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MO DAU

1. Ly do chopn @@ tai

C6 thé néi: thing dr chinh plrong, ki héu Legendre, ki i
Jacobi la niing ming kién thic hay va kho lién quadén ly thuyét
ddng dr, dong thyi cé nhiu tng ding trong $ hoc. Vi thé, trong
céac ki thi clon hoc sinh gbi & cac mc (nhét |a cac ki thi chn doi
tuyén Olympic Toan), nting mang kién thic nay throng dugc quan
tamdang K. O nudc ta, theo cb ching téi bét, maidén nim 2008
maGi cé mbt tai liéu tiéng Viét [2] chinh thic dé cap dén ca ba ming
thang dr chinh plrong, ki hEu Legendre va ki Bu Jacobi; daio
viéc giang cay cac kén thirc nay nét cachdiy du ¢ bac trung hc
pho théng gp khéng it khé kin, nhit 1a khi ma gido vién tong
chwra dugc dao to chuyén saudrching.

Vi nhitng ly do trén, t6i cbn dé tai “Thgng de chinh pheong,
ki higu Legendre, ki h#u Jacobi vaiing dung” dé nghién ¢u.

2. Muc dich va nhiém vu nghién aru

Churong 1, clwong 2 da luan vian $ trinh bay not cachday
du nhit — theo cach B cia chdng t6i — & ly thuyét thing dr chinh
phueong, thing dr khdng chinh phong, ki héu Legendre, ki Bu
Jacobi wi nhiéu vi dx minh hya.

Trong chlrong 3, chdng tdi tim cactiua ra cadarng ding va
xay drng mdt hé théng cac bai toan theotra do tir d& dén kho lién
quandén céc vin dé vé thang dr chinh plrong, ki héu Legendre, ki
hiéu Jacobi.

3. Pdi twong va pham vi nghién atu
3.1.Péi twpng nghién aru

Déi twong nghién ¢u la thing dr chinh phlrong, ki héu
Legendre, ki K§iu Jacobi varng ding.



3.2. Phum vi nghién aru
Nghién au ly thuyét vaieng ding aia thing dr chinh phrong,
ki hiéu Legendre, ki l¢u Jacobi da trén ly thugt vé dong dr.
4. Phrong phap nghién @éu
Trong Idin van nay, chung toi thu @p vadoc cac tai lgu tim
duoc tir nhiéu ngwn khac nhaudgc biét 1a cac thr muc trén internet
co lién quantén d¢ tai) & phan tich, nghiénuu ly thuyét vé thing
du chinh plrong, ki héu Legendre, ki lu Jacobi va it lai mot
cach I§ thong theo cach ching toidui.
5. Y nghia khoa hpc va thuc tién ciia dé tai
Xay drng dugc mot tai liu tham kko b ich cho gido vién va
hoc sinh trung hc phd théng ¢ thing dr chinh plrong, ki héu
Legendre, ki Wu Jacobi, trongté phan Iy thuyét dugc ching minh
chit ché va céc bai toaduoc h théng trong déi day du va dp nhit
theo mirc do tir dé dén kho.
6. CAu trGc caa luan vin
Ngoai pn mo dau va Kt luan, luan vin gdm c6 3 clrong:
Chrong 1. THing dr chinh plwong, thing dr khdong chinh
pheong va ki héu Legendre.
Chrong 2. Ki hgu Jacobi va&gia nguyén é Euler.
Chrong 3. Mot sd ing ding va cac bai toan.
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Chwong 1
THANG DU CHINH PHUONG
THANG DU KHONG CHINH PH UONG
Ki HI EU LEGENDRE

1.1. Thing dw chinh phwong - thang dw khdéng chinh phrong
Pinh nghia 1.1.Cho m la & nguyén dong va « la 5 nguyén
nguyén é cung nhau & m. Néu dong dr thirc x> =a(modm) c6
nghiém thi ta néi ting « 1a mpt thing dr chinh plrong aia m.
Ngueoc lai, néu dong de thirc x* = a(modm) khdng c6 ngldim, ta noi
rang a 1a mpt thang dr khéng chinh piong aia m.
Vi du 1.1.Dé xacdinh cac 8 nguyén la thng dr chinh plrong aia
13, ching ta tinh binh pbng a1a cac 8 nguyén 1, 2, ..., 12.

