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LOI CAM ON

T6i xin chan thanh bay to 1ong biét on ddi véi quy Thay C6 trong to Dai
s6 truong Pai hoc Su pham Thanh phé H6 Chi Minh va truong Pai hoc Khoa
hoc Ty nhién thanh phd Ho Chi Minh d3 truc tiép giang day va trang bi cho toi
day du kién thirc 1am nén tang cho qua trinh viét luan vin nay.

Pic biét toi xin chan thanh té long biét on sau sic ddi v6i PGS.TS My
Vinh Quang ngudi di tryc tiép hudng dan toi hoan thanh luan van nay.

T6i xin chan thanh cam on quy Thay C6 trong hoi dong cham luan van di
danh thoi gian doc va déng goép nhiéu ¥ kién quy bau cho luan vin.

To1 xin chan thanh cdm on phong Khoa hoc Cong nghé¢ va Sau Dai hoc
truong Pai hoc Su Pham thanh phd H6 Chi Minh, truong Trung hoc phd thong
chuyén Huynh Man Pat tinh Kién Giang da gitp d& va tao diéu kién thuan loi
cho t61 trong quia trinh hoc tap.

T6i to 1ong biét on dén gia dinh, anh em va ban bé da hd tro va giup dd toi

vé tinh than ciling nhu vat chit dé toi hoan thanh luan van nay.
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LOI MO DAU

Vanh D cac s6 nguyén dai sb cua trudng md rong hitu han K cta Q nodi
chung khong phai 13 vanh Gauss (xem vi du chuong 4), cho nén s hoc trong d6
rat kho nghién ctru. Cu thé 13 trong vanh D, dinh 1y co ban ctia s6 hoc khong con
dung nita, mot sd co thé phan tich duoc thanh tich cac phan tir nguyén t6 theo
nhiéu cach khac nhau (xem vi du chuong 4). Muc dich cta luan van nay la dua
vao sy phan tich duy nhét cua cac ideal ciia D thanh tich cac ideal ti dai, chung
t61 xay dung sd hoc trén vanh cac sd nguyén dai so.

Bé cuc cua luan vin duoc chia thanh 4 chuong :

e Chuong 1 : Cac kién thtrc co ban

Trong chuong nay chung t6i trinh bay céac kién thirc co ban lién quan dén
dé tai : nira nhom v&i su phén tich thanh cac phan tir nguyén td; nhém abel hitu
han sinh; chuan va vét cua sb dai so; thang du bac hai.

e Chuong 2 : Cac ideal trong vanh cic sé nguyén dai s6

Muc dich cta chuong ndy 13 nghién ctru tinh chat cua céac ideal cta vanh
cac sb nguyén dai sd D va chimg minh moi ideal ciia vanh D phén tich dugc
thanh tich cta cac ideal t6i dai.

e Chwong 3 : S hoc trong vanh cac sd nguyén dai sb cua trudng mé rong

hiru han cua Q.

Dua vao sy phan tich duy nhét cua cac ideal cia vanh D thanh céc ideal
tbi dai tir 46 chung toi xay dung sd hoc trén vanh cac sb nguyén dai sé.

e Chwong4:SdhoctrénvanhD={a+b \/—_6| a,beZ}

Muc dich cta chuong nay 1a khao sat mot cach chi tiét s6 hoc trén vanh



D={a+b J-6 la,b e Z}, cu thé ta mo ta cac ideal t6i dai ctia vanh D; md ta
thuat toan phan tich mot phan tir ciia D thanh tich cua cac ideal tdi dai. Dong thoi
dua ra mot s6 vi du minh hoa.

Vi kha niang va thoi gian con han ché nén luan vin nay khong thé tranh
khoi nhitng thiéu sét. Kinh mong quy Thay C6 va cac ban dong gop ¥ kién bd

sung d€ luan van duogc hoan chinh hon.



CHUONG 1

CAC KIEN THUC CO BAN

Trong chuong ndy chung toi trinh bay céc kién thirc co ban lién quan dén
dé tai : Nira nhom voi su phan tich thanh cac nhan tir nguyén t6; Nhém Abel

tu do; Chuan va vét cua so dai so6 ; Thang du bac hai

1.1 NUA NHOM VOI SU PHAN TiCH THANH CAC NHAN TU
NGUYEN TO
1.1.1 Dinh nghia : Cho P 1a nira nhém nhan giao hoan c6 don vi E.
Ta ndi BJA néu tén tai C € P sao cho A =B.C
e NéuBJA; B # A ; B #E thi ta néi B 1a udc thuc sy cta A.
e P ¢ P duoc goi 12 phan tr nguyén t6 néu P khong ¢ udc thuc su
ePhantr C € P dugc goi la USCLN cua A, B néu C|A, CB va C chia
hét cho moi udc chung cta cta A va B, ky hiéu C = (A, B)
ePhanta C € P duoc goi A BSCNN ctia A, Bnéu C : A, C:Bva
C la wdc ctia moi boi s6 chung ctia A, B, ky hiéu C = [A, B]
Hoan toan tuong ty ta c6 khai niém USCLN; BSCNN cua nhiéu phén tur.
1.1.2 Dinh nghia : Nira nhom giao hoan c6 don vi P duoc goi 1a nira
nhoém véi su phan tich duy nhét thanh cac nhan tr nguyén to néu véi VA e
P,A=#E déu co thé viét duy nhat, khong ké thtr ty, dudi dang

A=P%(1 .Plz(z... Plén;nzl;Pinguyénté,kizl.

T nay vé sau ta quy udc P 13 ntra nhdm véi su phén tich thanh cac

nhan tr nguyén t6.



Ta c6 nhan xét sau :

NéuA=PH . P 0,20;B=PP _ pPn g >0 Knids,

AB <= o <B;, Vi

1.1.3 Ménh dé : Trong P hai phan tir bat ky déu c6 duy nhat USCLN
va BSCNN
Chitng minh : Giast A € P,B e P véi

|
A=Pf . PEn B=P! ... PP ;k>0,120

\ o P
@ Xétphan tr C=P{"'. .. P™ trong d6 o; = min { k;, i}, i = Ln 3 rang

m

C e P, C|A, C|B. Ly phan tir D sao cho D|A, DB :>D=P{nl Py
voimi<k; m< 1, i=1Ln=m< a; Vi=1,n = D|C. Vay ta c
C=(AB).

C 14 duy nhat vi gid sit D = (A,B), D=P!'.. . P!" . Do D|C =>y; < a;,

mat khac C|D =>a; <v;. Vay a; =v;, tr do suy ra D = C.

@ Xétphan tir C=P"'. .. Py trong d6 o; =max {k;, I}, i=L,n. Rd rang

CeP ,C:A CiB.Liyphinti D A, D:B=D=P;l...P"v6it>

kia

t>l,i=1Ln=t>o,i=1Ln =>D:C.VaytacoC=[A, B]. Tuong ty &
trén ta chimg minh dugc C 13 duy nhat.

1.1.4 Ménh dé :

Néu (A, C) =E va B tuy y thi (AB, C) = (B,C)
Churng minh

Do (A,C) = E nén khong mat tinh chat tong quat ta gia sir



A=PY .. P{t; C=Phn.. . P5 vagidsa B=P]l.. Pl .. P khidé

(B,C) = pmintkitlud - pminikn.ln}

Mitkhac A . B=P}*h  plth  plith

= (AB,C) = pM ket lent - pminikn-lai pay (AR €)= (B,0)

1.1.5 Ménhdé: A,B,Cec P ;AB:Cva(A,C)=EthiB:C
Chirng minh
Do AB : C => (AB,C) = C. Mit khac theo ménh dé 1.1.3 ta co
(AB, C)=(B, C) hay (B,C)=C=>B : C

1.1.6 Ménhdé:A,B,CeP vaA:B,A:C,(B,C)=EthiA"
BC
Chung minh

Giast A=P{1.. . P ;B=P!. . .Py;C=Pyl. .  Ph

(do (B,C) =E). MitkhacviA B, A:Cnén(AB)=B; (A, C)=C
hay (A,B)=P}'...P{;(A,C)=P}*...Ph talaico B.C=P}.. Ph

n

infk, .1 min{k ,1
(A,BC):P{mn{ i pmny n}=Pi‘...Pit...PL‘l hay (A, BC) = BC

n
1.1.7 Ménh dé : P nguyén t6, PJAB thi P|A hoic PB
Chirng minh
Gia su P|A, P|B suy ra sy phan tich cia A khong chita P va sy phan
tich ctia B khong chtra P do d6 AB khong chira P. Suy ra P|AB(trai gia thiét).
Vay P|A hodc PB
1.1.8 Ménhdé vV A,B,C e P thi
a)[A,B]C =[AC, BC]
b) (A, B)C =(AC, BC)



¢) [A, B](A, B) = AB
Chirng minh
Giast A=P} .. . PS5 ;B=P}...Ph;C=P} ... Ph

a) Ta c6 [A,B] = pP¥ ikl pmaxiky.loj

= [A, B].C = Pinax{kl,ll}thl o anax{kn,ln}+tn

[AC, BC] _ P{naX{kI +t1,11+t1} o anax{kn+tn,ln+tn}

—praxikelirt - pmaxika.laitte yay 1A, BIC = [AC, BC]

b) Tuong tu (A, B)C = (AC, BC)

¢) Ta ¢6 [A, B](A, B) = Pinax{k1,11}+min{k1,11} . Pilnax{kn,ln}+min{kn,ln}

=py*h, . pMth = AB
1.2 NHOM ABEL HUU HAN SINH
1.2.1 DPinh nghia : Cho G la mgt nhém Abel, hé {o; };c1 < G goi la

doc lap tuyén tinh néu Zaiai =0 vo1 V a; € Z va hiru han cac a; # 0 thi
1€l

ao; =0 Vi1
1.2.2 DPinh nghia :
Hé {oi}i<1 < G duoc goi 1a hé sinh cia nhom abel G néu G = <ai>;

tic 14 véi V g € G déu dugc viét dudi dang g = Y aja voi YV a; € Z va hiru
iel

han cac a; # 0.
H¢ {ai}i <1 < G dugc goi 1a co s& cia G néu n6 doc 1ap tuyeén tinh va la

hé sinh cua G.



Tir dinh nghia co s cia nhom abel ta c6 két qua : Nhom abel G ¢6 co
sO {a;} i <1 khi va chi khi G phan tich duoc thanh tong truc tiép clia cac nhom

xiclic sinh boi a, thc la G = Y <a; >

jel

Trong 1y thuyét mon dun ta biét rang nhom abel (c6 thé xem nhu 14
modun trén Z) 1a nhom abel tu do khi va chi khi n6 phan tich dugc thanh tich
cac nhém xiclic cép vO han. Do d6, G 1a nhém abel tu do khi va chi khi G 1a
nhom abel khong xodn, c6 co s6 .

