w+xw=0. Day la mot tinh chét quan trong cua mot phén tir thude 7. Phan twr c6 tinh chat
nhu vy duogc goi la tya chinh quy phai. Ta chimg minh 7 < J(R) bang phan chimg:

Gia sit 7 ¢ J(R), khi d6 ton tai mot module bat kha quy M khong bi 7 linh hoa nghia
1a M7 #(0). Suy ra ton tai me M, m#0 sao cho m7 #( 0). D& dang kiém tra m 7 1a module
con cua M va do M bat kha quy nén mz=M. Do d6 ton tai te 7 sao cho mt=-m. Do te rnén
ton tai se R sao cho t+s+ts=0.Khi d6, 0=m0=m(t+s+ts)=mt+ms+mts=-m+ms-ms=-m. Suy ra
m=0(mau thuan).Vay 7 cJ(R).

Nhu vdy chiing ta di khao sat cdu triic cin Jacobson trén co s6 M 1a R_module phai.
Trong trudng hop M 1a R_module trai ta ciing c6 két qua hoan toan twong ty. Van dé dat ra
1a mdi quan hé giita cin Jacobson trai va can Jacobson phai nhu thé nao?

Pinh nghia 1.2.2. Phan tir ac R duogc goi 14 tya chinh quy phai néu ton tai a’ €R sao cho
ata +aa=0. Phan tir a'duoc goi 1a twa nghich dao phai cua a.

Twong tu, ta cling c¢6 dinh nghia phan tir twa chinh quy trai va phan tr twa nghich dao
trai.

Chii y. Néu vanh R ¢6 don vi 1 thi phan tir acR 1 tua chinh quy phai khi va chi khi phan tir
1+a c6 nghich dao phai trong R.



Chirng minh. Gia st phan tir a la twa chinh quy phai, thi ton tai phan tir a'sao cho
a+a'+aa'=0 suy ra l+a+a +aa'=0=(1+a)(1+a')=1. Vay phan tir 1+a c6 phan tir nghich dao
lal+a.
Nguoc lai, gia str 1+a c6 nghich dao phai trong R. Do d6 ton tai r €R sao cho
(1+a)=1 =r-1+ar=0. Pat a'=r-1, ta s& c6 dang thic at+a +aa'=0. Vay a la twa chinh quy
phai.
Ménh dé 1.2.1. Ideal J(R) 1a twa chinh quy phai. Néu pla ideal tya chinh quy phai ctia vanh
R thi p cJ(R). Chirng minh.Trong phan ching
minh dinh 1y 1.2.2 ta da chi ra duoc moi phan tir cia J(R) déu la phan tir tya chinh quy phai
cua R. Do d6 J(R) 1a ideal tya chinh quy phai ctua R.
Liy pla mot ideal tya chinh quy phai ciia R. Gia sit p  J(R) . Khi d6 ton tai module bat
kha quy M sao cho M p # (0). Suy ra ton tai me M va m# 0 sao cho m p #(0). Dom pla
module con ctia M va M bét kha quy nén m p=M, ton tai xe p, x#0 sao mx=-m. Do
xe p va plaideal twa chinh quy phai nén ton tai x €R sao cho x+x+x x=0.
Taco: 0=mO=m(x+x +xx )=mx+mx +mxx =-m+mx -mx =-m
Suy ra m=0(mau thuan)
Tir ménh dé trén suy ra dinh 1y sau:
Pinh Iy 1.2.3. J(R) 1a ideal twa chinh quy phai cia R va né chira tit ca cac ideal tya
chinh quy phai ciia R. Do d6, J(R) 1a ideal twra chinh quy phai 16n nhat cta R.
Trong qué trinh xay dung khai niém can Jacobson, ta chi xét M nhu 1a R_module phai
nén J(R) con dugc goi 1a cdn Jacobson phai cua R, ky hiéu Jyn:i(R). Tuong tu néu ta xét M
nhu 12 R_module trai thi J(R) s& duoc goi 13 cin Jacobson trai ctia R, ky hiéu Jus(R). Tiép
theo, ta s& cd ging khang dinh két qua
Jphéi(R): Jirsi(R)
Gia sir a vira 1a phan tir tya chinh quy phai vira 13 phan tir twa chinh quy trai cta R.
Goi b,c 1an luot 1a phén tir tra nghich ddo phai, tya nghich ddo phai ctia a. Ta c6: a+b+ab=0
=>ca+cb+cab=0 va a+c+ca=0=>ab+cb+cab=0. Suy ra ca=ab=>b=c. Nghia 1 moi phan tir tu
nghich dao phai va tua nghich dao trai cta ciing mot phan tir (néu co6) thi tring nhau. Véi
moi aeJ(R), do J(R) 1 ideal tya chinh quy phai nén ton tai a' €R sao cho a+a +aa =0. Khi
d6 a'=-a-aa' €J(R) va ton tai R sao cho a +a'+a a'=0. Ta c6 a 13 phan tir twa nghich dao

trai va a'la phan tir tya nghich dao phai cta cing phan tir a”. Theo nhan xét trén ta co a=a’.



Do d6 a+a'+a'a=0, suy ra a ciing 1a phan tir tya chinh quy trai ciia R. Vay J(R) ciing 14 ideal
tua chinh quy trai cua R.

Néu ta xay dung J(R) bang cach xét M nhu 1a R_module trai thi ta cling duoc két qua
J(R) 12 ideal hai phia 16n nhat trong tt ca cac ideal twa chinh quy trai. Tom lai ta di dén két
qua thu vi :

J phéi(R): J tréi(R)

Dinh nghia 1.2.3.

e Phan tir acR duoc goi 12 liy linh néu ton tai s6 nguyén duong n sao cho a”=0

e Mot ideal(phai, trai, hai phia) dugc goi 1a nil ideal néu moi phén tir ctia n6 déu la iy
linh.

o Mot ideal(phai, trai, hai phia) pduoc goi 1a lity linh néu ton tai s6 nguyén duong n sao
cho aa,.a =0;Va,,a,,.,a € p.Diéu nay cé nghiala p" =0.

Nhin xét. Néu pla ideal liiy linh thi p 14 nil ideal. Piéu nguoc lai khong dang. Moi

phan tir luy linh déu 13 phan tir tya chinh quy phai va twa chinh quy trai. That vay, gia sir

a 1a phan ttr lily linh cia R, ttc ton tai sb nguyén duong m sao cho a"=0. Dit b=-a+a’—

a+.+(-1)™'a™'. Khi d6 ta d& dang kiém tra duoc a+b+ab=0 va at+b+ba=0. Suy ra a

cling 1a phan tir twa chinh quy phai va ciing 13 phn tir tya chinh quy trai. Noi cach khéc,

moi nil_ideal cling 1a ideal tya chinh quy phai va cling 1a ideal tya chinh quy trdi. Do d6

J(R) chtra moi nil_ideal.

Cin ciia dai so

e MOt dai s6 A trén trrong F 1a mot khong gian vecto trén F sao cho trén A c6 mot
phép nhéan va clng v6i phép nhan nay, A 1a mot vanh. Hon nita cdu trac khong gian
vecto c6 thé khép véi cdu triic vanh theo luat:

= k(ab)=(ka)b=a(kb);Vk e F;Va,be A

e Néu A c6 don vi 1(don vi ciia vanh ddi véi phép nhan ) thi tir tinh khép(két hop trong
) giita hai cdu trac(vanh va khong gian vecto) ta c¢6 tap hop cac vo huéng F1 s& nam
trong tdm cua A. That vay, voi moi ke F, véi moi a€ A, ta cé:

= (kl)a=k(la)=ka=k(al)=a(kl)
o Batké A co don vi hay khong, cac anh xa



= ToA—>Ax—xT,=xa
= L.:A—>AxH—xL,=ax
1a céc phép bién d6i tuyén tinh ctia A trén F.

e Dbi voi mot dai sb A, ta dinh nghia céc khéi niém ideal, déng cau,.. bﬁng céach géan cho
ching thtra hudng céc cAu tric cta A. Chéng han pdugc goi 1a ideal cua dai s6 A néu
pla ideal ciia vanh A va pciing la khong gian con ctia khong gian vecto A trén F. St
dung céc khai ni€m trén ta c6 hoan toan thé dinh nghia can cua dai sO A. Do 1a giao
cuia tat ca cac ideal phai chinh quy ti dai cua dai s6 A.

Mot cau hoi duoc dat ra mot cach ty nhién 1a li¢u co6 sy tuong déng hay

khac biét ndo giita cin cta dai sO A va cin cua vanh A. Nhing lap luan dudi day chung

to chung tring nhau. Ly pla mot ideal phai chinh quy t6i dai ctia vanh A. Ta s& ching

minh rang pciing 1a khong gian con ctia khong gian vecto A trén F.

Gia sir phan chimg F p ¢ p. D& dang kiém tra F p 14 ideal phai cia A. Do tinh ti dai
cua ptaco A=F p+p. Vivay, tacod
A’=(F p+p)Ac(F p)A+t pAc p(FA)+ pc p
Do pchinh quy nén ton tai acR sao cho x-axe p,VxeA. Ma
axe A’C p nénxe p,VxeA. Suyra p=A. Mau thuin nay ching to Fpc pva
o 1a khong gian con ctuia khdng gian vecto A trén F.
Vay mdi ideal phai chinh quy t6i dai cia vanh A ciing 14 ideal phai
chinh quy t6i dai ctia dai s6 A trén F. Do d6 theo dinh Iy 1.2.2 cin cta dai sd A
tring v&i can ciia vanh A. Vay ta c6 : Jgai s6(A)=Jyann (A)
Néu ta thuong héa R bdi cin Jacobson ciia né thi vanh thuong nhan
duoc s& co cian Jacobson nhu thé nao?
Dinh ly 1.2.4. J(R/J(R))=(0)
Ching minh. Dat E=NJ(R) va p la ideal phai t6i dai chinh quy ctia R. Khi d6 ta co
JR)c p. Do d6 theo dinh 1y ddng cdu, p=p/J(R) 1a mot ideal phai tdi dai chinh quy cua
R. That vdy, do J(R)c pR nén ta co
R/ p=RAR)/( p/I(R))
Tur tinh t6i dai ciia p trong vanh R ta suy ra tinh tdi dai ciia p/J(R) trong vanh thuong

R.Ta chiing minh /_) cling chinh quy trong vanh R.



Do pchinh quy nén ton tai acR sao cho x-axe p,V xeR. Suy ra ton tai a€R sao
cho )_c—E)_ce,z_),V)_ceﬁ.

Do J(R) =(p, v6i p chay khip cac ideal phai chinh quy tdi dai ctia R nén ta co
ﬂ; =(0). Theo dinh 1y 1.2.2 ta c6 J(E) bing giao cua tit ca cac ideal phai chinh quy tdi
dai cia R ma giao ndy nam trong ﬂ; =(0) néntasuyral (E )=(0).