Ta thiy rang:

I’ =12° =1(mod 13);  2° =11> =4(mod 13)

3° 210" =9(mod 13); 4% =9° =3(mod 13)

57 =8

Nhu vay, cac tling dr chinh plrong aia 13 la 1, 3, 4, 9, 10,
12; cac 8 nguyén 2, 5, 6, 7, 8, 11 la céaciny dr khdng chinh
pheong aia 13.

Trong chrong 1 nay, chdng ta€snghién ¢u thang dr chinh
phuong, thing dr khéng chinh piong aia $ nguyéné 1é p .

2 2 2

=12(mod 13); 6° =7° =10(mod 13).

Chuang ta & chi ra ing, réu p la mdt sb nguyén é I¢ thi &
céc thing dr chinh plrong aia p bang $ céc thing dr khéng chinh
phuong aia p trong 8p S ={1,2, ..., p-1}.
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Bo dé 1.1.Cho p la mjt 6 nguyén & lé va « la mst s6 nguyén
nguyén & cung nhau & p. Khi @6, dong dr thirc x* = a(modm)
hagc 1a khéng c6 nghiim, haic 1a c6ding hai nghim khéngdong
dir modp .
B d& trén din dit chang taién dinh Ii sau:

pinh Ii 1.1.Néu p la mgt s nguyénd lé thi cédl]nng_l thing dr

chinh plvong aia p va pT_l thang ds khéng chinh plong aia p

trong dp S ={1.2, .., p-1}.
Mot ki hiéu lién Kt dic biét véi thang dr chinh plwong duogc
mo t trongdinh ngha sau:
1.2. Ki hiéu Legendre
1.2.1.Pinh nghia 1.2.Cho p la mpt s6 nguyénd 1é va a 1a mot &6

nguyén nguyénstciing nhau & p. Ki higu Legendre(ﬁj duoc
p

dinh ngha nhs sau:
(ﬁ] :{ 1 néu a la thang du chinh phuong cua p
p -1 néu a la thdng du khong chinh phuong cia p.
Ki hiéu nayduoc dat tén sau khi nha Toarpb ngroi Phap la
Adrien-Marie Legendre @i thiéu viéc ar dung ki néu nay.
Vi du 1.2. Theo vi & 1.1, ki hgu Legendre (%) Vo

R H T
BHEHEHE MM
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1.2.2. Tiéu chdn Euler. Cho p la mpt s6 nguyéné lé va a 1a mst
s6 nguyén nguyémtcing nhau & p . Khi dé:

[E] =a* (modp).

p
Vidu 1.3.Truong hpp p =13, ta co:
13-1
32 =3°=(27)" =1 =1(mod13)..
Vi vay, (%j =1, tac la 3 la nét thang dr chinh plrong aia

13.
1.2.3. Céc tinh chit ciia ki higu Legendre
Pinh li 1.2.Cho p la mjt 5 nguyénd lé va a, b la cac  nguyén

nguyénd cing nhau & p . Khi do:

(i) Néu a = b(mod p) thi (%j:(%j (1.1)
o (322
(ii) (“5]:1. (1.3)

Vi du 1.4.Tinh (%j

Vi 317 =5(mod13) nén theo cong tre (1.1), taduoc:

()
13 13

Sr dung tiéu chén Euler, ching ta c6 éphan bp nhing $
nguyén & cé -1 1a mot thing dr chinh plrong haic -1 1a mt
thang dr khéng chinh piong.
Pinh 1i 1.3.Néu p 1a mjt so nguyéné 1é thi
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(_lj'{ 1 néu p=1(mod4)
p -1 néu pE—l(m0d4).

