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L.OI CAM ON

Khi thay Huyén néi véi toi vé ¥ tudng ctia dé tai nay,

thay da c6 cai nhin gan nhut hoan chinh vé moi mat ctia dé tai.

Thay goi toi lai, chi néu nhitng ¥ chinh va dé toi tu ching minh, tim thuat toan.
Thay tim ngudi hoc tro dé huéng dan nghién ctu.

To6i mudn cAm on thay vi si tin tudng va tam long thay day do.

To6i cdm on cac thay co da day doé toi trong suét nhitng nam thang qua, gitp toi
dat dugc két qua hom nay.

Su quan tam clia cac thay co 1 nguon dong vién rat 16n cua toi.



Chuong 1
MG DAU

Déi tugng nghién citu ctia luan van 1a co s6 clia cac modun tiy do hitu han sinh
trén vanh chinh. N6i vé modun ty do hitu han sinh trén vanh chinh, 1y thuyét
modun da c¢é nhitng két qua rat phong phu va sau sic. Ta c6 thé néu hai két qua

sau day:

Dinh ly: Trén vanh chinh, modun con ctia modun tu do lai la tu do.

Dinh ly: Néu F la modun tu do trén vanh chinh R va M 13 modun
con hitu han sinh # 0 ctia F; khi d6 ton tai mot co s6 B clia F va
cic phan ti e, es, ..., e, trong co s6 d6 va cic phan ti khac khong

ai,as, ..., a;, € R sao cho:

1. Cac phan t ajeq, ages, . . ., amem 12 co s6 clia M trén R.

2. Ta ¢6 ajlaj41 v6ii=1,...,m — 1.

Day cac ideéan (ay), (az),...,(a,) 1a xac dinh duy nhat theo cic diéu

kién trén.

Tuy nhién cac két qua néu trén chi néi lén sit ton tai ciia cac phan ti co sé,
cho nén con mang nang tinh 1y thuyét. Muc dich ciia ching toi trong dé tai nay
la xay dung thuat toan tim co sé cia médun con ciia mot moédun. Dac biét ching

t61 muon xay dung thuat toan tim giao va tong hai moédun con c6 co sé cho trude.

Thuat toan cé6 thé tng dung dé tim co sé ciia cac nhém con ctia nhém aben
tu do hitu han sinh (von 1a cac Z-modun), modun ty do hitu han sinh trén vanh

da thiic trén truong, modun ty do hitu han sinh trén vanh s6 nguyén Gauss,. ..



TONG QUAN VE DE TAI

Trong dé tai nay, ching toi dua ra mot khai niem méi “don t11”, xem xét tinh
don tit clia cac phan tit co sé. Ching t6i khdng dinh mot don tit ludn c6 thé bo
sung thanh co s§. Tt d6 xay dung nén mot thuat toan tim co sé ciia modun.
Nghién citu thuat toan trong nhiing trusng hop cu thé chiing t6i dua ra cac thuat
toan tim giao ctiia hai modun con c6 c¢o sé cho trude va thuat toan tim co sé cua

modun con cho béi mot hé sinh.

Trong quéa trinh thite hién dé tai, ching toi cling chitng minh lai duge mot s
két qua ctia 1y thuyét modun. Viée lam nay thé hien mot cach nhin méi vé ly
thuyét modun. Nhitng két qué ctia dé tai cling mo ta ro hon vé ciac phan ti co

sd clia modun con, moéi quan hé gitta co s6 modun véi modun con ciia no.

Dé minh hoa cho cac thuat toan, ching t6i néu cac vi du ap dung cho timng
thuat toan. Trong d6 c6 cac vi du trén nhom aben tiy do hang hitu hang, médun
tu do hitu han sinh trén vanh da thic trén truong (nhu Zz[z], Q[z],...) va trén

vanh s6 nguyén Gauss Z]i].



Chuong 2

MOT SO KIEN THUC CHUAN BI

2.1 Cac két qua vé vanh chinh
2.1.1 Dinh nghia vanh chinh

Mot mién nguyeén dudce goi 1a vanh chinh néu moi idéan ctia n6 1a idéan chinh.

Mién nguyén la mot vanh c6 nhiéu hon mot phan tit, giao hoan, c¢6 don vi,

khong c6 wée ctia 0 (sé dinh nghia duéi day).
Idean chinh 1a idéan sinh ra béi mot phan ti.

2.1.2 Cac tinh chat s6 hoc trén vanh chinh

Tinh chia hét

Gia st R 1a mot vanh giao hoan. Ta néi phan tit a € R 1a bdi ciia mot phan ti
b € R hay a chia hét cho b, ki hiéu a : b, néu c6 ¢ € R sao cho a = be; ta con néi

rang b 14 wdc ctia a hay b chia hét a, ki hieu b | a.

Nhu vay, theo dinh nghia trén, moi phan tit # € R 1a wdc ciia 0; nhung ta lai
dinh nghia:

Mot phan tit @ # 0 dudce goi 1 u6e ciia 0 néu cb b # 0 sao cho ab = 0.

Mot s6 tinh chat co ban vé tinh chia hét:

e a|a.



c|bvab|akéotheo c| a.

u kha nghich, u | a v6i moi a.

Néu b | u v6i u kha nghich, thi b kha nghich.

Quan hé S xac dinh nhu sau: Sz’ khi 2/ = ux v6i v kha nghich, 1a mot quan

hé tuwong duong; = va 2’ goi 1a lien két.
x va o' 1a lien két khi va chi khi 2 | 2/ va 2’ | 2.
Ki hiew: Ra = {za,z € R}, ta c6: a | b khi va chi khi Ra D Rb.

x va 2’ lien két khi va chi khi Rr = Rz’. Dac biét: v kha nghich khi va chi khi
Ru = R.

Ta goi cac phan ti lién két véi  va cidc phan tit kha nghich 1a cac udc cdc wdc

khong thuc sy cua x, con cac udc khac ctia x la cac ude thuc su clia x.

Gia st z 14 mot phan tit khac 0 va khong kha nghich clia R; = goi 1a mot phan
tif bat khd quy ctia R néu 2 khong c6 uée thyc su.

Dinh nghia 1 Néuc | a vac|b thic goi la u6c chung ctia a va b. Phan ti ¢ goi
la w6e chung 16n nhat (UCLN) cia a va b néu c la wdc chung ciia a va b, dong

thoi moi wdc chung ciia a va b déu la ude cia c.

Hai wéc chung 16n nhat clia a va b 1a lien két véi nhau, do dé cé thé coi la

bing nhau néu khong ké nhan ti kha nghich.

Tuong tu ta dinh nghia u6c chung 16n nhat ctia ba phan ti trd lén nhu sau:

Dinh nghia 2 Cho a1,as,...,a, la nhiing phan ti cia vanh chinh R. Néu c | a;

vdi mot i =1,2,...,n thi ta noi ¢ la wdc chung ciua ay,as,...,a,.
¢ s€ duogc goi la wdc chung lon nhat cua ay,as,...,a, néu c la wdc chung cua

ai,as,...,a, va mot udc chung khdac deu la udc cia c.



Trong cdc két qua dudi day ching ta luon zét R la vanh chinh va cdc phan tid la

thuoc vanh chinh R

Dinh ly 1 Véi R la vanh chinh thi wdc chung lon nhat cia hai phan ti a,b bat

ky luon ton tai.

Chiimng minh

Goi I la idéan sinh ra béi a va b. Cac phan tit thuoc I c6 dang azx + by véi
x,y € R.
Mat khac vi R 1a vanh chinh nén 7 sinh ra bdi mot phan t d ndo d6, phan

tlt d cting thudc I nén d ¢6 dang
d=azx+by, v,y € R (1)

Ta sé chting minh d 1a uéc chung ctia a va b. That vay: vi a,b € I = Rd nén
a=dadvab=0dv6id, Ve R. Vay d la w6c chung cta a va b.

Néu ¢ 14 mot u6c chung khac clia a va b thi ta c6 a = ca” va b = b’ véi
a’ b € R.

Litc bay gio (1) sé trd thanh: d = c(a”z + b'y).

Suy ra ¢ la udc cta d.

Vay d 1a u6c chung 16n nhat ctia a va b.

O

Hé qua 1 Néu e la mot wdc chung lén nhat cia a va b, thi ¢é r,s € R sao cho
e=ra+ sb

Hai phan ttt a, b dudce goi 1a nguyén toé cung nhau néu ching nhan 1 lam uée
chung 16n nhat.

Theo hé qua trén: néu a, b nguyén té cting nhau thi ton tai r,s € R sao cho

1l=ra+sb
Cac két qua trén deu c6 thé dé& dang mé rong cho n phan ti, véi n > 2:

Néu R 1a vanh chinh thi uéc chung 16n nhat ctia n (n > 2) phan tit bat ky

ai,as,...,a, € R ludn ton tai.



Néu d 1a wéc chung 16n nhat clia a1, as, . .., a, € Rthiton tairy,rs,...,rn € R
sao cho:

d=ria; +1roas + -+ rpay
Hé qua 2 Néu c | ab va c,a nguyén to cung nhau, thi c | b.

Ching minh

Vi a, ¢ nguyén t6 ciing nhau nén tit hé qua vita néu trén ta c6 r,s € R sao cho
l=ar+cs

Nhan 2 vé dang thtc véi b:
b = abr + bcs

Vic | abnén c¢6 g € R sao cho ab = ¢q. Do do
b= c(qr + bs)
tic la ¢ | b.

U

Tinh chit Néu d la wdc chung lon nhat cia a,b, thi a = dd’,b=db’ vdid b € R
va o b nguyén to cung nhau.

That vay:

Vi d 1a w6c chung cua a va b nén a = da’ va b= db véi a0 € R.

Goi e 1a u6c chung 16n nhat ctia o’ va ¥, ta c6 a’ = eay, ¥ = eby. T day suy ra:

a =deay, b= deb;

Tiic 1a de 13 u6c chung ctia a va b. Vi d 1a wéc chung 16n nhat nén de | d, do do
e | 1. Nhu vay udc chung 16n nhat ctia o/, 14 1 hay o/, nguyén té ctiing nhau.
2.2 Cac ket qua vé moédun
2.2.1 Dinh nghia m6dun va médun con

Cho vanh R ¢6 don vi (don vi ctia R ki hiéu la 1). Nhém cong aben (X, +) sé

dugc goi 1a modun trdi trén vanh R néu trén X ta da xac dinh dude mot tac dong



trai tit R, titc la ¢6 anh xa p: R — X, ta ki hieu u(r,z) = ra va goi la tich cta hé
ti r v6i phan t . Ngoai ra céc tién dé sau can dudgc théa man véi moi z,y € X

var,s e R:

1. 1z ==,

2. (rs)xz =r(sz),
3. r(x+y)=rz+ry,
4. (r+s)z =rx + sz.