Tinh chét cua cin Jacobson duoc trinh bay trong dinh 1y 1.2.4 & trén 1a mot trong
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nhitng tinh chit duoc goi 1 “radical like” "gidng nhu can”. Nhitng nghién ciru vé céc tinh
chat nay ctia mot can Jacobson ciia mot vanh tong quat duoc tién hanh boi Amitsur va Ku-
rosh. Pé két thuc muc nay, ta s& dua ra hai dinh 1y trinh bay céc tinh chat nhu trén. Ta dinh
nghia sau:
Pinh nghia 1.2.4. Vanh R duoc goi 1a nira don néu J(R)=0.
Theo dinh 1y 1.2.4 ta ¢6 vanh thuong R/J(R) ludn 1a vanh nira don véi bat ky vanh R.
Pinh Iy 1.2.5. Néu A 1a mot ideal ctia vanh R thi J(A)=AﬂJ (R). Chirng
minh. Néu ac A ()J(R) thi xem aeJ(R) ta c6 a la phan tir twa chinh quy phai cua R. Noi
cach khac, ton tai €R sao cho a+a'+aa'=0, suy ra =-a-aa € A. Do d6 a ciing 12 phan tir tya
chinh quy phai ciia A. Theo dinh Iy 1.2.3 ta c6 A(")J(R) <J(A).
e Dé chimg minh bao ham thirc nguoc lai, ta 1dy p 1a idean phai chinh quy t6i dai ciia R
vadat p=pnA.
Néu Az p thi do tinh tdi dai cua p ta phai c6 A+ p=R. Do d6, theo dinh 1y dong ciu
tacd R/p=(A+p) p=Al(AN p)=A/p,
Do p tbi dai trong R nén R/ p bit kha quy va do d6 A/ p,cling vay. Suy ra p, 1a ideal
phai t6i dai trong A. Ta s& ching minh p . chinh quy trong A. Do p chinh quy trong
R nén ton tai beR sao cho x-bxe p,VxeR. Ta c6 beR=A+p =b=atr vii acA,
re p. Khi d6 x-bx=x-ax-rxe p. Do rxe pnén x-axe p. Tom lai, ton tai ac A sao cho
x-axe p(1A=p,, VxeA hay p, chinh quy trong A. Vay ta c6 J(A) < p, voi moi
pla ideal phai chinh quy ti dai ciia R, p khong chita A. Néu p DA thi bao ham thuc
trén cing dung. That vay, p,=pNnA=ADJA). Do do, IJ(A)
cNp,=Np)nA=J(R)NA.

H¢ qua 1.2.1 Néu R 1a vanh nira don thi moi ideal ctia R ciing 1 vanh nira don.



Chiing minh. Goi A 1a ideal ciia vanh ntra don R. Ta co:
J(AFIR)NA=(0) NA=(0)
Do doé A ciing 1a vanh ntra don.
Két luan cua dinh 1y 1.2.5 s& khong con ding néu A chi 13 ideal mot phia cua R.

Chang han ta ldy R 13 vanh ma trdn vudng cap 2 trén trudong sd thuc. Vi R ¢6 don vi 1a ma
1 0 \

tran don vi £ = (O lj nén J(R)#R. Hon nita R khong c6 ideal hai phia khong tam thuong

nén ta c6 J(R)=0. That vay, gia sir A 1a ideal hai phia cua R va A=(0).

. 1 0 0 1 0 0 0 1
Dat E‘11 = ;Elz = ;E21 = ;E22 =
0 0 0 0 1 0 0 0

\ A A . all a12
Vi A#(0) nén ton tai a = [

a21 a22

j;t(O) ma acA.Gidsu a, #0, do A 1a ideal hai

r ) A all O
phia ciaR nén E aFE, = €A.

0 0
1
all O o O \
Suy ra 0 0 a, =FE edAvaEEE =FE,cA.
0 0

Dodé E=E, +E, € A. Suy ra A=R(mau thuan) hay R 1a vanh don . Lap luén tuong

tir ta thu duoc két qua tong quat sau:
Vanh cic ma tran vudng cap n lay hé tir trén mot truong F déu 1a vanh don. Bay gio ta

xét tap hop:
X o s s o . 0 b NS o
Dé thay pla ideal phai cia R . Ta lai c6 p, = 0 0 /b e F ;la mot ideal phai cua

pva moi phan tir cia o) déu liy linh. Do d6 p,1a nil_ideal phai khac (0) cua p suy ra
J(p)#(0) vi ta ludn c6 p, cJ(p)Piéu @6 cho thiy dinh 1y 1.2.5 khong con dung trong
truong hop nay vi J(p)=#(0) trong khi do6 p (NJ( )= p 1(0)=(0).

Mot tinh chat “radical like” co ban khéc nita 1 sy thay doi cia can Jacobson khi ta
chuyén tr vanh R sang vanh ma tran vudng cép m léy hé tir trén vanh R. Vi R 1a mot vanh,
ta goi R 1a vanh cdc ma trdn vudng cap m l4y hé tir trén vanh R. Can Jacobson cua R sé& thay

d6i nhu thé nao néu ta chuyén tir vanh R sang vanh R ? Cau trd 101 s€ co trong dinh 1y sau:



Dinh ly 1.2.6 Go1 R 14 vanh ma tran vudng cp m lay hé tir trong vanh R va J (R), la vanh
ma tran vuéng cp m ly hé tir trong vanh J(R). Khi d6, ta luén c6 J(R )=J(R) .
Chiing minh. Lay M 1a R_module bat kha quy tuy y. Pat

M™ ={(m,m,,..m,)/ m eM}

D@ dang kiém tra dwoc M™Ia mot R_module v&i phép cong 1a phép cong theo ting thanh
phan, phép nhin ngoai ching qua 1a phép nhin vao bén phai cia mét bd trong M™ véi mot
ma tran trong R.,. Hon thé nira M™con 1a R_module bat kha quy. That viy:

e M"R,,#(0), ching han

r 0 ..0
Or ..0
o (mym,...m =(mr,mr,..,mr) #(0,0,..,
( ) ( ) #(0,0,..,0)
0 0 ..r

trong 36 meM, reR sao cho mr# 0(do M 1a R_module bt kha quy nén MR # (0) va
do d6 c6 meM vareR sao cho mr=0)

Liy N#(0) 1a module con cua M™. Ta s& ching minh N=M™ hay M™cN. That
vay, do N#(0) nén ton tai (0,0...,0) #(m;,m,,...my)eN. Gia sir ton tai i sao cho m;=0. Do
m;R 12 module con khéac 0 ctia module bat kha quy M nén m;R=M.

Khi d6 véi moi (Xx1,X2,..,Xm) eM(m); voi moi j=1,2,..,m; tdn tai rje R sao cho mirj=x;.

Do do

00 .. 0
(x,x,,.x )=(m,m,..m )1, 1, ... T, |€N
0 0..0

Vay M™ 1a R_module bét kha quy.
Néu (aj) €J(Ry) thi vé1 moi mjeM; Vi=1,2,..,m ta ludn co
(m;,m,,..,my)(a;)=(0,0,..,0)
Suy ra Ma;=0, v6i moi 1<i,j<m. Do do6 a;jeJ(R), v6i moi 1 <i,j<m. Diéu do co nghia
1a (a;) €J(R)m. Vay J(Ry) CJ(R)m.
Pé chimg minh bao ham thirc nguoc lai ta chimg to J(R), 12 ideal phai tya chinh quy
ctia R, va nhu thé thi theo dinh 1y 1.2.3 ta suy ra J(R)mc J(Ry). Xét



0 .. 0
p = /a,; eJ(R)

0 0 .. O

D@ dang kiém tra duoc p, laideal phai cua R . Ta s€ chung minh p, < J(R,,), hay

moi phan tir ) déu 1a phan tir tya chinh quy phai. Xét

all a12 Im
0 0 .. O
X = €L

0 O 0
a, 0 .. 0

. 0 0 .. O

Lay Y=

0 0 .. O

trong d6 a, 1a phan tir tya nghich dao phai cua ayj, tic 1a aj+a +aja), =0. Dt

W=X+Y+XY thi khi d6

O a12 alm

0 0 .. 0
W =

0 0 0

Suy ra W>=0. Do d6 W 1a phan tir lity linh W 13 phan tir tya chinh quy phai cta R,
Ton tai Ze Ry, sao cho W+Z+WZ=0, suy ra
XH(Y+Z+YZ)+X(Y+Z+YZ)=0
Vay X 1a phan tr tya chinh quy phai , nén p, 1a phan tir tya chinh quy phai cia Ry,

Tuong tu, ta co

p=4la, a, .. a,|/a,eJ(R)

la ideal tya chinh quy phdi cua R,,. Do d6 p. cJ(R,,); Vi=1,2,..,m. Do J(R,,) la ideal cua Ry,

nén J(Ry,) la dong voi phép cong. Vivay taco p + p, +..+ p, € J(R), hay J(R)n < J(Ry).



1.3 Vanh Artin
Pinh nghia 1.3.1 Ta goi mot vanh 13 Artin phai néu moi tip hop cac ideal phai khac rong
déu c6 ideal phai tbi tiéu. Tir day vé sau, ta goi vanh Artin phai 1a vanh Artin.

Vé mbi quan h¢ gitra khai ni¢m vanh Artin va can Jacobson cua mgt vanh, chung ta
thu dugc mot sé két qua sau.
Pinh Iy 1.3.1 Néu R 1a vanh Artin thi J(R) 1a ideal lity linh.
Chirng minh. it J=J(R). Xét diy cac ideal phai 16ng nhau

JoJ' o) o.oJ" D.

Do R 1a vanh Artin nén ton tai n>0 sao cho J" =J"" =... Ta s& chirng minh rang J"=0.
Dat U={x eR/xJ" = (O)} , d& dang kiém tra duoc U 1a ideal hai phia ctia aR. C6 hai truong
hop c6 thé xay ra nhu sau:

Néu J" U thi J"J" =(0), do d6 J* =..=J" =(0)

Néu J" ¢ U thi ta xét vanh thwong R = R / U va ddng ciu chinh tic

¢:R—> R
J' = J

trong d6 J' ={r+U/reJ"}1aideal khac 0 ciia R. Do J < J(R) nén pJ =(0), véi
moi ideal /_) cia R. ViR 1a vanh Artin nén R ciing 1a vanh Artin. Do d6 tép hop > ={ ;) la
cac ideal khac (0) cua R/ p < J'} ¢6 ideal téi tiéu 12 p. Taxem p nhu la modele trén R.
Vi 7) 1a t6i tiéu nén hodc bat kha quy hodc 7)7 = (0). Trong ca hai trudng h gp ta déu co
pJ =(0),suyra pJ" cU.Dodd pJ'J" = pJ* = pJ" =(0)nghiala pc U, suy ra
7) =(0)(mau thuan). Vay truong hop nay khong xay ra va dinh Iy duogc chirng minh.
Hé qua 1.3.1 Trong mot vanh Artin, moi nil_ideal déu 14 ideal iy linh.
Ching minh. Néu A 14 nil_ideal ctia vanh Artin R thi A J(R). Mit khac ta c6 J(R) lily linh
nén A ciing Ity linh.
Pinh nghia 1.3.2. Phin tir e R, e+ 0 duoc goi 1 lily ding néu e’=e.
B6 dé 1.3.1. Cho R 14 vanh khong c6 ideal lity linh khac (0). Gia str p #(0) 1a ideal phai t6i

tiéu cua R. Khi d6 p=eR, vdi e 1 phan tir lily ddng nao d6 cua R.



Chirng minh. Ta phai c6 p>#(0) vi néu p?=(0) thi p la ideal liiy linh khac 0 cua R suy ra
R c6 ideal hai phia lity linh khac O(méu thudn). Vay p’#(0) nén 3xe p sao cho x p #(0)
nhung {x p/xe p} 1a ideal phai cia R nim trong p. Do tinh tbi tiéu cia p nén x p=p suy
ra ton tai ee psao cho xe=x =xe=xe’ =x(e-xe)=0. Goi p.,={ac p/xa=0} ddy la mot ideal
phai ciia R. Ngodira ta cd poC p (po# pvi néu po=p =x p=0=>p=0(mau thuin)). Vi
p toi tiéu suy ra p ,=0.

Do e-¢’€ p, nén e-¢’=0 hay e=e’ do d6 phan tir ¢ 1a lily ding. Hon nita ec p =
eRe p vaeR#(0) (vi0# e=e’ceR) nén p=cR.

Nhin xét. Trong vanh khong cé ideal lity linh khac 0 thi moi ideal phai khac 0 tdi tiéu déu 1a
ideal chinh sinh boi phan tir liiy dang.

Néu ideal phai ctia vanh Artin chira cac phan tir lity linh khac 0 thi d6 ciing 13 ideal liy
linh. Tir @6 cau hoi dugc dat ra 1a “Phai chang ideal phai c6 chita phan tir khong lity linh
trong vanh Artin thi trong d6 thé nao ciing tim dugc phan tir litly dang?”

