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LOI CAM ON

T6i xin chin thanh bay to long biét on dbi voi quy Thay Co giang vién
truong Pai hoc Su Pham Thanh Phé Ho Chi Minh, truong Pai hoc Khoa Hoc
Tu Nhién Thanh Phé H6 Chi Minh da giang day va trang bi cho toi day du
kién thirc 1am nén tang cho qua trinh viét luan vin nay.

T6i xin chan thanh cam on quy Thay C6 trong hoi dong cham luan vin da
danh thoi gian doc, nhan xét va dong gop nhiéu y kién quy bau cho luan vin.

To1 xin chan thanh cam on phong Khoa hoc Cong nghé va Sau Dai hoc
truong Pai hoc Su Pham Thanh Phé HO Chi Minh, truong THPT Binh
Chanh, truong THPT Phan Pang Luu da giup do va tao diéu kién thuan loi
cho t6i trong subt khéa hoc.

T6i xin chan thanh to 1ong biét on dén gia dinh , ban be, dong nghiép da
hé trg va gitip d& rat nhidu dé t6i hoan thanh luan van ndy.

Pic biét, toi xin chan thanh bay t6 long biét on sau sic ddi véi
PGS. TS My Vinh Quang, ngudi da truc tiép giang day va hudng dan toi hoan
thanh luan van nay.

Tran trong cam on.



LOTMO PAU

Cho K 1a mot truong mé rdng hitu han cua Q va D 1a vanh céac s6 nguyén
dai s6 trong K. Ta biét ring D ndi chung khong phai 14 mot mién nhan tir hoa.
Cu thé 13 trong D dinh 1y co ban cua s6 hoc c6 thé s& khong con ding nita,
mot sd ¢ thé phan tich duoc thanh tich cac phan tir nguyén t6 theo nhiéu
cach khac nhau. Boi vay, s6 hoc trong vanh D 13 kho nghién ctru.

Tuy nhién, dya theo y tuong cua Dedekind: “ M6i ideal that sy cua D
déu c6 sy phan tich duy nhét thanh tich cua cac ideal t6i dai ”, chung ta van
c6 thé xay dung duoc s6 hoc trén vanh cac so nguyén dai so.

Bo1 nhitng ly do trén, ching t61 da quyét dinh chon dé tai 1a: “ Sy phan
tich thanh nhan tr trén vanh cac sé nguyén dai s6”. Muc dich cua luan van
nay la nghién ctru sy phan tich mot ideal thanh tich cac ideal t61 dai trong mot
s0 vanh s6 nguyén dai so, tir do xay dung s6 hoc trén vanh cac s nguyén dai
sO nay.

B6 cuc cta luan van duoc chia lam 3 chuong
Chwong 1: CAC KIEN THUC CO BAN

Trong chuong nay chiing toi trinh bay cac kién thirc co ban lién quan dén
céc dé tai : phan tir nguyén trén mot mién, cac ideal trong mién Dedekind, cac
khai ni€m li€n hgp trén mdt trudong s6 dai sb bac n va thang du bac hai.
Chwong 2: CAC IDEAL TRONG VANH CAC SO NGUYEN DAI SO

Noi dung chinh ctia chuong nay la nghién ctru cac tinh chat cua cac ideal
ctia vanh cac sd nguyén dai s6 D; chimg minh moi ideal that sy cua D déu co
thé biéu dién dudi dang tich cua cac ideal nguyén t6 cta D va sy biéu dién
nay 1a duy nhét.

Chwong 3 : SU PHAN TiCH MOT IDEAL THANH TiCH CAC IDEAL

NGUYEN TO TRONG TRUONG BAC HAI

Muc dich ctia chuong ndy 1a mé ta cac ideal toi dai cua vanh D khi K 1a
mdt trudng bac hai; mo ta thuat toan phan tich mot phan tir ciia D thanh tich
cac ideal toi dai. Tir d6 4p dung khao sat mot cach chi tiét trén vanh

D={a+b. -10|ab e Z} vivanhD={a+b. “‘V B ap ezl

Kinh thua quy :Fhﬁy, C0, do kha nang va thoi glan con han ché nén luan
van nay khong thé tranh khoi nhiing thi€u sét. Kinh mong dugc quy Thay, Co
va cac ban dong gop y ki€n dé luan van dugc hoan chinh hon.



CHUONG 1

CAC KIEN THUC CO BAN

1.1 PHAN TU NGUYEN TREN MOT MIEN
1.1.1 Dinh nghia
Cho A, B la cic mién nguyén vo1 A < B. Phan tir beB dugc goi la
nguyén trén A néu né thoa min phuong trinh da thirc
Xn + an_an_l‘i‘ .. aixt+ag= 0 vo1 dp, a1, ...., Ap-] € A
Nhu vy moi phan tira e« A déu nguyén trén A vi n6 1 nghiém cia
x—a e A[x]
1.1.2 Dinh nghia
Mot so phirc ma nguyén trén Z dugc goi 1a mot sd nguyén dai sb
Tap tat ca cac s6 nguyén dai sé ki hiéu 1a O
1.1.3 Dinh nghia
Cho A, B 1a cac mién nguyén véi A = B. Néumdi b B 1 nguyén trén A
ta no1 B 1a nguyén trén A
1.1.4 Tinh chat
a) Cho A ¢ B < C la thap cac mién nguyén. Néu C 1a nguyén trén A thi
C nguyén trén B
b) Cho A, B la cic mién nguyén v6i A = B va B 1a mot A-module hiru
han sinh. Khi d6 B nguyén trén A.
¢) Cho A, B 1a cac mién nguyén véi A < B; b;b,...b,eB. Khi do
b; b,...,b, 1a nguyén trén A < A[b; b,...,bs] 1a mOt A_module hiru han
sinh.
d) Cho A, B 1a cac mién nguyén véi A < B. Néu b;,b, € B 1a nguyén trén
A thi b1 + bz . b1 - bz va b1 . bz la nguyén trén A
1.1.5 Pinh ly
Cho A, B la cic mién nguyén véi A < B. Khi d6 tap cac phan tir cia B ma
nguyén trén A 1a mot mién nguyén con cua B chita A
1.1.6 Hé qua
Tap tat ca cac sd nguyén dai s6 13 mot mién nguyén



1.1.7 Dinh nghia
Cho A, B 1a cdc mién nguyén véi A c B. Ta goi bao déng nguyén cta A
trong B 13 mot mién nguyén con ciia B bao gdom tat ca cac phan tir cia B ma
nguyén trén A. Bao dong nguyén ctia A trong B duoc ki hiéu 1a A®.

Néu K 1a trudng cac thuong cta A thi bao dong nguyén cta A trong K,
ki hiéu A¥, duoc goi 1a bao dong nguyén ctia A.

Néu A® = A thi ta n6i A 1a vanh dong nguyén
1.1.18 Tinh chét

Cho A, B 1a cic mién nguyén voi A < B.Khidé A < A® < B

1.2 Cac ideal trong vanh Dedekind
1.2.1 Dinh nghia
Mot mién nguyén D théa 3 tinh chat sau

- D la vanh Noether

- D dong nguyén

- Moi ideal nguyén t6 ctia D déu 1 ideal toi dai
duogc goi 1a mgt vanh Dedekind.
1.2.2 Ménh dé

Cho P 1a mdt ideal that sy cia mdt mién nguyén D. Khi d6 P 1a mot ideal
nguyén t6 ctia D khi va chi khi véi bat ky hai ideal A,B cia D ma AB < P thi
hoac A < P hoac B cP.
1.2.3 Dinh ly

Trong mién Noether, moi ideal khac khong déu chua tich ctia mot hoic
mdt s hitu han céac ideal nguyén t0.
Chirng minh
Gia sir rang trong mién Noether D c6 ideal khong thoa tinh chat trén. Goi S
1 tap cac ideal ndy, do d6 S = @. Do D 1a Noether nén trong S ¢ phan tir toi
dai A. Mat khac, vi A khong chira tich cua mot hodc mot s6 hitu han cac ideal
nguyén t6 nén chinh A ciing khong 1a mot ideal nguyén t6. Theo ménh dé
1.2.2 thi co cac ideal B,C sao cho

BCcA;BzA; Cz A
Ta dat

B1 :A+B, C1 =A+C
thi

A c Bl, A c Cl,A ¢B1, C1
Do A la phan tir t6i dai nén By, C, ¢ S. Thé nén co6 cac ideal nguyén tb
P,...,R. sao cho

R.,..R,<B , PR

(FSERRLE

P.cC
Nhung vi



BC =(A+B)(A+C)c A
nén
P,..R cA
Mau thuan viéc A e S.
Vay trong mién Noether, moi ideal khac khong déu chira tich ciia mot hodc
mdt s hitu han cac ideal nguyén t0.
1.2.4 H¢ qua
Trong mién Dedekind, moi ideal khac khong déu chira tich cua mét hodc
mdt s hitu han cac ideal nguyén t0.
1.2.5 Dinh nghia
Cho vanh Dedekind D va K 1a trudong cac thuong ctia D. Mot tap con A
khac rong ctia K voi 3 tinh chit sau:
1) aeAfecA=a+peA
1) aeAreD=racA
1) 3y e D,y #0: A<D
duoc goi 1a mdt ideal phan cua D.
Nhan xét
1/ Néu A 1a mot ideal phan ctia D va A < D thi A 1a mot ideal cua D.

2/ Néu A 1a mot ideal phan ctia D thi I = » A 13 mot ideal cua D va A :l.
/4

Nhu vay mdi ideal phan A cua D déu viét duge dudi dang A _1 cha ¥ rang
cach viét nay khong duy nhét. ‘
3/ Do D la vanh Dedekind nén moi ideal I cua D déu hiru han sinh. Gia st

I :<al,...,an>

thi
A= lI . (al,...,an> = <&,...,ﬂ>
v v v v
Do d6 moi ideal phan cua D cling hitu han sinh
4/ Néu A,B 1a céc ideal phan ctia D thi A= B :%; 4,5 <D\{0}, khi do
v

A+B va AB 1a céc ideal phan ctia D v6i miu s6 tuong ting 14 55
1.2.6 Pinh ly
Cho vanh Dedekind D va K 1a trudng cac thwong ctia D. Vi mdi ideal
nguyén to P ctia D ta dinh nghia
C={aeK|aPc D}
Khi @6 P 1a ideal phan cua D.



1.2.7 Bo dé ’
Cho P 1a mot ideal nguyén t0 cua mdt vanh Dedekind D. Khi do

DcPvaD=P
Chirng minh

Dé thiay D < P. Pé két luan D = P ta can chi ra ring P chra phan tir

y € P nhung y ¢ D.
Lay B e P\ {0}. Theo dinh Iy 1.2.3 thi c¢6 cac ideal nguyén to P,...P,
(k>1)ma
P.R < <p>
Chon k 13 s6 nguyén duong nho nhét thoa diéu kién trén.
Do
P.R < <p>cP
va
P 1a mot ideal nguyén t6
nén ta co
P < P;vdichisdindodé,ie {1,2,...,k}
C6 thé danh sé lai néu can thiét ta gia st rang
PcP
Nhung vi D 1a vanh Dedekind nén P, 13 ideal t6i dai, vi thé
P=P
Bay gio ta xét 2 truong hgp k=1 va k>2.
+Néuk = 1 thi
P=P =<p>

Vi g+ Otacéthéda_‘lty=% e K. Gia sit y €D, khi do

1=p. L=p,c<p>

B
— P =<p>=D mau thuan viéc P 1a mot ideal nguyén t6 cua D.
Do d6 y ¢ D.

Mat khac
yP= %,< B>=<1>=D

= Yy € E
— » P \D khik=1.
+ Néu k>2, theo cach chon k 13 s6 nguyén duong nho nhét ta c6

P..R £ <p>



Do d6 co phan tir § € P,..P, nhung § ¢ <B>.
Vi B = 0taco thé dit » :% e K. Khi do

.y eDvinduy eD= 6=yp8 c<p>voly.
.y € P vi ]/P:é‘.%Pl c %PI'PZ"'PK =%.<ﬂ>=<1>hay yPc D.

— y e P\Dkhik>2.
Vay

D=P.
1.2.8 Bo dé

PP =D
Chirng minh

+ Trudc hét ta chimg minh PP =D hay PP =P
Do P 13 ideal ctia D nén c6 thé xem 13 mét ideal phan véi mausd 1. Vi P va P

déu 1a ideal phan ctia D nén PP I ideal phan cua D. Hon nira, PP < Dnén
la mdt ideal cua D. Khi d6

Vi

.1e P =>Pc PP

PP cD

. P la ideal nguyén t6, D la vanh Dedekind = P 1a ideal to1 dai
nén

PP =D hay PP =P
+ Tiép theo chung ta chira PP =P
Gia sir rang PP = P, ta chirng minh P dong v4i phép nhan. Liy o < I;,
B e P, khidb
aP cPP=P, jP c PP=P
= affPc aPc D
= ap eI;
Do d6 P dong voi voi phép nhan. Piéu nay ching to P 1a mién nguyén chira
D nghiém ngdt. Vi D la vanh Noether nén Pl mdt ideal phan hiru han sinh.
Do vay nén E lai 1a mdt D- module hiru han sinh. Theo tinh chét 1.1.4b) thi



T

nguyén trén D. Tuy nhién, vi D dedekind nén D dong nguyén. Tu do ta co

T

=D. Vo ly vi P chira D mdt cach nghi€ém ngit.
Vay PP # P hay PP =D.
1.2.9 Dinh ly

Trong vanh Dedekind D, moi ideal A khac <0> va khac D déu phén tich
duogc thanh tich cac ideal nguyén t6 ctia D. Hon nira, sy phan tich nay 1 duy
nhat.
Chirng minh
+ Trudce hét ta chirng minh sy phan tich dugc
Goi S 1a tap cac ideal khac <0> va khac D ma khong phan tich dugc thanh
tich cac ideal nguyén t6. Gia sit S =@, khi d6 trong S c6 phan tir téi dai A vi
D 1a vanh Noether. Theo dinh 1y 1.2.3 thi ton tai cac ideal nguyén té P,... R,
(k>1) sao cho

P.R cA
Goi k 13 s6 nguyén duong nhd nhit ma tich P.R cA. Néu k = 1 thi
P cAcD. Vi P nguyén td, D Dedekind nén P, tdi dai. Nhu vay P=A v 1y
vi A eS.
Do d6 k >2. Theo b6 dé 1.2.8 ta c6

RR=D
= PPRP.R =DP.P
=PA 2 PPP..R=P.R (%
Tir chimg minh ctia bd dé 1.2.7tacé D = P chonén A=DAcPA
Luc nay, néu A =P A thi tir (*) ta duoc P..P, <A mau thudn cach chon k. Do
vay

AcPA
Do tinh tdi dai ctia A trong S nén P A 1a ideal khac <0> va khac D khong
thudc S. Ta co

PA=0Q,.Q,
v6i Q,,....Q, 1a cac ideal nguyén té ctia D
Luc nay ta thiy

A=AD=APPR =PRQ.Q
14 mot tich cac ideal nguyén t, didu ndy mau thuan cach chon A e S.
Vay S = @ va sy phan tich dugc 1a hop 1y.
+ Ta chirg minh sy phan tich 1a duy nhét
Gi1d st B 1a mot ideal khac <0> va khac D c6 sy phan tich
B=P.P =0Q.0Q
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v6i P,...P , la cac ideal nguyén to.