Tac dong trai tit R vao X con goi la phép nhan ngoai tit R vao X. Vanh R goi
la vanh hé tu hay vanh cdc vo hudng.

Modun trai duge goi don gian la modun.

M&i nhom cong aben (A, +) ludn c6 thé xem la modun trai trén vanh cac
s6 nguyén Z véi phép nhan ngoai duge dinh nghia nhu sau: v6i méi n > 0,
na=a+a+...+a (nsbéhang) va (—n)a = —na,0.a = 0. C6 thé dé dang kiém tra

phép nhan ngoai nay théa man cac tién dé 1) dén 4).

Néu A, B 1a cac tap con clia mot modun X vi K C R véi A, B, K # &, ta dinh
nghia:
A+B={a+blac A,be B}; KA={ralre K,ac A}

Néu A+ A C A vah RA C A thi ta néi A 1a bo phan én dinh ctia X. M&i bo phan
on dinh ctia modun X ciing véi cac phép toan cam sinh lap thanh mot modun,

goi la modun con cua X.

Néu A, B 1a cac modun con ctia mdédun X. Khi d6 A+ B 1a moédun con ciia

Mbi nhém con ctia nhém aben cé thé xem 1& Z-modun con.

2.2.2 Mobdun con sinh bdi moét tap

Giao ctia mot ho khac rong cac modun con ciia X lai 1a modun con cia X.



Xét S 1a mot tap con ctia modun X. Xét ho T tat cad cac modun con clia X
chita S. Hién nhién 7 khac réng vi X € 7. Giao ctia ho 7 1a mot moédun con cla
X, chita S, goi 1a modun con cia X sinh bdi tap S (ki hieu < S >) va S duge goi

la tap sinh hay hé sinh cia modun < S >.

Tit cach xac dinh trén day co thé thay 1a < S > 1a modun con nhé nhét
trong X chita S, ¢6 nghia la < S > dugce chita trong moi modun con ctia X chita
S.

Dé mo td < S > véi S # @ ta dinh nghia mot to hgp tuyén tinh ctia S 1a mot
téng hitu han dang:

Ty +7roxo + ...+ TRy

trong do6 ri,7e, ..., € R va x1,x9,...,2, € S.

C6 thé dé& dang chitng minh dugce: “Modun con sinh béi tap S € X, 5 # @
la modun con gom tat ca cac to hop tuyén tinh cia S.”
2.2.3 Modun thuong

Cho X 1a moédun va A< X. Khi d6 (A4, +) 1a nhém con ctia nhéom (X, +) va do
d6 A 1d nhom con chuan tic ciia X. Theo Iy thuyét nhom, ta cé thuong (X/A, +)
va do X giao hoan nén nhém cong X/A cling giao hoan.

Ta xac dinh trén X/A phép nhan ngoai tt R nhu sau:
Vre RVx+Ae X/A: r(z+A)=rc+ A
V6i phép nhan ngoai trén X/A c6 cau tric R-modun va dugde goi 1 madun thuong
ciia modun X theo modun con A.
2.2.4 Dong cau moédun

Cho X, Y la cac R-modun. Anh xa f: X — Y dude goi 1a R-dong cu néu véi

moi z,x1,r9 € X va v6i moi r € R:
flz1+x2) = f(21) + f(22)
frz) =rf(z)



Ta ciing goi ker f = f~1(0) < X 1a hat nhan ctia dong cau f. Imf = f(X) <Y la
anh ctia dong cau f.
2.2.5 Tong truc tiép ctia hai médun

Cho A, B la cac R-modun. Trén tap tich Descartes A x B ta dua vao hai phép

toan cong va nhan ngoai nhu sau:
= (a1 + az, by + bg)
r(a,b) = (ra,rb)
v6l moi (al,bl), (ag,bg), (a,b) € Ax Bvamoire R.

D& dang kiém tra A x B cting v6i hai phép toan xac dinh nhu trén théa man
tat ca cac yeu cau ctia mot R-modun. Ta goi d6 1a madun tong truc tiép ctia hai
modun A, B va ki hiéu la A ® B.

Tong truc tiép ctia hai modun A4, B doi khi con duge goi la tich truc tiép va
ki hiéu la A x B.
2.2.6 Tong truc tiép trong ctia hai médun

Cho A, B 1a cic modun con clia modun X thda cac tinh chat:

1. ANB =2,

2. A+ B=X.
Khi d6 ta c6 ding cau: X =~ A& B.

Thay cho dau 2 ta c6 thé viét X = A@ B va ta néi X 1a tong truc tiép trong

cua hai modun con A, B.

Modun X la tong truc tiép trong ctia hai modun con A va B khi va chi khi véi

mdi z € X ¢6 mot va chi mot cach biu dién z =a+bvéiac A, b e B.

Moédun con A cia X dudc goi 1a hang ti truc tiép clia X néu c6 modun con
B <X sao cho X = A® B. Khi d6 B ciing dudc goi 1a hang tii bu tric tiép cla

modun con A
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2.2.7 Tong truc tiép ctia ho médun

Cho ho khong rong céc tap hop {A;}ier. Tich Descartes ctia ho tap hop {4;},
ki hiéu la [[,.; A; 1a tap hop cac ham = : I — UA; sao cho z(i) € A;,Vi € I.

B6i méi ham z € []A4; duge x4c dinh mot cach duy nhat boi bo gid tri
((2(i))ier nén ta c6 quyen dong nhat ham z véi bo gia tri (z(7)) ctia né. Va ta ki
hiéu z; = z(i) thi phan tt ctia [T A; 14 b0 = = (7;);e; v6i diéu kién z; € A;, Vi € 1.

Vay: HAz' = {(z)ier|z; € Aj,Vie I}

iel

Dai khi dé tranh ruom 1, bo z = (z;);e; dude viét gon thanh z = ().

V6i ho bat ky khac rong cac modun {X;};e; trén cung vanh hé ti R; ta xac

dinh trén tap tich Descartes [[ X; cac phép toan sau:
o (zi) + (a7) = (zi + 27)
° T(:UZ) = (Tﬂ?z)

v6i moi (z;), (2) € [[ X; va moi r € R.
Bay ¢i0, [] X; ciing v6i hai phép toan trén lap thanh mot modun, goi 1a modun
tich truc tiép ctia ho {X;}.

Cho ho khong rong cac modun {X;}e,. Xét tap con ciia [[X; gom cac bo

r = (x;) ma hau hét cdc thanh phan z; = 0, trit ra mot s6 httu han.

Dé thay d6 la tap con on dinh trong []Xi:, va do vay né la modun con. Ta

goi d6 1a modun t(fng truce tiép cia ho {X;} va ki hiéu la: &;c7X; hay &X;

2.2.8 Tong truc tiép trong ctia ho médun con

Néu ho {X;}ier cdc modun con clia modun X thoa:
1. Y X, =X,

2. X;N) Xi=0Vtel
it
thi khi d6: X =2 & X;.
Trong truong hop nay, ta viét X = @X; va goi X 1a tong truc tiép trong clia

ho modun {X;} cta né.
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2.2.9 Day khép va day khép ngin

Day cac dong cau (hitu han hay vo han)

dugde goi 1a khdp tai modun B néu Imf = ker g, tic 1a dnh dong cau vao tai do

bang hat nhan cua dong cau ra.

Mot modun trong diy cac dong cau duge goi 1a modun trung gian néu tai

do vira c6 dong cau vao, vita ¢6 dong cau ra.

Day cac dong cau (1) duge goi la day khdp néu né khép tai mdi modun
trung gian.
Ta goi day khép c6 dang:
0ASBSZC—0 (2
12 day khép ngan.

Dé kiém tra tinh khép ctia day (2) ta can kiém tra: y 1a don cau, o 1a toan cau

va ker o =Imy.
2.2.10 Day khép ngan ché
Day khép cac dong cau:
Al Blos .

dudc goi 1a ché ra tai modun B, néu Imf 14 mot hang t tryc tiép ctia B, tic la

ton tai médun con B; sao cho B =Imf @ B;.
Mot day khép dude goi 1a ché, néu né ché tai méi modun trung gian.

Mot day khép ngan
0ASBLC—0

la ché khi va chi khi day ché tai B.
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D6i v6i mdi day khép ngan
0A3BLZC—0
ba phat bic¢u sau 1 tuong duong:
(i) Day la ché ra.
(ii) Dong cau x c¢6 nghich déo trai.

(iii) Dong cau o ¢6 nghich ddo phai.

Néu day khop --- — AL BS ¢ = ... ché ra tai B thi ta co:

B~ Imf & Img

2.2.11 Mobdun tu do

Co sG modun

Cho modun X. Tap S ¢ X dugc goi & hé sinh clia X néu < S >= X. N6i cach
khac, S 1a hé sinh ctia X néu véi bat ki phan tit z € X thi

T =7r181 + 1282+ -+ 1pTy

Vi r1,79,...,rn € R VA S1,52,...,8, € S, tic z biéu thi dudc duéi dang té hop

tuyén tinh ctia S.

Tap hop S ¢ X dudgc goi 1a doc lap tuyén tinh néu phan t& 0 € X thi c6 mot
cach biéu thi dudi dang to hop tuyén tinh ctia S, dé 1a to hop tuyén tinh tam
thuong vé6i tat ca cac hé tit déu bang 0. N6i cach khac, S 1a doc lap tuyén tinh
néu

r1s1 + +rosg + - +rps, =0 kéo theo r=r9=...=7r,=0.

Khi S ¢ X khong la doc lap tuyén tinh, ta néi S 1a phu thudc tuyén tinh. Nhu
vay, tap S phu thudc tuyén tinh néu ton tai it nhat mot td hop tuyén tinh khong
tam thuong ctia S bang 0. N6i cach khac, ton tai cac phan ti s1,59,...,5, € S va

cac he ti r1,79,...,7, € R khong dong thoi bang 0 ma:

r181 + 71282 + -+ 1psy, =0
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Mot hé sinh S ctia modun X dong thai 1a hé doc lap tuyén tinh dude goi 1a co

sd cua modun X.
Modun X ¢6 co s6 duge goi la modun tu do.

Mot s6 tinh chat ctia co sé:

Dinh 1y 2 Tap S = {xa}acr cdc phan ti ciia modun X la co sd cia X khi va chi
khi moi phan té x € X chi ¢c6 mot cdach biéu thi tuyén tinh qua S.

Ching minh

(=) Néu S 1a co s6 ctia X thi mdi phan tit € X déu bicu thi tuyén tinh duge

qua S: z = Z TaTo (trong d6 hau hét cac r = 0, trit mot s6 hitu han).
ael

Néu z con c6 cach biéu thi tuyén tinh khac qua S: 2 = Z 7l xe thi:
a€el

Zraxa = ngxa = Z(Ta — 720 =0

Béi S doc lap tuyén tinh nén dang thiic cudi cing xay ra khi va chi khi
ro — 7 = 0,Ya. Hay ciing vay: ro = ), Va, tiic 1 hai cach biéu thi tuyén tinh clia

r qua S la nhu nhau.