Mot két qua dep sauday aia nha toan éc Gauss cungiap mot
tiéu chun khacdé xac dinh khi nao 8 nguyéna nguyén é cing
nhau i s nguyéné p 1a mot thing dr chinh plrong @ia p .

Bo dé 1.2. (B dé Gauss).Cho p la mjt so nguyénd lé va a la mst
s6 nguyén nguyérnstcing nhau & p. Néu s 1a s cac thing dr

p-—1

dirong bé nlit modulo p ciia cac ® nguyéna, 2a, 3a, ..., a ma

l6n bon £ thi [Ej =(-1)".
2 p

Vidu 1.5.Choa=5 va p=13. Si dung b dé Gauss, tin!{%).

Ta tinh cac ting dr dwong bé nAt modulol3 cua
1.5,2.5,3.5,4.5,55 va 6.5. D6 twongeng 12 5,10,2,7,12 va 4.

C6 3 $ trong cac & nay bn hon g

A 5 3

Vay, (Ej =(-1) =-1.

Sr dung kb dé Gauss, ta c6 &hdinh rddic diém cua #t ci cac
sb nguy&n b c6 2 1a mot thang dr chinh phrong.
Pinh li 1.4.Néu p 1a mpt so nguyéné 1é thi

[Ej (1) (1.4)
p

Nhu vay, 2 1a mpt thing dr chinh plrong aia cac 6 nguyén

to p thoa p =+1(mod8) va la ndt thing dr khdng chinh phiong aia

cac $ nguyénd p théa p = +3(mods).
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[zj =1 néu p =+1(mod8);
P

[3] =-1 néu p =+3(mods).
P
Vi du 1.6.Theodinh Ii 1.4, ta thy ring:

B
A

Ta c689 = -2(mod13) nén (ﬁjz("_zj: ‘_lj(ij_
13) (13) (13)(13

Vi 13=1(mod4) nén thealinh 1i 1.3, ta c {

L&Jl»—
;/

Tir 13=-3(mod8), theodinh Ii 1.4, ta cf(%j =-1.

Vay (89j 1.

Tiép theo, ching ta trinh bainh Iuit vé tinh thdin nghch
chinh phrong, mdt nén taing quan tng cho & danh gia ki hju
Legendre.
1.3.Pinh luét vé tinh thuan nghich chinh phreng

Cho p va ¢ la hai $ nguyén é khac nhaug 1a mt thing dr
chinh plrong aia p . Khi d6, ta c6 bit duoc ring p la mot thing dr
chinh plrong aia ¢ ? Binh |i sauday giup ta ti 16i cau ki nay.
Pinh Ii 1.5. @inh luat vé tinh thuan nghich chinh phrong) Cho
p Va g la hai 9 nguyénd lé khac nhau. Khif6



(g

Ta chti ¥ ing $ 1’7‘1 la & chin khi p=1(mod4) va la § I¢

khi p= 3(m0d4) .

p—l'q_—l la chin réu pEl(m0d4) haic qu(mod4);

pT_l."T_l 12 1¢ néu p =3(mod4) va ¢ =3(mod4).
Tur 0, ta co:
(p](q]_{ 1 néu pEl(m0d4) hoac qu(mod4)

q)\p -1 néu pE3(m0d4) va qES(m0d4).

Vi gia ti ciia (ﬂj va (1] chi c6 thé 1a 1 hdic -1 nén:
q p

(1] néu pEl(mod4) hoic qEI(mod4)
p

—(ij néu p=3(mod4) va  ¢=3(mod4).
p

Vi du 1.8.Cho p =13 va ¢ =17. Tinh (Ej va (ﬂj
17 13
Tacé p=g=1(mod4).