= PB.B < Q

Vi Q 1a ideal nguyén t6 nén c6 P c Q,, bang cach danh sé lai néu can thiét

tagidse P < Q,.

Do P, 12 ideal nguyén td, D 1a vanh Dedekind nén P, tdi dai, tir d6 suy ra
P=Q

Do d6 ta co

va

BP =8B Ql =Q--Q
Suy ra

P..P =0Q.Q

Néu k = I, khong mat tong quat ta gia st k < I. Bang cach tuong tu viéc
ching minh P, =Q,,taclingco P = Q;1=2,....k. Taco
P.P=0,.0Q =0.0Q.0,.Q =P..RQ.,.Q
= P,..P P.P =P..RP.RQ..Q
= D=Q,.Q < Q voly.
Dodé k =1va P =Q;i=l,..k
Vay sy phan tich mot ideal khac <0> va khac D thanh tich cac ideal nguyén t6
cua D 1a duy nhat.
* Nhan xét
1/ Néu A 1a mot ideal that sy cia D thi A C(')’ su phan tich
A=Q.Q, Q,...Q la cic ideal nguyén to
Goi P,...P, 1a tit ca cac ideal nguyén t6 phdn biét trong nhém Q,,....Q . Gia sir
mdi P, xuat hién a, lan, khi d6

A=P*.P"
v6i a 1a cac s6 nguyén duong thoa a,+...+a =h.
NéuA=D=<I> thi a=..=a =0

Nhu vay, moi ideal khac <0> cua D déu c6 thé biéu dién dudi dang tich cua
cac liy thira cac ideal nguyén té cua D.
2/ Gia st A,B 1a cac ideal khac <0> cua vanh Dedekind D. Khi §6 AB cling
14 mot ideal khac <0> ctia D. Goi P,..,P, 1a tit ca cac ideal nguyén t6 phin
biét xuit hién trong su phan tich cua A,B hoac AB. Khi do
A=T]]rP*,B= ﬁPibi ,AB = f[Pfi
i=1 i=1 i=1

trong do a,b,c 1a cac sO nguyén khong am.
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Ta co

HPiCi = AB = Piai Pibi = Piaierl
i=1 i=1 i=’1 i=1

Do su phan tich 1a duy nhat nén
c =ath,1=12,...n

Vay néu

A:lj[eai, B

Il
£

thi
AB = H P+

i=1
1.2.10 Dinh nghia
Gia sur A,B 1a cac i1deal khac <0> cua vanh Dedekind D. Ta no1 A 1a udc
ctia B, ki hiéu A|B néu c6 ideal C cta D sao cho A.C =B
Nhan xét:
Néu

A= I_IIP vaB= l_i[F’ib‘

thi

AB < a <b ;i=1,..n
1.2.11 Pinh ly

Tap tat ca cac ideal phan khac khong cua vanh Dedekind D vdi phép nhan
1ap thanh mot nhom Abel v6i phan tir don vi 13 <1> = D, phan tir nghich dao
cua

Az]_:l[Pfi

la

Chirng minh
+ Trudc hét ta ching minh moi ideal phan khac <0> cua D déu biéu dién
dugc dudi dang tich cua cac liy thira cua cac ideal nguyén t6 phan biét cia D
Gi1d su A la ideal phan khac <0> ctuia D.. Chon « e D\{0}, g < D\{0} la hai
mAu sb cua ideal phan A. Khi d6

(a)A=B va (B)A=C
vo1 B,C 1a cac 1deal khac <0>  cua D.
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Gia su rang
n

<®=ﬁﬁ“ B=HW

n

>

(B) = p,t- C = [[P“ véi P....P. 1a cac ideal nguyén t& phan biét
va r,s,t,u ( ,..,n) 1a cac sb6 nguyén khong am.
Khi do, vi

(@)C=(a)((B)A) = (B)((«)A) = (B)B
nén

ﬁ F)iriJrui — ﬁ F)isithi
i=1 i=1

Theo dinh 1y 1.2.9 thi

+U =S +t
hay

s—r=u-t;i=1..,n
Do d6,ta c6 thé dinh nghia su phan tich cta ideal phdn A khac <0> ctia D
dudi dang tich cua cac lily thira cia cac ideal nguyén té phan biét ciia D nhu
sau

A= 1:1[ ps—"

va dinh nghia nay hop 1y vi khong phu thudc cach chon mau sé ciia A.Theo
dinh nghia nay, do v&i moi ideal nguyén t6 P ctia D ta déu co
PP =D=<1>=P°
nén
P=p
Néu P....,P la cac ideal nguyén t6 phan biét ma

[IP* =[]R" voia, b ,i=1..nlacac sd nguyén
( nguyén am, nguyén duong hoic c6 thé bang 0) thi khi do

117 - 11
i=1 i=1 i=1
v6i M 1a mot s6 nguyénthbaM + a>0vaM+ b>0, i=1..n
Theo dinh 1y 1.2.9 thi

M+a=M+b >0;i=1.,n
= a =>Db ;i=L..,n
Do d6 ta c6 thé thay su biéu dién cuia mot ideal phan khac khong dudi dang
tich ctia cac lily thira cua cac ideal nguyén té phan biét, voi sé mil nguyén, 1a
duy nhét.
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Bay gio, trén tap cac ideal phan khac <0> cua D ta dinh nghia phép nhan nhu
sau
Néu

A:l_llpiaisB:HPibi

i= i=1
vol P,...,P 1a cac ideal nguyén tb phan bi¢t va a, b ,i=1..,n la céac $b
nguyén ( nguyén am, nguyén duong hoic co thé bang 0) thi khi d6

AB = H P+
i=1

Nhu vay, tap tit ca cac ideal phan khéac khong cua vanh Dedekind D voi phép
nhan trén 1ap thanh mgt nhom Abel voi phan tor don vi 1a <1> = D, phan tu
nghich ddo cua

trong 46 P, i=1,...n 1a cac ideal nguyén t6 phan biét va a , i=1,...,n 1a cac sb
nguyeén.
1.2.12 Dinh nghia
Cho A= [[R* v6i R, i=1,...n la cic ideal nguyén t6 phan biét ctia vanh
i=1

Dedekind, a (i=1,...n) 1a cac sb nguyén.

bat
ord, (A) = &

Vi bat ky ideal nguyéntd P = P i=I,...n ta dinh nghia
ord, (A) =0

Nhan xét

_ A duoc goi 1a mét ideal nguyén cta D khi va chi khi ord, (A) = 0; voi
moi ideal nguyén td P.

_ Néu ord, (A) = 0; véi moi ideal nguyén to P thi A =D.

_ord, ((1)) =0 va ord, (P*) =k

_Tap tt ca cac ideal nguyén va ideal phan khac khong cta vanh Dedekind
D vé1 phép nhan 1ap thanh mdt nhém Abel voi phan tir don vi 1a <1> = D,
phan tu nghich ddo cta

Azl;[eai

la
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>

A-l = Pifai

i=1

trong 46 P, i=1,...n 1a cac ideal nguyén t6 phan biét va a , i=1,...,n 1a cac sb
nguyeén.
1.2.13 Dinh nghia
Cho A,B la cac ideal phan khac khong cua vanh . Ta noi A 1a udc cua B, ki
hi¢u A|B néu c6 ideal nguyén C cua D sao cho

B =AC
Nhan xét

AB < ord, (A)< ord, (B) voimoiidealto P & B c A
1.2.14 Tinh chat

i) ord, (AB) = ord, (A) + ord, (B)

ii) ord, (A+B) =min { ord, (A) , ord, (B)}
1.2.15 Dinh nghia

Cho K 1a truong cac thuong cua vanh Dedekind D. V61 mo1 o € K\ {0} ta
dinh nghia

ord, (o) = ord, ((a))
v6i moi ideal nguyén td P ciia D.
1.2.16 Tinh chat

a) @ € A < ord, («) 2 ord, (A), voi moi ideal nguyén to P ctia D.

b) véi a € K', g € K" thi

ord, (@) = ord, () + ord, ()

c) Véi a, B, at+ p e K thi

ord, (¢+4) = min {ord, («), ord, ()}

d) voi a, B, a+ p e K’ thoa ord, (a) = ord, (B) thi

ord, (¢+4) =min {ord, («), ord, (5) }
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1.2.17 Pinh ly
Cho K 13 trudng cc thuong ctia vanh Dedekind D. Khi d6, v6i bt ky tap
hiru han céac ideal nguyén t& P..P, cua D cung tdp cac sd nguyén tuong ung
a,...a, ludn ton tai e K sao cho
i/ ord, (a)=a ,i=1,...k
i/ ord, (@) >0, véi moi ideal nguyén to P = P..R,
1.2.18 Dinh nghia
Cho K 1a truong cac thuong cua vanh Dedekind D va A 1a mdt ideal
nguyén hodc ideal phan khac khong ctia D. Khi d6 véi a,b,c € A ta viét
a=b(modA) & A|(a-b)
Nhan xét
i/ Al(a-b) & (a-b) c A wabecA o atA=b+A
i1/ a=a(modA)
111/ a=b(mod A) = b =a(mod A)
v/ a=b(mod A),b =c (mod A) = a =c(mod A)
v/ a=b(mod A) = ac = bc (mod A)
1.2.19 Pinh ly
Cho D la vanh Dedekind
a) Cho P,...P, la cac ideal nguyén t6 phan biét cia D; «,,...,a, €D

va a,..,a, 1a cac s nguyén duong. Khi d6 ton tai & e D thoa
a = a (modPia‘); =1,....n
b) Cho 1,,...1, 1a cac ideal ciia D d6i mot nguyén té cung nhau
va «,...,a, €D. Khido tdn tal « e D thda
a =« (modli);iZI,...,n
1.2.20 Pinh ly

Cho D la vanh Dedekind va A la mot ideal nguyén hodc phan cua D. Khi
d6 A dugc sinh b1 nhiéu nhat hai phan tr.

1.3 Cac khai niém lién hop trén mdt truong soé dai s6 bac n
1.3.1 Pinh Iy
Cho K 1a mgt m¢ rong bac n trén Q( [K:Q] = n ). Khi d6 c6 dung n don
céu truong
o :K—>C(k=1,..,n)
1.3.2 Dinh nghia
Cho aeK kihiéu la irr, ()12 da thic tdi tiéu cta « trén Q

H — vk k-1 .
irg (o) = x“+a, x""+..+ax+a,; a,a,..,8,,€Q



16

Cho «eK voi K 12 mot truong s6 dai sé bac n trén Q. Néu [Q():Q]=k ta
néi a 1a mot s6 dai s6 bac k, khi d6

irg (o) = x“+a, X"+ .+ax+a,= (x—a)(x-a,)...(x— )
c6 k nghiém va tat ca cic nghiém nay déu goi 13 cac phan tir lién hop cia «
trén Q.
SO phan tir lién hop =k < n
Ta goi

o(a),0,(a),...,o,(a) 1a tap cac K li€n hgp day du cua « trén Q va da thic

fld, (a) = ﬁ(x—ak (a))

k=1
1a da thirc trudmg ctia phan tir o trén K.
1.3.3 Tinh chét
Cho a eK vé1 K 1a mot truong s6 dai sb bac n trén Q. Khi do
a) fld, (a) € Q[x]
b) fld, (a) = (iry(a))’ vois = #
deg(lrr 0 (a))
c) ae O thi fld, (a) € Z[X]
d) a e O, thitat ca cac K_lién hop ciia « 13 nhiing sé nguyén dai so.
e) Tat ca cac K_lién hop ctia o bang nhau khi va chi khi « € Q.
f) Tat ca cac K_lién hop ctia a d6i mot khac nhau khi va chi khi
K=Q(a)
1.3.4 Dinh nghia
Cho K 1a mot truong s6 dai s6 bac n trén Q
Cho
..., 1a n phan ti cua K;
o.:K—>C(k=1,..,n) landon cAu truong
V&i mdi i=1,...n ta ki hiéu

o =o(@)=w, a)i(z) =0y(@), ..., wi(n) =0,(®)

la cac lién hop cua o trén K.

Khi d6 ta dinh nghia
2
o o o)
@ L0 L0

D(w,®,,...0,) =

Vavoil a e K ta ki hiéu
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D(a) = D(l,a,az,...,a”*I) =

1.3.5 Tinh chat

a) D(a) = ] (a(i)—a(j))

I<i<j<n

2 . \ I3 *A 9
voi aV =a,a?,....a™ 13 cac lién hop cla «

trén K.
b) K=Q(a) & D(a)=0
1.3.6 Dinh ly ’ ’
Cho K la mot truong so6 dai s bac n trén Q. Khi do
a) Néu w,,...,o, € Kthi D(w,...0,)e Q
b) Néu o,....,0, € O, thi D(@,...0,) c Z
¢) Néu o,..,o < K thikhi do
D(w,...0,) 0 & w,.. 0, doc lap tuyén tinh trén Q.

1.4 THANG DU BAC HAI
1.4.1 Dinh nghia

Cho p 1a mot sé nguyén t6 1é. Xét phuong trinh

x*=a(modp); (a, p)=1(1).

Khi do
+ Néu phuong trinh (1) ¢6 nghiém thi ta néi a 13 thing du bac hai theo modun
p.
+ Néu phuong trinh (1) v6 nghiém thi ta noi a 13 bat thing du bac hai theo
modun p.