(<) Néu S c X mamdiz € X ¢ mot cach bicu thi tuyén tinh qua S thi hién
nhién S la hé sinh.

Vi cach biéu thi tuyén tinh ctia mdi z € X qua S 1a duy nhét, nén néi rieng
phan ti 0 cling chi c6 mot cach bicu thi tuyén tinh qua S, nén S la doc lap tuyén
tinh.

Do vay S la co s6.

L]

Pinh 1y 3 Néu f: X — Y la dang ciu modun va X 1o modun tw do thi Y cing
la. modun ty do. Hon nia, néu S la co sd ciia X thi f(S) la co sd cia Y,
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M6dun tu do sinh béi mot tap hop

Cé6 thé dé dang ching minh két qua sau day: “Tong truc tiép ctia mot ho cac

modun tu do 1a moédun tu do”.

Ciing luu ¥ rang vanh R 14 modun tu do trén chinh né véi mot co sé 1a tap

{1} chi gom phan tt don vi.

Cho tap hop S # @. V6i mdi s € S ta lay mot ban sao ctia vanh hé ti R, ki
hiéu 14 R, = {rs : r € R}. Cac phan tif ciia R, c6 thé duge xem la phan ti r € R
duge danh dau béi chi s6 s. Va céc phép cong, phép nhan trén Ry duge chép lai
tit R nhu sau:

rs +1ros = (11 +12)s,  T1sT2s = (1172)s
Hién nhién Ry = R va R, 1a modun tu do v6i co sé 1a tap mot phan ti 1,.

Khi d6 téng tryc tiép F(S) = @D Rs la modun tu do ¢ co s6 la:
ses

S" = {js(1s)[s € R}
(js 1a phép nhting vao thanh phan thi s).
Ta goi F(S) la médun tu do sinh bdi tap S.
Chu ¥ rang, néu s # ¢ 1a hai phan tit ctia S thi j,(15) # j¢(1¢), bdi vay ta c6 the
thuc hién sy dong nhat tap hop S véi S nhd song anh ¢ : S — S’ ma p(s) = js(1s).

Va ta c6 quyén xem nhu S 1a mot co sé clia F(S).

Bay gio cho S 1a ¢o s6 ciia modun tu do X. Khi d6 Vs € S moédun con sinh bdi
tap {s} la < s >= Rs la mot modun ty do va Rs 1a mdt ban sao ctia vanh hé tit
R.

Xét ho cac modun con {Rs},es clia modun X, ta thay:

1. > Rs=X vi S la hé sinh.

2. Rsn ), Rt =0viS ladoc lap tuyén tinh.
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Vay: X = @ Rs = F(S).
seS
Tic 1a méi modun tu do X ¢é co sé S ¢6 the xem 1&4 modun tu do sinh bdi

tap S.

Két hop tat ca cac két qua tren ta dugc:

Dinh ly 4 R-modun X la tu do khi va chi khi X dang cau vdi tong truc tiép cia

ho nao do cac ban sao cua vanh hé t¢ R.

Xay dung médun tu do nhu 1a vat phé dung ctia pham trit

Ngoai cach xac dinh mot modun ty do dya vao sy ton tai clia co 86, ta con co

thé xac dinh moédun tu do nhu la vat pho dung ctia mot pham tri.

Dinh 1y 5 Tap S # @ trong modun X la co s6 cia X khi va chi khi vdi bat ki
modun Y, moi dnh xa f S — Y déu cé thé md rong tdi mot dong cau duy nhat
f:X->Y.

Chiing minh

(=) Gid st S = {z,} la co s6 cia modun tu do X, taco Ve € X : 2 =) 1oz,
va do vay mdi anh xa f:S — Y déu c6 thé md rong t6i mot dong cau duy nhat
f:X — Y theo cong thic:

f(:B) = f(z Toexa) = Zraf(xa)'

(<) Gid st S C X c6 tinh chat: mdi 4nh xa f: S — Y ¢6 thé mé rong t6i dong
cau duy nhat: f: X — Y, ta can chiing minh S 1 co s6 clia X.

Lay modun ty do F(S) sinh béi tap S. Xét anh xa nhing:
Js — F(S) ma jS(S) = js(ls),VS €S

ma trong d6 j, : Rs — F(S) 1a phép nhing thit s. Theo diéu kieén dinh ly.
Khi d6 jg c6 thé mé rong téi dong cau duy nhét j: X — F(S).

Dé chiing té S 1 co sé ciia X ta chi can chi ra ring j 14 dang cau.
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Vi j 1& mé rong cia jg, ma jg thuc hién phép song dnh S lén co sé S’ cia
F(S) nén j toan anh.

Xét g: 5" — S la anh xa ngugce cua jg, tit cd sé S’ C F(S) léen S C X.

Vi §’ 14 co s6 clia F(S) nén g c6 thé mé rong t6i dong cau duy nhat §: F(S) —
X.

Khi d6 tich cac dong cau §j : X — X thuyc hién sy dong nhat trén tap S € X
nén 14 md rong ctia phép nhing i, va tit tinh duy nhat clia mdé rong thi ta c6
9] = 1x.

Tt tinh chat don cau clia 1x suy ra j 1a don cau.

Vay j la dang cau, tic S 1a co s6 clia modun X va X 13 modun tu do.

O

Dinh 1y 6 Mdi modun X dang ciu vdi modun thuong cia modun tu do nao dé.
Ching minh
Xét modun ty do F(X) sinh béi tap X. Khi d6 4nh xa dong nhat 1y : X — X
c6 thé md rong t6i dong cau ¢ : F(X) — X. Hién nhién ¢ 1a toan cau va do doé:

X 2 F(X)/keryp

2.2.12 Mobdun tu do trén vanh chinh

No6i chung, R-modun con ciia R-modun tu do chua chic 14 modun ty do. Riéng

véi truong hop R 1a vanh chinh thi ta c6 dinh 1y:
Dinh ly 7 Modun con ciua modun tu do trén vanh chinh la modun tu do.
Chitng minh
Cho X la modun tu do trén vanh chinh R, va A < X. Chon co sé cia X la

S = {x4}acr vOi I 1a tap da dugce sap tot.
V6i moi o € I ta dat:

Go =<{xp: B < a} >= D<o Rag,
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Fo =<{z3: 8 < a} >=Go ® Ra,.

Dé dang thiy rang, méi 2 € AN F, C F, dugc phan tich mot cach duy nhat
T=U+TTq

voi u € Gy var € R.

Lap anh xa ¢ : AN F, — R, theo cong thic:
o(u+rey) =r.

Hién nhién ¢ 1 dong cau va kerp = AN G,

Vi anh Imy = I, 1a médun con ctia R, va vi R la vanh chinh nén I, la idéan
chinh, tic I, 1a R-modun ty do (hay bang 0). Ta ¢6 day khép ngan sau day la
ché:

05 ANGa 5 ANFL &5 Iy -0
trong dé ¢ 1a toan cau, thu hep ¢ lén anh Imy = I,. T d6, ta dugc sy phan
tich:
ANFL,=ANG, ® Cy,

véi Cp C AN F, va Cy = 1, tiic Cy 1a modun ty do hay modun 0.

Ta sé& chitng minh A = @ C,, ttic 1a kiém tra

A=Y "Co va Cond C5=0
acl BFa
Boi A = |J(AN F,) nén néu A # Y C, thi nho tinh chat sdp tot ctia I ma
ton tai chi s6 bé nhat B € I sao cho ¢6 phan tlta € ANFg va a ¢ Y. C, (tic 1a
ANFg € > Ca).
Vi
ANFg=(ANGg) ®Cp

nén phan ti a duge viét 1a

a=b+d
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véid e Cz, conbe ANGy = U AN F,. He thic cudi cung chi ra rang ton tai
a<p)
chi s6 v < B ma b€ AN F, va hién nhién b ¢ 3 C,,. Diéu nay mau thuan véi viec

xac dinh sy bé nhat ciia chi s6 5. Vay:

A:ZCa.

Dé ching minh C, N ZCB = 0 v6i modi o € I, trude tién ta chiing minh
fra
khang dinh, ring tong hitu han:
d=do, +doy +...+dy =0, dy € Ch,

khi va chi khi dy, = do, = ... = d, = 0. Ta tién hanh qui nap theo s6 n cac hang
tlt clia tong d.

- Khéng dinh la ding hién nhién véi n = 1.

- Gia st khang dinh ding véi n = k — 1, va tong

d = do, +day + . .+ do, = 0.
Nho I sip tot, nén ta c6 thé xem nhut a1 < as < ... < oy, do d6
d=(day +day + ...+ da,_,)+da, € ANF,, = (ANGy,) D Cy,.

Hién nhién 1& dy, + day + ... + da,_, € AN Gy, VA do, € C,, nén dong thoi
do, =0 VA do, +doy + ... +do,_, = 0. STt dung gid thiét qui nap cho hé thiic cudi

cung ta co:

O

Vi moéi nhém aben ty do 1a cac Z-modun tu do va Z 1a vanh chinh, nén tir dinh

Iy ta suy ra két qua sau day:

Hé qua 3 Moi nhom con cia nhéom aben tu do la nhom aben tu do.
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2.2.13 Mobdun xa anh
Dinh nghia 3 Modun P dugc goi la modun xa anh néu vdi moi toan ciu o
B — C, moi dong ciu f : P — C, ton tai mot dong cau ¢ : P — B sao cho

f=op.
P

7l

B—"—C
Dinh 1y 8 Mdéi modun tu do déeu la modun za dnh.

Chiing minh

Gia st: X 1a modun tu do, o : B — C 1a toan cau va f : X — C la dong cau.

Ta can chiing minh ton tai dong cau ¢ : X — B ma f = 0.

Goi S € X 1a co s6 ctia modun tu do X. Vi ¢ 1a toan cau nén véi moi z € S,
ton tai phan ti ¢(z) € o~ 1(f(2)) # D.
Nhu vay, ta c¢6 anh xa ¢ : S — B, 4nh xa nay c6 thé md rong t6i dong cau
tren X ma dé tien 1oi ta ciing ki hieu 1a ¢ : X — B.
Dé chitng minh f = oy, ta chi can kiém tra dang thiic ding trén hé sinh S
ctia X. Hién nhién 1a véi moi = € S do ¢(x) € o~ (f(z)) nén op(x) = f(z).

Vay modun tir do X 1a modun xa anh.