13)_(17
Dowy | —=|=|—|.
oW (17) (1
i 17 = 5 A7) _(4
Vi 17 =4(mod13) nén theo (1.1), ta c@sz( j

13
2
Theo (1.3), ta c«éij = [2—] =1
13 13
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13 17
vay [2)=(1) =1,
ay(nj (13]
Vidu 1.9.Cho p=7 va ¢=19. Tinh (%j

Tacodp=g=3(mod4).
Ap dungdinh luat V& tinh thudin ngtich chinh phrong, taduoc:
-
19 7)
L R 19) (5
Vi 19=5(mod7) nén theo (1.1), ta 0@7) = (ﬂ
Lai c6 5=1(mod4), St dung dinh Iuat vé tinh thuin nghch

chinh phrong ot lan nira, tadugc (;j =Gj :

Vi 7=2(mod5) va 5=-3(mod8) nén theo (1.1) va (1.6), ta

B

duoc:

7
Vay | — |=1.
w (5]
p RN N A P q— 713
Vi du 1.10.Biét rang 1009 la $ nguyén d. Tinh (@j .
Ta phan tictv13 =23.31.

Theo (1.2):
(713){23.31){ 23 M 31 j
1009 1009 1009 ) 1009 )

Tur 1009 =1(mod4) , tadugc:

23 ) _(1009) . 31 ) _ (1009
1009 23 )’ 1009 31 )
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Vi 1009 =20(mod23), 1009 =17(mod31) nén theo (1.1):

(S ()

Theo (1.2) va (1.3), ta co:
(Ejz 25 (2 (ijz[i)
23 23 23 )\23) \23)°
Do 5=1(mod4) nén theatinh luat vé tinh thuin ngtich chinh

3-2)

Vi 23=3(mod5) nén theo (1.2):

2)0)

Ap dung dinh Iuat V& tinh thuin nghich chinh plrong not 1an

nira, taduoc (gj = (éj .
5 3

Vi 5=2(mod3) nén theo (1.1) va (1.6), taluoc

3

phuong:
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713
Vay | —|=1.
a4 (1009)

Bo dé 1.3.Néu p la mjt 6 nguyénd Ié va a 1a mjt so nguyén é
khéng chia Bt cho p thi

p-1

trongdo, T(a,p) = i[ja}

Vi dy 1.11 Tinh (llj ( j

Sr dung o de ta tinhdng:

T P oo
Viy (L= (1) =1

Tuong t, ta co:
s .
BT
=7 7 7 7

Vay (l;j (-1)" =1.

Hé qua. Néu p la £ nguyén é Ié thi
) 3 1 néu pEil(modIZ)
a)l — | =
p -1 néu p EiS(modlZ)

b)[__g,]:{ 1 né’/u pEI(mod6)
p -1 néu = .
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Chuwong 2
Ki HI EU JACOBI VA SO GIA NGUYEN TO EULER

Trong pln nay, ching tainh ngha ki héu Jacobi. Ki Hu
nayduoc gidi thiéu bsi nha Toan hc ngroi Btc tén la Carl Jacobi.
Ki hiéu Jacobi la it sy mo rong aia ki héu Legendre. N6
dugc ar dung dé danh gia ki hu Legendre vatinh ngha $ gia
nguyén é Euler.
2.1. Ki hi¢u Jacobi
Pinh nghia 2.1.Cho » & mjt s nguyén dong lé c6 phan tich tiéu
chwin n=p"p,..p." (p, (i=1,_m) la cac  nguyénd, (i=1,_m)

la cac $ nguyén dong) vaa la mst S5 nguyén nguyémtciing nhau

Véi n. Khido, ki hisu Jacobi(ﬁj dwoc dinh ngha nhe sau:

n

& ) )
n pln pzt: mpmtm P1 p2 pm
trong do (i) [i) [i] la cac ki héu Legendre.

p] p2 pm
Vi du 2.1.Tir dinh nghia ki hidu Jacobi, ta thy rang:

BB e -
B BIR-BK)

Khi n la $ nguyén 6, ki hiéu Jacobi chinh 1a ki &i
Legendre.
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Ta thy rang, réu x* =a(modn) ¢ nghém va p, (i=1,_m) la

uéc nguyén & cia n thi x* =a(modp,) cling c6 nghém. Vi vay,

(i] =1. Dodo:

e ) G-
n plt1 p2’z "'pmlm pl p2 pm
Nguoc lai, cho n=15 va a=2. Ta co6
(%)z(gj(gjz(—l)(—l) =1. Tuy nhién, dong dr thuc
x> =2(mod15) khéng c6 nghim do x* =2(mod3) va x* =2(mod5)
khong c6 nghim. Nhr vay, néu (ﬁ]zl , ta chra thé két luan duoc
n

x> =a(modn) c6 nghém hay khong.