1.2.3 DPinh ly : G 1a nhém abel tu do thi cac co s& ¢6 cung luc lugng.
Churng minh :

Gid st a = {0} <112 co s cia G va gia su p 1a mot sb nguyén td, tir d6

ta co % 7 la mdt truong. Khi d6 nhém thuong %G ¢ cau triic khong

gian vecto trén truong % 7 v6i tich vo hudng duogc xac dinh nhu sau :

‘P:%ZX%G*%G

(a+pZ,g+pG) —ag+pG
Ta thy rang phép nhan nay khong phu thudc dai dién cac 16p vi néu :

atpZ=a +pZ - a'=at pZ,zeZ
g+pG=g +pG g=g+pu,ueG

Khido a'g’ = (a + pz) (g + pu) = ag + pau + pzg + pzpu € ag + pG
Vay a'g’ +pG=ag+pg
Vi {a)i11a co s ctia G nén v6i V g € G ta déu biéu dién mot cach duy nhét

dudi dang g = ZaiOLi v6o1 V a; € Z va hitu han cac a; # 0. Tu do suy ra moi

iel

phan tir g + pG € %G déu dugc dudi dang :
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gtpG= Zaiai +pG = Z(aiai +pG)

iel iel

= > (a; +pZ) (a; + pG). By gio ta ching minh hé {o; + pG} ;1 1a doc 1ap

iel

tuyén tinh. That vay xét dang thirc Y (a,a; + pG) =0 hay > a,a; =0

iel iel

=>a0;, € pG=>3 ue Gdéaa;=pu.Douec G=>u= > b,a,

iel

=>a,04,=p Y.b;a; => > (a; —pb;)a; =0 ma G khong xoan nén suy ra

iel iel
a;—pb;=0=>a;= pb;haya; : p=> a_i =0
Vay Y (a; + pZ)(a; + pG) = 0 kéo theo a; + pZ = 0 hay h¢ {o; + pG); <1 doc

iel
1ap tuyén tinh. Vay hé {o; + pG}i .1 1a co s cua khong gian vecto trén truong

%Z' Tu d6 suy ral o] = {o; + pG} e | = dim %G vay |o/la duy nhat xac

dinh.

1.2.4 Pinh nghia : S4 phan tir cia mot co s& cua nhoém abel tr do G
goi 1a hang cua G. Ky hiéu rank G.

1.2.5 Hg¢ qua : Cho G la mot nhém abel ty do c6 rank G = n. Khi do6

moi hé doc 1ap tuyén tinh trong G déu c6 sé vecto khong vuot qua n.

Chirng minh
Giasur oy ,.. ., oxlahédoclap tuyén tinh trong G, theo chiing minh trén ta
suy ra oc_l, - ,oc_k 13 hé doc 1ap tuyén tinh trong %G trén truong % 7 ma

dim %G =nnénk <n.

Theo 1y thuyét nhom abel ta c6 dinh 1y: Néu G 1a nhom abel hitu han
sinh thi G phan tich dugc thanh tich hitu han cac nhém xiclic. Tur do6 ta c6 néu
G 1a nhom abel hitu han sinh, khong xodn thi G 1a téng truc tiép hiru han cua

cac nhom xiclic cap vo han.
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1.2.6 Ménh dé : Cho M 1a médt nhom abel tu do va N 13 nhém con cua
M. Thé thi N ciing 1a mot nhom abel ty do va rankN < rankM.
Chirng minh
Ta ching minh qui nap theo m = rankM
e V4im=0: Hién nhién ding
e Gia st ménh dé dtng v6i m — 1. Ta ching minh ménh dé dung
vO1 m.
Néu N = 0 hién nhién ding. Gia stt N = 0, khi d6 1dy 0 # o € N, ta co

o=Ci®] T ...+ Cu®dy,trong do {m;}. 7 la cosd cua M. Ta co thé gia st
1=1,m

c;#0.batl={¢;|FaeN:a=co;+...+cyon}. Ta théy I 1a ideal khac
0 cuavanh Z. Vi Z 1a vanh chinh nén I = <c¢;;>, ¢;; #0 =>3 1, € N sao cho
L =cCpo;+ ...+ Ccim®y. Trong M ta xét My =<wm,, . .., ®yn>,
rankM, = m — 1. Ta ¢c6 N N M, 1a nhém con ctia M, theo gia thiét qui nap
NNM, cb co s gid st Wy, . . . , Lk vO1 k <m. Bay gio ta ching minh
1, W, - . ., ti 1a co sd ciia N . That vay 1y a € N suy ra ton tai q; sao cho
o - qiy :C'2002+ . +c'mo)m eMy. Taco a=qu +. ..+ q. Mat khac
hé py, ..., W doc lap tuyén tinh vicipy +. ..+ =0
=>_ Cil; = Cally + . . . + Cillk, ta nhan thay vé phai ctia ding thirc ndy thudc
M,. Ttir d6 suy ra c;py € My => ¢ = bym, +. . . + b,o,, mat khac ta lai co
Cil; = C1C11®1 T CoC12Mr T .. . + CrCim®m
=>C1C1 10 +b'2c02 +... +b'm(om =0=>cic;;=0=>c;= 0(vic;; #0)
=>cy=...=¢=0.

Vay h¢ {uy, ...} la co so cia N. Tir do ta co N 1a nhém abel tu do va

rankN < rankM.
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1.3 : CHUAN VA VET CUA SO PAI SO

1.3.1 Pinh nghia : Mot s6 phitc o théa man mot phuong trinh da thic
a, +ajo+...+aa =0vsiVa € Q, cac a; khong déng thot béng 0, duoc
goi la mdt s6 dai sb.

Néu o 1a mot sd dai sb, khi d6 ton tai mot da thirc khac khong, don hé
¢ hé s thude Q, bat kha quy trong Q[x] nhan o lam nghi€ém. Da thirc d6 ta
goi 1a da thuc tdi tiéu cua o . ki hiéu Irr (a, Q, X), nhu vay

Irr (o, Q,x)=x"+a, x" '+...+ax+a,VaeQ.

1.3.2 Dinh nghia :

o 1a mot sb dai s bac k trén Q, khi d6 [Q(a) : Q] = k. Pa thirc tbi thiéu
ciaala:

Irr (o, Q,x)= X Fa o x L ax + a, c0 k nghiém 1a o; khi do

Irr(a, Q, x) = (X —0ay) ... (X— o). Ta dinh nghia

NQ(a%(OC) = liaﬁ(—l)k a,

k
TTQ(a) () = Zai = -dk-1
Q i=1

Truong hop téng quat K 14 mo rong hiru han bacn cia Q, [K: Q] =n, o € K
thi Qla)c Ktacd: [K:Q]=[K:Q(a) ] [Q(a) : Q]. Ta dinh nghia

Ng /(o) =[N ()]E =[(-1)" 0]11:
%OL Q( )QOL a

~ | B
=~ s

= [-ax.1]

Trg /(o) =[Tro(q) /()]
% Q( )Q

o le (o) dugc goi 1a chudn cua o va viét tat N(or)
Q
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o Tryg , (o) duge goi la vét ciia o va viét tat Tr(c)
%o
Chu y rang vi [K : Q] = n nén c6 ding n don cau f: K — C ma fl, = id

n n
nén ta c6 thé chimg minh duge N(a) = [[fi() ; Tr(e) = D f;(ar), trong d6 f;
i=1 i=1

lacacdoncautr K > C,1=1,n

. n .
Poi khi dé cho tién ta ky hidu fi(a) = o, khi d6 N(o) = [TV,
1=1

n .
Tr() = > a®)

1=1

1.3.3 Cac tinh chit :
a/ N 1a ddng cdu nhom tir (K, . ) vao (Q ', .)
b/ Tr 14 4nh xa tuyén tinh tir K vao Q véi K va Q coi nhu 14 cac khong gian
vecto trén Q.
¢/ Vi a e Qthi N(aw) =", Tr(at) =n o
Chung minh :
Theo dinh nghia trén 16 rang véi a € K thi N(a) € Q, Tr(a) € Q.
N n n

a/ Voia, B € K tacod N(ap) = []fi(ap)=]]fi(a). fi(B)

=1 =1

= [Ifi(e) . [T£i(B) =N(a) . N(B).

i=1 i=1

b/eVéia,peKtacoTr(a+f)= ifi(a+ﬁ) = ifi(a) + ifi(ﬁ)
=1 =1 =1
=Tr(a) + Tr(B)
e V6iVae Qtaco Tr(aa)= ifi(aoc) = iafi(oc)= aifi(a) =aTr(a)
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n n
¢/ Do a € Qnén fi(a) =a . Vay N(a) = [[fi(@) =[]a =0a";

i=1 i=l
Tr(a) = Y (o) = Y. o =na .
i=1 i=1
1.3.4 Pinh nghia : Néu[K:Q]=nvi o, ..., o,laco sd ciakhong

* A . J4 A . A 9 * *
gian vec to K trén Q. Khi d6 ton tai mot co sé¢ @, . . . ,®, sao cho

n

i I néui=j
TI'((Di(Dj):&j:
Onéui=#]
9 * * ~ . \ 9 A X 9
Cosd ®,, ..., o, nhutrén goi la co s¢ doi ngau cua ®; , ... , ®,

1.4 IDEAL TRONG VANH GIAO HOAN CO PON VI

1.4.1 Cac khai niém co ban :

e Cho (X, +, .) 1a mot vanh. Néu phép nhan 1a giao hoan va c6 phan tir
don vi thi ta goi X 1a vanh giao hoan c6 don vi.

e Cho X la mdt vanh, A 1a vanh con cua X. A dugc goi la ideal cua
vanh XnéuVae A,VxeX thixae Avaax € A. Taky hiéu A A X.

e Cho X 1a vanh giao hoan, c6 don vi, A 1a mot ideal cia X, A = X. A
duoc goi la ideal t6i dai ctia X néu céc ideal cua X chtra A chinh 1a X va A; A
duoc goi la ideal nguyén td néuvdiu,ve Xma uv e A thiu e A hoic
v eA.