Ta ¢6 mot s6 tinh chat clia modun xa anh:
Dinh 1y 9 Tgng truc tiép cia ho modun P = @ P; la za danh khi va chi khi moi
modun thanh phan P; la za dnh. !
Pinh 1y 10 Déi vdi mdi modun P, ba phdt biéu sau la tuong duong:

1. P la modun xa anh.

2. Méi day khdp 0 —» A5 B P =0 la ché ra.

3. P dang cdu vdi hang ti truc tiép clia mot modun tu do.

Chtng minh
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1) — 2): Cho P la modun xa anh, khi d6 v6i day khép ngan bat ki:
0ASBSP—0

do 0 : B — P 1a toan cau nén dong cau dong nhat 1p : P — P dugc nang lén t6i
dong cau h: P — B sao cho oh = 1p.

Vay o c6 nghich ddo phai 1a h, do d6 diy khép ngan da cho 1a ché ra.
2) — 3): Néu mdi day khép ngan md modun P ding cudi la ché thi néi rieng
day sau day ctng ché ra:
O kerm 5 F(P) 5P =0 ()

trong d6 F(P) 1a modun tu do sinh béi P con 7 la dong cAu md rong len toan
F(P) clia anh xa dong nhat: 1p : P — P, xem nhu anh xa tit co s P C F(P) t6i

modun P.
Tinh ché ciia day khép () cho ta dang cau
F(P) = kerm & P,
Tiic 14 P dang cau véi hang tit truc tiép ciia moédun ty do F(P).
3) — 1): Néu P = A va A la hang t1t tric tiép cia modun ty do X. Thi theo
cac dinh 1y trén, vi X tu do nén X xa anh, vi A 13 hang t1 tryc tiép ciia X xa

anh nén A xa anh. Suy ra P xa anh.
O

Luu ¥ rang trén vanh chinh thi modun con ctia modun ty do lai 14 modun ty
do, két hop vdéi dinh 1y trén ta co:

Dinh ly 11 Khi R la vanh chinh, modun P la xa anh khi va chi khi P la modun
tu do.



Chuong 3

CAC KET QUA CUA LUAN VAN

Dé tien 1oi cho sy trinh bay, trong chuong nay vanh R luon duge hiéu 1a vanh

chinh va modun X duge hidu 1a modun tu do hitu han sinh trén vanh chinh R.
3.1 Thuat toan dé tim co sd ciia médun chita don
t@ cho trudc

3.1.1 Thuat toan

Dinh nghia 4 Trong modun X, phan tiia € X, a # 0 goi la don t néu a = rb
voi b€ X var € R sé kéo theo r la kha nghich.

R6 rang la khi a don tit va a = rb thi b cling la don t1t.

Céac ménh dé sau cho ta sy mo ta ré hon vée don ti.

Meénh dé 1 Trong modun X, phan tia € X la don ti khi va chi khi véi bat ki co
s {ui,uo, ..., up} cia X va a = ayui+asus+. .. +azu, tht UCLN(ay,as, ..., a,) = 1.

Ching minh

(=) Gia st a la don tit, goi r=UCLN(a1,as,...,a,) = 1, ta c6: a; = rb; v6i
b€ Ri=1,2...n.

Dt b € X 1a phan tit ¢6 toa do (b, bo,...,by,), dé thay a = rb.

Theo dinh nghia don tit thi 7 | 1 ttic UCLN(aq, as, ..., a,) = 1.

21
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(<) Gia st UCLN(ay,a9,...,a,) =1vaa=1b, b€ X,r € R. Goi (by,bs,...,by)

la toa do cua b, ta ¢6 a; = rb;, ¢ =1,2...,n tic r la w6c chung cta (aj,as, ..., a,).
Do gia thiét vé UCLN & trén suy ra r | 1 tidc » 1a don tii.

d

That ra chicu ddo ctia ménh dé 1 doi héi it hon so v6i phét biéu ctia ménh dé: chi
can c¢6 mot co sé {u;} nao doé dé a = ayui+asus+. . +anu, ma UCLN(ay, as, . ..,a,) =

1 thi a la don t1i.

Meénh dé 2 Trong modun X, phan ti a € X la don tii khi va chi khi ton tai mot
dong ciu f: X — R théa f(a) = 1.

Chitng minh:

(=) Gié st ala don ti trong X. Ta chon trong X mot co s6 {uj,ug,...,u,} va
bicu dién a = ajui + agua + . . . + aniy.

Theo ménh dé 1 thi UCLN(aq,as,...,a,) = 1, do vay ton tai cac he ti
r1,79,...,ry, € R ma ria; +reas + ... + rpan = 1.

Khi d6, xét anh xa f: X — Rma véi moi x = z1u1 +2 = 21u1 +...+2 = Tpuy,
xac dinh f(z) = rixy +rozg + ... 4 rpx,.

C6 thé dé dang kiém tra f 1a ddng cau va f thoa méan dicu kién ctia ménh dé

(<) Gid st c6 dong cau f : X — R théa man f(a) = 1 vd a = rb. Khi do:
1= f(a) = f(rb) = r.f(b), tic r kha nghich.
Theo dinh nghia, a la don ti.
U

Meénh dé 3 Trong modun X, phan ti a € X la don tii khi va chi khi a la phan

tr cua mot co sd nao do trong X.

Chtmng minh:
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(=) Gid st a la don tit trong X. Theo ménh dé 2 ton tai dong cau f: X — R
VOl f(a) = 1.
Ta thay ngay f 1a toan cau vi véi moi r € R thi r = f(ra). Ta c6 day khép sau:

0—kerf - X L3 R—50

o) day R la R-modun ty do va do do6 la xa anh nén day khdp 1a ché ra, hon nita
ta c6: X = ker f @ Ra v6i Ra la modun cyclic sinh béi a: Ra = {ra : r € R} = R,
that vay:

V6i moi z € X, dat f(z) =r ta cod f(x) = f(ra) nén x = ra+y v6i y € ker f.
Vay X = ker f + Ra.

Laicora eker fNRa < r= f(ra) =0 = X = ker f & Ra.

ker f 1a modun con ctia X, cting la modun ty do.

Do diéu vita chiing minh co sé ciia ker f ciing v6i a 13 co 86 ctia X. Tic {a}

c6 thé bo sung thanh co sé.

(<) Mbi phan t1t uy trong mot co sé {u1, us, ..., u,} nao do cia X ¢ sy phan
tich theo chinh co sé do6 1a w, = ajuy + asus + ... + apuy, VOi ap = 1 con lai a; =0

v6i moi i # k. Theo ménh dé 1, u; 14 don ti.

Nhan xét Theo ménh dé 3, méi phan tit trong co s6 clia mot modun 1a don tit
trong modun d6. Nhu vay, phan tit a € A < X, ¢6 thé khong 1a don ti trong X,
song néu a thuoc mot co s ndo do6 ciia A thi a don ti trong A. Tic 1a khai niem

don t ¢6 tinh chat tuong doéi, don ti theo ting modun.

Ap dung menh dé 3 nhiéu lan sé cho ta thuat toan xay dung mot co sd cia

modun X chtta mot don ti @ € X cho truée.

THUAT TOAN XAY DUNG CO SO CUA MODUN CHUA MOT
DON TU CHO TRUGC

Gia st R-modun X c6 co s6 ban dau {ej,ez,...,e,} va a la don ti trong X,

a = ajel +agey + ...+ apép.

Khi do, ton tai cac hé tit r,79,...,7, € R sao cho ria; +rmas+...+rpan = 1.
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Xét dong cau f : X — R xac dinh f(z) = rio1 + rexs + ... + rpz, V6 moi

T =1x1€1 +T9ea + ... +xpne, € X.

Ta c6: X = Ra @ ker f trong d6 ker f 1a tap cac phan tit z € X c6 toa
do trong co sd ban dau 1a (z1,29,...,2,) théa man phuong trinh thuan nhéat:

rixy +roxrs + ... +rpxr, = 0.

Lay mot nghiém ctia phuong trinh trén (b, be, . .., b,) sao cho UCLN((by, ba, . .., by,)

1. Khi d6 b = bjey + boea + ... + byey, € ker f 14 mot don t1t clia ker f (dong thoi 1a
don tit trong X).

Diéu nay cho phép ta xac dinh dong cau g : X — R ma g(x) = t121 + tows +
.+ tpxy VOl MO T = m1€1 + T2€2 + ... + Tpe, € X thoa g(b) = 1.

Dong cau nay cho ta cac sy phan tich:
ker f = Radkerg va X = Ra® Rb®kerg

véi ker g 1a tap cac phan tit 2 € X v6i bo toa do (w1, 29,...,7,) trong co sé ban
dau thoa hé phuong trinh thuan nhat:

rixy+rore+ ... +rpr, =0
tixy +toxa + ... +thr, =0

Néu hé nay c6 nghiem khong tam thuong thi ta tiép tuc chon bo nghiem
(c1,¢9,...,¢p) MA ¢ = cie1 + coeg + ... + cpen 1a don tid trong ker g (cling 1a don tik

trong X) va lap lai qua trinh trén.

Thuat toan sé két thic khi hé phuong trinh thuan nhat cudi cling chi c6 nghiem
tam thuong.

3.1.2 Vi du ap dung thuat toan trén cac nhém aben tu do

Xét Z-modun X = Z°; va a = (12, 18,30, 15, -10) € X.
a la don ti trong X vi UCLN(12,-18,30,15,-10)=1. Ta sé ap dung thuat toan

dé xay dung co s6 méi ctia X ma a la phan ti co s dau tien.



25

Xét dong cau f: X — R xac dinh béi:
f(z) = 0xy + 3zg + 0x3 + x4 — dus, Vo = (21, 22,23, 24, T5) € 75

f théa f(a) = 1.
Ve viéc chon f thoa cac diéu kién nhu trén, cling nén luu ¥ mot meo tinh toan
la: trong cac thanh phan ctia a ta thay c6 cac thanh phan tht 2,4,5 ( —18,15, —10)
nguyén t6 cting nhau, nén ta cé thé chon cac hé sé trong cong thiic f sao cho hai
he s6 thit 1,3 bang 0.
Xét phuong trinh nghiém nguyén

Ox1 + 329 +0x3 + 24 — 425 =0

Ta dé dang tim dugec mot nghiem ctia phuong trinh: b = (0,1,0,1,1) ¢6 UCLN
clia cac toa do bang 1. b 1a phan t co sé thit 2.
Xét dong cau ¢ : X — R xac dinh béi:

9(x) = z9, Yo = (v1,29, 73, 24, 25) € Z°

g thoa g(b) = 1.
N6i them vé cach lay dong cau g, ta thay cong thic clia g that don gian vi b
c6 mot toa do bang 1.