B6 dé 1.3.2. Cho R 1a vanh tily y, acR sao cho a’-a liiy linh. Khi d6 hodc chinh a lity linh
hoic tOn tai da thirc q(x) v6i hé sb nguyén sao cho e=aq(a) 13 phan tir liiy dang.
Chirng minh. Gia st (a’-a)*=0. Khai trién vé trai ta dugc a*=a""'p(a) trong d6 p(x) 1a da thuc
hé sé nguyén.
Véy a" =a".ap(a)=a‘.ap(a).ap(a)=a’.[ap(a)] =..=a"[ap(a)]'=a” [p(a)]'

e Néu a"=0 thi a liy linh.

e Néua“#0=e=a‘[p(a)]" #0 va do do ¢’ = (a*[p(a)])[p(a)]' =e suy ra e lily ding.
Pinh Iy 1.3.2. Néu vanh R Artin va p1a ideal phai khac 0, khong lity linh ctia R thé thi
p chira phan tir lily dang.
Pinh Iy 1.3.3. Néu R 1a vanh tuy ¥ va e 12 phan tir liiy dang thé thi J(eRe)=cJ(R)e.
Nhin xét. R 12 vanh tuy y, nhung eRe={exe/x R} <R lai la vanh con ctia R ¢6 don vi.
Pinh 1y 1.3.4. Gia sir R 13 vanh khong c6 ideal lity linh khac 0, e 1a phan tir lity dang khac 0
ciia R. Khi d6 R 14 ideal téi tiéu ctia R khi va chi khi eRe 1a mot thé.
Pinh ly 1.3.5. Gia st G 1a mdt nhém hitu han bac 6(G)va F 1a truong c6 dac s6 0 hodc dic
s6 p, p X O(G). Thé thi J(F(G))=(0).

Chung minh. Truéce hét ta nhic lai dinh nghia dai s6 nhom F(G):



Cho G la nhém hitu han G={g,, g,,2,,-.g, | ; F 1a mot truong bat ky. Ta goi tap hop ky
hiéu F(G) 1a tap hop cac phan ti, mdi phan tir 14 mot tong hinh thirc c6 dang D a.g véi
o, €F va gie G. Trén F(G) ta dinh nghia cac phép toan:

2ag ). g =2(ath)g,
Yag.>.pg =278

Luc do (F(G),+) tré thanh mdt nhém Abel. Hon nita F(G) con 1a khong gian vecto trén
F. F(G) duoc goi 1a dai s6 nhém va dimF(G)=n=cdp ctia nhom G, trong d6 mét co sé cua
khong gian F(G) la {gl,gz,g3,..,gn} .Bay gio ta chirng minh dinh 1y.

Néu acF(G) ta dinh nghia anh xa T,:F(G) —F(G);x> xa=xT,

T, tré thanh mot phép bién ddi tuyén tinh khong gian vecto cua dai s6 F(G).
Xét anh xa y :F(G) ->Hom(F(G),F(G))
at>ay =T,

Khi d6  tro thanh phép nhiing ding céu. That vy, 1d rang 13 toan cau. Ta ching
minh  don ciu hay ker y =(0).

Léy acker y ta c6 T,=0=xa=0, VxeF, dac biét léy x=1.e=>xa=a=0=>ker y =0. Vay
w don cdu do d6 y 1a dang cau.

Véi moi phép bién dbi tuyén tinh ta biét rang déu c6 ma tran tuong tmg. Do 0, véi g;
€ G tuong Ung ta co 7; , chinh 7; lai c6 ma tran ddi véi co s6 G= {g1 = e,gz,g3,..,gn} la
g —— 8g7¢

g, —*—> gg=g  v6iknaodo

g —*—> geg=g v6ilnaodé

01.. 00
1L o.. 00 . . X A iaa
Suyra T, ~ma tran co kiéu 4= moi1 hang c6 mot s6 1, moi cot khdong
00.. 10

c6 hai sd 1(dé ¥ rang trong G c6 luat gian uéc nén néu g.9=-28=>8 =g) Vét ciia ma
tran A la tr(A)=a  +a, +..+a,, datbiét 7, =T¢=ma tran don vi, nén ta c6 tr(7, 1 )=c§p nhoém

G=0(G).



Néu g # g =ethi tr(T,) =0 vi T, c6 dudong cheo chinh toan la 0.(that vay khi dé
8.8, #8&,Va g8 #&;)

Néu xeJ va x#0=x liiy linh( do J Iy linh) do d6 T 1a phép bién ddi tuyén tinh liy
linh= tr(7 )=0.
Vix=#0 ta co thé gid st x=a,g, + a,g, +..+a,g, Voi @, # 0. Bing cach nhan hai vé cho g;'
ta duoc x=a, + a,g, +..+ 0, g, .

Suy ra 0=te(T )=atrT, + atr(T, ) +..+ a tr(T, ) =2,0(G) # 0 (mau thuan).

1.4. Vanh nguyén thuy

Pinh nghia 1.4.1. Vanh R duogc goi 1a vanh nguyén thiy néu né c6 mot R_module bat kha

quy va trung thanh.

Nhian xét. 1. Néu R 1a vanh nguyén thay thi ton tai M 1a R_module bat kha quy va trung

thanh. Suy ra A(M)= {r eR/ Mr= (O)} =(0).

Xétanhxa ¢: R —> E(M)
r—=T :M — M sao cho T .(m)=mr, véi moi me M.
Ta c6 M trung thanh khi va chi khi A(M)=ker ¢=(0) tic 12 ¢ don cau, khi d6 R nhiing

dang cu vao trong E(M).

2. NéuR la vanh nguyén thay thi R ¢c6 mot R_module bat kha quy va trung thanh M. Khi
d6 AM)=(0) va J(R)=[1A(M)=(0). Suy ra R ciing la vanh ntra don. Vay moi vanh
nguyén thity déu 13 vanh nira don.

3. Cho R 1a vanh tiy ¥ va M 1a R_module bat kha quy. Khi d6 A(M) 14 ideal hai phia cia
R va M 1a R/A(M)_module bat kha quy trung thanh. Do d6 R/A(M) 1a vanh nguyén
thuy.

4. Cho R la vanh tily ¥ va p 1a ideal phai t6i dai chinh quy cia R. Khi d6 M=R/p la
R_module bat kha quy va AM)=( p:R) la ideal hai phia 16n nhit nam trong o . Suy ra
R nguyén thuy khi va chi khi ton tai ideal phai tdi dai chinh quy p va (o :R)=(0).

Pinh Iy 1.4.1. Vanh R 13 vanh nguyén thuy khi va chi khi t6n tai p 1a ideal phai t6i dai

chinh quy trong R sao cho (p:R)=(0). Trong trudng hop do R 1a vanh nira don. Hon nfra,

néu vanh nguyén thay R giao hoan thi R 1a truong.



Chirng minh. R nguyén thily khi va chi khi ton tai ideal phai tdi dai chinh quy p= p la
ideal hai phia t6i dai(vi R giao hoan)= ( p:R)= p(vi (p:R) 12 ideal hai phia 16n nhat nam
trong p). Do (0:R)=(0) suy ra p=(0). Ideal t61 dai £ =(0) nén R 1a mot truong. Gida st R 1a
vanh nguyén thily va M 1a R_module bat kha quy va trung thanh. Theo b6 d& Schur ta c6 :
A=C(M)={pe E(M):¢T =T.p;VreR}
La mdt thé (vanh chia) véi I M—>Mm—ml =mr.
Pinh nghia 1.4.2 (Tac dong day dic) Gia st M 1a R_module bt kha quy. Dat A=C(M),
theo bd dé Schur thi A 1a mot thé va M co cau trac khong gian vecto trén thé A.

Vanh R duoc goi 1a tic dong day dic trong M ( hay R day dic trong M) néu véi mdi
h¢ vecto {vl,vz,..,vn} M ddc lap tuyén tinh trén A va bat ky n phan tir w,,w,,..,w, trong
M thi tOn tai reR sao cho w=vri=12,.n.

Nhan xét. 1. O day khai niém day dic duoc hiéu theo nghia: Lay tiy y hé hitu han cac vecto
ctia M doc lap tuyén tinh trén A va mot hé hiru han bat ky ciia M. Bao gio ciing ton tai phép
bién ddi tuyén tinh bién hé doc 1ap nay thanh hé kia.
2. Néu dim, M = n (hiru han) thi Hom, (M, M) = R.That vay:
e Vre R phép nhin bén phai v,rla phép bién d6i tuyén tinh cua
khong gian vecto M trén thé A: r= T € Hom,(M,M);YreR.Do do
Rc Hom,(M ,M).
o VfeHom,(M,M);giast e,e,,...e, lacosd cia M. Pong ciu f
hoan toan duogc xac dinh néu biét cac anh ef.e,f,.,e f. Theo tinhday dac ton tai
r € Rsao cho v61 moi w,,w,,..,w, e Mtacod er=w, va ef =w,, 1=1,2,...,n. Do do r=f
suy ra Hom,(M,M)cR.
Pinh ly 1.4.2. (Pinh ly day dac) Gia str R 14 vanh nguyén thuy va M 1a R _module
bat kha quy trung thanh. Néu A=C(M) thi R 1a vanh day ddc cac phép bién doi tuyén tinh
trong M trén A .(noi tat: R day dic trén M). Chirng minh. Trudc hét ta c6 nhan
xét: Pé ching minh tinh day dic cia R trén M hay R day dic trén Hom (M, M) ta chi can
ching minh néu V la khong gian hitru han chiéu cia M trén A va meM, meV thi ton tai
reR: Vr=(0) va mr=0 ( r linh héa toan bd V ma khong linh hoéa m). That viy néu diéu trén
thoa thi mrR = (0) va mrR 1a module con ctia M trén R. Vi M bt kha quy = mrR=M. Do d6
ta phai tim seR sao cho mrs 1a bat ky phan tr ndo cia M (mrs chay khap M).



Luu y: Vis=(0). Gia st v,,v,,..,v, €M la hé doc 1ap tuyén tinh trén A va w,w,,.,w, €M
tuy y. Goi V. la khong gian cua M trén Asinh ra boi cac v,voi j=i. Dat
Vi=<v,/j#i>=v,¢V,. Vih¢ v,v,,..,v, ddc lap tuyén tinh nén véi mdi i ton tai ¢, € Rsao
cho vt,=w, va Vt,=(0). Dat t=¢, +¢,+..+¢, €R thi ta c6 v{=w, theo dinh nghia R day
dac trén M.

Pé chiing minh dinh 1y ta chimg minh nhan xét trén bang quy nap theo sé chiéu cia
khong gian vecto V trén A.

e Néu dim V=0 < V=(0)

VmeM,mgV = m#0=mR #(0)(vi M bat kha quy)
(Néu VmeM,m#0=mR=(0) thi MR=(0)(mau thuin tinh chit bat kha
quy)= Ire R:mr #0 va Vr=(0).

e Gia sir ménh d¢ da ding v6i cac khong gian c6 s6 chiéu nhé hon hoidc bang s chiéu
ctia V. Ta chitng minh nhan xét dang v6i khong gian cé sb chiéu bang sb chiéu cta V. Gia str
V=V,+w A trong d6 dim¥V,=dim V-1 va w ¢ V(@ A la ideal chinh sinh bé1 @). Theo gia
thiét quy nap véi

A(V,)={xeV /Vx=(0)}thi VmeV,,3re A(V,)sao cho mr=0. Mit khac, néu
m A(V,)=(0) thi me V,.Tap hop A(V,) la ideal phai cua vanh R va do we¢V, nén
@ A(V,)#(0) 1a module con cia M = wA(V,)=M (1) .( Suy ra Ime M ,m¢V sao cho tr
dang thirc Vr=(0) suy ra mr=0 la khong xay ra.)

Gia sir phan chimg: 3m e M,m ¢V sao cho tir dang thire Vr=(0) suy ra mr=0.

Xét anh xa 7:-M—>M

XX 7=ma
trong d6 a duoc xac dinh x=wa voi aeA(V) do (1). Ta c6 7 dugc dinh nghia tt. That vay,
néu x=0 thi 0=x=wa vi vay a linh hoa ca hai V,va @, do d¢ a linh hoa toan bo V. Theo gia
thiét phan chimg ma=0 = x=x r=ma=0. Vay 7 dugc dinh nghia tdt.