1.4.2 Ménh dé :
Cho X Ia vanh giao hoan, c6 don vi, A A X. Khi dé

a) A la ideal nguyén to <=> %12‘1 mot mién nguyén

N e A S X \ A \
b) A laideal t61 dai <=> %A 1a mdt truong
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Churng minh :

a) =>). Do A 1a ideal cua X nén % = {x+Alx € X} la mdt vanh
thuong ctia vanh X trén A. Vi A 13 nguyén t6 nén A = X do d6 }% c¢6 nhiéu
hon mot phén tr. Goie la phén tht donviciua Xthie+ X 1a ph?ln tir don vi
cua % Do X 1a vanh giao hodn nén )% cling 1a vanh giao hoan. Gia str
x+A,y+A lahai phin tir tiry y cia X/, ma (x+A)(y+A) = 0=>xy + A =0
=>xy € Ama A nguyén tdnénx € Ahodcy € Asuyrax +A =0
hoac y + A =0 hay % khong c6 udce cua khong, do do % 12 mot mién
nguyeén.
<=). Do % 12 mot mién nguyén nén % ¢6 hon mot phan tir, do d6 A = X.
Gia str x, y 13 hai phan tir thudc X sao cho xy € A=>xy+ A =0
<=(x+A)(yt+A)=0.Vi % khong c6 udce cua khong, suyrax + A=0
hoicy + A=0=>x € A hoicy € A. Viy A ideal nguyén t6.

b).=>) Do A 1a ideal t6i dai ciia X nén A = X do d6 % c6 nhiéu hon
mot phan tir. Vi X la vanh giao hoan, c6 don vi nén % cling 1a vanh giao
hoan co don vi. Gia st x + A € % max ¢ A, xétideal I cua X ma

[=A+xX. Khido A clIvaxel.ViAlatéidainénI=X=>¢ e I. Do d6
#*

e=a+xx'vbiae A, x € Xhaye+ A=(a+xx)+A=(x+A)(x*+A). Diéu

d6 chimg t6 phan tir x + A kha nghich. Do d6 X/, 1a mét trudng
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<=) Do % la mot truong nén % c6 nhhiéu hon mot phan ttr do d6 A

# X. Gia sir I 1a mot ideal cuia X sao cho A < I, nhu vy ton tai phan tir x, € I
+

maxy¢ A. Taxétxo+ A € %, vi Xy ¢ A nén Xy + A kha nghich nghia 1a co

phan tir X'O-f—A sao cho (xo + A)(xb+A) = Xoxb+A =e¢ + A hay X()X'O +a=e.
Vixee Iviae AcInéne e Idoddol=X. Viy A la ideal t6i dai.
1.4.3 Cac phép toan trén ideal:
Cho X 1a vanh giao hoan, c6 don vi va goi P 1a tap cé4c ideal cia X.
Khi d6 véi VA, B € P ta dinh nghia phép cong, phép nhan trén P nhu sau :
e A+B={atb/ae A,beB}
e A.B={> ajb;/Ihituhan, a € A, b; € B}

iel

Nhén xét : (P, .) 1a mot nira nhém nhén giao hoan, ¢6 don vi E=D

1.5 : THANG DU BAC HAI

1.5.1 Pinh nghia : Cho phuong trinh x* = a (modp)"” trong d6 p 13 mot
s6 nguyén t6 1¢ va (a, p) = 1. Néu phuong trinh (1) c6 nghiém thi ta néi a 1a
thang du bac hai theo modun p, con néu phuong trinh (1) vo nghiém thi ta noi

a 12 bt thang du bac hai theo modun p.

e  Néu ala thing du bac hai theo modun p ta ky hiéu [ij =1
p
(ky hidu (ij goi 1a ky hiéu Lagring)
p

e Néualabat thang du bac hai theo modun p ta ki hiéu LEJ =-1.
p

1.5.2 Tinh chét :
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a p-1
a) [—]E a 2 (mod p)
p

b) Néu a = b(mod p) thi (ij - (Ej
p) \p

C) lj =1 (v6i p 12 s6 nguyén t6 1¢)
p

) —1}(-1)2
Y

o)) )

) Néu p va q 1a hai s6 nguyén t6 1é phan biét thi ta co

1.5.3 Pinh nghia : Cho P la mot s 1é 1on hon 1 vaP =pip, . . . pr
trong d6 p; (1 = Lr) la cac sb nguyén t6 c6 thé trung nhau va (a, P) = 1 khi d6

ki hiéu Giac ¢6 bi duogc xac dinh boi :

(ijz [iJ (i} s (i) trong do (ﬁJ 1a ki hi€u Lagrang.
P P1 /) \ P2 P; Pi

1.5.4 Tinh chét :
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CHUONG 2

CAC IDEAL TRONG VANH CAC SO NGUYEN PAI SO

Trong chwong nay ta ky hiéu D 1a vanh cic s nguyén dai sd cua
truong mo rong hitu han K cua Q véi [ K : Q ] =n. Muc dich ctia chuong nay
1a nghién ctru tinh chat ciia cac ideal ciia vanh D va ching minh moi ideal

ctia vanh D phan tich dugc thanh tich cta cac ideal toi dai.

2.1 : VANH CAC SO NGUYEN PAI SO CUA TRUONG MO RONG
HUU HAN CUA Q
2.1.1 DPinh nghia : Mot s6 dai s goi 1a s6 nguyén dai s6 néu né thoa
mén trén Q mot phuong trinh da thirc don hé véi hé s6 nguyén. Nhu vay u 1a
s6 nguyén dai s6 <=> da thirc t6i tiéu cta u 1a Irr(u, Q, x) € Z[x]
2.1.2 Pinh Iy : Tap hop tit ca cic s6 nguyén dai s6 1a mot mién
nguyen
Pé chimg minh dinh 1y 2.1.2 truéc hét ta chimg minh bo dé sau
2.1.3 Bodé:
S6 u 1a mot s6 nguyén dai s6 khi va chi khi nhom cong sinh ra boi tt ca cac
iy thtra 1, u, v’ ... cta u la nhoém abel hiru han sinh.
Chung minh :
= ) Do u 12 s6 nguyén dai s6 nén n6 théa man phuong trinh
p(u) =a, +au+...+a,u"” +u"=0" ViV a; € Z. Phuong trinh (1) biéu
thi u" 14 mot phan tir trong nhém G =<1, u, . . . u™'>. Bang phép quy nap ta

chtirg minh duogc véi V k> 1,k € Z thi u* e G.
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.o 5 ’ . o 2 ’ A . 9 A A
<=) Gia st nhom G sinh ra bdi 1, u, u”, . . . co6 thé dugc sinh ra bdi n s6 bat

\ 2 . 14 14 — j
ky vi, V2, ..., vycua G, khi dé Vv;e Gtacov;= Zaju eG
j

A+1 \ \ r r
=>uv;=Xau € G=> Vuvie Gvau v;=2Xa;V;(Va € Z). Tudotacod

hé phuong trinh tuyén tinh thuan nhat:

(api-w)vy tapvy +...+tav,=0
vy + (&22 —ll) Vot ... tav,= 0

~
Vihé (I) ¢6 nghiém (vi, . . . ,va ) v6i v; khong bang 0 tit ca nén ma trin cac hé

s6 A —ul suy bién (V61 A = [ajj]nxn) =] A —ul| =0

<=>(-1)"u"+ by u™ +. ..+ bu+b, =0 (trong d6 b; 1a nhirg da thirc nao
d6 cuia cac s6 nguyén a;j nén b; cling la sd nguyén). Tir phuong trinh (2) ta c6
u 1a mot sd nguyén dai sb.

Bay gio ta chung minh dinh 1y 2.1.2 :

.9 9 N \ r A A . A k 1 k A 4 R <R . A
Gid str u va v 1a céc s6 nguyén dai sO =>u" va v déu co6 thé bicu thi theo mdt

L1~ e s SR 1
s0 hiru han cac liiy thtra 1,u, ..., u" valv,..., Vv
A k_  k_k k 11 < L1z
Vay (wv) =u‘v e <luyv,...,u"V, ..., u"v"> Mitkhac

k _ k i ki n-1_ r-1 NN B . .
(utv)y =2Chuv e<luv,...,u v >maG=<uv>0<i1<n-1;

0 <j <r—11a mot nhém hiru han sinh nén theo bé dé 2.1.3 tasuy rau + v va

u . v la cac s6 nguyén dai so.

2.2 : MOT SO TiNH CHAT CUA VANH D
2.2.1 Ménh dé: Néu a € K thi ton tai ¢ € Z sao cho ca. € D
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Churng minh :
Do o € K nén ton tai da thuc f(x) = akxk + ...+ a;x +ag voi cac hé $b
nguyén nhan o 1am nghiém tic 13 a,a® + . . . + a0 + a9 = 0 ). Nhan hai vé

cua (1) voi ai_l taco:

allzock + allz_l LA L allz_l ao + allz_l ap=20
— (akoc)k + a1 (aga )k'1 +...+ allz_z ar(aga) + allz_lao =0
Patc=atacéca e D

2.2.2 Mg¢énh dé:

Néuhé {a,, ..., a,} D lahédoc lap tuyén tinh trong (K, +) thi
{a,...,a,} cling 13 hé doc 1ap tuyén tinh trong (D, +)

Chung minh

Gia su h¢ {o;}. — phu thudc tuyén tinh trong (D, +) nén Ja; € Z a; # 0 dé

i=

1 r r 9 5
> a,a; = 0, khong mat tinh chat tong quat ta gia sira; = 0 dé
o1

ajop ta,ont...ta,0,=0
=ao;+byar+...bya,=0,b;€Q
=>q, . . ., O, phu thudc tuyén tinh trong (K, +) (mau thuan gt).
Vay o , . . ., a, doc 1ap tuyén tinh trong (D, +)
2.2.3 Meénh dé : D 13 mot nhom abel ty do c6 co sé hitu han va
rank D=[K:Q]=n
Chirng minh
Do [K : Q] = n nén mét co s cua khong gian vecto K trén Q s& gom n
vecto. Gia st oy, 0 , . . ., O, 1a mot co sé cua K trén Q . Theo ménh dé
2.2.1 ta c¢6 thé nhan vao co s& d6 cac sé nguyén ¢, . . ., c, dé cho céac tich

ci0l, - . ., Chot, thudc D. Ta dé théy hé sau khi nhan cling doc 1ap tuyén tinh.
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Do d6 khong mat tinh chat tong quat, ta c6 thé xem oy, ap, . .., o, € D. Tu

4 r ~ A A A ’ . 5 *k £ S N
dotacday, ..., a,cling doc lap tuyén tinh trong D. Gid st oy, ..., oy la
cosd doingaucuaa, ,. .., Q.

* 2 . \ 4 92 . o . * * N
Gia st M 1a nhom con cua (K, +) sinhbdioy ,..., 0, va

* *

M =<ay,..., 0o, >.Tasuy ra M la nhom abel ty do va rank M = n. Ta

chimg minh D c M. That vay véi V o € Dthia=ajo; +...+ a0,

— Il * 1 *
(3 € Q,i=1n). Taco Tr(ao) =Tr| Daaga; |= > ay Tr(oy o)
k=1 k=1

n
= Y aydy;=a ma ao; € D nén a; = Tr(ao)) € Z=>0o € M =>D c M, theo
k=1

dinh 1y 1.2.6 thi D 1a nhom abel ty do va rank D < rank M = n (1). Mat khac
do ay,. . . ,a, doc 1ap tuyén tinh trong D nén ta c6 rankD > n (2). T (1) va
(2) ta c6 rankD =n.