+Néuala thang du bac hai theo modun p ta ky hi¢u [%j= 1
(ky hiéu [%J g0i 12 ky hiéu Legendre)
+ Néu a 1a bat thing du bac hai theo modun p ta ki hiéu [ij =-1.

p
1.4.2 Tinh chat

a) [%} = a%1 (mod p)
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b) Néu a=b (mod p) thi [%j = [%j

c) lpj =1 (voi p 1a sb6 nguyén 18)

1 P
d [-L]=cp>
) pj()

o [22:2)-(3]2).(3)

f) Néup va qla 2 s nguyén t6 1¢ phan biét thi ta co

o™ )
P P

Ta két thuc chuong nay voi dinh 1y sau
1.4.5 Dinh ly N ‘
Cho G 1a nhém Abel ty do v61 co s6 @, @,,...,», sa0 cho moi phan tir cia C

déu bi€u dién dugc dudi dang
X0, + X0, + ...+ X, 0,5 X, X

n-’n?

X e/

R REEE AN

Néu H 1a nhém con cua G véi co s6 7,,7,,...,n, hay

H: { y1771+y2772+"'yn77n ’ ylayza"'a yn EZ}
V6imoi , e Hc Gtaco

=1
bat
C= [Cij]e Mn(z)
Khi d6
[G:H]=|detC|
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CHUONG 2

CAC IDEAL TRONG VANH CAC SO NGUYEN DPAI SO

Ta ki hiéu K la mét mo rong bac n cua Q, [K:Q] =
D = Ok = o ~K 1a vanh céc s6 nguyén dai s6 cia K.

2.1 Co s6 caa mot ideal

2.1.1 Ménh dé

Moi phﬁn tir dai s6 o déu viét duoc dudi dang o = é voi S la $6 nguyén dai
s6 (B eQ)vaclasdnguyénhiruty(c e Z)

Chirng minh

Do « la phﬁn tr dai sO nén « 1a nghiém ctia mot da thic don khoi véi hé sb
trong Q, do do

Xn + an_an_l‘i‘ ..t aixt+ag= 0 vo1 dp, a1, ...., Ap-] € Q

= a"+a, a™ .ta;a ta=0

Goic e Z 1a mau chung cua tat ca a;

Doc".(a"+an, a™+...+a, a +a9)=0

= (ca) +c.an (ca) '+ ... +c"a,=0
= B+ can B ... +c"a,=0;v6i g =c.a
_PB

= B lasdonguyéndaisova a = o

2.1.2 Dinh ly
1/ Truong cac thuong cua D chinh 1a K
11/ Dla vanh dong nguyén

Chirng minh

1/ Goi F la truong cac thuong cuia D

+ Ta chirng minh F < K : léy x:%e F;a, b eD. DoDc K va K Ia mdt
truong nén x:%eK:FcK

+ Ta chimg minh KcF : ldy o € K = « 14 phan tir dai s6 =« = £ véi

oI

peQ,ce’l
Vi:



20

.ce/Z cDnénceD
. B=a.ce QnK=D=pgeD
Nén:

= KcF

Vay F=K

11/ D 1a vanh dong nguyén

Liy @ € D* = « nguyén trén D
Ma D nguyén trén Z

= o« nguyeén trén Z

= a e Q

Honnlra ¢ € K

—aec QnK=D=a D
=D“cD

Hién nhién D < DX

=D"=D

Vay D la vanh dong nguyén

2.1.3 B6 dé

Moi ideal 1 ={O} cia D déu chtra it nhat mot s6 nguyén hitu ti khac khong

Chirng minh
Léy ael,a# 0.Dolrr(a)e Z[x] nén co ¢y cy, ...., Ck1 € Z sao cho
ak+Ck_1 ak'l +...t¢ o +C():0
Ta thy
. néu k=1

= cia t¢cg=0= a +cy=0(vilrr(«) don khoi)
= Ch—=-a # 0
.néuk>1, gia st ¢o = 0 thi dan dén =0 1a mot nghiém cua Irr( «)
= Co # 0
Do doé
Co = - (ak+Ck_1 a
Hon ntra
- (ak +Cr @
= Cp e I nZ
Vay 1 n Z #{0}.
2.1.4 Bo @é
Néu K 1a mot truong s6 dai sb thi c6 mot sb nguyén dai s6 6 sao cho
K=Q(9).
Chirng minh
Do K 1a mét truong s6 dai s6 nén c6 mot sb dai s6 ¢ thoa K = Q(9).

My +cea) 20

Mt tca)el
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Theo ménh d& 2.1.1 thi ¢ = % V6ioe Q. bel

A \ 0 .1
Vay thi K = Q(¢) = Q({) = Q0 vi 1 Q.
2.1.5 Bo dé ‘
Cho I # {0} 1a mét ideal cia D Khidd tontai y e Isao cho K =Q(y).
Chirng minh ‘ )
Chon 0 € D sao cho K=Q(#). Do 8 1a m{t phan tir dai s6 nén c6 dang

a ..
0=—vVvOla eD,ac Z
a

Theob6 dé2.13cobel nZ ={0},dodd y=a.bthiy el
, 0 \
Xét Q(y) = Q(ab) = Q(T) = QO) vi | €Q

VayK=Q(y), » € L
2.1.6 B dé

Gia str K 1a mot truong s dai s6 voi [K:Q] = n, goi I ={0} 1 mot ideal
trong D. Khi d6 ton tai 7,,...n, € Isao cho D(7,,...n,) = O.
Chirng minh
Theo bd dé 2.1.4 ta c6 K =Q(8), v6i & € D.Do 1 = {0} 1a mot ideal cua D,
theo bd dé2.1.3thicocel nZ,c={0}.Dat

n=c,n,=cé,..., 77n=06’n'1

thi

51, € I villaideal ciia D,
Hon ntra

D(#,,...n,)=D(c,c @, ...,co™)=c".D(1, 0, ..., 0"y =c>". D(8)=0.
2.1.7 Pinh Iy

Gia str K 1a mot truong s6 dai s6 voi [K:Q] = n, goi I ={0}1a mot ideal
trong D. Khi d6 ton tai 7,,...7, < I sao cho mdi phan tir a < I déu c6 thé
dugc biéu dién duy nhat duéi dang o =xz, +..+x 7.5 X €Z.
Chirng minh o ‘
Do I 1a ideal khac khong cua D, theo b dé 2.1.6 thi ton tai #,..,n, € I sao
cho D(#,,....,n,) # 0. Vi n,,...,n, € D nén D(#,,...,n,)e Z. Do d6 | D(n,,....n,) | 1a
mdt sd nguyén duong. Ta dit
S = U PGt ) | 5oty € L D(ysespy)# 0§
Vi cach dat trén thi ro rang S la tap khac rong cac s6 nguyén duong, va nhu
vay nén S chira phan tir nho nhat, ta goi phan tir do la

ID(7,5ee0st s 71551, € L
Vi D(#,,...,n,)#=0nén {n,..,n,} 1a mdt co s& cua khong gian vecto K trén Q.
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Khi d6 v6i o <1 thico duy nhit x,...x, € Qthoa a =Xz, +...+ X7, .
Bay gio ta gia sir rang ¢6 x; € {x,...x, } khong 13 s6 nguyén, bang cach danh
s6 lai ,,....n,, néu can thiét, chiing ta gia st x; ¢ Z. Khi d6 c6 duy nhit | €Z
thoa
| <x;<1 +1
Dﬁflt y - a- I h
Vi a elvanelnén y el honnira
r= (% =) + X, + .4 X7,
Tac dong n don cau truong o, (k=1,2, ..., n) vao phuong trinh trén ta duoc
yV = =D+ x4 x 0"

2 _ (2) (2) (2)
y =0 = Dm T X m, X,

(n _ (n) (n) (n)
y = =D X e X,
trong do

YO =y y?,.y™ lacac K lién hop cta »
va

n = 77i,77i(2),..~,77i(n) 1a cac K lién hop cua 7 (1= 1,2,...,n).
Bing phuong phép Cramer ta dugc

M, (O o)
yon, n,
@),, (2) @)
AR/ RS T
(M), (n) (m
« = 7, n,
LT, (O 0
n''n, ... n,
@), (2) @
e Un
(n),, (n) (n
o, e 7,
Do d6

(Xl—l)z — D(}/ oTly 55T )
D(nl ’772 ""777n )
= 0<[DG 7y 2oy | = (X =1 DO 272y 2ty )
Piéu nay mau thuin cach chon |D(7,,...7,)|.

<|DGpy 7y sy
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Nhu vay, tat ca x déu 1a s nguyén va mdi phan tir « e I déu c6 thé dugc
biéu dién duy nhat dudi dang & =x7, +...+x7,; % €Z.
2.1.8 Dinh nghia

Cho K 1a mot truong s6 dai s6 bac n, I 1a mot ideal khac khong cua D.
Néu { 7,,...,n,} 13 tap cac phan tir cia I sao cho mdi phan tr « e I déu c6 thé
bidu dién duy nhat dudi dang a = x7,,...x7,, ( X,.0uX, € Z ) thi {5,...7.}
duogc goi 1a mdt co s& cua ideal 1.
2.1.9 Pinh ly

Cho I 1a mdt ideal khac khong ctia D. Khi do

a) Néu {n,...n,} va {4,...A } 1a hai co s& cua I thi

D(7,.y) =D( Ao dy) VA 7 =D C4,, 1= 1,2,...n
=1

voi¢;(1,)=1,2,...,n) eZ sao cho det(c;) = £1
b) Néu {n,...n.}1a cosdcualva 4,...4, € [ sao cho
D(#,,...,n,) =D(4,,...,4,) thi {4,..,4 } la co s& cua L.
Chirng minh
a) Vi{A,.,A }lacosdcualtaco
[=Z4+.+22,
Do 7,,...,n, e Inéncd ¢; e Z(1,j=1,2,...,n) sao cho

m=>.6A,1= 1,2,...n (%)
j=1

Vi {#n,,...n,} lacosd cualtaclingco
I=2Zn+..+12n,
Do 4,...4, e Inénco d; e Z(1,j=1,2,...,n) sao cho

ﬁ“i :zdjknk ,j= 1,2,...,n
k1

Nhu vay , véi moii=1,2,...nta co
yh :zcijij: zcij Zdjknk = [Z(Cijdjk)j T
j=1 =l k=l k=1 \_j=1
Vi {n,,...n,} lacosdcual, 7,..n doclap tuyén tinh trén Q nén
" L, khi i=k
Gy = 0. knhi i
= , N
batCvaDlacacmatrann x nvoiC=[c;],D=[d;]. Khidd
C.D=1_, I 1a ma tran don vi cap n.
Vay
det (C). det(D) = det(CD) =det(1.)=1
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Vi det (C), det(D) € Z nén det (C) = det(D) = +1.
Tu (*) tasuy ra
D(#-..11,) = (det (¢;))*. D(4.... 4,)

= (det(C))* . D(A,.s 4, ) = D( Ay 4y)
Do do6
D(,,...n,) = (£1)* . D(A,... A, ) =D(4,... 1)
Ta chiing minh xong phan a)
b) Vi {n,..n,} lacosocualva 4,.,4, e Inéncodd;e Z(1,j=1.2,..n)
sao cho

A =Zldij77j , (1= 1,2,...n)
j=

Do do6
D( 4, 4,) = (det (d;))> D(77,5..77,)
Vi D(A4,..4,)=D(1,,....n,) ta duge (det (d, ))* = 1
= det (d;) = +I
Nhu viy ma tran D = (d; ) c6 mét nghich dao 1a
D'=C=(c), ¢, eZ
va
ni:icijlj,i= 1,2,...,n.
j=1

Lay @ e 1. Khid6, vi Vi {#n,,...n,} lacosdcialnén co
a,...a €/

190009 Ap

ma o = Zn:aini

i=1
= a=Yan=>yaycik=>0ac)i
i=1 =1 j=I j=1 =l
trong d6 mdi > ac, €Z (j=1,2,...n).
i=1
Piéu nay ching to mdi phin tir « e I déu c6 thé duoc bidu dién dudi dang
a=bA+..+b 4 ,Db,.,beZ
Bay gio ta co thé gia sit & duogc bidu dién theo dang trén dudi 2 trudng hop
a=bA+.+bA = b +.+b'A,b,.,b eZ
Do do
e +..+e 4 =0,véie =b-b € Z(i=1,2,...n)
Néuco e # 0thi A,..4 phu thudc tuyén tinh trén Q va theo dinh Iy 1.3.6.c
thi
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D(4,...,4,)=0
Do do

D(nl,...,nn)=D(ﬂ1,...,ln,)=0 ‘ q
= 1,..,n7, phuthudc tuyén tinh trén Q, di€u nay mau thuan {z,..,n,} 1a co
so cua I.
Do do

e =b-b =0(i=1,2,...n)

= b=b(1=1,2,...n)
Diéu nay chimg t6 sy bidu dién cia mdi phan tir « e I dudi dang

a =bA+..+b A4 ,Db,.,beZ
14 duy nhat.
Vay {4,...4, } lacosdcual.
Dinh 1y da dugc chirng minh.
2.1.10 Dinh nghia
Cho I 1a mot ideal khac khong cua D. Goi {7,,....5,} 1a mot co s& cua 1. Khi
d6 dinh thirc D(I) ctia I 1 mot s6 nguyén khac khong duge cho boi

D(1) =D(#,....n,)

2.2 Sw phén tich thanh tich cac ideal nguyén t trong vanh D
Trudc hét ta co dinh 1y sau
2.2.1 Pinh ly

D la mgt vanh Noether.
Chirng minh

Gia str I 1a mot ideal ctia D. Khi d6, néu I = {0} thi I = <0> 1a hiru han
sinh. Néu I = {0} thi theo dinh 1y 2.1.7, tdn tai 7,,...,n, < I sao cho mdi phan
tr @ e I déu co thé dugc biéu dién duy nhit dudi dang o =x7, +...+ X7, ;
x, €Z, do do I cling htru han sinh. Vay D 1a mot vanh Noether.
2.2.2 Pinh ly

Trong vanh D, moi ideal nguyén td P déu 1a ideal t6i dai.
Chirng minh
Gia str rang khang dinh cta dinh 1y sai. Khi d6 c6 ideal nguyén t6 P, ctia D
khong 1a mot ideal tdi dai. Goi S 1a tap tat ca cac ideal that sy cua D chira
nghiém ngit P. Vi P khong tdi dai nén S 14 tap khac rong.
Theo dinh 1y 2.2.1, D 1a mdt vanh Noether nén S ¢6 chira mot phﬁn tir tbi dai
P, sao cho
Pc P cD