Xét hé phuong trinh nghiém nguyén:

Ox1 + 329 +0x3 + 24 — 425 =0
o =10
Ta tim dugc mot nghiém ctia he 1a ¢ = (0,0,0,4,1), c6 UCLN clia cac toa do bang
1. ¢ 1a phan tit co s thi 3.
Xét dong cau h: X — R xac dinh bdi:

h(z) = x5, Vo = (21, T2, 23, 74, 15) € Z°

h thoa h(c) = 1.
Xét hé phuong trinh nghiém nguyén:

Ox1 + 322 +0x3+x4 — 425 =0
zo =10

5 =10
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Ta tim dugc mot nghiém ctia hé trén 1a d = e; = (1,0,0,0,0) c6 UCLN céc toa do
bang 1. d 1a phan tit co s6 thi 4.
Xét dong cau: j; : X — R xac dinh béi:

J1(x) = 21, Yo = (21,72, 73, 74, 75) € Z°

j1 thoa jl(d) =1.
Xét hé phuong trinh:

Ox1 + 322 +0x3+24 — 425 =0
z9 =10
{
x5 =0
1 =0

\

Ta tim dugec mot nghiém ctia hé trén 1a e = es = (0,0, 1,0,0), c6 UCLN céc toa
do bang 1. e 1a phan tit co s6 tiép theo.
Xét dong cau: j3 : X — R xac dinh béi:

ja(x) = a3, Vo = (w1, 29, 13, 24, 15) € Z°

73 thoa jg(e) =1.
Xét hé phuong trinh:

Ox1 + 322 +0x3 +x4 — 425 =0
o =0
¢ 25=0
1 =0
3 =10

\

Hé nay chi c6 nghiem tam thuong. Thuat todn ding & day.
Nhu vay, co s6 méi ciia X chtta don tt a la:

a = (12, —18,30, 15, —10)
b=(0,1,0,1,1)
c=(0,0,0,4,1)
d=(1,0,0,0,0)
= ( )

e=(0,0,1,0,0
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Nhan xét: Mot meo dé tim duge mot két qua dep khi ap dung thuat toan 1a
xay dung dong cau f ma cong thitc c6 cang nhiéu hé s6 ctia z; bang 0 cang tot.

Trong vi du trén, don ti a c6 céc toa do thit 2,4,5 nguyeén t6 cting nhau. Diéu
nay dan dén két qua la co thé xay dung co s6 méi clia X ma chi can thay thé cac

phan tit co s ing véi cac toa do 2,4,5 va gilt nguyén cic phan ti cd sé con lai.

3.1.3 Vi du ap dung thuat toan trén moédun tuv do hittu han
sinh trén vanh da thiic

Goi Z7 = 7Z,)7Z, nhu da biét Z; 1a mot truong.

R = Zz[z] 1a vanh céc da thiic trén truong Zz, Zz[x] 13 vanh chinh. Céac phan
tit kha nghich trong Z;[x] 1a cac p(z) = a v6i a € Z7\{0}.

Xét

X =R = {p= (p1(2), p2(), p3(x), pa()) | pi(x) € Zr[x]}
12 modun ty do hang bang 4.

a= (12 +2x, 3x+4, 223 + 1, 327 — 22° 4 52°) 13 don t1t trong X.

(Vi trong céc thanh phan clia a ¢6 3z +4 1a bat kha qui trong Z;[z] va 12?4+ 2z
khong chia hét cho 3z 44, nén hai thanh phan nay nguyén té ciing nhau. Do d6
UCLN céac thanh phan ctia a bang 1.)

Xét dong cau f: X — R xac dinh béi:

f(p) = Qu+Dpi(x) + 2z + Dpa(r) — p3(x) + 0pa(x), Vp = (p1(2), p2(), p3(x), pa(x))

f théa: f(a) =1
Xét phuong trinh thuan nhat

2z + Dp1(z) + 2z + D)pa(z) — Ipg(x) +0ps(z) =0, pi(w) € Zr7]
ta tim dugc mot nghiém la
b= (1,1,42+1,0)
c6 UCLN cuia cac thanh phan bang 1. b 13 phan ti co s6 thit 2.
Xét dong cau ¢ : X — R xac dinh béi:

9(p) = p1(x), Vp=(p1(z),p2(x),ps3(v), pa(z))
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Xét hé phuong trinh thuan nhat:

{ (22 + Dp1(z) + (22 + D)pa(r) — Ips(x) + Opa(z) =0 . pi(z) € Zra]

pi(z) =0
Ta tim dugc mot nghiém cua heé:
c=(0,1,2x +4,0)

c6 UCLN ctia cac toa do bang 1. ¢ 1a phan ti co sé thit 3.
Xét dong cau h: X — R xac dinh bdi:

h(p) = p2(x), Vp = (p1(2),p2(x), p3(v), pa(z))

h théa: h(c) = 1.
Xét he phuong trinh thuan nhat:

2z + 4)p1(z) + 2z + 4)po(z) — Ips(z) + Opa(z) =0
, pi(w) € Zola]

Ta tim duge mot nghiém cuia hé:
d=(0,0,0,1)

C6 UCLN céc toa do bang 1. d 1a phan ti co s6 thi 4.
Xét dong cau k : X — R xac dinh bdi:

k(p) = pa(x), Vp= (p1(z), p2(x),p3(x), pa(x))

k thoa: k(d) = 1.
Xét hé phuong trinh thuan nhat:

;

2z + 4)p1(x) + 22 + 4)pa(z) — Ip3(x) + Opa(z) =0

,  pi(x) € Zr(7]
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Hé nay chi ¢6 nghiéem tam thuong. Thuat toan clia ching ta ding ¢ day. Nhu vay
co s6 clia (Z7[z])* chita don t1t a la:

(

a= (12 +2x, 30 +4, 223 +1, 327 — 22° + 52?)
b= (1, 1, 4z + 1, 0)
c=(0, 1, 2z +4, 0)

| d=(©,0,0,71)

3.1.4 Vi du ap dung thuat toan trén moédun tu do hdu han
sinh trén vanh cac s6 nguyén Gauss

Xét R 1a vanh cac s6 nguyén Gauss:
R=1Z[i| = {a+bi | a,b € Z)

Z[i] 1a vanh Oclit véi chuan |a + bi| = a® + b? nén la vanh chinh.

Cac phan tit kha nghich trong R 13 £1, 4. Vanh cac s6 nguyén dugc xem nhu
vanh con cla vi moi a € Z tuong ing véi a + 0i € Z[i] (va tuong ting nay la don
cau tur Z vao Z[i]).

X = R* = {2 = (21, 22, 23, 24)| % € Z[i]} 13 mddun tu do hang bang 4 trén vanh
chinh R.

Trude tién xin nhéc lai rang, mdi phan t1t nguyen t6 trong Z[i] thuoc mot

trong 3 dang sau day:
1. a+bi v6i a,b # 0 ma a® + b 1a s6 nguyéen to

N

2. 04 bi v6i |b] nguyen t6 va|b| = 3( mod 4)

3. a+ 0i v6i |a| nguyen t6 va |a| = 3( mod 4)

Trong modun X, xét phan tt a = (5, 6+ 7i, 38 —i, 13 +1).

Ta c6 sy phan tich cic toa do clia a thanh tich cdc phan tit nguyeén to:

5= —i(1+20)(2+ i)
6+ 7i = (1+2i)(4— i)
38 —i=(2+1i)(4—1i)?
13+ = —i(1 +2i)(4 — )(1 + 1)
Nhu vay: UCLN(5,6 + 7i,38 —i,13 +4) = 1, a 1a don t trong X.
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Xét dong cau f: X — R
f(2) = —10z1 + 029 + 123 + 124, Vz = (21, 22, 23, 24)

f thoa f(a) = 1. (Ta cb tinh chon cac hé s6 trong f thudc Z dé dé tinh toan veé
sau).

Xét phuong trinh thuan nhat:
—1021 + 029 + 123+ 124 =0, 2z € Z[Z]

Ta tim dugc mot nghiem (dé don gian ta c6 thé tim nghiém nguyén) ctia hé
trén la
b=(1,0,3,7)

vi UCLN(1,0,3,7)=1 trong vanh Z nén ciing dan dén UCLN(1,0,3,7)=1 trong
Zli]. (Néu cac s6 nguyen aj, az, . . ., an € Z c6 udc chung khong khéa nghich r € Z][]
thi |r| > 1 1& wéc chung cua |ai|,...,|ay|. Do d6 ai,as,...,a, c6 mot uw6c chung
nao do6 thuoc Z {£1}.)

Xét dong cau g: X — R

g(z) =21, Vz= (21,2223, %)
g thoa ¢(b) = 1.

Xét he phuong trinh thuan nhat:

—1021 + 029 + 123+ 124 =0 )
zi € 2]

Z1 = 0
Ta duge mot nghiém (nguyén) ctia hé trén la:
c=(0,0,1,-1)

c6 UCLN cuia cac toa do bang 1.
Xét dong cau h: X — R

h(z) = z3, Vz= (21,22, 23,24)

h théa h(c) = 1.
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Xét hé phuong trinh thuan nhat:

—1021 + 029 + 123+ 124 =0

z3=10
Ta tim duge mot nghiém ctia hé trén la:
d=(0,1,0,0)

c6 UCLN cuia cac toa do bang 1.
Xét dong cau k: X - R

k(z) = 22, Vz=(z1,22,23,24)

k théa k(d) =
Xét he phuong trinh thuan nhat:

( —1021 + 029+ 123+ 124 =0
z21=0

. 2 € Zi]
23:()

\22:0

Heé nay chi c6 nghiém tam thuong. Thuat toan ding.
Vay co sd can tim la:

= (5,64 7i,38 —i,13+1)
b=(1,0,3,7)

=(0,0,1,-1)

— (0,1,0,0)

3.2 Thuat toan tim giao cta hai médun

3.2.1 Thuat toan

Cho X la modun v6i co sé {ej,ea,...,e,} va cac mddun con X; v6i cd sé
{ul, ug, . .. ,uk} ma u; = a;1e1+a;2es+. . Fainen, modun con Xy vl ¢o sé {Ul, V9, ... ,’US}

ma v; = bjlel + bj2€2 + ...+ b]nen
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Phan ti z thudoc modun giao X; N X khi vd chi khi ton tai cdc bo hée ti
(x1,22,...,2k) va (y1,y2,...,Vs), (xi,y; € R sao cho:

T = 21Ul + Tou2 + ...+ Tpuk
T = Y101 + Y202 + ... + YsUs

Toa do hoa cac he thiic trén trong co s ban dau ctia X ta c6 bo (z1, 29, ..., Tk, y1, Y2, . . -

14 nghiém ctia hé phuong trinh thuan nhat:

)
air1 +anwe + ...+ ap1vr — briyr — boarys — ... — bs1ys =0
a1271 + a2 + ... + Aoy — bi2yr — booy2 — ... — bsoys =0 ()
A1pT1 + a2nT2 + ... + QppTr — blnyl — bgnyg — .. = bsnys =0

\

Néu hé phuong trinh nay c6 nghiém khong tam thuong thi X7 N Xy # {0} va khi

do ta co:

Meénh dé 4 Néu bj (a1,a, ... a5, b1,...,bs) la nghiém ciia hé phuong trinh thuan
nhat (*), zdc dinh bdi X1 N Xy théa UCLN(ay,...,ay,by,...,bs)=1 thi phan ti
a = ajui + agug + ... + agup = byvy + bovy + ... + bsvs la don tu trong X1 N Xo.