2.2.4 M¢énh @& : Cho A A D thi A 1a nhém Aben ty do va
rank A =rank D=n
Churng minh

Do A < D é&p dung ménh dé 2.2.3 ta co A 12 nhom abel ty do va rank A
<n. Gia st o, oy, . . . 0, 1a mot co so cua D. Léy aeD, a =0, khi do
oo, ady, . . . , ao, doc lap tuyén tinh trén Z. That vay, gia su
aj(aoy) +...+a(ao,) =0= a0 +... + a0, =0. Ttr do suy ra
a,=a,=...=a,=0. Mat khac do A la ideal cia D nén n phén tr doc lap

tuyén tinh aa, . . ., ao,€A, nén rank A > n. Do d6 rankA =n

2.2.5 Ménh dé: Néua e Z thi| % oo | =lal

Néu A 1 ideal khac 0 cia D thi | %I hitu han.
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Chutng minh

Giastr oy, oy, . .., 0, la co sd cia D. Pau tién ta nhan xét rang

a=a,+...+am,:atrong D<=>a; : atrong Z; VI = 1,n. That vay.

. o a a . o
aia<=>—eD<=> 1o +...+ Lo, eD<= a:atrongZvsi Vi=Ln
a a a

Bay gio tadat S = {ajm; +. .. +an0)n/O£ai£\a\}thi|S| =|al|" Ta

ching minh S 1a hé dai dién day du cua cac 16p twong duwong trong vanh

D Ay Al 1A _ L L@ - EPYS SR R
/<a>.Thatvay,layoc i;ai(oieS,B i;bi(oieSkhldoneuoc B thi

o-PB:ia <=>a-b:a Vi=1ln

Mat khac do 0 < a;, b; < |a| nén ta phdi co a; =b;, Vi= I,_n

n
Tur d6 o = B. VOi moi x =) _x,0;, gid sit X; = aq; + T;
i=1

JE— n — —
trongd6 0<r;<lal,V,=1n.Patr= Y ro;thitacore Sva x=r

i=1
A D — — n
vay| D7 _I=Isl=lal"
Vc’riaeA=><a>cA=>|%|£|D<a>|=|a“|.Vé1y|D/A|hﬁfuhan.

2.2.6 Ménh dé : Cho A la ideal ciia D. S6 ideal BthoaAc Bc D 1a
htru han.
Churng minh

Ta co % la vanh con cua D/A’ theo ménh dé 2.2.4 vanh thuong D/A

13 hiru han nén s6 vanh con % 13 hiru han. Ttr @6 s6 ideal Bthoa A c B< D

\ L~ B/ - B _ —n
lathuhan(VlzA /A<>B B")
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2.3 NUA NHOM CAC IDEAL CUA VANH D

Muc dich chinh ctia muc nay la chiing minh tap cac ideal cua vanh D
1am thanh mét nira nhém véi su phan tich duy nhat thanh cac phan tir nguyén
t, phan tir nguyén td trong nira nhom nay 1 cac ideal tdi dai. Phan tr don vi
chinh 1a vanh D.

2.3.1 B6 d@é : Cho o 1a mot sb phirc bat ky, a; €A véi A 1a mot vanh

con cua truong soO phuc C. Néu hé¢

-
oX;=anXx;+...+amX,

a Xy = a21Xq +... +aann

C6 nghi¢m phtrc khac 0 thi a s€ 1a nghiém cua da thuc

f(x)=x"+ax"" +...+a,.1x+a, trong 46 cac hé sé a; € A, Vi= 1,n
Chung minh
oaX;=anX; ...+ anpX,

GX22321X1+...+32an

....................

------------------------




Do hé (1) c6 nghiém khéc 0 nén |B - aE | = 0 v6i B = (aj ) 5y Tir d6 dit

fix)=| xE- B/ thi fix)=x"+a;x" '+... a,_; x + a, va f(x) nhdn o lam

nghiém con cac hé sba,e A,Vi=1,n.

2.3.2 Bo dé:

Cho A 1 ideal caa D, tOn tai s6 tu nhién T = T(A) phu thudc chi vao A
sao cho V o € K tim duoc BeA va sb ty nhién s < T sao cho

|N(soc-[3)| <1

Churng minh
Theo ménh d8 2.2.4, rank A=[K:Q]=n.Giast o, ds,...,d,la
mdt co s ctia A. Thé thi a,, o, . .. a, cling 1a co so cua K trén Q. That vay

oy, 0y . ..o, doclap tuyén tinh vi :

qoty ...+ quotn =0 (q; € Q). Goi ¢ 1a BSCNN ciia cac mau sd cia
di,...,quthicqy,....,cqn € Z
=> (cqy) oy + ...+ (cqn) o, =0 (1). Mat khac o, , . . . o, 1a co sé cia A nén
tr(I)tacoecqi=cqy=... =cq, =0suyraq;=q¢=... ,=q, =0.
ma‘l[K:Q]=nnénoc1,...,ocnlélcosécﬁaKtrénQ.LéyaeKbétky,Véfi
moéik e Nthika=q a;+...+qn O

bat By = [qi]ou +. .. + [qu] authi BreA va ka - B = yfocl +...+ ylljocn

trong d6 0 SyiK=qi— [qi] <1Vi=1Ln

Chia doan [0;1] thanh M khoang béng nhau [ﬁ,%}

Véij=0,1,...,M—1 thi[0;1]" s€ dugc phan hoach thanh M" hinh hop.
COM"+1bdsbd(yr,...,y5) e[0;1]"véik =0,1, ..., M". Do d6 theo
nguyén tic Dirichle s& c6 hai b cung roi vao mot hinh hop va gia sir d6 1a

V1o V) VAT, o, Y1) V61>
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thé thi (ia - Bi) — Gou - B) = (v L —yDou + . .. + (v 5=y )t
sa-P=yo+....+y0,

V6i0<s=i—j<M"+1;B=PBi-Bic A ym=y. —yl

A 1.
nen\ym\< v voim= 1,n

suy ra (sa - )V = (yio4 + ... + yuo) P =y1aP + .. +y,al?

n

|(sa—B)(i)| =|ylocfi)+...+ynocfli)|s‘y1| | ocfi)|+...+‘yn‘.|ocff)|
1 i i

SM(‘OLP| +.. . +la®]

| N(sa - ) I < # const. Chon M du 16n dé const_ 1.

Khidovéi T=T(A)=M"+1this<T.
2.3.3 Dinh nghia :
Trén tap cac ideal ctia D ta dinh nghia quan h¢ ~ nhu sau :
A ~B<=> Ja, e Dsaocho<oa> A =<p>B.
2.3.4 Ménh dé : Quan hé ~ 1a quan hé twong duong va sb cac 1op
tuong duong D/~ 14 hiru han.
Chirng minh

¢ ~ 12 mot quan hé tuvong duong

e Phan xa: Hién nhién
e Déixtmg: Hién nhién
e Bic cdu : DoA~B<=> 3Ha,; € Dsaocho <o>A =<(3,>B
B~C<=>38,, vy € Dsaocho <B,>B =<y>C
T d6 <Br> <o>A = <B,> <B;> B hay <B,a>A = <f,5,>B
<Pi><P>B= <P><y>Chay<Pif,>B=<piy>C
Suyra<B,oa>A=<B;y>Chay A~C
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¢| D/~ 13 hitu han

A la ideal tiy ¥ voi o € A thi N (00) € Z nén sé ton tai mot o € A dé N (o)

i A . A reo X < a \ A
la nguyén duong bé nhat. V&1 moi a € A dit a = — e K, vi D 1a mot 1 deal
0

nén theo bo dé& 2.3.2 s& tén tai T=T (D) va p € D sao cho ton tai s < T dé
| N(so - B) < 1. Tr d6 | N[(sa - B) oo ]| < N(ao) (1).
Mit khac (sa - B) op = sao - Bog =sa - Bay e Anén tir (1) ta co

N[(sa - B)ag] = 0 hay (sa - B) oig = 0 hay B = sa

Suy ra s 2 = BeD
0
Vay ay/sa do d6 ay/Na véi N =T!
BaygiotadatB = {B € D/3Ja e A : oo =Na}
e RO rang B 1a mdt ideal cua D
e Ta chtrng minh <o,> B = <N> A. That vay lay aop € <a,>B, thé thi
Jae AdéoeB=Nae <N> A suy ra <op> B c <N> A. Liy Na € <N>A thi
op/Nanén 3 Be B sao cho Na= 0, B € <ap> B suy ra <N> A c <o,> B.
Vay <ap> B =<N> A suyra A ~B.
e Tiép theo ta lai c6 voi bat ky No € <N>do o, € A nén
Noog € <N> A =<oy>Bsuyrad p € Bdé No ay= 0y hay No=p € B tir
do <N>c B.
Nhu vy voi bitky A ADsEtontaiB A DmaB~A, <N>cBcD.
Ma s6 ideal thoa man chtira <N> theo ménh dé 2.2.6 chi 1a hitu han. Vi thé
D/~ cling chi c6 hitu han 16p twong duong .
2.3.5 Pinhly: Tap P {0} cic ideal cia vanh D lam thanh mot
ntra nhom véi sy phan tich duy nhét thanh tich cac phan tir nguyén t6. Phan

tir nguyén t6 chinh 14 cac ideal toi dai .
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Pé chimg minh dinh 1y 2.3.5, ta cAn mot s6 bd dé sau.
2.3.6 B0 dé: Cho A, B 14 cac ideal cia D néu AB = A thi
B=<I>=D.

Churng minh

Gidsuay, ..., d,lamdtco so cua A. Ta chiing minh rang :

AB={bja;+...+bo,/b;eB,i=1n }.
That vay dat C = {bja;+ ...+ by, /bi € B,i=1Ln}
e D& thiy C  AB
e Véia € AB thi o =>ab trong d6 I hitu han, a; € A, b; € B. Bicu
id

dién cac ajqua o , . . ., O roi sau d6 nhom céc hang tor chtra oy , . . ., o, lai
v6i nhau thi o =byoy + . . . + bya, trong do b, € B, k= I,_n, suy ra o € C hay
AB c C.

Tu d6 AB = C. Do vay.

Ap dung b6 dé 2.3.1 thi 1 1a nghiém cta da thic
fx)=x"+bx" '+...+ b,_x+b, véi cic hé sé nam trong B,
suyral+b;+...+b,=0hayl e BvaB=<1>=D

2.3.7 B6 @&: Cho A laideal ciia D ton tai k € N” sao cho A* = <p>,
peA
Chung minh

Do ménh dé 2.3.4 chi c¢6 hitu han 16p twong dwong D/~ nén ton tai

k,1 e N sao cho :
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A' ~ A" "hay ton tai a, B € D sao cho <a> A' = <B>A*"' (1) . Goi
Er, .. 4Ex1a cosdcia A, vi A¥"! < A' nén cac phan tir cia A* T biéu thi
dugc qua gy, ...E&, voi Vi= L,n thia £ e <a> A'=<p>A"""nén

a&i = B(aip& +. .. T ané), Vi= Ln

pai:ailal—i_---—i_aingn; Vi=1,1’l (aij EZ)Vélp=0C/B

Ttr d6 theo bd dé 2.3.1 thi p 13 nghiém cta da thirc
f(x) =x"+bx" '+...+b,_;x + b, véi cac hé sd nguyén suy ra p € D. T
do (1) duge viétlai<p>A'=A*""(2)
Bay gid goi v, . .., Yald co s& clia A*va ay, . . . o, 14 coso cia A
(do rank A* = rank A'=n).
V6imdi 1 <k <nthiyeoy+.. .70, € AT nén s& biéu thi duoc nhu

sau :

.