2.2. Céc tinh clat caa ki hiéu Jacobi
Pinh li 2.1.Cho » 1a s nguyén dong lé va a, b |a hai $ nguyén

nguyénd ciing nhau & » . Khi @6

0) Néu a = b(modn) thi [ﬁj =[9j. 2.1)

o (0

=(-1)7 . (2.3)

(i) (%j - (1) 2.4)
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2.3.Pinh luat vé tinh thuan nghich di véi ki hiéu Jacobi
Pinh i 2.2. Cho », m 14 hai $ nguyén dong l nguyén & cing

nhau. Khido
)=

Bay gb, ching ta & gi¢i thigu mot thuat toandé danh gia ki
hiéu Jacobi.

Choa vab la hai $ nguyén dong Wi (a, b)=1,a>b.
Goi R, =a, R =b. S dung thifit toan chia, chiar, cho R, va
phan tich & du thanh tich aa liy thira cao nht cia 2 va nit s
nguyén arong ¢, taduoc:
R,=Rg +2"R,,
trong d6, s, 1a mbt 6 nguyén khong am v, la mjt sd nguyén
duong k véi R, <R,.
Ta hi ldy R, chia chor, va phan tich&du thanh tich ¢a liy
thira cao nt caa 2 va nit sd nguyén dong &, taduoc:
R =R,q, +2"R,,
trong do, s, 1a mdt sb nguyén khéng am v, la mjt sd nguyén
duong k véi R, <R,.
Tiép tuc nhr vay chodén khi R, =1, tirc 1&:
R, =R,q, +2"R,

R = Rn—an—Z + 2%72 Rn—l

n=3

RH*Z = Rn*lqn*l +2S”_1'1 '

trong do, s; la mjt o nguyén khong am va,,, la mbt s6 nguyén

duong lé voi R, <R, j=2,n-1.
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Ta minh lva day cading thic nay ki vi du sau:
Vidu 2.2.Choa =401, b=111. Khi do:
401=111.3+2%.17
111=17.6+2°9
17=9.1+2°.1.
Pinh 1i 2.3.Cho ¢ va » 1a hai $ nguyén dong Wi a > b . Khi do:

2_ 2_ 2 _ - - - - - -
a 5 R 1+y7 Lo Ml o, Rpm 71 Rt I_Rz L& I_L3 ! +...+L”’2 I_L”" !
—|= ( -1 ) 8 78 8 272 22 2 2

trong d6, Cac  nguyénr, vas,, j=1,n—1 duoC md t nhu trén.

Vi du 2.3.Tinh [ﬂj
111

T vi dy 2.2, taduoc:
111

2.4. $ gia nguyén  Euler

Cho p 1a mot sb nguyén & I& va » 1a mt sb nguyén nguyén
t6 cung nhau & p . Khi do, theo tiéu chin Euler:

(b
b =(;j(modp).

Vi vy, néu ta kiém traduoc » 1a & nguyén &, » 1a mt

nguyén i (b, n) =1 thi tadugc:

b%l = (ﬁj(modn)

n

trongdo, (éj la ki hiéu Jacobi.
n
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n-1
Néu chiing ta chradugc ringddng dr thic b 2 E(éj(modn)

n

-t .
lasai, ticlab® = (ﬁj(modn) thi » 1 hop .
n

Vidu 2.4.Chon=341 vab=2.
341-1

Tatinhduoc 2 2 =2"" =1(mod341).
Lai c6, ftr 341=-3(mod8), theo dinh Ii 2.1, ta dugc

B

3411 2
Dodb6 2 ? ;—-’(—j(mod%l).
341
Vay n =341 la hop 9.
Pinh nghia 2.2.Cho » la mpt s nguyén dong. Neu » la mpt hop
s6 nguyén dong lé théa mandong dr thirc

b s(éj(modn)

n
thi n duwoc gi la s giad nguyénd Euler 5 b .