RS rang 7 eE(M); hon nita néu x=wa voi acA(V,) thi VreR, are A(V,) va
xr=(wa)r= (ar) nén (xr) r=m(ar)=(ma)r=(x 7 )r. Diéu nay chung to 7 nim trong A . Do do
are A(V,), ma=(wa)r=(w r)a suy ra (m-w r)a=0, VacA(V,). Theo gia thiét quy nap m-

o 7 €V, vi vdy me V,+® A=V(mau thuin).



Pinh 1y 1.4.3. Gia sir R 14 vanh nguyén thuy, khi d6 voi mot thé A nao d6 hodc 1a vanh R
déng cdu voi vanh A, (vanh ma trdn vudng cép n trén thé A), hodc 14 v6i moi s6 tu nhién m,
ton tai vanh con S, ctia R 4nh xa dong cu vao A .
Ching minh. Gia sir R 1 vanh day dic cac phép bién d6i tuyén tinh ctia khong gian vecto V
trén thé A Néu V hitu han trén A thi R day dac trén V, nghia 1a R déng cu v6i vanh cac
phép bién ddi A tuyén tinh trén khong gian V ,chinh 1a A, voin= dim, V.

Néu khong gian V trén A 1a vo han chiéu thi v&i moi sb tu nhién m ton tai cac phﬁn
tir phu thudc tuyén tinh trén A: v,,v,,.,v eV .
Gia st V, =vA+v,A+.+v,A va S, ={xeM/V xcV, }. Dinh ly day dic khang dinh
rang lac d6 S day dac khong gian cac phép bién d6i A-tuyén tinh V.. Néu ky hiéu
W, ={xeS, /V,x=(0)} thitacé ding cau

S, /W =Hom,(V, .,V )=A,

Mot trng dung quan trong da dugc chimg minh dya vao dinh ly day dac nhu sau:(nhu
1a mot minh hoa dep vé tng dung cua dinh 1y day dic).
Pinh ly 1.4.4.(Pinh 1y Wedderburn-Artin) Gia sir R 1a vanh Artin don thi khi d6 R dang ciu
vo1 D, , trong d6 D, 1a tdp hop cac ma trdn vudng cap n lay hé tir trén thé D. Hon nita, n 13
duy nhat va D sai khiac mot phép dang cau. Nguoc lai, néu D 1a mot thé tuy ¥ thi D la
vanh Artin don.
Chirng minh. Trudc hét ta luu ¥ rang mot vanh vira don vira Artin thi n6 14 vanh nira don.
That vy, gid sit R 1a vanh don va Artin. Néu J(R)=(0) thi J(R)=R( d¢ y ring vanh don la
vanh khong c6 ideal thuc sy nao va R* =(0)). Mic khac R Artin nén J(R) lily linh suy ra R
Iy linh.

Nhung R* =R = R" =R #(0),Vn nén R khong lily linh(mau thuan). Vay J(R)=(0)
nén R niradon.  Ta chung t6 rang R nira don thi R 13 vanh nguyén thily, nghia 1a ton tai M
1a module trung thanh bat kha quy M. That vay, M 1a modun bat kha quy cua R, tap A(M) 1a
ideal hai phia cua R va A(M)=R suy ra AM)=(0) do d6 M module trung thanh nén R
nguyén thuy .
Theo dinh 1y day ddc R day dac trong Hom,(M,M); Rc Hom,(M,M) trong thé A=C(M)

ta ching minh rang R= Hom, (M ,M). Piéu d6 xay ra khi dim, M <oo. Gia st c6 mot day



v6 han cac vecto doc 1ap tuyén tinh Vi, Vs,V .. trong M. Ta xay dung mot diy giam cac
ideal phai nhu sau:
bat p = {x eR/vx=0,i= 1,2,..,n}={xeR/X linh héa cac v,,v,,..,v, }
Taco pop,2..20p, 2..Hon nita chung khac nhau, chrflng han ta chirng minh duogc rr?mg
p, # p,. That vay, vi v, v, doc lap tuyén tinh nén v6i hé gdm hai vecto 0 va v,, theo tinh day
dic ton tai reR sao cho v =0va v,r=v, suy rare p,(vi né linh hoa v,). Nhung re p, vi né
khong linh hoéa v,. Vay p, # p,, ta dugc ddy vo han that sy p, > p, >..0 p, ©.. . Do tinh
Artin ddy nay phai dimg(Mau thudn). Vay dim, M hitu han suy R dang ciu véi
Hom, (M ,M).
1.5 Vanh don - Vanh nguyén t6
Pinh nghia 1.5.1. Vanh R duoc goi la vanh don néu R’ #(0) va trong R khong c6 ideal thuc
su nao ngoai (0) va R.
Pinh nghia 1.5.2.1 Vanh R duoc goi 14 vanh nguyén t6 néu voi moi a,beR thi tir ddng thuc
aRb=0 suy ra a=0 hoac b=0.
Nhin xét. 1.Vanh R 13 vanh nguyén t6 néu va chi néu n6 théa man mot trong cac diéu kién
sau:

(a) Linh hoa tir bén phai ciia mot ideal phai khac (0) ciia R phai bang (0).

(b) Linh hoa tir bén trai cua mot ideal trai khac (0) ciia R phai bang (0).

(c) Néu A, B 14 hai ideal ctia R va AB=(0) thi suy ra A=(0) hodc B=(0).
2. Néu R 1a vanh don c6 don vi thi R 14 vanh nira don. That vay, vi R 1a vanh don va c6 don
vi nén J(R) #R nén J(R)=(0). Suy ra R 14 vanh ntra don. 3. Néu R 13 vanh Artin don
thi R 14 vanh ntra don. That vay, gid st R 1a vanh Artin don. Khi d6 J(R) Ity linh. Mt khéc
do R donnén R*> #(0)ma R’ laideal hai phia cia R nén R’=R#(0)suyra R" =R # (0);Vn
suy ra R khong ity linh. Do d6 J(R) #R ma J(R) 1a ideal hai phia cua R nén J(R)=(0). Suy ra
R 14 vanh ntra don.
4. Moi vanh nguyén thuy déu I vanh nguyén t6. That vay, gia sir R 14 vanh nguyén thiy, khi
d6 ton tai M 1a R_module trung thanh bat kha quy. Gia sir ta c6 aRb=(0). Ta ching minh a=0
hodc b=0. That vay, gid sir a#0, khi d6 aR 1a ideal phai chinh sinh boi a. C6 hai kha nang

Xay ra:



(a) aR #(0). Bit p=aR#(0). Khi 6 M p 1a module con ctia M va do M 1a module bét

kha quy nén M p=(0) hodc M p=M. Hon nita M 1a module trung thanh nén néu ta co

Mp=(0) thi  p=(0)mau thudn). Do d6 Mp=M, ta  cé:

Mb=(M p )b=M( pb)=M(aRb)=M(0)=(0)

Suy ra b linh hoa toan b0 M ma M 1a module trung thanh nén b=0.

(b) aR=(0). bat J={reR/rR :(O)}. Dé théy aeR va a#0 nén J la ideal cua R va
J#(0). Hon nita ta c6 Jb=(0) (vi beR). Do MJ 1a module con ctia module bat kha quy M nén
MJ=(0) thi J=(0)(mau thuan). Do d6 MJ=M, khi d6 Mb=(MJI)b=M(Jb)=(0). Suy ra b linh héa

toan b0 M ma M la module trung thanh nén b=0.



Chwong 2
CAC PINH LY VE TINH GIAO HOAN

Chung ta hiy bat dau v6i dinh 1y Wedderburn noi tiéng sau:
Pinh Iy 2.1.(Wedderburn) Moi thé hitu han 1a mot truong.
Pé chirg minh dinh 1y ta chimg minh b6 d¢é sau:
Bo dé 2.1. Gia st D 1a mot thé co dic sé p=0 va Z 1a tam cua thé D. Gia thiét rang aeD,
azl,agZva a?" =a, v6i sd tu nhién n> 1 ndo d6. Thé thi tdn tai xe D sao cho xax '=a’ #a,
v6i sO nguyén i ndo do.
Chirng minh. Xétanhxa 6: D —> D
X > X0 =xa—ax
Do dic s cua thé D bang p=0 nén ta suy ra x0” =xa” —a’x suy ra
x6" = xa?" —a”kx,VkZO. Gia
str P 13 truong con don trong Z , vi phan tir a 13 phan tir dai s6 trén P nén trudng P(a) ciing

hiru han va c6 p” phan ti. Khi 6, a” =a, do d6 x6” =xa” —a’ x=xa—ax=x0,VxeD,

nghiala 67" =&.Néu A e P(a) thi (Ax)d =(Ax)a—a(Ax)=A(xa—ax)=A(x5) vi rang hai

phan tir a va A 13 giao hoan ctia nhau. Bang cich ky hiéu anh xa AL: D — D;x > Ax ta suy
ra A1va & giao hoan dugc véinhau VA € P(a). Da thiuc #*” —¢ c¢6 thé phan tich trén P(a)

thanh nhitng nhén tir tuyén tinh " —¢= H (t— A) nhung do tinh giao hodn cia Alva &

AeP(a)

ta suy ra rang 0= 67" — &= H (0—-Al).

2=P)
ViagZ nén & #0. Gia sir k 1a s6 bé nhat sao cho ton tai A, 4,,..,4, € P(a) thoa
5(8 = A1)..(8 — A1) =0. Theo gia thuyét s6 k nhu thé ton tai, hon nita k>1 vi § #0. Do
A, Ay, A, € P(a) thi tdn tai phan tir re D ndo d6 sao cho r8(5 —A1).(6—A,_I)=w#0
nhung (5 — A,1) =0 nghia 12 wa-aw=4,0.Do @+ 0 néntacd waw ' =a+ 4 e P(a), hon
nita waw ' #a do 4, #0.
Truong P(a) 14 hitu han vi vAy nhém nhan cta n6 13 xyclic va do d6 bat ky hai phan tr

khac 0 ctia P(a) ma néu c6 chung mot bac (d6i véi phép nhan) thi phan tir nay 1a iy thira cua



phan tir kia. Hién nhién tinh chiat d6 ciing dtng cho cip phan tr a va waw™'. Vay
waw ' =a'véiinao do.
Bay gio ta ching minh dinh 1y Weddeburn.
Chirng minh.Gia st D 1a mot thé va Z 1a tdm cua n6. Néu truong con don trong Z ¢ p phan
tir thi nd co dic s6 p va c6 thé xem D la khong gian tuyén tinh trén Z, do d6 D cé chira
q=p" phan tir. Chung ta quy nap theo n rang moi thé c6 cip p* (k<n) déu giao hoan (va do
dé 1a mot truong).

Néu a, b 13 cac phan tr cia D ma ab=ba thé thi ab’=b‘a khi va chi khi »' € Z. That
vay, tap N(b' )={x eD/xb' = b‘x} 1a thé con ctia D chita a,b nén N(»') khong giao hoan,
theo gia thiét quy nap N(»') tring vé6i D, diéu d6 c6 nghia 1a b’ € Z.

m(u)

Néu ueD, t6n tai m(u) 1a s6 nguyén duong bé nhét sao cho u™"™ €Z. Bing cach chon

acD maagZ va m(a) sd bé nhit trong cac m(u) d6. Dt m(a)=r, hién nhién r 13 sé nguyén t4.
That vy, gia st r=pq trong d6 p,q thudoc N khiac 1 va nguyén t6 cung nhau. Vi
a"=a’ =(a")’ €Z. Xét phan tirb=a” € D va b’ =(a”)' € Z v6i q<r mau thudn véi tinh b¢
nhit cta r. Vay r 1a sé nguyén td.

9 \ 3\ . by Y _ i e — jk % A
Theo bo dé 2.1 ton tai phan tir xe D sao cho xax ' =a’. Do d6 x‘ax™ =4’ . Dat biét
p

—(r-1) 1

voik=r-1tacd xax " =4Aa v6i AeZ vii" =1(r). Pé y ring xazax va x" ¢ Z(do tinh
bé nhat cta r va dinh nghia tap N(5")). Tir d6 suy ra rang x''a #ax’" nghia 1a A=1. Dt
x"" =b tanhan dugc bab™' =Aa, do d6 A’a" =(bab™') =ba'b ' =a’vi vy A" =1, cung voi
dang thitc b'ab” = A"a=a; b'a=ab’ tasuyra b’ e Z. Kyhitua =aeZ vab =feZ.