Trong do pxk=v/p (k=1,n)

Tir d6 theo bd d& 2.3.1 thi py 1a nghiém cua da thirc
f(x)=x"+ax" '+...+a,_x +a, voi cac hé sb trong Z, suy ra pk €D
(k=1,n). Doviy A*=<p>BvéiB=<p,...pn> (2) suy ra
<p>A'=<p>BA'hay A'=BA'. Tird6 theo ménh dé 2.3.6 thi
B =<1>=D. Vithé A*=<p>B = <p>(dfcm)
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2.3.8 B6 dé:Cho A, B, C 1a cac ideal cia D, AB=AC suy ra B =C.
Chirng minh

Theo ménh d& 2.3.7 tontaik € N" dé A=< p>védip € A
AB=ACsuyra A* ' (AB)=A" ' (AC) hay A"B = A*C
Suyra <p>B=<p>C. Tudo B=C

2.3.9 Bo dé:

Cho A,B la cac ideal cia D. Néu B — A thi B = A.C trong d6 C 1a ideal
cua D.
Chirng minh

o Trudc hétta xét A 1a ideal chinh, A = <o>

goiay,...,0,lacosocuaBthidoBc<a>nénag,...,oq,:osuyra
o, O, o

—,—=,...,—2 €D

o o o

bat C =¢ ﬁ,...,ﬂ> thi rd rang <o>C=B hay AC=B.
o o

e Giasu B c A theo ménh d&2.3.7 tén tai k € N" sao cho A* = <a>.

B c A suy ra BA* ' ¢ A¥ = <o>. Tur d6 theo chimg minh ¢ trén thi
BA* ! =<o> C hay BA* '= A*C
hay BA* '=(AC)A* " '. Do ménh d 2.3.8 thi B= AC.

2.3.10 Bo dé

P 13 ideal t6i dai <=> P la phan tir nguyén t trong P
Churng minh :

=>)Gidast AlauécctaP=>P=AB=>PcA=>A=PhoaicA=D
(vi P 1a ideal téi dai trong D). Vay P 13 phan tir nguyén t6 trong P

<=) Gia st P c A c D, theo bd d& 2.3.9 ta cd P = A.B, do P la nguyén
t6 nén A = P hoic A =D. Vay A 1a ideal tdi dai.
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BAy gio ta sir dung cac bo dé trén dé chirng minh dinh 1y 2.3.5

o Gia sir A 1a ideal ctia D. Néu A 1a ideal tdi dai thi A ¢ su phan tich
A = A. Nguoc lai néu A khong toi dai thi ton tai P, toi daiva A cPysuyra
Pi|A hay A = PJA;. Tiép tuc, néu A, ti dai thi A co6 su phan tich A = P,A,.
Nguoc lai néu khong tbi dai thi A, = P,A,trong d6 P, tbi dai va A = P1P,A, .
Ta ctr tiép tuc qua trinh nhu vay, theo ménh dé 2.2.6 thi chi ¢6 hiru han ideal
chira A nén qué trinh nay phai chim dat sau hitu han buédc. Khi d6 A ¢6 su
phan tich thanh tich céc ideal tbi daiA=PP,...P, (%)

e Chiing minh su phan tich & (*) 14 duy nhat :

Truéc hét ta ching minh néu P 1a ideal t6i dai va AB : P thi A : P
hodc B : P. That vy néu A : P thi diéu can chimg minh hién nhién 13 dung.
Giast A :PthiAzP.DoddéJac AmaagP.Do AB : Pnén ABcP.Rd
rang V b € B thi ab € AB — P. Do P 12 tdi dai nén P ciing 13 ideal nguyén t6.
Maa¢ Pnénb eP,vithé BcPhayB : P.

Bay gio gid sir A c6 su phan tich khac A = Q,Q, . . . Qi khi d6
P1|Q; ... Qg nén theo chirng minh trén P, la udc cia mdt trong cac Q;, ta cd

thé xem P, 1a udc cua Qi, do Qla nguyén td nén P, = Q. Cur tiép tuc nhu vay

va bang quy nap ta chtrng minh duoc n=kvaP;=Q; (i= Ln).
Nhu vdy moi ideal A cta vanh D déu phan tich mot cach duy nhét

thanh tich cua cac ideal tdi dai va dinh 1y 2.3.5 dugc chiing minh.
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CHUONG 3

SO HQC TRONG VANH CAC SO NGUYEN PAI SO
CUA TRUONG MO RONG HU'U HAN CUA Q

Vanh D cac s6 nguyén dai sd cta truong mo rong hitu han K cta Q néi
chung khong phai 1a vanh Gauss (xem vi du 4.1.1), hay noi cach khac trong
vanh D, dinh 1y co ban caa sé hoc noi chung khong con ding nita, mot sd c6
thé phan tich dugc thanh tich cua cac phan tr nguyén to theo nhiéu cach khac
nhau (xem vi du 4.1.1), cho nén s6 hoc trong d6 rat kho nghién ctru. Mat khac
theo chuwong 2, mdi ideal déu phan tich dugc duy nhat thanh tich cac ideal tdi
dai. Trong phan nay dua vao su phan tich d6 chung t6i xay dung sé hoc trén

vanh cic s0 nguyén dai s

3.1 CAC KHAI NIEM CO BAN
3.1.1 Dinh nghia :
Cho a € D va ideal A A D. Ta néi a chia hét cho A, ky hiéu a‘A, néu

<a> | A trong nita nhém P

Tubd dé 239 tacd:<a>: A<=><a>c A<=>ac A.

Tu dinh nghia trénta cd : véia, b € D thia:b trong D <=>a=b.c,
¢ € D <=><a>=<b> <¢><=><a> | <b> trong P
Nhan xét : Giasra € D va <a>= Pfl . Pﬁ“ , P, 1a cac ideal t6i dai, khi d6 ta

cling c6 thé viét a duoc phan tich dudi dang a = Pfl .

n
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3.1.2 Dinh nghia :
Cho A laidealctaD va a,b e D. Tandia=b (mod A)néua—b:A

tacclaa—-b e A

3.2 HAM CHUAN N - CAC TINH CHAT CUA HAM CHUAN
3.2.1 Pinhnghia: HimN: P >N’
—| D
A—>N@)=| D/ |
duoc goi 14 ham chuan. S6 N(A) = |%| duoc goi 1a chuan cua ideal A
Chu ¥ rang: Dinh nghia nay hop 1y vi voi VA € P, |% | hiru han

3.2.2 Dinh nghia : Cho A A D, tdp con S, = {s/s € D } goi la hé
thang du day dii theo modun A néu n6 théa man cac diéu kién sau :

+VaeD,ds e Sysaochos=a(mod A)

+s,8' e Spyvas#s ' suyras=s’'(modA)

Néu v6i mbi 16p ae D/A ta 1dy ra mot va chi mot phan tir dai dién thi
ta duge S, 1a mot hé thing du ddy di theo modun A. Tir d6 N(A) =1 S|

3.2.3 Ménh dé:

VA, B, € P tn tai v € D" sao cho <y>= AC v6i (C,B)=E

Churng minh :

Gia st B=P}.. P (P;nguyéntd, ki>1,i=1n)
Pit B;=AP\P,...P,_P;....P, Thé thi ton taiy; € D" sao cho <y> : B,
<’Yi> B1P1 Tu do <'Yi> A Vi= 1,_1’1 va <’Yi> APJ (1 -‘,é_]) va <’Yi> 141)1

Xéty=y;+... Ty, thi<y>:Ava<y>:AP,i=1,n

Suyra<y>=ACv6i(C,B)=E
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3.2.4 Ménh dé:

Ham chuan c6 tinh chat nhén, tirc 1a N(AB) = N(A) . N(B)
Chung minh

Do A, B A D nén theo ménh dé 3.2.3 ton tai Y € D’ sao cho <y>=AC
trong d6 (C, B ) =E.

Giastu N(A)=r1,N(B)=svaSs = {ay,...,0; }

Sg = {B1, . .., Ps} 1an luot 1a hé thing du day du theo modun A, B. Ta
s€ ching minh {o; + v B;/ 1 <1<r;1<j<s} lah¢ thing du day du theo
modun A.B.

e Voia e Dthia=a; (mod A) véi 1 <i<rnao dd. Tu do
suy ra a - a; € A. Mat khac do (<y>, AB) = (AC, AB) = A nén
A=<y>+AB. Vithé chonén o - a; =y B + & v6i & € AB, diéu nay dan tl
o - a; =y B (mod AB).

Ta lai c6 do Sg 1a h¢ thang du d@iy du ctia mod B nén sé& ton tai 1 < J<s
dép= B; (mod B). Thanh thtr y B = yB; (mod AB) vi <y> : A.

Suy ra a - o; =y Bj (mod AB) hay o = a; +y Bj (mod AB).

o Gidsta;+yBj=ox+7yp (mod AB) suy ra

o - oty (Bj—P1) =0 (mod AB) (1)

Mait khac <y> : A nén tir (1) suy ra o; = oy (mod A) ¢6 nghia 1a o; = oy
tir d6 (1) viét lai nhu sau :y (Bj — B1) =0 (mod AB) hay <y (B;— B)) > : AB
=><y><Bi-p>: AB=>AC<f;j-B>:AB
=>C<B—fi>:Bma(c,B)=Enén<p;—f,> : B
=> ;=P (mod B ) => ;=) Nhu vay Sap={o; +yBj/ 1 <1<r;1<j<s}
1a hé thing du dy du theo mod AB => N(AB) =| S,sl =1. s = N(A) . N(B)
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3.3 HAM EULER - CAC TiNH CHAT CUA HAM EULER
3.3.1 Dinh nghia:

Cho A A D ta n6i rang (x, A )= E néu (x, A ) =E.
Dinh nghia trén 14 hoan toan hop 1y. That vay néu x’ € X
=x'-xe A= x,A)=x,A)=E
3.3.2 Dinh nghia :
Cho A A D, ta dinh nghia (/)= {x e D/} / x kha nghich }

3.3.3 Meénh dé:

Cho A AD, (x,A)=E<=> x kha nghich
Churng minh

+=>):(x,A)=E tasuyra (x, A) = E. Diéu niy c6 nghia la
<x>+A=D.Trdé3 x eD,ac Adéchoxx +a=1=>xx' =1 hay x
kha nghich.

+<=): x kha nghich suy ra 3 x'saocho xx'=1
Hayx.x'-1 € A. Tudo 1 € <x>+ A c6 nghia la <x>+ A =D hay
(x, A)=E. Vay (D/, )" = {x/x kha nghich } = {x/(x, A) = E}.