Do moi ideal tdi dai ciing 13 ideal nguyén t6 nén P, 1a ideal nguyén t6.
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Theo bd d& 2.1.3 moi ideal = {O} ctia D déu chira it nhat mot sé nguyén hitu
ti khac khong nén ’ ‘
Pn Z #{0},do P~ Z la ideal nguyén t0 cua Z va Z la mot mién ideal
chinh nén P ~ Z = <p> véi p 1a mot s6 nguyén to.
Nhu vay
<p>=PnZc PnZcZ
Vil ¢ P nén P,n Z #Z, hon nita <p> 1a ideal t6i dai ctia Z nén
<p>=PnZ=PnZcZ
Vi
Rc B
nénco ae Pmaa ¢ B.
Do o e Dnén « 1a nghiém ctua mot da thirc don khai v6i hé sé nguyén
a“+a_a“'+. . +aa+a, =0
va vi thé
a“+a_a“'+.+aa+a,eP (¥*)
Goi | 1a s6 nguyén duong nho nhét sao cho ¢6 b,,...b , € Zma
a +b_a' " +..+ba+b,eP
Via € P, taco
a +b_a +..+ba = a@ " +b_a" 7 +..+h) P,
Do do
b, = (o' +b_ "' +..+ba+b)— (o' +b_a" ' +..+ba)eP, Vi RcP, va P, la
mot ideal.
Nhung vi b, € Znén
be RNZ=PnZ
= b, € R.
Tu (*) ta duogc
a' +b o +.+bae P
Bay gionéu I=I1thib =1 vad ¢ P mau thuan viéc a« ¢ P.
Dodd |l >2va a(a'+b_a' > +..+b) €P.
Vi P 14 ideal nguyén td va « <P nén
o +b_ a7 +..+b €P
Do I-1 1a sO nguyén duong nén néu biéu thic trén xdy ra s& mau thuan cach
chon s6 nguyén duong | thoa (*). o ’
Vay trong vanh D, moi ideal nguyén t6 P déu la ideal to1 dai.
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Tur céc két qua trén ta thay

- D 1a vanh Noether ( theo dinh 1y 2.2.1)

- D la vanh dong nguyén (theo dinh 1y 2.1.2), va

- Mot ideal nguyén t6 ctia Ddéu téi dai ( theo dinh 1y 2.2.2)
Vi D thoa 3 tinh chit nén D 1a vanh Dedekind. Do d6, theo dinh 1y 1.2.11 thi
trong D, moi ideal that sy déu co thé duoc biéu dién dudi dang tich cac ideal
nguyén t6 ctia D va su biéu dién ndy 1a duy nhat. Hon nita, theo dinh nghia
1.2.12 cing v6i phan nhin xét ctia nd ta c¢6 thé khang dinh tip cac ideal khac
khong ctua D 1ap thanh mdt nhém Abel.

2.3 CHUAN CUA MOT IDEAL
2.3.1 Dinh nghia
Ta no1
- Mot co sé cua D dugce goi la mdt co s¢ nguyén cuia K
- Néu {7,...n,} 1a mot co sé nguyén cia K ta ki hiéu d(K) = D(#,.....,)
goi la dinh thirc cua truong K.
- Néu I 1a mot ideal khac khong ciia D thi chuan cua ideal I , ki hiéu

N(I), duge xac dinh boi cong thie N(I) = _('i(lg
2.32Pinh 1y
N(I) la mot s6 nguy€n duong
Chirng minh

Goi { 7n,,....,n,} lamOt cosd cualva {4,..,4 } la mdt co s& nguyén ctua K. Do
M»stl, € Dnénco ¢ e Z(1,j=1,2,...,n) sao cho 7, = Zc“ 1= 1,2,...n
j=1

Do do
D(7,,-,m,) = (det (¢;))*. D(4,.s4,)

= D(I) = (det (c,))*. d(K)

Tu D(I) =0 ta c6 det (c;)# 0 cho nén

D(I

N() = = |(det (c; )|
1a mot sb nguyen duong.
2.3.3 Vidu

Goi ¢ 14 mot s6 nguyén khac khong. Khi d6, chuan cta ideal chinh (c) cua
D sinh béic 1a

N({c)) =d’
Chirng minh
Goi { 4,.., 4, } la mOt co s& nguyén cua K.. Khi do
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ae (c) © a =c.p, v6iduy nhit g € D
& a =c.( XA +..+x 1) v6iduy nhit x..,x, e Z
& a = X(CA)+...+x (cA) voi duy nhit x..,x e Z
Diéu nay chimg td ring {c,,...c4,} 1d mot co s& cua ideal chinh (c). Do d6
D((c)) = D(cA,....c4) = ¢ D(4,...4,) = ¢ d(K)

Thénen N(y= 24D — jom_ of".

d(K)
2.3.4 Dinh Iy
Néu I 12 mot ideal khac khong ctia D thi N(I) = \%.
Chirng minh

Goi { 7n,,....,n,} lamOt cosd cualva {4,..,4 } la mdt co s& nguyén cua K. Do

Mty € Dnéncd ¢ e Z(4,j=1,2,...,n)saocho = c;4,i= 1,2,....n.

Do do6

D(7,,-,7,) = (det (¢;))*. D(4,.s4,)
= D(I) = (det (c,))*. d(K)
Tu D(I) =0 ta c6 det (c;)# 0 cho nén

_ [B0)_ (D) b .
N(D \/d(K) \/D(ﬂq,---,ln) |(det (c;)| ‘%‘ theo dinh 1y 1.4.5.

2.3.5 Dinh nghia ’ ’

Cho K 1a mdt truong s6 dai so bac n. V61 « e K ta ddt o, =a,a,,...,q, 12
cac K lién hop cua « . Khi do, vét cua «, ki hiéu tr(a), va chuin cta «, ki
hi€u N (a) duogc dinh nghia nhu sau

tr(a) = a,+a,+...+a,

N(a) = a.a,...a
2.3.6 Dinh ly

a) Néu a e Kthitr(a), N(a) €Q

Néu @ e D thi tr(a), N(a) € Z

b) tr(a+p) =tr(a) + tr(B) va tr(a.p) = tr(a).tr(p)

¢) Cho @ € D, khid6 N(@) =+l & « laphan tir kha nghich ctia D

d) Cho @ e D,khidd N(a)= +p, vSip la mot s nguyén t6 thi & phan

tir bat kha quy cua D

e) Néu iry(@) = x"+b, x"'+..+h, € Q[x] thi N(a) = (—1)”.(b0)%
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Chirng minh ’
Goi o, : K—C (k=1,..n) la n don clu truong tr K vao C.
a)X¢ét da thirc truong cua o

fld(a) = (X—al(a))(x—az(a))...(x—an(a))

= X"—(o,(a)+0,(a)+..+0, ()X +(-1)" (¢,(a)0, (@)..c,(a))

Viy nén,

-néu « € Kthi fld(a) € Q[x] = tr(a) , N(a) €Q

-néu @ e Dthi fld(e) e Z[x] = tr(a), N(e) e Z
b) Hién nhién theo tinh chat ddng cau truong
c) + Gia sir rang « 13 phan tr kha nghich, khi d6 ¢6 e Dthéa a g = 1.
= N(a)N(B)=N(a p)=N()=1.
Vi N(a),N(B)eZnén N(«a )= +I1
+ Bay gi0, goi « eD ma N(a )= +1 tacod

al(a)az(a)...an (a) = =+

= a.az(a)...an (a) = =l

Dit
p == az(a)...an(a)

= ap =1

= ﬁ:leK

a
Do o € Dnén fld(a) e Z[x], nhu viy mdi o, () la nghiém cua mot da thirc
don khoi v6i hé sb nguyén
= o (a) e Q;k=2,...n
= p =% o,(a).0,(a)eQ
= BeQnK=D (**)
Tur (%) va (*%)
= « la phan to kha nghich. ’ ’
d)Gid st « € D,khidd N(a) = xp, v6ip la mot sO nguyén to.
R ranga #0 vi N(0 )=0. Hon nita, « cling khong kha nghich vi N(a) = =I1.
Giast a =p8y; y,feD
= +p = N(a) = N(B) N(y)
Do N(B), N(y) e Zvapla sd nguyén tb
= N(p) hay N(y) = +1
= f hay y kha nghich.
Diéu niy ching té ring « 1a phan tir bat kha quy cua D.
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e)Xét
fld(a) = (X—a1 (05))(X—02 (a))...(x—an (a))

irg(a) =  x"+b, X" +.+b = (x—a)(X-a,)..(x—a,)
= fld(a) = (ier(a))S= (x—a,) (x-a,)°....(x—a,)*( theo 1.3.3b)
m
= s=— hay m|n

Ta co
iry(a) = x"+b,_ X" +..+b) = (X—a)(X—,)..(x—,,)

= b, = (—l)m aa,..a,

Do do6
N(a) = (@), (a) = (a-a,)'= (@ay)n= ((-1)"b,)" = (-1)".(B,)»
2.3.7 Dinh Iy

V61 a € Dtaco
N((a)) = [N(a)|
Chirng minh
Goi {®,,...,o} 1a mot co s¢ nguyén cta K, khi d6 {aw,,....am,}1a mit co s& cla

<a>.Do do
2

o (aw,)......o (aw,)
D<) = o, (a@,)....... 0?(050)”)
o, (a@,)......o,(aw,)

vOi:o :K—>C(k=1,..n) landon cAu truong

o ()0, (@).......0, ()0 (@,) ’
_ o (@), (@) o, (a)o,(w,)
o, (@), (@)......0, ()0, (@)

o,(®)...0,(®,) ?

, 10, (@)...05(w,)

= (01(05)02 (05)...0n (a))

o, (®)..0,(®,)

= N(« )% d(K)

= (e = B = @) = )
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2.3.8 B dé
Cho D la mot vanh Dedekind. Gia st A 1a mdt ideal nguyén hodc phan
cua D véi A #(0), (1) va B la mot ideal nguyén cua D, B = (0), (1). Khi d6
ton tai phan tir € A thoa
A= <7> + AB
Pong thoi, néu nhu P, 14 ideal nguyén t6 ctia D c¢6 mit trong sy phén tich cua
B thi ord, (A) = ord, ()
Chirng minh ’
Goi P,....P, 1a tap cac ideal nguyén to cia D thoa
ord, (A) #0 hay ord, (AB) = 0
Tap trén khac rong vi A =D. Theo 1.2.17, ta tim duoc » thudc truong cac
thuong cua D sao cho
ord, (¥) = ord, (A) ;i=1,...n
ord, () 20 ;P # P,..,P,
Nhu vay
ord, (7) 2 ord, (A) voi moi ideal P
Do do
(r) + A
= (y)cA=>yeA
+Véimdii=1,....ntacod
ord, ((y)+AB) =min {ord, ((r)) , ord, (AB)}
=min {ord, (y) , ord, (A) + ord, (B)}
=min {ord, (A) , ord, (A) + ord, (B)}
= ord, (A)
+ Véiideal P # P;;i=1,...,nthi ord, (A) = ord, (AB) =0, do do
ord, ((7)+AB) = min {ord, ((7)) , ord, (AB)}
=min {ord, ((»)),0}
=0
= ord, (A)
Vay
ord, ((7)+AB) = ord, (A) v6i moi ideal nguyén t6 P
= A= <7> + AB.
Bay gi0, goi P 1a ideal nguyén td c6 mat trong su phan tich ciia B
Khi d6
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ord, (A) = ord, ({y)+ AB)
=min { ord, ((7)), ord, (AB)}
=min { ord, ((7)), ord, (A) + ord, (B)} (2)

Vi P la ideal nguyén td c6 mat trong sy phén tich ctia B nén ord, (B) >0
Do do6

ord, (A) + ord, (B)> ord, (A)
= ord, (A) = ord, (7).
2.3.9 Pinh ly
Goi A,B 1a cac ideal nguyén khac khong cua D. Khi do6

N(AB) =N(A).N(B)
Chirng minh
Néu A =D hay B = D thi két qua dinh Iy van dung vi N(D) =| D{|=1. Do
d6 co thé gia st A #D, B = D. Pat k = N(A) va | = N(B) thi theo dinh 1y
23.4taco

| D/ |=N(A) =k
= D/} ¢6 k phan tir, gid st 14 o+ A, + A ()
Ciing viy, D7 ¢6 | phan tir1a B, +B,... 5 +B (**)
Theo bd d& 2.3.8, c6 phan tir y € A sao cho

A= <;/> + AB
Néu » =0 thi A = AB suy ra B =D mau thuan viéc B =D. Do d6 y =0. Liy
5 e D, khido, theo (*) thi c6 duy nhit s6 nguyén i ( 1< i<k) sao cho

S = a (modA)
Vi

5-a € A= (y) + AB
néncd o eDva r € AB sao cho

o-a,=ocy tr
Tuong tw, ¢6 duy nhat s nguyén j ( 1< j< 1) sao cho

o = f; (mod B)
= o-f €B
Viy e A
= (o- ,Bj)y e AB
Do do6

o=otoytr=gq +ﬂj7 +(0'ﬂj)7 T =g +ﬂj7 (mod AB)
Piéu nay chung to rﬁng tap gém k | phan tir
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{op+ gy tAB:i=1,..,k;j=1,..,1}
1a tap dai dién day du cua %B .Ta chirng minh cac o, + g, » + AB d61 mot
phan bi¢t. Gia su co
o+ By +AB=a, + B,y + AB
= ot piy=a, 1By ( mod AB)
= o -a,= (B, -p;)y (mod AB)  (**¥)
Vi(p, -8y e <y>A=(y) +AB
= o -a, €A
®
= i=p
= p,7=p7 (mod AB)
= (8-8,)r < AB(]) |
Bay gio, goi P 1a cac ideal nguyén t6 c6 mdt trong sy phan tich cua B véi
B= Hih:l Pibi; b>0
Khi d9, theo bd d& 2.3.8
= ord, (A) =ord,(7); i =1,...,h (2)
Néu g,-,#0 , tir (1) ta c6 (5,- 5, )7 la phan tir khac khong ctia AB nén véi
i =1,....,htaduoc
ord, ((B;-8,)7) = ord, (AB)
= ord, (S;-8,) + ord, (7) > ord, (A)+ ord, (B)

(2)

= ord, (5,-8,) = ord,(B)

= p,-p, €B q

va nhu vdy j=q mauthudn g,-p4, #0.