Ta khang dinh rang, néu u, +ub+..+u_»b"" =0 trong d6 u, € Z (a) thi tit ca cac phan
tir u, phai bang 0. That vdy, gia st ta c6 hé thac wu,+ub™+.+ub™ =0
(O <m <.<m, < r) c6 s6 cic sb hang bé nhat; bang cach két hop véi a va chu ¥
rang:a 'ba=Ab; a'b*a=1"b" ta nhan duwoc u, +u,A"b™ +..+u, A"b™ = 0. Bang cach trir di
cac vé tuong tmg ta duoc ub"(1-A")+.. +u b (1-1")=0. Vi rang A#1va A" =1(r
nguyén td) nén A’ =1 khi 1<i<r.Nhu vay s& phat sinh mot hé thirc tong quat hon tuwong tu

hé¢ thic ban dau la khong thé duge. Tuong ty néu v,+va+..+v _a '=0 trong d6



v. € Z(b)thi tit ca phan tir v, = 0. Dat biét cdc da thiic 1" —a va ¢ — B 1a nhiing da thiic cuc
tiéu trén Z tuong tng v4i a va b. Do do: [Z(a) : Z] = [Z(b) : Z] =r

Xét anh xa @:Z(a)—> Z(a);x > bxb™' 13 tu dang cdu khong dong nhit cia trudng
Z(a), riéng cac phan tir ciia Z qua 4nh xa nay s& khong thay d6i. Vi rang ¢ 1a t dang cdu béc
rva [Z(a):Z]=r nén céc lily thira ciia tw ddng cdu ¢ s& vét hét tat ca céc tw dng clu cla
truong Z(a) trén Z cua Z(a).

Ta biét rang tir tinh hitu han cta Z(a) suy ra c6 thé biéu dién moi phan tir u € Z dudi
dang u=x@(x).¢ '(x), & ddy x 13 phan tr ndo d6 cua Z(a). Truong hop dic biét,
B =yp(y).0 " (y) voiyeZ(a). Nhung khi d6:

(1= yb)(1+ yb + yp(»)b” +..+ yo(y)..p > (1" =
=1+ yb+ yp()D* +..+ yp(»).90" " (Wb = yb = y°b* = y’be(y)b” — ..~
ybyp(y).¢ ()b’ =(d¢ y ring yeZ(a) nén y=@(y) nén ta  co
yo(»)b* = y°b* .. )=1—yp(y).0 " ()b =1-b"b"=1-1=0. Suy ra hodc 1-yb=0 do do6 b
kha nghich (mau thuan), hoic 1+ yb+ yp(y)b> +..+ yo(y)..0 > (y)b" " =0. Theo nhan dinh
trén suy ra 1=y=y ¢(y)=..=0 (mau thuan).

Nghia 1a ca hai truong hop trén déu khong xay ra. Dinh 1y dugc chimg minh.

Sau day 1a mot s6 hé qua suy ra tir dinh Iy Wedderburn.

B6 dé 2.2. Néu D 1a mot thé c6 dic s6 p=0 va G 13 nhém con nhdn hiru han cta D thi G 13
mot nhom abel (do d6 G 1a nhom con xyclic).

Chimng minh. Gia st P 13 truong con don cta thé D (suy ra P c¢6 dang p phan tir). Tap
A={> ag /a €P,g eG}. RS rang A 1a vanh con hiru han ciia D, do d6 A tré thanh the
con hiru han va la mot truong. Vi G < A nén G 1a mdt truong. Vay G giao hodn . Khong chi
c6 thé hiru han méi giao hoan, ta c¢6 két qua mé rong hon trong mot thé nhu sau:

B6 dé 2.3. Giasir D 1a mot thé trong d6 véi mdi phan tir aeD déu ton tai s6 tu nhién n(a)>1
sao cho a"® =a. Luc d6 D 1a thé giao hoan. Chirng minh. Vi ring 2D va
2" =2 v6i m>1 (chimg minh 2” =2 nhu sau: Ta ¢6 1 eD=2=1+1eD theo gia thiét Im>1:
2" =2). Nén suy ra D ¢o dic s6 hitu han p (chimg minh D ¢6 dic s6 hitu han p nhu sau: Vi

2" =2=2(2"" =1)=0, do D 1a mot thé nén ta suy ra: hodc 2=0 hoic 2" =1.



o Néu2=0= 1+1=02.1=0: D ¢6 dic s0 2.

e Néu (2" =1).1=0 =D co6 dic sb p (v6i p nguyén té va 1a wéc cia 2" —1)

Néu D khong giao hoan va Z 1a tdm ctia D thi ton tai phan tir a cia D khong nam trong
Z. Gia st P 1a trudng con don trong Z. Vi rang phan tir a 1a dai s trén P nén truong P(a) hitu
han va co tit ca p*phan tir. Khi d6 a” =a va thoa cac diu kién cta bd dé 2.1, do dé ton tai
beD sao cho bab™' =a’ #a,ba=a’'b. Hé thic sau cing véi diéu kién 12 a, b ¢6 bac hitu han
dan dén nhom nhan G 14 hiru han duogc sinh ra boi cac phan tir ciia a va b. Do d6 theo bd dé
2.2 nhém G giao hoan nhung diéu nay mau thuin voi diéu kién ab=ba.

Mot trong nhitng két qua quan trong dugc mé rong tir dinh Iy Weddeburn 1a dinh 1y
Jacobson, cho chung ta mot diéu kién kha manh dé vanh R tré thanh giao hoan.
Pinh Iy 2.2. (Jacobson) Gia sir R 1a mot vanh trong d6 vi moi phan tir ac R déu ton tai s tur

nhién n(a)>1 sao cho a"®

=a . Khi d6 vanh R 14 vanh giao hoan.
Chirng minh. Ta thiy ngay vanh R 13 nira don. That vay, néu acJ(R), tir dang thirc a"® =a
c6 thé viét lai dudi dang a=ax trong d6 x=a""' € J(R), nhung khi dé ta co nhan xét sau:
Néu u=ux trong d6 ueR va x eJ(R) thi u=0 (hién nhién vi xeJ(R) nén -xeJ(R) do d6 3x € R
sao cho —x+x +(-x) x'=0.T4c dong u vao hai vé ta duoc —ux+ ux -uxx =0 hay 0= —utux -
ux =-u =u=0. Vay a=0 do d6 J(R)=0).

R 13 vanh nira don nénR 14 tong truc tiép con ctia cac vanh nguyén thity R ; mdi vanh
R, laila anh dong cau ciia vanh R nén ciing thoa min diéu kién a"® =a . Hién nhién diéu
kién nay cling duogc thoa trong moi vanh con cua R, va trong anh dong cau ctia no. Theo dinh
1y 1.4.4 d6i véi mdi vanh R, t6n tai thé D sao cho:

e Hodcla R =~ D, (D, vanh cic ma tran vuong cap n ldy hé tir trén thé D nao do)

e Hodcla Vm=>1, D, la anh d@)ng cAu ctia vanh con nao do6 cua R, .

Tur khang dinh rang néu R, ma khong dang cau voi thé D thi v6i k>1, trong vanh D,

n(a)

thoa man tinh chat a"® =a, n(a)>1, YaeD .- RO rang tinh chat nay khong ding véi phan tir:

01 0.
0 0 0.



phan tir nay théa man dang thirc a>=0, do d6 R 1a mot thé va theo bo d& 2.3 R 1a giao
hoan. Nhung khi d6 R giao hoan (nhu 14 tong truc tiép con ciia cac vanh giao hoan).

Pinh Iy 2.3. Gia st R 1a vanh trong d6 Vx,y € R, ton tai s nguyén n(x,y)>1 sao cho

(xy — yx)"™ = xy — yx, thé thi vanh R 1 giao hoan. Chirng minh. Ta bit
dau ching minh dinh 1y nay trong truong hop dic biét:

R 1a mot thé sau d6 ching minh trong truong hop R vanh nguyén thity, R 13 vanh nira don va
cudi cung 1 vanh tiy .

Bo6 dé 2.4. Gia s D 1a mot thé thoa mén diéu kién Vx, y€ER, ton tai sb nguyén n(x,y)>1 sao
cho (xy — yx)"™” = xy — yx, khid6 D giao hoan.

Chirng minh. Gia st a, be D ma c=ab-ba=0, theo gia thiét ¢" = c vdi m>1. Néu Z 1a tim thé

Dva 0% AeZ thi Ac=(Aa)b-b(la). Do d6 tdn tai n>1 sao cho (Ac)" = Ac. Pit q=(m-

. , _ _ — n —m— —m—
1)(n_1)+1, khl dO , cq :c(m 1)(n-1)+1 :cmn m—n+1+1 :(cm) c m n+1.c:cn m n+1.c:

—m+1 -m

=c"c=c"cc
=c".c"e=c va (o) = (Ac)" " Ae =] (o) | (Ae) " (Ae) " Ac.Ac
=(Ac)" (Ac) " .(Ac) " (Ac)" Ac = Ac.
Ta c6 0=(Ac)! —Ac=A%" —Ac= A% —Adc=(A? — A)c nhung D 1a mot thé nén A7 — 1=0.
Nhu vay VA e Z,3g>1 sao cho A¢ =1 13 rang trong trudng hop ndy Z c6 dic sb hitu han
p=0. Ky hiéu P 1a trudng con don cua truong Z. Ta khang dinh rang néu thé D khong giao
hoan thi cic phan tir a, b c6 thé biéu dién lai thanh phan tir c=ab-ba khong chi khac 0 ma con
khong thudc Z. That vy, vi Z chita cac phan tir giao hoan nén ceZ va ac=a(ab)-(ab)acZ
suy ra acZ do d6 0=ab-ba=c=0(mau thuan).

Nhu vy ta c6 thé gia thiét ring c=ab-bagZ. Vi ¢" =cnén ¢ 1a phan tir s6 trén trudng
P vi viy ¢’ =c véiphan ti k>0. Phdn tir ¢ thoa man tAt ca cac didu kién cta bd dé 2.1 do do
ton tai xeD sao cho xex™' =¢' # ¢, nghia 1a xe=c'x # cx. Tir 46 d=xc-cx=0 dong thoi ta co
dc=(xc)c-c(xc)= c'(xc —cx)=
=c'd . Phan tir d ¢6 bac hitu han va ded ™ =¢' # ¢. Nhung khi d6 nhom con nhén sinh bai ¢
va d trong D 12 hitu han, theo bd d& 2.2 D phai giao hoan. Vi rang cd=dc nén ta c6 diéu mau

thuan.



Bay gio ta chimg minh dinh 1y 2.3.

Gia st R 1a vanh trong d6 (xy — yx)"*" =xy — yx, Vx,y € R. Néu R 1a vanh nira don
thi né dang cau véi tong truc tiép con cac vanh nguyén thily R ,ngoaira R 1a anh dong cu
cua vanh R, cac R thoa man cac diéu kién trong R. Chiing ta di chimg minh mdi R, 1a giao
hoan.

Mit khac ta c¢6 thé gia thiét rang R 1a vanh nguyén thuy, trong trudng hop d6 co thé
ching minh ring R~D, D 1a mot thé nao d6. Hoic 1a v6i sé nguyén k nao d6 vanh ma tran
D, trén thé D phai 14 anh dong cdu cua vanh con nao d6 ciia R va do d6 thoéa méan cac diéu
kién cta dinh ly. Ta ching minh rang diéu sau khong thé xay ra. That vay dé dang thay diéu

kién doi héi bi vi pham d61 voi cac ma trén.

1 0..0 01.0

00. 0 . 00. 0
a= va b=

00 0 00 0

Vi b=ab-ba=0; »*=0. Nhu vay néu vanh R 13 ntra don thi n6 phai giao hoan.