Mot sd gia nguyén é Euler @ s5 b 1a mot hop &, nddugc tra
hinh nhr 1& mot s nguyén é bang cach tha mandong dr thirc duoc
cho trongdinh ngha.

Vidu 2.5.Chon=1105 vabh=2.

Tacd: 1105=5.13.17.

1105-1

22 =2 =(24)" =(16)™ =1(mod5).

) = =((26 ) )46 =((64y

1105-1

22 =2 :((2“)2)69 =((16y
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1105-1

Suyra 2 > =2 =1(mod 1105).

Tur 1105=1(mod8) nén S, P
1105

1105-1

Dod6 2 > s(ij(moduos).
1105

Vi 1105 la bp $5 nén 1105 la&gia nguyén é Euler o s 2.
Pinh li 2.4.Néu n 1a s gia nguyéné Euler @ s¢ b thi n 1a < gid
nguyénd co so' b .
Pinh Ii 2.5.Néu » 1a s gid nguyénd manh @ 6 b thi n 14 9 gid
nguyéné Euler @ s5 b .

Nhu tada biét mot s5 gia nguyén é Euler @ s b chura hin la
s gia nguyén & manh @ sy b. Tuy nhién, khi gp diéu kién rang
buot, mot sb gia nguyén é Euler @ s5 b 1a $ gia nguyén é manh
co 5 b . Haidinh li sauday cho ching ta i diéu do.
Pinh |i 2.6.Néu n=3(mod4) va n 14 & giad nguyén Euler @ s¢
b thi n 14 s gid nguyénd mgnh @ s b .
Pinh |i 2.7.Néu n 1a s gia nguyénd Euler @ s b va (Sj: -1 thi

n la s gid nguyénd munh @ 6 b .
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Chuwong 3
MOT SO UNG DUNG VA CAC BAI TOAN

3.1. Ching minh déng dw thic bic hai c6 ding
ax® +bx+c=0(mod p) c6 nghgm véi p la 6 nguyén © I¢,
(a,p)=1.
Xétdong dr thirc ax? +bx +c =0(mod p) (3.1)
véi p la$ nguyéné léva (a, p)=1.
Vi (a, p)=1 néntaang cé(4a, p)=1.
Pong dr thie (3.1) trong duong Wi
4a(ax® +bx+c)=0(mod p) .
Sir dung phan tich4a(ax’ +bx +c) = (2ax +b) =(b* ~4ac), ta
duoc:
(2ax +b)" =(b* —4ac)(mod p).

bit y= (2ax+b) vad =(b2 —4ac) , taduoc:

y> =d(mod p). (3.2)
Néu x=x,(modp) 1& nghtm aa (3.1) thi
y =(2ax, +b)(mod p) théa man (3.2). Ngoc lai, néu y =y, (mod p)

la nghEm cia (3.2) thi & 2ax = (y, —b)(mod p) ta co tie tim dugc
nghiém aia (3.1).

Bai toan 1.Tim tit ca cac thing dr chinh plrong aia 29.

Bai toan 2.Tim gia ti cuia cac ki hiu Legendre sau:

G e
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(i) ()

Bai toan 3.Nhitng ddng dr thirc nao saday c6 nghém:

f) (%)

a)’ =2(mod 29) b) x* =28(mod 29)
c) x> =5(mod 29) d) x* =2(mod 127)
e) x* =126(mod 127) f) x> =5(mod 127).