Piéu nay ching to p;-p,=0suyraj=q.

Dodd {a + g,y +AB:i=1,., k;j=1,.., 1} la tap ddy du c4c dai dién
riéng bigt cua D/, 5

= [D/g!=kI=| D4 1IDL]

= N(AB) =N(A).N(B).

2.3.10 Dinh nghia

Cho A 1a mdt ideal phan khac khong ctia D , khi d6co6 ¢ # 0, « e Dva
ideal nguyén I cua D sao cho

A= 11

a

Ta dinh nghia chuan N(A) cua ideal phan A nhu sau
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_ N
N(A) N(<a>)

Nhan xét
Dinh nghia trén hop 1y vi néu cac ideal nguyén I, J cia D va «,f la cic phan
tor khac khong cia D sao cho

A=ti=1y

a

Thi

pl=al
Theo dinh 1y 2.3.9 ta co

NN =N(BD =N(al) = N(a)N(J)

N() _  NJ)

N(<a>) N(<p>)
2.3.11 H¢ qua
Néu A,B 1a cac ideal phan khac khong ciia D thi

N(AB) =N(A).N(B)
Chirng minh
Vi A,B 1a cac ideal phan khiac khong cua D nén co6 céic ideal nguyén 1,J khac
khong ctia D va cac phan tir khac khong o, 8 ciia D sao cho

A=L1.B=1]
a B

Khi do
AB=11y
a p
— N(aB) = )
N(<af >)
_ N(I1J)
N(<a>< f>)
__ NMONQY)
N(<a>)N(< S>)

_ N()  NQ)
N(<a>) N(<f>)
=N(A).N(B)

2.3.12 Pinh ly

Cho P 1a mot ideal nguyén t6 ctia D. Khi d6, ton tai duy nhat mot sd
nguyén t6 p thoa P | (p)
Chirng minh
Do P 1a ideal nguyén t6 cia D va Z = D nén P N Z 1a mot ideal nguyén t6
cua D
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Do Z 1a mot vanh chinh

= P M Z cling 1a mot ideal chinh

= P N Z=<p>, voipla mot sb nguyén td

= P [(p)

Ta ching minh sy duy nhat ctia sO nguyén td p :
Gia str q 14 1a s6 nguyén t6 thoa:

Pl(®), g7 p
= (q) <P
= (p,q) < P,do (p) < P
Do p,q la nguyén t6 cuing nhau
— 3Ja,be Zsaochoap+bqg=1
= le(p,q) c P
= DcP(voly)
Vay q = p; p 1 s6 nguyén t6 duy nhat dugc xac dinh boi P|(p)
Luuy
SH nguyen t p trong dinh 1y trén goi la so nguyén té nam dudi P vi Po p).
Hon nita, néu cho trudc mot sd nguyén t6 p thi moi ideal nguyén t6 P thoa
P|(p) duoc goi 1a ideal nam trén p.
2.3.13 Dinh ly
Cho P 1a mot ideal nguyén té cta D, goi p 1 s6 nguyén t6 nim dudi P.
Khi do
N(P) = p' (f1a mot s6 nguyén duong nio d6 thudc {1; .. .;n})
Chirng minh
Vi p nam duéi P nén P|(p)
= (p) =P.Q; vo1 Q 1a mot ideal nguyén nao d6 ciia D
= N((p)) = N(P.Q) = N(P).N(Q)
Dop € Znén
N((p)) =p"
= p' =N(P).N(@Q)
= N(P)| p" ’
Vay ton tai s6 nguyén f € {1;2; .. .;n} sao cho
N(P) = p'
2.3.14 Dinh nghia
Cho p 1a mot s6 nguyén t6 ndm duéi P. Khi d6 sé nguyén duong f thoa
N(P) = p'
duoc goi 1a bac quan tinh cua P trong D, ki hi¢u fi(P)
2.3.15 Nhan xét
Theo cac dinh 1y 2.1.14 va 2.3.4 ta co
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[D:P]= p'
nén % 14 mot truong sé hitu han voi p' phan tir
Xét cac phan tir c6 dang

at+PvdiaeZ
ctia D, ta thdy néu

a,a’ € Zmaa=a’ (modp)

= pla-a’
= (p)|(a-a’)
ma P|(p)
= P|(a-a’)
— a=a’(mod P) haya+P=2a"+P
Nguoc lai, gia string a+ P=a’+P;a,a’ € Z
—> a—aeP
= (a—a’y <P hayP|(a-a’)
= (a—a’)=P.Q vdiQ la mot ideal nguyén nao d6 ctia D
Lay chuan hai vé ta dugc
= |a-2a’[" =N(a-2a’))=N(P.Q) =N(P).NWQ) = p' .NQ)
= p'[(a—a)
— p|a—a’ ; dopnguyéntd
= a=a’ (mod p)
T hai két qué trén ta c6

a+tP=a+P < a=a’(modp);aa €Z
Nhu vy cac l6pa+ P ;a € {0;1; .. .; p-1} la phan biét va truong nguyén to
cua % la:

F={a+Pla=0;1;...;p—1} ~ ZKp)
Bac quan tinh = f; (P) duogc cho bdi

=D/ -F1=1D/ .- Z
fi(P)=[D4: F] [A,./<p>]
Néu fi(P)=1thi[Df:F]=1
= DA,=F={a+P|a=0;1;...;p—1}
Lacnayldy « e Dthia +P € % néncoda e {0;1;...;p-1} théa

a+tP=a+P
= a=a (mod P)
Nhu vay khi fi(P) = 1 thi v6i o bt ky thudc D, ludn tén taia € Z sao cho
a=a (mod P)
(honnttaa € {0;1;...;p—1})
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2.3.16 Dinh ly

Cho p 1a s6 nguyén t6. Gia st rang ideal chinh (p) dugc phén tich trong D
dudi dang:

(py=P* ... P"; P lacac ideal nguyén t5 phan biét cua D, e 1a céc sb
nguyén duong

biat f; = f, (R), khi do:

e f, +...te, 0, =

Chirng minh
Do fi=1x (P;)
= N®)=p";i=1;2;...g
Vi(p)=P} ... Py
= N(<p>)=N(P"... P)

= p“:N(Pl)e‘ NPYe=(p")*...(p")"

= e f] + +egf n
Nhan xét: du0’c suy ra truc tiép tir dinh 1y
+ ¢ €{l;2;...;n}; fe{12,. ;np;1=1;2;...:¢g
+ P'{q) ; P1dea1 nguyén to
=(p) =P
2.3.17 Dinh nghia

Cho P 1a mot ideal nguyén té cta D, goi p 1a s6 nguyén t6 nim dudi P.
Khi d6, s6 nguyén duong e duy nhat thoa

P°|(p) va P! [(p)
duogc goi 1a chi sé r& nhanh cua P trong K, ki hiéu ex(P)
Turdinhly2.1.15tacod ex(P)<n; e (P) =ei; f(P)=1fi va gk(p)=g
2.3.18 Dinh nghia

Cho p 12 mot s6 nguyén td. Goi Py, . . ., P, 1a cac ideal nguyén t6 nam trén
p. Khi d6

p=P"...P";e=¢e(P);i=1,...8
néu
+ coei,1€ {l,...g} saochoe;>1 thip goila ré nhanh trong K
+ e =1;Vi=1,2,..., gthipkhong ré nhanh trong K
2.3.19 Pinh ly

Goi I (#(0)) 1a mot 1deal cua D. Khi do
a) NéuN (I) = p v61 p 1a mot nguyén t6 thi I 1 mot ideal nguyen t6
b) N(I) el
Chirng minh
a) Gia sit N (I) = p, p nguyén td
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RO rang [ = (1) viN (I) # 1. Giad su ton tai cac ideal nguyen t6 P,Q ma PQ
chia duoc I (hay PQ | I) P, Q c6 thé khong phan biét thi I = PQA ; v6i A 1a
mdt nguyén t6 nao d6 cia D. Ta co:
p=N@O=N(P).N(@Q).N(A)
Dang thirc nay khong thé xay ra khi p 1a mot s6 nguyén t6; N (P), N(Q) 1a cac
s0 nguyén duong 16n hon 1.
— I phai la mot ideal nguyén t6 .
b) Chirng minh N (I) € [
Ta co
N (@)= |D:I|
Do do
NO.x+D)=0+1;VxeD
hay
NI .xel; VxeD
Chonx=1 e D tadugc N(I) € 1

2.4 HAM EULER - CAC TiNH CHAT CUA HAM EULER
2.4.1 Dinh nghia

Cho A ADtandirang (x, A)=1néu(x,A)=1.
Dinh nghia trén 14 hoan toan hop 1y. That viy néu x’ e x
>x-xeA= X, A=xA)=1
2.4.2 Dinh nghia

Cho A A D, ta dinh nghia ( D/ Y= {xe %/x kha nghich }

2.4.3 Ménh dé
Cho AAD, (x,A)=1 < x kha nghich

Chirng minh
+=):
(x,A)=1
ta suy ra
x,A)=1.
Piédu niy c6 nghia la
<x>+ A=D.

Toedo 3 x'eD,ace A déchoxx' +a=1
= x.x'= 1 hay x kha nghich.
+ <)
x khd nghich
suy ra 3 x'sao cho x.x'= 1
Hay
x.x'-1eA.
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Tu do
1 = <X> + A
cO nghia la
<x>+A=D
hay
(x, A)=1.
Vay
(D/A)* = {x/x kha nghich } = {x/(x, A)=1}.
2.4.4 Dinh nghia

Ham ¢ : P — N*; P Ia tap cac ideal cua D.
A ¢ (A)=1(D/,)¥ dugc goi 1a ham Euler
2.4.5 Dinh nghia
Cho A 1a ideal cua D. tap con T, duogc goi l1a hé thang du thu gon theo mod
A néu théa mén :
e (5,A)=1VseT,
e s5,8e T, vas#s'this=s"(mod A)
e VaeDma(a,A)=1thi3se T, saochos=a(mod A)
Néu v&i mdi 16p ae (D/A)* ta léy mot va chi mot phﬁn tir dai dién thi ta duoc
tap T, 1a hé thang du thu gon theo mod A. Tu d6 taco ¢ (A)=|T, |.
Sau day chung ta s€ nghién ciru mot s6 tinh chét cua ham Euler.
2.4.6 Ménh de ,
Ham Euler c6 tinh nhan trc 1a néu A, B A D va (A, B) = <1> thi
¢ (AB)= ¢ (A) ¢ (B).
Chirng minh
Do (A,B)=<I> nénco aeA,beBsaocho a+b=1.
Giast y saocho y : Ava y: B taco
{j:g <y=y.(a+tb)=(ra+yb) : AB do yaeABva yb €AB.
Xét tuong tng
0+ (Yas) = (7% (%)
x+AB > (x+A,x+B) ’
Ta ching minh ¢ 1a mét dang cau
.0 1a mQt anh xa dong thoi 1a mot don anh vi:
x+AB = x,+ AB
< X -X%:AB

= X—X A X —X, :B
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= X, TA=X+A, X +B=x,+B
< (x A, x +B)=(x, + A, x, + B)
. 0 la mot toan anh :
Thét vay, lay phan tir (x + A,y + B) ¢ (%) x(%).
Do (A,B)=1
nén
A+B=D
suy ra ton taiac A, beBsaochoa+b=1.
Xét phan tr
a =bx+ay
thi r0 rang
X—a=X—-bx—ay=x(1-b)—ay=ax—ay=(x—-y)ae A
{y—a =y—-bx—ay=y(l-a)-bx=by—-bx=(y—x)beB
= a=x(mod A), a« =y (mod B).
Tur do ta co:
0(axd +AB)=(a + A, a+B)=(x+A,y+ B).
Vay 6 la mot song anh.
D@ thay 6 1a mot ddng cau vanh nén ¢ 1a dang cdu vanh.
Hon nira, theo chirng minh trén thi
(x,A)=1
(x,B)=1
Nén ¢ cam sinh ding cau
(Yas) = (%4) < (%%) -
=[(%8)|-{24) (%)
Do d6 ¢ (AB)= ¢ (A) ¢ (B).
2.4.7 Ménh dé
Cho A, B la cac ideal cia D va AB suyra ¢ (A) | ¢ (B)
Chirng minh
Xét 01 (DL)* — (D)
x+BHx+A
Ta théy quy tic 0 khong phu thudc vao phﬁn tir dai dién.
That vay v61 x +B=x, + B
= Xx—-X€B

x, AB) =1 {

X

= X— X € A
= x tA=x +A.
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¢ laanh xa vi ABnén (x, B)=1 = (x,A)=1.
D@ thay rang 6 13 mot dong cau nhom.