Ching minh:

Ta c6: a = ajuy + agus + ... + agug = bivy + bovo + . .. + bsvs.
GQi Q :UCLN(al, a, ... ,ak) va ﬁ :UCLN(bl, bg, R ,bs)
Do gia thiét UCLN(ay, as, ..., ay, b1,...,bs) = 1 nén UCLN(a, 8) = 1.

Néu b e X1N Xy var € Rma a=rb Khido, ton tai cac he tit z;,y; sao cho

b=x1u; + x2us + ... + TRUR = Y1U1 + Y2U2 + ... + YsUs.

Hé thic a = rb kéo theo a; = rxi1,a0 = rxe,...,a1 = rx), va by = ry;, by =
rYy2, ..., b=ry1,...,bs =rys. Suyrar | a; var | b; véimoii,j vadodor |avar| .
Suy ra r | UCLN(a, 8) = 1, ttic » kh& nghich.

Vay a la don t trong X1 N Xo.

795)
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Theo ménh dé 3 thi a théa dicu kién ctia ménh dé 4 1a phan ti co s6 dau tién
clia X7 N X, can tim. Theo ménh dé 3 dé xac dinh phan ti co sé tiép theo cla

X1 N Xz (néu con!) ta can xay duyng dong cau f: X3 N Xy — R ma f(a) = 1.

C6 nhiéu cach khac nhau dé xay dyng dong cau f nhu thé. Ta c6 thé xay dung

f theo cach sau:

Vi o =UCLN(aq,as,...,a;) nén c¢6 bo cac he ti r1,7r9,...,7, € R sao cho
riay + roas + ... +rpap = a. Goi dong cau fi : X; — R xac dinh béi fi(z) =

1+ rexe + ...+ rpxp VO MOl = xiuy + wous + . .. + zpuy. Ta cd fi(a) = a.

Vi B8 =UCLN(by,bo,...,bs) nén c6 bo cac hé tit t1,to,...,ts € R sao cho
t1by + tobs + ... + tsbs = B. Goi déng cau fo: Xo — R Xac dinh béi fg(fﬂ) =
tiy1 + toys + ... + tsys VO MOi T = y1v1 + yovo + ... + ysvs. Ta cbd fola) = B.

Xac dinh f: X1NXs — Rma v6i moi x € X1N Xy thi f(z) = pfi(x)+qfe(z),
trong do p,q € R la cac hé ti théa hé thic: pa + g8 = 1.

Dé tim phan ti co sd tiép theo (néu con) ta ghép théem vao hé phuong trinh
(*) phuong trinh thuan nhéat f(z) = 0.

Néu heé phuong trinh ghép c6 nghiém khong tam thuong, thi ta lai chon mot
nghlém (Cl, c2,...,Ck, dl, e ,ds) ma UCLN(CL c2y...,CL, dl, N ,ds) =1.

Khi do phﬁn th ¢ = cuy + coug + ... + cpup = divy + dovg + ... + dgvs 1o don
t1 trong ker f, sé 1a phan tit co sé tiép theo clia X1 N Xs.

Cac phan tit co sd con lai clia X7 N Xy dude tim theo qué trinh tuong ti, ma
moi bude thie hien duge danh dau bang viéc ghép thém mot phuong trinh thuan
nhat méi vao hé phuong trinh trude do.

Thuat todn tim co sd clia X1 N X3 sé két thic khi hé phuong trinh cudi cling
chi c6 nghiém tam thuong.
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3.2.2 Ap dung thuat toan tim cd sd cia giao hai nhém con cia
nhoém aben

Xét cac Z-modun con A, B ctia Z7. A ¢ cd s6:

(26,12, -9,2,22,8,3)

(—62,21,7,14, —28,0,0)
(1,-5,2,9,11,2,4)
= (
(

3,5,—9,—6,12, 15, —18)
2,-12,16,3,9,7,12)

Co s6 cuia modun B:
~1,3,5,7,9)

= (-2
(3,6 —3,9,-2,4,6)
=(1,-2,1,4,9,—15,60)
U4—(3 ~7.9,9,21,28,6)
= (5,9,6,6,7, —15, —21)

Maéi phan tit 2 € ANB tuong ting véi cac bo hé s6 (z1, v2, 23, 24, 75), (Y1, Y2, Y3, Y4, ¥5)

sao cho x c6 sy phan tich
Tr=2x1U] +...+2Tsus = Y11 + ...+ Y505

V6i 4, y; € Z la nghiém cia hé phuong trinh:

;

2621 — 629 + 123 4 314 + 205 — (—2y1 + 3y2 + 1y3 + 3ys + 5ys) = 0
1221 + 21a9 — 523 + Sy — 1225 — (Oy1 + 6y2 — 2y3 — Tya + Jys) = 0
=921 + Txg + 2w3 — 924 + 1625 — (—1y1 — 3y2 + 1ys + Yys + 6y5) = 0
§ 271 + 14x9 + 923 — 624 + 325 — (3y1 + 9y2 + 4ys + Yys + 6y5) =0
221 — 2829 + 1123 + 1224 + 925 — (5y1 — 2y2 + Yy3 + 21ys + Tys) = 0
8z1 + 0m2 + 273 + 1524 + Tws — (Ty1 + 4y2 — 15y3 + 28y4 — 15y5) = 0
321 + Omg + 423 — 18z4 + 1225 — (9y1 + 6y2 + 60y3 + 6y4 — 21ys5) = 0

\

Ta dé dang tim duge mot nghiém ctia hé:

(—57270032, —25881007, — 70358559, 5191558, —14196384,
—201712721,—24722397,0, 1, —59366661)
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c6 UCLN ctia cac thanh phan bang 1. Nghiém nay cho ta phan ti co s§ dau tién
cua AN B:

a = —57270032uy — 25881007ug — 70358559u3 + 5191558u4 — 14196384us
= —201712721vy — 24722397v9 4 Ovg + 1lvg — 5936666105

Xét dong cau xac dinh béi f(z) = y4 v6i mdi = z1ui+. . +T5u5+y101+. . Y505,
f thoa f(a) = 1.

Khi do6 ta ¢6 su phan tich: AN B = Za & ker f v6i ker f la tap cac x tuong ting
v6i bo cac hé sb z;, y; la nghiém cta hé phuong trinh:

(

261 — 6229 + 123 + 324 + 225 — (—2y1 + 3y2 + lys + 3ys + 5ys) = 0
1221 4 2129 — 5x3 + 5ag — 1225 — (0y1 + 6ya — 2y3 — Tys + Yys5) = 0
=921 + Txg + 2w3 — 924 + 1625 — (—1y1 — 3y2 + 1ys + Yys + 6y5) = 0
211 + 149 + 923 — 624 + 325 — (3y1 + Yy + 4y3 + Yy + 6ys) = 0
2211 — 2829 + 1123 + 1224 + 925 — (5y1 — 2y2 + Yy3 + 21ys + Tys) = 0
8z1 + 0wa + 273 + 1524 + Tws — (Ty1 + 4y2 — 15y3 + 28y4 — 15y5) = 0
321 + Omg + 423 — 18z4 + 1225 — (9y1 + 6y2 + 60y3 + 6y4 — 21y5) =0

lys =0

\

Ta tim duge mot nghiém ctia hé phuong trinh trén:

(—61871633, —27960527, —76011819, 5608685, —15337058,
—217920208, —26708813, 4,0, —64136729)

c6 UCLN ctia cac thanh phan bang 1. Phan tit co s6 thit hai clia AN B theo d6
sé la:

b = —217920208v; — 26708813vy + 4vs 4+ 0vg — 6413672905

Xét dong cau g : AN B — Z xac dinh béi g(x) = lzg + 6990132y3 v6i moi
r=2x1u] + ...+ x5u5 + y1v1 + ... + ysv5 théa g(b) = 1.

Khi do6 ta c6 sy phan tich:

ANB=Za®Zbdkerg

Vi kerg 1a tap cac x € AN B tuong tng v6i bo cac he sb (z1, 12,23, 14, 25),
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(Y1, Y2, Y3, Y4, y5) thoa man he phuong trinh:

;

2621 — 6229 + 123 + 324 + 225 — (—2y1 + 3y2 + lys + 3ys + 5y5) = 0
1221 4 2129 — 5a3 + 5xq — 1225 — (0y1 + 6ya — 2y3 — Tys + Yys) = 0
=921 + Txg + 2w3 — 924 + 1625 — (—1y1 — 3y2 + 1ys + Yys + 6y5) = 0
211 + 149 + 923 — 624 + 325 — (3y1 + Yy + 4y3 + ys + 6ys) = 0

8 2221 — 28x9 + 1lxz + 1224 + 925 — (5y1 — 22 + 9y3 + 21ys + Tys) = 0
8z1 + 0wa + 273 + 1524 + Tws — (Ty1 + 4y2 — 15y3 + 28y4 — 15y5) = 0
321 + Omg + 423 — 18z4 + 1225 — (9y1 + 6y2 + 60y3 + 6y4 — 21y5) =0
lys =0

1y 4+ 6990132y3 = 0

\

Ta tim duge mot nghiém cta hé phuong trinh trén:

(—2081781236374401, —940781706339312, —2557552966751124, 188714191424934,
—516042619492289, —7332313340448025, —898665560503846, 134587116, 0,
—2157994423625922)

c6 UCLN ctia cac hée s6 bang 1. Phan ti co s6 thit ba clia AN B sé 1a
c = —7332313340448025v1 —898665560503846v9+134587116v34+0v4—2157994423625922v5

Xét dong cau h : ANB g : AN B — Z xac dinh boi h(x) = 927947595 +
355799662944822y3 v6i moi x = xquy +. ..+ T5us +y1v1 + ... +ysv5, h thoa h(c) = 1.
Khi do6 ta c6 su phan tich:

ANB =7Za® Zb® Zc ® ker g

véi kerg 1a tap cac 2 € AN B tuong tng véi bo cac hé s6 (w1, 29,13, 14, 25),
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(Y1, Y2, Y3, Y4, y5) thoa man he phuong trinh:

(

\

26x1 — 6279 + 1oy + 324 + 225 — (—2y1 + 3y2 + lys + 3ys + Sys) =0
1221 + 21xe — bxg + bxg — 1225 — (Oy1 + 6y2 — 2y3 — Tys + 9y5) = 0
=921 + Txg + 2w3 — 924 + 1625 — (—1y1 — 3y2 + 1ys + Yys + 6y5) = 0
2x1 + 14x9 + 923 — 624 + 325 — (3y1 + 9y2 + 4ys + Yys + 6ys) =0
22w1 — 28x9 + 1lxs + 1224 + 925 — (5y1 — 2y2 + ys + 21ys + Tys) =0
8x1 + 0xg + 2x3 + 1524 + Tws — (Ty1 + 4y2 — 15y3 + 28y4 — 15y5) = 0
3x1 + O0xg + 4x3 — 1824 + 1225 — (9y1 + 6y2 + 60y3 + 6ys — 21y5) =0
lys =0

lzg +6990132y3 =0

9279475925 4+ 355799662944822y3 = 0

Heé nay chi c6 nghiém tam thuong. Thuat toan két thic.