Bai toan 4.Ching minh &ing x> =196 (mod 1357) ¢ nghém.
Bai toan 5.Pdng dr thirc nao sawldy c6 nghim. Tim nghém aia
chiing ’u co.

a)5x’ +4x+7=0(mod 19);

b) 2x* +7x~13=0(mod 61) .
Bai toan 6.Ching minh &ng réu p la $ nguyén & cé cing 4k +1
thi x=p't la nghém cia dong dr thic x’+1=0(mod p) VOi

_p—1
p —2 .

3.2. Tim nghém caa déng dw thiwc bac hai c6 ding
X Ea(mod p"), nO0" véi p 1a b nguyén 6 |é va (a, p)=1.
Bai toan 7.Ching minh &ng réu p la mbt sb nguyén é I¢ thi dong
du thic x* Ea(mod p"), nO0" ¢6 nghém khi va chi khi (ﬁ]:l.

p
3.3. Mgt sb bai toan khéac
Bai toan 8.Chang minh &ng 19 khong phi 1a uéc cia 4n* +4 Voi
bit ki 5 nguyénn nao.
Bai toan 9.Khi cac $ nguyén dong « va b thayddi sao cho & hai
SO 15a+16b va 16a-15b déu la cac & chinh plrong drong, hay tim
gia tri bé nhat c6 the 6 aia min{15a +16b, 16a - 15b} .
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Bai toan 10.Cho k=2 +1 Vv6i n0O0 . Ching minh &ng « 1a &
k-1

nguyén & khi va chi khi & |a mt ugc a3 > +1.
Bai toan 11. Cho m,n la cac 6 nguyén dong thba man

(m+3)"+1 . . R s o
A =3— [a mjt o nguyén. Cling minh Bng A 1a $ [¢.
m

Bai toan 12.Tinh

1 2 22 22001
+ + +...+ .
[2003} {2003} {2003} [2003}
Bai toan 13.Chrng minh &ng 2" +1 khéng céudc nguyén & co

dang 8k +7.
Bai toan 14.Ching minh &ng réu « 1& mt thing dr chinh plrong

caa $ nguyénd p thi nghtm cia x*=a(mod p) la

a) x=xa"' (modp) néu p=4n+3.

b) x=+a"" (modp) haic x =+2**' ¢"" (modp) U p=8n+5.
Bai toan 15.Ching minh &ng phrong trinh x> =y* -5 khéng c6
nghiém nguyén(x, y).

Bai toan 16.a) Ching minh &ng khong én tai cac $ tu nhién x, y
sao chodxy —x -y |& mpt sd chinh plrong.

b) Ching minh &ng khong én tai cac $ tu nhién
x,y,z sao chodxyz—x -y la mit s chinh plrong.
Bai toan 17.Ching minh &ng réu » 1a  gia nguyén é Euler @ s
a va b thi n ciing la $ gia nguyén é Euler o s ab .
Bai toan 18.Ching minh &ng réu » 1a  gia nguyén é Euler @ s
b thi n ciing 1a $ gia nguyéné Euler @ b n-b.
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3.4. Bai éip tham khao

1) Tinh (%) Tim mot sb nguyénx thoa manx® =7(mod43).

2) Cho p la mbt sb nguyén 6. Ching minh &ng Hn tai x 00
thoa man p|x’-x+3 néu va ch néu tn tai yT ¢ thoa man
p| yi-y+25.

, , . 1 p-l
3) Chop la mjt so nguyén é Ié. Chrng minh &ng Z(ﬁj =0.
a=1 p

4) Ching minh &ng Wi »1 ¥ , moi wéc nguyénd p cia

n' —n*+1 déu c6 ding 12k +1, k1 ¢ .

5) Ching minh &ng mdt sb nguyéna la thing dr chinh plrong
cia moi sb nguyénd p néu va ch néu « 1a $ chinh phrong.

2
6) Ching minh &ng = +; khéng phi 1a s nguyén wi bét ki
-
cac $ nguyénx, y>2.
7) Tim #t ca cac $ nguyén dong N |a thing dr chinh plrong

cua tit ca cac $ nguyén é l6n hon N .
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