Bay gid gia sir R 1a vanh tiy ¥ théa mén cac diéu kién cua dinh ly. Khi d6 chinh céc
diéu kién cua dinh 1y ciing théa man dbi v6i vanh thuong R/J(R). Vanh thuong R/J(R) nira
don theo chtmg minh trén nd giao hoan. Do d6 xy-yxeJ(R),Vx,y e R. Tir d6 ta co thé két
ludn xy-yx=0. No61 cach khéac vanh R 1a giao hoan.

Pé xét tiép cac kha ning, chiing ta nhic lai khai niém tach duoc:

Gia str da cho céac truong K va F, thém vao dé K 1a mo rdng dai s6 cia F. Phan tiraeK
duoc goi 1a tach dwoge trén F néu da thuc tdi tiéu cua a 1dy hé tr trén truong F khong co
nghiém boi.

B6 dé 2.5. Gia st K 1a truong md rong cua truong F; K#F va gia thiét ring Va € K, ton tai

"@ e . Khi d6 mét trong cac diéu sau 1a ding:

s6 tw nhién n(a)>0 sao cho a
1. K thuan tiy khong tach dugc trén F.
2. K co dic s6 nguyén t6 va 1a dai sd trén truong con don P.
Pinh 1y 2.4. (Jacobson-Noether) Néu thé D khong giao hoan va c6 cdu trac dai sb trén
chinh tdm Z cua D, thé thi D chira phan tir tach dugc trén Z nhung khong thudc Z.
Chimng minh. Néu dic s6 ctia D bang 0 thi moi phan tir cia D déu tach duoc trén Z. Ta xét

mot vanh chia D ¢6 ddc s6 p=0.



Néu dinh 1y 1a sai thi D hoan toan khong tach dugc trén Z tic 1a voi moi xeD thi

n(x) fe A A . . A Lo
P eZ véi so nguyén n(x)=0. Do d6 ta tim dugc phan trac D, a¢Z sao cho a’ € Z.

Bﬁng cach dinh nghia anh xa: 6:D — D;x+> x0 = xa—ax. Khi d6 do D c6 dac s6
p#0 nén xo? =xa” —a’x=0(vi a” € Z). Talai c6 agZ nén 6 #0. Gia stt yo =0, khi do ta
tim dugc k>1 sao cho y&*=0, y5*' 0. Pat x=y5“", vi k>1 nén x c6 thé bicu dién dudi
dang x=wod = wa —aw . Mt khac x 6 =0 va xa=ax. Hon nita vi D 1a thé nén x co thé biéu dién

dudi dang x=au. Do x giao hodn v4i a nén u cling vay. Tur d6 ta c6 dang thirc au=wa — aw

1 1

suy ra a=(wa —am)u '=(wu ' )a—a(wu"')=ca—ac trong d6 c=ou'. Tt 46 dé dang suy ra

c=1+aca™. Nhung  véi t  nao doé ta lai co ' eZ nén
¢” =(1+aca')” =1+(aca’)” =1+ac’a' =1+c¢” (vi ¢’ €Z). Mau thun vi 1=0.

Hai két qua trudce cho ta mot dinh 1y 14 tong quat héa cua dinh 1y Jacobson va Jacob-
son-Noether. D6 ciing 1a phép chimg minh cua Kaplansky ddi v6i vanh nira don.
Pinh Iy 2.5.( Kaplansky )Gia sir R 14 vanh c6 tdm Z va gia sir rang Va € R t0n tai sd nguyén

"@ ¢ 7 . Khi d6 néu R khong chtra nil ideal thi né phai giao hoan( hay ideal

n(a)>0 sao cho a
cac giao hoan tir cia R phai 1a nil).
Chirng minh. Trudce hét ta ching minh rang dinh 1y dang véi thé. Néu R 1a thé thi theo cac
diéu kién ctia dinh Iy né 1a mot dai s6 trén tam Z cua nd va theo dinh 1y 2.4 hodc R giao hoén
hodc R chira phan tir a¢Z, tach dugc trén Z. Trong truong hop sau, trudng Z(a) khong 1a
hoan toan khong tach dugc trén Z va thoéa man diéu kién bod dé 2.5. nén ta suy ra Z(a) va do
d6 Z c6 dic s6 nguyén to p=0 va dai s6 trén chinh trudng con don P. Néu x 13 phan tir ty ¥
ctia R thi x dai s6 trén Z nghia 1a dai s6 trén P. Piéu nay cho thiy P(x) 1a mét truong hitu
han. Nhung khi d6 x"* =x v&i m>1 theo dinh Iy Jacobson (dinh 1y 2.2) suy ra R giao
hoan.

Bay gio xét R 13 vanh nguyén thily. Néu vanh R 1a mot vanh nguyén thuy. Néu vanh R

nguyén thuy thi hoac né Ia thé hodc 1a v6i k>1 vanh ma tran D, léy hé tr trong D 1a anh

dong cau ciia mQt vanh con cua R. V&i kha ndng sau trong D, ta xét phan tir:



Thoa man dang thirc x" = x v6i m>0 nhung dong thoi x khong thudc tam D,. Tt do suy ra
R 1a thé va khi d6 R giao hoan (theo chimg minh trén).

Gia st R 1a vanh khong c6 nil_ideal khac 0 va thoa méan diéu kién a"® € Z. Ta c6 tinh
chat sau: vanh R 13 dugc biéu dién thanh tong truc tiép con cac vanh nguyén t6 R . Hon nira
vanh R thoa tinh chat bd sung: Voi mdi R, déu ton tai mot phan tir khong liy linh X, €R,

sao cho v&i moi ideal khic (0) # U, < R thi x™ e U, véi m(U)>0 nao d6. Vi la anh dong

a

"@ e 7 . Vay dé chimg minh dinh 1y, ta chi can chimg minh

cau cta R nén R thoa gia thiét a
trong vanh R, .

Néi cach khac, ta co thé gia sir R 1a vanh nguyén t6 thoa diéu kién a"“ € Zva chira
phan tir khong liiy linh beR sao cho v6i moi ideal (0)#U < R thi 5" eU . Do b""=ceZ
ciing khong lity linh va cac liy thira ciia n6 trang voi bac cua tit ca cac ideal khac 0 ciia vanh
R nén ta c6 thé bat dau voi gia thiét beZ. Vi R nguyén t6 nén mdi phan tir ciia Z khong chia
hét 0 trong R.

Gia su 9%={(r,z) /reRzeZ,z+# O} ta dinh nghia trong ‘R mot h¢ thirc tuong duong
nhu sau: (7,z,) ~ (%3,2,) néu rz, =r,z,. D& dang kiém chimg ring hé thirc nay la mot quan
h¢ twong duong. Tap hop cac 16p twong duong ky hi¢u R*, ky hi¢u 16p cua (r,z) 1a [r,z].

bat [”1:21] + [rz,zz] = [rlz2 + rzzl,zlzz]

[rn.2,][n.2,]=[rn.22]
Do cac phan tir ciia Z khong 13 udc cua khong trong R nén cac phép toan nay dugc dinh
nghia tét va R* 1a mot vanh. Hon nita anh xa bién r —[rz,z] 1a phép nhing R vao R*. Cudi
cung tdm Z" cua vanh R° trung v6i tip hop {[r,z]/r € Z} va suy ra ngay Z'1a mét truong.

Néu [r,z]e R thi [r,z]"" =["",2""]e Z" do d6 R'c6 tinh chdt ma R c6. Nhung
R* 1a vanh don (that viy, néu U’ #(0) 1a mot ideal cia R* thi ta kiém tra duoc
U={(r,2)/[r,z]eU",z € Z} 1a ideal khac 0 ciia vanh R nén "’ eU ma 0=5"" e Z(vib
khong lity linh va beZ) nén tir d6 ta suy ra U* chira phan tir khac 0 cia Z*). Nhung Z" 13
mot trudng vi vay U'=R" va khang dinh cua ching ta v6i vanh don R* di duoc ching

minh. Sau nay vdi vanh don ¢6 don vi thi vanh R* nguyén thuy va theo chiing minh trén R*



phai giao hoan. Khi d6 vanh R ciina giao hoan vi R dugc nhing vao R*.Téi day dinh ly da
dugc chimg minh.
Nhan xét. Ménh dé nay thuc su 1a sy mo rong cua dinh Iy Jacobson (dinh 1y 2.2) vi néu R 1a
vanh thoa x"® = x, n(x)>1 thi R khong chtra phan tr lity linh khac 0 nén khong co nil_ideal
khéc 0.

Mit khac néu e 1a mot phan tir liiy dang trong R thi véi moi xeR ta co:
(xe — exe)2 =0=(ex —exe)’ suy ra xe-exe=ex-exe=0 (vi R khong chtra phan tir lity linh khac
0) Vay xe=ex, hay moi phan tir lily dang déu thudc tim. Do d6 néu a"™ =a, n(a)>0 thi
e=a"™"' 1a mot phan tir liiydang va theo chimg minh trén ta suy ra a" "' €Z.
Nhu vy cac gia thiét cia dinh 1y 2.5 déu thoa nén R giao hoan.
Pinh 1y 2.6. Gia st R 1a vanh voi tim Z va gia s ton tai s6 nguyén n>1 sao cho
x"—-xeZ,VxeR.Khidd vanh R 12 giao hoan.
Chirng minh.Ta xét tat ca cic truong hop sau:

Ta bat dau v6i trudng hop R 1a mot thé. PE y rang xeR, x¢Z thinéu A eZ tir hé thuc
(xlx)" — Ax € Z suy ra rang (1" —1)er. VixgZ nén A"-1=0, VAieZ do d6 Z la mot
truong hitu han. Vi R dai s6 trén Z nén ta nhin duge x"* =x, VxeR. Khi d6 theo dinh ly
Jacobson suy ra R giao hoan.

Néu vanh R nguyén thuy ma khong 1a thé thi v6i thé D nao d6 va sé k>1 vanh D, 1a
anh dong ciu ciia vanh con R. Do d6 trong D, thoa diéu kién x" — x € Z. Tuy nhién phan sau

khong thé xay ra chang han véi phan tu:

010.0
000.0
xX= eD,
000.0

thoa hé thic x* =0;x" —x =—x €Z (mau thuin vi x khong nam trong tim cia vanhD, ). Tu
d6 suy ra R 13 thé va do d6 1a truong.

Néu vanh R 13 ntra don thi n6 1 tong tryc tiép con cac vanh nguyén thuy R . Mbi
vanh R la anh ddng ciu cua vanh R va theo phan ching minh trude R giao hoan. Vay R 1a
giao hoan.

Chuyén qua truong hop tong quat, ta c6 R/J(R) nira don nén giao hoan.



HE qua. Vx,y e R, ta co xy-yxeJ(R).

B dé 2.6. JR)cZ.

Chimng minh. Ta thiy rang néu 1eZ va xeR thi (A" - A)x €Z do do, VyeR ta co
(/1" — ﬁ)(xy —yx)=0.

Néu 2eZNJ(R)thi 2" e J(R) va dang thirc (1-z"" )z =0 thi suy ra t=0. Vi vy
(1 - Z”‘l)/l(xy - yx) =0 suyra A(xy—yx)= 0doi véi moi AeZNJ(R) va Vx,yeR.

Bay gio gia sir a phan tir tiy ¥ ctia J(R) khido a” —a e ZN J(R) vado
(a" - a)(xy - yx) =0suy ra a(xy — yx) =0. Tuong tu ta nhan dugc (xy—yx)a=0, ae J(R)
va Vx,yeR.

Trong nhirng hé thirc ndy ta dit x=a ta nhan duoc dang thic a’y =aya=ya’, tir 6
suy ra a’ € Z, YaeJ(R). Néu n chin thi cing véi phan tir a*, phan tir a” cling thudc Z, va
tir didu kién a" —aeZta nhan dugc acZ. Néu n 1é thi «"'eZnJ(R) va didu kién
a" —aeZ kéo theo 0=(a" —a)x-x(a"—a)=(1-a"")(xa—ax), VxeR. Tu do suy ra xa-ax=0
nghia 12 ac Z. Nhu vy trong ca hai truong hop a déu thudc Z. Vay J(R)c Z.