3.3.4 Dinh nghia :

Hamo: P >N

A o(A)=|(D/, )| duoc goi la ham Euler

3.3.5 Dinh nghia:

Cho A 1a ideal cua D. tap con T, duoc goi 1a hé thang du thu gon
theo mod A néu thoa mén :

o (s,A)=EVseT,y

o s5,s"eTyvas=s this= s'"(modA)
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e VaeDma(a,A)=Ethids e T,saochos=a(modA)
Néu v6i mdi 16p a e(D/A)’ ta ldy mot va chi mot phan tir dai dién thi ta duoc
tap Ta 1a hé thang du thu gon theo mod A. Tir dé ta c6 @(A) =|T4|.
Sau ddy chiing ta s& nghién ctru mot sd tinh chit ctia ham Euler.
3.3.6 Ménh dé :
Ham Euler c6 tinh nhan tic la néu A, B A D va (A, B) =E thi
P(AB) = ¢(A) 9(B).
Churng minh

Xét tuong ung h: %B — % X %

x+AB > (x+ A, x+B)
Ta chimg minh h 12 mot dang cau vanh
e h Ia mdt anh xa : Vi dinh nghia nay khong phu thudc vao cach chon x,
that vay x; + AB=x, + AB=>Xx,-Xx, € AB=>Xx; —x; € A,
X1—-XxeB=x+tA=x+tA,x;+tB=x,+B
= (x; t A, x;TB)= (x;+ A, x; +B)

e h1amot dong cau : Hién nhién

e hlamdtdonanhvih(x+AB)=0suyrax+ A = 0;x+B=0
Do d6 x : A, x | B. Ma (A, B) = E nén theo ménh dé 1.1.6 ta phai c6 x : AB
hay x + AB = 0.

e hlamot todn 4nh : That vay ldy phan tir (x, + A, y; + B) € D/, xDZ.
Do (A,B)=EnénA+B=Dsuyraténtai a; € A,be Bsaochoa; +b;=1.
Xét phan tir x = byx; + ayy; thi rd rang x = x; (mod A), x = y; (mod B). Tir d6
taco:h (x + AB)=(x + A, x + B) = (x; + A, y; + B). Vay h 1a mot dang ciu
hay D/AB = D/A X % D@ thay h 1a mot dong cdu vanh do d6 h 1a mot

dang cAu vanh. Mit khac véi x € D thi (x, AB)=E <=>(x, A)=E
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va (x, B) = E nén h cam sinh dang cau nhém h: (%B ) > (%)* X (% )

Do do (AB) = ¢(A) o(B).
3.3.7 Ménh dé :
Cho A, B 14 cac ideal cia D va A|B suy ra ¢(A) | ¢(B)
Churng minh:

Xéth: (DAY > (D4
x+tBH—Hx+A
Ta thay quy tic h khong phu thudc vao phan tir dai dién, that vay voi
xtB=x+B=x-xeB=x-X, e A=xtA=x, T A.
h 1a anh xa vi AB nén (x, B) = E => (x,A) = E. D¢ thiy rang h 13 mot dong
cau nhom.

Ta chirmg minh h 1 toan cau tirc chimg minh (%)* c Imh. That vay.

véimoi x + A e ( %)* suy ra (x, A) = E. Gia stt P;, (1 <i <k) la c4c ideal
t61 dai ma P;B nhung P; |A (c6 thé khong co ideal toi dai ndo théa man diéu
kién trén nhung trong trudng hop nay thi chimg minh ctia ching ta don gian

Thé thi (PP, ... P, A)=EsuyraP+ A =D véi

k \ 2

P= HlPi. Tudotontaipe P,ae Adé chop+a=1.
Xétx'=px+athix'=x (mod A) vax'=1 (mod P)
Do d6 (x’, A) = (x, A) = E va (x',P) = E suy ra (x/, AP) = E. Ma s céc thira s6
nguyén td cua B cling giéng nhu cua AP. Vi thé (x’, B) =E.
Dodéx' +B e (D4)".

Rorang h(x' +B)=x"+ A=x+ A suyra (%)*  Imh.

Vay h 14 toan cdu .
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Theo dinh 1y Note ta ¢c6 Imh = (% ) 4erh

hay (/)= (D4’ 4erh' Suy ra o(A)|o(B).
3.3.8 Ménh dé :
ne N, AADthi (A" =NA)" '. ¢(A)
Chung minh
Néu n = 1 thi ménh dé dung, ta chimg minh ménh dé ding véin > 2

Xét dong chu h : (%n )" (2/1)" Theo chimg minh ¢ 3.2.7 thi h 1a mot

toan cdu. Kerh= {x/x=1(mod A) } = { 1+a/ac A}

Goi {b;, b, ..., b} =S ., 1alép cac thing du diy da theo mo dun A" !

Al
Do A|A“*1 nén theo ménh dé 3.1.3 ton tai o € D sao cho <o> = AB
trong 46 (B,A" ') =E.
Ta s& ching minh kerh= {I+a/a e A} = { 1+ ab, /1<i<k}
Thét vay : Hién nhién {1+ ab, /1<i<k} ckerh. Viab;e Adoa € A
Véia e A batky do (<>, A") = (AB, A")=A(B, A" )= A nén
A=<o>+A"trdda=ab +c. Trong d6o c € A". Suy ra a = ab; (mod A").
Todn tai 1 <i<ksaochob=Db;(mod A" "). Do a : A nén ab = ab; (mod A").

Vi thé a = ab; (mod A") hay 1 +a=1+ ab; (mod A"). Suyra l+a=1+ab, .

Thanh thr kerth < {1+ab,/1<i1<k}. Tudo kerh=1+0ab,/1<1<k }.

Mit khac, gia sit 1+ab; = 1+ab; thi <a (bj—by)>: A"

:><(X><bi—bj> EAn:>AB<bi—bj> EAn:> B<bi—bj>SAn_l
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Ma (B, A" ") =E nén <b; —b>: A" '=>b;=b; (mod A" '). Do viy i=j va

bi=b;Vithé | {I+ab, /1 <i<k}|=k=NA""")=N(A)" ' (do ménh dé
. , N D *2 D *

3.2.4). Theo dinh Iy Note thi ( A) = ( A ) é:rh.

e(A) _ oA"Y
|kerh|  N(A)™!

Twr d6 theo cong thure Lagrange ta c6 ¢(A) =

Suy ra @(A") = N(A)"~' o(A).
3.3.9 Ménh dé:
a) P 1a ideal ti dai ctia D thi o(P) = N(P) — 1
b) A 14 ideal cia D, A = P" thi (A) =N(P)" ' [N(P) — 1]
c) A laideal cua, A c6 su phan tich
A= Pi‘l. .. P]r‘r trong do k; >0, V 1 I,_r va P; 1a cac ideal nguyén tb

thi :

B 1 1
(p(A)—N(A){l N(Pl)} ce {1 —N(Pr)}

Churng minh :

a) Do P laideal t6i dai nén % 1a mot truong. Tur do

(D) = (D)0} Suy ra g (P) =N®) ~ 1.
b) A = P" nén do ménh dé 3.2.8 ta co:
O(A) = @(P") = o(P) . N(P)"~'=N(P)" "' [N(P) - 1]
¢)Tu A=PX. . . PN v6iP¥, . .., P5 d6i mot nguyén té ciing nhau

nén (A)=o(P}")... ¢ (P})Mitkhac o (P}')=N(P) ' [N(P)—1]

_ Ak _ 1 a = : )i ——1
=N(P)) {1 N(Pi)} Nén ¢ (A) QN(PI) {1 N(Pi)}
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1

— TINPS) [1-—— | =N | T[NP | T 1—L}
LN ){ N(Pi)} {H ® )} { N(P)

=N(A).]£[{1 1 }

Ll N(P)
3.3.10 Ménh dé:
Cho A 1a ideal ctia D khi d6 ) ¢(B)=N(A)

BA
Churng minh
e V46iA=P"suyraB e {D,P', P’ ...P"}
> 0(B)= (D) + ¢(P) + . . .+ p(P")

B/A

=1+NP)— 1+ NP> +.. .+N®P)"=NP)™!

= N(P)" = N(P") = N(A)

o V6iA=P™ ... P% khidoB|A<=>B=P". . P*
V(yiOSaiSai,ViZI,_r

N(A)=N{ﬁPﬁi} = TINGS) =TT Z® = ¥ (P = So®)

i=l i=l 0<ai<o; O<ai<ri =l B/A

34. CACPINHLY SO HOC TREN VANH D
3.4.1 Dinh ly Euler :
aeD,AADsaocho (a, A)=E.Khi d6a*® =1 (mod A)
Churng minh
Vi moi phin tir ciia (%)* d&u kha nghich nén (%)* 14 mot nhom

c6 cap 1a @(A). Vi (a,E) = 1 nén theo ménh dé 3.3.3 suy ra ae (%)*. Tu do

cép cua a 13 u6e ciia g(A). Do vay. a®® =1 hay a®® =1 (mod A)

Tt dinh ly Euler ta rat ra cac hé qua sau :
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3.4.2 Héqua:
P 13 ideal tbi dai cia D thi a7 = a (mod P)
Chirng minh
e Néua:P=>a"P_a=a[@"® '_1]:P
Hay a"®’ = a (mod P)
e Néu (a, P) = E theo dinh 1y Euler thi
a®® =1 (mod P) nén a®” "' = a(mod P), ma P 13 ideal tdi dai nén
N(P) = ¢(P) + 1 Do d6 a"® = a(mod P)
3.4.3 H¢ qua
o, p e Dva(<a>,<p>)=Ethia® =1 (modp)
3.44 Héqua:
AAD,ae Dsaocho(a, A)=E.Néus=t (mod(p(A))
Thia*=a' (mod A)
3.4.5 Dinh ly Wilson :
Cho P 13 ideal t6i dai ctia D va s = ¢(P) = N(P) — 1. Néu
{€1, ..., &} 1a hé thang du thu gon theo mod P thi &,&,...&E=-1 (mod P)
Chirng minh

Trong truong % ta xét phuong trinh x*- 1 = 0 (1)
voivVie {1,2,...,s}thi & € (%)*. Tir d6 (&, P) = E. Theo dinh Iy Euler

taco:

£S=1(modP)hay &5 -1 =0

Tir d6 ta thiy ﬁ_l, ce ﬁ_s 1a tat ca cac nghiém cua phuong trinh (1)

Dodé x*-1=]] (x-&,). Theo dinh ly Viet ta co

i=l
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[1& = (- 1)*(- 1) (2). Gia sir truong hiru han % c6 dic sé p

i=1

e Néup =2:khidé|%|=2nléséchﬁnnén s 1é suyra (2)

tré thanh Hag_ =-D(-1)=1=-1

i=1

e Néup>2:khidd |%| = p" 1a s6 1& nén s chin suy ra (2) tré thanh

[1& -1 (D) =-1.Vay [T =1 (mpd P)
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CHUONG 4
SO HOC TREN VANHD={a+b J-6|a,b € Z}

Muc dich ctia chuong nay la khao sat mot cach chi tiét s hoc trén
vanhD={a+b J-6/a,b e Z}, cu thé ta mo ta cac ideal tdi dai cua vanh D;
mo ta thudt toan phan tich mot phan tir ctia D thanh tich cta cac ideal téi dai.
Déng tho1 dua ra mot sb vi du minh hoa.