Nhu vay, co s6 cia AN B la:

a = (32424949, —682634338, —80320045, —1183839693,
—1374685417, —620378692, —717048984)

b = (35030336, —737483447, —86773723, —1278960299,
—1485140481, —670225833, —774663201)

c = (1178658015842018, —24813943444830606, —2919656385208853, —43032896069285757

—49970195335329843, —22550941289569469, —26064922455683979)

3.3 Thuat toan tim co sé cua modun cho bdi hé sinh

3.3.1 Thuat toan
Cho modun A la moédun con ctia X cho béi hé sinh: B = {uy, ug, ..., up, v1,v2, ..., 0m}
trong do:

o {ui,uo,...,u;} 1a hée con doc lap tuyén tinh téi dai trong B.

e Ta cosu phén tich: ajv; = Bitut + Bigus + . . .+ Bipug (*) v61 moi @ = 1,2,...,m

Q; kh@ng kha nghich, UCLN(O&Z, /Bi17 ﬁig, N ,ﬁzk) = 1.

Bat dau véi ajv; = Briur + Proug + ...+ Prug (1) .
Ta xét 2 truong hgp sau:
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1) UCLN(Bi1, B2, .., Bx) = 1 tic 1a ajv; 1a don i trong modun con U sinh
béi co sG uq, usg, ..., up.

Bang thuat toan xay dung co sé cia modun chita mot don ti cho trude ta c6
thé bo sung vao {ajv1} dé dude co sé méi {arvi,uy, ... up} ctia U,

Khi d6 {u} = vi,ub,...,u}} 1a doc lap tuyén tinh t6i dai trong B va c6 thé

thay thé cho k4 1 phan tit {uy,us, ..., ug,v1} trong hé sinh B.

2) UCLN(Bi1, 12, .-, B1k) = A khong kha nghich. Khi d6: 81; = A3, @ =
1,...,k v6i UCLN(B],, Bla, .-, B1;) = 1.
Ta c6: UCLN(\, a1) =1 va

aqvr = AN(Blwn + Byrug + ...+ Blpuk)

Ta sé chiing minh: v; = A}, v} € X va ching minh v} € A. Dé lam viéc d6 ta

can chting minh thém mot s6 két qua sau.

Meénh dé 5 Trong modun X ,vdi moi phan tix € X deu ton tai mot don ta € X
va hé tr € R sao cho z = ra.

Ta goi hé tir dé goi la hé s don nguyeén cia = trong X.

Ching minh:
Trong X chon co s6 U va goi (r1,29,...,2,) ; € R 12 toa do clia z ddi véi U.
Lay r =UCLN(x1, 29, ..., 2,) taco: 2; = ry;, (y; € R) va UCLN(y1, 99, ..., yn) = 1.
Do d6 phan tit a € X ¢6 toa do (y1,¥2,...,yn) 1a don tii. Dé thiy » = ra.

O

Nhan xét
e Ciing nhu khai niém don ti, khai niem hé s6 don nguyén ctia phan t z ¢6

tinh tuong doi, phu thudc theo ting modun chia .

e Hé s6 don nguyén ciia x khong duy nhat; cac hé sé6 don nguyén clia cling

mot phan tit 1ap thanh mot 16p cac heé tit lien két trong vanh R.

e Néu r c6 toa do doi v6i co s6 U 1a (1,7, ..., x,) va c6 toa do (z],2h,..., o))
d6i véi co 86 U’ thi UCLN(zy, 29, . .., 2,)=UCLN(z], 2}, ...,2,) (dinh nghia

don tt khong phu thudc vao viéc chon co sd, hé s6 don nguyéen ciing vay)
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Meénh dé 6 Néu hai don ti¢ a,b trong modun X la phu thuoc tuyén tinh, tic la

co cdac hé tim,n € R sao cho ma = nb thi n = rm,a = rb vdi r khd nghich.

Chiing minh:

Goi A =UCLN(m,n), ta ¢c6 m = dm’ va n = An’ véi UCLN(m/,n/) = 1.
ma = nb = \m'a = n'b = m'a =nb

Goi p,q € R 1a cac hé ti sao cho pm/ +gn’ = 1.

Ta ¢6: a =1.a= (pm' + qn')a = p(m’a) + qn’a = pn’b + qn’a = n’(pb + qa).
Ma a 1a don t1& nén theo dinh nghia don tt ta suy ra n’ kha nghich.
T m'a = n'b = b = m/.n'~'a ma b cing 1a don tit nén suy ra m’ ciing kha
nghich.
Ta ¢6: m = dm’, n = An/ va m’a = n'b v6i m/,n’ kha nghich, tir day dé dang
suy ra diéu phai chiing minh.
(Il

Hé qua 4 Néu trong modun X ta cé hé thic sau gida hai phan ti z,y € X:
At = py vét UCLN(\, 1) =1 thi x = pa’ vdi 2’ nao dé thuoc x.

Chimng minh:

Gid st z,y € R va Az = py.

Theo ménh dé 5ta c6 x = ra va y = sb véi a,b 1a cic don ti trong modun X,
r,s € R.

Ta duge: A\ra = usb.

Theo ménh dé 4 ta ¢6 pus = Ar.u v6i u € R kha nghich. Ma UCLN(\, p) = 1
nén s:, s =\t véi t € R.

Viét lai he thitc: Az = pM.b = x = u.(th) = p.x’ v6i o' = tb.

L]

Nhan xét: Trong ménh dé 6 va hé qua 4 néi trén, vai tro clia a, b nhu nhau va

x,y la nhu nhau nén ta cing c6 y = Ay v6i ¢ € X.
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Tré lai thuat toan tim cod sG cuia hé sinh. Ta da c6 hé thiic:

a1V = )\(ﬁilul + ﬁéllLQ + ...+ 61]@“’6)

Tt hée qua 4 ta duge: v; = Mj v6i v} € X; va tit hé thic trén ta co:

arvy = Brun + Bypug + .+ Bug (2)
voi UCLN(B.,, By, ..., 8l,) = 1.
Tu (1) suy ra a1v) € A.

Ta c6: W) = v € A va agv) € A v6i UCLN(\, 1) = 1. Goi p,q¢ € R sao cho
pA + g = 1.

Ta c6: v} = (pA + qa)v] = pAv] + gaqv] va do d6 v € A.

Thuec hién gidng truong hgp 1) véi hé thite (2) ta c6 thé thay hé {uy, us,

..,Uk}
bang he {a1v],ug,...,ux} vd thay he k + 1 phan ti {vy, uy,

..., ug} trong hé sinh
B bang hé k phan tit {v] = u},u),...,u,} doc lap tuyén tinh toi dai trong B .

Xét ma tran doi co sé trong médun U sinh béi {uy,

.. ,uk}
[~ / ] [ 7 [~ ] i / ] [~ / 7
ul U U ul ur
2 | =K. = =KL 2 |l =L] ?
/ / /

i Uk i i Uk | | U,k i L Uk, i i Uk |
trong d6 L 1a matran K~ ma cot 1 da nhan them a1. V6i i =2,...,m, ta c6 su
phan tich:

uq u}
/

[oivi] = [Bi, Biz, - - -, Bik)- = [Bi1, Biz, - - -, Bar) - L.
U, up,

Chia 2 vé cho UCLN clia tat cd cidc hé so trong sy phan tich trén ta dugc:
Vv = Mttt + Mot + ... 4+ nigu V61 UCLN (yi, mi1, mi2, - -, mix) = 1

Néu v; 1a u6c ctia don vi thi bd qua v; trong hé sinh, xét tiép ;1.

Néu v; khong 14 uée ctia don vi thi quay lai buée 1, thay vy béi v; cho dén khi
hé sinh chi con lai hé n vecto doc lap tuyén tinh.

Thuat toan sé ding sau téi da m bude.
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Vé thuat toan tim cd sé ctia téng hai médun Cho hai médun con A va B cla

mot modun X.

Modun A c6 co s6 {uy,ug, ..., ug}.
Moédun B ¢6 ¢o s6 {vi,ve,...,vs}
Khi d6 tong ctia A va B ¢6 hé sinh 1a: {u1,us, ..., ug, v1,ve, ..., vs}. Thuat toan

tren c6 the duge 4p dung dé tim co s6 ctia A+ B.

3.3.2 Ap dung thuat toan tim cd s3 ctia nhém con ctia nhém
aben tu do

Xét modun con A ctia Z7 cho béi hé sinh:

up = (—1,4,5,3,-3,7,10),
up = (9,—87,36,—9, —42, —48,57),
us = (7,22,4,—1,1,14,9),
wg = (2,-2,2,0,0,-2,1),
us = (—26,—310,28, —12, —69, —193, 17),
v =(1,0,1,3,4,0,-3),
v = (—20, —226, 20, —8, —50, —140, 12),
vg = (0,1,-2,-2,~1,2,2)
trong do6 he {ui,us,...,us} 14 doc 1ap tuyén tinh va mdi vecto v, v2, v3 ¢6 sy phan

tich nhu sau:
3v1 = 3uy — 2ug + 6ug + dug + lus (1)

15v9 = 4uq — 2u9 + 6ug — 4dug + 12us (2)
vz = 2uy — 3ug + 15u3 — 12uy + 2us  (3)

Xét (1) ta thay UCLN ctia cac he s6 bén vé phai bang 1: UCLN(3,-2,6,4,1)=1.
Nén ta c6 thé bo sung vao {3v1} dé duge he {3vy,uh,uf, ..., ul} 1a co s6 méi ciia
modun sinh béi co s6 {uy,ug, ..., us}. St dung thuat toan tim co s¢ modun chita
mot don ti cho trudce, ta tim duge he d6 1a {3vy, u1, ug, ug, us} (két qua rat dep vi
trong (1) he s6 clia us bang 1!).