Ta chiing minh 6 13 toan céu ttc ching minh (%) c imd.
That vay, vé1 moi

x+ A e ( %)*
= (x,A)=1.
Do A | B nén c¢6 thé gia st rang P; (1 <1<Kk) la cac ideal nguyén t6 ma P; |B
nhung P; [ A
= (P1P2. . .Pk,A):l
— P+A=Dvéi P=]IP.

i=1

Tudotontaip e P, a e A dé cho
pta=1
Xeétx'=px+athix'=x(mod A) va x'=1 (mod P)
Do dé (x', A)=(x,A)=1va(x',P)=1
suy ra
(x', AP)= 1.
Ma s6 céc thira s6 nguyén té ciia B ciing giéng nhu ctia AP. Vi thé
x’,B)=1.
Do do
x'+B e (% )*®.
RO rang
H(X’+B)=x’+A=x+Asuyra(%)*c Imh.
Vay h 14 toan cau .
Theo dinh 1y Note ta co

img = (%)*Aeré’

hay

(%)* = (%)*Aeré’ '
Suy ra
¢ (A)| ¢(B).
2.4.8 Ménh dé
Véin e N*, A AD thi o(A)" = N(A" . p(A)
Chirng minh
Néu n =1 thi ménh dé dung, ta chirmg minh ménh dé ding véi n > 2
Xét dong cau

0 (V0 )* = (D)
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(x,A”) — (xA)
Theo chirmg minh ¢ 2.4.7 , vi A | A" nén 6 1a mét toan ciu, ta c6
kerd = { x| x =1 (mod A)} = { 1+a |a €A}

Tacod N(A™) = N(A"™ = ‘(Eyl) ‘ g0i

S = {al,az,...,aN(A)n,l} 14 hé thing du diy du theo mod A™

Theo B6 d82.3.8,¢c6 » e A sao cho
A= (y) + AB; v6i B= A™'
= A:<7>+An
Ta chirng minh
kerd =H ; voiH={ 1+ya, mod A" }
+ Ching minh H < keré
Liy 1+ya ¢ H
Do
O(1+ya)=1+ya + A=1+A=1 (Vi yeA)
= m € kerd
= H < kerd
+ Ching minh keré < H
L§y>_< =x+ A" e kerd, ta ching minh x =m, a;nao do thugc S.
Dox+ A" € ker@
= 0 (x)=x+A=1=1+A
>x—-leA=(y) +A
> x—-1l=yy+taae A"

Do S ={a1,a2,...,a l1a hé¢ thing du dﬁy du theo mod A"'nén co a,

N(A)nil }
sao cho
y = a,mod A"

= y-a =b;be A"
Ta duoc
x-1l=y.(b+a)ta;be A, ae A", y €A

=7 btya +a

Viybe A"vaae A"

= Xx—1=ya (mod A")

= >_(=m (mod A")

= kerd c H

Do do6
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kerd =H ; voiH={ 1+ya mod A" }
+ Hon nita, cic 1+ya ddi mot khac nhau
That vy, gid st nhu

1+ya = 1+ya,

= l+ya + A" =1+ya, + A

= y(a-a): A

= y(a-a): A

= (n<a-a>:iA

= Ala-a)= ({r) + A)(a-a;) = () (a-a)+ A"(a-a;) i A
= Afa-a)i A"

= (a-a) i A"

= a=a,(mod A™")

= a =a,

Suy ra

ker6| = [H| = N(A)™
Cubi cung, do @ toan cau, theo dinh 1y Note ta co

(D)* = kerdl .| (B/,0)* = N(AY™. (D)%

Vay
Pp(A)" = N(‘A)“‘l . p(A)
2.4.9 Ménh dé

a) P 1a ideal toi dai cua D thi ¢ (P) = N(P) — 1

b) A 14 ideal cua D, A =P" thi ¢ (A)=N(P)" ' [N(P) — 1]
c) A laideal cua , A ¢6 su phan tich

A= PN P"

trong d6 k; >0, v i I,r va Pi 1a cac ideal nguyén t6 thi :

¢(A)=N(A){1— ! }{1 ! }

NP || N(P)

Chirng minh
a) Do P 1a ideal t0i dai nén D/, 1a mot truong. Tir d6

(D4)* = (D4 )\ {0}.

Suy ra
p(P)=N(P) - 1. |

b) Do A = P" nén do ménh dé 2.4.8 ta co:
p(A)=¢(P")=¢(P). NE)" '=NE)" ".[NP)~1]
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¢) T A= PY..P“v4i PPk d6i mot nguyén td cling nhau nén
0 (A= 9(P)..p(R")

Mt khéac
Ky _ k-1 1= AR 1
p(R)=N(P)“'[N(R)-1]=N(P) {1 —N(Pi)}
nén
r ki 1
(D(A):];[N(F’i) {1——N(Pi)}
L K 1 L ki r 1 r 1
-IIne {I-N(e)}N[HN(Pﬂ )} {I_N(RJZN(A)H{I_N(HJ
2.4.10 Ménh dé
Cho A 1a ideal ctia D khi do ) o(B)=N(A)
B|A
Chirng minh

+THI1: Voi A = P
suyra B € {D, P!, P?,...P")
> 0(B)=p(D)+o(P)+...+p(P")

= 1+(N(P)=1)+ N(PYN(P)=1)+...+ N(P)" " (N(P) - 1)
= 1+(N(P)=1)+(N(P)> =N(P)) +...+ (N(P)" = N(P)"™")
= N(P")=N(A)
+TH2 :V61 A=P*...P*, khi do
B|A<B=PR*.P* v&1 0<a <q,Vi=1r
Ta co

NG =] T80 | -TTnee)

Theo TH1 ta co
NR= Y oC)=Y o(R¥)

CIN(P“) 0<a;<q;

- N(A)=ﬁ D eR= ] lL[(p(Pﬁ)=Z¢(B)

i=] 0<a < 0<a<a; i=l BIA
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2.5 CAC PINH LY SO HQOC TREN VANH D
2.5.1 Dinh ly Euler
ChoaeD, A A Dsaocho (a, A)=1. Khi dé
a’® =1 (mod A)
Chirng minh
Vi moi phén tir cﬁa(%)* déu kha nghich nén (%)* 14 mot nhom c6 cép 1a

P(A).
Vi (a, A) = 1 nén theo ménh dé 2.4.3 suy ra
Tu do cép cia a laudc clia o(A).
Do vay
a”" =1 hay a”® =1 (mod A).
Tur dinh 1y Euler ta rut ra cac hé qua sau
2.5.2 H¢ qua
P 13 ideal t6i dai ctia D thi a¥® =a (mod P)
Chirng minh
Néua:P
= a"® -a=a[a ™" -1]: P
Hay
a"® =a (mod P)
Néu (a, P) = 1 theo dinh 1y Euler thi
a”®=1 (mod P)
nén
a’™®" =a (mod P),
ma P 13 ideal t6i dai nén
NP)=¢p((P)+1
Do d6
a’® =a (mod P)
2.5.3 H¢ qua
a, B e Dva(<a>,<p>)=1thi a?”=1 (mod B )
2.5.4 H¢ qua
AAD,ae Dsaocho (a, A)=1. Néus =t (mod ?(A))
thi
a*=a' (mod A)
2.5.5 Pinh ly Wilson
Cho P 1a ideal ti dai ctia D va s = ¢ (P) = N(P) — 1.
Néu
{£,,--.¢.}1a hé thang du thu gon theo mod P thi
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¢..&, =-1(mod P)
Chirng minh
Trong truong % ta xét phuong trinh
x*-1=0 (1)
voiie {1,2,...,s) thige(%)*.
Tu do
(&.P)=1
Theo dinh 1y Euler ta c6 :
&°=1(modP) hay & -1=0
Tir d6 ta thay &...Z 1a tit ca cac nghiém ctia phuong trinh (1)
Do do

x* -1 =H(X—Ei).

i=1
Theo dinh ly Viet ta co
[1&=CDCD ).
i=1
Gia su truong hiru han % c6 dic sd p. Khi do
+Néu p =2 : khi d6
D4, |=2"1a 56 chin nén s ¢ nén tir (2) ta c6
[1&=CDeD=-1
i=1
+Néu p > 2 : khi d6
| % | = p" 1a 56 1é nén s chin nén tir (2) ta c6
[1&=mD=-1.
i=1
Vay
T1¢ =-1(mod P)
i=1
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~  CHUONG3
SU PHAN TiCH MQT IDEAL THANH TiCH CAC
IDEAL NGUYEN TO TRONG TRUONG BAC HAI

3.1 Pinh Iy vé s mé ta o, khi K 1a truwong bic hai

Trong tiét nay ta ki hiéu K 1a mot mo rong bac hai cua Q, [K:Q] = 2, D=0k la
vanh cac s6 nguyén dai s6 ctia K. Ta c6 dinh Iy md ta vé& vanh cac s6 nguyén
dai s6 cua K. Trudc hét ta xét ménh dé

3.1.1 Ménh daé

Ton tai duy nhét s6 nguyén m, m khong chia hét cho sé chinh phuong khéc 1,
sao cho K = Q(+/m)

Chirng minh

*Trudc hét ta chirng minh sy tdn tal cua m:

Lay a €K\ Q thi K= Q(«).

Do [K:Q] = [Q(«):Q] =2 nén irr ,(a) = X +ax+b e Q[x] c6 2 nghi¢m

—a++a’—4b o —a—+a’-4b

a = &, =
2
Suyra a=ahay a=a,,vi o, a,=-anén Q(¢, )=Q(-a-a,)=Q(a,)=Q(«)
Ba_'ltaz—4b=q = Sq p e Z qe N'; (p,q=l.

Vi a ¢ Q nén pq khong la sO chinh phuong. Do d6 pq = K’mvéik e N, mla
s0 nguyén khong chia hét cho s6 chinh phuong khac 1.

Nhu vay
K = Q(a)=Q( 22 QU&= )-Q( [ Q1 VFm)=Q( )
*Sur duy nht:

Gia sir rang n 1a s6 nguyén khong chinh phuwong khac thoa Q(+/m )=Q(+/n )
— 3%,y eQ sao cho m=x>+y>n+2xyvJ/n
m-x>—y°n

2xy
chinh phuong. Do d6 xy = 0. Lic nay, néu y = 0 thi m = x> hay ¥m =x e Q(
v 1y). Suy ra x=0, ddn dén m = y’n.
Vim,n eZ va m khong chia hét cho sé chinh phuong khac 1 nén y2=1.
Vay n=m.

Ta nhan thﬁy néu Xy #0=+/n= eQ mau thuan cach chon n khong
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3.1.2 Pinh ly
Cho K=Q(~/m ), m khong chia hét cho sé chinh phuong khac 1. Khi d6
Z +Z\Jm;m=2,3(mod 4)

D= 1+/m

Z+Z—=;m=lI(mod4)

Chirng minh
Ta chirng minh Z +Z/m <D

Véi a=a+bJm;a,beZ thi o 1a nghiém cta da thic
f(x)=(x—a-bJm)(x—a+bJym)=x>-2ax+a>’-mb*eZ[x] = a € D
1+\/ﬁ

Ta chung minh Z +7 5

Jm

iy 1 \ \ . ,
Vb1 a:a+b+T;a,beZ thi « 1a nghi€ém cua

b. bJm b, bJm
2

g(x):[X—(a+§)—7][x—(a+5)+

< D khi m=1(mod4)

2
]=x*—(2a+b)x+a’ +ab—M

Do m=1(mod4) nén g(x)eZ[x]=> a D

Z+ZJm; khi m=2,3(mod4)
Ta chirng minh D c

uz”f; khi m=1(mod4)
Véi a e D;a =a+bym;a,beQ. Goi f(x) 1a da thirc tdi tiéu ciia « trén Q thi
f(x) € Z[x]. Xét 2 truong hop
*TH1: b=0 = f(X)=x-aeZ[x]=>aecZ=aeZ = DcVé phai(VP)
2ae’Z

%k

a’-mb’eZ )

*TH2: b= 0= f(x)=x>—2ax+a’ —mb’ eZ[x]:{

Vizan:2a62Zh3y2a62Z+l
+ Xét truong hop 2ae2Z, khi d6 aeZ=mb’ecZ, ta dat

2

b=$;(k,|):l;k,l e Z = mb’ :m:(—zeZ:mEI2

Do m khong chia hét cho s6 chinh phuong khac 1 nén 1> =1 hay I==1, suy ra
beZ

Vay a=a+bJmeZ+ZJm cVP.

+ Xeét truong hop 2ae2Z+1

To (*) ta c6 a®-mb’eZ=4a’-4mb’ e Z=4mb’ eZ=4b* €Z( vi m khong
chia hét cho s chinh phuong khac 1).

Ta co 4b’ €Z din dén 2b e Z, tir d6 2b 2Z hay 2be2Z+1

, )
Néu 2be2Z =beZ=o>mb’eZ=a’eZ= acZ=2ae2Z( VO ly).
Vay 2be2Z+1.
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Bay gio, do 2a va 2b thudc 2Z+1 nén co thé dat 2a=2u+1; 2b=2v+1; u,v € Z
Do a’-mb’<Z suy ra
2 2
T (2 e i -l ez
2 2 4
:>meZ:>mzl(mod4).

Cubi cung
a=a+b\ﬁ:(2“2+lj+(2"2”jﬁ
=(2u”j{z\'”j(xﬁﬂ)—(zv”j=(u—v)+(2v+1)l+ﬁ
2 2 2 2
:an+Zl+f:>DcZ+Zl+;/H khi m=1(mod4).

Vay dinh ly da dugc ching minh.
3.1.3 Pinh ly
Cho K=Q(\/ﬁ ), m khong chia hét cho s6 chinh phwong khéac 1. Khi d6
a) Néum =5(mod 8) thi
(2) la ideal nguyén to cua D; N((2)) =4
b) Néum =1(mod 8) thi
1+J/m S
2
nguyén t0 phan biét cia D va N((M,)) =N((M,)) = 2.
¢) Néum=2 (mod 4) thi
(2)=(M,)’ véi M,= <2, Jm > 14 ideal nguyén t5 ctia D va N(M, )=2.
d) Néum= 3 ( mod 4) thi
(2)=(M,)" v6i M,= < 2, 1 +Jm> la ideal nguyén t6 ciia D va
N(M,)=2
Chirng minh
a) Truwong hop m =5(mod8) ’
Gia sirrang <2>= P. P, (P, # P) hay <2>= P?*; P, P, la cac ideal nguyén to
= N(R)=2
= f(P)= 1

= %={a+ Pla=0;1; ...;p-1}

(2)= M,.M, v6i M,= <2, , M, =<2, > la cac ideal

1-Jm
2

Khi m=5(mod8) = D={a+b Y abcz)

2
“f ¢ D thi Jae Z théa “f

Véi = a(mod PR)
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= l_f =1- 13/55 1-a(mod P)
_lem _ledm 1Ym0 (mod )
4 2 2
Hon nita, do Ll eZ (vim=5mod 8);a.(1—-a)eZva P|<2>

= I—TmE a.(1—a)(mod?2)
Doae Znéna.(l-a):2
N I‘Tm — 0 ( mod 2)
= m= 1 (mod 8) tréi gia thiét m=5 ( mod 8)
Vay < 2> 1a ideal nguyén to.
b) Trwong hgp m =1(mod8)

Pit M, =<2, 1+2ﬁ>, M, =<2, l_fz ta co
M, M= <2, 1+\M>.<2, 1—\M>=<4’ 5 1+\M,2. I—Jﬁ,l—m>
2 2 2 2 7 4
=<2> . Ivoil=<2, l+f, l_f,l_gm>

el= I=<1>

Do 1 = 1+;ﬁ N 1-;%

= M, M, =<2>
+ Ta chirng minh M,, M, # D

That viy, néu M, =D, dom= 1(mod 8) = D= {a+b. 1J”/E|a,b el }

2
= M,.M,=D.<2, 1—;ﬁ>:<2>

= <2>.<1, l_:‘ﬁ>=<2>

~ <1, 1‘f>:{a+b. 1+f|a,b62}

— Ja,b e Zsaocho l_f = a+b. 1+;/E

= %:‘71 hayb=_7l(vél3?)