Theo chtng minh trén ta rat ra duoc rang: J(R)(xy-yx)=0. Mit khac theo hé qua cua
dinh 1y 2.6 ta c6 xy-yx € J(R). Nhu vay (xy — yx)’ =0ciing véi n>1 tacd (xy —yx)" =0, do
doé tr (xy — yx)" —(xy — yx) € Z tarltra xy-yxeZ.

H¢ qua. Vx,y € R, xy-yxeZ va thoa min dang thic (xy — yx)* =0.

Ta dinh nghia vanh khong thé phan tich thanh tong tryc tiép con: vanh duoc goi la
khong phén tich dugc thanh tong truc tiép con néu giao cua tat ca cac ideal cua nd 1a mot
ideal khac (0). Theo két qua phan I moi vanh 1a tong truc tiép con cia cac vanh khong phan
tich dugc. Do d6 ta chimg minh dinh 1y trén chi can dbi v&i vanh khong phan tich duoc
thanh téng truc tiép con dugc.

Ta bét dau gia sir rang R 1a vanh khong thé phan tich thanh tong truc tiép con, sao cho
x"—xeZ, VxeR.Gia st S 1a giao cia tit ca cac ideal khac (0) cta vanh R, theo gia thiét
S#(0). R rang S 1a ideal tdi tiéu duy nhat cua vanh R. Theo két qua dinh 1y 2.5 ta c6 the gia
sir J(R)# (0) néu khong R giao hoan. Nhu vy ScJ(R) ; theo bd dé 2.6 J(R)=Z nén Sc Z.
Vi ta c6 J(R)(xy-yx)=(0) ta dat dugc S* = (0) néu R khong giao hoan.

Chung ta chimg minh mot s6 két qua sau:



B6 dé 2.7. Ton tai s6 nguyén td p sao cho p(xy-yx)=0, Vx,y € R.

Ching minh. Vi x" —xeZva (2x)"-2xeZ nén (2" -2)xe Z tr d6 (2" —2)(xy —yx)=0.
Néu vanh R khong giao hoan thi n6 s& c6 cac phan tir voi bac cong tinh hitu han. Khi d6 né
c6 phan tir bic nguyén t6 p nao do. Gia st R, ={xeRe/px=0}thi R #(0)va R la ideal
trong vanh R chira S. Néu véi s6 nguyén t6 q nao d6 khac voi p va ideal R #(0) thi

Sc R nhung khi d6 Sc R, M R, =(0) tréi gid thiét S = (0).

Bay gi (p" — p)(xy—yx)=0,Vx,ye R, nghiala (p"" ~1)p(xy—yx)=0.Vi p"" —1
nguyén t6 cung nhau véi p nén theo chting minh trén ta co
p(xy-yx)=0. B6 dé duoc chirng minh.

Gia st x,y 1a cac phan tir tiy ¥ cta R, theo hé qua ctia bd dé 2.6 thi xy-yxeZ. Didu
nay con dung cho phan tir x’y — yx*? Bién ddi ta dugc x2y — yx’= x(Xy-yx)HxXy-yx)x=2(xy-
yx). Tuong ty bién d6i s6 k>1 ta duge: x'y —yx* =x'y — yx* = kr* ' (xy — yx) . Dic biét véi
k=p ta nhan dugc: x"y— yx’ = px”"(xy — yx)=0.

Do d6 ta c6 b dé sau:
Bo dé 2.7. VxeR, x"eZ.

bit A(S)={xeR/xS=(0)}. Khi d6 A(S) la ideal trong R va vi §°=(0) nén Sc 4(S);
A(S)=(0).

Gia sir xe A(S); theo bd d& 2.7 x” € Z do d6 Vy,z € R, ta co dang thic

(x” = x")(yz—zy)=0 hay 1a x"""x"(yz—zy) = x"(yz — zy).

Vi x"? € Z nén tap T={r eR/x""r= r} 1a mot ideal cua R. Néu ideal T (0) thi n6

(n=D)p

chira S. Nhung diéu nay khong thé xay ra vi néu 0=reS vi xe A(S), x""r=0=r. Vi vay
T=(0) nhung x"(yz—zy)eT =(0)suy ra x’(yz—zy)=0, Vxe A(S), Vy,zeR. Cu thé ta co

p+l p+l

x"(yx—xy)=0 hay x"'y=x"yx=x"" vi x" €Z. Tiép tuc thuc hién nhu trén ta duoc

X"y =" Vk>0 va x" e Z.
A R \ N 2 ,
Tu dieu kién x" —xe Zva (x")" —x" e Ztasuyrarang x" —xeZ. Tuong tu ta cod

thé chimg minh duoc ring X" —xeZ , Vk >1, chon k thoa n* > p. Vi X" eZ va

n*

x" —xeZ nénxeZ.

Do d6 ta ¢6 bo dé sau:



B6 dé 2.8. A(S)cZ.

B6 dé nay chimg to rang dic biét néu A(S)=R thi R 1a vanh giao hoan. Vi vay ta gia
thiét rang A(S)#=R.

Gia str a 12 uwéc ciia 0 ctia vanh R, nghia 13 3x e R:ax=0. Khi d6 ta ciing c6 dang thirc
ax”=0.Néu x” #0 theo bd d& 2.7 suy ra x” €Z. Néu chinh x”=0 thi xeZ. That vay dbi voi
s0 k thoa n* > p thi x" =0 ma theo chimg minh trén ta co X —xez , do d6 xeZ. Suy ra
rang trong moi trudng hop phéan tir a linh hoa phéan tir z# 0 va ze Z nao d6. Vi rang z# 0 nén
Rz#(0). That vay trong trudng hop ngugc lai ta nhan dugce tap hop {x €R/Rx= (O)} la ideal
khac (0) chira S, do @6 R=A(S). Dé ¥ riang ze Z ta thu duoc Rz 1a ideal khac (0) cua vanh R
tir 46 Sc Rz. Khi d6 aS < aRz c azR = (0), ac A(S). Vay ta c6 bo dé sau:

B6 dé 2.9. Moi udc cua 0 trong vanh R déu thude A(S).
Bo dé 2.10. Vanh thuong R/A(S) 1a mot trudng hitu han.
Chirng minh. Trudc hét ta chimg minh R/A(S) 1a mot truong,

Néu s 1a phan tir khac 0 ctia S thi se€Z va Rs la ideal ctia vanh R, theo ching minh
trén Rs phai 14 ideal khac (0), ttr d6 S Rs. Mat khac vi se S va S ideal trén vanh R nén Rs
< S vi vay S=Rs.

Gia st x 1a phan tir tiy ¥ cua R khong nim trong A(S). Theo bd d& 2.9 phan tir x
khong phai 1a wéc cia 0 trong R va xs khac 0 cua S. Do phan trén: Rxs=S; néu zeR, z¢ A(S)
thi phan tir zse S=Rxs do d6 Jy € R: zs=yxs tir 46 (yx-z)s=0. Vi rang phan tir yx-z khong 1a
udc cta 0 nén yx-ze A(S). Chuyén qua anh dong cdu trong vanh thuong §=NA(S) ta nhan
duogc ;)_c =z.Tada ching minh rang phuong trinh twong tng trong vanh thuong R c6 thé
giai duogc Vx#0 va z nao d6.Do d6 R 1a mot thé. Vi rang moi giao hoan tir yx-xy 1a wéc
cua 0, Vx,y € R nén xy-yxe A(S). Tur d6 suy ra vanh thuong R giao hoan. Nhu vay ta da
ching minh dugc R/A(S) 1a mot truong.

Biy gid ta xét tinh hitu han cioa R/A(S). Néu xe¢A(S), vi x*€Z nén
(x" —x")(yz—zy)=0,Vy,z € R. Néu R khong giao hoan thi phan tir x” —x”1a udc cua 0 va
do do6 thudc A(S). Nhung khi dé trong truong E=NA(S) mdi phan tir x théa man hé thirc
x =x .Tirdo suy ra tinh hiru han cta truong R.

Bay gio ta ching minh dinh 1y 2.6



Vi rang E=NA(S) 1a truong hitu han nén nhom nhan cac phan tir khac 0 cta R 1a
nhom xyclic. Gia sit @ 13 anh cia phdn tir cia nhom nay va 1a tao anh cua aeR . Néu
x¢ A(S) thi a' —x e A(S) = Z voi t>0 ndo d6. Do d6 (a' — x)a==a(a' — x) suy ra phan tir a
giao hoan v6i moi phan tir xg A(S) chung to acZ. Tir diéu kién a' —xe A(S)c Z thoa
Vx € R nhung x ¢ A(S) suy ra xeZ. Nhung A(S) va phan bu ciia né nim trong Z nén moi
truong hop ta déu c6 R=Z. Pinh Iy duoc ching minh.

Phan II trinh bay ndi dung dinh 1y quan trong Wedderburn va cac van dé lién quan dén
tinh giao hoan cua vanh. Tiép theo chung ta s€ xét mot hudng mé rong tich cuc khac cuc
khac cua Herstein: Khai niém si€u tdm ctia vanh dugc Herstein trinh bay trong bai bdo: On

the Hypercenter of a ring ndm 1975.



Chuong 3
SIEU TAM CUA VANH NUA DON

Cho vanh R, nguoi ta goi tam cua vanh R 1a tap hop:

C(R)={a eR/ax=xa,Vxe R} . Pay 1a tap hop cac phan tir ciia R giao hoan véi moi
phan tir ciia R. D& dang thay ngay rang tdim C(R) cuia vanh R ciing 1a vanh con, hon nita 1a
vanh giao hodn. Herstein dd m¢ rOng khai niém nay bﬁng khai niém siéu tdm dugc dinh
nghia nhu sau:

Ta goi si€u tdm vanh R 1a tap hop:

T(R)= {a eR/ax" =x"a,n=n(x,a)>1,Vx e R}

Ménh dé 3.1.
1. C(R)c T(R).
2. T(R) 1a vanh con cua R.
3. Vpe Aut(R)= @(T(R)) = T (R).

Ciing nam 1975, Herstein da dat bai todn nguoc lai liéu vanh R nhu thé nao thi siéu
tam T(R) tring v6i tam C(R) va giai quyét cho 16p cac vanh cang rong cang tot.

Pau tién ta s& xét trudng hop R 14 mot thé:

Bo dé 3.1. Néu R 1a mot thé thi T(R)=C(R).

Chirng minh. Vi R 1a mét thé nén T(R) khong nhimng 14 vanh con ma con 1a mot thé con.
(That vay, ta c6 1eT(R). Gia st ae T(R) suy ra Vxe R,dn>1 sao cho ax"=x"a (1), vi
acRnén a' eR. T (1) tasuyra x"a”' =a'x" nghia la a” e T(R)nén T(R) 1a mot thé.) Vi
o(T) = T(R),Y ¢ € Aut(R) nén theo dinh 1y Brauer (dinh 1y: Néu T 13 thé con cua thé D
dugc bao toan qua moi tu déng ciu Aut(D) ctia D thi hoac T=D hoac T la tap con cua tam D.
(On a theorem of H.Cartan dang trén t& Bull. American Math Society 55(1949) page 619-
620)), ta phai c6 T(R)=R hoidc T(R)c C(R). Néu T(R)c C(R) thi T(R)=C(R). Gia sir T(R)=R
thi Va,be R, ta cd ab" =b"a, v61 n=>1 nao do. Theo dinh 1y 2.5 suy ra R giao hoan hay
R=C(R) =T(R).

Ngoai thé ra nhitng vanh nao cho két qua T(R)=C(R)? Ta di xét cac vanh ké tiép céc
16p vanh nguyén thuy va ntra don.

B6 dé 3.2. Néu R 1a vanh nira don thi T(R)=C(R).



Chirng minh. Néu R 13 vanh ntra don thi R= ®R trong do R 1a vanh nguyén thuy. Hon nira
T(R) anh xa dugc vao R, Va nén néu ching minh dugc T(R, )=C(R,) thi ta co
T(R)=C(R).

Gia st rang R 1a vanh nguyén thily suy ra R 1a day dac cac phép bién ddi tuyén tinh
ctia khong gian vecto V trén thé D. Néu dim(V)=1 thi R=D do d6 R ciing 1a mot thé suy ra
T(R)=C(R). Ta chi can xét dim(V)>1.