41 VANHD={a+b/-6/a,beZ}

Truéc khi khao sat tinh chat s6 hoc cia vanh D, ta chirng minh D
khong phai l1a vanh Gauss va khai niém USCLN trén D khong tdn tai. Do do,
sO hoc trén vanh D néi chung 1 khé nghién ciru.

4.1.1 Cacvidu:

a) Cac phan tir 2; 3; J=6 1a cac phan tir bat kha qui trong D

b) D khong phai 1a vanh Gauss

¢) USCLN ctia 6 va 2~/ 6 khong ton tai
Chung minh :

a) ¢ Gia st 2 = a..3 v6i a, B € D ta chiung minh a hodc 3 kha nghich.
Vi2=a.p = N(@2)=N(a).N(B) =>4 =N(a).N(B). Ta xét cac kha
nang:

KNI :N(@)=1:;NPB)=4khiN(a)=1=>a’+6b°=1=>a==+1,

b =0 => a kha nghich

KN2 : N(a) =4, N(B) =1 Tuong ty nhu trén

KN3 : N(a) = 2; N(B) = 2 khi d6 a*> + 6 b” = 2 diéu nay ciing khong
Xay ra

e Giasut 3=a.pvdia,p e D.KhiddN(3)=N(a)N(B)
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=> 9 =N(a) . N(B). Ta xét cac kha nang:

KNI : N(o) =1, N(B) =9. Do N(a) = 1 nén a*> + 6 b* = 1, twong tur
trén a kha nghich

KN2 : N(a) =3 ; N(B) = 1 Tuong ty nhu trén

KN3 : N(o) =3 ; N(B) = 3. Do d6 ta c6 a* + 6 b* = 3. Diéu nay ciing
khong xay ra.

e Giastt V-6 =a.p véia, p e D. Khi d6 N(+/—6) = N(a).N(B)
=> 6 = N(a).N(B). Ta xét cac kha nang.

KNI : N(a) =1 ; N(B) =6 hodc N(a) =6, N(B) = 1. Tuong ty nhu
trén.

KN2 : N(a) =2, N(B) = 3. Do d6 a® + 6b> = 2. Khong xay ra.

KN3 : N(a) = 3; N(B) = 2. Khong xay ra .
Vay 2, 3, J=6 1a cac phan tir bat kha quy trong D.

b) Ta thiy 6 c6 hai su phan tich thanh tich cta cac phan tir bat kha qui
trong D1a 6 =23 =- J-6.4-6 nénD khong phai vanh Gauss. Tur do ta
c6 D ciing khong phai 1a vanh chinh.

c) Ta théy 6 ¢6 cac ude sO +1; +2; +3; +J-6

24/=6 c6 cac ue s 1a +1; £2; +4/— 6 ; £ 24/— 6. Tir d6 USC cua
6 va 2+/—6 1a +1; +2; £/ 6. RS rang trong cac USC & trén khong c6 USC
nao chia hét cho cac USC con lai.
4.1.2 Ménh dé :

D={a+b J=6/a,h e Z 12 vanh cac s6 nguyén dai s6 cla

K =Q(+-6)trén Q.
Chitng minh :

Goi D’ 1a vanh céc s6 nguyén dai s6 ctia K = Q( J-6 ) trén Q.
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Véia=a+b/—6 e D thi a 1 nghiém cua da thirc
f(x)=(x—a)’+6b’suyraa € D'. Viy D c D' rd rang phan tir o. € D’ bt
ky ta cé thé biéu dién dudi danga=(a+b J-6 )/ctronga,b,c € Zva
(a, b, ¢) = 1. Gia st f(x) 1a da thirc tdi thiéu ciia o. Do o 14 sb nguyén dai s6
nén f(x) € Z[x] do do

2a _ a’+6b’

f(x)=(x—a)(x—a)=>f(x)=x2——X+—2d0f(x)eZ[X] suy ra
c c
2 2 2
EeZ=>4izeZVa‘124b EZ:>§€ZVE‘124b e’/
c Cc Cc v c2

Gia st p 12 u6c nguyén t6 16n hon 2 cua c suy ra p[2a nén pla; p’|24 b*suy ra
plb®> => plb. Tir d6 (a, b, ¢) : p (vO Iy). Vi thé ¢ khong c6 wdc sb nguyén td
16n hon 2. Ta ciing thiy ¢ # 4 vi néu ngugc lai ¢ = 4 thi 4]2a => 2|a; 16|24 b
=>2[3 b>=>2|b. Tr d6 (a, b, ¢) : 2 (v6 Iy). Vay chi c6 thé ¢ =1 hodc ¢ =2.
e Véic=2:Taco4a®+6b°
Néua:2thi6b*>:4=>Db":2=>b:2suyra(a,b,c)=2(voly)
Néua=1 (mod?2)=>a’=1 (mod 4) ma 6 b> chdn nén a*+ 6 b’ 1¢
=>a’+6b” 14 (voly)
e Véic=1:Khidéa=a+by/-6 voia,be Z=>a e D=D"cD.

Tom lai ta c6: D = D’ hay D 1a vanh cac sd nguyén dai s6 ctia K = Q+/—6

trén Q.

4.1.3 Ménh dé :

Néua=a+b~—6 e D thi N(<o>) = N(a) = a> + 6 b*
Churng minh

Gia st f(x) 1a da thic tdi thiéu cua o
e Néuoa e Qthif(x)=x-a vaN(a)=a".0?=a.0=ad

—a’+6b°
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e Néuo ¢ Qthidegf=2.Trdof(x)=(x—-0o)(x-a )va

N(a)=a(1).oc(2)=(x.a =a’+ 6 b

= D . A A r
<a>| |/<a>|.Thatvay,taco

aec<o>thia e <a>.VithénéuS 1a hé thing du day du theo mod <>

Trudc tién ta théy réng |D

thi S = {s/s € S } la h¢ thing du diy du theo mod <o >. Tir d6 N(<a>) = |S)|
=|S|=N(<a >). Mit khac N(a) = o.. o nén <N(o)> = <a> <o, > hay
N(<a> ).N(<a >) = N(<N(a)>) = N(a)> = (a® + 6 b*)?
=> N(<a>)* = (a’ + 6 b’)* => N(<a>) =a’ + 6 b> = N(a ).
4.1.4 Bo dé:
Cho A A D va N(A) = p 1a mot s6 nguyén t6 thi A 1a ideal tbi dai ctia D.
Chung minh :
Gia sit A = B = D. Thé thi B| A => N(B)|N(A) hay N(B)|p => N(B)
=1 hoac N(B) = p.
NéuNB)=1=B=D
Néu N(B) = p thi N(A) = N(B). Gia st A = B.C = N(C) = 1. Theo
tréntacd C=Dsuyra A=B.D=B.
Vay A 14 ideal téi dai.
Dinh 1y sau ddy cho phép chiing ta mé ta tat cac cac ideal ti dai ciia D.
4.1.5 Pinh 1y : Cho p 1a mot sb nguyén t6 nao d6, khi do :
a)Voip=2; 3 thi:
o <2>=M?2v6i M, = <2, J-6> M, la ideal téi dai va
N(M,) = 2.
o <3>=M?2v6i My =<3, J-6> M; la ideal téi dai va
N(Ms;) = 3.
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b)V(’J’ip>3.Né'u_—6 =1 thitdntaia € Z déa*+ 6 =0 (mod p) va
p

ta co sy phan tich <p>=M,,, . M_p trong 40 M, =<p,a+ +/-6 >;

M, =<p,a- J— 6> va hon nita M,, M_p 1a cac ideal tdi dai cia D va
N(M,) =N(M, ) =p.

¢) Véi p > 3. Néu (‘Tf ) = -1 thi <p> =M, 1 ideal t5i dai caa D va
N(M,) = p’

Nguoc lai, bat ky mdt ideal tdi dai nao cua D déu trung véi mat trong
cac ideal M,, hoac M p VO1 p la mot sd nguyén tb nao do.

Chitng minh:

a) Taco2=+/—6 . /-6 +2.4 € M? =><2>c M2. Mit khac
N=6.V-6=6=2(-3)e<2>. VéiVa,BeMmio=2a+-6 a
vola, o, e DvaB=2p,+ J-6 B, voi By, B, € D
khi d6 o . B=2(2 0B+ V=6 c s+ V=6 aafy ) — 6 By Pp € <2>
=> M2 c <2>. Vay <2>=M3. Ta lai c6 N(M3) = N(<2>) = 2° => N(M,) = 2
ma 2 1a s6 nguyén t6 nén M, 12 ideal t6i dai.

e Taco3 =+-6.-6+33 e M? =><3>c M?. Mat khic
J=6.V-6=-6=3.(-2) e<3>VéiVa BeMmio=3a+V-6 o
voia, o, € D; B=3B1+ -6 B, voiBy,PeD
khidéo.B=3 Bop+V-60,B)—6p; P e<3>=M; c<3>
Vay <3> = M3. Ta lai c6 N(M3) = N(<3>) = 3> => N(M3) = 3 ma 3 1a sd

nguyén té nén M; ideal tdi dai.
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b) Néu (_—6)= 1, p>3 thiton taia € Z dé a® + 6 = 0 (mod p)
p

nén (2a,p)=1=>3r,s € Zsao cho 2ar + ps = 1. talai co

p(a+ \/—_6)+p(a— \/—_6)eMp.M_p :>2paeMp.Mp
=>p=rp(2ar+ ps) =2 par + p’s € Mp.ﬁp (1) Nguoc lai gia st
aeM,Be M_p thioc=px+(p+a\/—_6)y;B=pz+(a— \/—_6)t
=>o.p=po+(a’+6)yt (trong d6 ® = pxz + xta + zya + (zy — xt) J-6)
=pw + pmyt € <p> (véi pm=a’+ 6 via’ + 6 = 0 (mod p)) cho nén

M,. M, = {> o;B; /I hituhan, o € My, Bi e M, } < <p>(2), tir (1) va (2)

iel
ta c6 <p>=M, . M, Tirdé N(<p>) =NM, . M, )=>N(M,).NM, ) =p’
*)
Mit khac N(M,) va N(M, ) khac 1. Vi gid st N(M) = 1 => M, =D
=>M_p= D= NM,) . N(M_p) =1 (vo 1y véi (*)). Vi thé tir (*) ta 6
NM,) =N(M_p) = p ma p 1a sd nguyén tb nén M,, M_p 1a céc ideal ti dai.
c) XétB=<p,o>véia=a+b \/—_6,a,beZ.
Bay gid ta chimg minh néu (a, p ) = 1 hoidc (b, p) = 1 thi B = D. Thét vay,
e Néu(b,p)=1thidr, s € Zsao cho br+ps=1
=> \/—_6ps+r(a+b\/—_6)=(ps+br) J—6+ar=ar+ J—6=2a+ -6 voi
a’ = ar. RO rang \/—_6ps+r(a+b \/—_6) eB=a +/-6 ¢ B hay
<p,a’+\/—_6>cB.Me_'1tkhécdoa2+65pnén(a2+6,p)=1=>3m,neZ
sao cho (a* +6)m +pn=1"" ma
(a2+6)m+np=m(a'+x/—_6)(a’-\/—_6)+npe<p,a’+ J-6>
nén tu (**) ta co 1 e<p,a’+\/—_6>=><p,a'+\/—_6>= D hay B=D.
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e Néu(a,p)=1,tachixét(b,p)=1 suyrab:p nén
a=a+by-6 -p. %«/—6 e B. Tu d6 <p,a>c B.Talaico (a,p) =1 nén

t6~n taiu, v € Zsaochoau+pv=1=> 1 € <p, a> hay <p, a>=D. Diéu nay
dan t61 B =D.
Truong hopnéua i p,bipthia+b+—6 :psuyra B=<p>.
Bay gio ta ching minh <p> 13 ideal tdi dai. Gia st M A D va <p> c M.