= M, =D, va tuong ty M, =D.

+Taciingco M, = M, vinéu M,=M, = 1= 1+;/E+1_;/E eM, (voly)



51

+ Bay gio, do M,. M, =<2>
= N(M,). N(M,) =N(M,.M,) =N(<2>) = 4
= N(M,)=N(M,)=2vi M,,M, =D
= M,, M, la cac ideal nguyén tb.

¢) Truong hgp m=2(mod 4)
Piat M, =<2, Jm >, khid6

M,? =<2, ym><2, Jm >

=<4,2Jm , m>=<2> . Tvoi = <2, Jm , m/2>

Do m=2(mod 4) nén m/2 1a s6 1¢ , dat m/2 = 2k +1, ke Z
= 1=(k)2+1.(m/2) el
= I=<I1>
= <2>=M,’
Hon ntra

N(M,)* =N(M,*) =N(<2>) = 4
= N(M,)=2
— M, la ideal nguyén t6.

d) Trwong hgp m=3(mod 4)
Pit M, =<2,1+J/m >
Vil-Jm =2—(1+Jm)eM,
Nén M, =<2,1-Jm>, khidé

M2 =<2, 1 +Jm>.<2, 1 -Jm>=<4,2( 1+ Jm ), 2(1- Ym ), 1 - m>

=<2>.1

voil=<2,(1+Jm), (1- Jm ),I‘Tm>

Vims3(mod4)nénl_Tm lélsélésuyra(2,I_Tm)=1,dodécéx,yez
sao cho

1=x2+y=m

2
= I=<I>= M,>=<2>
= N(M,)"=N(M,” ) =N(<2>)=4
= N(M,)=2 = M, laideal nguyén t.

e I

Ta ching minh xong dinh 1y 3.1.3
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Tom lai
<2 m=5mod?8&
<2,1+*/_>< ;/_> m=1mod8
(2)= . khi
> m=2mod&
<2’1+\/E> m =3mod 8§

Trong d6 cac ideal & vé phai trong ting truong hop twong Ung nhu
(2>;<2,@>;<2, l_f>;<2,\/ﬁ>;<2,l+\/ﬁ> déu 1a cac ideal nguyén t6 cta D.
3.1.4 Pinh ly

Cho K=Q(~/m), m khong chia hét cho sé chinh phuong khac 1. Véi p 1a sb

nguyén t6 1é bat ky. Khi do
a) néu p|mthi

(p)=(M,) v6i M, =<p,\/ﬁ> la ideal nguyén t6 ciia D va N(M, )=p.
b) néu (%jﬂ thi (p)= M,.M, v&i M, <p a+x/_> <pa \/_>

a’=m(mod p), la cac ideal nguyén t6 phan biét cia D
VaN((M, ) =N((M,))=p.

¢) néu (%} ——1 thi (p)la ideal nguyén t6 cia D va N((p))= p’

Chirng minh
a) Giasw p|m
Dt M, =(p,vm), khi do
Mpzz <p \/E><p,\/ﬁ >
:<P2,P\/E , m>=<p>1 voil=<p, Vm ,%>
Dom/ p’, p|m
m
= (p9 _) =1
P
Vi thé c6 x,y e Z thoa 1=Xp+y(%) el

= [=<1>

= <p>=M2

po-
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= N(M,)’=N(M,)N(M,)=N(M,*=N((p)) = p’
= N(M,)=p = M, laideal nguyén to.
THI roi vao phan a/

b) Gia sir (%j _1

+ Do (EJZI nén c6 a eZ théa a’ = m (mod p). Vi p*/m nén p [ a. Ta dit
p

{5 ) (-
Trudce hét, ta chiraring M, # M, .
Gia sit M,=M_ ,
khi dé
2a= (a+Jm)+(a-vm)e M, = 2a ¢ M, ()Z =p|2a = pla do p>2
Diéu nay trai gia thiét.
= M_,M_ phén biét.
+ Tiép theo ta chimg minh (p)=M_M_, tacd

M, M, = <p,a+x/ﬁ> <p,a—x/ﬁ>
= <p2, p(am/ﬁ), p(a—«/ﬁ),az—m>

- <p><pa(a+ﬁ)’(a—ﬁ)’azgm>

— (p).I Véil= <p,(a+\/ﬁ)’(a‘ﬁ)’a2;m>

Do (2a,p)=1 nén ton tai x,y e Z sao cho x.p +y.(2a)=1
= l=xp+y.(2a)=xp + y(a+J/m) +y(a-+m)e I
= [=<1>,

Diéu nay chimg t6 ring (p)=M, M,

+ M,,M, la cac ideal nguyén t6. That vay

M,=(p.a+m)=(p.a-m)=(p.a-m)=(W,)

= N(M,)=N((M, )) =N(M, )
Ma
N(M,).N(M,)=N(M, M, )=N((p))=p’
= N(M,)=N(M,)=p
= M,, M, 1a céc ideal nguyén to.
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¢) Truong hop (%} =-1
Gia st (p) khong la ideal nguyén to ctia D nguyén t6, khi d6

<p>:|31 P,(P, = P,) hay <p>:(Pl)2'
Trong mdi truomg hop trén déu dan dén f, (P)=1 = N(P)=p.
Suy ra
%= {a+ P|a=0;1; ...; p-1 }( theo dinh nghia 2.3.14)

Vi
Jm € D=Jm +P e %
— JaeZ sao cho vm =a( mod P) = m=a’ (modP)

Do meZ, a’cZ, P | <p> nén m=a’( mod p) trai gia thiét (mj =-1.
p

Vay (p) la ideal nguyén t6 ctia D.
Tom lai, v6i s6 nguyén td 16 p ta co

<p,x/ﬁ>2 pIm
(p)= <p,a+x/ﬁ>.<p,a—x/ﬁ> khi p/m,(%jzl,azsm(mod p)

(p) p/m,(mj:—l

p
3.2 Ideal lién hop
Khi K = Q/m), m khong chia hét s6 chinh phuong khac 1, c6 ding 2 don
céu truong

l,o:K—>C
vO1

1(a+bvm)=a+bv/m
a(a+b\/ﬁ):a—b\/ﬁ
Ggi I 1a moét ideal cia D. Do I dugce sinh boi nhi€u nhat 2 phan tir nén ta co
thé gid sit 1 =(a) hay | =(a, ). Ta dinh nghia ideal lién hgp cta I nhu sau
I=0(1)=(c(a)) hay (o(a).o(B)) mdt cich twong tng.

Ta cling ki hiéu o =o(a)

Do (5):02(0:):0::( ):I
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Ta co
(oe—nt,b’)=0'(05+,8)=0'(05)+0'_(€)=05+,B;v0{“b)E <
(a,b’)=0'(a,b’)’=0'(a)0'(,8):aﬂ q ‘ ,
Tt nhitng tinh chat trén chung ta kiém chung duoc rang néu | =(a,,...,e,) thi
T=<§1,...,a_n>.
3.2.1 Pinh Iy
Cho I, J la cac ideal cia D. Khido (13)=1J

Chirng minh q ‘ ‘
Vi (a) =(a,a) nén ching ta co6 the gia sirca I, J déu dugc sinh boi 2 phan tir
| :<a,,8>;J :<y,5>
Khi do
=<a,,6’>.<7,5>=<a7,,6’7,a5 ,6’5>
:>ﬁ=<Z/,E/,a_5,,6’_5> <a7,,6’7,a5 ,6’5>=<a ,6’> <_ _> 13
3.2.2 Pinh Iy
(N(1))=11
Chirng minh
Do dinh ly dung khi 1 =(0),(1) nén c6 thé gia st 1 =(0),(1). Dat
| =(pa15?. ParE?')( 5.Q )(RELRY) (%)

v6i P,Q,R la cac ideal trong su phan tich cta I trong D, cu thé hon

+ P..P 14 c4c ideal nguyén to phan biét thoa

_=<pi>;N(Pi)= N(Ei)= p;; P ¢Ei
+ Q..Q, 1a cac ideal nguyén t phan biét thda Q =Q, =(q,);N(Q )= qlz.
+ R...R, 14 cdc ideal nguyén t6 phan biét thoa R =R,R>=(r),N(R)=r,

va p,q,r lacac s6 nguyén td.
Theo 3.2.1 ta co
I=(Ef‘Pb‘...Ef'Pb')( 5.Q0)(RY..RY)
N |T (Paﬁrh Pal+bl P? +by Pa'er' )( 120l ---QSZCS )(Rlzdl "'thdt)
=(p )™ p ) (@) L) () ()
_ < D, ay+hy prarerr 'qIZCl quZCS .ndl I,tdt>
Hon nita, 1ay chuan hai vé (*) ta thdy

N(1)=N(P)* N(R) .N(P)* N(R)" N(Q)".-N(Q)* N(R)

d

~N(R)"
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8y b a b, 2¢ 2¢, ..d d
= PP PP

Tir hai két qua trén ta c6 két qua can ching minh.
(N(1)=11.
3.3.3 H¢ qua
N(1)=N(T)
Chirng minh
Vil 1a ideal khac (0) ctia D ta co
I =

(N())=11=T1=T(T)=(N(T))
= N(1)=¢N (T) , Vo1 ¢ 1a mot phﬁn tor kha nghich cua D.
Do N(I),N (T) 1a nhitng s nguyén duong nén &=+1

= N(1)=N(T).

Két qua van dung khi 1 =(0).

3.3 S6 hoc trén vanh D= {a +b. V-10| a,b ¢ Z}

Theo dinh 1y 3.1.2 ta thiy D = { a + b. ¥=10| a,b € Z} chinh Ia vanh céc s6
nguyén dai s6 cta truong K = Q(+/~10). Trong tiét nay ta ki hi¢u

K = Q(+~~10) va D 14 vanh cac s nguyén dai s6 cta trudng K. Ta c6 ménh dé
3.3.1 Ménh dé

Néu o =a+bv=10 e D thi N(<a>)=N(«a) = a’ + 10b”.

Chirng minh

Xét hai truong hop

.néu @ e Qthi b=0vairry(a)=x- a

- N(a)=a’=a’>+ 10b’

.néu a ¢ Qthi degirry(a)=2suyrairr,(a)=(x-a )(x-a)

= N(a)=a.a =(a+bJ=10).(a-b-10) =2’ + 10b’

Do N(<a>)=N(a)|

— N(<a>)=N(a)=a’+ 10b%

3.3.2 Vidu

Su phan tich phan tir 10 €D thanh tich cac phan tir bat kha quy 1a khong duy
nhat.

Ta thdy 10 =2.5 =- V=10 .J=10 , vdi 2, 5, V=10 1a cac phan tir bat kha quy
cua D. That vay

.Gidsu2=a.p; a,pe D

= N(a).N(8)=N(a )= N(2)=4, khi d6 c6 thé xay ra cac trudng hop sau
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+néu N(a)=4, N(p)=1 = p kha nghich ( theo dinh 1y 2.3.6¢)

+néu N(p)=4, N(a) =1 = « kha nghich.

+néu N(a)=N(p)=2 = a’+10b’= 2 khong thé xay ra véia,b eZ.

Vay 2 1a phn tir bat kha quy.

.GidsauS=a.p; a,peD

= N(a).N(B)=N(a g)=N(5)=25

Khi d6 c6 thé xdy ra cac truong hop sau

+néu N(a)=25,N(8)=1= g kha nghich

+néu N(B)=25, N(a)=1 = « kha nghich.

+néu N(a)=N(p)=5 = a’+10b’=5 khong thé xay ra voia,b eZ.

Vay 5 1a phan tir bat kha quy.

.Gia st VJ-10=a.B8; a,fe D

= N(a) . N(B) = N(a g)= N(+J-10)= 10, khi d6 co thé xay ra cac truong
hop sau

+néu N(a)=10, N(p)=1 = g kha nghich.

+néu N(p)=10, N(a) =1 = « kha nghich.

+néu N(a)=5, N(B)=2 = a’+10b>= 2 khong thé xay ra vdi a,b €Z.

+néu N(a)=2, N(p)=75 khong thé xay ra.

Vay =10 1a phan tir bat kha quy.

Qqa vi du trén ta c6 thé géi D k’héng phai la vanh Gauss V"l su phan tich mot
phan tir thanh tich cac phan tir bat kha quy la khong duy nhat.

3.3.3 Pinh Iy

Véi sb nguyén t6 p bat ky, ta c6 sy phan tich ideal chinh (p) thanh tich cac
ideal nguyén té cua D nhu sau:

a/
-néu p=2 thi <2>= (M,)’v6i M, =(2,4-10), N(M, )=2
- néu p=5 thi <5>= (M,)'véi M, =(5v=10), N( M, )=5
b/

) néup c6 dang 40k + 1, 40k +7, 40k +9, 40k +11, 40k +13, 40k +19, 40k +23
va 40k +37 thi

(p) =M,.M, v6i M, <p a++/-10 > <p a—+/-10 > a’+ 10 = 0 (mod p),
N(M,)=N(M,)=p

c/

. néu p c6 dang 40k + 3, 40k +17, 40k +21, 40k +27, 40k +29, 40k +31, 40k
+33 va 40k +39 thi (p) la ideal nguyén t6 ctia D.
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Chirng minh ‘ ’ ‘
Ap dung dinh 1y 3.1.3 khi m = -10, phan a/ dugc chirng minh tryuc ti€p, phan

b/ ta chi can chimg to cac sd nguyén t6 d6 thoa [_—lojﬂ va phan ¢/ tuong

p
ung la [ loj——l.

p
Cu thé nhu sau:

a/

. Do p=2via-10 = 2 (mod 4) = <2>= (M,)’'véi M <2\/ > N(M, )=2
Do 5[-10 vap=5>2 = <5>= (M,)'véi M <5\/ > N(M, )=5

b/

Theo két qua ctia cong thirc Legendre ta co
-G

vl (o 3 2)

Nen (2= 0 {3 (]

Bay gid ta xét cac truong hop cu thé cia p
+ Khi p =40k + 1 hay 40k + 11 ta c6

2 ) _
8 5 5 p
+ Khi p = 40k + 7 hay 40k + 37 ta ¢

2 571 _
P H+4p=3 18, (Ej:(gj:(_l)gz_lj [ﬁj:l
8 5 5 p

+ Khi p = 40k + 9 hay 40k + 19 ta c6

2 , _ 5-1 _
p +4p-5 chin, (Ej:(_lj:(_l)zzlj [ﬁj:l
8 5 5 p

+ Khi p = 40k + 13 hay 40k + 23 ta ¢6

Pt (MG o1~ ()

Vay cac sd nguyén t6 ¢ phan b/ thoa [ loj 1.
p

!