Giad su t=0, te T(R) va gia st voi v nao do, veV ta co v va vt 1a doc lap tuyén tinh
trén D. Do tinh day ddc cia R trén V suy ra ton tai xeR dé vx=0 va vtx=vt suy ra vtx" =vt,
Vm>1.Boi vi te T(R), tx" = x"t, v6i n>1 nao dé suy ra vt=vtx" = vx"t = 0 (mau thuan). Vay
YveVta co vi=A(v).y voi A(v)eD. Néu v,weV 1a doc 1ap tuyén tinh trén D ta s& chung
minh ring A(v) = A(w).That vay, vt=A(v).v, wt=A(w).w va (vtw)t=A(v + w).(v + w) suy ra
(AWV) = A+ w)v+Aw)—A(v+w)w=0. Do v va w doc lap tuyén tinh nén
AW)=A(v+w)=A(w). Vi A 1a hiang, khong thay ddi trén cac phan tr doc 1ap, va vi
dim, ¥ >1 tanhin duoc A(v)=4, A ddclap voiv, Vvel .

NéuxeR, vivkeV, (vx)t=1 (vx) nén v(xt)= A (vx). Mit khac vt=A1v, khi d6
(VHXx=(AV)x=A(vX)=> V(tx)= A (VX) = v(xt)=v(tx) = v(xt—tx)=0 véi moi v € V. B6i R
trung thanh trén V=xt—tx=0, Vx e R =te C(R) = T(R)c C(R) = T(R)=C(R).

Bai toan con mé rong cho R 1a vanh khong c6 nil-ideal khac khong:

B6 dé 3.3. Gia st R 1a vanh tiy y. Néu a 13 liy linh va acJ(R) thi aR 1a ideal phai ciia R (a
va aR déu nam trong J(R)).

Chitrng minh. Gia st a0, ac T(R) 1a liy linh = 4" =0, " # 0vGi n>1 nao dd, xeR 1a
phan tir tiy ¥ dd cho vi "' e T(R) = (ax)"a"" = a""(ax)" =0 véi m>1 nao d6. Goi i 1a s6
bé nhat thoa (ax)".a’ =0 voiu>1. Néu i=1 tir dang thirc nay ta co

(ax)"" = (ax)".(ax) = 0 = ax liy linh.

1 u+l 1

Néu i>1 thi véi x(ax)".a.a™ =0= (xa)"".a™ = x(ax)".a.a™ =0 trong d6

a” eT(R) = a'((xa)") =((xa)"")'.a™ =0 v6i sd s> 1 nao d6. Vay a"'(xa)” = 0trong d6
r=(u+1)s do d6 a*(ax)" =aa(xa) x=0. Vi

a? eT(R)= ((ax)™") .a? =a.((ax)""")" = 0 (mau thuan) véi tinh cuc tiéu cua i, suy ra i=1

va ax Iy linh VxeR.



Pinh Iy 3.1. Gia sir R 14 vanh nguyén t6 khong co nil_ideal khac khong . Thé thi T(R) khong
c6 phan tir lity linh.

Chimg minh. Goi N 1a tip hop tit ca cic phan ti Iiy linh trong T(R).
Va,beT(R)= ab" =b"a v61 n=n(a,b)>1. Do dinh ly cua Herstein[2], N cling 1a ideal ctua
T(R) that ra n6 13 ideal 16n nhit cia T(R).

Gia st N=0 vi o(T(R)) = T(R),Y ¢ € Aut(R) = ¢(N)< N va do bd dé 3.3 tap hop
NcJ(R). Néuxel(R), xét @: R — R thoa o(y)=(1+x)y(l+x)", VyeR= @ec Aut(R) do
do 1+x)N(1+x)"' < N.

Gia sira#0, acN va ¢*=0, Vx € R = ax 1a lity linh (do b6 dé 3.3), vi vay
(I1+ax)"'=1-ax+(ax)’... Vi (1+ax)a(l+ ax) ' eN= (1+ax)a

(1—ax + (ax)* +...)e N . Boi vi a*=0 nén tir hé thirc cudi cung suy ra ring
(1+ax)aeN= axa € N,Vx € R, nghia la aRacN.

Gia stra, beN va ¢*> =0,b> =0. Néu reR theo bd dé 3.3 breJ(R) va lity linh nén theo
két qua trén a(br)a=0 nghia 1a abRa=0, vi R 1a vanh nguyén t ta rt ra dugc ab=0. Néu
xeJ(R), gia st b=(1+x)a(l+x)' thi beN va b’=0. Vi ab=0 nén
0=ab=a(1+x)a(1+ x)" = axa =0 va aJ(R)a=0 béi vi R 1 vanh nguyén t6 va J(R)=0 1a mot
ideal cia R =>a=0. Vay N=0 va T(R) khong c6 phan tir ldiy linh.

B6 dé 3.4. Gia sir R 1a vanh nguyén t6 khong chira nil ideal, thé thi T(R) giao hoan va mot
phan tir khac khong ctia T(R) thi khong phai 13 udc cua 0 trong R.

Chung minh. Gid st a,beT(R)= ab” =b"a, n>1 nao d6. Nhu vay theo dinh 1y Herstein[2],
giao hoan tir ciia T( R) 14 nil, nhung theo dinh 1y 3.1: T(R) khéng c6 phan tir liy linh=> giao
hoan tir cua T(R) bang 0= T(R) giao hoan.

Gia sir a=0, acT(R) va au=0 v6i ueR. Néu xeT(R) thi y=uxa thoa méan diéu kién
y* =0 va ay=0. Vay (1+y)a(l+y)"' €T(R), tic 1a atyaec T(R), trong d6 yae T(R). Tuy
nhién (ya)’=yaya=0 vi rang T(R) khong chira phan tr liiy dang suy ra ya=0. Lap luan tuong
ti ta ¢ uxa’=0, Vxe R. Vi @’ #0va R nguyén t6 nén u=0. Vay tir au=0=>u=0=>a khong
la wde cua 0 trong R.

Pinh ly 3.2. Gia su R 1a vanh khong c6 nil ideal thé thi T(R)=J(R).



Ching minh. R=® R trong d6 R nguyén t6 khong co nil ideal. Vi T(R) anh xa duoc vao
T(R,) nén néu chiing ta chimg minh dugc rang T( R )=C(R,) véimoi ¢« thi ta cling c6 dugc
T(R)=C(R).

Ta co thé gia thiét ring R 14 vanh nguyén té va khong c6 nil ideal. Néu J(R)=0 thi do
bd dé 3.2 T(R)=C(R).

Xét truong hop J(R)# 0. Khi d6 C(J)c C(R). Ta chung minh T(R)=C(R). Gid s ae T(R) va
xeJ va ax-xa= 0. Bay gio, ta co:

0#(ax—xa)1+x)" ' =a-(1+x)a(l+x)" eT(R)

RO rang, vixel, (ax—xa)(1+x)" €J. Vi vy (ax—xa)(1+x)" € T(R)nJ, do d6
T(R)ynJ #0.

Néu chiing ta c6 T(R)nJ < C(R) thi (ax—xa)1+x)" €CR)vab e T(R) thi
b(ax—xa)1+x)" eT(R)nJ < C(R). Vivay cahai (ax—xa)(1+x)" € C(R)va
b(ax—xa)(1+x)" € C(R). Vi C(R) khong c6 wéce cua 0 trong R suy rabeC (R) va
T(R)=C(R). Ta c6 thé rat gon bai toan nhu sau:

Néu R 1a mot vanh nguyén t6 khong c6 nil ideal, va J(R)=R thi T(R)=C(R). Gia st
raing 0#aeT,xeR va ze Rsao cho za=az va zx=xz. Viy 16 rang (1+x)a(l+x)" va
(1+ zx)a(1+zx)" €R ta co:

1) A+x)a=a(+x)

2) (I+zx)a=a,(1+zx) 6 day a,,a,eT(R).

Nhan (1) v6i z va trir cho (2), dé ¥ rang z giao hoan vdi x va véi a ta thu duoc

3) za—a=za —a,+(a —a,)zx

Bay gi0o za-a giao hodn v61 a va voi z. Tuy nhién vi q,a, e T(R)va T(R) giao
hoan(theo bd dé 3.4) za, —a, giao hoan voi a vay tur (3) chiing ta suy ra rang (a, —a,)zx giao
hoan véi a. Diéu nay cho phép khang dinh (a,—a,)z(xa—ax)=0.

Néu a,—a,#0vi a, —a, e T(R)vakhong phai 1a udc cua 0 trong R suy ra z(ax-
xa)=0. N6i cach khac néu a, =a, quay lai (3) ta thdy za—a = za, —a, suy ra
(I-z)a-a)=0.VizeR=Jnén (1-z)(a—a,)=0suyra a=aqa,.

Khi d6 tir (1) ta c6 xa=ax = z(ax-xa)=0. Do d6 néu z € R giao hoan vé&i ca a € T(R)va

x € R thi z(xa-ax)=0.



Bay gio néu a#0, a € T(R)va xeR thi ax” = x"a vdi n>1 nao d6. Néu z=x"thi za=az
va zx=xz = z(ax-xa)=0 tic 13 x"(ax —xa)=0. Nhung & day x"(ax—xa)(1+x)" =0 vi ring
(ax—xa)(1+x)" € T(R). Néu n6 khac 0 thi khong phai 1a udc ctua 0. Viy néu (ax-xa)
#0=>x" =0. Vay a giao hoan v&i moi phan tir khong lity linh thudc R.

NéuyeR vaay-ya=0, vi (ay — ya)(1+ y)" € T(R)n6 khong phai 1a u6c cia 0 trong R.
Vay néu ay-ya=0 thi n6 khong phai 1a uéc ciia 0 va do d6 khong thé lity linh. Vay a phai
giao hodn véi ya-ay. Con néu ay-ya=0 thi tat nhién ta ciing c6 a giao hoan véi ay-ya. Vay a
giao hodn voi ax-xa, Vxe R. Néu dac s6 ctua R#2 thi theo mot Kkét qua trudc
day ae C(R). Vay néu dic s6 cia R khac 2 thi T(R)c C(R)= T(R)=C(R). Gia st dic sb cua
R bang 2 vi a(ax+xa)=(ax+xa)a, Vxe R = a’ € C(R). Vay z=a’giao hoan véi a va véi x
= 0=z(ax+xa)=a’(ax + xa)va a khong phai 1a udc cia 0 = ax=xa = a<C(R), ta co
T(R) < C(R) suy ra T(R)=C(R).

O day ta da c6 nhan xét tha vi : Néu R 13 vanh nil nghia 1a Vxe R, 3n(x)>1 sao cho
x"" =0do d6 theo khai niém siéu tdm ta c6 ngay T(R)=R. Ta x4y dung vanh nil khéng giao
hoan (hay C(R)#R) trén tip hop vanh cac ma tran vudng cap n.

Goi R 1a tap hop cac ma tran cdp 3 c6 dang:

0 a b
R=410 0 c|/a,b,ceQ},trongdd Q la trudng cac sb hiru ty.
0 00

R cung voi cac phép toan cong va nhan hai ma trdn thong thuong trg thanh mot vanh

khong giao hoan. Ching han ldy a, a' va ¢, ¢'sao cho aa' #cc thi tich ctia hai ma tran sau 1a

khac nhau:

0 a ) (0 a b 0 0 ac
0 0 ¢|x|0 O ¢c|=/0 O O
0 0 O 0O 0 O 0O 0 O

0 a b 0 a b 0 0 ac
c|x0 0 ¢c|=/0 0 O
0 0 0 O 0O 0 O

=)
)

=)
)

Vi R khong giao hodn nén tdm ctua R 1a C(R)#R.



Mit khac R 1a vanh nil vi d& dang kiém tra ring: Vx e R thi x* =0, do d6 T(R)=R. Tir
d6 suy ra C(R) #T(R).
Tur vi du trén ta xdy dung cac vanh ma tran vudng cap n ldy hé tir trén truong nao do,

ta co thé chi ra cac vanh ma siéu tim T(R) that sy khac véi tim C(R).
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