Theo ménh dé& 2.2.10 ton tai &, f € D" sao cho M = (<a>, <p> = <a, B> véi
a=a+b \/—_6,B=c+d \/—_6.Taxéthaitru’c‘)'nghgp

TH1:Néua,b,c,d i p=>M=<a+b J-6,c+dJ-6>

TH2 : Néu ton tai mot trong 4 sba,b,c,d khong chia hét cho p. Gia su
a : pkhi dé <p, a>=D ma<p, a>c<a, f>=M. Tuedé M =D. Vay <p> la
ideal t6i dai.

Nguoc lai, biy gid ta chimg minh cac ideal toi dai ctia D phai c6 dang
M, hoac Mp . Gia str M 1a ideal ti dai cua D. Ly oo € M thi N(o) | o nén
N(a) € <aa>c M =><N(a )> M =>M|<N(a)>.

Mait khac N(a) € N nén N(a) = pi‘l C pff trong d6 p; 1a cac so
nguyén to, i = 1,r . Do d6 <N(o)> = <p>". .. <p>"r. Ma cac <p>, i = Lr
chi c6 cac thira sd nguyén t6 1a cac ideal tbi dai c6 dang M, hoac Mp ma M
lai 1a mot trong céc thira s6 d6 nén M phai c6 dang M, hodc M .

4.1.6 H¢ qua :

Cho p 1a mdt s6 nguyén td, khi d6 xay ra mot trong ba kha ning :

a) ® VGip=2 thi <2>=M3 v6i M, =<2; V- 6>

* V6ip=3thi <3>=M3 v6i M; =<3; V- 6>
b) Vé6i p 6 dang 24k + 1 ; 24k + 5; 24k + 7; 24k + 11 thi tdn tai

acZ déa’ +6=0(mod p) va taco sy phan tich <p> = M,.M , véi
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M, =<p,a+ J-6>, M, =<p, a - v—6> va hon nita M,,, M, 14 céc ideal
t6i dai va N(M,) = N(M ) = p

c) V6ip co dang 24k + 13; 24k + 17; 24k + 19; 24k + 23 thi <p> =M,
1 ideal t6i dai va N(M,) =p”.

Céc sb nguyén t6 dang a ), b) goi 1a cac sb6 nguyén td loai I, cac sd
nguyén té dang ¢ ) goi 1 cac sd nguyén to loai IL.
Chung minh

a) Ta suy ngay tir dinh Iy trén. Ta can ching minh b), c).

Ap dung tinh chét cua cong thirc Lagring ta co

SNCHEEGER RS

(ij :(.1)7T (pj Tu do ta co( ) =(-1) 8 (Ej (*)
D 3 P 3

b) e Xétp =24k +5;p =24k + 11
2

Khi d6 P

le p = -1 (mod 3), két hop (*) taco( ]—( 1)( j
p

o Xétp=24k + 1;p =24k +7

2 ]

Khi d6 2~ "1 chfin, p =1 (mod 3), két hop (*) ta c6 (_—6} (_j =1
p

3

c) o Xétp =24k + 17; p = 24k + 23

2
Khi do 2

-1 chan, p = -1 (mod 3), két hop (*) ta c6 (_—6} (_?1) =1
p

o Xétp=24k +13; 24k + 19
2

Khi d6 P 1le p=1 (mod 3), kethop(*)taco[ ] (1)(]
p
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4.2 THUAT TOAN PHAN TiCH RA THUA SO NGUYEN TO -
CAC ViDU
4.2.1 Thuét toan phan tich ra thira s6 nguyén to
Trong phan nay, chiing ta s& chi ra thuat toan dé phan tich mot ideal
A thanh céc ideal tdi dai.
a)  Trudc hét ta xét A 1a ideal chinh va A = <o>

voioo=a+b +-6,a,beZ (ab)=1

Gia st N (o) = p; . . . p« trong d6 p;, i = Lk 13 cac s6 nguyén t6 co

thé trung nhau, khi d6 <N(a)>=<p;>... <p>

hay <o> <a>= <pi>...<p> ta chimg minh p; (i = 1,k ) 13 cac s6 nguyén t6
loai 1. That vay gia st ton tai p; 13 s6 nguyén t6 loai II suy ra <p> 13 ideal
nguyén t6. Do <p;> / <o> <a> nén <p;>/<a >hodc <p>/< a > suy ra
pi/o hodc p;/ o trddtacda i p,bip(voly)
*, (a,b)=d>1
Pita=da’,b=db thi (a’,b")=1.Giastd=q; . .. qm (qi 12 cac sb

nguyén t c6 thé tring nhau)
<oq>=<a+b \/—_6>=<d><a'+b’ \/—_6>
=<q>...<qp><a’ +b'\— 6>

e Néu q; 1a 2 s6 nguyén t6 loai I thi < > = Mg Mqi

e Néu q; 12 nguyén t6 loai II thi <q> 1a t6i dai

e <a',b’'+/—6>sé dugc phan tich nhu trén.

b) Gia sir A 1a mot ideal bat ky ctia D. Thé thitdntaiaa=a+b /-6,
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B=c+d+—6 sao cho A = (<o>, <B>). Theo thuit toan & trén thi ta c6 thé
phan tich duogc
<a>=P1... P va<p>=P} ...PFk

T T

i min{k ,I
Do ds A —pminkil  pME

r
4.2.2 Mot so vi du
Sau day chung t61 dua ra mot s6 vi du minh hoa vé su phan tich cac
ideal trong vanh D thanh cac ideal t6i dai.
a) Phan tich ra thira s6 nguyén t& <a> = <429 + 143+/— 6>. Tinh ¢(<a>).
Taco <a>=<11><13><3 + /-6 >
+) 13 ¢6 dang 24k + 13 nén <13>=M;;
+) 11 ¢6 dang 24k+11 nén <11>=<11,7 + /= 6><11,7 - /—6>=M;; M 1,
HPEP=3++-6.Tacé 3, 1)=1,NP)=3>+6=15 =3.5
<3>= Mg =<3, V- 6>
<5>=<5,2+-6><5,2-/-6>=Ms.Mj5
Mitkhic3+ V-6 =5-(2-+J-6) € <5,2-J-6>= M;
Viy <o>=M;3;.Ms. M. M. My,
O(<a>) = o(Ma)p(M 5)p(Mi11)9 M 11¢0(Mi3)
hay o(<a>) =3-1)5-1)(11-1)(11-1) (132 —1)=134400
b) Phan tich ra thwra ) nguyén t6 <o> = <1190 + 1785 /-6 >.
Tinh o(<o>)
Tacod <o>=<5><7><17><2+3 J/—6>
+) 5 ¢6 dang 24k + 5 nén <5>=<52+ /=6 ><52 - J/—6>=M;.M s
+) 7 c6 dang 24k + 7 nén <7>=<7,1 + \/—_6><7,1 _J-6>= M7.M7
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+) 17 c6 dang 24k + 17 nén <17> = My,
+)Patp=2+3/-6.Tacd (2,3)=1,N(B)=4+ 54 =58=2.29
<D>=M? =<2, J-6>?
<29>= <29,9+ /= 6><29,9 - \/[—6>=M,5.M 5
Mitkhéc 2 +3+v/=6 =29-3(9- v=6) € My,
Vay <o> = My.Ms. M 5.M7. M 7.M;7. M 5
P(<0>) = O(M).0(Ms).0( M 5).0(M7).0(M 7).0(Mi7).0( M )
hay p(<a>) =2 - DG - DG -1)(7-1)(7-DA7*=1)29-1)
= 4644864
c) Phan tich ra thura $b nguyén td <a> = <55 + 22 /- 6>. Tinh
P(<o>).
Tacd <o>=<I1><5+2-6 >
+) 11 ¢6 dang 24k + 11 nén <11>=M,;. M
N PatB=5+24J-6,(5,2)=1,N(B)=25+24=49 =7
Vay <a>=M; .M.
o(<o>) = o(My1).0(M7) = (11 - 1) (7-1) = 60.
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KET LUAN

Ky hi¢u D Ia vanh cac s6 nguyén dai s6 cla truong mo rong hiru han cia
Q. Sau khi nghién ctru cdu tric cc ideal ctia vanh D chung t6i d3 thu duge mot
s6 két qua nhu sau

1 . Tap cac ideal khac 0 cia vanh D 1a mdt nira nhoém giao hoan, ¢6 don vi,
v6i su phan tich duy nhat thanh cic phan tr nguyén t6, cic phan tr nguyén t6
chinh 14 cac ideal t6i dai.

2 . Xay dung duogc s6 hoc trén vanh céc sd nguyén dai s6 D, cu thé 1a da
xay dung dugc va nghién ciru cac tinh chat cing véi cac cong thire tinh cac ham

sO hoc sau:

+ Ham chuén : NP SN
A N@A) =D/ |
+ Ham Euler Q: PN

A oA)=|(D )]
va cac dinh 1y s6 hoc trén vanh D :
+ Pinh Iy Euler : a € D, A A D sao cho (a, A) =E.
Khi d6 a® =1 (mod A)
+ Pinh Iy Fecma : P 1 ideal t6i dai cta D thi a"® = a (mod P)
+ Pinh Iy Winlson : Cho P 14 ideal t6i dai cuia D va s = o(P) = N(P) — 1.
Néu {&,, .. .& )} 1a hé thing du thu gon theomod P thi &, ... & =-1(mod P)
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3 . Nhu 1a mot vi du minh hoa cho cac két qua trén, chiing to61 xét truong
hop dac biét K = Q( \/—_6) vanh cac sb nguyén dai sb 1a
D={a+b J-6 la,b € Z}. Mac du D khong phai l1a vanh Gauss, nhung 4p dung
Iy thuyét trén ching t6i xay dung duoc s6 hoc trén vanh D. Tinh toan cu thé cac
ham chuan, ham Euler trén D; dua ra thuit toan phan tich mot phén ta cua D
thanh tich cac ideal toi dai va cac vi du cu thé.
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