¢/ Ta chimg minh cac s6 nguyén t6 & phan b/ thoa [ loj -1
p
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+ Khi p = 40k + 3 hay 40k + 33 ta ¢6

2 N _ —
8 5 5 p

+ Khi p = 40k + 17 hay 40k + 27 ta ¢6

2 , _
8 5 5 p
+ Khi p =40k + 21 hay 40k + 31 ta c6
2
P4p=S g (EHLJZ - [—_IOJZ_
8 5 5 p

+ Khi p = 40k +29 hay 40k + 39 ta ¢6

2
PFAP=S 4 (Ej:(__lj: 1= [__loj: -1
8 5 5 p

Vay cac sd nguyén t6 ¢ phan ¢/ thoa [_—;Oj =-1.

Ta chirng minh xong dinh ly.
3.3.5 Mot so vi du
1/ Phan tich «= <26+65\/—10> thanh tich cac ideal nguyén t6 , tinh ¢ (a).

Tacd a=<13> <2+ 54-10>

+ 13 c6 dang 40k + 13

nén <I13>=M, M, ; M, =<13, 4+ J-10>, M, = <13, 4+ J-10>,
N(M,;) =N(M,,)=13

+Pit f=<2+ 5J-10> = N(B)=2+10.5=254=2.127

L<2>=M,’, M,=<2, J-10>, N(M,)=2
. 127 ¢6 dang 40k + 7

= < 127 > = <127, 25+ J-10><127, 25 - J-10>=M, M,,,,
N(M,,,)=N(M,,, =127

. Theo dinh 1y 3.2.2 ta cd g = <N(p)>=<2><127>= M 2. M,,, M,,,

va 2+ 54-10=127-5.(25- J-10) € M,,,

nén g = M,.M,,,
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+Vé-iy a = MZ M13 M13 I\/|127

=S p(a)=9(M,) (M) o(M;) ¢(M,,)

=(2-1).(13-1).(13-1).( 127-1)=18144.

2/ Phan tich o= <32395+6479\/—10> thanh tich cac ideal nguyén t6 , tinh
o (a).

a= (11)(19)(31)(5++=10)
+ 11 c6 dang 40k + 11
nén<11>=M M ; M,,=<I11, 1+ J-10>, M, =<I1, 1- J=10>,
N(M,,) = N(M,,)=11
+ 19 c6 dang 40k + 19
nén <19>=M, M, ; M, =<19, 3+ J-10>, M,, = <19, 3- J-10>,
N(M,,) =N(M,,)=19
+31 ¢6 dang 40k+31 nén <31> = M,, 1a ideal nguyén t6, N(M,, ) = 31>
+ Pt f=<5+J-10> = N(p)=5"+10=35=5.7

.<5>= M2, M,=<5, J-10>, N(M, )=5
L <T>=M, M, ; M. =<7, 2+ {-10>, M, =<7, 2 - J-10>,
N(M,)=N(M,)=7

.Do g p=<N(p)>=<5><T7>=M>. M, M,

va 5+/-10=7-(2-J-10) e M,
nén g = M;.M,
+Vay a = MSM_7M11M_11M19M_19 M}l
= p(a)= (M) 9(M,) o(M;)p(M,)p (M) o (My)e(M,)
= (5-1).(7-1)(11-1).(11-1).(19-1).(19-1),( 31*1)
= 746496000
3/ Phan tich «= <12341+5289m> thanh tich cac ideal nguyén t6 , tinh

p(a).
a= (41)(43)(7+3J-10)
+ 41 c6 dang 40k + 1
nén <41>=M,, M, ; M, =<41, 20+ J-10>, M,, = <41, 20- +/-10>,
N(M,,) =N(M,, =41
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+ 43 c6 dang 40k+3 nén <43>= M,, 1a ideal nguyén t6, N(M,,) = 437
+ Pit f= < 7+34/-10> = N(B)= 7+10.3% = 139, vi 139 1a sb nguyén t6
nén A 1a ideal nguyén té cua D, ta dua g vé dang M, M
. 139 ¢6 dang 40k + 19 nén <139>=M,, M, ; m:<139, 44+ -10>,
M, = <139, 44- J=10>, N(M,,,) = N(M ,, )=41

. Do ,B,E:<N(,B)>:<139> M139 M139

va 7+34-10 =139 - 3.(44- J-10) € M,
nén B = My

= o= I\/|41 I\/|41 M43 M139

= p(a)=o(M,)e(M,)p(M,;)p(M,,)
= (41-1)(41-1)(43%1)(139-1) = 408038400

3.4 S0 hoc trén vanh D = {a +b. 1+\£_—15 | a,b e Z}}
1+/-15
2

Theo dinh 1y 3.1.2 tathiy D= { a + b. |a,b € Z} chinh 1 vanh céc sd

nguyén dai s6 ctia truong K = Q(+/=15). Trong tiét nay ta ki hi¢u

K = Q(+~~15) va D 14 vanh cac s nguyén dai s6 cta trudng K. Ta c6 ménh dé
3.4.1 Ménh dé
1+\/—

Néu o =a+b

e D thi N(<a>)=N(«a) = a’ + ab+4b”.
Chirng minh
Xét hai truong hop
néu a € Qthi b=0vairr,(a)=x-«a
= N(a)= a’=a’>=a’+ ab+4b’
néu a ¢ Qthi degirry(a)=2suyrairr,(a)=(x-a )(x-a)

—~ N(a)=a.a =(a+b 1+J—)( +b I_F):a2+ab+4b2.
Do N(<a>)=[N(a)|

— N(<a>)=N(a)=a’+ ab+4b’.

3.4.2 Vidu

1) Cac phan tir 3; 5; V=15 14 cac phan tir bat kha quy cua D.

That vay

.Giasut3=a.8;a,pecD
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= N(a).N(8)=N(a 8)=N(3)=9, khi d6 c6 thé xay ra cac trudng hop sau
+néu N(a)=+9;N(B)= +1= g kha nghich.
+néuN(p)=+9; N(a)=+1 = « kha nghich.
+néu N(a)=N(p)=3 = a’ + ab+4b*=3 khong thé xay ra véia,b eZ.
+néu N(a)=N(p)=-3 = a’ + ab+4b>= 3 khong thé xay ra véia,b eZ.
Vay 3 1a phan tir bat kha quy.
.GiasuS5=a.8;a,pec D
= N(a) . N(8) = N(a )= N(5)= 25, khi 46 c6 thé xay ra cac trudng hop
sau
+néu N(a)= +25;N(B)=+1= p kha nghich.
+néuN(p)=+25; N(a)=+1 = « kha nghich.
+néu N(a)=N(B)=5 = a’ + ab+4b>= 5 hay (2a+b)*+ 15b*> =20 khong thé
Xdy ra voia,b eZ.
+néu N(a)=N(p)=-5 = a’+ab+4b*=-5 khong thé xay ra voi a,b e Z.
Vay 5 la phan tir bat kha quy.
.GiasaeJ-15=a.8; a,Be D
= N(a).N(B)=N(a B)=N(J=15) = 15, khi d6 co thé xay ra cic truong
hop sau
+néu N(a)=+15;N(B)=+1= g kha nghich.
+néuN(pB)=+15; N(a)=+1 = « kha nghich.
+néu N(a)=+5;N(B) = +3 khong thé xay ra
+néu N(a)= +3;N(B) = +5 khong thé xay ra
Vay 3 1a phan tir bat kha quy.
2) Trong D ta c6 su phan tich
15=3.5=-J-15.4J-15
Qqa vi du trén ta c6 thé géi D k’héng phai la vanh Gauss V"l su phan tich mot
phan tir thanh tich cac phan tir bat kha quy la khong duy nhat.
3.4.3 Pinh Iy
Véi sb nguyén t6 p bat ky, ta c6 sy phan tich ideal chinh (p) thanh tich cac
ideal nguyén té cua D nhu sau:
a/

. néu p=2 thi <2>= M, M, v6i M, =<2,l+ “2_15>, M_2=<2,1_V2_15>1a ideal

nguyén t6 cia D; N(M,) = N(M,) =2
.néu p=3 thi <3>= (M,)’v6i M, =<3,\/—15> 14 ideal nguyén té cta D,
N(M,) =3
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.néu p=5 thi <5>= (M,)’v6i M, =<5,\/—15> 14 ideal nguyén té cta D,
N(M;) =5

b/

.néup co dang 15k + 1, 15k +2, 15k + 4, 15k +8 thi

(p) =M, M, véi M, <p a+v-1 > <pa J=15 > N(M,)=N(M)=p,
a’+ 15 = 0 (mod p)

c/

. néu p c6 dang 15k + 7, 15k +11, 15k +13, 15k +14 thi (p)= M, la ideal
nguyén t6 ciia D; N(M,)=p’.

Chirng minh ‘ ’ ‘
Ap dung dinh 1y 3.1.3 khi m = -15, phan a/ dugc chirng minh tryuc ti€p, phan

b/ ta chi can chimg to cac sd nguyén t6 d6 thoa [_—15j=1 va phan ¢/ tuong
p

ung la [__;)Sj =-1.

Cu thé nhu sau:
a/

. Do p=2 va -15

— <21—\/—15
T2

1 (mod 8) = <2> = M,M,Vvéi M, <

1+\/T>

2

M, =

>la‘1 ideal nguyén to ctia D; N(M,) = N(M,) =2

.Dop=3|-15 = <3>= (M,)'v6i M, =<3,\/3> 14 ideal nguyén té cta D,
N(M,) =3

. Do p=5|-15 = <5>= (M,)’v6i M, =<5,J—_15> 14 ideal nguyén t6 cta D,
N(M;) =35

Tiép theo ta chimg minh b) va c).

Theo két qua cua cong thue Legendre ta co

SRR
G ) G e
Nen[ 15} (ﬂj (gpj;plél s6 nguyén t6 16.

P 3
Bay gio ta xét cac truong hop cu thé cia p
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+ Khi p = 15k+1 ta co

CHO (-6

+Khip=15k +2 taco

(SHa)r-(2)

+ Khip=15k +4 taco

(5 (-3 o

+Khip= tacod

5 BF 6 G () e a-(2

VR
|
o | -
()]
N—
Il
[S—

Vay cac sd nguyén t6 ¢ phan b/ thoa [_—ésj =1.
c/
Ta chimg minh cac s6 nguyén t6 ¢ phan ¢/ thoa [_—;Sj =-1

+ Khi p = 15k+7 ta co

CHO- (-6 (25

+Khip=15k + 11 tacod

SHE) . (221 (2

+Khip= 15k + 13 ta co

(50 (H3)- ()

+ Khip=15k + 14 ta c6
3) 3 5) s D

-1.

Vay cac sb nguyén 6 & phﬁn ¢/ thoa [_—lsj
p

Ta chirng minh xong dinh ly.

3.4.5 Mt s6 vi du

1/ Phén tich « = <y

> thanh tich cac ideal nguyén t6 , tinh o(a).
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+ Pt p= <3+F>
= N(B)=6
= B A=(N(8))=(6)=(2).(3)

S
—_
~—

I
—_—
=
—_—

E|

~—~—
L

).(N (M,)=1).N(M;).(N(M;)-1)=(2-1).(3-1).5.(5-1) =40

2/ Phan tich o= <84—42\/—15> thanh tich cac ideal nguyén t6 , tinh ¢ (a).

Taco a=(2) (3) (7).(2-=15)

1+\/—15> <2 1-J=15
2 N2

+(2)= MZM_2=<2, >; N(M,)=N(M,)=2

+(3)= (M) = (34-15)", N(M,) =3

+ (7)= M, la ideal nguyén té.

+ Dit g= <2—J—_15>=<3—2.1+*£3>

= N(B)=19 (B la ideal nguyén td)

= B B=(N(B))=(19)=M,,M,,=(19;2++-15).(19;2-=T5)

= B=M,

= a=M,M, (M,)' M, M,
:>go(a):(N(Mz)—l)(N(M_z)—l).N(M3)(N(M3)—1).N(M7).(N(M_19)—1)

=(2-1).(2-1).3.3-1).(7*-1).(19-1)
=5184.
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KET LUAN

Cho K 13 mdt trudng mé rong hitu han cta Q va D 14 vanh cac sé nguyén
dai sb cta K. Sau qué trinh nghién ctru tinh chit cac ideal cua vanh D, ching
t6i da thu duge mot sb két qua sau:

1/ Trong D, moi ideal that su déu c6 thé biéu dién duoc dudi dang tich cac
ideal nguyén t6 ctia D. Hon nita, tip cac ideal khac khong ctia D con lap
thanh mt nhém Abel.
2/ Dua vao sy phan tich thanh tich cic ideal nguyén tb, chung t6i da xay
dung duge mot s6 ham sb hoc cung véi cac cong thire tinh cua ching. Cu thé
nhu sau:
e Ham Eulerp : P — N*
Ao (A)=[(D})¥
e Dinh ly Euler
Cho aeD, A A D sao cho (a, A)=1. Khi do
a’® =1 (mod A)
e H¢ qua
P 13 ideal tbi dai cta D thi a"® =a (mod P)
e Dinh ly Wilson
Cho P 13 ideal t6i dai ctia D va s = ¢(P) = N(P) — 1.
Néu {¢,,...¢.} 1 hé thang du thu gon theo mod P thi
¢..&, =-1 (mod P)
3/ Dua vao su md ta cac ideal tdi dai ciia vanh D khi K 1a mot truong bac
hai, ching t6i da xdy dung dugc thut toan phan tich mot phan tr cia D
thanh tich céc ideal toi dai.

Pé minh hoa cho cac két qua trén, chung toi da khao sat va ap dung trong
hai truong hop cu thé:

D={a+b. J-10|ab ¢ Z}
va

D={a+b. 1”2‘_15|a,b62}.
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