Ta thay cdc vecto vy, ur, ug, us, ug, us trong hé sinh bang cdc vecto vy, uy, us, us, us.
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Ta co: _ i} _ 4 -
U1 1 0 000 uy
U9 O 1 0 00 U9
us =0 0 1 0O us
Uy O 0 010 Uy
3uy 3 =2 6 41 us
Suy ra: ) ) ) -
(] [ 100 ool [w ] [1 00 0ol [w]
u2 0 1 0 0 O ug 01 0 0 O ug
us | =1 0 0 1 0 O us | =10 0 1 0 0 us
Uy 0 0 0 1 0 Uy 0 0 0 1 0 Uy
Uus -3 2 —6 —4 1 3v1 -3 2 —6 —4 3 VU1
Ta co:
_ul_ [ 1 0 0 O O_ _ul_
U9 0O 1 0 0 0 U9
[15v9) = [4,—2,6,—4,12]. | wz | =[4,-2,6,-4,12.| 0 0 1 0 0 u3
Uy 0O 0 O 1 0 Uy
us -3 2 -6 —4 3 U1
_u1_
U2

= [-32,22, —66, —52,36]. | us

U1
Thac 1a 15v = —32uy + 22up — 66us — 52uy + 36v1 (it).

Tuong tu ta c¢6: 3vs = —4uy + ug + 3us — 20uy + 6v;.

Ta xét tiép vy trong phan tich (ii), ta thay UCLN(-32,22,-66,-52,36)=2.

vy ¢6 thé viét lai thanh vy = 20} vdi v} = (—10,—113,10,—4, —25,-70,6) v
thuat toan da chiing minh v} € A.

(i4) trd thanh 1505 = —16uy + 11ug — 33ug — 26uy + 18v; v6i UCLN(-16,11,-33 -
26,18)=1.

Ta lai st dung thuat toan tim co sé modun chita mot don ti cho trude dé tim

hé co s6 méi chita 1505 trong moédun V' sinh bdi co 86 uy, ug, us, ua, vi.
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Két qua ctia qua trinh trén 1a hé co sé méi cta V:

a1 = 150, = —16u; + 11uy — 33uz — 26uy + 18v;

a9 = 3u] — 2u9

a3 = u3
Qg = Ug
a5 = U1

Ta thay cdc vecto uy,uz, us, ug, v1,v2 trong hé sinh bing cdc vecto vly, ag, as, g, as.

Ta co:

ul
U2
us -
Uq

v1

2
3
0
0
0

11 66 52 —36 | | 150} [ 30 11 66 52 —36 vl
16 99 78 —54 as 45 16 99 78 —54 as
001 0 0 || a3 |=]0 01 0 0 |.|az
00 1 0 ay 00 0 1 0 a
0 0 0 1 as 00 0 0 1 as

Suy ra: 3vs = —75v, — 28ay — 162a3 — 150as + 9605
Trong phan tich trén, ta thay UCLN ctia cic hé s6 bén vé phai bang 1.

Ta lai st dung thuat todn xay dung co sé chita don ti cho trude dé bo sung

vao 3vs thanh mot co sé méi cia modun W sinh béi o), ag, as, ..., 5. Co s6 dé la:

B = 3vs = =750 — 28as — 162a3 — 150a4 + 9605
bo = 81); + 3a9

f3 = as
f1 = ay
Bs = as
Ta thay cdc vecto vy, vy, ag, as, ..., a5 trong hé sinh bing cdc vecto vs, Ba, . . ., Bs.

Heé sinh bay gio dude thu gon thanh hé 5 vecto doc 1ap tuyén tinh 1a do do6 chinh

la co sé cua A.
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Tém lai: médun con A ctia Z7 cho béi hé sinh:

(—=1,4,5,3,-3,7,10),

= (9, —87,36,—9, —42, —48, 57),
(7,22, 4, 1,1,14 9),
(
(-

2,-2,2,0,0,—2,1),

26, —310, 28, —12, —69, —193, 17),
1,0,1,3,4,0,—3),

20, —226, 20, —8, —50, —140, 12),
0,1,— ~1,2,2)

(
(—
= (
co co s6 la:

0,1, — ~1,2,2)

= (

(— 101, —856,113, —5, —227, —485,132)
= (7,22,4,-1,1,14,9)
(
(

2,-2,2,0,0,—2,1)
1,0,1,3,4,0,—3)

3.3.3 Ap dung thuat toan trén moédun tu do trén vanh da thic

Xét R = Q[z] 1a vanh cac da thiic he s6 hitu ti. Q[z] 14 vanh chinh.
Goi X = R* 1a modun ty do hang bang 4 trén R.

X ={p = (n1(x), p2(x), p3(x), pa(x)) | pi(x) € Ql]Vi}

Goi A 1a modun con cia X c¢6 hé sinh:

up = (23, x4+ 1, 222 —x + 1, 5)

ug = (22 + x, 22, —%x, 0)

(2z, %x—l, —gx—l, —%x—’é)

U1:(172—ZL‘, %(x2+3), %(5xz—x+3), %(7 2 42+ 15))
= (32% +42? +5, 23+ 22 + 32 +6, L2 +4x— 3, Lx +38)

trong do: ug, ug, uz doc lap tuyén tinh va ta c¢6 sy phan tich:

(z +2)v1 = 2uy + 2us — (1 +2%)ug (1)
rvg = (20 + 2)ug + (2% + 2 + Dug — (v — 2)ug  (2)
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Xét (1) ta thay UCLN ciia cac he s6 ben vé phai UCLN(2,z, —(1 +2?))=1. Nhu
vay, (z+2)v; la don tit trong médun U =< {uy, ug, uz} > nén co thé 4p dung thuat
toan tim co sé chita don ti cho trude dé thay co sé ciia U bing co s6 méi, két
qua ta tim dugc co sé mdi la:

I
uy = (v 4 2)v;
uhy = uy

I

Ta thay cdc vecto vy, uy, uz,uz trong hé sinh bang vy, ul,u}

Ta co:

(x + 2)v; 2 x —(1+2?% ug

uly =10 1 0 | ous

" 00 1 us3

u i 2 1422 1 — 2

1 5 —rv 1+ (x + 2)v; s(x+2) —x 1+uw U1
= |lu | =10 1 0 uly = 0 1 0 uly
us 0 0 1 A 0 0 1 A

Tu day ta co:
zvy = (z+ 1)(z 4+ 2)vy +uh + (23 + 2%+ 3)uf  (3)

Ta thay UCLN ctia cac hé s6 trong vé phai ctia (3) UCLN((z +1)(z+2), 1, (2% +
2% + 3))=1. Nhu vay zve la don tii trong modun V =< {vy,uh,us} >, ap dung
thuat toan tim co s6é chtta don ti cho truée, ta duge co s6 mdéi cua V la:

a1 = TV
Q2 = U1
_a/

Ta thay cac vecto va, vy, uh,ufy trong hé sinh bang cdc vecto v, vy, uy. He sinh
clia A bay gio con ding 3 vecto doc lap tuyén tinh nén chinh 1 co sé ctia A.

Vay co s6 cua A la:

v = (2% — 2, 5(22 + 3), 3(52? — 2 + 3), 1 (72% — 4z + 15))
vy = (3x3+4x2—|—5,x3+x2+%x+6,%x2+4x— %,%x+8)

ug = (2z, %x -1, —%x -1, —%x —5)
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3.4 CAch ching minh méi cho mét sé két qua cta
Iy thuyét modun

Meénh dé 7 Cho A la modun con ciia X va S la tdp cdac hé s6 don nguyén cia
cdc phan ti x € A. Néu \ la phan ti toi tiéu cia S (theo quan hé chia hét) va
a € A la phan tii c6 hé s6 don nguyén X thi a la mot don tii trong modun con A,

do dé ton tai mot co sé cia A nhan a la thanh vién.

Chitng minh Goi A 13 phan t1 tdi tiéu ctia S va a € A 1a phan ti ¢6 hé sé don
nguyén A\, tic a = b v6i b € X la don tit. Toa do cua a véi co s U nao do la
a = (ay,as,...,a,), theo chitng minh ménh dé 5 UCLN(ay, as,...,a,) = A.

Trong R 18y t1,ts,...,t, sao cho tiay + taag + - - + tpay, = .

Xét dong cau:

f: X — R

x=(x1,22,...,2y) — t1x1 +loxa+ -+ tyay

ta co: f(a) = A va f(b) = 1. Chitng minh nhu trong ménh dé 3 X = ker f @ Rb. Ta
sé chi ra A= Anker f ® Ra:

Vi A la modun con ciia X nén f(A) la idéan cia R, ma R la vanh chinh nén
F(A) = B Vi f(a) € f(A) nén p | A

Goi x € A la phan tt ma f(r) = p, theo ménh dé 5 2 = ry v6i y don t1t trong
X, res.

Khi d6: = f(z) = f(ry) = rf(y) nén r | | \. Tuy nhién X 1 tdi tiéu trong S
nén r ~ pu~ \. Suy ra: f(A) = RA

V6i moi z € A, c6r € Rdé f(z) =7\ = f(ra) = = y+ra véi y € ker f, hon
nitay =z —ra € A. Vay A= Anker f & Ra, a hgp v6i co s6 cia ANker f 1a co sé
cua A.

O

Hé qua 5 1. S6 chiéu ciia modun con A khong lon hon s6 chiéu cia modun X

2. Trong X ton tai co s6'V = {vy,va,..., v} va cdc hé tiry,ra, ... 1y thuoc R
dé hé {rivy,rova, ..., Tovn} la hé sinh clia A (néu b6 di cdc phan ti riv; = 0
thi chinh la co sd)
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Chiing minh:

Gia st A # 0. Qua chiing minh dinh Iy ta thay rang néu chon tit A phan ti
a1 ¢6 hé sb don nguyeén téi tiéu trong S, a1 = by, by don tit trong X thi c6 su
phan tich: A = Ra; ® Ay va X = Rb; ® X7 va A; la modun con cia Xj.

Néu A; # 0, thay A bdi A; ta lai c6: Ay = Ras @ Ay va X1 = Rby @ X V6i
as = \obo, Ao 1& modun con cua Xs.

Tiép tuc nhu vay thi: A= Rai ®Ras @ ... @ Rap, ® A, va X = Rby @ Rby @ ... &
Rby, ® X}, V6i a; = \;b;, A, 1a modun con cua Xj.

Qua trinh trén phai diing 6 £k =m < n tic A,, =0 vi hé {b;} nhu trén hgp véi
co sé clia X}, 1a co sé clia X nén k khong thé vuot qua n. Khi d6 aq, ..., an 1 co
sG cua A, by, ... by hop v6i co s6 cia X, 1a co s6 ciia X va a; = \b;.

O
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